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[IpenuciioBue

B ocHOBYy KHUIM NOJIOXKEHBI JIGKIIUM, YUTABIIUECS B TedeHue 1994 —
2000 rr. 8 UucTuryTe kpunrorpadguu cBsizu v WHGOPMATUKU HA [MOTOKE
«Kommnbrorepuast 6e30nacHoCTh > . [1esib 3T0M KHUTY — NPUBECTU C BO3MOXK-
HO 60JIee ITOJIHBIMU JOKA3aTEJbCTBAMU HAYAJIbHBIC PE3Y/IbTaThl B 00J1aCTH
COBPEMCHHOI BBIYUCIUTECABHON TCOPUU HYUCEI U €€ NPUJIOKCHUN K KPUII-
TorpaduyYeCcKuM 3a1349aM.

Or BbIIIIEQIINX HA PYCCKOM SI3bIKE KHUT 10 TEOPUU YUCEJ U €€ [IPUJIO-
2KEHHsIM K Kpunrorpaduu JAHHBIH KypC OTJIUYAET KOMIIAKTHOCTb U I1PO-
crora uzsnoxenusi. [Ipu BbibOpe MaTepuasa aBTOpP CTPEMUJICH UCXOIAUTH
U3 MUHUMAJIbHBIX TPEOOBAHWN K HA4YAJIBHOHN I10IOTOBKE YHTATEJsl, KAK
[IPABUJIO, COOTBETCTBYIONIEH NBYM KypCaM TEXHUYECKOro By3a. Iloatomy
B KHUTY HE BOIILIM METO/bI, JAIOIINE HAWIYYIIUE U3 CYIIECTBYIOIUX B Ha-
CTOsIIIIeE BpPEMsi OI[CHOK CJIOXKHOCTH U TPEOYIOIINE MPUBJICUEHUST NOHSITUN
COBPEMEHHOH ajirebpantecKoil reOMeTpun.

st manbHedimero 6oJsiee eTajbHONO O3HAKOMJICHHUSI C IIPEIMETOM
MOXKHO pekoMeHzoBarh Kuurw [9], [10], [13], [15].

KHura cooTBeTcTBYET IpOrpamMMe JUCHUIIIUHBI « TeopeTuKo-4rucIoBbIe
METOIbl B KpHUITOrpaduu» TOCyIapCTBEHHOTO 00Pa30BAaTEIHHOIO CTAH-
nmapra no cnermajibrocTu 075200 — «Komnbsroreprasi 6€3011acHOCTD .

Arrop Gnaromapen Kpyrnosy U.A. u Cemaeny U. A. 3a npemocras-
JIeHHbIe MaTepuasbl, a Takxke [Inukypy A.B. u 3sa3uny B.II. 3a muHOrO-
YUCJIEHHBIE 3aMEYaHUsI.



I. Onenka ciaoxHOoCTH apudpMeTHIECKNX ONepaIuii

§ 1. CoiicTBa DyHKIHII OIEHKH CJIOXKHOCTH

1.1. [TorsTHE CIIOXHOCTU ANTOPHUTMA. AJITOPUTM PeIleHUsi BBIYUCIIV-
TeJILHON 331241 IPECTABIIsAET COO0H HEKYIO TeTePMUHUPOBAHHY IO ITPOIIE-
ZIyDY, BBIIOJHSAEMYIO HaJ HAOOPOM BXOJHBIX TAHHBLIX. B KauecTBe OLEHKU
CJIOXKHOCTHU AJITOPUTMA OOBIYHO BBHIOMpAETCs: BpeMsi paboThl aJrOPUTMA.
IIpu pasubix HAOOPAX JAHHBIX AJTOPUTM MOXKET UMETh PA3JIMYHOE BPEMsi
pabotsl. [losTomy, 1107 CI0KHOCTHIO AJTOPUTMA [IOHUMAETCSE MAKCUMAJIb-
HOe BpeMsi pabOThI Ijis BCeX HAOOPOB JAHHBIX M3 HEKOTOPOro (DUKCH-
POBAHHOrO MHOXKecTBa. BClomy Huke B KauecTBe MHOXKECTBA HCXOMHBIX
JAHHBIX JIsl JArOPUTMA OyZeT BBICTYHATh MHOXKECTBO YHCEJ, KOTOPBIC
B HEKOTOPOH HO3MIMOHHON CHCTEME CUUCJICHUs (YaIlne BCEro JBOUYHOINA)
MMEIOT JIJIUHY 3aIKMCH He MPEBOCXOJSIIYI0 HEKOTOPOro uucia n. [losromy,
CJIOKHOCTD AJIFOPUTMA, OLIEHUBAETCs HEKOTOPOU (dyukrmeii f(n).

Ilon cnOKHOCTBIO CAaMOH BBIMUCIUTEIHHON 3814494 OOBIYHO IIOHUMAET-
Csl MUHMMAJIbHAS CJIOXKHOCTH QJIFOPUTMA, DEIIAMONIEr0 JAHHYIO 33Ja4y.
[TockOMBKY MPAKTUYECKH HEBO3MOXKHO ONUCATH MHOXKECTBO BCEX AJrO0-
PUTMOB, PEIAONMX KOHKPETHYIO 33/1a4y, TO JAHHbBIN ITOAXO0J TIO3BOJISIET
[OJIyYaTh TOJBKO BEPXHUE OIEHKM CJIOXKHOCTH 331a4u. OyHKIWST CII0XK-
HOCTH KaXKJOTO JTOPUTMA OYAET SIBISITHCSI BEPXHEH OIEHKOM CIIOXKHOCTH
paccmarpuBaemoit 3aa4qn. Yem 6osee 3¢ BHEKTUBHBIN AJITOPUTM, TEM [0~
Jydaercst 6osiee TOUHAST BEPXHsis OIEHKA CJIOYKHOCTHU 334U,

Mb1 6yzsem 1o/y4aTh ONEHKH CJIOKHOCTH JTOPUTMOB B Buae f(n) =
=0(g(n)), T.e. onpenensiTh GYHKIMU C TOYHOCTHIO JO KOHCTAHTHOIO CO-
MHOXKHUTEJIsI, IpeHedperast pu 3TOM MAaJIbIMU YICHAMH B BBIPAKCHUU JJIsi
dyukumu g(n). B cBszu ¢ srum yno6HO BBECTH Ciieayoinee 0603HAUEHUE.

Bynem ucnonszoBars 3amuck f(n) < g(n), ecmu f(n) = O(g(n)), 1o
eCTh HaljeTcss KOHCTaHTa ¢ > () Takas, YTO HAYUHAS C HEKOTOPOrO 7
BBINOJIHsIETCsE HepaBeHCTBO f(n) < cg(n). Ecim oqHOBpeMeHHO BBINOJIHSI-
forcst HepasencTsa f(n) < g(n) u g(n) < f(n), To Gyaem HCIO/IB30BATH
zanucek f(n) ~ g(n).

1.2. Mopgens Beramciermii. Byjnem cunrarh, 9TO YMC/IA IPEICTABIEHBI
B JIBOMYHOM CHUCTEME CUYMCJICHHS, & IO, CJIOXKHOCTHIO apudMeTUdecKoit
onepaiuu OyIeM MOHUMAThH YUCJI0 OUTOBBIX Oneparuii, HeOOXOIMMbBIX J1Jisi
ee peajInu3alluu.

§1. CBOMICTBA ®YHKIINI OIIEHKHA CJIOXKHOCTHU 7

Janubiit moaxo yao0eH mo ciaeayrmuM coobpaxenusiv. Bo-nepesbix,
B KOMIILIOTE€PAX JAHHBIC MPEJACTABJISIIOTCS W 00pabaTHIBAIOTCS B JBOUY-
HOM BHU/JIE, & APYIHUE€ IPEACTABJICHUSI B OCHOBHOM HCIOJIB3YIOTCS TOJIBKO
[Py BBOJE JAHHBIX U BBIBOJE PE3y/bTaTOB. BO-BTOPHIX, epeBoy uucaa N
OT OJHOIO OCHOBAHHSI CHCTEMblI CUMCJIEHUS K APYrOMY OCYIIECTBJISIETCS
6bicTpo u Tpedyer Boinosnenus O(log N) apudMernueckux oneparmii (me-
JICHUE C OCTATKOM, YMHOXKEHUE WJIU CJIOKEHME 4uce)), rae log N — mjiuna
sanucu uucjga N (ocHOBaHme jorapudpMa He yKa3blBAE€M, TaK KaK OHO
HE BJIMSIET HA BUJ OLEHKU CJIOKHOCTH). A TaK Kak Iepexon K APYroMmy
OCHOBAHUIO SIBJISIETCSL PEIKOM olepareil, TO 3aTpaTaMy HA €€ BBIIOJI-
HEHHME MOXHO Ipenebpeub. Hakorer|, OuToBasi OLIEHKA JOCTATOYHO XOPO-
110 OTPAXKAET PEAJbHYI0 CJOXKHOCTH ONEPAaIuii, OCKOJbKY, KAaK IIPABU-
JIO, OIIEHKH CJIOXKHOCTHU JJisl APYTUX OCHOBAHUN CHCTEM CUYUCJCHUS IIPHU-
BOIAT JIMIIb K OTJIMYKMSM B KOHCTAHTHOM MHOXKHTeJEe (DYHKIHUH OLEHKHU
CJIOXKHOCTH.

1.3. OneBEku (pyHKIMHM CIO0XHOCTH. [Ipy OIEGHKE CJIOXKHOCTH BBIYHC-
JINTEJIbHBIX 337144 OOBIYHO IIPUMEHSIIOT METOIbI PEAYKIMH U CBEICHUS K
JPYTUM 331a49aM C U3BECTHLIMHU OLIEHKAMHM CJIOXKHOCTH. DTU METObI OCHO-
BAHBbI HA IIOCTPOEHHH HEKOTOPOI'O AJIOPUTMA PEIIEHWs NaHHOU 331a4H,
KOTOPBI 3aK/II09AETCs B Pa30MEHUN 33,1a91 HA [MOA330a49N MEHBINEH Pas-
MEPHOCTH, [IJIsl PEIIEHUs] KOTOPBIX MOXKET UCIOJIb30BATHCS KaK JAHHBINA,
TaK U APYTUe U3BECTHBIC aArOpUTMbI. [Ipu 3TOM mi1st BYHKITUH CIIOXKHOCTH
MOJIy4aTCs HEPABEHCTBA BUIA

fn) < cf<§) +bg(n) + dn,

rIoe a, b, ¢ 1 d—HEKOTOpbIe MOJOKUTEIbHBIE KOHCTAHTHI.
Bynem npennonarars, yto dyukimu cipoxkuoctu f(n) obrananT aBy-
Msl CBOHCTBaMHU:

(a) f(n) = n;
(b) kf(n) < f(kn), k> 1,
st moydenusi OEHOK (PYHKIUIM CJIOKHOCTH BAYKHBI JIBE JIEMMBI.

Jlemma 1. Ecau dynryuu f(n) u g(n) ydosaemeoparom ceoticmeam (a)
u (b) u npu nexomopvix konemanmar a>1,b>0 u d >0 ewnoanaemes
HEPABEHCMEO

f(n)<f<g> +b-g(n)+d-n,
mo f(n)=0(g(n)).
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HdoxkaszaTenbcTso. Tak kak B cuiy csoiictsa (b)

oo (2) <o(or2) - 500,

TO

Orcioga nosy4daem, 9To
b+d
<—. = .
() < 77 - 9(n) = Olgfm)). O

Jlemma 2. Ecau npu nexomopuzr xoucmanmaz a >0, ¢ >0 ud >0
dymryus f(n) ydosaemeopaem ycroswo f(1)=d u f(n)=c- f(2)+d-n
npu n > 1, mo ona umeem 6ugd:

O(n), a>c,
f(n)=< O(nlogn), a=c,
O(n'*8=°), a<e.

JdoxaszaTeabcTBO IPOBEIEM TOJBKO i ciydas n=a'. Imeem

ﬂmzdm~5X55+w&:d4piXEy

1=0 i=0
Tak Kak n = a'. Orciona nonyyaem:
d-
f(n) < ﬁ =0(n), ecau a > ¢,
fn)=d-n-t=d-n-logn, ecma=c, wu
(c/a)™r -1 c¢-d-n c 1 . .

=d-n- < iy = O(ct) = O(n'°8= ),

1) " c/a—1 a at c/a—1 (<) (n )

ecau a < c.

§ 2. CaoxHOCTh apmpMeTHIECKUX OIeparmii
C TEJIBIMHA YHCJIAMU

2.1. Cnoxenne n Berumranme. [Ipexie Bcero 3amerum, 4To CTaHAAPT-
HBIE IIKOJIbHBIE AJITOPUTMbI CJIOXKEHUSI W BBIYUTAHUS YHUCEJI CTOJOUKOM,
oueBuIHO, uMeOT oreHKy ciaoxkuoctu O(log N), rae N — Gosibliee u3 aByx
gyncesl. 9TO MUHMMAJbHAS BO3MOXKHAsSI OLEHKA, CJOXKHOCTU (HAIIOMHUM,

§2. CJIOXKHOCTh APUOMETUYECKUX OIIEPAITUI 9

YTO MbI paCCMaTpUBaeM OICHKU CJIOKHOCTU C TOYHOCTBIO /10 KOHCTAHT-
HOro MHO)KI/lTeJ'Iﬂ), " IIO3TOMY HET CMbIC/Ia 3aHUMATBHCA OHTI/IMI/IBaLLI/leI‘/‘I
BBIIIOJIHCHU A ITUX 011epau1/1171.

2.2. YmHOXe€HUE U Aestenue. [1Jisi yMHOXKECHUS U JeJIeHus ABYX uncen N
u M ajropuTMbl YMHOMKEHHUSI CTOJIOMKOM U JIEJIEHUSI YIJIOM JAIOT OLEHKY
O(log N log M). Ilosromy njisi DyHKIWI OLEHKU CJAOXKHOCTH YMHOXKEHUSI
U JIeJICHUs ABYX N-Pa3PsJHBIX YUCEJI BbIIOJIHSIETCS HEPABEHCTBO

n < f(n) <On?).

CHauasa OKasKeM, 9TO CJIOKHOCTU ONEPAIUN YMHOMKEHUS, JICJICHUS C
OCTATKOM, BO3BEJIECHUs B KBAJAPAT U HAXOXKICHHUS OOPATHOrO K JAHHOMY
YHUCIYy COBIAJAIOT ¢ TOYHOCTBHIO IO KOHCTAHTHOrO MHOXKHUTEs. Ilox 06-
PATHBIM K JAHHOMY 4ucJy N, 3aMUCAHHOMY B BUJE MOCICIOBATCIBHOCTH
U3 M JBOMYHBLIX 3HAKOB, 3/I6Ch MOHUMAETCH MPABUJILHAS IPOOb, UMEO-
asl . JABOMYHBIX 3HAKOB II0CJIE 3AIATON W NOJy4eHHas u3 gmcaa 1/N
oTOpacbIBaHUEM 00Jiee MJIQIIINX PA3PSIIOB.

ITycts M (n) — CI0KHOCTD ONEPAliM YMHOMKEHUS IBYX N-Pa3pPsTHBIX
qucesi, D(n) — CJIOXKHOCTD OIEPALUN JeJeHNs] ¢ OCTATKOM 21-Pa3psiJHOTO
YUCJIa HA N-PA3PSATHOE YUCTO, S () — CJIOKHOCTD ONEpPAIMY BOIBEICHUS B
KBAJPAT N-Pa3psaHOro 4ucjaa u R(n) — CJI0XKHOCTE Orneparuu 00paIeHus
N-Pa3psIHOrO YHUCIIA.

Teopema. B npednoaoocenuu, wmo gymnxyuu M(n), D(n), S(n) u R(n)
ydosaemeoparom ycaosuam (a) u (b), cnpasedauso ymeepoicoenue:

M(n)~ D(n)~ S(n) ~ R(n).
Hdokazarenscrso. B camom gene, M(n)<S(n), Tak Kak B CUILY

TOXKIECTBA
AB = —((A+ B)> — A2 — B?)

1
2
cupasemuBa oueHka M (n) < 35(n) + 4n. Henenuio Ha 2 COOTBETCTBYET
oIepalysi CABUTA.
Amnasnoruuno, S(n) < R(n), Tak KaKk B CHJIy PABEHCTBA

noayqaem onerky S(n) < 3R(n)+ 2n. 3meck caemyer cuenarh Ciaemyomee
BazKHO€ 3aM€4YaHue. Z[aHHOG PAaBEHCTBO BBIINIOJIHACTCA [Jid TOYHBIX 3Ha-
YeHUH NEeHCTBUTEbHBIX YMCEN, a y HAC yucja Buma 1/N sBJSIOTCS UX
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HpI/I6JII/I}KeHHbIMI/I 3HAYCHUAMU. HOSTOMY JJId UCIIPABJICHUA BO3MOXKHBIX
omuboK B MJIAJIINX Pa3psiiax B aJrOPUTME HEOOXOAUMO MPEAYyCMOTPETh
crienuasbHble MPOLEAYPBl UX YTOYHeHUs. BKiroyeHne Takux mporeayp B
[IeJIOM He BJIMSIET Ha OLEHKY CJIOKHOCTH (IogpobHee cM. B [2]).

Hus nokazarenbcrsa ouenku R(n) < M(n) BOCHOJb3yeMCsi nrepaiy-
OHHBIM MeT0n0M HbI0TOHA my1st BhrYnc/eHus 3HadeHus obparuoro. On 3a-
KJIOUAETCsl B BBIYMCJIEHUH nocjenoBaressHoctu nrepanuii 2(0), 2(1),. ..

., 2(i), ... mo dpopmyne
x(i 4+ 1) = 22(i) — Na(i)%

JanHas 1mocsaeq0BaTebHOCTh ACHCTBUTENBHO cxoauTess K 1/N, Tak

kak ecmn z(i) = - (1 —§), To

. . 2 2 1 9 1 9
x(i+ 1) =2x(i) — Nx(i)* = N(l 9) N(l 0)° = N(l 5%).
IMosTomy npu BBIGOpE HavasbHOrO 3Hauenus x(0) Tak, 9410 § < % (aaro0
JIETKO CHIEJIaTh 10 JABYM CTAPIIKMM 3HAYANMM paspsigam 4ucia N), Mbl
HOJIy9aeM [OC/IeI0BATEIbHOCTD, B KOTOPON KaXKAbIil pa3 YMC/IO0 IPABUIIb-
HO BBIYKCJICHHBIX 3HAKOB II0CJIE 3alsTON yaBauBaercs. Biarogapst sTomy
Mbl MOXKEM [IPOCTO 3aMEHUTH HYJISIMM T€ 3HAKU, KOTOPBIM HEJIb3sl JI0BE-
PSTH [IPU JAHHON UTEPAIMU, U, IIOCTOSIHHO yJBAUBAs YUCJIO [IPABUJIBHO
HOJICYUTAHHBIX 3HAKOB, Y€Pe3 10g N Maros 1oJ/iyuuM Hy?KHOE KOJIMYECTBO

3HAKOB.
OTcroa BBITCKAECT OLICHKA,

n

R(n)§R<2

> +2M(n) 4 2n.
B cuiry nemwmsl 1, monydaem R(n) < M(n).

W3 nenouku sepasencrs M(n)<S(n) < R(n)< M (n) rerneps BbITEKaET
9KBUBAJIEHTHOCTD 3TUX TPeX QYHKIHIA.

Hoxaxewm, uto R(n) < D(n). U3 pasencrea 4 = AL caenyer, uro
D(n) < M(n) + R(n) < R(n). Hakonen, B cujly O4Y€BHIHON OLEHKU
R(n) < D(n), nosy4aem tpebyeMyIO S5KBUBAJEHTHOCTD. [

PaccMorpum Teneps BOIPOC 06 OIEHKE CJAOXKHOCTH ONEPAITUA YMHO-
JKEHUSI.

Ornenky, mMenbmyto O(n?), naubosee IPOCTO MOYKHO MOJIYHHUTh, [TPH-
MEHSsIsl PeKYPCUBHBIH aJIFOPUTM, OCHOBAHHBIN Ha PA30UCHUHU YHUCe HA JTBA
ciaraembix. Quenb ymoOHAsE BEPCHs 9TOrO AJIOPUTMA ObLIA IIPEIJIONKe-
Ha B paborax Kapauy6er u Odmana (1962). Ero cyTh 3akirodaercs B

§2. CJIOXKHOCTh APUOMETUYECKUX OIIEPAITUI 11

PEKYPCUBHOM TOBTOpEHUHU clieayomnero mara. Ilycte A u B — asa n-pas-
PAOHBIX YHUCJIA. Pazobrem ux Ha JABa CJlaracMbIX (,H.T[H IIPOCTOTHI CHUTACM,
410 n = 2k)

A:2kA1 + Ay, BZQkBl-i-Bo.

Torna

AB=(2FA; + Ag) (2" By + By) =2%* A, B, +2F(4¢B, + A, By) + AoBy
= (22k + Qk)AlBl + Qk(AoBl + A1By — AoBy — AlB1) + (2k + 1)AOB0
= (22F 1 2MYA1 By + 28(4g — A1) (B1 — By) + (28 +1) Ay Bo.

Takum 006pa3oM, AJjist BLIYUCJICHUS NMPOU3BEIECHUS ABYX N-Pa3PsiIHBIX
YKCesI HY?KHO BBIIOJIHUTE TPU YMHOXKEHUS! 1/ 2-Pa3psiIHBIX YHUCEJ U HEKO-
TOPOE KOJIMYECTBO CJIOXKEHWi, BbIYMTAHUN U nepenocoB. Ilosromy misi
CJIO?KHOCTHU JAHHOTO QJITOPUTMA YMHOXKCHUSA CIIPABEIJINBA OIICHKA

f(n):?:f(g) +cn, ¢>0,

orKyna, 1o jemme 2, noaydaem M(n) < f(n) = O(n'°823), rue log, 3 =
=1,585...

3aMeruM, 9TO STOT AJNTOPUTM MHAYE MOXKHO HHTEPIPETUPOBATH KAK
€c110CcO6 BBIYMCIICHUSA B TOUKe £=2F 3HaueHUsA MHOTOYJICHA, PABHOTO IPOU3-
BesieHuio AByX MHorowieHos U(z)=xA; + Ag n V(z) =x By + By. B Gouee
o0rieM ciiydae, 1ogo0HBIH PEKYPCUBHBIN aJTOPUTM, OCHOBAHHBIN HA pa3-
OUeHMU YuMCes HA © CJIATAeMbIX U CBEIEHUM 33/1a4M YMHOMKEHUs YUCesl K
3a/1a49aM YMHOXKEHHS! ¥ BBIYUCJICHUS 3HAYEHUI MHOIOYJICHOB, J13€T OLEHKY
M (n) = O(n**°er+12), Bamerum, uto 31ech log, .1 2 — 0 mpu r — oo.

Hamnbosee a3dbdeKkTUBHEIM B HACTOSIIEE BPEMs SIBJISETICS AJTOPUTM
IlTenxare—Illrpaccena (1970), nmatommii ouenky M (n) = O(nlogn x
x loglogn) (nogpobree cum. [2]). [Tomumo pazbuenusi 4uces Ha ciaraeMble
OH HUCIIOJIB3YET TEXHUKY ObICTPOro npeobpazosanust Pypbe u MOLYIBHYIO
apudMeTHKy, KOTOpble OYIyT PACCMOTPEHBI HUKE.

2.3. BosBenenue B crenenb. B 3akjioueHne NPUBEIEM OIECHKY CJIOXK-
HOCTU OIEpAaIMy BO3BEIEHUsI B CTeneHb. JIjist BbIunucaeHus crernenu N¢
HaATyPaJIbHOE YUCJIO @ IIPEICTABJIAETCHA B BUIE

k—1
a= Zaﬂi =(..(ag—12+ax—2)2+ ...+ a1)2 + ao.
i=0
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Teneps BO3BeZEHNE B TAHHYIO CTENEHb MOXKHO CBECTH K ITOCJIEIOBATEIBHO-
MYy BBILIOJIHEHHIO Ollepalyii IByX TUIIOB: YMHOXKEHUIO HA [N U BO3BEICHUIO
B kBajpaT. OTciofa NOTyIaeTcs CIeAYOIast OICHKA CJI0XKHOCTH

O(M(log N)loga) = O(M(n)k).

§ 3. CioxxaocTh asroputma EBKimma

3.1. O6brunbii amropurm EBkimma. Bynem o6o3Hauyars HanbOJIbINMA
obumii genurens uuces A u B gepe3 (A, B). Hanomuum, 4T0 ajropurm
EBkinga 3ak/r049aercsi B [0CJI€I0BATEILHOM BbITOJHEHUN ONEPAIMN Je-
JIEHUsI ¢ OCTATKOM JIO MTOJIyY€HUsi HyJIeBoro ocrarka. Ilycrs A> B>0. O60-
gHauuM A=7r_1, B=rour;_o=d;yr;—1+r;npui=1,... .k urg_1=dk117k.
Torma (A, B) =7 u 10 MOJIyYeHUs] OCTATKA Tk11 = 0 HEOOXOAMMO BBIITOJI-
HUTL k+1 nesenne.

Ouennm 9uciIo neneHuii, BbIIOAHsieMoe B ajroputme Epksmpa. duist
9TOr0 PACCMOTPHUM IOCJIEA0BATEIBHOCTh uucen Pubonaduum fo, f1, ...

'afkv"'a rae f0:07 f1:17 fk:fkfl""fkf% k> 2.

Jemma. IIpu k>1 cnpasedruso nepasencmeo fr, > RF~2, 2de R= 1+2‘/5.

HoxkazaTrenscTso. [Ipumenum unayknuio o n. [lpu k=2 yrBep-
XKJIEHUE OYEBHUTHO.

Jlanee, UCIIOIB3Ysl TPEAIOJIOKEHUE UHIYKIUHA, UMEEM

fk+1 :fk +fk71 >Rk72 Rk 3 Rk 3(R+ 1) Rk 3R2 Rk 1

TaK Kak R SBJISETCH MOJIOXKUTETLHBIM KOpHeM ypaBHernus x2 = x + 1. [
Teopema (Jlame, 1844). /las ar06020 namypaavhozo wucaa N >0 wucao
deaenudi 6 anzopumme Eerxauda das mazxoscdenus naubosvuezo obuezo
deaumensn wucea A u B, 0 < B < A< N ne npesocxodum 1+ LlogR NJ|.
HdokazareusbcTso. [Jokaxkem, 4ro f;<ripy1—; upui=1,..., k+2.
IIpu i =1 Bepuo. s i + 1, B cruily npemaiiosioKeHust I/IH,zLyKuI/H/I, uMeeM

Th—i = Ap—it2Th—it1 + Th—it2 = Th—it1 + Th—it2 = fi + fic1 = fit1.

Mostomy, A >17r_1 > frio > R, oTKyzna noiydaercs uckomas ONeHKa
uncia genennit k+ 1 <1+ |logp N|. O

HermocpencrBeHso u3 310it TEOPEMBI MOXKHO IIOJIYYUTH OLEHKY CJIOXK-
HOCTH ajropurMa EBKNMIa 1 HAXOXKIEHUST HAMOOJIBINEro O0IIero 1eju-
TeJIs ABYX N-Pa3PsIHBIX 9UCEN

O(M(n)(k +1)) = O(M(n)logn) < O(n*logn).

§3. CJIO2KHOCTDB AJITOPUTMA EBKJINJA 13

BmecTe ¢ TeM, 3Ty OIEHKY MOXKHO YTOYHUTh, €CJIA 3aMETHTh, UTO
CJIOXKHOCTB OlI€paluu JejieHust yrjom yuciaa A Ha gucio B, 0< B< A, na
camoMm gejie umeer Bug O(log A(log A — log B + 1)). Orcrona, oboznavast
yepe3 n; JMJIMHY 3alUCU OCTaTKa i, ¢ = —1,0,1,... &k, noaydaem OoJiee
TOYHYIO OIEHKY CJIOKHOCTHU ajiropurma EBKjuma

k k
Z O(ni(ni—1 —ni +1)) < Z O(no(ni—1 —ni +1)) =
i=0

i=0
k
O<noz (ni—1 —n; + 1)) =

=0(no(n—1 —nkx +k+1)) =
= O(ngn_1) = O(log A - log B) = O(n?).

3.2. [Ipyrue airopmrmbl. OUeHKa CJIOXKHOCTH ajiroput™Ma EBkimna ne
SIBJISIETCSl ONTUMAJIBHOM JIJIs 331a9M HAXOXKICHUS HAUOOJIBITIEro OBIIEero
JICJTUTEIIS.

Wmeercst MHOXKECTBO paz/inygHbIX Monudukanuil ajropurmMa EBkianza.
MozkHO, HAIIpUMEp, YMEHBINUTH YHUCJIO INIANOB AJICOPUTMA, MOAUMUIU-
Pyl JICOPUTM C LEJIbI0 YMEHbBINEHUsT A0COIOTHBIX 3HAYCHUI OCTATKOB. A
HMEHHO, 0yIeM 3aMEHATH OCTATOK T; Ha T3 —1_1, €CJH 73 > —= ., IIpu Takom
UCIIPABJICHUHU [OJIy9a€TCsl HOC/IEI0BATEIHLHOCTD YUCE/1, YA0BJIETBOPSIONIAs
YCJIOBHIO |1; ~L. To, 94TO HpU ITOM HEKOTOPBIE U3 YUCEJ OYIyT OTPHU-
[ATEJILHBIMY, HE BJAMSIET HA BUJ 0Omux aenureneil. B pesynbrare momayga-
ercsi oneHka yucyaa genenuit k+1<1+ |log, N|, npuuem R=1,618...<2
OHAKO, JAHHBIA [OAXOJ HE YIYYIIAET OOIILYIO0 OLEHKY CJIOXKHOCTH MOJV-
dunmposannoro anropurma Eskimma O(M (log N)log N) = O(M(n)n),
rae n = log N — nyiuna 3anucu yucea A u B.

CyLIecTBYIOT aJIlOPUTMBI, B KOTOPBIX BOOOIIE HE BBIMOJIHSIETCS OIle-
pamusi nesierusi. Hampumep, B asropurme LSGCD (left shift greatest
common divisor) ouepauusi JeJieHUsI C OCTATKOM 3aMEHEHA HA JIEBbIii
CABUT Oe/IuTeisd C HOCJ/ICAYIOIMUM BbIYUTAHUEM U3 ACJIMMOrO, Ta,KOﬁ, qTO0
[OJIy YEHHAs HOC/IEI0BATEIHbHOCTD HA KAXKJOM I1Are YAOBJIETBOPSIET YC/I10-
BUIO U3 IIPEABIAYIIEr0 aJIrOPUTMA. B TaHHOM aJICOPUTME BBIIOJIHSETCS
O(n) maroB, KaKAblii U3 KOTOPBIX MMeeT CiaokHOCTH O(n), mo3ToMy
obmas oeHKa cioxHocTu umeer Buj O(n?).

Bla,MeTI/IM7 HaKOHEI, YTO HMEECTCA AJITOPHUTM HAXOXKICHUA HaH6OJIb-
mero obiero gesmrensi ¢ oueHkoil caoxuoctn O(M (log N)loglog N) =
= O(M(n)logn), omHaKo, €ro ONUCAHUE JOCTATOYHO CJIOKHO U 37€ECh
npusezneHo He Oyzxer (cM. [2]).
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3.3. Pacnmpennsni anmropurm EBkimma. PaccmorpuM Teneps pacrim-
peHHbI# ajqropuT™M EBKIMIA, TO3BOJISIONINI HApSAAY ¢ HauOOJBIUM 00-
UM JeuTesieM ynces A u B HaXOJuTh HATYPAJIbHBIE YUCJIA T U Y, YI0-
BJleTBOpsitomue paBeHcTBy Az + By = (A, B). OT 06bIYHOrO ajropurma
EBkiinzia OH OTJIMYAETCst TEM, YTO HAPSIAY C LOCJIEI0BATEIbHOCTHIO OCTAT-
KOB 7; BBIYUCJISIIOTCS €IIe JIBE€ BCIOMOTATEJIbHbIE [10CIEI0BATEIbHOCTH T;
"y

r_1=A,1r0=0B;

z_1=1,y-1=0,20=0, yo =1;

for ¢ =0 until ; > 0 do

begin
di = ri—a/ri—1];
Ti =Ti—2 — diri—1;
T =Ti—g — diTi—1;
Yi = Yi—2 — diYi—1;
1=1+1;

end

3HaueHus T U Yk, NPU KOTOPHIX T = (A, B), u 6yayT UCKOMBIMY B
CUJTY CJIEJYIOIIEr0 YTBEPKICHUSI:

Jlemma. Ilpu scex i, —1 < i < k, swnoansaemcsa pagencmso

; A+ yiB =7;.

HokazarenbcTBo. [Ipumennm manykiuio no . [pu ¢ = —1,0
paBeHCTBO OoueBUAHO. Ecim paBeHCTBA JOKA3aHBI JJIsl BCEX 3HAYCHUN WH-
JIEKCOB MEHBIINX %, TO JJIsl ¢, IIOJIb3YACh MHAYKTUBHBIM IIPEITOJIOKCHUEM,
[I0JIy 4aemM

A+ vy B = (zi—2 — diyi—1)A+ (Yi—2 — diyi—1)B =
= (zi—0A+yi—2B) —di(xi1A+yi—1B)=r;. O

Jlerko BUmETH, YTO CJIOXKHOCTH JAHHOTO AJTOPUTMA OTJIMYAETCH OT
CJIOXKHOCTH OOBIYHOrO ajropurma EBkimza He Gosiee, 4eM Ha KOHCTAHT-
HbI comHOX)UTENB, U cocraBuser O(M (log N)log N) = O(M(n)n), rue
n =log N — nnuna 3anucu uyuceys A u B.

§4. C0XXHOCTH omepanuii B KOJIbIIE BEIYETOB

ByﬂeM OTOXKAECCTBJIATH JJIEMEHTHI KOJIbBIla BBIYETOB ZN C 4uCJIaMHu B
untepsaie 0 < A < N. ITycts n = [logy N1.

§4. CJIOXKHOCTB OIIEPAIIMM B KOJIBIIE BEIYETOB 15

4.1. Ciuroxenme m Beramranme. [Ipm ciokeHuwm dmcesn B WHTEpBAJIE
0< A, B< N cymma A+ B MOXKeT BBIATH 33 IPAHUILIBI HHTEPBAJIA, OITO-
My MOXKeT HOHAJOOUThCs elne oqHO Bbruutanue A + B — N. Anajorugso,
[IPU BBIYUTAHUM MOXKET 10TPEOOBATHCs ere OnHO cjioxkenue A — B + N.
[MosToMy, ciokHOCT 3TUX Onepanuii pasua O(n).

4.2. YmuoXeHMe. [[j15 HAXOXK/IEHUS BBIYETA, COOTBETCTBYIOMIETO MTPO-
M3BEJCHUIO ABYX BBIYETOB, HAJO BBIIOJIHUTEH OJHO YMHOXKEHUE N-pPa3psiji-
HBIX YHUCEJ W OHO JEJICHUE 2n-pa3psiAHOTO 4uucja Ha n-paspsiaHoe. [lo-
9TOMY, CJIOKHOCTB naHHOi onepanuu pasua O(M (n)).

Bo MHOrux ciaydasix, 0COBEHHO TpH anmapaTHOH PeaTn3aliy ajiropuT-
MOB, YI0OHO OTKA3aThCsi OT OLEPAIWii YMHOXKEHUS U JCJICHUS] U 3AMEHUTD
ux onepanusimu cijiokennsi. OIuH U3 TAKUX AJTOPUTMOB, [IPEJIOXKEHHBIN
I1.JI. MouTromepu B 1985 1., cocrour B caemywomem. [lycre N — neder-

n—1
HOE 4ncIio, Tpebyercs yMHOXKUTD BbideThl A = Y 2'a; u B. Paccmorpum
aJITOPUTM =0
R =0;
for s =0 until i <n do
begin
if a; =1then R=R+ B;
if R— neyerno then R =R + N;
R=R/2;
end

if R> N then R=R— N.

CyTI) JAHHOI'O aJIFCOpUTMa B TOM, 9YTO B CUJIy PABCHCTBA
n—1
A= Z 2'a; = ( .. (2an,1 + an,2)2 +... a1)2 + ap
=0

YMHOXKEHHUE 49ucjia B na uucyo A CBOOUTCA K BBIYUCJICHUIO BBIDAXKCHUA
AB = aoB + 2(alB + ... 2(an_gB + 2an_1B) .. )

OHO BBIIOJIHAETCS 34 N IIAr0B, HA KAXKJIOM U3 KOTOPBIX OCYIIECTBJISETCS
npubaBiieHue K TeKyieMmy 3Hadenuto R 3uadenus a; B, i =0,...,n — 1,
C HOCJIEIYIOIUM JejieHneM Ha 2. Bjiaromaps 3ToMy Je/IeHUI0 10JIyYeH-
HbIe 3HaYEHMs BCErja HaxonasaTcs B unreppasie 0 < R < N. B pesysbrare
paboThl JAHHOTO AJrOpUTMA nojydaercs uucyio 2~ " AB mod N. Tenepsb
it moJrydenus ducia AB mod N HeoOX0IuMO IPUMEHHUTD €Ie OJUH Pa3
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nanubii anroputm k uucaam 22" mod N u 27" AB mod N. IlockoabKy
gpcno 22" mod N BBIYHCIASETCA € MOMOIIBIO CABHIOB U BBIYHTAHME CO
cioxHocTbio O(n?) TBOMYHBIX onepanuii (ero MOXKHO BBLIYUC/IHUTH 3apa-
Hee ¥ XPAHWUTD HOJIyYEHHOE 3HAUEHUE), & AJTOPUTM TAK¥Ke BBIIOJIHSIETCS
3a O(n?) onepamwuii, To 00IIAsi TPY0EMKOCTD BBHIYUCJICHUS IPOU3BEICHHUSI
onenuBaercst Besimuaunoi O(n?) IBOUYHBIX ONEpanuii.

4.3. Oopamenne. [ns 3anannoro yucia A, 0< A< N, HaX0IuUM € IOMO-
B0 PACIIUPEHHOrO airopurmMa EBkimia 4ucia x u y, ya0BIeTBOPSIIOIUE
pasenctBy *A+yN = (A, N). Ecim (A, N)>1, To A He umeer 06paTHOrO.
Eciu xe (A, N) =1, To B KauecrBe 00PATHOrO MOXKHO B3saTh x mod N.
Takum obpazom, obOpaleHre B KOJIbIIE BBIYETOB MOYKHO BBIIIOJIHUTH 33
O(M (n)n) 6GuToBBIX Omepanuii.

4.4. Nenenue. Tak xak A/B = A%, TO JEJIEHUE B KOJIBIIC BBIYETOB
BBINOJIHSIETCS TAKXKE €O Ca0xkHOCThIo O(M (n)n).

§ 5. Ucmonp30BaAme MOAYIbHON apudMeTHKT

5.1. [Ipu BBIYUCTIEHUSAX C IENBIMA YUCJIAMU HACTO IPUMEHSCTCS CJie-
ayroumii mpueM. Eciyu u3BeCTHO, YTO UCXOJHBIE YUCIA U PE3YJILTATHI BbI-
YUCJIEHUH OTPAHUYEHBI HEKOTOPBIM 4ucaoM M (Ipu 3TOM JOIyCKAIOTCs
HepaBeHCTBa 1ByX BugoB 0 < N < M wim —M /2 < N < M/2), To BbIuuUC-
JIGHUSI MOYKHO [TPOU3BOMIUTH B KOJIBIIE BBIYETOB Z ), OTOXKIECTBJIsIST YUCIIA
U3 YKa3aHHBIX UHTEPBAJIOB U COOTBETCTBYOIHUE BbrueThl. Camo unciao M
MOXKHO BBIOMPATh PA3IUYHBIMU CIIOCO0AMU, TPUYEM €0 BHIOOP BO MHOTOM
onpeneseT CJIO2KHOCTb BbIYUCJICHUI.

HauboJiee 3¢ dekTuBHBIM TAKOM [1€PEXO0J, SIBJISIETCsl B CJIy4ae, KOrZa
yucjio M npencraBuMo B BUIE IMPOU3BENEHUsI HEDOJIBIUX B3AMMHO IIPO-
CTBIX ynces M =mims ... My, HOCKOJBKY B 9TOM CJIy4ae MOXKHO BOCIIOJIb-
30BATHCS U30MOP(MU3MOM KOJIEI],

Tt = Loy, + Long + -+ . + Lo,

IIpu 3TOM cooTBETCTBUM KAXKIOMY ducily u u3 uaTepBaia 0<u< M co-
orBercrByer HAbOP (U1, Us, - .., ug), rae u;=u mod my, i=1, ..., k. (3mece
U Jajiee 3anuch ¢ mod m, B OTJIMYKE OT 3aIUCH [IPABON YaCTH CPDABHEHUSI
u (mod m), 0603HAYAET HAMMEHBIINA HEOTPUIATEJIBHBIN OCTATOK OT Jie-
JIGHWs] YUCJIA U HA YUCIO m.) B JaHHOM Ciydae BMECTO BBIYMCJIEHUH C
UCXOJHBIMHU YUCJIAMU MOXKHO CHadaJla HepeﬁTH K HMX OCTaTKaM U IIPOU3-
BOZWTH BCE BBIYUCJIEHUSI B KOJBIAX Zpm,, ¢ = 1,...,k, a 3arem, noyy4un
Pe3yJIbTAT, BBINOJHUTE OOPATHBINA IEPEX0 U BOCCTAHOBUTH 10 OCTATKAM
HUCKOMOE YHUCJIO.

§5. UCIIOJIb3OBAHUE MOJIYJILHON APUOMETUKHA 17
5.2. Tns Beraucsaenust nabopa (uq, ug, . . ., Ug) MO YUCIY U HYKHO BbI-
MOJIHUTD k [esieHuit yuciia u Ha Jucaa m;, i=1,. .., k. Eciu Bce uyucna m;

3aIUCBIBAIOTCS C IIOMOINBIO b IBOMYHBIX 3HAKOB, TO YHCJIO U 3aIlACHLIBACT-
ca ¢ nomombio kb neonunblx 3HaKOB. CJ/I0XKHOCTL AejieHUd kb-OUTOBOrO
qucsa Ha b-6urosoe pasua O (kM (b)), 103TOMY CJIOKHOCTH EPEXOA OLE-
nuBaercs esmaunoit O(k?M (b)).

DTy OLEHKY MOXHO YJIYUIUTh, €CJIU [IPUMEHUTh TEXHUKY <«Pa3zesisiit
¥ BJACTBY» U pa3buTh IPOLECC BBIYKMCICHUN HA ABa 3Tama. Ilycrs mis
IPOCTOTHI BBINOJHSAETCH paBeHcTBO k = 2t Ha mepsom 3Tame mocienosa-
TEJIbHO HAXOIATCS IIPOU3BEICHUS YUCEJT

mimsz, M3M4,..., Mk_1Mk,
mimamamy, ..., MEg—3Mk—2Mk—11Mk,
m1m2...mk/4, ey m3k/4+1...mk,

mims.. .mk/2, mk/2+1 oM.
Ha BTOPOM 3Tall€ BBIIIOJIHAKTCA OdCJICHUA

upp =umod (mima...Myy2), w2z =umod (My/aqq ... My/2),
g1 = u11 mod (Mmimy ... Myya),..., Uza = w1z mod (Mgg 441 - .- My)2),
Ut—1,1 = Ut—2,1 mod (mlmz), Ut—1,2 = Ut—2,1 mod (m3m4),
oy Up—1 k2 = Usg—g /4 MOd (Mp_1mp),

up =ug—1,1 mod m1, uz =wuz—11 mod ma, ..., Ug=Us_1x/2 Mod My.
JIerko BUIETH, YTO [iJIsl BBIIIOJHEHHS [IEPBOrO 3Talia Tpedyercs
2IM(b) + 2872 M (2b) 4 . .. 4+ 2M (287 1b) = O(tM (kb))
JIBOMYHBIX onepanuii. Ha Bropom srtatie Tpebyercsi BbIIOJIHUTD
2M (20710) + 22 M (20720) 4. .. + 217 M (b) = O(t M (kb))
JBOUYHBIX OIlEPAIIUii.

Takum ob6pazom, obimas onenka ciaoxkuoctu umeer sun O(M (kb) log k)
JIBOUYHBIX OMEPATIUiA.
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Ju1s BBINOIHEHUS 0GPATHOTO Nepexoaa oT Habopa yuces (U1, ug, . . ., Ug)
K YUCJIy u IPUMEHSeTCsl KUTaiCKas TeopeMa 00 OCTaTKaX.

Teopema. ITycmv M =myms ... Mk, 2de HUCAG M; NONAPHO 83AUMHO
npPocMmol, U

ci:ml...mi_lmi_,_l...mk:M/mi,

—1
d; = c¢; ~ mod m;,

i=1,...,k. Toeda pewenue cucmems, cpasrenuti
u=u; (modm;), i=1,...,k,

cywecmeyem, 00HO3HAWHO 1O Modyato M u waxodumes no dopmyae

k
u= Z c;d;u; mod M.

i=1

JoKa3aTenbCTBO JIEFKO BHITEKAET U3 CJICLYIOMIUX CBONCTB BbI-
OpaHHBIX YUCET:
¢id; =0 (mod m;) upu j #1,

¢id; =1 (mod my;), 4,7=1,...,k. O
JLyist BBIYKMCIICHUS 3HAYEHUS U 110 JAaHHOH (opMyse Tpebyercs

k
SOk = )M (b)) + Txpa(b) + M(kb) =
= O((k*M(b) + kTx pa(b) + M (kb))) =
=O(K*M(b) + kTxpa(b))

JIBOMYHBIX onepaiwmii, rae depe3 Tx g a(b) 0603HAUEHA CJIOKHOCTH HAXO-
2KJI€HHsI OOPATHOIO 3JIEMEHTA B KOJIBIIE Zyy, , 10g m;=b, ¢ IOMOIIBIO paciiu-
pennoro ajropurma Eskinzga. TpymoeMKOCTh MOXKHO yMEHBIIUTH, €CJIU
AHAJIOTUYHO IPEABIAYIIEMY CJIYYal0 BOCIOJIb30BATHCS TEXHUKON «pas3zie-
JIsIi ¥ BJACTBY#», IPUMEHSIsI KAXKIbI pa3 aHaJOr JAHHON (POPMYJIbI IIPH
k =2. B atom ciyuae nosrygaercsi oneska O(M (kb) logk + kTxga(b)).
CymecrByer u apyrasi GoOpMysa Jisi BBIYUCICHUS] YHUCIA U,

u=q1+gami+qgzsmimas+...+qmy... Mg_1,
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TI€ YUCTAA 1,q2, - - -,k BBIYUCISIOTCS B IPOIECCE BBINOJHEHUS CJIETYIO-
1IEro aJrOPUTMA:

c=1, u=wu; mod myq;
fori=1tok—1do
begin
c=c-my;
d=c¢"! mod Mit1;
q=d(uiy+1 — u) mod mj41;
U =1U+ qc;
end
return(u).

Jlokaz3aTenbCTBO KOPPEKTHOCTHU JAHHOTO AJITOPUTMA, HAXOXK ICHUS] YUC-
Jla U NMPOBOJUTCA C IIOMOMIBKO WHAYKIUU U IIPEAJIAraeTCA BBIIIOJIHUTH B
KA4eCTBe YIPAXKHEHUSI.

XoTsi TPYIOEMKOCTb BBIMUCICHUSI [0 3TOM opMmysie Takasi ¥Ke, KaK
U IS UCXOAHON (DOpMyJIbI, HNPUBEJCHHONW B TEOpPEME, W COCTABJISICT
O(k2M (b) + kTx pa(b)) nBouunbIX Onepanuii, 1anHas GopMysia BO MHO-
IUX CJIy4asiX OKa3bIBAETCs 6oJiee yI00HON. DTO BBI3BAHO TEM, U4TO IIPOIECC
BOCCTAHOBJICHUSI PEITICHUS] CUCTEMbI

u=u; (modm;), i=1,...,k,

OCYIIIECTRJISIETCST B HEM I10CJIEIOBATEIBHO: CHAYAJA JJisl MEPBBIX IBYX
CpaBHEHUIl, 3aTeM JJIsi IEPBBIX TPEX, U TAK JaJiee J0 [oJydeHus: obiie-
ro pemenusi. Eciau K cucreme J100aBUTH €IIE OJHO CPABHEHHE, TO XOJI
BBIYUCJICHUIN HE U3MEHUTCsl, U HAJO Oy/JeT BBIIOJHUTH BCErO OJUH JOIOJI-
HUTEIBHBIA mar. B 10 xke Bpemsi B ciiy4yae ucxoaHoi (popmysibl gobas/ieHue
€Il OJHOTO CPABHEHUSI [IOJIHOCTHIO MEHSIET CXEMY BBIYUCJICHUIA.

§ 6. BeruncyieEns ¢ MHOTO4YJIEHAME

Mex 1y BBIYUCJIEHUSMU B KOJIbIE MHOIOYJIEHOB HAJI IPOU3BOJIBHBIM
KOJIBIIOM R ¥ B KOJIbIIE IIEJIBIX YUCEJI, 3AIMCAHHBIX B KAKON-JIn00 cucreme
cuucJieHusi, MHOrO 00mero. OHU BBIIOJIHSIOTCS 110 HOX0XKUM (HOPMyJIaMm,
a OTJIMYMe 3aKJIYAETCs JIUIIb B TOM, YTO JJIsl YUCEJT HEOOXOJUMO YUUThI-
BATh 3HAKU [IEPEHOCA OT MJIQIIINUX Pa3PsAIOB K CTAPIIUM, B TO BpeMs KaK
B CJIy4a€ MHOTOYJIEHOB HUKAKUX [IEPEHOCOB [IPU onepanusix ¢ koadduimu-
€HTaM¥ MHOT'OYJIEHOB HE BO3HUKAET — U UCXO/IHbIE BEJINYUHBI U 3HAYEHUS
Jsiexkat B KoJiblile R. [103TOMy BBhIUMC/I€HUS ¢ MHOTOYJIEHAMU B Y€M-TO JIaXKe
[IPOIIIE, YeM BBIYUCJICHUSA C LEJBIMU YUCIAMHU.
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CJyi0KHOCTB Oreparuii ¢ MHOTOYJIEHAMU ODBIYHO OIEHUBAKOT KOJIU-
YeCTBOM apU(PMETUYECKUX ONepaluii KOJbla R, BBINOJHSIEMBIX HAJ €ro
ko3 purnmentamu. Eciu u3BecTHa OUTOBasi CJIOKHOCTH ONEPAIUi B IO~
Jie, TO MOXKHO TaKXKe OIEHUTb PE3YJIbTUPYIOIIYI0 OUTOBYIO CJIOXKHOCTH
oneparuii ¢ MHOrO4YJeHaMu. UTo0bl OTiM4aTh APUGMETUYECKYIO CJIOXK-
HOCTb OT OMTOBOI B OLIEHKAX MbI OyIeM HCIO0Jb30BaTh CcUuMBOJIBL O 4( )
IJOB()

Borunciieane 3aavernii MEOTO'WIeHOB. [IycTh R — Mpou3BOILHOE KOJIb-
o. Pacecmorpum xoporo uzsectHblil anroput™m Pyddunun—Topuepa mist
BBIYUCJICHUS] 3HAYCHUS] MHOTOUJICHA,

f(@)=apz" + an_12" ' ...+ a1z +ao

HaJ KOJIBIIOM R B Touke £ =>b. OH OCHOBaH Ha CJIEIYIOIIEM IPEJICTABJICHUN
MHOTOYJIEH],

f@)=((anz + an—1)x+ ...+ a1)x + ap

U 3aKJIIOYAETCA B I10CJAE€I0BATEJIBHOM BBIYUCICHUU 3HAYEHUN o, P1, ..., Pn
o dpopmysiam

Po = an,

Di = Pi—1b + Gn—s,

i=1,...,n. locienuee aucio p, u OyIeT UCKOMBIM 3HAYEHUEM MHOTOYJIE-
Ha. Apudmernyeckasi CJA0XKHOCTH ANropuT™Ma, 04eBuUIHO, paBHa O4(n).
BuToByI0 CJI0XXHOCTH B CjIydae, KOrja B KaU4ecTBE KOJbla R paccmarpu-
BAETCsl KOJIBLIO IEJIbIX YHCEJI, MOYKHO OIleHUTh BhipaxkenueM Op(nml), rae
yepe3 m 0003HAYEH MAKCUMYM W3 JIBYX YMCE]: YUCJIA JTBOUYHBIX 3HAKOB
B 3anucu Haubosibiero koadduimenTa u uucia b, a yucio [ = (n + 2)m
0003HAYAET YUCJIO JBOUYHBIX 3HAKOB B 3AIIUCH HAUOOJIBINErO U3 YUCE P;,
i=1,..., k. Takum o6pa3zom, nosydaercs ornenka Op(n?m?).

Auroputm Pyddunn—TopHepa mo3BOJSET HOJYYUTh HE TOJIBKO 3HA-
genue f(b) = p,. Kak nokaspiBaer Cienymoomasi TEOPEMAa, BEJIUYUHbBI
D0, Py -« - Pn—1 SBISIOTCS B TOYHOCTH KOI(DDUIIMEHTAMU MHOTOYJICHA,
SIBJISIOIETOCS. OCTATKOM OT fejieHusi MHOrowiena f(x) ua (xr — b).

Teopema. Cnpasediuso pasencmaeo

f(z)=(z=b) <n§_§ pnmxi) + f(0).
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HokazareubcTBo. Umveem

(x —b) CZ__; pn—z‘—wi) + f(b) =

n—1 n—1
(Z pnilxi+1> = (Z pnilbl'i) + f(b) =
=0 i=0
n n—1
(an%xz> - <Z pnilbxi> + f(b) =
i=1 i=0

n

= Z (Pn—i — Pn—i—1b)z" — pn_1b+ f(b) =
i=1

=Y air’ —po1b+ (pn_1b+ ao) =
=1

= Zaixi = f(x).
i=0

Teopema nokazana. []

§ 7. JluckpetHoe mpeoOpa3zosaane Pypne

7.1. [Iycte R —KOMMyTaTUBHOE KOJIBIO C eauHuUIeil. Torga 3jieMeHT w
KOJIbIIA R HA3BIBAETCS NPUMUMUBHBIM KOPHEM CMENEHU T U3 eJUHUYDL,
€CJIH BBIIOJIHSAIOTCSI CBOMCTBA:

1. w#1;

2. W" =1,
n—1
3. Wi =0,1<i<n.
Jj=0
Ecau, kpome Toro, 3JieMeHT 7 SIBJASI€TCsl O0PATUMBIM 3JIEMEHTOM KOJIb-
ma R, TO MOXKHO OIpeNe/UTh duckpemnoe npeobpasosarnue Dypve Kak

orobpazkenue, KOTOPoe KaXKJIOMy BEKTOPY a = (ag,a1,...,0n-1), &; € R,
0 <i<n—1 crasur B coorBercraue BekTop F'(a) =b= (bo,b1,...,bp—1),
rae

n—1
bi:Zaiw’j, 0<i<n—1.
=0
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Obpamnoe Jduckpemmuoe npeobpaszosanue Dypve onpenessieTcss Kak
F~1(b) = ¢, rie KOOPIUHATHI BEKTOPA ¢ PABHbI

1n71
ci:EZObiw—”, 0<i<n—1.
=

To, 4TO HpsiMoe U 0BpaTHOE AUCKPETHbIE npeobpasoBanus Pypne B3a-
umHo obpatubl (T.e. F~1(F(a)) =a, F(F~1(b)) =b), nerko ciemayer u3
onpenesJicHud MIPUMUATUBHOI'O KOPHHA.

3ameTuM, YTO €cju BEKTOPY ¢ MOCTABUTH B COOTBETCTBHE MHOTOWIEH

—1
f(x) = a;x%, To npsmoe auckperHoe npeobpaszosanue Oyphe COOTBET-
i=0

CTBYET BBIYUCJIEHUIO 3HAYEHWII MHOTOYJIEHA B TOYKAaX wi, 0<i<n—1,
a 00paTHOE — MHTEPIIOJISIIIUU MHOTOUJIEHA 110 €r0 3HAYEHUSIM B 9TUX TOUY-
kax. To, 4T0 JaHHBIE TOYKHM OOPA3YIOT NUKJIMYECKYHO MYJIbTUILIMKATUB-
HYIO [OArpymny B R, HO3BOJISIET MOCTPOUTDH OBICTPBIN AJTOPUTM BBIYUC-
JIEHUsI 3HAYEHUST KAK MPSIMOr0, TaK U 0OPATHOIO JUCKPETHOrO Mpeodpaso-
Banust @ypne.

7.2. [IpuBesem aJropuT™m BbIYUC/ICHUs npeobpasosanus F(a) (anro-
puT™ 1uis Bbrumcaenus F~1(b) crpouTest aHAJIOTHYHO), HA3BLIBAEMbIH a.4-
20pummom bvicmpozo npeobpasosanus Dypve. st 1POCTOTHI 110JIAraEM,
aro n = 2. Hamomuuwm, uTo 3Hadenue MHorouwieHa f(z) B Touke T = w’
COBIIAIACT C OCTATKOM OT JeJICHUS MHOTOUJIeHa, f () Ha MHOrOY/IeH = —w',
0<i<n—1.IIpu 3T0M MHOrOYJICHBI T — wi, 0<i<n—1 nonapHo B3auMHO
IPOCTBI M WX npousseaeHue paBHo ' — 1. ITo3TOMy MOXKHO HIPUMEHHTH
[OIX0J], KOTOPBI PACCMATPUBAJICSA B 1. 5.2 NPU HAXOXKJICHUM 3HAYCHUN
OCTATKOB OT JIEJICHUS 3JIEMEHTA HA B3AUMHO IIPOCTHIE MOLYJIH.

BameruM, uTo W% = —1, Ho3TOMY

2 — 1= (xn/2 o 1) (xn/Z _ wn/2)'
Hanee

xn/2 1= (xn/él o 1) (xn/4 _ wn/2)7
xn/Q _ wn/Q _ (xn/4 _ wn/4) (xn/4 _ w3n/4).

IIpomoskaem 3TOT 1HpOIECC O IOJYUEHHS] JIMHEHHBIX COMHOMKHUTE-
geit v — w'. Takum 00OpasoM, HAXOXKIAEHUE OCTATKOB OT JICJICHWS MHO-
rowiena f(z) Ha ¢ —w’, 0<i<n— 1, MOXKHO POBECTHU C UCIIOJIH30BAHUEM
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TEXHUKHU «Pa3JeJisil U BJACTBYl» myTem gaeseHus () CHAYaja HA MHO-
rounenst /2 — 1 u ™% — w"/?, 3areM Kax/plii U3 ABYX IOJIYYEHHBIX
OCTATKOB JIBa pa3a JIeJIUM Ha MHOTOYJIEHbI BUA /A — i/ 4, ¥ Tak JaJjiee.

Jlemma. Ilycmo
n—1
flx)= Z a;x’
i=0

u ¢ € R. Tozda ocmamox om desenua f(z) na (z™/? — c) pasen

21

r(z) = Z (@i + caH_%)a;i.

=0

JlokazaTeJabCTBO BBITEKAET U3 PABEHCTBA

2
f(x)=(="?—¢) Z ai+%mi +r(x). O
=0

W3 310it jileMMBbI BBITEKAET, YTO IJjisi BBIYUCJIEHUS BEKTOPa K03 du-
[IMEHTOB OCTATKA HAJ0 PA3JCJIUTh BEKTOP KO3(DPUIMEHTOB MHOrOYJICHA,
f(z) momonam, 3areM yMHOXKHUTH HA ¢ KOI(DQUIUEHTHI BTOPOH [OJIOBU-
HBI U CJIOXKUTH UX C KOIPDUIMEHTAMU [IEPBOI MOJOBUHBI BEKTOPA. JTO
TpeOyeT BBIMOJHEHUsT He 6osee n apudMETHIeCKUX ornepauil Koabna R.

B pe3ysibTaTe noJiy4aeM, 4TO AJid BBIIIOJIHCHUA BCECTO aJITOPUTMA HAI0
BBIIIOJIHUTL HE OoJiee

nt2la oy oy gy

24 2k
apudMeTHIECKUX OIeparuii Koabia R, T.e. CJIOXKHOCTb aJIrOPUTMa, OBICT-
poro npeobpa3osanust @ypre pasua O(nlogn).

7.3. Buaromaps asropurmy ObicTporo npeobpasosanust Pypee muc-
kperHoe npeobpaszoBanue Pypbe siBJISI€TCS 0YEHBb yI00HBIM MHCTPYMEH-
TOM IpPH IIPOBEJCHUU BBIYUCJICHUH C MHOrOYJIEeHAMHU. Tak, HAIpUMeEp, C
€ro MOMOIMIBI0 MOYKHO BBIUUC/ISTH [IPOU3BEICHUE MHOTOUJIEHOB CO CJIOXK-
Hocteio O(nlogn) (BbimosHUB cHavasa npeobpazoBanue Pypove u nosy-
YUB 3HAYEHWS] MHOTOYJIEHOB B TOYKAX, 3aTEM IEPEMHOKHB IIOJIYYCHHBIE
3HAYEHUS] W, HAKOHEI], BEPHYTHCSA K KOIPDUIMEHTAM MHOrOUIEHA C II0-
Moo obparnoro npeodpaszosanus Pypoe). OmHako, oo obaagaer Tem
HEJIOCTATKOM, 4TO JIJIsi CyIIeCTBOBaHUs mpeobpasoBanus Oypbe HAJ KOJIb-
oM R Tpebyercst BHIIIOJHEHUE ABYX YCJIOBHIA: CyIECTBOBAHUS IPUMUTHB-
HOT'O KOPHSI CTEIEHU 1 ¥ OOPATUMOCTH YHCJIA 12 B KOJIbLE R, a 9Tu yCIoBusi
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BBINOJIHSIIOTCST TAJIEKO He Beerga. Kpome Toro, Kak Cjeayer u3 ajirOpUT-
Ma 6bicTporo npeodpazosanust Pypue, Kej1aTe/IbHO, YTODBI YUCJIO 11 OBLIO
HEKOTOPO# CTENEHBIO YUCJIA 2.

IlpuBemeM oaMH TOAXOM, MO3BOJSIOMUN DPHEKTUBHO NPUMEHSIThH
onicTpoe npeobpazoBanue Oypbe B KOJIBIE LEIbIX Yuce. Ecjiu u3BecTHO,
410 KO3 PUIMEHTH MHOTOYJIEHOB OrPAHUYEHBI HEKOTOPBIM YucjioMm M, TO
BBIYUCJICHUA MOXKHO IIPDOU3BOAUTHL B KOJIBIIEC BBIYCTOB ZM, OTOXKAECCTBJIAA
YUCJIa U3 YKA3aHHBIX MHTEPBAJIOB U COOTBETCTBYIOIINE BbIdeThl. [1ockoib-
Ky Ip# 3TOM Yucyi0 M MOXKHO BBIOUPATH PA3JIMYHBIME CIIOCOOAMU, TO MbI
6yaeM ucKaTh Takue ducaa M, 118 KOTopbix uncao n =2 u, kpome Toro,
B KQUECTBE€ IIPUMHUTHUBHOI'O JJIEMEHTA W MOXKHO BI)I6pa,TI) TAKZXKE HEKOTO-
PYIO CTereHb Yucia 2. 1O 1mo3BOJisieT 04eHb I(DHEKTUBHO Pean30BaAThH
obicTpoe mpeobpaszoBanne Pypre Ha IBM, rae ucnosb3yercs ABOUYHOE
[peACTaBJICHUE YUCET.

Teopema. Ecaun=2% uw=29#1, mo npu M =w™'? +1 onemenm n
ABAAEMCA OOPATNUMBLM INEMERTIOM KOALYUA Zpr, O INEMEHN W — NPUMU-
MUBHBIM KOPHEM U3 eOUHUYDL CIMENEHU 1.

Ham norpebyrorcst aBe JieMMBbI.

Jlemma 1. B xommymamuerom koavye ¢ edunuyet das a106020 sae-
menma a un = 2% swnoanaemeca pasencmeo

n/2

n—1 k—1 )
doal =T +a).
i=0 j=0

HokazarTenbcTso. [Ipumennm naayknuo no k. [Ipu k =1 pa-
BEHCTBO O4eBuaHO. Eciu oHO BepHO npu k — 1, 10 npu k nosiyuaem

n—1 5-1
Zai:(l—ka) ia%.
i=0 i=0

Ilo npennomoKeHn0 MHAYKIUY TOJIyYaeM

31 k=2 k-1 ‘
S =Tla+@)?) =[] a+a),
i=0 j=0 j=1

4TO ¥ TPEOOBAJIOCH JTOKA3ATh.
Jdemma 2. IIpu M =w™/? +1,0# w € R, daa ecex 1 <i<n umeem

1
w? =0 (mod M).

n

<.
I
o
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HokazareanbcrTBo. CoryachHo jsiemme 1 10CTATOYHO IOKA3aTh,
410 pu Beex 1 < ¢ < n Halgercs j Takoe, 94TO

1+w? =0 (mod M).
Ecnm i = 2°t, raoe t nederHo, To monaraem j =k — 1 — s. Torma
T+w? =140 =14 (W =14 (=1)" =0 (mod M),

TaK KaK ¢ HEYETHO.

BepneMcsi K OKAa3aTEJIBLCTBY TEOPEMbI. DJIEMEHT 1 0OPATUM, TaK KaK
aucna n=2F u M=w"/?4+1=29"/211 3aumuo npocrsl. Jement w=29#1,
npudem w/?=—14+M=—1 (mod M). Orciona w"=1 (mod M). Hakoner,
JIeMMa 2 TapaHTUPYET BHIIOJIHEHNE TPETHErO yYCJIOBUST, HEOOXOAMMOTO J1Jist
NPUMUTUBHOCTH KOPHs U3 equHunbl. Teopema mokazana. [



I1. DnemeHTHI TEOPUH YMCET

§ 8. HenpepriBHBIE Ap0o0M U MX CBO#CTBA

8.1. HanomuumMm, yto asiroput™m EBjwma mjisi HAXOXKIEHUST HAUOOJIb-
mero obmero gejautess uucesg A m B, A > B, 3aK/1104aeTCs B 110CJIEI0-
BAaTEJIbHOM BBINOJHEHUU ONEPAINH JEJICHUS C OCTATKOM IIPUMEHUTEIBHO

K [ocJeaoBaTenbuocT uncen A =r_1, B = rg,r1,72,...,T; [0 HOJyde-
HUsl HYJIEBOrO ocTaTka Tipy1 = 0, vae 1o =d;ri—1 +7r; upu i =1,....k
u rg_1 = dg17%. Torma (A, B) = ri. Paccmorpum Teneps noJrydarontyio-
Csl B JAHHOM aJITOPUTME I10CJI€ZI0BATEILHOCTD d1,da, . .., dk1+1. Herpyauo
BUJIETh, YTO ITU YUCJIA YAOBJETBOPSIOT PABEHCTBY
A 1
N dl +
B p 1
2+
p 1
3+
1
oot
dit1
s kparkoctu Oymem 0603HAYATH PABYIO YACTh STOrO BHIPAYKEHUSI
4epe3s [dy,da, ..., dk+1] ¥ HA3BIBATH HENPEPHIBHON (MJIM LIENHOM) IPOOBIO.

Henpepoisabie apobu nosiBuiinchk B Mmaremaruke eme B X VI B. ITlupo-
KO€ PACIPOCTPAHEHNEe OHM Hosryunu nocie pador X. I'oitrenca (XVII B.),
KOTOPbIN IIPUMEHSLI UX JJisi I0A00pA 3yO6UaThIX KOJIEC, C 33JAHHBIM II€pe-
JaTOYHBIM OTHOIEHUEeM. Teopusi HeNPePBIBHBIX 1pobeit ObLIa, CUCTEMATH-
4Jecku paspaborana JI. disepom, a 3arem 2K. Jlarpanxkem.

OTMeTuM npocreiiinme CBOMCTBA TaKUX JIPOOeii.

g moboro n u JOOBIX HATYPANbHBIX di,ds,...,d, CIPaBEIJIUBHI
PaBEHCTBA

A1y dn] =y +

1
[dlad27" 7dn] = |:d17d2a' .. ;dn72adn71 + d_:|7

mpu k=1,...,n—1

1
Ay dy. . dy) = |dy, . dpt —— |
[17 2 ) ] |:1 k+[dk+1,...,dn]:|
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Teopema (0 GbyHIAMEHTANBHOM COOTBETCTBUU). Jlas 410601 nocaedo-

B8AMEALHOCTNY HAMYDPANLHOLL YUCEA A1, A2, . ., n, - - . DAGEHCINEA
P,
[a1,az,...,a,] = 0. n=1,2,...
n

BUUNOAHANMCA 68 MTMOM U MOALKO 6 TMOM CAYHAE, K020a BBINOAHANOMCA
MAMPUYHDLE PABEHCTNEA

ai 1 a2 1 (07% 1 _ Pn Pn—l _23
1 0 1 o) 1 o)~ Qn anl y M=24,9,...

HokazareabcTBo. us ymobersa nosaraem Py =1, Qg = 0.
JlokazarebCcTBO HpoBOIUM uHAyKImeH no n. [lpu n = 1 yrBepxkaenue
o4eBuaHO. Ecim jyisi n— 1 OHO BBIMOJIHEHO, TO 0 MIPEANOJIOXKEHUIO UHITYK-

n—1

. X
I[UU JJIsl HEIPEPBIBHOU Ipobu [ag, ..., a,] = V.=, /IOJKHO BBINOJIHATECS
e

PaBEHCTBO
ay 1 an 1\ [(Xno1 Xpoo
1 0/°\1 0) \Y,1 Y, 5/

C napyroii cTOpoHBI, 3T 1p0oOU CBSI3aHBI COOTHOIIIEHUEM
Pn 1 Yn—l alxn—l + Yn—l
— =Ja1,a2,...,an) =01+ ———————=a; + = ,
Qn [a27 ey an} anl anl

YTO INOJJHOCTBKO COOTBETCTBYECT MATPUYHOMY PDABCHCTBY

Pn Pnfl [ 1 . anl Xn72
Qn anl 1 0 Yn,1 Yn,Q ’
Teopema mokazana. []
Hpobu [a1,as,...,a,] = %, n =1,2,... HA3BIBAIOTCI NOOTOOAULUMY

dpobsamu. B KayecTBe CJIEACTBUSI U3 ITOM TEOPEMbI MbI [IOJIyYAEM IPAKTHU-
YeCKHU BCE OCHOBHBIE CBOMCTBA IOAXOISIIMUX APOOEH.

1. Pnanl — Pnlen = (—1)“, n= ]., 2, e
2. Qucaa P, u Q, s83aumno npocmv npu ecexn=1,2,...

Py, _ h _ ﬂ .
3 Q@n On_1 — 0nQn_ = 1,2,...

P, N _(=DF

4. Q: :a1+k§1 m, 7121,2,...

5. Iocaedosamenvrocmu P, u Q, ydosiemeopsaiom pexyppermmbim

coommoweruam P,=a, Pp_1+ P, 2, Qn=0,Qn_1+Qn_2 npun=2,3,...
n=2

6. Qn :ananl +Qn72 >Qn71 +Qn72 >2Qn72 z27,n=213,...
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8.2. PaccMoTpuM Tenepb BOMPOC O MPEIACTABJIEHUM JIEHCTBUTEIbHBIX
4qucesi HenpepbiBHbIMU Apo0sivu. Ilycre « — HEKOTOpPOE IMOJIOKUTEIb-
HOE JeHCTBUTE/IbHOE YHC/IO. BBIIeJUM B HEM LIy W APOOHYIO YaCTH:
a = |a| + {a}. Ionaraem a1 = |, u eciu {a} = 0, To 3aKaH4YMBA-
eM, a ecim {a} # 0, To HoNyYaeM PaBEHCTBO « = aj + a% [TosTopsis
3TOT TPOMECC ISt YUCJA (1, U T.JI. MOJYYUM B PE3YJbTAaTe MOCICI0BA-
TEJBHOCTD (1,02, ..., 0p, ..., JJIsI KOTOPOH IIPYU KAXKJIOM 7 BBIIOJIHSETCS
PaBEHCTBO &= [a1,as, . .., an, apl, n=1,2,... Yucna a,(a;,) HA3BIBAIOTCS
HENOAHBMU (NOAHBMU) HACTIHBLMU.

Bo3MmoxkHBI ABa Caydas: JubO HPOLECC 3AKOHYUTCS HA HEKOTOPOM

miare n U BBIIOJHEHO PABEHCTBO & = [a1,ds,...,dy], MO0 IpHU BCEX N
BBINIOJIHSAIOTCS HEPABEHCTBA v # [a1,dz, ..., ay]. B ciyuae Geckoneunoit
[OCJICTOBATEILHOCTH (1, 42, - - - , Uy - - - OIPEICTUM 3HAYCHUE OECKOHEUHOM
HENPEPBIBHOH 1pobHu [a1, as, .. ., Gy, . . .| KaK Opeaes
n
lim — = lim (a; + — ],
W Qn  mivoe ,; QrQr 1

KOTOPBI# BCErJa CyLIECTBYET B CHJIYy CXOIMMOCTH 3HAKOUYEPEIYIOIIEroCs
psiza ¢ 6eCKOHEYHO yOBIBAIOIUMY UJICHAMM.

Paccmorpum kak cBsizaHbl MEXK 1y OO0 YMCIIO (v U IOAXOISIIUE APOOU
[a1,a2,...,a,] = %, n=1,2,... mjs NOJy4uBIIEHCs B PE3yJibTaTe [PU-
MEHEHUsl JAHHOM HpOIeayphl (KOHEYHOMN, ujin OECKOHEYHOM) 10C/Iea0Ba-
TEJIBHOCTY (1, A2, - - -,y - - -

Jlemma. Ecau na waze n + 1 wucao « ne coenadaem co 3HA%EHUEM
nodrodauieti dpobu, Mo 6LNOAHAEMCA 00HO U3 06YT HEPABEHCME:

P, P, P, P,
“tca< Py o<

Qn Qn+1 o QnJrl Qn .

HdokazareanbcTBo. Paccmorpum neifictButensHyo (QyHKIHIO

f(z)=la1,as,...,an_1,z]. OueBUIHO, YTO
P,
f Qn :_nv
(an) Qn
1

1 _ Pn—i—l
f(an - ) B QnJrl.
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B cuiy npuBeneHHBIX BBINE CBONCTB MOAXOISAINMX ApoOei s (PyHK-
muu f(2) DOJIKHO BBIIOJIHSITHCS PABEHCTBO

-TPn—l + Pn—2
r)=—Y—"7——"—.
f( ) xanl + Qn72

Caenmosarenbho, f(x) — runep6oJia, u I0ITOMY SIBJISIETCSI CTPOrO MOHOTOH-
HOM (hyHKUMEH. YUNTHIBasi HEPABEHCTBA a,, < A, + i <an+ a,}T’ oJy-
YaeM, 94TO B 3aBUCUMOCTU OT TOTO, MOHOTOHHO BO3DACTAET WJIU YOBIBAET
dyukuust f(x), BbITONHSIETCS] OHO U3 TPEOYEMBIX HEPABEHCTR. Jlemma 10-
KazaHa. [J

Ha camom zesie HETPYZHO BUIETH, YTO JIOJIKHBI BBIIOJHATbCS HEPA-

BEHCTBA,
BB <o <P P
Q1 Qs Qs Q2
3HaueHUEe KOHEYHON HENPEpPBIBHOM [Ipo0eil ¢ IeJIbIMU HEMOJHBIME
YaCTHBIMU, OUEBHJIHO, sIBJISIETCsI paIlMOHAIbHBIM yucjioM. Haobopor, cripa-
BEIJINBA,
Teopema 1. Payuonaavhoie 4ucia 00HO3HAUHO NPEICNABAAIOMCA 8 6U-
0e KOHEeUHBLT HENPEPBIBHBIL OPOBET ¢ UEABIMU HENOAHBMY HACTVHOLMU.
JokazaTenabcTBO. Ecau o paluoHAJbHOE YUCJIO, TO COIJIACHO
asiropur™my EBKjMaa yKas3aHHBIH BbIE HPOIECC IOCTPOCHUSI HEIPEPbIB-
HOI 1pOoOM 3aKOHYMTCS IIPU HAXOXK ACHUU HANOOJIBIIEr0 OOIIEro AeTUTEs.
IIpu 3TOM 3HAYEHUE HENPEPBIBHON APOOU OyAET COBIAIATH C JAHHBIM YUC-
sioM. Haoboport, n0b6ast KOHEeYHasi HEIpPepbIBHAS IPO0b C IEJIbIMA HEIoJI-
HBIMY YACTHBIMU SIBJISIETCS] PAIMOHAJIBHBIM ducjioM. Ilosromy Heobxomumo
JIOKA3aTh TOJIbKO OJHO3HAYHOCTH TAKOT'O [PEICTABJICHUS .
IIpeanosiokum, 9TO0 UMEETCsl ABA PA3JUYHBIX NPEICTABJICHUS DPAI-
OHAJIBHOTO YMCJIA & = [a1,d3, . ..,ay] = [b1, b2, ..., by]. Ilycts ay # by —
epBOE OTJIUYKE B JAHHBIX [IOCJIEI0BATEIHHOCTAX. TOrIa Mpyu HEKOTOPBIX
0<e<1u0<d<1 OOJKHO BBIIOJHITHCA PABEHCTBO

(ak +€)Py—1+ Po—o (b +0)Py_1 + Py—2

(ak +€)Qr-1+ Qr—2 (b +0)Qr-1+ Qr—2

Orcrona, paccyk/asi aHaJIOMYHO JIeMMe, B CUJIy MOHOTOHHOCTH TUIIEpOO-
JIBL TIOJIYYaeM, 9TO ai + € = by, + §, nporuBopeune. Teopema mokazana. [

Teopema 2. Hppayuonasvrovie delicmsumenvhole “UcAl O0OHO3HAWHO
npedcmassmomes 8 eude 6ECKOHENHBIL HENPEPLIBHLIL Opobeli ¢ UeAbl-
MU HENOAHBMU “YacmHbuimu. Haobopom, snavenuem scaxol becrkorewnod
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HENPEPBLLEHOT OPOOU € UEADMYU HENOAHBMU YACTIVHOLMY ABAAETNCA UPPA-
YUOHAADHOE YUCAO.

HokazareunsbcTso. Eciu a uppanuonaspbHoe YuCI0, TO OMUCAH-
HBI{ BBIIIE MPOIECC MOCTPOEHUsI HENPEPBIBHON APO0U HUKOIL/IA HE 3aKOH-
YUTCs, TAK KAK 3HAYEHWE KOHEYHOU HEIPEPBIBHON APOOM sIBJISETCS Pa-
UMOHAJIbHBIM 4yucjioM. [Ipu 3T1OM 3HAUYEHHE HENPEPBHIBHON Ipobu B CuiLy
JIEMMbI OyZeT OHpeNessiThCs [PEeIeIOM

lim — = lim (a; + — ],
n—c0 Q Mo( Do

n

KOTODBI# 110 JIeMMe JTOJIZKEH COBIIAJATh C YUCJIOM (.

O,ZLHO3Ha‘IHOCTb npeacraBjieHud MTPOU3BOJJIBHOTO ,[LeI./JICTBI/ITe.HbHOI‘O
YucCJjia B BHJEC HereprBHOI‘/'I rELpO6I/I JOKA3bIBACTCA aHAJIOTUYHO IIpEabI-
ayieit Teopeme.

Ocraercst 3aMeTUTD, YTO 3HAYEHWE JIIODOH GECKOHEYHOM HENpPepPhIBHON
,Z[pO6I/I C OEJIBIMU HEITOJIHBIMU YaCTHBIMU ABJIACTCA ,Z[eﬁ(}TBHTeJILHbIM quc-
JIOM ¥, B CHJIy OZHO3HAYHOCTH LIPE/ICTABJICHUS YNCJIa B BUJE HEIPEPbIBHON
Jpobu, He MOXKET PaIlMOHAJIBLHBIM YKMCJIOM. TeopeMa mokasana. [l

8.3. B zaksouenue ormMeTuM 6€3 JOKA3aTEIbCTBA €Il IBa 3aMeUaTellb-
HBIX CBOMCTBA HENpEpbIBHBIX npobeii. Bo-miepBhix, mocjenoBaTeibHOCTH
HEIOJIHBIX YACTHBIX, IMOJIy9aEMbIE DU PA3JIOKEHUU JIEHCTBUTEIbHBIX YU-
CeJl, MOTYT PACCMATPUBATHCS KAK PAIMOHAJIbHBIE IPUOJINKEHUST ITUX K-
cen. IIpu 3TOM OKa3BIBAETCSI, UTO HENTPEPHIBHBIE APOOU JAOT B ONPEIETICH-
HOM CMBICJIE HAUJIYYIIINE PALMOHAJIbHBIE TpubJmxkenus. Bo-BTopbix, 6ec-
KOHEYHBIE IePUOIUYECKHNE HENPEPHIBHBIE APO0U U TOJBKO OHU IIPEICTAB-
JISIFOT MHOXKECTBO YHUCEJI, SIBJISIOIIMUXCH KBAAPATUYHBIMYA UPPAIMOHAb-
HOCTSIMHU, T.€. JEHCTBUTE/IbHBIMYU PEIEHUSIMU KBAIPATHBIX YPaBHEHUM C
nenbivu ko3 dunuentamu (Jlarpanx).

OTMeTyM UHTEPECHYIO CBsi3b HEIPEPBIBHBIX JIpo0ell C KajeHaap-
HbIMU CTHJIsiMA. KaK U3BECTHO, MPOIOJIKUTEIBLHOCTH T'OJA COCTABJISIET
365,24220 ... CyTOK. DTOMY YHUCIY COOTBETCTBYET IEPUOIUYECKAS TPOOH

[365,4,7,1,3,...], nepBele noaxoasmume APo6H KOTOPOH PaBHBI COOTBET-
CTBEHHO 1 . 8
365, 365 T 365 29° 365 33"

[Ipubnmxenue 365% —3T0 TaK HazbiBaeMblil FOumanckuii Kasenaaps,
BBeneHubiil B 47 r. 10 H.3. FOnmem Ilesapem, rpe kKaskaplii 4eTBepTHIi
rox — BucokocHbiil. Hoseriit I'puropuanckuit kajsesnmaps jgaer mnpubliumke-

HHE 365%, 9TO HEMHOTO OOJIbINE, YeM 365%. ODTOT CTUJIb OTJINYACTCS
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TeM, 4TO KaxKJbIii COTBIN IOJZl — HE BUCOKOCHBIN, KPOME TeX, YUCJIO0 COTEH
KOTOpbIX fesutcs Ha 4 (T.e. 400 et umeror 97, a ve 100 JUIMHUX CYTOK).
Xotst orcraBanue FOnmanckoro kajeHaapsi 66110 3amMedeHo eme B XV B.,
pedopma ObL1a mpoBeaeHa TOALKO B KoHIle XIX B. Hanbosee xe TOUHBIH
Kajengaps Bees B Ilepcum B 1079 r. mepcuacKuii acCTPOHOM W MaTeMa-
uk Omap Aubxaiismu. O BBe1 HMKJ u3 33 JieT, B KOTOPOM CEMb pa3
BHUCOKOCHBIM CUYMTAJICS YETBEPTHIH, & BOCBMOIN pa3 — HsAThIM. ITO KaK pa3
npubJIuKeHue 365;—3, TaK KaK uMeerTcs 8 JIMIIHUX CYTOK B 33 roaa.

§9. KBampaTnunanie BRIYETHI

9.1. Ilycts p — HeueTHoe mpocToe uucio. Ilesoe uncio a Ha3bIBAETCS
K6a0PATNUMHILM 6LINETOM N0 MOJYAI0 D, el cpaBHenue ¥2 = a (mod p)
WMEET peIleHIE.

W3 onpenenenus ciieayeT, 9TO CBONUCTBO IEJOTO YUCIA @ OBITH MU
HE OBITH KB3IPATUYHBIM BBIYETOM [0 MOIYJII0 P OIPEIEJISETCS TOJBKO
CBOMCTBAMU OCTATKA @ Mod p OT JEJICHUS] YUCIA ¢ HA YUCIIO P, U TIOITOMY
BMECTO YHCET G MOXKHO PACCMATPUBATH 3JIEMEHTHI KOJIbLA BBIYETOB Zy.

OTMeTnM OpOCTeiIue CBOWCTBA KBAAPATHUHBIX BbIYETOB.

1. Cpedu wucea {1,2,...,p — 1} poeno nososuna asamomcs Keadpa-
MUNHOLMY BHINEMAMU, G OCMABWUECH YUCAL — HEM.

JIns mOKa3aTeNIbCTBA PACCMOTPHM OTOODAMKEHME : T — T2 MYJBTHU-
IUVIMKATUBHOI IPyNIbl KOJbd Zy, B cedsi. O4YeBUIHO, OHO SABJISIETCS TO-
MoMopduzmom ¢ sapom Kerg = {—1,1}, npudem obpasom ¢(Z,) Gyzer
MHOYKECTBO HEHYJIEBBIX KBaIPATUYHBIX BHIYETOB.

2. Bcau 7y, ={1,9, 02,...,0P=2}, 2de O — npumumuenviti saemenm no-
a8 Ly, mo osemenm a = 07 6ydem KeadpaTMuUMHLLM EHIMETOM 6 MOM U
MOABKO 8 MOM CAY ae, K020a j “4emHo.

Joka3aTeabCTBO 09EBUIHO, TAK KAK B cpaBHenun 2y = j (mod p — 1)
MOJYJIb P — 1 SIBJISIETCS] YETHBIM YUCJIOM.

9.2. CumBoua Jlexanapa. [Ipu m3ydeHuu CBOHCTB KBaJPATUYHBIX BbI-
4eTOB OOBIYHO BBIJIEJISIIOT AB€ 11pobJieMbl. Bo-1iepBbIx, KAK MOXKHO y3HATH
SIBJISIETCS JIM JAHHOE YUCJIO KBAJPATUYHBIM BBIYETOM (331243 PACIIO3HA-
BaHUsl), M, BO-BTOPbIX, KAK HAWTU DEINEHUE JAHHOIO CpPaBHEHUs (3a1a-
4a MOMCKa permenuii). Mbl MOKaKkeM, 4TO OTBET Ha NepBbIii BONPOC JATh
HECJI0XKHO. [1Jisi 3TOr0 HAIO IPOCTO BBIYUC/IUTH COOTBETCTBY IOIIUM CUMBOJI
Jlexkanpa, 94To siBJIsIeTCsi AJITOPUTMUAYECKHU HECJIOXKHOM 3ama4eii. B 1o ke
BpeMsi, 331398 [IOUCKA, PEIIEHNI SIBJISIETCs aJITOPUTMUYECKHU CJIOXKHOMU 3a-
Iadeil u [Jisi HAaXOXKJIEHUsl PeIeHnii TpedyeTcs MOCTPOEHUE CIIEIUABHBIX
aJITOPUTMOB.
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Cumeon Jleoswcandpa, BBenenubiit uMm B 1798 1., onpeessiercsi Ciaemyo-
UM 00pa3oM:

(E) =<1, Jz, ° =a (mod p), a mod p # 0,
—1, Az, 2> =a (mod p), a mod p # 0.

IIpuBenem ocHOBHBIE CBOMCTBA cUMBOJIA JIeskanapa.

1. Ecau ay = a (mod p), mo () = (3)-

a

2 (xpurepuii diinepa). (1) = a"T (mod p).

Hokazareabcrso. Ilpu a =0 (mod p) paBeHCTBO OYEBUIHO.
Eciu a umeer HeHyJieBO# BBIYET, TO COMIACHO Majioii Teopeme Pepma
a?~1=1 (mod p), orkyna a’r =41 (mod p). IIpu aTom, ecim a =607, rae
) — NPUMUTHUBHBIA 3JIEMEHT KOJIBIA Zyp, TO

p—1

-1
az =1 (mOdp)<:>jpTEO (mod p —1).

Ilocnenuee paBHOCUIBEHO TOMY, YTO j YETHO U ( SIBJISIETCS KBAIPATUYHBIM
a

BBIUETOM, T.€. (1) =1. AHasoruno paccmarpuBaercs ciydadi (£)=—1. [
aby _ (a\(b
3. (22) = (2)(2).
OTO ¥ CIAEIyIOUE ABa CBOUCTBA SBJISIOTCS OUEBUIHBIMYU CJIEICTBUSIMU
CBOMCTBA 2.

4. Ecau (a,p) =1, mo (%) = ().

p
— p—1
5. (1)=1, (3) = (-
ILJ'IH ,uaaneﬁmero HaM HOTpe6yeTCﬂ cjeaymoniad JemMma.

Jlemma. ,H./L.ﬂ N0ODLT HEUEMHDIT YUCEN S U T BBINONHAIOMCSA CPABHEHUA:

(a) 851 % = “T_l (mod 2),

(6) s2=1 (mod 8),
2 2 2_
(B) 2 8_1 + £ 8_1 = —(St)s L (mod 2).
JJoKa3aTeJbCTBO NEPBOrO CPABHEHUS BBITEKACT U3 PABEHCTBA

1 1
§(st—s—t+1):§(s—1)(t—1),

rJe B NPABOIM 9aCTH CTOUT YETHOE 4mcJ0. Jjisi JOKA3aTenbCTBa BTOPOrO
CpaBHEHHsl HAJI0 3aMeTUTh, 9T0 4uciio (s — 1)(s + 1) Bcerpa mesurcst Ha 8.
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Hakownerr, Tperbe cpaBHEHUE BBITEKAET U3 PABEHCTBA

1 1
g(52t2 -2t )= g(52 —1)(t* -1),

B HpaBOﬁ YaCTU KOTOPOrO TaKzKe€ CTOUT YE€THOE YUCJIO. O

PQ*

6. (2)= (~1)*%
Hdokazareabcrro. Tak kak snementsl {1,—1} sexar B Jito-
6oM pacmupeHnu Nons Zjy, TO MOXKHO PACCMATPUBATh JAHHOE PABEHCTBO
B none GF(p?). B cuiy nynkra (6) J1eMMbl COPaBeIMBO CPaBHEHWE
p?>=1 (mod 8),  MO3TOMY B JAHHOM TI0JI€ BCET/Ia COJICPIKUTCS JIEMEHT W
nopsiika 8 (HaHpI/IMep, H3JI0 B3SITh ITPUMHUTUBHBIA 3JIEMEHT, WUMEOIIUii

2_
(pgl))

1

nopsiiok (p? — 1), u BO3BECTH €ro B CTENeHb
LU0

. Paccmorpum dynk-

221
Fa) = { (—1)"5, 2=1 (mod 2),
0, =0 (mod 2).

Tak Kak 4UCIIO 8 SBJISIETCS] IEPUOAOM TOH (DYHKIMU, TO MOXKHO Pac-
CMaTpUBATh €€ KaK (DYHKIUIO, 33JaHHYI0 HA IJIEMEHTaX KOJIbLIA BbIYe-
10B Zg. IIpu 3T0M B Uiy NyHKTa (B) JIEMMBI JJisl HCUETHBIX S U ¢ BBIIOJI-
usiercst pasencrBo f(st) = f(s)f(¢).

Onpenenum senuuuny G € GF (p?) pasencrsom

[TokazxxeMm, uro G # 0. meem
G=w—w? =W +w =2w—w?),

Tak Kak w*=—1. Orciona G% =4(w? — 2w* +w%) =8+#£0, a, ciegoBaTensHo,
u G # 0 B none GF(p?).
Ilopcuuraem Teneps aByms crnocobamu Benwuuny GP. C omHoit cro-

POHBI
GP=(G™ )2G=8"7 G = <§>G: <2>G.
p p
C mpyroii cCTOpPOHBI,
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TaK Kak p HederHo. Vcnonb3ys ceolicTBa Gynknuu f(x) noaydaem

7
GP = Z F@) i)t = f(0) Y fpi)w? = f(0)G.
ar

Teneps, npupaBHuBasi 06a BeIpaKeHUs U COKpainast Ha G, mojydaem
TpebyeMoe paBeHCTBO. UTo U TpeOOBaJIOCh JOKa3aTh. [

9.3. KBagparnunsrtii 3akoH B3aumaocTn laycca. /Tokazkem erre 0HO 3a-
MeuaTeIbHOEe CBOMCTBO CUMBOJIA JIexKaHapa, HA3bIBAEMOE KBAAPATUYHBIM
3aKOHOM B3aWMHOCTH. IMIIMPHUYECKU OH ObLI OTKpBIT B 1783 r. JI. Dii-
JgepoM. IlepBoe mosiHOE MOKA3aTENLCTBO ObLIO JaHO B 1796 1. 19-j1leTHUM
K.TayccoMm. Becero oH npefioxKui ceMb pa3judHbIX JOKA3aTeJIbCTB KBAI-
paTI/I‘{HOFO 3aKOHAa B3aUMHOCTH.

Teopema. /J[aa A100bLT MPOCTBIT HEUETMIHBIL HUCEA D U § CNPAEEIAUBO

paseHcmeo
b p—1a—1 (q
— | = (_1) 3 32 (_)
(%) ;

HokazarenbcrTsBo. Ilocrynaem mHoJHOCTHIO aHAJIOTMYHO JIOKA-
3aTeBCTBY IIOCJEIHErO CBOHCTBa. llepeiiem K TakoOMy paCHIMPEHHIO
GF(p™) nonst Z,, B KOTOPOM CONECPIKUTCS JIEMEHT w HOpsiaka ¢ (Ha-
[IpUMEp, MOXKHO HOJIOKHUTh M = ¢ — 1, TAK KaK BBIIOJIHSIECTCS CDABHCHHUE
p?~1 =1 (mod q)). PaccMoTpum Besiuuuty

q—1 j
G= Z <—>wj
=0 M
Crauasia nokaxeM, uro G # 0. meem
qg—1 . g—1 qg—1q¢—1 .
= (EENEE))-G)EE6)6)
i—o 4 im0 \ 4 17 i=0k=o \1/ \14

Tak kak (2) = (0, TO MOXXHO U3MEHUTH HUXKHUI Hpesies1 y 00euxX CyMM.

OHOBpEMEHHO 3aMeHsisi BO BTOPO# cyMMe uHZAEKC k Ha jk, mosrydaem

~(HELHE)-(FEEE

Jj=1
Teneps BepHeM BTOpO# cymme mHAeKC j = 0, 706aBUB K IEpPBOM CyMMe

BbIpazKeHHE
g—1 g—1
et 1) —— =0.
Zl<> (+1) 5=+ (1) 5= =0
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Hakownern, yuuTtbisasi, 9410

TOJIy 9aeM

- DECE -

Orcroma G? # 0, a, cienosarenbho, u G # 0 B ose GF(p™).
IMoacuuraem reneps aByMmsi cocobamu Bejuuuny GP. C oguoit cTopo-
HBbI

Gp:((—l)Tq) z G:(_l)TTqTGE(—l)pTl%<%>G (mod p).

C mpyroii CTOPOHBI,

o= (G@f -5 ()

TaK KakK p HedeTHO. Vcrosib3ys cBOMCTBa CUMBOJIA JlexkaHapa morydaeM

&= 5 (2) ()= (5) 2 (%) - (2)e

Teneps, npupaBHUBasi 00a BbIpAXKEHUs U COKpalas Ha (G, MojydaeM Tpe-
6yemoe pasencTBo. Teopema noka3aHa.

9.4. Jloka3aHHbIC CBOMCTBa CUMBOJIA JIeKaHIPA MO3BOJSIOT BbIYKC-
JIATH JJIs1 JIFOOOr0 IPOCTOrO HEYETHOI'O P U JIIOOOTO IIeJIOr0 ¢ 3HAYCHHUE (%)

C HOMOIIBIO CJICAYIOMEro AJIrOPUTMAL
1) ecim 9HUCJI0 @ OTPHUIATEIBHO, TO BBIICISEM COMHOKUTEh (’71);
2) 3aMeHsIeM YMCIIO @ HA OCTATOK a mod p OT JEJICHUSI YHCIa @ HA P;

3) PacKJIQIBIBAEM HYHUCJIO ¢ B LPOM3BEAEHUE IIPOCTHIX COMHOXKUTE/IEH

a=pi'ps*...pL* 1 NepexonuM K Pas3joKeHHIO B IPOU3BEICHUE

N RGO
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5) ecam py =2 U a1 HEYETHO, BHIYUCIISIEM (%);

6) JJId KazKJI0r0 HEYETHOTO COMHOXKUTEJIA pP; C HCYETHBIM 3HAYCHUEM
CTENIEHU a; IPUMEHACM KBa,ELpaTI/I‘IHI)II‘;I 3aKOH B3aUMHOCTU;

7) ecsu HEOOXOUMMO, BO3BPAINAEMCs K II. 1.
Hanpuwmep,

#)-G)-G @) -c(3)-(3)-
=(=1)2(-1)3=-1.

9.5. CumBou fIxo6m. I13/102KEHHDBIH BBIIIE METO BLIYUCICHUS CAMBOJIA
Jlexxanapa siBJisieTCsi HEYIOOHBIM B CBSI3U C TEM, YTO IIPU €r0 BBIIOJHEHUN
NPUXOIUTCS TPUbEraTh K CJIOXKHOHN oneparuu (haKTOPU3ANUN HATYPAJIb-
HBIX yuces. UToObl 30aBUTHCS OT HEOOXOAUMOCTH (DAKTOPU30BATH UUC-
Jia paccMoTpuM 06001IeHre CUMBOIIA, J1eKaHapa, HA3bIBAEMOE CUMBOJIOM
Axobu.

Ilycte n HedeTHO W UMeeT CjemyIee Pa3JOXKEHWe HA IPOCTHIE CO-
MHOKHTENH N=Dp{'py* ... py*. Torma aust m06Oro HEIOro YNUCI 4 CUME0A
Hrobu onpenesisieTcsi pABEHCTBOM

0)-GIET 6T

B mannOM ciydae paBeHCTBO (£) =1 BoBce HE 0OA3aTE/IBLHO O3HAYACT,
YTO YUCJIO @ ABIAETCS KBAAPATHYHBIM BBIYETOM 110 MOAy/Ii0 1. Hanpumep,

(3)-)E) -

OJIHAKO YHUCJIO 2, OYEBUIHO, HE SABJISETCS KBAIPATHYHBIM BBIYETOM II0 MO-
nyio 15. ITosaromy K cumBosty Slko0u HAI0 OTHOCUTHCS KaK K (bOpPMAaIbHOM
GYHKIUN OT ABYX apryMEHTOB. 3aMeYaTeIbHOE CBOMCTBO 3TOrO CUMBOJIA
3aKJIIOYAETCSI B TOM, YTO OH Y/IOBJICTBOPSICT HIPAKTUYECKU BCEM TEM K€
cBoiicTBaMm, 4to u cumBoul Jlexkanapa.

1. Ecau a; = a (mod n), mo (5) = (5).

2. (5 =(3)(2):
3. Ecau (a,n) =1, mo (%) =(
4.(H=1, (==,

5. (2)=(—1)""

).

Sl
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JokazaTesbCTBO ITUX CBOMCTB IIPOBOIUTCS € HOMOMIBIO 1. (a) u (B)
JeMMbl u3 1. 9.2. VX npemjiaraercs BBIIOJHUTL CAMOCTOSTEIBHO B Kade-
CTBE yIIPAYKHEHUSI.

JloKazkeM JIUIb 0000IeHHe KB IPATUHIHOIO 3aKOHA B3aUMHOCTH.

Teopema. /45 A100bLT HEHEMHBLT YUCEA T U T, CNPABEIAUBO PAGEHCTNEO

(%) — (e (%)

HoxkaszaTeabcTso. Jocrarouno cuntars, 9to (m,n) =1, B npo-
TUBHOM CJIy4ae 00e 4acTu PaBEHCTBA PaBHbI HY/IO. lIpeanonoxum, 4To
YUCIA M U N UMEIOT CJIEIYIONIME PA3JIOKEHUs Ha IIPOCTHIE COMHOXKUTEIIH

_ b1 b2 b _ . a1,.as g
m=gqy gy ---4° M=pPy Py -..Dp -

Torma 1o onpenesieHu0 U CBOMCTBAM CHMBOJIA JIK0OU mosydaeM
k s a;b; s k a;b;
()-mm) - () -1 ()
= 2 , — )= 2 )
"/ Eim NP msSisNG

CoruiacHO KBaIpATHYHOMY 3aKOHY B3AWMHOCTH IIPU BCEX ¢ U j UMeeM

(2)- e (2)

Ocraercst 3aMeTUTDb, 4TO B CUJLy 1. (&) JIEMMBbI CIIPABEJIMBO PABEHCTBO

s k
TTII (v Plbtigt (—1)"z "z

i=1j=1

Teopema mokazana. [

9.6. TokazauHuble CBONCTBA CUMBOJIA KOOHM [MO3BOJISIOT 1jisi JIFOOOTO
[IPOCTOr0 HEYETHOTO P U JIFOOOrO HEJIoro a, He npuberasi K pakTOpU3aNUU
YUCa, BBIYUACAATL 3HAYCHUE CUMBOJA JIexkanapa (%) C OMOIIBIO CJIEIy-
IOITEr0 AJITOPUTMA.

Ilonaraem n = p.
1) ecsiu YMCIIO @ OTPUIATENIBHO, TO BBIAEJISIEM COMHOKUTEID (_71);
2) 3aMensieM 4uC/I0 a Ha ¢ Mmod 1 — OCTATOK OT JEJICHUsl YUC/Ia a Ha 1

3) eciim a YeTHO, NIPEJICTABJIsEM €ro B BHUJe NpousseneHus a = 2'aq,
rae (a1,2) =1, u, ecom ¢ HeverHo, TO BbruucsieM (2);
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4) npumensieM K (%) KBaJpaTHYHbIH 3aKOH B3aHMHOCTH

()-cov ()

5) ecau HEOGXOAMMO, BO3BpaIaeMcs K 1. 1.

Hanpuwep,
(1)) @)oo ()
)

§10. Teopema YeOnimeBa 0 pacupeIe/IeHNN MPOCTHIX IUCE]

10.1. Bormpoc o pacnpeiesieHuu MpOCThIX YUCEJ BCET1A BhI3BIBAJ O0IIb-
110i mHTepec. B pa3Hoii MOCTAHOBKE OH MCCJIEIOBAJICS MHOTUMU MaTeMa-
TUKaMU.

Pacemorpum Bonpoc o nosenenuu pyHKImy 7 (), PABHON YUC/Ly OPO-
crbix yuces p B uateppasie 1 < p < x. Eme dersipuagnarunernuii Taycc
B 1791 r., aHaAIM3UPYS 3Ty PYHKIMIO IIPU MAJIBIX X, 3aAMETUJI, Y9TO JIyHIIe
Beero ee mpubsmkaer byHkims 1~ . B 1808 1. Jlexkanap npeagoxui ¢op-
MyJLy, KOTOPasi C OCTATOYHO OOJIBINON TOYHOCTHIO JAET YUCJIO TPOCTHIX
qHCes — m. O=n nposepun dopmyay mausa 104 <z < 10°. B 1850 .
II. JI. Yebbimen nmokazaj, uro dopmysa Jlexkanapa HeBepHa, U C HOMOIIHIO
JOCTATOYHO CJIOYKHOHM TEXHUKU IMOJIYUUJI CJACTYIONNUE OICHKU

0,921 2 < 7(z) < 1,106 ——.

Inx Inx
B manwHeiinmem uM ObIN [MOJIyYeHBI 3HAYEHWST KOHCTAHT, OoJiee Oiu3KMe
k 1. B 1896 r. Anamap u Banﬂe—HycceH HE3aBUCHMO JOKA3aJU aCUMIITO-
TUYecKuit 3aKoH T(x) ~ lnr C TOMOIIBI0 Teopun PYHKIUNH KOMILIEKCHOTO

nepemenHoro. ToyHee OHU [TOKA3a/H, YTO DYHKIUS

dt T

It lnz
2

naer Gojee Tounoe npubimxkenue ais (), dem . JloKazaTesbCTBO
ACUMIITOTUYCCKOTI'O 3aKOHa 3JJICMEHTAPHBIMHU METOJdaMU 6I)IJIO TOJIYy4Y€HO
T0J1bKO B 1949 1. Cestbeprom.
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10.2. JJokakeM CIeAYOIYIO TEOPEMY, SABJISIONIYIOCS YIPOIIEHHBIM Ba-
puanTom pe3dysibrara I1. JI. Yebbimena.

Teopema. Cywecmsyrom dee nocmosuuvie C1 U Co, maxue wmo 0 <
<1 <1,co>1 u das 6cex x > 2 8LINOAHAIOMCS HEPABEHCTNEA

T <n(z) < T
g — <m(x) <cg—
Inx Inx
st nokazaresbCTBA JAHHBIX HEPABEHCTB yI00OHEE OIEHUBATHL (DYHK-

U0
= Z Inp,

p<T

Ha3biBaeMyIo dyskiueir Yebblmesa.
Jlemma 1. Ilpu 6cex x > 2 8bINOAHAEMCA HEPABEHCMEO

O(z) < (4In2)z.
JokazareabcTBo. B cuiy oueBuaHOrO HEPABEHCTBA

. m p<2n
22n > > I »

n<p

HOJIy4aeM
2n1n2 > 60(2n) — O(n).

Orcrona
0(2™) <2In2(1+24...+2™71) < (21n2)2™,

u s ¢ = 2™ gemma BepHa. Ilpu 2771 < 2 < 2™ umeem
0(z) <O(2™) < (2In2)2™ = (41n2)2™ ! < (4In2)z. O

Jlemma 2. Cywecmsyem snanvenue ¢ > 0 makoe, wmo 0as 6cex x = 2
8vNoANAEMCA Hepasencmeo 0(x) > cx.
okazareubcTBO. Beegem obo3HaueHust

t,(n) = max{k >0: p* <n},
op(n) =max{k > 0: pk |n}.

Cnauana samerum, uto t,(n) = [log, n]. Bropyio Bemuuuny nogcauraem

o dhopmyie
tp(n) n
op(n!) = Z L;J
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Ilosromy mpum BCex p < 2n umeeM
tp(2n) tp(n)
2n (2n)!> {2nJ {nJ
o << n )) 0”(<n!>2 2 v 2 v
tp(2n) 2
S EEE
= \lp] "

B mocisieqHeM HepaBeHCTBE KCIOJIB30BAHA OUeBHUAHAs oueHKa 0 < [2z] —
— 2|z < 1. Ozcroma

on < n—|—1n+2“ 2n <2n) _ H p%((%?)) < H ple (@),

1 2 n K p<2n p<2n
CiietoBaTeIIbHO,
nln2 < Z t,(2n)Inp = Z [log, 2n] Inp =31 + ¥,
p<2n p<2n
In2
Y1 < Z n nlnp<\/2nln2n7
Inp
p<V2n
p<2n In2n p<2n
Yo = Z \‘mlenpg Z 1lnp < 6(2n).
p>v/2n p>v/2n

OrCrona BBITEKAET HEPABEHCTBO
0(2n) >nlIn2 — v2nlIn2n > cn,

rae ¢>0—muekoropast koucranTa. Hakowner, npu 2n < x < 2n+ 1 nojnygaem

-1
O(x) =0(2n)>cn>c z

>cx, c1>0. 0O

HokazarTenbcTBO TeopeMmbl. Bepxussa omenka. Umeem

p<z
6@)> 3 Inp>InVa(n(e) - n(v/a) > Inva(r(z) — va).
p=V/T
CiletoBaTeIbHO, € yYETOM JieMMBbI 1 1oJsiyyaem

20(0) | r<sme b 4 Vi<t

<
() Inx Inx Inx

[IpY HEKOTOPO# KOHCTAHTE ca > 1.
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Huxuassa omenka. VI3 HepaBencrsa

O(x) = Zlnp <7(z)lnz

p<T
C IOMOIIBIO JIEMMBI 2 MOJIy4aeM

7T($)>M>C a

Inx Inz

Teopema mokazana. [

10.3. B kadecTBe cyeACTBUS M3 JIOKA3aHHOU BBITIE TEOPEMbI MOJIyYa-
FOTCS1 OIIEHKY BEJIMYUHBI 1-T'0 ITPOCTOTO YUCJIA.

Cuencreue 1. [lycms p, —n-e npocmoe wucao. Tozda natidymes ma-
Kue KoHcmanmor 0 < cg3 < cq, MO NPU 8Cex JOCMAMOUYHO BOALWUL N
BVINOAHANMCA HEPABEHCTNE,

csnlnn < p, < cgnlnn.

Hoxkazareanctso. [Ipn x=p, dbopmyrnpoBka Teopemsl mprobd-

peTaer BUJ,
Pn Pn

<n<cy .
Inp, In p;,

Bepxusisa omenka. Jlorapudmupysi jieBoe HEPABEHCTBO HOIyYa-
eM

C1

Inp, +Inc; — Inlnp, <lInn,

¥ TaK KaK IIPU JOCTATOYHO OOJIBINUX N CIPABEIJINBA, OIEHKA

1
§1npn <Ilnp, +Inc; —Inlnp,,

TO

1 2
P < —nlnp, < —nlnn=cynlnn.
(&1 1

Huxusa omenka. Tak Kak p, > n, uMeeM

1 1
Pn>—nlnp, > —nlnn=cynlnn. 0O
C2 C2

Cuencreue 2. Ilycmo p,, —n-e npocmoe wucao. Tozda npu nexomopux
xoncmanmaz 0 < cs5 < cg CNPABEdAUBD, HEPABEHCTNEA,

csInn <ppy1 —pp<cglnn. O



III. Apucdpmerndeckue aaropuTMbI

§11. IIpoBepka mpoCTOTHI
11.1. Pemero Jparocdena

Ilox 3Tum HA3BaHWEM MOHUMAIOT CJIEAYIONIUI METO [IOCTPOEHUSI BCEX
IPOCTBIX YHCEJI, HE IPEBOCXOASNIUX HEKOTOPOro 3aaanHoro uucia N. Be-
peM 4ucIio 2 v BHIOPAChIBAEM BCE YHCIIa KpaTHble 2. VI3 ocTaBImmxcst guces
OCTaBJIsIeM HauMeHbInee (B JAHHOM CJIydae 3TO YUCJIO 3) U BHIOPACHIBA-
€M BCe YHCJIa KPATHbIe 3, U Tak jajee. Eciau mepBoe ocTaBieecs: Yuciao
npeseimaer |v/N |, To pabory mpekpairmaem, moCKOJIbKY BCe OTOGPAHHBIE
" OCTaBINUECHA YUCIIa ABJIAOTCA NPOCTHIMMU. HpI/I 9TOM HU OJHO HIPOCTOE
YUCJIO0 B 33JJAHHOM WHTEPBAJIE HE OyIeT yIyIIeHO.

Z[aHHbIﬁ METOA MO3BOJIACT CTPOUTH MHOXKECTBO IMPOCTHIX YUCEJI, HO OH
Heymo0€eH IJisi TPOBEPKY MPOCTOTHI 33 IaHHOTO Yncia. Tem He MeHee, ujaest
perera u ee 0DOOINEHMSI B HACTOSINEE BPEMsi 9ACTO MCIOJB3YIOTCS J1Jisi
«IIPOCEUBAHULA» MHOXKECTB YHUCEJI, 06na¢1a10mlxlx TEM WUJIU UHBIM YCJIOBU-
em. Bosiee Toro, pazpabarbiBaOTCsl ClIEHUATBHBIE MUKPOIIPOIIECCOPHI, HA
KOTODBIX OIIEPALUY «[IPOCEHBAHUSI> BBIIOJIHSIOTCSH OY€Hb 3(D(HEKTUBHO.

11.2. Kpurepmit Bniscona

B 1770 r. 9. Bapunr omy6mKOBaJI CJIEIYIOIIYI0 TEOPEMY, IIPUITUCHIBA-
emyio /1. Bunbcony.
Teopema. Jlaa 1106020 1 caedyrowjue YCa08UA IKEUBAAEHMHDL:

(a) n — npocmoe;

(6) (n —1)!'=-1 (mod n).

HokazarenbcTso. Bciyuae n=2 yreepxkaenne oyeBuHO. Ec-
JM n=p > 2 —1pocToe, TO KAXKIbIH 3JIEMEHT a I10JIsl, OTJIMYHBIH OT 1 u —1
umeer obparHeii o~ !, mpudem a # a~'. IlosTomy

(n—1!=(-1) H aa™' = —1 (mod n).

a#l,—1

Eciu n = ab— cocraBuoe, 1 < a < n, 1o a|(n— 1)! u, cnegosaresn-
HO, (n — 1)! saBasiercs HEOOPATUMBIM 3JIEMEHTOM KOJIbIA Z,. [losTomy
(n—1)!'# —1 (mod n). Teopema mokazana. [J
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Janublit Kputepuii nuorga OpiBaeT yao00€eH B J0KA3aTEIbCTBAX, HO [IPH-
MEHSITh €r0 [iJIsi IPOBEPKHU LIPOCTOTHI HEBO3MOXKHO BBUY O0JIbINOH TDY-
JOEMKOCTH.

11.3. Tect Ha ocHOBe MaJioii TeopeMbl Pepma

Manas Teopema Pepma yTBEpKIAET, 9TO €CJIM 71 POCTOE, TO BBIITOJI-
HSIETCS yCJIOBUE:
npu ecex a € {2,3,...,n — 1} umeem mecmo cpasnerue

a1 =1 (mod n). (1)

O6parHoe yTBEPKICHUE HEBEPHO.

U3 3ol Teopemsl cieayer, 9To eciau cpaBHenue (1) He BBIIOJHEHO XOTst
Ob1 JJIst OHOTO YKcsia o B uHTepBase {1,2,...,n — 1}, T0o n— cocrasHoe.
ITosToMy MOXKHO HPEIJIOKUTH CAECAYIOIMIUNA 8EPOATNHOCTHYIT Mecm Npo-
cmomaot:

1) BeiGupaem ciyuaitnoe uncio u3 uHrepsasa {1,2,...,n — 1} u npo-
BepsieM ¢ momoInkio anropurma Erknmaa ycnosue (a,n) = 1;

2) eCcJi OHO HE BBIIOJIHIETCS, TO OTBET <7 — COCTABHOE» ;

3) npoBepsieM BBIIOJHUMOCTD cpaBuenus (1);

4) ec/iu CPABHEHME HE BBIIOJHEHO, TO OTBET «7 — COCTABHOEY ;

5) ec/iu CPAaBHEHUE BBINOJHEHO, TO OTBET HEU3BECTEH, HO MOXKHO IIO-
BTOPUTH TECT €IIe Pas.

Ecim Bemonnsiercss cpashenue (1), TO TOBOPST, YTO HWHUCIO 7T SB-
JISIETCA  NCesdonpocvlM N0 OCHOBAHUIO (. 3aMETUM, UYTO CYIIECTRYeT
GEeCKOHEYHO MHOTO Tlap umces (a,n), Te n— COCTaBHOE U MCEBI0IPOCTOe
no ocuosanuio a. Hanpumep, mpu (a,n) = (2,341) nomyuaem 2340 =
=(21931=1 (mod n), xorst 431=11-31. IlpuseieM HAUMEHBIIUE NPUMEDPDI
MUHUMAJbHBIX IICEBIOIPOCTBIX YKCeJI JJisi OCHOBaHu# a = 2, 3,5, 7.

a|n

2| 341=11-31
3(191="7-13

5| 217=7-31
7126=5-5

st siroboro a > 1 umeercsi 66CKOHEYHO MHOT'O IICEBIOIPOCTHIX YUCEI
1o ocuoBanuio a. Hanpumep, ecau napa (2, n) ydosaemeopsem cpashenuo,
mo u napa (2,2"—1) maxoce emy ydosaemesopaem (P. Cretiepsann, 1947).
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TeiicTBuTensro, 2" — 2 = 2(2" "1 — 1) = 2tn npu nekoropowm t. [losromy
22" 72 _1=2%" _1=(2" —1)(2®* V" 4+ . +1)=0 (mod n).

Ho ecsiu gucno n cocrasHoe, To u 2" — 1 Takxke cocraBHoe. Takum obpa-
30M, UMeeTCsi GECKOHEYHO MHOTO IICEBIOIMPOCTHIX YUCEJI 110 OCHOBAHUIO 2.
IIpu a > 2 MOXKHO BOCHOJIB30BATHCS CJICAYIONUM YTBEPXKICHUEM, KOTOPOE
IpejJiaraeTcsi J0Ka3arhb B KAYECTBE YIIPAYKHEHUsI, 0ad 4100020 HEHeMmH020
npocmozo wucaa p u ar0bozo a maxozo, wmo (a> —1,p) =1, wucao (ffjll
bydem ncesdonpocmoim No 0CHOBAHUIO a.

B T0 ke BpeMst 11CeBI0MPOCTHIX YKMCEJI OTHOCUTEIBHO MaJjio. Hampumep,
MU3BECTHO, YTO CYLIECTBYET Bcero 21853 nceBaOnpOCThIX YUCe 10 OCHOBA-
Huio 2 cpegu 1091987405 npocThix uncen MeHbmux, deM 25000000 000.

IIpuBenem cBoiicTBA ICEBIONPOCTHIX YUCEI.

Yreepxgeane 1. ITycms n newemnoe cocmasnoe. Tozda

(a) n ncesdonpocmoe No OCHOBAHUI G 6 TOM U MOALKO 8 TROM CAYHAE,
xozda (a,n) =1 u nopadox saemenma a 6 L, desum wucao n — 1;

*

(6) ecau n ncesdonpocmoe no ochosanuam a u b € 7, mo n nceedo-
npocmoe no ocrosanuam ab u ab™l;

n—1 —

(B) mmnoocecmeo F,={a € Z,: a (mod n)} obpasyem nodzpyn-

nY Myavmuniuraemuerot epynnot 7 ;

(r) ecau n me asaaemca NCesIONPOCTNBIM NO OCHOBAHUIO G TOMA Obl
00020 wucaa a, mo |F,| < 3|Z;).

JokazaTeabCcTBO O4YEBUAHO. []

U3 nyukra (r), B 44CTHOCTH, CJIEILYET, 9TO €CJM JJIsl YUCJIA 1 UMEETCsl
X0Tsi ObI OJJHO OCHOBAHWE ¢, [10 KOTOPOMY OHO HE SIBJISIETCSI IICEBIIOIPO-
CTBIM, TO UMeeTCsl IO Kpaiineit Mepe (n — 1)/2 ducest, Mo KOTOPLIM JAHHOE
YUCJIO TaKXKe HE SBJISIETCS IICEBIONPOCTHIM.

Oco0blii cityyaii COCTABJISIOT COCTABHBIC YMCJIA, [JIsi KOTOPBIX YCJIO-
Bue (1) BeinOsIHSIETCs npH Beex ocHOBauusiX. OHM HA3BIBAIOTCH NCEBJO-
nPocMvLMy YucIaMu, uin yucaamy Kapmaiixaa.

Takum 06pa30oM, Py IPUMEHEHUU OIIUCAHHOTO BBIIIIE TECTa, MOXKET BO3-
HUKHYTb TPHU CUTYAIUN:

~— YHCJIO N IPOCTOE W TECT BCErJa TOBOPUT «HE U3BECTHOY;

— YHCJIO 1L COCTABHOE M He siBJisieTcsi unciom Kapmaiikia; Torga ¢ Be-
POSITHOCTBIO yCIleXa He MeHbIne 1/2 TecT Jaer OTBET «n — COCTABHOE»;

— YHCJI0 N COCTABHOE U siBJIsieTcs YucjioM Kapwmaiikiia, Torga TecTt Bce-
I3 J1aeT OTBET «HE U3BECTHO.
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Hanwuwme Tperneil curyarum siBiasieTcsi O49eHb HEYIOOHBIM CBOMCTBOM
JAHHOI'O TeCTa. I[.HH IPAKTUKU HY2?KHBbI TAKHUEC TECTbl, B KOTOPBIX TPETHA
cuTyanusi HC BO3HUKACT. ﬂ.ﬂﬂ IIOCTPOCHUS TAKUX TCCTOB U3Yy4YUM CHA4HAJIA
cBoiicTBa uncen Kapwmaiikiia,.

11.4. CpoiicrBa uncen Kapmaiikia

Ham norpebyercsi cienyromas

Jlemma (Tayce, 1801). Jasa 4106020 nenemmnozo npocmozo p u 4106020
m>1 MYALMUNAUKAMUEHAA 2DYNNA KOADYA Lpm ABAAEMCA YUKAUYECKOU.

HokazareanbcTso. Uveem

| Zym | = p(Zyr) =p™ " (p = 1).
Jlns m060ro 3JIeMeHTa @ OIpPEJIeTUM ero MOopsAIoK 1Mo Moyt p*, Kak
ord,(a) =min{t >1: a' =1 (mod p*)}.

Bamerum, uro bysruus ordg( ) umeer OObIYHBIE CBOMCTBA LOPsiIKA.
B YaCTHOCTHU, €CJIU NOPAAKHU ABYX JJICMEHTOB B3aMMHO IIPDOCTHI, TO IOPA-
JIOK [IPOU3BEJICHUs PABEH IPOU3BEIEHUIO UX HOPsiAkoB. Kpome Toro, npu
1 < k < m BbinosHsiercst paBeHcrso ordy(a) | ordg+1(a), Tak Kak orobpa-
xenue a — a mod p¥ aBnsercs romoMopduzMOM Kosbna Zym B KOJBIO
Zyr, & IOPAZOK 0Opa3a JeJIUT HOPsALOK poobpasa.

ITpu k =1 xonb10 Z,, ABJIAETCA NOJEM, TIOITOMY B Zym HafimeTcs sJe-
MEHT ¢o, UMEIOIINI 110 MOIYJI0 P IOPAJIOK p — 1.

IMokaxkeM, 4TO OXMH M3 3JIeMEHTOB go wiu g = (p + 1)go umeer mo-
panoK p(p — 1) mo momymo p?. Ecim a/ieMeHT go He Takoii, TO OH HMeeT
nopsoK p — 1 no Moxymo p?. [IoCKOIBKY 3JeMEHT ¢ IPeACTABUM B BUJC
NPOU3BEIEHUS JJIEMEHTA P + 1, mMeroIero nopsiaoK p

(p+1)F= (1 + pp + (12))])2 +> =1 (mod p?),

U 3JIeMEeHTa go Nopsiaka p — 1 1o MOy p?, TO ero NnopsijoK JO0JIPKeH
PaBHATHCH pousseneHuto p(p — 1).

Tenepb UHIYKIMEH 110 1M JOKAXKEM, Y4TO €CJU y JJEMEHTa ¢ IIOPSI0K
ords(g9)=p(p—1), To ord,,(g)=p™ 1 (p—1) npu mobom m >2. Ilpu m=2
s10 BepHO. Ilpeanosoxkum, uro mis m — 1 310 BepHO, T.¢. ord,,—1(g) =
=p™~2(p—1). Torma

g(P*l)Pm_Z =1 (mod pmfl) u g(Pfl)pm_S §é1 (mod pmfl).
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I[ h— (p_l)p'anS T
JIsl IPOCTOTHI 3aITUCHU ITOJIOZKUM N—=(g . lorga JaHHbIC CDABHEHUSA
IpUuMyT BUJ

R =1 (mod p™™ ') m h#1 (modp™1).
CiienoBaTebHO,
h=(1+kp™?) (mod p™ "), (k,p)=1,

OTKY1a

hP = (14 kp™ 2P = (1 + pkp™ 2 + <§> E2prm=2) 4 )

=1+kp™ t#1 (mod p™).
C apyroit croponst, h?” = (1+kp™ 1P =1 (mod p™). Takum 06pasom,

p" 2 p—1) = ordy—1(g) # ordm(g),

1o ord,,(g) |p™ t(p — 1). Orcrooma cneayer, uro ord,,(g) = p™ (p — 1).
Jlemma nokazana. [

JlokaskuTe B Ka4eCTBE YIPAXKHEHUSI CJICIYIONLYI0 TEOPEMY O CYIIEeCTBO-
BAHUU [IPUMUTHUBHOIO JJIEMEHTA B KOJIBIIE BHIYETOB.

Teopema (Taycc, 1801). Myavmunaukamuenas epynna £0avya L, A6-
AAEMCA YUKAUNECKOT 8 MOM U TNOABKO 8 MOM CAYUae, K020a N — 00H0 U3
yucen 2, 4, p", uau 2p™, 2de m = 1, p — nenemmnoe npocmoe.

Teopema (Kapwmaiiki, 1912). ITycmo n newemmuoe cocmasnoe. Tozda
(a) ecau p?|n, p>1, mo n ne asasemca wucaom Kapmatixaa;

(6) ecau n = pipa...pk, Pi # Pj, mo n — wucao Kapmaiixaa 6 mom
U MOABKO 6 MOM CAYHae, K020a NPU 6CEL i GHNOAHEHO YCA0BUE
(pi = 1) [ (n —1);

(B) ecau n=pips...pk, Pi # p; —wucao Kapmatixaa, mo k > 3.

HoxaszaTenbcTso. (a) [lycts n=p'm, t>2, (m,2)=1. Ilycts mis
9JIEMEHTA @ BBILOJIHEHO yeaoBue ords(a) =p(p —1). Torga uucio n ve sis-
JISIeTCS TICEBIONPOCTDIM 110 OCHOBAHUIO ¢, TaK Kak ecu " 1 =1 (mod n),
o u a"~! =1 (mod p?). Orciona mokHO GbITh p(p — 1) | (n — 1), uTo
HPOTUBOPEYUT YCJIOBUIO P | M.

(6) Hocrarounocts. [lycts n=pips...pk, pi #Pj, U OPH BCEX
i BBIIOJIHEHO yeaoBue (p; — 1)|(n — 1), wam n—1=(p; — 1)m;. Torma nys
JiE060r0 OCHOBAHUSI @ MOJIYYAEM, YTO IPH BCEX ¢ BBIIOJHEHO CPABHEHUE
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a" ! = (aPi71)™ =1 (mod p;), u 1m0 KuTafickoii Teopeme 06 OCTaTKax
a"'=1 (mod n).
HeobxomumocTs. Ilpu kaxaom i=1,..., k Haifimercst 3J1IeMEHT a;
—1_

Takoit, uto ord; (a;) =p; — 1. Torna u3 yciosus a;'
g0 (p; — 1) | (n —1).

(8) Eciu k=2, u n=pq, p<q, o n—1=p(q—1+1)—1=p—1 (mod ¢—1).
10 nporusopeunt yciaosuo (¢ — 1) [(n — 1), tak kak 0<p—1<¢g—1. 0

Yucna Kapmaiikia sSBASIIOTCI JOCTATOYHO PEIKUMHU. Tak, uMeercs
Bcero 2163 uumcen Kapmaiikna ne mpeocxomsamux 25 000 000 000. o
100 000 umcamu Kapwmaiikia sIBASIOTCA TOJBKO ciaexayiomue 16 wucen
561, 1105, 1729, 2465, 2821, 6601, 8911, 10585, 15841, 29341, 41041,
46657, 52633, 62745, 63973 u 75361. IIpoBepka TOro, ABJASETCS JIX 33IaH-
Hoe ymciio yucyiom Kapwmaiikia, coriacHO JOKa3aHHON TeopeMe Tpelyer
HAXO0XKJICHUSI PA3JIOXKEHUsI YUCJIA HA MPOCThIE COMHOXWTE/H, T.e€. (ax-
ropuzanuu yucaa. [lockombky 3amada haKTOpU3aluyd YUCEN SBJISETCS
0oJiee CIOXKHOM, YeM 337]a4a MPOBEPKHU MPOCTOTHI, TO MPEIBAPUTE/IHHAS
orOpakoBka unces Kapwmaiikijia He mpeicraBjsiercsi BO3MOxKHOM. [1osTo-
My B IPUBEIEHHOM BBIINIE TeCTe MpOCThle umcyia u uuciaa Kapwmaitkia
MOJIHOCTBHIO HEPAZJIUYUMBI.

1 (mod n) caexyer,

11.5. Tect Conoses—IIITpaccena

TeopeMa. ,ZZJL.}Z 2106020 Hewemmoz20 n cnedymmue ycaosua IkeUBANEHM -
ML

(a) n — npocmoe;

(6) das 406020 a € ZF, 6uinosnAemcs cpasHeHue
ne a
T = (—) (mod n). (2)
n

HokazareascTso. Ecau n npocroe, To 1aHHOE CPABHEHUE OYE-
BUJHO BBINOJHEHO B CUJIy CBOHCTB cuMBosia Jlexanzapa. Ilycrs Tenepn
BBIIOJIHEHO ycoBue (6), HO n He npocroe. Torga

a1 = (a"?f = <%>2 =1 (mod n).

[MosTomy n siBaisiercst uuciaom Kapwmaiikia, u no csoiicry (6) yTeepxKie-
HUsl 2 OHO JOJIZKHO UMETh BUI N=D1P3 . .. Pk, Di 7 P;. BoibepeM ajiemenr b,
He SIBJIAIONINHCA KBaJAPATUIHBIM BBIYETOM IO MoAymio pi. Ilo Kuraiickoit
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TeopeMe 00 OCTATKAX HANAETCH JIEMEHT @, YIOBJIETBOPAIONUIUH YCIOBUAM

a="b (mod py),
a=1 (mod ps),

,ZLH?I JTOro dJIEMEHTA JOJI2KHO BBIIIOJIHATBECA PAaBEHCTBO

(-GGG -G)-G) -

Ilo YCJIOBUKO [Jid JAHHOI'O 3JICMEHTA AOJI2KHO BBIIIOJIHATHCA CpaBHE-
a

nne (2), orkyga oz =(%)=-1 (mod pz). Bmecre ¢ Tem, corsiacto BbIGOPY
3J1IeMEHTa, a BOJIKHO ObiTh @ =1 (mod p2). IIporusopeune. O

Yucna n, yaoBIeTBOPSIONME CPaBHEHUIO (2) npu a € Z, Ha3bIBAIOTCs
UAEPOBHIMU NCEBIONPOCTNBLMU N0 OCHOBAHUIO ¢. B MTaHHOM ciiydae B CHITY
JIOKA3aHHOM BBIIIE TEOPEMBI IIOJIy4YaeM, 4To aHajora yucen Kapmaiikia,
KOTOPbIE Ob1j1 ObI COCTABHBIMU U 9HJIEPOBBIMHU [ICEBIOIPOCTHIMHY [IJIsi BCEX
9JIEMEHTOB @, 37eCh HET. JlaHHBIA Pe3yJabTaT ObLI HE3aABUCUMO IOJIYYEH
. JIemepom B 1976 1. u P. Cososeem u B. IlITpaccenom B 1977 .

P. Conogeit u B. IllTpaccen npemjioKuiu CaeIyomuii BepoSTHOCTHbBIN

TECT OJid IMIPOBEPKU IIPOCTOTHI YUCEII:

1) BoiGupaem cayuaiinoe uucio a u3 waTepBasna {1,2,...,n — 1} n
IPOBEPSIEM C MOMOIIBIO ajiroputMa EBknuna yeiaosue (a,n) = 1;

2) ecqM OHO HE BBINOJIHSIETCS, TO OTBET «7.— COCTABHOE ;
3) npoBepsieM BBINOJIHUMOCTb CpaBHEHUs (2);
4) ecyiu CPABHEHUE HE BBITOJHEHO, TO OTBET «7 — COCTABHOE ;

5) ec/u CPaBHEHME BBILOJIHEHO, TO OTBET HEM3BECTEH (M TECT MOXKHO
LOBTOPUTH €lie pas).

CJI0KHOCTh JAHHOIO TECTa, KAK M TECTA HA OCHOBE MaJiOl TEOPEMBbI
®epma, onenusaercs seanannoi O(log® n).

JIaHHBIH TECT MOJHOCTBHIO AHAJOTHYEH TECTYy HA OCHOBE MAaJoi Teope-
Mbl Pepma, OHAKO, OH 0BJIaAET PEHIAONIMM IPEUMYIIECTBOM — IIPU €ro
UCIIOJIb30BAHUM BO3HUKACT TOJLKO JIBE CUTYAIIUU:

— YHUCJIO T IIPOCTOE M TECT BCETa TOBOPUT «HE M3BECTHOY;

— YHCJIO N COCTABHOE U TECT C BEPOSITHOCTBHIO yCIleXa He MeHble 1/2
JIaeT OTBET «7 COCTABHOE>.
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ITocne moBTOpeHus TecTa k pa3 BEPOATHOCTH HEOTOPAKOBKU COCTABHO-
ro uucia ue npesocxonut 1/2F.

JloKa3aTe bCTBO ONEHKH BEPOATHOCTH YCIIeXa BBITEKAET U3 Clleyole-
IO OYeBUJHOIO YTBEPKICHUs, aHAJOIMYHOTO YTBEPKACHUIO 1.

Yreepxaenue 2. Ilycmo n wewemmuoe cocmasnoe. Tozda

*

v, MO OHO

(a) ecau n ataeposo ncesdonpocmoe no ochosanuro a € 7
ncesdonpocmoe no 0CHOBAHUIO A

*

(6) ecau n atiaeposo ncesdonpocmoe no ocrosanuam a,b € Z;,

atineposo nceedonpocmoe no ocrnosanuam ab u ab—l;

mo n

(B) mnoorcecmso

E, = {aez;;: P <%> (mod n)}

aeaaemces nodzpynnoti epynno, F, = {a € Z,: a" ' =1 (mod n)};

(r) ecau n ne asasemcs IUAEPOGO NCEBIONPOCTNVIM NO OCHOBAHUIO G
Toms 6vt 00HO20 “UCAQ A, MO

1
*
[IpuBenmem 6e3 mOKa3aTEILCTBA €IIE OJAWH PE3yJILTAT.
Teopema. Ecau sepra o6o6uennas eunomeda Pumana, mo cywecmesy-
em Koncmanma C'>0 makas, 4mo ecaun asasemcs Jireposo ncesdonpo-
emoLm Ona ecex ocnosanuil a us unmepsasa 1 < a < Clog?n, mo n — npo-

cmoe. U

11.6. Tect Padbmaa—Mmunnepa

Ilycts n—Heuernoe u n—1=2%t, t — HewerHoe. Eciu unciio n sinsercs
NPOCTBIM, TO NIPH BCEX @ > 2 BHINOJHACTCH cpaBHenue a” ' =1 (mod n).
IosToMy, paceMaTpusast seMeHTbl ab,a®, ... a2’ 't MOXKHO 3aMeruTs,
uTO JIMbO cpesy HUX Haiijercs pasHbil —1 (mod n), mubo a =1 (mod n).

Ha s10M 3aMeuanuy OCHOBAH CJIEAYIONHN BEPOSITHOCTHBINA TECT HPO-

CTOTHI:

1) Boibupaem ciyuaitnoe umucio a u3 unrepsana {1,2,....n — 1} u
NpOBEpsieM ¢ MOMOIIbI0 anroputrMa Esknauma yenosue (a,n) = 1;

2) ec/u OHO He BBINOJHACTCS, TO OTBET <7 — COCTABHOE ;
3) Boruucasiem al (mod n);

4) ecqm a' = £1 (mod n), To mepexomuMm K 1. 1;
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s—1

5) Beraucasiem (a')?, (a')?,...(a")?  (mod n) g0 Tex nop, noka He
nossBUTCA —1;

6) ecyiu HU OJTHO M3 HTUX YHMCEJ HE DABHO — 1, TO OTBET «7— COCTABHOE» ;

7) ecsiu MbI ZOCTUIJIM —1, TO OTBET HEM3BECTEH (M TECT MOXKHO I10BTO-
pUTH emie pas).

Apudmernyeckasi CJAOKHOCTb JAHHOIO TECTA, OYEBHIHO, COCTABJIS-
er O(sn).

HazoBeM 4uCiI0 n cutbho ncesdonpocmoim no 0CHOBAHUIO @, ECIIU BbI-
HOJIHSIETCSl YCJIOBHE:

a'=1 (modn) mm 3Ir, 0<r<s, a®> ' =—1 (mod n). (3)

Ilokaxxem, nHampumep, nouemy uuciao Kapwmaiikia 561 =3 - 11 - 17 ne
SIBJISIETCS] CUJIBHO TICEBIONMPOCTHIM 10 OcHOBaHmio 2. Umeem 561 —1=16-35.
Ilo xwuraiickoii Teopeme 06 OCTATKAX YMCJIO 2 [IPEICTABJSETCS OCTATKAMU
(2,2,2), 109TOMY €ro CTEIEHU UMEIOT CJICAYIOIIUi BUI;:

mod3 modll modl7 mod?561
235 -1 -1 8 263
(235)2 1 1 13 166
(235)4 1 1 -1 67
(235)8 1 1 1 1
(235)16 1 1 1 1

Tak kKak 4wuciao —1 OpPeacTaBisieTcsi CBOMMU OCTATKAMU B BHUIE
(—=1,—1,—1), T0o B NPaBOil KOJIOHKE YHUCJIO —1 MOXKET MOSIBUTHCS TOJIBKO
B C/y4ae, KOT[d UMEETCs CTPOKa, cocTosimas u3 omuux —1. [ockosbky
YHCJIa B KOJIOHKAX BeAyT cebsi HE3aBUCUMO M CJIyYaiiHO, TO WHTYUTHUB-
HO [OHSITHO, IIOYEMY BEPOSITHOCTH MHOSIBJICHUSI ITOTO COOBITHSI B CJIydae
COCTABHOrO 1 OyIeT majia.

Jx. Mugiiep B 1975 r. gokazad, 1uro kak u B metoje Costosesi—IIITpac-
CEHA CUJIBHO ICEBIOIPOCTBIX YUCEJ HO JIIOOOMY OCHOBAHHIO, MOZOGHBIX
guciaam Kapwmaiikia, HE CyIIeCTBYET, U NPEIJIOXKUIJ JETePMUHUDPOBAH-
HBIM BAPUAHT MPUBEJICHHOTO BBIIIE TECTA, KOTIA IPOBEPSIOTCS BCE YUCIA
a He mpesocxomamme cn® 133, OH nokasasn, YTO MAHHBIH TECT JEJNAeT
O(n'/T) maros u MPaBUIBLHO ONPEEIISCT, SABIACTCS JIA YHUCJIO 7 COCTAB-
HbIM uau npoctbiM. B 1981 r. JI. Qaneman u @. JIsitron moguduiuposau

anaroput™M Mwuwurepa u yaydiiujiu OIEHKY apudMeTUYecKOl CJI0KHOCTU
110 O(n1/10.89)_
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M. Pa6bun B 1980 r. npemioKuil JaHHBIH BEPOSITHOCTHBIM BapUaHT Te-
CTa U JI0Ka3aJl, 4TO [10JIs YuCe] a € Z) , Njs KOTOPBIX YUCJIO 7 ABJISETCS
IICEBIOIPOCTHIM 110 TaHHOMY OCHOBaHMIO, He MenbIie 3/4. Ilosromy nocie
TIOBTOPEHUS JAHHOTO TeCTa k pa3 BEepOsITHOCTh HEOTOPAKOBKY COCTaBHOTO
YHUCJIa HE IpeBoCcxXoauT 1 /4k . Onenka 3/4, no-euaumMoMy, HeyJlydIiaema,
TaK KakK, HaIpumep, jisd gucaa 652969351 =271-811-2971 mosst vuces a,
JUIs KOTOPBIX JaHHOE YHUCJIO ABJISIETCS CHJIBHO IICEBIONPOCTHIM, COCTAB-
ager 0.7513, a mas yucaa 2000436751 =487 - 1531 - 2683, cOOTBETCTBEHHO,
coctaiser 0.7507.

HauMenbmuMyu CHIIBHO IICEBIONPOCTBIMU HUCIAMHU SBJSIOTCS CJe-

IYIOIITHE:

a|n

2 | 2047=23-89
3 |121=11-11
5| 781=11-71
7125=5-5

XoTd TaKMX 4YHCEJ MaJIO, i KaXKJAOro 4ucjaa a > 1 CymecrBy-
er OECKOHEYHO MHOIO CHJIBHO IICEBIOIPOCTBIX YUCE/I 110 OCHOBAHUIO d.
OpHako, O0ObeOuHssE TECThI JJjis HECKOJbKUX 3HadeHuil 6a3, MOXKHO
MOJIyYUTh IEJBbIA PAJ MHTEPECHBIX TECTOB, IO3BOJIAIONIAX IIPOBEPATH
[IPOCTOTY MAaJIEHbKUX IIPOCTBIX uuces: ecau n < 1373653 cunbHO 1CceB-
JIOIIPOCTOEe II0 OCHOBAHUAM 2 U 3, TO n — IpocToe; ecau n < 25326 001
CHJIBHO TICEBIONPOCTOE 10 OCHOBAaHUSIM 2, 3 U 5, TO n — IIPOCTOE, €CJIU
n < 25000000 000 cuyibHO TCEBAONPOCTOE IO OCHOBAHUSAM 2, 3, 5 U 7,
o Jiubo n = 3215031751, smbo n — npocroe; (ITomepant, Cendpumk,
Borcrad, 1980) eciu n < 2152 302 898 747 CUJIBHO IICEBIOIPOCTOE II0
OCHOBaHUAM 2, 3, 5, 7 u 11, To n —npoctoe; ecau n < 3474749660 383
CHJTBHO IICEBIOIPOCTOE M0 OCHOBaHusM 2, 3, 5, 7, 11 u 13, To n — npocroe;
eciu n < 341550071 728 321 cuabHO NCEBAONPOCTOE IO OCHOBAHUSAM 2, 3,
5,7,11,13 u 17, T0 n— npocroe (dx3mke, 1993); u T. 1.

B zaksiouenue npuBemeM 6e3 g0KazaTeIbLCTBA pe3ysbrar Musuiepa.

Teopema. Ecau eepra obobuennas 2unomesda Pumana u n aeasemcs
CUADHO NCEBIONPOCTNBIM N0 OCHOBAHUIO A OASA BCET HUCEN A U3 UHTNEPBANA
1<a<?2 log2 n, mo n — npocmoe. []

11.7. IlosmMHEOMUANIBHBIH TECT PACIO3HABAHUS MPOCTOTHI

IIpuBenem MOJMHOMUANIBHBIN AJTOPUTM PACIO3HABAHUS ITPOCTOTHI,
nosiuBmuiica B aBrycrte 2002 r. U U3JI0XKEHHBIH B IIPEABAPUTEIHBHOM
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Bapuante crarbu Manindra Agrawal, Neeraj Kayal, Nitin Saxena. PRIMES
is in P (http://www.cse.iitk.ac.in/news/primality.pdf).

AJiropuT™ OCHOBAH Ha CJEAYIOUEM KPUTEPHUH IIPOCTOTHL.

Teopema. Ilycmv wucaa a u n 83aummno npocmoi. Tozda n — npocmoe
8 MOM U MOALKO 8 MOM CAYU™aAE, K020a BLNOAHEHO CPABHEHUE

(x —a)" = (2" — a) (mod n). (1)

HoxaszaTensbcTro. Ilpu 0<i<n kosbdumuent npu ! B BLIpa-
xennn ((z — a)” — (2" — a)) pasen (—1)("})a™~". Horomy, ecau n— npo-
cToe, TO BCe KO3 PUIMEHTHI CPABHUMBI C HYJIEM.

IIycTs 1 cOCTaBHOE W ¢ — NPOCTOH JEAUTEIb YHUCIA 71, TAKOH, YTO
n =g, (¢,t) = 1. Torna ¢' ne neqwmr (7), B3ammuo npocro ¢ a” ¢ wu,
cJieI0BaTesIbHO, KoM duimenT npu ¢ He CPABHUM C HYJIEM, YTO U JOKa-
3bIBaeT Teopemy. [J

IIpu HEOCPEACTBEHHON IPOBEPKE 3TOTO PABEHCTBA TPEOYETCsl BBHIYUC-
JIUTh 3HAYEHHsS BCeX n — 2 Ko3dduimenTos. I103TOMy B IIPUBEICHHOM
HUZKE AJITOPUTME BMECTO cpaBHenusi (1) paccMaTpuBaroTcsi CpaBHeHUs (110
JIByM MOJyJIsiM) BUJA

(x —a)"= (2" —a) (mod z" — 1, mod n), (2)

/i€ 3HAYCHUSI ¢ U T 1epeOUPAIOTCs ClIennaJIbHBIM 00Pa30M: CHAYAJIA UINET-
cd «IOAXOAMAINEee» 3HAYEHUE T, & 3aTEM Il HErO IPOBEPSETCsl CPaBHE-
Hre (2) g BeeX «MaJlbIX» 3HAUECHUM a.

IIpuBenem cam anropurm.

Bxox: nesioe n > 1.
1. if (umcao n umeer Buz a’, b > 1) output «cocraBHOE»;

2. r=2;
3. while (r <n)
4. begin
5. if (HO(n,r)# 1) output «cocTaBHOE>;
6. if (r npocroe)
7. BBIYUCJIUTE ¢ —HAUOOIBIIUI IPOCTOM AeuTesnb 7— 1;
8. if (¢ >4y/rlogn) u (n%l #1 (mod r))
9. break;
10. r—r+1;
11. end

12. if (r =n) output «mpocroe»;
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13. for a = 1 to 2¢/rlogn

14. if ((x—a)"# (2" —a) (mod 2" — 1, mod n))
15. output «cocTaBHOE>;

16. output «mpocroes.

3ameuanwe. [lar 12 ajropuTmMa BHECEH B CBSA3HU C TEM, YTO IIPH MAJIBIX
3HaYEHMsIX 1 nepsblil 1wk (while) Moxker He HaliTh McKOMOro Umcia 7.
JeiicTBUTEIJIBHO, U3 HEPABEHCTB

r—1
2

nostydaeM 7 — 84/ logn —1>0. Tak Kak HOJOXKHUTE/IBbHBI! KOPEHb yPaBHE-
wust 22— (8logn)z—1=0 umeer Bug z=4log n++/16log” n + 1>8logn, To
7>641og” n. IIpy 9TOM UK/ MOXKET 3aKAHYMBATHCS 3HAYCHUEM ' =11 TOJIb-
KO [IPY HPOCTBIX 7, II0O9TOMY [OCJELYIONUE IArd OKA3bIBAIOTCS HEHY K-
HBIMU.

[Ipoananusupyem anropur™. CHadasia MOKAXKEM, YTO sl 3aBepIiie-
Hus nepporo mukja (while) nocrarouno semonnuts O((logn)8) maros.
Orcioma Gyzmer ciiefoBaTh, 4TO BO BTOPOM IwKJe (for) HAmO BBIIOJHUTE
24/r logn=0((log n)*) maros, u nosromy asropurm Gyaer paboTaTh M0JIH-
HOMUAJIBHOE YNCJIO TATOB, KAXK /bl U3 KOTOPBIX MMEET [OJNHOMHUAJIBHYO
CJIOXKHOCTb.

Bocnonssyemcst byngamentaibabiM pesynbrarom E. @oyspu u3 aHa-
JTHYecKoi Teopuu uucen (cM. 24|, [32]), koropslit npuBegem 6e3 KoKa-
3aTeJIbCTBA.

Jlemma. ITycms P(n) — naubosvwud deaumens wucaa n, 71 () — 4ucao
npocmmx wuces p, p < x, ydossemsoparowur ycaosuro P(p — 1) > z2/3,
Tozda natidymes xoncmanma ¢ > 0 u HaMYPasvHOE Ny MAKUE, MO 0Nk
6CeT N > N( CNPABEOAUBA HUNCHAA OUEHKQ

>q>4y/rlogn

m(z) = c gz’
Teopema 1. Cywecmeyiom NOAOHCUMEALHOIE KOHCTNAHMY A1 U A2 U
Hamypaavroe Ny maxue, 4mo 0aa 6cex n > ng 6 unmepsaae [ai(logn)S,
az(log n)°] natidemes npocmoe wucao r maxoe, wmo r — 1 umeem npocmoti
deaumenn q = 4/rlogn u q|o.(n).
HJokazareuabcTBo. Ouennm uncyio N NpOCTHIX YKMCE]l B UHTEP-
sasie [a1 (logn)b, az(logn)®], yrosnersopsonux ycaoBuio

P(r—1) > (az(logn)®)?/3 > r2/3

(Oynem HasbiBaTh Takue 4YuCia coeruanbHbiMEU). COracHo Teopeme
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Yebrbimea npu HEKOTOPbiX KOHCTaHTaX 0 < ¢; < 1 < ¢o BBINOJIHSIOTCS
HEPABEHCTBA

T <) < T
cp— <m(r)<co—.
"z *Inx

IIoaromy ¢ y4eToMm JIeMMBI IOYyYaeM, YTO IIPU BCEX 1 HAYUHAS C HEKOTO-
POTO N BBINOJIHSETCA LEMOYKA HEPABEHCTB

N > 71 (as(logn)®) — 7(ai(logn)®) >
caz(logn)® cza1 (logn)®

log(as(logn)8)  log(ai(logn)®) =

caz(logn)®  caai(logn)®

>

7loglogn 6 loglogn
- (logn)8 <% B 62a1> . (logn)8

~ loglogn

=c3
7 6 loglogn’
r7e KOHCTaHTBI a1 W (o BbIOpaHbI Tak, 4To loga; > 0, logas < loglogn
u c3 > 0, 9TO BCErga MOXKHO CHEJIATH IIPHU JTOCTATOYHO OOJIBIIUX 7.
Iosaraem x = as(log n)6. Torna npousseneHue

O=mn-1)n*-1)-...-(n°
umeer He Gosee 2/ logn npocreix gemurencii. C Apyroil CTOPOHbI,

c3(log ")6

<N
loglogn

z%/3 logn < ,
U [O3TOMY JOJI2KHO CYIIECTBOBATDH CIEIUAJBHOE [IPOCTOE YUCJIO 7', HE SB-
JISIOMIEECs JeIuTesieM ducia I1.

DTO — UCKOMOE IIPOCTOE YHUCJIO, TAK KAK JJIsl HErO HANIAETCs MPOCTOM
nemarens g = P(r — 1) > r2/3 > 4,/rlogn, yIoB/IeTBOPSIOMUI yCIOBUIO
q|or(n). HeiictBuressHo,

T_1<T—1 1/3

i 1/3
P S 27 <r <z,

1 110 BbIOOPY umciia II m0/KHO OBITH

n'T #1 (mod 7).
C npyroii croponsl, Beerma n” '=1 (mod r) u, 3Hauur, o, (n) He geIUT %
u or(n)|(r —1). Teopema nokazana. OJ
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Teopema 2. Anzopumm acumnmomuueckyto caoscrnocms O((logn)t? x
x pol(loglogn)), ade pol(x) — nexomopoili mHozouaen.
HdokazaTeabcTBo. BymeM ajisi KPATKOCTH HUCIOIB30BATH 000-
snaderne O~ (f(n)) mus ouenku O(f(n)pol(loglogn)).
HOJII/IHOMI/IBJH)HOCTI) IIEepBOro mara aJropuTMa BBITEKAET U3 TOr'0, 9YTO
ecm uucyio n mmeer sug a’, b > 1, To b < |log, ). IlosTomy nposepky
MOZKHO BBIIIOJIHUTH IIYTEM IIOCJ/ICJOBATEC/IBHBIX IIONBITOK U3BJICHCHUA KOP-
Hsl p-#i cTeneHu Jyisi BCeX NPOCThIX yncen p < |logy n|. it HAXOXK IeHUst
KOPHs MOXKHO, HAIIPHUMED, IPUMEHUTD AJIFOPUTM IOCJIEIOBATEILHOIO Bbl-
YHUC/ICHUS 3HAKOB B JBOMYHON 3AIIMCH YHUCIA T, HAYUHAS CO CTAPIIErO.

A umenno, eciiu x — perenue ypasHenusi £ =n u

k
_ i
T = E ;2"
i=0

10 7 = 1, ecom (2F)P <m < (2FFN)P 2y =1, ecom (2F + 28"1)P Lo,
u 1. 1. CJI0KHOCTB BBINOJIHEHWS! STOTO TAra IPY UCIIOJb30BAHUN AJITOPHUT-
ma ymHoxenwusi [Ilenxare—IIITpaccena u mocaen0BaTeIbHOrO BO3BEICHHS
B KBaIpaT MOKHO oneruth Besmunnoit O((log n)*loglogn)=0~((logn)?).

ITo Teopeme 1 B nepsom mukJe (while) somomuserca O((logn)®) ma-
ro. C y4erom pasmepa 4ucJia 1 sl BHIIOJHEHUs MAros 6 u 7 MeTomom
oJiHOTO nepebopa Bcex gesuresieil norpedyercs He bosiee

O(+/r pol(loglogn)) = O~ ((logn)*)

onepanuii. Illar 8 anropurma mmeer cuaoxHocrs O(pol(loglogn)), mo-
CKOJIbKY BCE BBIYMCJ/ICHHMsSI MOXKHO LPOBOAMUTL 110 Moy r. Ilosro-
MY CJIO?KHOCTH BBIIOJIHEHUsI [IE€PBOTO IMKJIA OUCHUBACTCS BEJUYUHOM
0~ ((logn)?).

Bo Bropom nukie (for) eemosnnsiercs 2+/7logn = O((logn)?*) maros.
Berunciienue sieBoit 4acTu B paBeHCTBE (2) MOXKHO [IPOBOJUTE C IPUMEHE-
HUEM METOJA IIOBTOPHOIrO BO3BEJEHUSI B KBAJAPAT U AJATOPUTMA OBICTPOrO
npeobpazosanust Pypre Jjisi yMHOXKEHUsI MHOrO4wieHOB crenenu 7. [1osro-
MY CJIOXKHOCTb IIDOBEPKHU PABEHCTBA (2) COCTABJISET

O(r(log n)zpol(log logn)) = O~ ((log n)5),

a BbINONHeHus: Beero Broporo mukia — O~ ((logn)!?). Teopema noka-
3ana. U

JlokaxxeM Teneph, YTO aJTOPUTM BBINOJIHSET CBOKO 33/1a4Yy.

Teopema 3. Anzopumm daem pe3ysvmam <«n — nNpocmoes 6 mom U
MOALKO 8 MOM CAYUae, K02da n — Npocmoe.
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HoxkaszaTenbcTso. Ecimun npocroe, To B nepsoM nukjie (while)
Jutst Beex 1 Oymet (n,r) = 1, u pe3yJbTar «n — COCTABHOE» HEBO3MOXKEH.
Bo Bropom nukiie (for) cpaBHeHue (2) TakKe BCEra BBIIOJIHEHO, II0ITOMY
AJTOPUTM MOXKET 3aKOHUYHUTHCS TOJBKO € PE3YJIBTATOM «1 — IPOCTOES .

IIycte n cocrauoe. Ilpemmoiokum, 4T0 AJITOPUTM AAET PE3yJIbTAT
<N — IPOCTOE> .

Ecsin B nepeom nukie (while) ve Gyzer HafiieHO HCKOMOE IPOCTOE YHC-
JIO 7', TO LUKJI 3AKOHYUTCsI PE3yJIbTaToM T =n. B cuiy mara 5 aaropurMa
9TO MOKeT OBbITh TOJIBKO IIPH IPOCTHIX 7.

Pacemorpum ciryuaii, KOrga B HEpBOM LuKJie OyIeT HANRIEHO [IPOCTOe
YHCJIO T TAKOE, 9TO 1 — 1 mMeer npocToi pesmres g >44/rlogn u g|o.(n).
IIycre n umeer B KavecTBe NPOCTHIX jgejmTesei yuciaa p;, 1 <i < k. Ilo-
CKOJIbKY B 9TOM ciy4dae op(n) momxuo neauts HOK(o,(p1),...,0-(pk)),
TO HaMIETCs IPOCTOM AEUTEb P YUCIIA 1, IJisi KOTOPOro ¢ | o, (p). Tak kak
10 [IPEAIIOJIOKEHUIO PE3yIbTATOM PabOThI AJITOPUTMA SIBJISETCS <N — HPO-
cToe», To Bo BropoM mukJe (for) mas Beex 1 < a < 24/ log n BBINONIHEHO
cpaBuenue (2), a CJIeJ0BATE/IBHO, U CPABHEHUE

(x —a)"= (2" —a) (mod z" — 1, mod p). (3)

9T0 cpaBHEHME pacCMATPUBACTCs yxke Han moseM I, = GF(p). Ilycrs
h(z)|(z" — 1) — menpuBogmmsrit muorouseH h(x) # x — 1. Torna cpaBue-
Hue (3) MOXKHO 3aMEHHUTH CPABHEHUEM

(r —a)" = (2" —a) (mod h(x), mod p), (4)

KOTOPOE Ha CaMOM Jejie O3HAYACT DPABEHCTBO 3JIEMEHTOB B MOJIE
Fy(x)/(h(z)). Tem cambIM 3aJada CBEIACh K H3YYCHUIO CBOMCTB 3JIc-
MEHTOB KOHCYHOI'O II0JId.

Ocrasiocs nokasark, uto cpasHenue (4) aus Beex 1< a < 24/7 logn mo-
JKeT BBINOJIHATLCS TOJILKO B Cilydae, Koraa n = p* npu mexoropom k > 1.
ITockoNBKY YMC/IA TAKOTO BUAA yKe ObUIM OTOPAKOBAHBI HA IIEPBOM A~
Iy aaropuTMa, TO NOJy9YEHHOE MPOTUBOPEYHE 33ABEPIIUT JOKA3ATEIBCTBO
TEOPEMBI.

OcraBiyiocst 4acTbh AOKA3ATEILCTBA PA300bEM HA HECKOJIBKO STAIOB.

1. IIycte d = o,(p), u k — crenenr muorousnena h(z). Ilokaxkewm,
uro k =d.

CorulacHo BbIGOPY MHOrOWIeHa h(x) BCe ero KOPHM JOJI)KHBI MMETh
HOPSIZIOK 7 (TaK KaK UX HOPSIZOK AesiuT r u 1 — npocroe). Eciu deg h(z)=k,
to B mosie Fy,(x)/(h(x)) Bce 3/1eMeHTBI SABJSIIOTCS KOPHSIMH yDaBHEHHs

X?" — X =0, u 3nauur r | (p¥ —1). Oxcrona p* =1 (mod r) u d| k.
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C npyroit cToponsl, Tak Kax 7 |p? — 1, To
2 —2=0 (mod h(z), mod p)
U 11t Kaxoro nementa g(x) nonst Fy(z)/(h(z)) Bbimoaneno cpaBHeHHEe
d

g(z)? = g(xpd) =g(x) (mod h(z), mod p).

3HAYUT BCE IJEMEHTHI I0Jisl SIBJISIFOTCS PEIICHUSIMU ypPaBHEHUsI xv' -
—X=0,uk<d.

2. Iycts [ = 24/rlogn. IlokaxkeMm, uto sjiemMenTtsl (x —a), 1 < a <1,
nopoxpator B noie Fy(x)/(h(z)) = GF(p?) nukiuyeckyto noarpymniy G
nopsizka |G| > n2VT.

Paccmorpum B rpynne G mOaMHOXKECTBO S, COCTOSIIIEE 3JIEMEHTOB, 3a-
[1aBAEMBIX MHOTOYJICHAMY BUIA

H ($ - a’)uaa

1<a<l

Z Uy < d— 1.

1<a<l

Yy KOTODBIX

ITokaskeM, 94TO BCE TAKWE MHOTOUJICHBI 33JAI0T PA3JIMUHBIC 3JIEMEH-
Tl osiss. Ecam 6b1 cymecTsoBanu ssementhl 1 < a,a’ < | Takme, 4TO
a=a’ (mod p), 10 66110 661 p<I. [To3TOMY B CHILY BBIOOpA UnCIa T (KaK pe-
3yJIbTaTa PAGOTHI IEPBOTO IUKJIA AJICOPUTMA), UMeeM 1 > q >4/ logn >1,
¥ 3HA4uT p < r. HO 3TO NpOTUBOPEYUT TOMY, YTO BCE HEJIMTEJIH YHCJIA N
MEHbINKE T OBLIN OTCESHbI HA § IIAre aJrOPUTMA.

CiieoBaTesbHO, BCE TAKAE MHOTOWICHBI HMEIOT PAa3HbIe KOPHU B F),, u
uX cTeneHb He npeBocxoaut d— 1. IloaroMy UM COOTBETCTBYIOT PA3INYHbBIE
snementsl monst Fy(z)/(h(z)).

Yucso 37eMeHTOB B S paBHO 4uciy pa3buenuit unciaa d — 1 va [+ 1
CJIAraeMbIX, OTKY/1a,

I+d—1 I+d—1)(1+d—2)...d [d\
G>|S:(+z >:(+ S ><7> 2=t

nockonbKy d = o,(p) = q > 4+/rlogn = 21.
3. Ilycre g(x) — obpasyromuii 3nement rpynnbt G. [lycrs

Iy ={m: g(2)™ =g(z™) (mod 2" — 1, mod p)}.
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[Tokazkem, 4TO MHOXKECTBO Iy(,) 3AMKHYTO OTHOCHTEJIBHO yMHOXKECHHUSI.
[Tycte m1, m2 € Iy(y). Umeem

g(x)™™m2 = (g(x)™ )™ = g(z™*)™* (mod z" — 1, mod p).

C apyroit cTOpOHBI,

g(xml)mz Eg(xmlmQ) (mod xmlr _ 17 mOd p)’

OTKY1a
mi )’n’L2

g(x g(x™™2) (mod x" — 1, mod p).

4. O603Ha4YNM UYepe3 0, NOPANOK vjeMenTa ¢(x) B mose Fy(x)/(h(z)),
oy = |G|. Hokaxewm, uto ecim my,my € Igy) u my = my (mod r), To
m1 =mg (mod oy).

IIycte mo =ma + kr, k> 0. Torga B mone F,(x)/(h(z)) cupasennusst
paBeHCTBA

g(@)™ g(x)*" = g(z)™* = g(a™) = g(a™TF") = g(a™) = g(x)™.

Tak kak g(x) # 0, To nonyuaem g(z)*" =1, orxyna o, | kr u mq = mo
(mod o).

3aBepIuuM 10Ka3aTENbCTBO TEOPEMBI.

Hycrs E = {n'p’: 0<4,j < [Vr]} B euny 0.3 E C I(,). Tax xak
|E|=(1+[+/7])?>>r, To B E nafinyrcs nsa snementa n'l p/t u n'2pi? taxue,
aro (i1,1) # (i2,j2) u np’t =n'2p’2 (mod r). B cuny npenpiaymero
IyHKTa HosydaeM n''p’t =n2p’> (mod og4). Orcrona

ph=iz = plz—h (mod o).

Bumecte ¢ rem, nlt =2l pliz=itl <pv7 a0, >n2V" oaromy nit—i2 =pJ2—i1
4TO BO3MOYKHO TOJIBKO B CJIydae, Koraa n = p* mpu HekoTopoM k > 1.

Teopema nokazana. []

Ba,MeTI/IM, 9TO0 XOTsA HpI/IBe,HeHHI)II‘;I BBIIIE AJICOPUTM U II0KA3bIBACT
[OJIMHOMMAJIBHOCTD 33[a4X IIPOBEPKU [IPOCTOTHI YUCEJI, PEAJbHAS CJIOXK-
HOCTBb JAHHOI'O aJITOPUTMa HACTOJIBKO BBICOKA, YTO OH IIPEACTABJIACT IIOKA
TOJIbKO TEOPETUYECKOE 3HAYEHNE. DTO CBSI3AHO, C OIHON CTOPOHBI, C TEM,
YTO ACUMIITOTHYECKAS OLEHKA JieMMbl 1 HaunHaeT 3 GEeKTUBHO pabOTATh
TOJIBKO JIJIsl JOCTATOYHO Oosibiux 3HadeHuilt n. [losromy nepmbIit nuki
AJICOPUTMA, HAHJIET MCKOMOE YHUCJIO " TAKIKE TOJIBKO JIJisi JOCTATOYHO HO0JIb-
MUX 3HAYEHUN n, a oJid MaJICHBKHUX IITPDOCTBIX YHCEJI OAaCT OTBET 7" = N,
4ro dakTudecku OyZeT 03HAYATH [IPOBEPKY IPOCTOTHI MOJIHBIM I1epebo-
poM Bcex mesureneii. C Ipyroil CTOpOHbI, U3BECTHBIHM HEOJIUHOMUAIBHBIN
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JIETEPMUHUPOBAHHBIN aJITOPUTM, NpeIoKeHHbIH Amnemanom, [Tomepan-
ueMm u Pymumn ([23]), u yuyumenssit Kosnom u Jlencrpoit ([29]), umeer
tpynoemkocts O(log nloglog 1Og”), YTO NPU BCEX NPAKTUYECKU 3HAUYUMBIX
3HAYECHUAX N JTaeT NIPUEMIIEMYIO OLIEHKY, JIYUIIyIO, YeM Y JAHHOTO ITOJIU-
HOMMAJIBHOTO aJITOPUTMA.

Ha npakruke BO MHOrux cjydasix yaoOHee UCIOJIb30BaTh OoJjiee 3¢-
dexTuBHBIE PAaHJIOMU3UPOBAHHBIE AJIOPUTMBbI, HALOAOOWE DPACCMOTPEH-
ubix Bbitie TectoB CosoBes—IIITpaccena u Pabuna—Musiepa, mo3Bosisi-
IOIIUe TOKA3BIBATH IPOCTOTY YHCJIA.

§12. IlocTpoerne 6OJBIIMX MPOCTHIX YHCEJT

Paccmorpum Teneps Takue CrocoObl IPOBEPKHU YHCEJ HA [IPOCTOTY, B
[IPU OIPUMEHCHUHU KOTOPBIX MOXKHO YTBEP2KIATh, YTO IPOBEPACMBIC YUC/IA
JEACTBUTEILHO SIBJISIIOTCSL IPOCTBIMU. B OTyIMdne OT TECTOB HpPEIbIIyIIe-
ro pazzesa, KOTOPbIe UCIIOIb30BAIN HEOOXOAUMbBIE YCJIOBHUSI IPOCTOTHI U
JaBaJii OTBETHI THUIIA «7 — HE IIPOCTOE», .HI/IGO «HC 3HAIO» WUJIU «BEPOAT-
HOCTB TOTO, YTO 71— HE ITPOCTOE, HE BBIIIE 33 JAHHOTO CKOJIb YTOTHO MAJIOTO
3HAQYCHUA» , JaHHbIC TECThl OCHOBAHBI HA IPUMEHECHUU JOCTATOYHBIX YCJIO-
BUii MPOCTOTHI. HOSTOMy OHU MOTYT JaBaTh KaK OTBETHI THUIIA «Tl — HE
MIPOCTOE» , «HE 3HAKO», TAK U «N — IIPOCTOE» . ITO CBOKNCTBO MPUMEHSIETCST
IIJIsT TIOCTPOEHMUsT MPOCThIX yuces. OOImas cxemMa B JAHHOM CJIy4ae TAKOBA:
BBIOMPAETCs. HEKOTOPAsl [TOCJIEI0BATEIbHOCTD YUCET CHENUAJBHOIO BUIA,
CpeiM KOTOPBIX TPeOyeTcsi HATU POCTOE YUCJIO, 3ATEM K YUCIAM U3 ITOH
HOCJIEIOBATEILHOCTU IIPUMEHSIETCSl TECT J0 TeX I[Op, [MOKA OH HEe JACT
yTBEpAUTENbHBIN oTBeT. Ecin 3T0T OTBET «n — HE mpocToe», TO BLIOMpa-
ercsi craemyoree yuciao. Ecau moiyden OTBET «n — MPOCTOE» , TO UCKOMOE
MIPOCTOE YUCJIO TTOCTPOEHO.

PaCCMOTpI/IM JOCTATOYHbBIC yCJIOBUA ITPOCTOTHI YUCEJI, KOTOPBIE O6BI‘{HO
NPUMEHAIOT B aJITOPUTMAX NOCTPOCHUA JOKA3YEMO IMPOCTHIX YHUCEJI.

12.1. Kpurepmit JIroka

Culemyromasi XOpoIno u3BECTHAsI TEOPEMa, BIEPBbIE JIOKa3aHHAas JIio-
ka B 1876 r., npesparmaer masyto reopemy Pepma B Kpurepuii MPOCTOTHI
YUCIIA N, JOCTATOYHOE YCJIOBHE KOTOPOr0 MOXKET ObITh 3(hdeKTuBHO uc-
[OJIB30BAHO JJIsI JOKA3ATEIbCTBA IPOCTOTHI STOTO YUCJIA.

Teopema (JTtoka). Hamypaavroe wucio n A6A%MCA NPOCMBLM 6 MOM
U MOABKO 8 MOM CAYYaAE, K0200 BLINOAHAEMCA YCAOBUE

(1) JaeZ;, (@™ '=1 (modn)) A (Vql|(n—1), a'T #1 (mod n)).
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HdokazareannbcTBo. Eciu n npocroe, T0 B nosie Z, €CTb HPU-
MUTHUBHBIH 3JIEMEHT, KOTOpPbI# 1 Oyaer uckombiM. HaoGopor, nycrs auis
3s1eMeHTa a BbinosHsiercs yeaosue (1). Eciau ord(a)=m, o m|(n—1), npu-
gyeM ycisosue (1) rapantupyer, uto m=n— 1. CienoBatennsHo, p(n)=n—1
u n—upocroe. Teopema nokazana. [

3ameuanme (Conbpumxk). Yeaosue (1) 6 dannoti meopeme modcHo 3a-
MEHUMD Ha A1060€ U3 CACOYPOUWUT J8YT YCAOBU:

(2) Ja €Zy, ord(a) =n—1;

(3)Vq|(n—1), Ja€Z;, (a"1=1 (mod n)) A (anT_1 #1 (mod n)).

HedicrBuressHo, 0, uto (1) < (2) n (1) = (3), oueBnaHo.

Hokaxem, uro (3) = (2). Hycts n — 1= ¢/ ... ¢%. o ycnosuio pus
KaXJI0ro ¢ Haiimercsi a; Takoe, 9to ord(a;) | (n — 1), Ho ord(a;) e menmr
YUCIIO ”q—:l CuienoBaTesbHO, qf ord(a;). 3naunt, HAKIYTCS IEMEHTHI b;

rakue, 4o ord(b;) = qf’i. Teneps asiemeHT @ = by ...bs O6yIET UCKOMBIM,
TaK KaK HOPSIKH 3JICMEHTOB b; B3AMMHO IIPOCTHI U

ord(by...bs) =g ... ¢" =n—-1. O

Teopema JIroka mo3possieT TOKa3bIBATE IPOCTOTY YHUCIA 1 B CIydae,
KOTJIa U3BECTHO PA3JI0’KEHHe Ha ITPOCThIe COMHOXKMUTEM yncna n — 1. JTnsa
3TOr0 MOXKHO UCIIOJIb30BATh NETEPMUHUPOBAHHbIN JIFOPUTM, OCHOBAHHBIH
Ha Iepebope BCeX BO3MOXKHBIX 3HAYEHH a € Z) , 1100 BOCIOIb30BATHCA
CIEIYIONUM BEePOATHOCTHBIM METOIOM:

1) Bbibupaem ciydaifHO YuUCHA aq,...,as € 7 W NpOBepsieM IJisi HUX
ycaosue (1);

2) ecsm ycsioBue (1) BBINOJIHEHO XOTst ObI JJIsi OZHOTO U3 YTUX YHCEJ,
TO 7 — OPOCTOE, €CJIX HET, TO OTBET HEU3BECTEH.

AHaJIOrUYHBIA METOM MOXKHO MOCTPOUTD, UCIOJIb3Ysl ycjaoBue (3).

IIpomsttocrpupyem 3ToT MeTOHm NpuMeHuUTESbHO K uuciam Pepwma.
Yucaamu Pepma HA3BIBAIOTCS Yucaa Buga Fj, = 22" 4 1,k=1,2,... (Ilo-
KaXKure, 9T0 4ncjio Buga 2™ 4+ 1 mMoxker ObITh HPOCTHIM B TOM U TOJIBKO
B TOM ciydae, korga m = 28.)

®epMa BBICKA3BIBAJ IPEAIIOJOXKEHUE, YTO BCE YHCIA TAKOIO BU-
na—mupocteie. Ilpu n=0, 1,2, 3,4 3To neiicteurensHo Tak. Ho npu n =25,
KakK Mokasan Jdiuiep B 1732 r., cupaBeyIuBO Pa3I0KEHUE

F5 = 22" 41 = 4204967297 = 641 - 6700417.

B 1878 r. san Muxeesuu IlepBymmn nokazas, 4ro uwmcia Fio
u Fb3 Takke He SBJISOTCA OpocThiMu. (3amerum, 4To umcyio Fhs mme-
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er 2525223 uudpsl. IIpn BocponsBeeHry TAKOro YncCsa MOHATOOMIACH
ObI CTpOKa, JUIMHOM B 5 KM miu Kuura obbemom B 1000 crpanun,.)
k
Teopema (Ilerun, 1877). Yucaa Fy, =22 + 1 npu k > 1 aeasomca
NPOCMBLMY 8 MOM U TOABLKO 8 MOM CAYY¥aAE, K0200 BUNOAHAEMCA YCA0BUE

3(Fe=1)/2 = _q (mod Fy).

HJokazaTenbcTBOo. Tak KaK ¢IUHCTBEHHBIM IIPOCTHIM JIEJIUTE-
siem uncaa Fj, —1 siBasiercst 2, TO TOCTATOYHO POBEPUTH YCJIOBUE TEOPEMBI
JIoka npu ¢=2. Ilokakem, 94TO B Ka4eCTBE YUCJIA ¢ MOXKHO B3sITh YUCIIO 3,
T.e. nocraTouno nposeputs yeaosue 3(Fk—1/2£1 (mod F),). Ucnons3ys
dopmyny Ditnepa Ajisi BEIYUCICHUS 3HAYEHUI KBAIPATUYHBIX BbIYETOB U
KBaJPATUYHBINA 3aKOH B3auMHOCTH [aycca mosydaeMm, 4TO MPHU IIPOCTOM
F}, 10JIKHO OBITH

3Fe—1)/2 = (%) = (—1)Fk=1)/2 (%) = (%) (mod Fy,).
k

Teuepn 3amerum, uro Fj Z 1 (mod 3), u nosromy ycsaosue Fj # 0
(mod 3) pasaocuibHO pasenctBy Fr, =2 = —1 (mod 3). Teopema nokasza-
Ha. [J

Teopewma JIroka noc/iykKujia OTIPABHOM TOYKOH st [IOCTPOEHUS 1EJI0MH
TPYIIIIbl TECTOB, MO3BOJISIONIUX TPOBEPSITH POCTOTY umces. Muorue u3
HUX [IOJIy4d/Id Ha3BaHue (n — 1)-MeTOZ0B, TaK KaK HPENOJAraioT 3HAHUE
HOJTHOM WM YacTUuHOM dakTopuzanuu uuciaa n — 1 (em. uuxe). Eme oa-
HO 0000ITIeHre TeopeMbl JII0Ka OCHOBAHO HA PACCMOTPEHUU IPYTUX TPYIIL
BMECTO MYJIbTHILIMKATHBHON rpynnbl Z; . Pakrudecku, J10KA3aTEILCTBO
[IPOCTOTHI YUCJIA N B Teopeme JIT0Ka OCHOBAHO HA U3YUYEHUM CBOMCTB rpyIi-
bl Z): ecin KakuM-Jinb0 00pa3oM y1aeTcst yCTAHOBUTH, YTO €€ HOPSOK
paBen n — 1, To yucyio n—npocroe. JlaHHast uest JeXKUT B OCHOBE TAKUX
METO/IOB, KAK METOJI, JUIMIITUYCCKUX KPUBBIX U METO, YUCJIOBOTO HOJIs.

12.2. Teopema IlokmmarToHA

B 1914 r. X. I[lokjiuarroHOM ObLIA IOKA3aHA CASAYIOMIAS TEOPEMA.

Teopema ([Tokunrron). ITycmv n = ¢"R + 1 > 1, 20e q — npocmoe,
He asasoweeca deasumenem R. Ecau cywecmeyem uyeaoe a makoe, wmo
a" =1 (modn) u (a\»~1/9—1,n)=1, mo xasrcdvii npocmoti deaumens p
wucaa n umeem 6ud p = ¢°r + 1 npu nexomopom r.

HokazareuabcTso. [lycre p—npocroit nenurens yucia n. Tor-
112 U3 yC/I0BHs TeOpeMbl BbiTekaer, uro a” ' =1 (mod p) u a(*~ D/ £
#1 (mod p). OTcroma nojyyaeM, 4To MOPsII0K 1M JIEMEHTA @ 110 MOLYJIIO D
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yaoeJsieTopsier yciosusiM: m | (n — 1) u m we menut (n — 1)/q. Ilosro-
My ¢" |m. B cuny masoii Teopembt ®epma m | (p — 1). Cirenosaresnbho,
p — 1 =¢"r. Teopema nokaszana.

[Ipumensisi JaHHYIO TEOpeMy MJisl BCEX mesuTesiel ¢ aucaa n — 1, 1mo-
JIydaeM CJeLyIommii TeopeMy, KOTOpasl sBJIsieTCsi 0000IEHUEM TeOpeMbl
JIroka Ha ciayuait R >1.

Teopema. IIyemv n=FR 4+ 1> 1, ede 0 < R < F. Ecau das a0b0-
20 mpocmozo deaumens q wucaa F cywecmeyem uyeaoe a maxoe, wmo
a"'=1 (mod n) u (a™ V% —1,n)=1, mo wucao n — npocmoe.

HdokazaTenbcTBo. IlycTh n— COCTABHOE U P — HETPUBUAIBHBIN
[IPOCTOM AEJIUTE/Ib YUCTA 1. 3AMETHUM, 9TO BCErIA MOXKHO BBIOPATDH JEJIH-
TeJIb TaK, 4TO p < /7. Torma W3 yCJIOBUS TEOPEMbI BBITEKAET, YTO JJIst
BCEX IPOCTBIX AEJUTEIedl ¢ uucia F CyLmecTBYeT Ieoe a Takoe, YTo
a® ' =1 (mod p) u a™V/9 £ 1 (mod p). Paccyxas aHAJOTHYHO 3a-
MeuYaHuI0 K TeopeMe JIoKa, MojriydaeM, 9TO JOJKEH HAWTUCh SJIEMEHT,
MMEIONTUi NOPSIAOK paBHbBIHM F' 110 Mozaysio p. B cusy manoit reopembr @ep-
ma F' < p — 1. CaenoBare/ibHO, CIIPABEIJIUBA ENOYKA HEPABEHCTB

P> (F+1)?>RF+1)>RF+1>n.

Ho p < \/n, nuporusopeune. [

JlaHHasg TeopeMa IOKa3bIBAET, YTO €CIH YIAJOCh YaCTUYHO (haKTo-
PH30BaTh 4KMCIO N — 1, npudeM paKTOPU30BaHHAS YACTh YIOBJIETBOPSET
ycnosuwo F > \/n, T0 n— npocroe.

IIpexxne, yeM NepexonuTh K JajbHeHIeMy, IPUBEAEM IBa KJacCHye-
CKHUX YACTHBIX CJIydas JAHHOH TEOPEMEI.

Teopema (IIpot, 1878). Ilycms n=2R+1, 2de R<2*. Ecau cywecm-
BYEM UCAO G, O KOMOPO2O GHNOAHAENCA YCAOBUE

a" /2 £1 (mod n),

mo n — npocmoe. []

Teopema (IIpor, 1878). ITycmv n = 2R + 1, 2de R < 2F, 3 <2F +1
u 3 ne deaum R. Tozda n — npocmoe 6 mom u MOALKO 6 TMOM CAYUaE,
%0200 6HINOAHAECTCA YCAOBUE

3=D/2 = _1 (mod n).

HokazarenbcTBo. B cuny reopemsr [lokimHITOHA 10CTATOYHO
uposepurs yciosue a" /7% 1 (mod n) npu a =3 u ¢ = 2. Tak kax
1o ycsiosuio n = 2R + 1% 1 (mod 3), 1o yenosue 3("~1/2 £ 1 (mod n)
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PaBHOCHUJIBHO BBINIOJIHCHUIO PABCHCTBA

12.3. Teopema /TmemntkO

3amerum, uTo ecau B TeopeMe [IOKJIMHITOHA 3aMEHUTH DABEHCTBO
(a®=D/9 —1,n) =1 na Gosee caaboe ycaosue a®~1/4 %1 (mod n), 10
MOYKHO IOJIyYUTb CJIEIYIOMUI Pe3yJIbTar.

Jdemma. ITycmov n = q*R + 1> 1, 2de ¢ — npocmoe, ne asiaoueeca
deaumenem R. Ecau cywecmeyem yeaoe a makoe, wmo a™ =1 (mod n)
u a™D/1 £ 1 (mod n), mo naiidemca npocmoii deaumend p wucaa n
6uda p = ¢*r + 1 npu nexomopom r.

Hoxkazareabcrro. Ilycrs n=p" ...p/"". Torga u3 yciosus
TEOPEMbl B CHJIy KUTAfCKOW TeopeMbl 06 OCTATKAX BBITEKAET, YTO CYy-
mecTByer Takoe i, uto a” "' =1 (mod p*) m a(""V/7 £ 1 (mod p).
Orcropa mosyyaem, 9To HOPSAOK ¢ JIEMEHTA @ O MOAYIIO p;* yAOBIET-
Bopser ycaosusaM: t|(n — 1) u t me gemur (n — 1)/q. Ilostomy ¢* |t.
B cusy siemmbt Taycca 0 MUKAMYHOCTH MyJ/IBTHILIMKATHBHON TPY B KOJIb-
na Z:m; noyaem t|p7 1 (p; — 1). Bamerum, 9TO UMCAA P; U ¢ B3AUMHO

i

HPOCThIE KaK JejuTen coceanux uuces. Ilosromy ¢* | (p; — 1). Caenosa-
TesbHO, p; — 1= ¢Fr. O

Xors 3TOT pe3yabTar ciaabee, 4yeM teopema [IOKIUHITOHA, JMAHHBIN
noaxon, kak nokazan H. Tuemutko B 1988 1., Takke MOXKeT ObITH -
(EKTUBHO UCIOJIB30BAH Il JOKA3ATEJbCTBA IPOCTOTHI YUCEII.

Teopema (duemurko). ITycms n=qR+1>1, 2de ¢ — npocmoe, R — wem-
noe u R < 4(q + 1). Ecau cywecmeyem ueaoe a maxoe, wmo a" ' =
=1 (mod n) ua™Y/9#1 (mod n), mo n — npocmoe.

HokazareabcrBo. Ilycte n— He mpocroe u n = pi'*...pJ"*.
Torma 0o neMMe moJsiydaeM, 9To CyIECTBYET Takoe i, 9410 ¢q| (p; — 1).

O6ozuauum n = p;Q. Torma n = p;Q (mod ¢), rme n =1 (mod ¢) u
p; =1 (mod ¢q). Orcroga Q@ =1 (mod ¢). Caenosarensho, Q = gt + 1 >
>2q+ 1, rae t ve MmoxkeT ObITH paBHO 0, HHAYE N IPOCTOE, WK 1, TAK KaK
Q meyernoe. Anasornyso, p; = qs + 1 > 2q + 1. Takum obpazom,

n=piQ>(1+2¢)>=q-4(q+1)+1>qR+1.

IIporusopeune. Teopema mokasamna. []
3aMeruM, 4YTO B yCJIOBUM TEOPEMBI 4ucjia n u R MoryT ObITh HE B3a-
WMHO ITPOCTHI.
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OT1a TEeopema JIeXKUT B OCHOBE AJTOPUTMA TE€HEPAIMH [POCTBIX YUCE
B OTEUYECTBEHHOM cTaHmapTe Ha 1udposyio noamuck TOCT P 34.10-94.
B Hem B KadecTBe a BBHIOMPAIOTCS HE OYEHBb BBICOKWE CTEIEHU YUCA 2,
a R maxonurcs nepebopoM. (3amernm, uro ¢ 1 uross 2002 r. 3TOT CTaHAAPT
6bu1 3aMener Ha Hoeeiil TOCT P 34.10-2001.)

12.4. Merox Maypepa

B 1995 r. ¥. Maypep omny6uKoBaj ObICTPBIA AJIFOPUTM T€HEPAIUH J10-
Ka3yeMO IPOCTBIX YHUCeJ, OJUBKUX K CJyYaiiHbIM. B ero ocHoBe JieKuUT
ycuiienue Teopembl [loksmHrrona ma ciydvail, korma (akTOpu30BaHHAS
yacte F uucna n — 1 ynosaersopsier nepasenctsy F > ¢/n. Kpowme Toro,
€My YZAJI0Ch OICHUTH BEPOSITHOCTH YCIIEXa IPH CJIyYalHOM IIOMCKE YHC-
Ja a B ycjioBun Teopembl [lokimuHrTOHA.

Cuenyromasi JeMMa SIBJISIETCS CIIEIUAIbHBIM YaCTHBIM CJIYYaeM Teope-
™Mbl IlokuHrTOHA.

Jlemma 1. Ilycmo n=2FR + 1> 1. Ecau cywecmsyem uesoe a ma-
K0e, 4mo 0as 4106020 npocmozo deaumens q “ucaa F evimoanens, ycao-
susa a” ' =1 (mod n) u (a»V/9 — 1,n) =1, mo xaxcowii npocmoii
deaumend p wucaa n umeem 6ud p=mF + 1 npu nexomopom uyeaom m.
Ecau, xpome mozo, F > \/n, uau F —wemnoe u R < F, mo n — npocmoe.

HokazarenbcrBo. Ilycte n — cocraBHOE U p — HETPUBUAJIB-
HBI IIPOCTO# AesinTesib Ynciaa n. Torga u3 ycjaoBHsl TEOPEMbI BbITEKACT,
aro a” ! =1 (mod p) u a® /9 %1 (mod p). Paccyxaas anasoradso
3aMEYaHUIO K TeopeMme JIoKa, mojrydaeM, 4To JOJIXKEH HANTUCH JIEMEHT,
HUMEIONUi NOPAOK paBHbIi F' mo moaysio p. B cuny masoit reopembr Dep-
ma F'|(p—1).

L7151 OKa3aTe/bCTBA BTOPOTO YTBEPKIEHU ST, IPEIITIOJIOKUAM, 4TO P<N.
Torpa p<+/n. Ecim F>+/n, 10 p=mF+1>/n. Ecim F neuernou R<F,
Top>2F+1m

p? > (2F +1)2 > (2R +1)(2F + 1) > 2RF + 1 =n.

IIporusopeune. [J

Cunenyromast jemma mokasana K. Koysepom u [Ix. Kyuckyorepom
B 1992 .

Jlemma 2. Ilycms n, F, R u a ydosaemsopsiom ycaosuro aemmos 1.
Onpedeaum wucaa x>0 u 0<y<F pasencmeom 2R=xF+y. Ecau F>/n
u qucao y? — 4 e PasHo HYAI0 U He ABAAEMCA NOAHLM KEAOPATMOM, MO
n — npocmoe.

HokazareuabcTso. CoracHo jiemme 1 jjisi KaXKJI0r0 IPOCTOrO
JeJIUTeNIss p YUCJa N BBINOJHSAETCS HepaBeHCTBO p > F + 1. Ilo ycno-
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Buo n < F3. TIo3TOMY, €Ciu 4uciIo 1 — COCTABHOE, TO OHO HE MOXKET UMETh
OoJte AByX MpOCThIX aenuteseit. Ilycts

n=2RF+1=(mF+1)(meF+1) u my>=ms.

Torma
2R = mlmgF + mq + mo.

Nmeem mime < F, unaue n > F3.

Eciu my +me > F, 10 F > mime > mi1(F — mg) > F — 1. Orcio-
ga my =F — 1, my = 1, ogaako B manHOM cayudae n = F?° 4 1. Ilosto-
My mi + mo < F.

CrenoBaresibHO, m1mg = U M1 + mo =1y. Ilo Teopeme Buera m1, mo
ABJIAIOTCA KOPHAMH KBaIPATHOTO ypaBHeHus m> — ym + x = 0, KOTOpoe
HMEET DPCIICHHMS B LEILIX YUCJIAX B TOM M TOJBLKO B TOM CJIy4ae, eClIu
y? — 4T ABJIAETCA IIOJHBIM KBAAPATOM MiIH HysleM. JlemMa noxazana. []

3ameruM, 4TO yOEIUTHCS, YTO 33JAHHOE YHCJIO HE SIBJISIETCS IOJI-
HBIM KBaJIPATOM, MOKHO BBIUUCJIUB CUMBOJ JIesKaHaApa IS HECKOJIbKUX
MAJIEHBKUX MPOCTBIX MOJyJeh. Ecjiu npu HEKOTOPOM MOIYJEe YHUCIO He
OyIeT SIBASTLCS KBAAPATUYHBIM BBIYETOM, TO OHO He OYJeT U IOJIHBIM
KBaJIPATOM.

Mycrs p(r) — dyukuus iinepa.

Jlemma 3. ITycmo p — npocmoe u d| (p—1). O6osnavum wepes T wucao
anemenmos T € Ly, nopador komopux deaumcs na d. Tozda cnpasediusa
ouenKa

NpuUYeM PaeEHCMEB0 BBINOAHAEMCA 6 TMOM U MOABKO 8 TNOM CAYUAE, xoz2da

d,(p—1)/d)=1.

HokazarenbcTBo. Ucnons3ys cBoiicrBa dpyHKmu Jitaepa mno-
JryqaeM

T= Y ed)= Y okd>

d1d* T (p-1) kI (= 1)/d

p—1
> Y ebed=pd) Y ek)=pd)=—,
k|(p—1)/d k|(p—1)/d

npuydeM pPaBEHCTBO BBIIIOJIHEHO B TOM U TOJIBKO B TOM CJjly4dae, KOr-

ma (d, (p—1)/d) =1.0
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Teopema. Ilycmv n = 2FR + 1 —npocmoe u F = q’fl ..¢f, F>R
u (2R, F) =1, ade q1,...,qs — pasaunnvie npocmoie wucaa. Tozda eepo-
AMHOCMY MO20, ¥MO CAYHATHO 8vibpanHoe ochosanue a € Z) 6 aemme 1
bydem doxaswvieams npocmomy wucaa n, pasta o(F)/F.
HoxaszaTenbcTBo. Tak Kak n mpocToe, TO cpasBHeHue a" ! =
=1 (mod n) BeonHsieTcss npu Beex a € Z7. Ilpu (2R, F) = 1 yciuo-
sue a("1/% =1 (mod n) upu BCex j PABHOCHIBLHO TOMY, YTO MOPSIOK
anmemenTta a penurca wa F. Ilpumensia memmy 3 npu d = F nmonydaem
HY2KHO€ PaBeHCTBO. []
Caencrue. B ycaosusax meopemsvt npu docmamouno 60avwu qi, . . .
., Qs 8 Kauecmee HudCHel OUEHKY 8EPOAMHOCTIY YCNETA NOAYHAEM Ge-

AUYUNHY
T

1
1— -

i=1 9

Tak kak F'= qfl . qu, TO UCKOMasl OLIEHKA BBITEKAET U3 HEPABEHCTBA

Y
j=1 4 =14

rae B caydae F'= qp, s = 1 BbIIOJIHSIETCS PABEHCTRO. [

V. Maypep npeijioxKuji CiAeAymuii PeKyPCUBHbBIN aJITOPUTM IIOCTPO-
eHUsl GOJIBIINX MPOCTHIX YuCes (BIEPBbIE UIEsl METONA U3JIOXKEHA UM
B 1991 r.). B HeM Ha KaxKIOM IIare ajropurMma 0epyTCs yiKe IOCTPOECH-
HbIE HAa IPEIBIAYIIEM ITAIE TPOCThIC YUCTA (1, - . ., (s U A CIYIAHHOrO
unabopa nokaszaresieit ki, . . . , ks BBIYUC/ISIETCS YUCIIO F:qlf1 ...q". Barem
ciryuaiino nopbuparoTcs yucaa x, y, R=R(z,y) < F Tak, ytobs (2F, R)=1
u uncyao n = 2F R 4+ 1 1pu HEKOTOPOM @ YJIOBJIETBOPSIJIO YCJIOBUIO JIEMM
1 mwmu 2. Ilo BpeMeHM NaHHBIM AJITOPUTM OKA3BIBACTCs O4YeHb 3D der-
TUBHBIM, TaK KaK €CJiu N IPOCTOE, TO B CUJIY INOKA3aHHON TEOPEMBbI U
ee CJIe/ICTBUS YHCJO @ HAXOAMTCS Oo4deHb Obicrpo. Ecim ke uucio n co-
CTaBHOE, TO BEPOSITHOCTH BBINOJIHECHUS paBeHcTBa a” 1 =1 (mod n) ans
HECKOJIBKHX 633 a MaJia, ecyiu TOJIbKO N He siBjsiercst ynciom Kapwmaiikia,
T.€. SIBJISIETCSI YUCIJIOM OY€Hb CHEenuaIbHOro Buaa. [lpu sTom, nosydeHube
B pe3yJbTaTe paboThI AJITOPUTMA IIPOCTHIE YUCTA OYIYT UMETh IPAKTHYE-
CKU pPaBHOMEpHOe pacupesesienue. Y. Maypep Obut hakTu4ecKu nepBbIM,
KTO [PEJIOXKUJ U 0OOCHOBAJI MCIIOJIB30BAHUE CJIYyYaMHOTO IIOUCKA BMECTE
C IOCTATOYHBIMU YCJIOBUAMU MPOCTOTHI, YTO IMMO3BOJINJIO CTPOUTH TO0OKaA3y-
€MO IIPOCTBIEC YUCTIA.
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12.5. Metog Muxanecky

B 1994 r. II. Muxanecky mpemjioxKuJj erie 0ojiee ObICTPIN aJITOPUTM
reHepaluy T0Ka3yeMo MpocThix ymces. [Io Muenuio Muxanecky B MeTo-
e Maypepa norepsi B 3(pdHEeKTUBHOCTU MPOUCXOIUT U3-33 YCAOKHEHHOTO
MEXaHu3Ma Jisd MOCTPOEHUsA NMPOCTBIX YUCEJI C «IIOYTU» PABHOMEDHBIM
pacmupenesieareM. OH IPeIJIoKUI aJITOPUTM [IOUCKA, YUCeJl B apudMeTHde-
CKOI IIPOTPEcCcHH, MJist BCEX YNCEJ 1 U3 KOTOPO# nu3BecTHA (DaKTOpU3aIUsi
HEKOTOPOIi 4acTu Yucya n — 1. TO MO3BOJUIIO €MY UCITOJIH30BATH PEKYP-
CUBHYIO nporeaypy. Kpome Toro, oH onTuMusnpoBaJj mpoueaypy orbpa-
KOBKHM COCTABHBIX YUCEJI, UCIIOJIB3Ysl PEIIeTO DpaTodeHa U TECT NPOCTOTHI
Pabuna—Muiiepa.

[IpeanoXkeHHBIM UM ANTOPUTM T'EHEPAIUHU JOKA3YEMO [IPOCTHIX M-pa3-
PAOHBIX YuCeJ cOCTOMT B ciaenyromeM. llycte B > 0 — mesoe 4ucio
u s,c >0 — geiicCTBUTEbHbIE KOHCTAHTHI.

IMTar 1. Eciim m < B, TO ajroput™M BO3BPAIIAET CJIyYaiHOE MPOCTOE
YUCJIO ¢ T JBOUYHBIMU PA3PsiiaMu ([IOPOXKIEHHOE C TIOMOIIBIO
POOHBIX NEJICHUT).

IMlar 2. CrpoumM ¢ NOMOIILI0 peKypcum I1esioe ducio F u3 murepsa-
Jga 25 < F < 2°°™ (pakTopu3aIusi KOTOPOTO MOJTHOCTHIO U3-
BECTHA, [JIC € MOXKHO [OJIOXKUTE 1/2 nnu 1/3 B 3aBUCHMOCTH
OT [IPUMEHSIEMOTr0 JOCTATOYHOTO YCIOBUS IPOCTOTHI, CM. JIEM-
Mmbl 1 uin 2 B meroze Maypepa.

IMlar 3. Bribupaem cayuaiinoe uucio t € (2™ 2/F, 2™~ /F — sm).

ITar 4. Nmem npocroe 4ncjio B apudMeTudecKoi Iporpeccuu
P={n=ng+ia:ng=ta+1, a=2F, 0<i<s}.

Tect npocTOTHI, IPUMEHSIEMBbIH Ha THare 4, BBHIMOJHSCTCS B TPU JTAIA.

Oran 1. [IpobHbIe nesieHust HA TPOCTBIE YUCA, HE TpeBocxosnme A,
rae A—3aJaHHAas BEPXHsis TPAHUIA.

Otan 2. I[Iposepka npocrors! ¢ nomomso Tecra Pabuna—Muiiiepa.

Oran 3. Joka3areabCTBO IPOCTOTHI € MOMOIIBIO JieMM 1 w2 (cM. Me-
ton, Maypepa).

Bribupas nogxomamuM o6pa3oM mapaMeTrpbl B, S W ¢ MOXKHO ONTH-
MU3HMPOBATEL JAHHLIA anroputM. [Ipu 3TOM HOTEpH, CBS3aHHBIC C yCIOXK-
HEHHMEM IPOIEIyPbl JOKA3aTEeJbCTBA NPOCTOTHI JJIsl CJIydast, KOTAa NpOo-
BepﬂeMoe YUCJIO ABJIACTCA HpOCTI)IM (BI)IHOJIHHGTCH pe,ELKO B a.HI‘OpI/ITMe),
BO MHOTOM KOMIICHCHUDYIOTCSI YCKOPEHHON OTOPAKOBKO# COCTABHBIX YHCE
(BBINOJIHSIETCS YACTO B aJICOPUTME).
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12.6. (n + 1)-meronp:

PaccMoTpeHHBIE  BBINIE METOABI OTHOCSTCS K TaK HA3bIBAEMBIM
(n—1)-MeTomam, KOTOpbIE IPUMEHUMBI B CJIy4ae, KOI/1a U3BECTHA IOJIHAS
win vacrnyHast (akropusanust uncaa (n — 1). Eme oqun uwHTEpecHBIH
KJIACC METOJIOB COCTABJSIOT (N + 1)-MeTobl, B KOTOPBIX [IPEII0JIAraeTcs
u3BecTHOM hakTopuzanus uncaa (n + 1).

IlycTh p u ¢— TaKue TeJIble Yuc/a, 9To p2 —4q He ABJIAeTCs KBaIpaTH4-
HBIM BBIYETOM IO MOZYJI0 n. Torma kBagpaTHoe ypasHenue x2 — pxr+q=0
UMeeT Pa3JIMYHble KOPHW, OZIWH W3 KOTOPBIX paBeH r = (p + y/p? — 4q)/2.
Nuykupeit jerko 10Ka3arh, YTO CTENEHHU ITOrO YUCJIa UMEIOT ClenUalib-
HbIH BUJI.

Jlemma 1. Cmenenu wucaa r umerom 6ud = (Vi +Ui+/p? — 4q)/2, 2de
nocaedosamenvnocmu {U}, {Vi.} onpedesstomen pexyppenmmvimu coom-
HOWEHUAMU

U():O, U1=1, Uk+2 ZpUk_H —C]Uk,
Vo =2, Vi=np, Vita =pVit1 — qVk, k>0.

JlaHHBIE ITOCJIEIOBATEILHOCTH HA3BIBAIOTCS IOCIEI0OBATEILHOCTAMU
JIfoKa, acCOUMUPOBAHHLIMU C YUCJAMU P U ¢, U UMEIOT MHOI'O CBOMCTB,
[TO3BOJISIIOIIUX BBIYUC/ISATh UX AHAJOTUYHO METOJy OBTOPHOTO BO3BEJE-
HUSI B KBaJPAT IIPU BO3BEICHUU B CTEIICHb, HAIIPUMED,

Usp, = U Vi, Vor = V,% — 2qk, k>0.

(Ilpu p =1, ¢ = —1 nocnenoparesnbrocTs {Uy} coBamaer ¢ nociaeno-
BaresibHOCTHI0 PuboHauyn.) Crepyomas JeMMa UrpaeT PoJib, AHAJIOTUY-
Hy0 MaJioit Teopeme Pepma.

Jlemma 2. ITycmv wucaa p, ¢ u T onpedesenvs eviwe u 2r = a +
+ by/p? — 4q (mod n) das nexomopur wuces a u b 00UHAKO60T wemHo-
cmu. Ecau n npocmoe, mo 2r™ = a — by/p? — 4¢q (mod n). O

B repmunax nociemosaresnsuoctu {Uy} 9Ta emMMa uMeeT BUJ

Jlemma 3. Ecau n npocmoe, mo U,y1 =0 (mod n). O

Teopema. ITycmov n>1 —uewemnoe wucao. Ecau das arobozo npocmozo
deaumens r wucaa n—+ 1 cywecmeyrom maxue npocmvle YUCAG P U ¢, 4Mo
p? — 4q He ABAACMCA KEAOPAMUNHBIM EHIMEMOM O MOOYAIO T, U MAKUE,
%Mo

Uny1=0 (mod n), Ugpyry/r Z0 (mod n),
mo n — npocmoe. []

JanHas TeopeMa Urpaer poJib, B TOYHOCTU AHAJIOTUYHYIO POJIU TEOPE-
Mol JIooka (n — 1)-MeTomax. AHAJIOIHYHO MOXKHO HCIOJIB30BATH ¥ BTOPYIO
nocienoBaTenbHocTh { Vi }. Takxke, anajioruuno (n — 1)-mMeTomam, MoxK-
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HO WCII0JIb30BATH YACTUYHOE PA3JIOKEHUE 1+ 1 Ha MHOXKHUTEJIA. 3aMETUM,
YTO UMEIOTCA TECThI, OCHOBAHHbIC Ha pa3oxKeHuu uucen n’+1, n?4+n—1.

12.7. Yucna Mepcerna

HawuboJiee n3BeCTHBIM YACTHBIM CJIYYAEM ITOT'O IIOAX0/A SIBJISIETCS CIIe-
Oyt Kpurepwuii npoctorsl gjst uuces Mepcenna. Yucinamu Mepcenna
Ha3bIBalOTCH uucia suga M, = 2™ — 1, rme n — npocroe. Jlerko BuAETs,
4910 yucjao M, MoxKeT ObITb MPOCTHIM TOJIBKO €CJIU 7 — IPOCTOE.

Teopema (JIroka—Jlemep). Iycmov n Hewemmoe wucao, u nocaedosa-
meavhocms {L.,} onpedeaena pexyppenmmvim o6pasom

Lo=4, Lpg=L? -2 0<m<n.

Yucao M,, npocmoe mozda u moavko moeda, xoeda L,_o=0 (mod n). O

Kpurepuit 6b11 neponadanbHo oTKpbIT Jlfoka B konme 1890-x rr., a
IaHHYI0 Kparkyw ¢opmy mpuobpesn okosio 1930 r. B paborax Jlemepa.
Jlerko Bugerb, 9To wacTHBIA cayuail (n + 1)-meroma npu g = 2, k = 2™,
Lm = ‘ék/2k

B rabaune 1 npuBeeH CIOUCOK BCEX U3BECTHBIX B HACTOSINEE BpEMsi
[POCTBIX YHCEJ P, AJIsl KOTOPLIX uucyio M, sBisiercst IpoCTbiM (B CBOIO
ouepens unciao P,=M,(M, — 1) sBasiercs coBepuiennbM). Bonpocuresns-
HbIE 3HAKYU B TAOJIMIE O3HAYAIOT, YTO MOKA MPOBEPEHBI HE BCE YHUCJIA, U
IMMO3TOMY HEU3BECTHO, ABJIAIOTCA JIM OHU NMOAPAI UAYIIUMHU ITPOCTHIMU YUC-
samu Mepcenna.

HOCJIe,ZLHI/Ie TATH TPOCTHIX YUCEJT 6I)I.HI/I HaI’I,ZLeHBI B paMKaX MMporpaMmMbl
MTUPOKOMACITITAOHOTO MOUCKA, Oprann3oBaHHoro ¢ 1995 r. B cern nTep-
Her — GIMPS (the Great Internet Mersenne Prime Search) —TI'. Yoama-
HOM, HAIIUCABIINM OBICTPYIO IPOrPAMMY JJjisi [IEPCOHAJIBLHOIO KOMIIBIOTEPA
U Pa3MEeCTUBINUM ee HA cBoeM web-cepepe. OH OpraHM30BaJ TAKKE pac-
npesesieHHy 0 6a3y MaHHBIX, B KOTOPOH oTpakaJjcs xosn moucka. B 1997 r.
kommnanue Entropia, Inc., ocaoBannoit C. KypoBcku, 6bl1a opranu3oBaHa
cucTeMa HOJJCPKKH pacnpe/iesieHubix Beranciennit PrimeNet, koropast B
HACTOSIIIEE BPEMsi KOOPAUHUPYET pabOTy HECKOJBKUX COTEH THICSY KOM-
neroTepoB. (B nocmeanem crosbie tabsumipr 1 B CKOOKax yKa3aHO YHCIIO
KOMITBIOTEPOB, [IPUHUMABIINX YYACTHE B IIOUCKE. )

§13. AnroputMel (PaKTOPHU3AMUN MEJTBIX IHCENT

3ama4a (HPAKTOPU3AIMH IIEJIOT0 YUCIA N 3AKJII0YACTCS B HAXOXKICHUU
PA3JIOKEHUsI €r0 B IPOU3BEICHUE NPOCTHIX COMHOXKUTENEH. TpuBuasinb-
HBII AJICOPUTM, YaCTO HA3bIBAEMBIH AJTOPUTMOM <NPOOHLIT deseHulls,
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Tabsmma 1. 3secTrble yncina Mepcenna
Ne D Zul\(ﬁ‘: ueu;ﬁ;i 200 a8mop KOMNBIOMED
1 2 1 1 - - -
2 3 1 2 — — —
3 5 2 3 - — —
4 7 3 4 — — —
5 13 4 8 1456  Hewuss. -
6 17 6 10 1588  Cataldi —
7 19 6 12 1588 —»— -
8 31 10 19 1772  Diinep -
9 61 19 37 1883 IlepBymun -
10 89 27 54 1911 Powers —
11 107 33 65 1914 —»— —
12 127 39 77 1876 Lucas —
13 521 157 314 1952 Robinson SWAC
14 607 183 366 1952 Lehmer & Robinson SWAC
15 1279 386 770 1952 —» — SWAC
16 2203 664 1327 1952 —»— SWAC
17 2281 687 1373 1952 —» — SWAC
18 3217 969 1937 1957 Riesel BESK
19 4253 1281 2561 1961 Hurwitz & Selfridge IBM 7090
20 4423 1332 2663 1961 —» — IBM 7090
21 9689 2917 5834 1963  Gillies ILIAC 2
22 9941 2993 5985 1963 —» — ILIAC 2
23 11213 3376 6751 1963 —» — ILTAC 2
24 19937 6002 12003 1971  Tuckerman IBM 360
25 21701 6533 13066 1978 Noll & Nickel CDC 174
26 23209 6987 13973 1979 Noll CDC 174
27 44497 13395 26790 1979  Nelson & Slowinski CRAY-1
28 86243 25962 51924 1982  Slowinski CRAY
29 110503 33265 66530 1988  Colquitt & Welsh SGI
30 132049 39751 79502 1983  Slowinski CRAY
31| 216091 65050 130100 1985 —» — CRAY
32| 756839 227832 455663 1992  Slowinski & Gage CRAY
33| 859433 258716 517430 1994 —» — CRAY
34| 1257787 378632 757263 1996 —» — CRAY-T94
35| 1398269 420921 841842 1996 Armengaud, Woltman, Pentium 90
et. al. (GIMPS)
36| 2976221 895932 1791864 1997  Spence, Woltman, Pentium 100
et. al. (GIMPS) (2000)
37| 3021377 909526 1819050 1998  Clarkson, Woltman, Pentium 200
Kurowski et. al. (4 000)
(GIMPS, PrimeNet)
77| 6972593 2098960 4197919 1999 Hairatwala, Woltman, Pentium I1-350
Kurowski et. al. (21 500)
(GIMPS, PrimeNet)
77113466917 4053946 8107892 2001 Cameron, Woltman, AMD 800
Kurowski et. al. (205 000)

(GIMPS, PrimeNet)
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3aKJ/H0YaeTCs B [I0CJICIOBATEILHOM JICJCHUU YKC/IA 7 HA BCEBO3MOXKHBIE
POCTBIE YUCJIA, He IPEBOCXOAsIme /7. [Ipy BBINOJIHEHUH JAHHOTO aJIr0-
pUTMa BO3HUKAET ABE TPYAHOCTU. C OAHON CTOPOHBI, J1Jisi OOJIBIIMX YUCE]T
N YHCJIO OIEepaluii JIeJIeHHsl, KOTOpble HEOOXOIMMO BBIIOJHUTL, MOXKET
OKa3aThCsl HACTOJIBKO OOJIBIIUM, 9TO €r0 IIPOCTO HEBO3MOXKHO BbIIIOJIHUTD.
C mpyro#t cTOpoHbI, HEOOXOAUMO 3apPaHEe CTPOUTH CIIUCOK BCEX POCTHIX
YHCeJ1, He NPEBOCXOMASIIMX /7, 9TO y2Ke CaMo 10 cebe SBIIseTcs TPyJHON
3ama4eil. Bropoii TpyaIHOCTH MOXKHO JIETKO U30e3KaTh, €CJIH OCYIIECTBIIAT
JIeJICHUS YKCJIa N He HA [IPOCTHIE, a Ha BCE IIeJIbIe YnCia k, He IPEeBOCXO-
Jsmue y/n. 910 u36aBUT OT HEOOXOJUMOCTU CTPOUTH UCXOAHBIN CIHCOK
IIPOCTBIX YHCEJI, IIPHUYEM CJIO?2KHOCTH TAKOI'O aJITOPUTMA yBeHI/I‘II/ITCH HE
6ouiee, uem B O(logn) pas.

CJI0:KHOCTb HAXO0XK/ICHHUS IIEPBOrO HETPUBUAJIBLHOIO JCJIUTEIS YUCTIA, 1
JJISI JAHHOI'O AJICOPUTMAa OLIEHUBAETCS BEJIMUYMHON

O(n(v/n)log? n) = O(v/nlogn)

JJId JEJIEHUA Ha NMPOCTHIE 9YuCjia, U

O(v/nlog®n)

JUIsL JeJICHUs Ha IIOAPSIT UAYIIUe LeJIble YuCa.

3aMeTuM, 9TO IPH aHAJIN3E AJITOPUTMOB (DAKTOPHU3AINY YACTO OTPAHNU-
YUBAKTCA PACCMOTPEHUECM TOJIBKO IEPBOTO IMara — HAXO0XKACHUA I[MEPBOTO
HETPUBUAJIBHOTO JienuTess. JIerko BuAeTs, 9To JjIst HAXO0XK AEHUS MOJIHOM
dakTopm3aIMM Yncaa n HeOOXOAMMO PEKYPCUBHO MOBTOPUTH BBITIOJIHEHNE
JaHHOTO Mmara He 6osee log, n pas.

XoTsi IpUMEHEHNEe aJNTOPUTMa «ITPOOHBIX JEJIeHHi» B MOJTHOM OObeMe
JJ1dd 60.HI)HII/IX N IPAKTUYCCKH HEBO3MOXKHO, OH BC€ PaBHO HaXOOUT INHU-
POKOE IPUMEHEHHE B CBOEM «COKPAIIEHHOM» BapHUAHTE, KOTA IPOOHBIE
JICJICHUST OCYIIECTBIISIIOTCSI TOJIBKO HA BCE IPOCTHIE YUC/IA, HE IPEBOCXOIs-
1I1Me HEKOTOPO# KoHCTaHThI C.

I'panuna C' | Yucno npocreix 7(C)
256 54
1000 168
10000 1229
100000 9592
1000000 78498
10000000 664579
100000000 5761455
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B Takom Buze ajaroputm <«IpoOHBIX JEJIEHWH» BXOJUT COCTABHOMN 4a-
CTBIO IIPAKTHUYCCKU BO BCE COBPEMEHHbIC METOIbI (baKTOpI/IBaL[I/II/I.

IIpucrynas k dakropusanuu 4ucia n, CieAyeT cHadaja ybeauTbcesd,
YTO OHO HE IPOCTOE. DTO MOKHO CAEJATH C IOMOIIBIO OJHOTO U3 OIMUCAH-
HBIX BBIIIE TECTOB IIPOCTOTHI. I/IX TPYAOEMKOCTDH, KaK IIPDAaBUJIO, 3HAYUTECJIb-
HO MEHbIIIE, YeM y aJropuTmMoB (akropuzamu. [losromy nasee uucio n
Oyzer 3aBeJOMO CYUTATHCS COCTABHBIM.

13.1. Metoxn Ilosutapaa

HauboJiee nomyJisipHbIM BEPOSITHOCTHBIM aJITOPUTMOM (hAKTOPU3AIUAU
SABJIAETCS TaK HA3BIBAEMBIH «p-MeTOny, npeaioxkennbiii JIxk. [lonnapmom
B 1975 .

Anropurm 1
ITar 1. Buibupaem muorounes f(z) € Z[x] u 4ucio w.

IMar 2. Cayuaiino BeiOupaem xg € Z, W, BBIYHUC/sS 3HAYCHUS T; =
= f(x;—1) mod n, i =1,...,m, npoBepsieM TecT mmara 3.

Mlar 3. s po+2k'rs nonaraem j=2"—1 u misa xaxmoro 2" <k <2/+1
BoraucisieM d=(x; —xy,n). Eciu 1<d<n, T0o HeTpUBHAIBLHBIH
JeJUTENb yucia n HaiaeH. Eciu d=1 uiu d=n, TO mepexoaum
K CJICIYIOMEMY 3HAYCHUIO A.

Yr00bI OIEHUTH CPEIHEe BpeMsl paOOTHI JAHHOIO aJIrOPUTMA, PACCMOT-
puM cHadaJa OoJiee MPOCTOM Jjisi aHAIU3a, HO MeHee IMPEKTUBHBIN aJ-
FOPUTM, OTJIUYAMOIIUANACS OT aJIrOpuT™Ma 1 TeM, Y4TO HA IIare 3 BHIYHC/ISCT-
ca HOZI(x; — 2, n) mnsa Beex amcen nap uucedn j, k, 0< j <k<m. HazoBem
ero Asiropurm 2.

Bocrionb3yemMcsi u3BECTHBIM «IIAPATOKCOM JTHEH POXKICHUSS .

Teopema. ITycmo \ > 0. Jas cayuwatinoti 6wbopkyu u3 n IAEMEHMOB
obsema | + 1, ade | = /2 n, eepoamnocms moz0, Mo 6ce IAEMEHMDL
6 evibopre 6YOYm nonapro Pa3AUNHbIMU, JONYCKAEM CAEOYOUYI0 0UeHKY
ceepLyY:

Pnt < 67)\.

HoxkazartenscTso. Umeem

Pnlzn(n_l,zi;i(n_l)=]i[<1—%)~

=1

Iepexozst x jorapudmam u yuurbiBas, 410 log(l —z) < —x npu 0 <z <1,
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oJIy 9aeM

l .
i (l+1) 2
1 n _— = - _——_— = —
oep l<;( n) 2n < 2n A

Teopema mokazana. []

B namem ciy4ae 6ymem paccMaTpuUBaTh [OC/IEI0BATEIBHOCTD L, L1, - - -
ces Ty T = f(xi—1), § = 1,...,m, Kak cayd4aiinyoo BbIOOPKy. s
caydainoro orobpaxkeuusi f: Z, — Z, 3TO ONPABIAHO. XOTs MHOIOYJIEH
f(z) € Z]z], xoHeYHO, HENB3s PACCMATPUBATHL KAK CJydaiiHoe 0ToOpa-
JKEHUE, TEeM HE MEHEe, NPAKTUYECKUE PEe3yJbTATHbI TOBOPSAT O XOPOIIEM
COOTBETCTBHU ITPUBEIEHHBIX HUKE OICHOK TPYIOEMKOCTH C TEMH, KOTO-
PBIE MOJIyYarOTCs B JICHCTBUTEILHOCTH.

[Iycts p — HeTpUWBMANbHBIM JenuTesb dnciaa n. Torma ycjaoBue
p|(z; — 2k, n) PABHOCHIBHO yCca0BUIO p| (z; — 2k ), unu z; =z, (mod p).
[TosTromy, npuMeHsisi JOKA3aHHYI BBIIIE TEOPEMY IJjisi BBIOOPKHU, 00pa30-
BAHHOI [OCJIENOBATEILHOCTRIO X, . . ., L), TAe &} = x; mod p, moaydaem,
9TO0 npU | = v/2An BEpPOSITHOCTH CyIEeCTBOBaHUs napwl i, k, 0 <1 < k <1
Taxoft, uto p| (z; — z,n), Gyaer He MeHbie, yem 1 — e~ .

Tak Kak p < /N, TO BEPOATHOCTb OJHOBPEMEHHOIO BBIIOJHEHUS Pa-
BEHCTBA T; = x) (mod n) Oymer Mana, ¥ MOXKHO CUUTATB, YTO L, Z T
(mod n), u ganHas napa 103BoJisieT (HPAKTOPU30BATH YUCJIO M.

Takum 0Opa3oM, i HAXOXKICHUS JAHHOH IIAPbI C HAJEXKHOCTHIO
1 — e~ Heo6XOAMMO BLIMHCIUTD [ + 1 3HAKOB IIOCTIEI0BATEIBLHOCTH {7},
rae | = /2\p. Orciona cpeHss CIOXKHOCTL AJICOPUTMA 2 OLEHUBAECTCH
sesmannoit O(12 log® n) = O(A\y/nlog® n).

Ilepeiimem Tenepnr K paccMoTpenuio ajropurma 1. 3amerum, 4To IO-
CKOJIBKY f(x) — MHOrO4WIeH Hag Z, TO Jjisi JIHOOOr0 IeJIUTE st P YUCIa, 1 U
mo6oit napst 0 < j < k ¢ yenosueM ; = ¢, (mod p) 6yOyT BBIIOIHATHCS
U CPAaBHEHUS ;i1 = Tp41 (mod p), Tj42 = Tp4o (mod p) u T 1.

Mycrs asropurmy 2 ;s Haxoxuaenus uapbl (j,k) ¢ ycjaoBuem
(xj — xk,n) # 1 Heobxomuma mocienoBarensHocTs muuubl | + 1. Ilo-
KaXKeM, 4TO B 3TOM Cjyd4ae ajaropur™m 1 nossosisier Hajiru uapy (j', k') ¢
ycaosueM (zj; — xp,n) # 1, rae j' = j+ s, k' =k + s npu HEKOTOpPOM s, T1I€
(j, k) — napa, Haiinenuasi asropur™Mom 2, takas, 410 k' < 4k. Ilycrs yuciio
k umeer B cBoeii nBouuHoi 3amucu 1 + h 6ur, T.e. 2" < k < 2", Torma
npu j = 2" — 1 uucno k' =k + (5 — j) Gymer HaXoAUTHCS B MHTEPBAJIC
21 k! < 242 nockonbky

K =k+ (' —j) <2t 42" —1— j <2

npudem Tax Kak 2" <k, 1o k' < 4k.
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Takum 00pazoM, eciiv BTOPOMY aJCOPUTMY MOTPEOYETCs MMOC/Ie10Ba-
TeJILHOCTD JJIUHBI [ + 1, TO MEpBOMY aJrOPUTMY HEOOXOIUMA, [TOCTIEI0BA-
TesibHOCTL mymHbl 4l 4+ 1. Ilpu 3TOM C/IOXKHOCTH MEPBOrO AJTOPUTMA
onennBaerca yxe semmumuoii O(vVA¢/nlog®n), uro ropasmo myume,
aem O(Ay/nlog® n). Tem cambiv moKazana

Teopema. IIycmob n — cocmasnoe wucao. Cywecmeyem xoncmarma C
MaKas, 4Mo A 106020 NONOAHCUMENLHO20 YUCAL A BEPOATMHOCTNG COObL-
MU, COCMOAULE20 8 MoM, ¥mo p-memod [loarapda ne natidem nempusu-
aavrozo desumens n 3a epema C/A/nlog® n, ne npesoczodum eesuwu-
o e,

13.2. Anropntm ITonnapma—ITlTpaccena

Anropurm Ilomnapaa—IllTpaccena siBisieTcsi JeTEPMHUHUPOBAHHBIM
AJITOPUTMOM JJIsl HAXOXKICHUS] MUHAMAJILHOIO IIPOCTOTO JEJIUTEIS U UMe-
et onenky cioxkuoctu O(/nlog? n). On ocHoBan Ha ciieyomel Teopeme.

Teopema. Ilycmv z € N, y = 22. Tozda das mobozo t € N mnau-
menvwuli npocmoti deaumenv wucaa (t,y!) moocem Gomov natiden 3a
O(zlog? zlog*t) deouuwnbiz onepavudi.

JokazareubcTBo. CrpyunmupyeM COMHOXKUTE/IM B BbIPAYKEHUU

:(1-2~...-z)[(z—|—1)~...-(2z+1)]...[((2—1)z+1)~...-22]2
—H = W) )

rue f(]) =((G-Dz+1)..(J—-Dz+2),j=1,...,z Iosromy musi
HAXOXKICHUsI HAMMEHBIIIEr0 IPOCTOro aejuTess duciaa (t,y!) MoxHO BOC-
H0JIb30BATHCs CJELYIOIUM CIIOCODOM:
ITar 1. Beruucasiem 3uagenus f(1),..., f(2).
ITar 2. Beraucasiem (¢, f(5)), j = 1,2,...,2 [0 NOJydYEHUS LEPBOrO
HETPUBHUAJIBHOTO JICJIUTEJIS.

IMTar 3. ITociemoBaTesbHO ocymecTBisieM npobubie aesenus (¢, f(f))
Ha uncaa (j—1)z+1,...,(j — 1)z + z. I[lepsoe uucso u3 sro-
ro WHTEpBaJa, nensinee Haueno (¢, f(j)), ogeBuano, u Gyzer
MUHUMAJIbHBIM OPOCTBIM JAejiuTenaeM ducha (t,y!).

OI_[eHI/IM Telepb CJI02KHOCTHh BBIIIOJIHEHUA KazKJOro 1miara. ,Z[J'ISI BBIIIOJI-
HCHUA IIEPBOIO HIara HaiaeM KOB(b(bI/II_II/IeHTbI MHOTI'O4JICHa

f@=(z-1z+1)...((x = 1)z + 2).

BOCHOJII)3yeMC$I AJITOPUTMOM 6I>ICTp01"0 AUCKPETHOI'O HpeO6paBOBaHI/IH
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Dypre u n0CIEI0BATENBHO HANZEM 2/2 IPOM3BEIEHUH MHOTOYJIEHOB [Iep-
BOIl CTemeHw, 3aTeM z/4 MpOM3BeNEHUil MHOTOYIEHOB BTOPOIl CTEIeHH,
u T. 1. B urore monyuaercs

log z

Z —Qllong zlog? 2

i—1 z
apudmernydeckux oneparnuii. I[Ipu ero BbIIOTHEHUN HEOOXOIUMO BbIIOJI-
HSATH ONEPAIUY CJIOYKEHUSI M YMHOYKEHUS IIEJIBIX YHUCEI. 3aMETUM, UTO
HAM JIOCTATOYHO 3HATH 3HadeHusi f(j) mod ¢t. B kavectse oneparuii
3/IeCh BBICTYIIAIOT YMHOXKCHHUE W [IEJICHUE C OCTATKOM, MMEIOIIHE CJIOXK-
HOCTb O(log2 t). IlosToMy CJIOKHOCTH HaXOXKACHUS KO3(DODUIMEHTOB
MmHOroujieHa pasua O(z log? z log? t). Boluncienue 3HAYEHUI TENEPb Bbi-
IOJIHAETCA 110 TOHU 2Ke CXeMe, TOJbKO B KQ4eCTBE JIMHEHHBbIX COMHOXKUATEJIEH
BbICTYLAIOT MHOTOWIeHbl (£ —1), ..., (z—2). [Tosaromy ciiokHOCTH LIEPBOTO
srana pasua O(zlog? zlog? t).

Ha BropoMm 1mare Jijist KaxkKJ0ro j OJMH PA3 BBIMOJHSIETCS AJTOPUTM
naxoxkaenuss HOJI nesbix uucest. JIBoudHasi CJI0KHOCTb AJTOPUTMA HAa-
xoxkaenuss HOJl nByx log t-pa3psiiHbIX 4yucen paBHA O(log2 t). Ilosromy
CJI0XKHOCTH BTOPOro drana pasna O(zlog?t).

Ha tperpem 3rtame BbinosiHsiercsi He Oosiee z oneparuii JIejeHust
log t-pa3psimHOro uncna Ha 2 log z-paspsanoe uncio. [losTomy cioxxHOCTD
sToro srana pasa O(zlogtlog z). Teopema nokazana. O

Jlnist baKTOPU3AIUYT YUCIa 1 CICLYeT MONOXKUTL 2 = | /n| + 1, y = 22,
t =n, OTKyZa BBITEKAET, YTO CJIOXKHOCTb HAXOXKIEHUS] HAMMEHBIIIETO MPO-
CTOTO JeUTeNst YUCIa N JaHHBIM agropurvoM pasaa O(/nlog n) xso-
nuHbIx onepanuii. Ecam noaoxknts z < |/n] + 1, To amroputm Gyzer
WCKATh TOJILKO MAJIEHbKUE [TPOCTHIE JEJUTENIA YUCJIA N.

3amMeTrM, 94TO COBPEMEHHBIE METOIbI (PAKTOPU3AIUY HA, IPAKTUKE Ya-
CTO BBINOJIHSIOTCS B 3 Tana.

Oran 1. [Ipobubie nesernsi Ha 1 + 2 THICIYM NEPBBIX MPOCTHIX YUCE.

Oran 2. HaxoxeHne MajeHbKUX NPOCTHIX Aesmresieit merogom [losi-
sapaa wim merogom Ioapaa—IItpaccena (B KOTOPOM 9UCIIO 2 NOAOU-
paeTcs u3 COOOParKEHU ONTUMHUBAIUH OOIIEH TPYIOEMKOCTH AJITOPUTMA).

Oran 3. L5t HAX0XK AEHUsI OOJIBITIUX HPOCTHIX JACJINTEEH IPUMEHSIeTCs
OZIMH U3 CYO3IKCIIOHEHIIMAJIBHBIX AJITOPUTMOB.
13.3. ®akTopm3amus Pepma

BecbMma 171010TBOPHOI Mieell pyu OCTPOEHUU AJIrOPUTMOB (haAKTOpU-
3allUU ABJIAETCH OUCK ILEJIbIX YUCeI T U Y, JJisd KOTOPBIX BBINOJIHACTCH
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cootnomenue r2 =y? (mod n). Eciu npu sTom % +y (mod n), 10 yucaa

(x+y,n) u (r —y,n) CyTh HETPUBUAJILHBIE JCJUTEIN YUCTA N.

ITo-BuanMoMy, IEPBBIM B 9TOM HAIPABJIECHUU sBJIsieTCs MeToZ (hak-
ropusanun, npumeHeHHsli II. @epma. O ocHOBaH Ha Teopeme Diliepa 0
LPEJICTABJIEHUN YHCJIA B BUJE PA3HOCTH JBYX KBA[PATOB.

Teopema. Ecau n>1 —newemmno, mo cyuecmeyem 63aUMHO 00HO3HAY-
HOE COOMEEMCMEUe MeNHCIY PASAONHCEHUAMY HA MHONCUMEAU N = G - b,
a>b>0 u npedcmasaenuamu 6 6ude pasnocmu xeadpamos n = 2 — y2,
x>y > 0. 9mo coomeemcmeue umeem 6ud

a+b a—>b
=5 Y=o
a=x+y, b=z-—y.

JokazarTeabCcTBO O4eBUAHO. []

Merox @epma 3aKIHOYAETCS B TOM, YTO [PU MAJIBIX 3HAYEHUSIX 1aPaA-
MeTpa ¥ B IpeJICTaBICHUN n=1>—1? MOXKHO HaliTu napy (z,y), nepebupas
B KA4eCTBE KAHIUIATOB HA 3HAYeHWe x uucha |vn| +1,[v/n] +2,... u
IPOBEPSsist JJIsl KAXKIOrO U3 HUX PABEHCTBA

(lvn] +i)? —n=y

st oTOPAKOBKY JIOXKHBIX 3HAYECHUN T MOXKHO BOCIOJIB30BATHCSI TEM,
YTO €CJIM YUCJIO HE SIBJISIETCS] KBAIPATOM, TO OHO ¢ GOJIBINOI BEPOSITHOCTHIO
He OyeT ¥ KBAJIPATUIHBIM BBIYE€TOM JJIsi OJHOTO U3 HEOOJIBIUX MPOCTHIX
qucen p. Ilocnemanee cBOHCTBO JIEMKO MPOBEPSIETCSI Iy TEM BHIYUCJIEHUSI CO-
OTBETCTBYIOIIETO CuMBOJIa Jlexkauapa.
Bxoa: n—HederHoe YUCIIO, P1, . . . , Pk, — HEOOJBINNE IPOCTHIE YUCTIA.
ITar 0. IIpoeeputs p; |n, i =1,..., k. Ecin na, 1o nennrens HaiigeH.
IMar 1. Tas kaxgoro x ot |/n| + 1 mo [v/n] + no BbIUUCIUTDL Be-
JIMYAHBI
t=z>—-n, ti=tmodp;, i=1,... k.
IIar 2. Eciu xots1 ObI Ajist OGHOrO i = 1,...,k BBIIOJHEHO OJHO U3
YCJIOBHIA:
—t; =0 u p? me gemut t; Ui
tv
—1; 750 u (;D_i) = —].,
TO mepeiiTu K caemyomeMy x Ha mare 1. B npoTruBHoM ciydae
nepeiiTy K mary 3.

Iar 3. IIpoeeputs, sBiIseTCA 14 t =2 — n MOAHBIM KBagpaToM. Eciu

22 —n=y2, TO BBLIATH OTBET: <N COCTaBHOE, n=a-b, a=x+7,
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b=z —y». Eciu t = 2% — n— He NOJHBI KBaJpAT, TO NEPeHTH
K CJIeAyIomeMy T Ha mmare 1.

Ilo cyTu, maHHbIil aaropuTM™, MOJOOHO METOLY <«ITPOOHBIX NEJICHUN>
SIBJISIETCS PA3HOBUIHOCTHIO METOJa Tepebopa BCEX BO3MOMKHBIX JIEJIUTE-
seit. CJI0KHOCTE TOTO AITOPUTMA OreHuBaeTcs Beuaunoii O(ng log” n).
HapaMeTp Ng onpeneasdeTrcda MPaKTU4YeCKU U3 KOHKPETHBIX BbIYUCJIUTEIIb-
HBIX BO3MOXKHOCTEH. Uem 60sbIle 3HAYEHHUE 1o, TeM OOJIbINee YUCIO BO3-
MOXKHBIX zenuresieit O6yaer nposepeHo. OIHAKO, B OTJIMYHE OT METOJA
«IPOOHBIX IEJIeHU#», ¢ MOMOIIBI0 KOTOPOrO0 HAXOJUTCS HAUMEHbINUH Je-
JINTEJb, TAHHBIH METOJ, I03BOJISIET HAXOAUTh HANOOIBINUI AEITUTEb YUC-
JIa N, HE MPEBOCXOJIAIIHAN /.

3ameTnM, 9TO BMECTO /Tt MOXKHO GpaTh VEn P MaJbIX 3HAYCHU-
sx k. Bo muorux ciyuasx nepexos k ypasuenusm (| vVkn| + i) —kn=x2,
k = 3,5,... 03BOJIsieT HAWTU MCKOMOE 3HAYEHHWE T IIyTeM OoJiee KOpOT-
KOro nepebopa 3HaueHuit ¢, 4eM npu k = 1. Ilpu srom, B ciydae ycrexa
TaKOE MPEJICTABJICHNE TaK¥Ke MO3BOJISET (DAKTOPU30BATH YHUCJIIO 1, TAK KaK
YUCIA

(|[Vkn] +i+x), (|[Vkn]+i—x)

sexkar B unrepsasie (0,n) U yJAOBJIETBOPSIOT PABEHCTBY
(|VEkn| +i+x)(|Vkn| +i—x) =kn.

13.4. Aaropurm /Iukcona

Bo mMHOrux cOBpeMEHHBIX AJIrOPUTMAX (DAKTOPU3ALMY it HAXOWKIE-
Hus fesiuTesiedi ucnosb3yercs unes Jlexxaunapa (1798 r.), 3ak/ogaromasics
B IIOUCKE IIapbI HEJIbIX YUCEJI T U Y, y,ZLOBJIeTBOpHIOIlH/IX yC.HOBI/IﬂM

2?2 =y? (mod n), z#+y (modn).

DToT moaxo siBjsiercsi 0bodmmennem Meroga Pepma, B KOTOPOM Tpe-
OyercCsi BBIIOJIHEHUE CTPOrOr0 PABEHCTBA.

L5t TOMCKa TAKUX YUCeJ BOCIOJIb3YeMCs IOHATHEM (HDaKTOPHOH 6a3bl.

Haszosem daxTopHoit 630 HEKOTOPOE MHOKECTBO B={p1,p2,...,pn}
HEOOJIBINX TPOCThIX ynces. OObIYHO B KAYECTBE P1, P2, - - - , Py, OEPYT MpO-
CTBIE YMCJIA, HE IPEBOCXOASINUE HEKOTOPO#t rpanunst M, h = 7w (M).

Bynem rosoputsh, uro mesoe uuciao b € N sisisiercsi B-umciioM, ecsiu
4mcno b? mod n paznaraercsi B TPOU3BEICHNUE MPOCTHIX Ynce] u3 BhaKTop-

HOM 6a3bI:
b? mod n = H pr®)
peB



78 III. APUOMETUYECKUE AJITOPUTMBI

ConocTaBuM Kaxk oMy B-4nciy BEKTOP IOKa3aTeseil U3 9TOro pasJo-
KEHUs

a(b) = (ap, (b), ..., o, (),
a TaKzXKe JBOUYHBIA BEKTOD, [OJYyYEHHBbIH u3 BeKTOpa (/(b) mpuBeneHUEM
BCEX €r0 KOOPAUHAT 110 MOAYJIIO 2,
g(b) = (ap, (b) mod 2, ..., ap, (b) mod 2).

Ecau Teneps kakuM-au60 crrocoboM nogobpaTh TaKoe MHOXKECTBO Pa3-
JUYHBIX B-uucen by, ..., b,,, Ipu KOTOPOM BBIOJHSETCS JTUHEHHOE COOT-

HOIIICHUue .
b)) ®...&by,)=0

TO JIJIsi IPOU3BEJEHUS T = by . . . by, BBIIOJHSIETCS COOTHOIICHUE
2 =9?* (mod n),
[JI€ YUCJIO Y OLPEIENISCTC 0 BEKTOPAM II0KA3aTeseH paBEHCTBOM
Y= H pé(ap(b1)+...+&p(bm))'
peB
Aunzopumm Jlurcona 3aKI0YAETCA B CJEIYIOMIEM.
Ilar 1. Bei6pars ciy4aiinoe b, 1 < b < n, u Beraucauts b2 mod m.

Tlar 2. IIpo6GHBIME JeJICHUAME TONBITATHCA PA3AoKuTh b2 mod m Ha
[IPOCThIE MHOKUTEH U3 (HAKTOPHOIH 6a3bI.

ITar 3. Ecnu b siBasieTcss B-uucyowM, T.e.

b? mod n = H pr®)
pEB

to 3anoMuuTh &(b) u £(b). IloBropsiTh HpOLERYDY reHeparuu
yucesa b 10 Tex 1mop, HoKa He Oyaer Halmeno m=~h+1 B-ducen
bi, ... bm.

ITar 4. Haiitu (Hanpumep, pemast ¢ MOMOIIBIO aATOPUTMA, MOCJIEI0BA-
TEJILHOTO MCKJIFOYEHHsi HEN3BECTHBIX ['aycca OfHOPOAHYIO CH-
cremy JmHeiiHbIX ypasHeruii £18(b1) @ . . . D &by ) =0 orHo-
CUTEJILHO HEU3BECTHBIX (Z1, . .., Ty, )) COOTHOIIEHUE JIUHEHAHOMN
3aBUCUMOCTH

b)) ®...®Eb;,)=0, 1<t<m.
ITosnoxurs

Z':bil . "bim y: Hp%(&p(bil)+...+&p(bit))'
pEB
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ITar 5. IIposepurs x = +y (mod n). Ecau 310 Tak, TO HOBTOPUTH
poneaypy reseparmu. Eciin HeT, TO HaliICHO HETPUBUAJILHOE
Pa3JIOXKEHHEe

n=u-v, uz(x—i—y,n), v:(x—y,n).

Ha tpynoemkocTts anropur™a JIUKCOHA CYIIECTBEHHO BJIMSIET BBHIOOD
dakropHoii 6a3bl. Eciu uucino h Beibpano tak, uro M ~ 4, TO HOYTHU
Kax0€e 4ucjo b Oymer B-4ucjoM, HO IOJIy4aeMble [IPU STOM CPABHEHWUSI
22 =y? (mod n) 6ynyr TpuBnanbHbIMU. KpoMe Toro, Ha10 GyaeT pemaTh
CHCTEMBI OT O4YeHb OOJIBIIOrO YMCJa Hew3BecTHbIX. Eciau h — maso, To
B-uaucya OyayT HOSBJISATHCS OYEHb PEIKO.

Bamerum, UTO €ciM YMCIO N COCTABHOE, TO ypaBHeHme T2 = a?
(mod n) umeer mo kpaiineii Mepe 4 pemenusi (JOKaXKUTE€ 3TO B Ka-
4yecTBe ylnpaXkHeHus ). 1103TOMy BEPOSITHOCTH IIOSIBJICHUS HApbl (I, Y)
¢ ¢ =ty (mod n) ne npesocxogur 1/2. CiaenorareianHO, NOBTOPSiS MPO-
nenypy Habopa sl MOJydYeHWsi HYXKHOW mapbl k pa3 Mbl MOJYYHM,
YTO HAJEXKHOCTH JAHHOTO METONA HAXOXKIEHUSI JEJIUTENisi HE MEHbIIe,
yem 1 — 27k,

O6o3uauum uyepes W(n, M) 4ucjio Ueabix 4uces a B uHTEpBaje 1 <
< a < N, PACKJIAILIBAIOIINXCS B IPOU3BEICHHUE ITPOCTHIX YKCEJT U3 MHOXKE-
crBa B={p: p< M}.

N3 pesyabratos H.e-Bpeiina (1966) u E.Ksndwunga, P.3dpaoma
u K. ITomepanna (1983) BoiTeKaeT Cieayomast

Teopema (e-Bpeiin, Kandung, pnom, lomepann). s a0bvix € >
>0, 2>10, u < (logz)'™¢ npu u — 00 PAEHOMEPHO NO T EHINOAHAECCA
coomuouerue

\I/(.’E,.’El/u) — . u—u(l—i—o(l)).

log x
logy

Orcroma npu u = [OJTy 9aeM

U(x,y) = - u w0+,

[MosToMy B KadecTBe NPUOIMIKEHHOTO 3HAYEHUsI BEPOSITHOCTH IOJIY-
YEHUS YUCJIA, PACKJIAIBIBAIOIIETOCS B IIPOU3BEICHUE MPOCTHIX YUCE] U3
mHOXkecTBa B = {p: p < M}, npu cayvaiiHoM BbIGOpE YUCes B WHTEPBAJIE
[2, n] MOXHO WCITOJIL30BATH BEJIWYNHY

U(n, M)

n

—Uu
9

rae u = llr? 17+ DTy Ke BeJIMYMHY MOYKHO HPUHATH B KA4ECTBE 11PUO/IMIKEH-

HOI'O 3HQ4YCHUA BCPOATHOCTHU IMOABJICHUA B-uncaa Ha mare 1 aJITOpUTMa.
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Bcero nazo nabparts h + 1 paziuyabix B-ducesn, IpuydeM [IPU UX IIPO-
BEPKE Ha Iare 2 HaJ0 BLITOJHUTD h aenenuii. TakuM 0Opa3oM, CpeIHIOK
BPEMEHHYIO apU(PMETHUECKYIO CJIOXKHOCTh AJTrOPUTMa JIMKCOHA MOXKHO
OLIEHUTH BBIPAXKEHUEM

T =0a(u"-h*+h?),

rae O4(h3) — cioxHoCTh permenus cucTembl u3 h-4-1 IMHEHHBIX ypaBHEHUIT
or h Hem3BecTHbIX. B Hammem ciaydae h=7n(M) = =5

Bribepem B kauectse M Beawuauny M = L(n)'/?, roe uepes L(n) 060-
suadeno exp(vInn - Inlnn). Torga, Kax HETPYIHO IPOBEPUTH,

u¥ = L(n)l/Q,
M =7(M) = L(n)"/2.

Orcroga ciemyer, 9T0 TPYAOEMKOCTb aIrOpuTMa JIMKCOHA OLIEHUBAETCS
caenyomuM 06pa3oMm:

T =0a(L(n)?+ L(n)*?) = O(L(n)?).
AJII"OpI/ITM Jukcona moxker ObITH YCOBEPIIEHCTBOBAH 110 HECKOJIbKUM

HallpaBJICHUAM:

— MOXKHO 3aMEHHUTD IIPOLEAYPY FeHeparmu B-duces Tak, 4Tobbl BEpo-
SATHOCTh UX IOPOXKICHUS ObLIa DOJbIIEH;

— MOKHO OITHMHU3WPOBATH BHIOOP (akTOpHOH 6a3bl ¢ TeM, YTOOBI
YMEHBIIUTh YUCJI0 HEU3BECTHBIX B CHUCTEME YDaBHEHUIL;

— MOXKHO YCOBEPILEHCTBOBATH LPOLEAYPY OTCEBA <«ILUIOXUX» YHCEJ b,
HE SBJISIOMUXC B-unciamuy;

~— MOYKHO WCIIOJIb30BATH OBICTPBIA AJIFOPUTM DEIIEHUSI CUCTEMBbI JIU-
HEHHBIX ypaBHeHuil (Hanpumep, aaroput™ Bumemana st pa3pesKeHHbBIX
MATpWIL), U T. JI.

IMono6uble yrydlieHusi He MO3BOJISIIOT W3MEHUTH OOIIUil BUI OLEHKU

cinoxknoctu O(L(n)¢), HO JAIOT BO3MOXKHOCTH YMEHBIIUTb KOHCTAHTY C,
c>1.

13.5. Aaropurm Bpmixapra—Moppucona

Cyts anropurma Bpunixapra—Moppucona, ornybJuKOBAHHOTO UMH B
1975 r., 3aKkJf09aeTcs B AByX U3MEHEHUsX B ajropurme Jlukcona:

a) ciaydaiiHble 9ucja b BHIOUPAIOTCS C HOMOINBIO METOJA HEIPEPbIB-
HBIX Apobeil, TpeJIoKEeHHOTo JlarpanxkeM, IO3BOJISIONIET0 TeHEPUPOBATD
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takue b, uTo umucyo b?> mod n ABJIAETCA MAJbIM, U IO3TOMY BEPOSITHOCTD
€ro pa3JiozKeHus 0oJjice BBICOKA,

6) u3 dakTopHOl 6a3bl B UCKIIOYAIOTCS TE YUC/IA P, [JIsi KOTOPBIX

3)--

Paccmorpum ero 6osee moapobHo.

Teopema. [Iycmo x> 1 — deticmsumenvroe wucao, u {%} — nocaedo-
8aMEALHOCTD €20 NodTodswux dpobeti, k=1,2, ... Tozda npu ecex k > 1
BHINOAHACTNCA HEPAGEHCTNGO

2 212
|P; — 2 Q5| < 2x.
JokazareubcTBo. B cuy cBoiicTB noaxoasinmx apobeii umeem

2 o o 1 _ L
‘Pk xz Qk|_Qk <Qk Qka+1 <2x+Qka+1>

T —

’x-i-&
Qr

B
Qn

Orcrona

Qk+1 Qin.H

L@ () Q)
2z ( 1+ Qk+1><2$ ( 1+Qk+1> 0.

Cuencreue. [lycmsb n — e A6AAEMCA KEAOPATMOM U % — n0dTodauan

1
P,?—$2Qi|—2x<2x~<—1+ Qr + ><
< .

Opobv 0as wucaa \/n. Tozda munumasvhvit no abcoatomuot eeAunuHe
2 2 2
svwem P7 mod n pasen P7 — nQ3i u ne npesoczodum 2+/n.
Hokazareascrso. llpu z=/n

P2 = (P? —nQ3?) (mod n),

npudem B cuwiy Teopembl |PZ —nQ3i| < 2y/n. Iloatomy MUHMMAJIbHBI
10 abCOJIOTHON BeJMYMHE BBIYET uucia P 1Mo MO0 n COBIAAAET
¢ P2 —nQ3%, 4o u TpeboBaIoCh 10Ka3aTh.

JaHHOe CJiefCTBYUE MMOKA3BIBALT, YTO €CJIU B KAYECTBE CJYUANHBIX Y-
cen b ma 1 srane ajaropurma lukcona 6pars ucia Py, TO MUHUMAJIbHbIN
110 aBCOMOTHON Be/muuHe Bhruet uucaa PZ mod n, pasubiit P2 — nQ?, ne
OyIeT IpPEeBBIATh 3HaYeHUS 24/7. [I03TOMY BEPOSATHOCTB €ro pasJjioxKe-
HUsSI B [IPOM3BEICHME uuces u3 0a3pl B Oymer 0oJiee BBICOKOM, 4eM IIpH
caydaiiHOM BbIOODE.

ITokaxkem Terneps, 9TO TAKOH BHIOOP YUCET b TO3BOJISIET UCKJIIOYNATH U3
dakTopHOIt 6a3bI BCE YUCTIA P, Y KOTOPBIX (%) = —1. [Tokaxkem, 4TO B pas-

JIOZKCHUHU YUCJIA P’? — HQ% Ha IIPOCTbI€ COMHOXKHUTECJIN 6yﬂyT BCTPpEYATBCA
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TOJIBKO T€ YuCJia P, OJid KOTOPBIX N ABJACTCA KBAJIPATUYHBIM BBIYETOM
[0 MOZYJIIO P.

Hycts p| (P? — nQ3?). Tak xak (P, Qx) =1, 10 (p,Q)) = 1. Otcio-
Jla BBITEKAET, YTO 3JIeMEHT (J;, obpaTum 1mo mMoaysio p. [losromy mosmkHO
BBIIOJIHATHCA yCJIOBUE

(PkQ,;l)2 =n (mod p),

HO 9TO U O3HAYAET, YTO (%) =1.
Takve ysydineHusi MO3BOJISIIOT JOOUTHCS OOIIEH OLEHKM CJIOXKHOCTH
anropurma O(L(n)¢) npu ¢ = /2.

13.6. MeToa KBaJIpaTHYHOTO peIeTa

B 1981 r. K. IlomepaHni, npemioxXui Ijs MOPOXKIAEHUsi B-unces uc-
[I0JIb30BATH MOAX0, 0000Imaronuii meron, Pepma.
Paccmorpum dyHKIMIO

f@)=(z+ [Vn])* —n,

SIBJISIIOIIYIOCS KBAJPATHBIM TPEXYJEHOM C IejbiMu Koy duiuenramu.
IIpu kaxxkaoM 11€JI0M & € Z HOJy4aeTCs HeTPUBHUAJIBHOE CPABHEHUE

(z+ [vn))* = f(z) (mod n),

npudeM 3Hauenue f(r) IpU MAIBIX & HEBEJIUKO:
flx) <a® + 2az/n,

u nosromy (z + [v/n])? # f(z). llosTomy, eciiu Ipu BMECTO CJydaiiHbIX
quces b B aJlrOPUTME PACCMATPUBATE 3HauYeHus b = f(x) npu ciaydaiiHbix
T, 3aKJIIOYEHHBIX B HEKOTOpPOM mHTepBasie —M < x < M, TO BEepOSITHOCTH
HOPOXKIEHUsI B-duces BO3pacTaet.

IIpu 5TOM MOXKHO IIPEIBAPUTEIBHO OCYIIECTBUTH [IPOCEMBAHUE TEX T
U3 TOrO WHTEPBAJIA, KOTOPbIE MOT'YT AABATH pa3iioxkeHnue f(r) HA MHO-
xkuresu u3 dakroproit 6a3br B. st aToro st Kaxka0ro p € B, KoTopoe
MOZKET BBICTYIIATh B KQYECTBE COMHOZKHUTEJIA B PA3JIOKECHUN

f@)=(@+ [va))? —n= ] p™®,
peB
peraeM KB3APaTHOE YPABHCHUE

(x+ [vn])> =n=0 (mod p)

B Kouiblie Z,. Eciu rﬁ” ),rép ) — pellleHusl 3TOr0 YPABHEHUs, TO JIOJKHO

BBIIIOJIHATHCS PABEHCTBO T = TEP) +Jp,i=1,2, j €Z.
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IIponenas npeaBapuTebHO JAHHYIO PabOTY IO HAXOXKJIEHUK) KOP-

Hel rgp),rép) JJIsl Ka2KJ0ro p € B, MO2KHO Te€IIepb OCTaBHUTb B HMHTEPBaA-

Jje [—M, M] ToJBbKO Te Yncia &, st KOTOPBIX CPABHEHUE xErZ(p ) (mod p)

BBIILOJIHAETCS JIJIs JOCTATOYHO OOJIBINOr0 KOJMYECTBa ynces pE B. 3uanue
JIJIsl KA2K/JTOTO & CIIUCKA TeX PE B, /IJisi KOTOPBIX BBINOIHSIOTCS 3TU CPABHE-
HUSI, IOMOXKET TaK»Ke ObICTpee OCYIIEeCTBUTH (pakTopu3anuio yucaa f(x),
€CJIM OHA CYIIECTBYET.

Ix. Tasuc u I1. MonTromepu 06061uan gauubiii noaxon. Ouu npes-
JIOXKUJIU UCIOJIH30BATH MHOTOUJICH

fap(z) = az® + 2bz + ¢,

rae K03 DUIUMEHTHI ¢, b, ¢ SIBJASIFOTCS TEJIBIMU YUCJAAMY U YIOBJIETBOPSIIOT
YCJIOBUIO

¥ —ac=n, 0<b<a;
IIpu rakom BeIGOPE KOIDDUIUEHTOB BBIIOJHSIETCS PABEHCTBO
afap(z) = (azx + b)* — n,
OTKYZIa [10JIy4aeM CPaBHEHUE
(az + b)? = afqwp(z) (mod n),

npuyem
(az +0)* # afap(2).

KosdduruenTs! a, b, ¢ BLIOMPAIOTCs, UCXOAs U3 CJACIYIOMUX COoObpa-
kenuil. @ynkuus fup() IPUHUMAET MAKCUMAJILHBIE 3HAYCHUE B KOHIAX
orpeska [—M, M]

Jar(—M) =~ 2(6L2M2 —n).

MunuManbpHOE 3HAUEHNE OHA IPUHUMAET B TOUke © = —b/a, —1 <z <0,

fab<_9> - _E-
a a
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Bynem BwiOupars a,b,c Tak, 4T006b6I MAKCHMAaJIbHOE ¥ MUHMMAJBHOE
sHadenust GyHKIWU fop(z) HA orpeske [—M, M| 6bun paBHBI 0O abCo-
JIIOTHOM BEJIMYMHE U LIPOTUBOLOJIOKHBI 110 3HAKY:

=
Ky

Puc. 1.

IlosToMy monaraem:

V2n

~
~ .

M
Yucso b HaXOAUM KaK PEIeHUue CpABHEHUST
b =n (moda), 0<b<a.
Haxkowner, unciio ¢ BbiOupaeM u3 ycjaoBusi
b2 —ac=n.

3aMeTuM, UTO YCJIOBHE CYIIECTBOBAHUS PEINEHUsI BTOPOTO CPABHEHUSI
MOKHO IIPeoOpa30BaTh CIACAYIOMMM 006pPa30M: JJjIsl BCEX IPOCTHIX AEIUTE-
Jieit ¢|a spmonnsiercst () = 1. 3nadenne GaKTOpU3ANMU IUCIA @ HEOD-
XOAMMO TaKXKe II0TOMY, YTO OHO y4aCTBYET B KAYECTBE COMHOXKUTE/SA B
nckomoMm cpastenunu. [loatomy, 0ObIMHO, B Ka4ecTBE YUCIIA ( BHIOMPAIOT
Jin6o 1oJIHBIN KBaAPAaT, 110 4uciio, hakTopu3yemMoe B [IPOU3BEJICHUE ITPO-
CTBIX unces u3 (haKTOPHOI Oa3hbI.

IIpu nanHOM BBHIGOPE MAPAMETPOB 3HAYECHUST MHOTOWIEHA fqp(2) HA UH-
tepsajie [—M, M| ya0oBIETBOPSIIOT HEPABEHCTBY

1
| fan(2)] < 7 M+/n,
40 B 2V/2 pas siyurne, yem y ucxoaHoro aaropurma Ilomepania, B KOTO-
pom npu M < \/n

| fap(2)| < 2+ 22/n ~ 22/ < 2M+/n.
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HO3TOMy TaKHUE€ I[IOJIMHOMBI 60.]'[66 npearnovYTUTC/IbHBIL JIJId TIOUCKa
B-aucen.

Meton ITomepaniia HAa3BIBAETCS METOAOM KBAJAPATUIHOIO PEIeTa WU
gs-metonoM, a Meron Iseuca—Mounrromepu — mpgs-meromom (multiply
polinomial variation of quadratic sieve algorithm).

13.7. (p — 1)-merox dakropusamuu Ioiutapma

[Ipeanosiokum, 9TO 1 — HEYETHOE COCTABHOE YHUCJIO, HE WMEIOIIee
HEOOJIBIUX MPOCTHIX AesuTesieil. O603HaYNM Yepe3 p HAWMEHBITH 1Po-
croii gesimrens yuciaa n. Hama 3ana4a 3akio4vaercst B €ro HaXOXK ICHUH.

IMpemnosoxkum, uyro umcao (p— 1) pasnaraercs B [POU3BEICHUE
HEOOJIBINIUX MPOCTHIX AejuTeseii. Boibepem uucio k, KOTOpoe siBIASIETCS
napamerpom Merona. s ycremHoi paboThl aJropuTMa Hy2KHO, YTOOBI
BBIIOJIHSATIOCH YCIOBUE

(p—1)[M(k),
roe M (k)=HOK(1,2,...,k) (Bmecto M (k) MOKHO uCIonb30BaTh k!, 1160
npousseneHue pit ... p5? mepBbIX k IPOCTBIX YHCE] B HEKOTOPBIX CTEIe-
HAX (V1 2. . . 2 (), KOTOPBIE BHIOUPAIOTCS U3 IBPUCTUYECKUX COODPAKEHU{A ).
B cuny masioit Teopembr @epma BBIIOJIHIETCS CDABHEHUE

2M(*) =1 (mod p).

Ecou npu s3Tom
2MK) =£ 1 (mod n),

TO
p| (@MW —1.n),

rae 1<p, (2M*) — 1, n)<n. Takum o6pazom, d=(2M*) — 1, n) — asnserca
COOCTBEHHBIM JICJIUTEJIEM YHUCJIA 1, KPATHBIM D.

Ha 310it nunee ocHOBaH CjeayrOMMii METO, HAXOXKIEHUsI COOCTBEHHOrO
mesuTeist yuca n. Tak Kak 4ucjo k HeM3BECTHO, TO B HEM HCIOJIb30BaH
MOCJIEIOBATEJIbHBIN 1epebop MaJIbIX 3HAYEHUM 10 HEKOTOPOro (hbUKCUPO-
BAHHOTO 3HAYCHUSI.

Ilycre k — nesoe uucino, manpumep k < 10%, u ¢ — mebonbmoe nesoe
¢ ycsioueM (¢, n) = 1, naupumep, ¢ = 2.

Mlar 1. Jast kaxzmoro i or 1 10 k Beraucasierest m; = ¢ mod n un

OPOBEPSIETCS TECT TIara, 2.
ITar 2. Beraucaurs d=(m; — 1,n). Eciu 1 < d <n, 1o Haiinen nerpu-

BUAJIBHBIN JEJIUTE/Ib YUCJIA N. B IPOTUBHOM CJIyYae [0JIaraeM
1=1+ 1.
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MoxxHo MOnndHUIMPOBATH AJITOPUTM, UCIOJB3Ysl OJHOBPEMEHHO HEC-
KOJIBKO PA3JINYHBIX OCHOBAHWUIA C.

Tak xak (¢,n) =1, 10 (¢,p) = 1. Ilostomy kak TosbkO (p — 1) | M (7),
to m; =1 (mod p), r.e. p|(m; — 1), u Ha ware 2 OyzxeT HallJeH HETPUBU-
AJIbHBIN OEJUTENb 7.

IMapamerp k moskeH BBIOMPATHCS He OYEHBb OOJIBIINM, UHAYE MOXKET
ObITh BBIIOJHEHO ycioBue m; = 1 (mod n) u mesurens ne Gyger naiiges.

IIpu BBIIOJHEHHH AaNrOpuTMa Bo3Beaenue B crenenb cM() mamo
OCYIIECTBJISIT B KOJIBIE 7, METOJOM HOBTOPHOTO BO3BEIEHUSI B KBA-
par. Tak kak log M(i) < ilogi, To mus Bbraucienus (m; — 1) mod n
tpebyercss O(ilogi) apudmernyeckux oneparmii kKobua Z,. [lostomy
o01mast CJIOKHOCTH AJTOPUTMA MOXKET ObITh I'pyDO OIeHEHA BEJIHYH-
noit O(k? log klog® n).

IV. Kpunrorpacdudeckas cucrema RSA

Kpunrorpaduueckasi cucrema RSA siBiisieTcst KJIaCCMYECKUM TPUMeE-
poM kpunrtorpachuveckoil CUCTEMbl C OTKPbIThIMU Kiitouamu. OQHa ObLia
npeJioKeHa B pabote [50] u B HacTOsIIEe BpeMsl HOJIyYn/Ia, OYEHb IUPO-
Koe pacnpocrpanenue. HecMOTpsi Ha MHOTOYMCJIGHHBIE KPUTHYECKUE Da-
GOTHI 110 U3YYEHUIO €€ CBOICTB, B KOTOPBIX YKa3aHbl HAOOPHI IaPAMETPOB,
IPUBOIAIIME K OC/IA0JIEHUIO CXEMbI, [IPU IPABUJIBHOM UCIIO/IH30BAHUU OHA
cunuTaercs 0e301acHOil.

Hanomuum obumit anropurm paborsr cucremb RSA. Kaxapiit abo-
HEHT BBIPABATHIBACT CBOIO NAPY OTKDBLITHIX M CEKPETHBIX Kiodeil. s
9TOr0 OH IEHEPHPYEeT ABA OOJIBIIMUX HPOCTHIX YUCJIA P U ¢ U BBIYUCIIS-
€T NIPOU3BEACHUE N = pq. 3areM TPeOyeTCsl B3sTh CJAydYaifHOE YHCIIO €,
B3auMHO npoctoe ¢ p(n) = (p — 1)(¢ — 1), u Haditn uucao d u3 ycio-
Busi ed =1 (mod ¢(n)). apa (n,e) 06bsBISETCH OTKPBITHIM KJIIOYOM U
HOMEIIAETCs B OTKPBITHIH Karanor. Ocrajibubie unucna (p, g, p(n), d) obpa-
3YIOT CEKPETHBIN KJIKY. 3aMeTuM, 4T0 duciaa (p, ¢, p(n)) B HaiabHeiem
HE HY2KHBI ¥ MOTYT ObITh YHUYTOXKeHBI. J1jisi pacuudpoBaHus JOCTATOYHO
3HaTh napy (n,d).

Ecnu abonent A xoder mocsarh coobuienue ¢ abouenty B, TO OH BbI-
OGupaeT W3 OTKPBITOTO Karajora napy (n,e) aboHeHTa B M BBIYHUCISIET
mudpoBanHoe coolbIeHue:

s=1t° (mod n).
AGonenT B, MOJy4uB JAHHOE COOOIIEHNE, BBIUYNCISIET:

t=s? (mod n)

§ 14. Beibop mapamerpoB cuctemsr RSA

IIpu usyyenun xkpunrorpadudeckoit cucrembl RSA 0CHOBHBIM BOIPO-
COM SBJISIETCA BBIOOD IMApaMeTpoB P, ¢, € U d, IPU KOTOPBIX 33/1a4a pelle-
HUS CDABHEHUS

t°=s (mod n)

OTHOCHUTEJIBHO ¢, MO0 HAXOXKIECHHsI JIOOOrO U3 [AapaMETPOB CEKPETHOIO
kimo4a (p, g, p(n),d) sABISE€TCS CJIOXKHOMN.



88 IV. KPUIITOTPAOUYECKASA CUCTEMA RSA

14.1. B3aumocBsi3p Mexay napamerpamu cuctremsl RSA

IMokaxkeM, YTO ecjiu MMeeTCsl BO3MOXKHOCTb HaiiTu J1000€ M3 Yuces
(p, q, ¢(n), d), TO MOXKHO HAHTHU CaM CEKPETHBIA KJII0Y ¥ OCYIIECTBUTD PAC-
mudpoBanue. JleiicTBUTEIBHO, ecyi Mbl MOXKeM (haKTOpU30BATh YHUCIIO 7
U HAlTU ero geauTesu p u ¢, 70 Mbl 3HaeM p(n) = (p — 1)(¢ — 1), a na-
pamerp d JIeTKO HaxoauTest u3 cpasHeHusi ed =1 (mod p(n)) ¢ oMok
PACIIUPEHHOrO aaropuT™Ma EBKnzga.

Ecim MBI MOXKEM HAXOAUTH 4uCJIO ©(N), TO YUCJIA P U ¢ JIETKO HAXO-
asTCst 10 hOpMyJIaM:

p+qg=n—epn)+1,
p—q=+/(p+q)*—4n.

Hakomer, eciiu uMeeTcsi aJrOpUTM HAXOXK ICHUsI SKCIIOHEHTEI d, TO, KaK
[OKA3bIBACT CJEAYIOMAsi TeopeMa, uMmeercs 3(dEKTUBHBIN BEPOSITHOCT-
HBIH ajropuT™ (PaKTOPU3AIHUH.

Teopema. Ilycmv n = pq, 2de p u q — npocmuie. Ecau cyuwecmeyem
AA2OPUMM HATOHCOEHUA HUCAQ d NO OMEPBMOMY Katowy (1, €), MO cyuse-
CMBYEM 8ePOAMHOCMHHY AA20PUMM HAKMOPUIAUUY HYUCAG 1L C BEPOAM-
Hocmwvio yenera 6oavwe 1/2.

HoxkazarenbcTso. Tak kak ed=1 (mod p(n)), TO 1pu HEKOTO-
poMm k JOJI2KHO BBIIOJIHATHCA PABCHCTBO

ed —1=ke(n),

JieBasi 4aCTh KOTOpOro m3rectHa. Illycrts ed—1=2°r, rge r — HewerHo, s>1.
[Io Teopeme Ditnepa mist KaXKAOTO JIEMEHTA Z) IOJKHO BBIIOJIHATHCS
CpaBHEHUE! '
a7 =1 (mod n).
PaccmorpuM Tenepb BEPOSATHOCTHBIM AJIFOPUTM, aHAJIOTUYHBIA TECTy
npocrorbl Musiiepa—Pabuna.

IMlar 1. Beibupaem caygaiiHo k qucen aq,. .., ax € Z) U s KaXA0TO
U3 HUX IIPOBEPsieM TECT Ha mmare 2.

IIar 2. JIna JaHHOTO G BBIYUCISAEM a" .
Ecim a” =1 (mod n), To TecT npormes ycruerHo.
Ecim a” # 1 (mod n), TO BBIUMCISIEM TOCIEI0BATEIBHOCTE

(ar)Z, (CLT)22, s (ar)QS_l

u uposepsieM, Bcrpedaercs qu B Heih —1 (mod n). Ecim ga,
TO TecT mporues ycremso. Eciu Her, To B pe3yabrare GymeT
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Ha#IEHO Takoe s', 9To

s/

b=a? T£+1 (mod n), B =a? =1 (mod n).

Ilar 3. Ins waiigmenHoro na mare 2 gucia b Beraucasem (b — 1,n)
u (b+1,n). Onu u GyayT UCKOMBIME YUCJIAME D U (.

Ecnu nna Bcex yucen aj, ..., a; TECT HA MIare 2 IPOIIE YCHEIHO, TO
Pa3ioXKeHue He HalIEHO.

ITokarkem YTO JAHHBIM AJTOPUTM C BEPOSITHOCTBHIO yCliexa HE Me-
nee 1 — 27" nossossier HalTH (HAKTOPUBAIIMIO YHUCIIA .

Ilycts ZF = A, U By, Toe

s/—1 s’
A,={a€Z;:3s' <s,a® "#=l (modn),a® "=1 (modn)},
B, =7Z;\A,.
Tak kKaxk s7eMeHTHI a € A,, TO3BOJSIOT HAUTH (HAKTOPUBAIMIO 1, TO IJIsi

B | < Lol
JOKa3aTeIbCTBa TEOPEMbl HAJIO JIOKA3aTh, 4To | By | < H57-.
IIpencraBum mMHOXKeECTBO B,, B BUIE

S
B,=B)u ] By,
s'=1

e
BY={a€Z,:a"=1 (modn)},
BfL' ={a€Zy,: ¥ r=-1 (mod n),a® " =1 (mod n)},

IIycrs p—1=2"m, q— 1=271, rae m, [ — neuerns! u i <j. CHauaTa 3aMeTHM,
9TO MHOXKECTBO BS He IycTo TONLKO mpH s’ < i, JleHCTBUTeNbHO,

o(n) = 2'm271,
npuuem 2m271 | (ed — 1) = 2°r. 3uauut, ml |r. llosromy ycnosue
o =1 (mod n),
a, CJIeZI0BATEJILHO, U
o =1 (mod p)

MOXKET BBIIOJHATLCH TOJBKO, ecyn 8" — 1 <14, T.e. s’ <.
Urak,

Bal = |Bol+ Y |B |-
s'=1
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YunreiBas n3oMopdusM Zy, = 7, + Zg, mosrydaem
|Bnl =Byl - |Bg| = (r,p — 1)(r,q — 1) = ml,

TaK KaK MOPSIOK HOATPYIIIbI

{a€Zy:a" =1 (mod p)}
rpyumnst Z, paseH (r,p — 1) =m.

Paccyzxaast aHAJIOTMYHO, [TOJIyYaeM
1By =18, 1By |=((2"r,p—1) = (2 "'rp = 1))((27 g — 1)~
— (2" g — 1)) = (25m — 25 " Im)(2°1 — 287 1) = 226" Dy,
Orcrona
|Bn|=ml+> 2*"ml :ml(l + —) =

3
k=0
4i 2 2i+j 2 2i+j
L< 1 + <ml ga(n)

3 STTT3 T Ty

=ml

Teopema nokaszana. []

B zakJiroueHne 3amMeruM, UTO KAXK/bIH IOJIH30BATENb JIOJIXKEH He3a-
BHUCHMO CEKPETHBIM 00pa30M T'€HEPUPOBATH CBOU COOCTBEHHBIE YHUCJIA D,
g. I xoTsi mponecc reHeparyy MIpoCThIX YUCENT P U ¢ JOCTATOYHO TPYIO-
€MKHUH, HeJIb3s eJIaTh YUCJIO0 1 = pg OOIUM XOTsi OBl IJis ABYX PA3HBIX
nmoJib3oBaresieit cucremMbr RSA.

Teopema. Ecau aborenm A ucnoav3yem me dHce “ucaa p u ¢, 4mo u
abonenm B, mo onu oba mozym 6e3 darmopusayuu HaAUMU cexpemmbie
axcnonenmor dpye dpyea ¢ NOMOULHIO JeMEPMUHUPOSARHOZ0 AA20PUMMA.

HJoxkazarenscTso. ITokaxkem, Kak mosb30BaTeNs B MOXKeT Hall-
TU CEKPETHYI0 3KCcrnoHeHTy d4 abonenta A. Ilo cBouMm 3KkcroHeHTaM €p
U dp OH MOXKeT BbIUMCINTD BesimuuHy epdp — 1 = kp(n), tae k u o(n)—
HEU3BECTHBIE €My 3HAYEHUS.

O6o3naunM depe3 ¢ MUHUMAJBHBIA JCIUTEb Yucia epdp — 1 Takoi,
49T0 yncio (epdp — 1)/t B3aMMHO IPOCTO C € 4.

ITokakeM 49TO CyIIECTBYET JAETEPMUHUPOBAHHBIN AJITOPUTM €0 BBIYKC-
JICHWS.

ar 1. Ionaraem qo = epdp — 1, hg = (¢°,ea), t = ho.

IMTar 2. I Bcex ¢ oT 1 10 Tex mop, moka h; > 1, moJjiaraem

9i = 9i-19i—1/hi—1, hi=/(gi,ea), t=th;.
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ITonyyenHoe B pe3ysibTaTe BBINOJHEHUS 1MIAara 2 4ucJio t, O4eBUIHO, U
OyIeT UCKOMBIM.
Jlerko BuAeTh, 9TO uMCIO t = hghj ... h;, OyOeT yaoBJIeTBOPATH yCJIO-

BUIO
(eBdB—l )
f’eA :17

puyeM aJIrOPUTM BbIIOJIHUT He 6oJiee 2 log n maros, Tak Kak eciu h; > 2,
TO
i <logy(epdp — 1) < 2logy n.

Bocnosns3yemcst Teneps paciupeHHbIM aJroput™ EBKiuga [Jisi Haxo-
2KJIeHHsI Yuces a u b u3 ycioBust

eBdB —1
@ —

besa =1.
¢ + bey

Haunee, nokaxkem, 910 b = d4 (mod n) — uckomoe umcyio. Tak kak
t=hoh1 X ... x h;, tme h;|ea, a (ea,p(n)) =1, 10 (¢,p(n)) = 1. Orcroga

o(n)

6BdB —1
t

Teopema nokazana. [J

B 3akiit0ueHue CIeaeM emre OHO 3aMeYaHue, OTHOCAIIEECs K TAHHOMY
cay4dato. IIpeamonoxkum, 9T0 MBI IPOCMOTPEH CITUCOK OTKPBITHIX KITIOUEH
BCeX abOHEHTOB ¥ HAIUIM Napy Kjwod4e ¢ ycinosueM (ea,ep) = 1. Torga
IUISl 9UCeN T,y TAKHMX, 9TO Te + yep = 1, OyZIeT BEPHO MPOCTOE COOT-
HOTIEHUE, O3BOJISIOIEE OCYIIECTBUTL DECKJII0YEBOE YTEHHE COODIeHusl T,
3amudpPOBAHHOrO HA ITUX KJOYaX. A MMEHHO, eciau s = t°4 (mod n),
s3 =t (mod n), 1o s7sy =t (mod n).

14.2. YciioBus Ha BBIOOpP 4MCes P U q

[TockosibKy ycrerinoe perneHue 3a1a49u (DPaKTOPU3ANUNA YUCHA, 1 T103-
BOJISIET [OJIHOCTBIO AemudpoBarsh cxemy RSA u onpemesutsh CeKpeTHbIH
KJIIOY, TO BBIOOD NPOCTBIX YUCEJ P U ¢ BO MHOTOM OIPEIEJISIET CTORKOCTh
muPOBAHUSI.

IlepeunciuM HeKOTOpBIE TpeOOBaHMS HA BHIOOP P U (, HEBBLIIOJHEHNE
KOTOPBIX MOXKET IPUBOIUTH K CHUXKEHHMIO CTONKOCTH IM(DPOBAHUS.

Bo-niepBbix, 4mcia HE JOJIXKHBI COIAEPKATHCS B CIUCKAX U3BECTHBIX
OOJIBIIUX NPOCTHIX Ynces. [103TOMy OHUM HE JTOJIXKHBI SIBJSITHCS YUCJIAMU
CIENMAIBHOrO Buaa (Hanpumep, uuciamu Mepcenna uiu ®Pepma) u He
JTOJIZKHBI UMETh 3aKOHOMEDPHOCTEH.
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Bo-BTOpbIX, OHM HE JOJIKHBI OBbITH OJIM3KMMU, TAK KaK MHAYE MOXKHO
BOCII0J1b30BaThCst MeToZioM dakropuzanuu Pepma u pemurs ypaBHEHUE

(57 (%)

B-Tperbux, OrpoMHYIO POJIb UT'PAIOT PA3JIOKEHUS HA IIPOCTHIE MHOXKH-
Tesn uncen p—1 u ¢—1. 3amerum, 4T0 B cuity usoMopdusma Zy, =7y, +Zy
JUIsl IOPSITKOB 3JIEMEHTOB 4 = (] + G2 TOTO KOJBIA BBIIOJHSETCS COOT-
HOIIICHNE

ord,(a) = HOK(ord,(a1), ordg(as2)).

IlosTomy Jj1si HAXOXK1€HUsI FKCIIOHEHTBI d JOCTATOYHO PEIIUTH CPAB-
HEHUE

ed=1 (mod (p—1,q—1))

BMECTO CpAaBHEHUSA

ed=1 (mod ¢(n)).

Tak kak yuciaa p — 1 u ¢ — 1 06a 4eTHbI, TO BCErIa

HOK(p—1,q—-1) @

CirenoBaresibHO, B cxeMe RSA Bcerma ecTb 3KBHBAJIGHTHBIE 10 Pac-
mudpoBanuio 3KCuoHeHThl, Haupumep, d u d + HOK(p — 1, — 1).
IIpu 3TOM 3KBUBaJIEHTHBIX pemieHuii Oymer Tem OoJibiie, 4YeM O00Jib-
me HOL(p — 1,9 — 1).

B ayumewm ciaygae (p—1,¢—1)=2u p=2t+1, ¢g=2s+1, rae s, t —Heuer-
HBIE YnCsIa ¢ ycaoBueM (s,t) = 1.

Yr0o6bI UCKIIIOUUTE BO3MOXKHOCTL npuMeHenust (p — 1)- u (p+ 1)-mero-
J10B (paKTOPU3AIMK HA YUC/IA P U ¢ HAKJIAABIBACT OTPAHUYCHUE, COCTOSAIIEE
B TOM, 4T00BI uncia p— 1, p+ 1, ¢ — 1, ¢ + 1 He paznarajuch B npou3Be-
JIEHUE MAJICHbKUX MMPOCTHIX COMHOXKHUTEJCH U comepzKajy 6bl B KauecTBe
COMHOXKUTEJIS XOTs ObI 071HO GoJBINIOE ITpocToe uncyo. Haubosee cunpHoe
TpeboBaHue, chopmyaupoBannoe Pusectom B 1978 1., 3aK/II0YAETCS B TOM,
4TOOBI YUCTIA

p—1 p+1 q—1 qg+1

plzTa pQZTv qlz?a qQ2=—F7

ObLIM IPOCTBIMU, PUYEM YuCJa p; — 1 u g1 — 1 TakKe HE OJKHBI Pa3Jia-
raThbCsl B IPOU3BE/ICHUE MAJIEHBKUX IIPOCTBIX YUCEI, 3 TOJI2KHBI COACPAKATH
B Ka4eCTBe OJHOI'O U3 aejuTeseil 60IbIoe IpoCcToe Yuco.
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Oupenenerne. IIpocmoe wucao p HA3BLBAEMCA CUALHO NPOCTNBIM, ECAU
BHINOAHANNCA YCAOBUA:
p=1 (mod r),
p=s—1 (mod s),
r=1 (mod t),
2de p, 1, S, t — BOALWUE TPOCINBLE HLUCAG.

YUuThIBasi, YTO YUCIA P, ¢, I U ¢ TOJKHBI OBITH HEYETHBIMH, [10JIyYaeM
NIPU HEKOTOPBIX j, k, | BHITOJHEHBI PABEHCTRA!

p=2jr+1,
p=2ks—1,
r=2t+1.

Ix. Topaon npemyioxui B 1984 r. ajiropurM reHepanuu TAaKUX 9UCe)I.

IMTar 1. Crpoum npocreie ciaydaiiubie uuciaa s u t. s nocrpoenust
KaXJIOr0 U3 HUX WCIOJBb3yeM cieayionmii meron. @ukcupy-
eM ciydaifHoe YHUCJIO ¥, MMEIOIIEe HYXKHOE YHCJIO 3HAKOB,
U C [OMOIWIBIO NPOOHBIX JEJEHUNl OCTABJISEM B HHTEPBAJIC
[z, x + log 2] TONBLKO Te YMC/Ia, KOTOPbIE HE MMEIOT MAaJIeHb-
kux penureseii. [IpoBepsiem ocrasiuecs: 9ucjia HA TPOCTOTY
OIIHUM W3 TECTOB IIPOCTOTHI.

IMlar 2. Crpoum mpocroe uuciio r Buaa 20t +1 nepebopom yuces [ B uH-
repsadie [1,logt], ucnons3ys ananoruyHo mary 1 npocenBanue
C IIOMOIIIBIO HpOGHbIX ,Z[eJIeHI/Iﬁ Ha MaJICHBKHE IPOCTHIE YUCJIa
Y NPUMEHsISI 3aTeM K OCTABIIMMCS YUCIAM TECThl IIPOCTOTHL.

r—1__ s—l)

Iar 3. Beruncasiem uncao u(r, s) = (s r mod 7s u nosiaraem

u(r, s), u(r,s) =2g+ 1,
u(r,s) +rs, u(r,s)=2g,g€Z.
Ilepebopom umcen k OCylIecTB/sieM HPOBEPKY YHUCEJ BHJA

po + 2krs mo Tex nop, moka He cpaboTaeT OAUH U3 TECTOB
IIPOCTOTHI.

B 0CHOBE JAHHOIO AJICOPUTMA JICKUT CJICAYIOMAsT
Teopema (Topaon). Ecaur, s —HEvemMbie NPOCBIE YUCAG, TRO HUCAO D
y006.4€MBOPAEM YCAOBUAM
p=1 (mod r),
p=s—1 (mod s)
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8 MOM U MOABKO 68 oM CAYUae, K020a 0Ho umeem eud p = pg + 2krs, 2de

u(r, s), u(r,s) =29+ 1,

PO=\ ulrys) +rs, u(r,s)=2g,9€,

u(r,s) = (s" "1+ 7°71) mod rs.
JokazarensbcTBo. B cuiy manoit reopembr Pepma numeem

s"1=1 (mod r),

1 =1 (mod s).

Orcroza, yuutbisas, uto s" 1 =0 (mod s), r*~1 =0 (mod r), nosnydaem

1 (mod 7),

u(r,s) = —1 (mod s).

u(r, s)

Ilosromy uucna Buma p = pg + 2krs siBJISIFOTCSE UCKOMBIMU.

Tlokaxkem, 9410 APYrux 4Yuces, yAOBJIETBOPSIONUX JAHHOMY YCJIOBUIO
Her. Ecsu p’ — rakoe auciio, o p —p' =0 (mod r) u p — p’ =0 (mod s).
Ozciona p=p’ (mod rs). 3uauur p’ =u(r,s) (mod rs), u yucio p’ umeer
BUJ po + 2k'rs. Teopema mokazana. [

Erie onHoit BO3MOXKHOI €J1a60CTBIO BBIOOPA Yucesi p U ¢ B cucreme RSA
MOKeT ObITh HaJIu4due OOJIBIIOrO YUCJIA IJIEMEHTOB w € Z | IPEACTABIIAI0-
MIUX OTKPBITHIE COOOIIEHUS U UMEIOIUX MaJiblil nopsigok ord, (w). B arom
cilydae il HAXOXKEHHsi HEU3BECTHOIO COODIIEHMS W MOYKHO U3MEHUTH
METO/I UTEPAIMH [IPOIECCA 3N POBAHSI

JI0 TEX HOP, [OKA HE BBIIOJHUTCS YCJIOBHE
e“ =1 (mod ord,(w)),
U, CJICZOBATEIBHO,
ev\~1 e
(5 ) =w® =w (mod n).

MunumasibHOE YHCIO MAroB JIO HOJYYeHHs W PAaBHO OTdad, (w)(€)-

3HauuT 17151 6E30MACHOCTH MU POBAHUS HEOOXOAUMO TOTPEOOBATE, YTOOBI
* *

JUIsl NI0YTH BCeX & € Zy w € € 77\ BeluunHa ordord, (w)(€) GblIa 0CTA-

TOYHO OOJIBIIO.
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IIpuBenem gocraTouHoe ycJjioBue, nokazannoe B 1995 r. Mayspowm, ra-
PAHTUPYIOIIEE CTOMKOCTh CUCTEMbl RSA OTHOCHUTEILHO METOI0B, UCIIOJIb-
3YIOIIUX UTEPAIHIO [IPOIECCa 3amu@pPOBaAHUS.

Jemma. Ilycmo h=pq u p—1=2R,F,, q—1=2R F,, 2de xanonuuecxoe
pasaooicenue wuces Fy, u Fy; umeem sud

T S
i Bi
Fp:Hp;jaa Fq:qu/‘ .
i=1 i=1

Tozda doas [ omxpuwmuz coobwenud x € 7., das xomopwux ordy,(z) =
> HOK(F,, F,), ydosaemasopsem nepasencmey

‘P(Fp) @(Fq) —~ 1 —~ 1
> . >1- - — -.
! F, Fy z_: Di Z qi

HoxkazaTeascTso. Bocnonb3yemcst OEHKOMN, JOKA3aHHOU B JIEM-
me 3 u3 12.4:

=

PULp
Fp’

)

e € Z5: Fy lord, (@)} > (p— 1)

=

{e€Z:: Fylordy(2)}| > (¢—1) #

e

Tak kak u3 ycaosuit F, |ord,(z), Fy |ord, (z) Henocpeacrsenuo cuenyer,
aro HOK(F), Fy) | ord, (), nonyaaem

@(Fp) SO(Fq)

[ €3 1y, Falorda()}] > (0 = 1)(a — 1) T2 20,

YTO W JOKA3BIBAET JIEMMY.
Teopema. Ilycmv n = pq u3 ycaosusa asemmoi. Ilycmsv maxorce

p,—1=2abl, i=1,...,r

171
q; —1=2a5b], j=1,....s,

2de Kanonuueckoe pasaodicenue wucea b u b umeem eud

21 21
’_ aij . "n_ Bij -
bi—Hpij, i=1,...,m bi—l_[qij7 j=1,...,s.
j=1 j=1
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Tozda das moboeo t, esaummo npocmoeo ¢ (p — 1)(q — 1) u ydosaemeops-
10UE20 YCAOBUAM:

p'—1
tri #£1 (modp)), i=1,....,r, j=1,...,1
a -1
tei #1 (modgq), i=1,...,8, j=1,...,8;

doas coobwenuti v € 7, das womopux ordeq,(»)(t) me xpamma wuc-
T S

ay HO (b, ..., b0 b1, ... b)), ne npesviwaem ﬁ + > %.
P R T
JokaszaTesbcTBo. AHajorudno Teopeme IIOKJIMHITOHA MOXKHO

nokasarb, uto b [ordy, (¢), ana i=1,...,r. Cirexoarensuo bj |ord e (1),
i i
a Takxe b; |ordg, (1) npu i =1,...,r. Takum obpasom,

HOK(b, ..., b)) |ordg, (t),
AHaJIOTUYHO [TOJTy4aeM
HOK(bY,...,b}) |ordp, (),

Orcrona
HOK( /1’ ey b;,, /1I, ceey blg/) |OrdHOK(Fq,Fp)(t)-

Cormacro nemme, monst x € 7, IJisi KOTOPBIX BBIMOJHSETCS YCJIO-
sue HOK(F},, Fy)) |ord, (), cocTariisier He MeHee

r S

1 1
1= = E
i1 P oG

ITockounbk 1 TaKuX & € Z* JOJIKHO ObITH
y 4J1 n M

ordyok (. F,) (t) | 0rderd,, (z) ()

nosrydaem tpedbyemoe. Teopema mokazana. [

Jannasi Teopema [OKa3bIBAET, 4TO ycjioBue Pusecta o TOM, 9T00bI A5t
60JIBIIOr0 HPOCTOro Aenutesns pi (g1) uucaa p (q) ymcao p; — 1 (g1 — 1)
TaK K€ UMEJIO OOJIBINOM MPOCTOM ICJIUTENb HE SIBJISCTCS HEOOXOIMMBIM
JUlsl 3AIUTBl OT METO/A C UCIOJB30BAHUEM UTEPAIMH nporecca 3amud-
poBaHusl.
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st TeHeparu npOCThIX YHUCE] P U ¢, JAIOIMUX JTOCTATOYHYIO CTOMN-
KOCTb OTHOCHTEJIBHO 3TOrO METOJa, MOXKHO HCIOJb30BaTh MeTon May-
pepa MocTpoeHus MPOCThiX uucest. OH HOCUT PEKYPCHUBHBINH XapakTep U
/ISl TEHEPAIUU P U ¢ UCIOJIb3YIOTCS CreHEPUPOBAHHBIC Ha [IEPBOM YPOBHE
PEKypCHU DaHee YHCJa P, U ¢i, KOTOPble B CBOK OYEPEeIb CTPOSTCS IO
CreHEPUPOBAHHBIM PaHee Ha BTOPOM yPOBHE PEKYPCHH HHCIAM Pi) U ;.
CorylacHo Teopeme it 06€CIeYeHHs BBICOKOH CTOMKOCTH OTHOCHUTEJILHO
METO/I3 UTEPUPOBAHMS IIPOLECCa 3aMu(POBAHKUs JOCTATOYHO B3STh IIO-
NApHO B3AUMHO IPOCTBIC YUCHA P}; U ¢}, 8 B KAYCCTBE IKCIOHEHTHI M-
POBaHUs € = ¢ B3ATb TO YUCJO I, KOTOPOE HCIIOJb30BAJIOCH sl JOKA3a-
TEJIBCTBA NMPOCTOTHI YHCEJ ¢ ITOMOIIBI0 Teopembl IloknMHrTOHA pij M G55
Ha BTOPOM YPOBHE PEKYDCHH.

[TosTOMy yC/IOBHS TEOPEMbI HECJIOXKHO OBECIIeYMBAIOTCHA HEDOJIBIION
MoauduKanyeii npoueaypbl MeHEPAIldN IPOCTBIX YHCEeJ M He TPebyoT
GOJIBIIMX 3aTPAT Ha TAPAHTUPOBAHUE UX BBIIOJIHEHHUS.

14.3. Bri6op napamerpoB € u d

Paccmorpum Teneph BOITpoOC 0 BHIOOPE IKCIIOHEHT TMHUQPOBAHUS U PaC-
mudpoBanus. Tak Kak 3HauYeHUs € U d ONPEIEJISIOT BpeMs 3armdpo-
BaHUs U pacimdpPOBaHUsi, TO MOXKHO HA3BATH PsiJl CUTYalUil, B KOTOPBIX
2KeJlaTesIbHO UMETh MaJioe 3Hadenue e u d. Hanpumep, npu ucrosb30BaHuu
cucrembl RSA npu 3ammTe 3JIeKTPOHHBIX IIJIATEXKEH C IPUMEHEHUEM Kpe-
JUTHBIX KAPTOYEK €CTECTBEHHBIM SIBJISCTCS TPeOOBAHME HCIOIH30BAHUS
HEOOJIBINNX 3HAYEHUN IKCIOHEHTHI d Y BJIAAEIbIA KAPTOYKHU U OOJIBIIOrO
3HAYEHUS IKCIIOHEHTHI € ¥ LEHTPATHHOIO KOMIIBIOTEPA.

O nako, BBIOOD MaJIbIX [IAPAMETPOB e Wik d HpeacTaBisiercss Hehe3-
OITACHBIM II0 Psifty cooOparkenuit. Eciu MasibiM siBJIsieTCst CEKPETHBIN 11a-
pamerp d, TO MOXKHO LIPUMEHUTb MeTOJ liepefopa MaJiblX 3HAYEHHUU 10
[I0JIyYEHHUs] UCKOMOTO 4ucJa d.

Ecim masibiM siBJIsieTCsi 1apaMeTp e, TO JOCTATOYHO OOJIbINOE HYuC/Io
OTKDBITBIX COOOIIEHU, YI0BJICTBOPSIIOIIUX HEPABEHCTRY t < /1 OymyT 3a-
mu@pPOBBIBATHCS IPOCTHIM BO3BEJCHUEM B CTEIIEHb t¢ = S B KOJIbIE Z, U
[I03TOMY UX MOKHO HA#fTH IIyTeM U3BJIeYEHUs] KOPHs CTEIEHH €.

Jpyras aHajoruvHasi CUTYaIust MOXKET CJIOXKHUTHCS, KOIIA ¥ HECKOJIb-
KuX aOOHEHTOB MCIOJIB3YETCs OOUHAKOBAs IKCHOHEHTA e. IIpenmosoxum,
410 k aBOHEHTOB, UCIIOJIB3YIOIUX OJUHAKOBYIO IKCIIOHEHTY € < k, OTIPaB-
asttor coobmenus s1 =t (mod nq),. .., sp=t{ (mod ny), MOXKHO CYUTATD,
YTO IPAKTUYCCKH BCETAA BBIIOJHSETCS ycaoBue (n;, n;) =1 (B npoTuBHOM
cllydae CTAaHeT U3BECTHOH (PaKTOpU3auLuUs 4ucesl n;,n;). Ilo xuraiickoi
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Teopeme 06 OCTaTKax CyIIeCTBYIOT ducia t u s Takue uto t =t; (mod n;),
s=s; (modn;),i=1,...,k. Tak Kax yucia i, ..., S; U3BECTHBI, TO YUC-
ao 0 < s <mnp ... N, MOXKHO BbluucuTh. [losTomMy B ciyuae, Korma
Habop ti,...,tx TAKOB, U BBINOJHEHO HEPABEHCTBO t° < My - ... - Nk, TO
YUCII0 { MOXKHO ITOJIYYUTB Iy TE€M U3BJICYEHUS KOPHS CTEIIeHU e, a 110 HeMy
BOCCTAHOBUTH UCXOJHBIE TEKCTHI t1,...,t;. JlanHas curyamusi nHaubosee
O4YEBH/IHA B CJy4ae, KOrja BceM abOHEHTaM OTIPABJICHO OJHO U TO K€
HUPKYJispHOe coobmmenwue ¢, t < /ny - ... - ny. B nannoM ciy4ae cpasy no-
JIy4aeM ypaBHEHHE t° =S5 B KOJIbIIE IIEJIbIX YUCEJ, KOTOPOE PEIIAeTCs My TeM
U3BJICUYEHUs] KOPHS CTEIIEHU €.

KovmmenTapuu

ITpn Hanmucanuu pasnena 1 ucnosnszosanuck Kuurd (2], (9], [34] = [1].
Bonee noapobHyo nHGOPMAIIHIO IO OIEHKE CJIOXKHOCTU apUPMETHICCKUX
onepanmii, anropurmos EBkimza, nuckpernomy npeobpazoBannio Pypre
W p. aNrOPUTMaM MOXKHO IPOYMTATh, HANpPWMep, B KHurax (9] m [13],
COZIEPIKAIIMX TAKKe GOJIBITIOE YUCIIO yIpaykHeHnH u 3a7a4, wiu B [14].

Paznen 2 manucan na ocsose kuur [10], [16]. Vcropuueckue cBenenust
B3sITH! 3 KHUT [3], [18].

Paznen 3 ocroBan Ha kuurax [10], [34]. MHOrO ZONOJIHUTENIBHBIX CBEIE-
HUi MOXKHO nos1y4nTh B [9]. CpoiicrBa unces Kapmaiikia ony6inkoBass
B [36]. Tecr Cosnoses—IIIrpaccena—B crarbe [53| ¢ monosnenunem [54].
Tect Munnepa—Pabuna omnyO/JMKOBaH CHA4YA a B JeTEPMUHUPOBAHHOM
BapuanTe B [41], a 3aTeM B BEpOSTHOCTHOM B padore [49]. TecThbl IPOCTOTHI
JUIsl MAJIGHBKUX [POCTBIX YMCEJ NpuBeieHbl H0 Kypey Jeknmit K. Kas-
meesa (C. K. Caldwell. Primality Proving. University of Tennessee, 1995),
nocrynHoMm B Unrepuer. B 1980 r. JI. Dmieman npejioxkuii gerepMuHu-
POBAHHBIH METOJ| IPOBEPKY Ha, [IPOCTOTY, OCHOBAHHBIM Ha, TEOPUU LEJIBIX
anrebpaudeckux umces. Ero momudukanuu onucanbl B padore X.Jlen-
crpol [12]. Teopema H.Tuemurko [30] €eKUT B OCHOBE AJArOPUTMA IO~
CTPOEHHMSI KJIIOUEH MEpPBOr0 POCCHHCKOrO CTAHAAPTA MU(POBON MOMIHCH.
MeTop! OCTPOEHUS MPOCTHIX YHCEI ITOAPOOHO onucanbl B [39] u [40]. Me-
TOZABI KBAAPATUYHOTO pereTa npeioxket B [47] u momudunuposas B [52].
[IpuBenennasi nndopmaimst 06 UCTOPUY OTKPHITHS U TIOUCKA MTEPBBIX [TPO-
creix uncen Mepcenna, goctynHa B ceru VHTepHer. 3a paMKamMu Kypca
JIEKIIUH OCTAJICS METOJI JUIMIITUYECKUX KPUBBIX Jjist (DAKTOPUBAIUY UW-
ces1, noapobuo onucanuwiii B [10]. B oramuue or meromos Iosnapna u
ITonnapma—IllTpaccena, KOTOpbIE OPUEHTUPOBAHBI HA MOUCK MAaJIEHBKUX
OPOCTHIX JEJIUTEJICH YUCEJT, METOM HJTUITHICCKUX KPUBBIX O3BOJISIET HA~
XOIUTH OCTATOYHO GOJbInue Aenurend. B HacTOsIee BpeMsi OJHUME U3
Haubosiee NEfiCTBEHHBIX METOAOB (DAKTOPU3ALUY SIBISIOTCS METOIBI HA
ocHoBe pemera yncjaoBoro noust (cum. [38]). C ucropumeii passutusi Teo-
PETHUKO-YUCJIOBBIX AJITOPUTMOB MOYXKHO O3HAKOMUTHLCS, HAIIPUMED, 10 00-
3opy [37].

Pasznen 4 onupaercst Ha kuury [17], a Takxke crarbu [33] u [39]. Jomos-
HUTEJIbHYI0 MH(DOPMALUIO 110 IPUJIOKEHUsIM cucTeMbl RSA MOXKHO mosty-
4YUTh, HApUMeEp, B KHurax [55], [21] wim [15].
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