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" � � �� � � % �# � $ " ' � $ % �a �E � ` � ' d # � " � E � ` � �� � �E �$ � '( u � �" � Ch %k

$ % �a E �$ " � h � E E �& � � %& � � � "  � C E �a �E �k $ � �� ' �h % � '� � ��E � �

f(n) = 3f

(

n

2

)

+ cn, c > 0,

�" � Ch � � � � %�   � ¤ � � � % C# � �  M(n) ≺ f(n) = O(nlog2 3) � &h � log2 3 =
= 1,585 . . .��  �" �  � # " � �" �" � %& � � � "  �E � # �  �a E � �E " � � � �� " � � � '� " b� � �

$ � �$ � m ' d # � $ %�E �k '" �# � � x=2k jE � # �E �k  E �& �# %�E � � �� 'E �& � � � � � j z

' �h �E � y h ' Cc  E �& �# %�E � ' U(x)=xA1 +A0

� V (x)=xB1 +B0( B m � %� �

� m ��  $ % C# � � � � �h � mE d ` ��� C �$ � 'E d ` � % & � � � "  � �$ E � '� E E d `E � �� j zm � �E � � # � $ � %E � r$ %� & � �  d c � $ ' �h �E � � j� h � # � C E �a �E �k # � $ � %�

j� h � # �  C E �a �E �k � ' d # � $ %�E �k jE � # �E � `  E �& �# %�E � ' �h � � " � ��E � C

M(n) = O(n1+logr+1 2)( ��  �" �  � # " � jh �$ b logr+1 2→ 0 � � � r→∞(¢ � � m � %� � � � ���� " � 'E d  ' E � $ " �k �� � ' ��  k k ' %k � " $ k � %& � � � "  

x�E c � & � * x" �� $ $ �E � % , 4 5¥ & � h � y � � ` � ��E � C M(n) = O(n log n ×
× log log n)

% � �h � � mE � � $  ( � ¤ � &( u � �  � �� j m � �E �k # � $ � %E � $ %� & � �  d �

�E � $ � � % b j C�" " �c E � � C md $ " � �& � � �� � m �� j � '� E �k n C � b � �  �h C % bE Cy

� � � �! �" � � C� � �" � � d � m Ch C" �� $ $  �" ��E d E � a �(

q � 8 � �V � * � (�� 
 � * TX � \�� ) � B j� � %y # �E � � � � � '�h �  � ��E � C$ % �a z

E �$ " � � �� �� �� � ' � j '�h �E �k ' $ " � ��E b( l %k ' d # � $ %�E �k $ " � ��E � Na

E � " C �� % bE �� # � $ % � a � ��h $ " � ' %k �" $ k ' ' �h �

a =

k−1
∑

i=0

ai2
i = (. . . (ak−12 + ak−2)2 + . . . + a1)2 + a0.
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 C ' d � � %E �E � y � �� �� �� `h ' Cc " � � � ' + C E �a �E � y E � N � ' � j ' �h �E � y

'� '� h �� " ( £" $ y h � � � % C# � � " $ k $ %�h Cy �� k � ��E � � $ % �a E �$ " �

O(M(log N) log a) = O(M(n)k).
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 (S � 	 Ch �  � m � jE � # � " bE � � m � % b D � `

� m �� `h � % � " � % b# � $ � % A � B# � � � j (A, B)( ¢ � � � E �  � # " � � %& � � � "  

g '� % �h � j� � %y # � �" $ k ' � �$ %�h � '� " � % bE � ' d � � %E �E � � � �� �� �� � h � z

%�E �k $ �$ " � " � � h � � � % C# �E �k E C %� ' �& � �$ " � " � � ( u C$ " b A>B>0( £ m � z

jE � # �  A=r−1 � B=r0

� ri−2=diri−1+ri

� � � i=1, . . . , k � rk−1=dk+1rk(s �&h � (A, B) = rk

� h � � � % C# �E �k �$ " � " � � rk+1 = 0E � � mc �h �  � ' d � � % z

E � " b k+

,h � %�E � �(£ ��E �  # � $ % �h � %�E � ` � ' d � � %E k �  �� ' � %& � � � "  � g '� % �h � ( l %k

�" �& � �� $ $  �" � �  � �$ %�h � '� " � % bE �$ " b # � $ � % n � m �E � # # � f0, f1, . . .
. . . , fk, . . . , &h � f0 = 0 � f1 = 1� fk = fk−1 + fk−2 � k > 2(���	 	 S � �� � k>1� } � � � � � � � � { � � � � � � � � � � { fk >Rk−2 � � �� R= 1+

√
5

2

?l �� � j� " � % b$ " ' �( u � �  �E �  � E h C� �� y � � n( u � � k=2 C" ' � � z

a h �E � � �# � ' � h E �(l� %� � � � $ � � % b j Ck � � �h � � % �a �E � � �E h C� �� � � �  � �  

fk+1 = fk + fk−1 > Rk−2 + Rk−3 = Rk−3(R + 1) = Rk−3R2 = Rk−1,

" � � � � � Rk ' %k �" $ k � � % �a � " � % bE d  � � �E �  C �� 'E �E � k x2 = x + 1( ���V � �	 S % ��  � � , e� � &( z �� �� ��{� { � � � ~ �� �� � {� { � � � � � N >0 � � � � {�� � �� � � � � � � { � � � �� = �� � � �� � �� � � � { � �� � �� � � � � { �� �� � { { � �� � {�� � � � � �� � � � � � A � B � 0 < B < A 6 N � � } � � � {� � { ��� � 1 + blogR Nc ?l �� � j� " � % b$ " ' �( l �� � a �  �# " � fi6rk+1−i

� � � i=1, . . . , k+2(u � � i = 1 '� �E �( l %k i + 1� '$ � % C � � �h � � % �a �E �k � E h C� �� � � �  � �  
rk−i = dk−i+2rk−i+1 + rk−i+2 > rk−i+1 + rk−i+2 > fi + fi−1 = fi+1.

u � �" � C� A > r−1 > fk+2 > Rk � �" � Ch � � � % C# � � " $ k � $ � � � k � ��E � �

# � $ %� h � %�E � `

k + 1 6 1 + blogR Nc( �¢ � � �$ � �h $ " '�E E � � j �" � `" � � ��  d  �a E � � � % C# � " b � ��E � C$ % �a z

E �$ " � � %& � � � "  � g '� % �h � h %k E � c �a h �E � k E � � m � % b D � & � � m �� & �h � % � z

" � %k h ' Cc n z �� j �k h E d c # � $ � %

O(M(n)(k + 1)) = O(M(n) log n) 6 O(n2 log n).

+� - / � �6 � � /1 � � �� � � � 1 � � � � 4 �� 	 � , �

B  �$ " � $ " �  � �" C � ��E � C  �a E � C" �# E � " b � �$ % � j�  �" � " b � # " �

$ % �a E �$ " b � �� �� � � � h � %�E �k C& % � # � $ %� AE � # � $ % � B � 0<B <A � E �

$ �  � h � %� �  � � " ' � h O(log A(log A − log B + 1))( £" $ y h � � � m � jE � # � k

# � �� j ni

h % �E C j� � � $ � �$ " � " � � ri � i = −1, 0, 1, . . . , k � � � % C# � �  m � %� �

" �# E Cy � ��E � C$ % �a E �$ " � � %& � � � "  � g '� % �h �
k

∑

i=0

O(ni(ni−1 − ni + 1)) 6

k
∑

i=0

O(n0(ni−1 − ni + 1)) =

= O

(

n0

k
∑

i=0

(ni−1 − ni + 1)

)

=

= O(n0(n−1 − nk + k + 1)) =

= O(n0n−1) = O(log A · log B) = O(n2).
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k ' %k �" $ k � �" �  � % bE � `h %k j� h � # � E � c �a h �E �k E � � m � % b D � & � � m �� & �

h � % � " � %k (iR � � " $ k  E �a �$ " ' � �� j % �# E d c  �h � � � � � �� ` � %& � � � "  � g '� % �h � (  �a E � � E � � � �  � � � C �E b D � " b # � $ % � D � & � ' � %& � � � "  � �  �h � � � � � z

� Ck � %& � � � "  $ �� % b y C �E b D �E �k � m$ � %y " E d c jE � # �E � ` �$ " � " � � '( A

�  �E E � � m Ch �  j�  �E k " b �$ " � " �� ri

E � ri−ri−1 � �$ % � ri>
ri−1

2

( u � � " � � � 

� $ � �� ' %�E � � � � % C# � �" $ k � �$ %�h � '� " � % bE �$ " b# � $ � % � Ch � ' %� " ' � �k y �� k

C$ % � ' � y |ri|< ri−1

2

( s � � # " � � � � �" � E �� �" � � d � � j# � $ � % m Ch C" �" � � z

�� " � % bE d  � �E � ' % �k � " E � ' �h � m � �c h � % � " � %� `( B �� j C % b" � " � � � % C# � z

� " $ k � ��E � � # � $ %� h � %�E � `

k+161+blog2 Nc � � � � # �  R=1,618 . . .<2(£h E � � � � h � E E d ` � �h c �h E � C % C# D � � " � m � Cy � ��E � C$ % �a E �$ " �  �h � z� � � � � � '� E E �& � � %& � � � "  � g '� % �h � O(M(log N) logN) = O(M(n)n)�&h � n = log N *h % �E � j� � � $ � # � $ � % A � B(_ C �� $ " ' Cy " � %& � � � "  d � '� �" � � d c ' � � m �� E � ' d � � %E k �" $ k � �� z

�� ��k h � %�E �k ( ¢ � � � �  � � � ' � %& � � � "  � � /� 
� %��� �� � �� �� �� � 9 �� � �

-� � �� � ���� � �� � & � �� �� � �k h � %�E � k $ �$ " � " � � j�  �E �E � E � %� ' d `

$ h ' � & h � % � " � %k $ � �$ %�h Cy � �  ' d # � " � E � �  � jh � % �  �& � � " � � � ` � # " �

� � % C# �E E � k � �$ %�h � '� " � % bE �$ " bE � � � a h � D � & � Ch � ' %�" ' � �k � " C$ % � z

' � y � j � ��h d h C �� & � � %& � � � "  � ( Bh � E E � � %& � � � "  � ' d � � %E k �" $ k

O(n) D � & � ' � � � a h d ` � j � �" � � d c �  � �" $ % �a E �$ " b O(n)� � � �" � C

� m �� k � ��E � � $ % �a E �$ " � �  � � " ' �h O(n2)(��  �" �  � E � � �E � � � # " � �  � � " $ k � % & � � � "  E � c �a h �E �k E � � m � % b z

D � & � � m �� & �h � % � " � %k $ � ��E � � `$ % �a E �$ " � O(M(log N) log log N) =
= O(M(n) log n)� �h E � � � � � & � � � � $ � E � � h �$ " � " �# E � $ % �a E � � jh �$ b

� � � '�h �E �E � m Ch �" %$  ( � ¤ � &(



, � �- �5 � �4 � / � �6 � � / 1 � � � � 2 �� 1 � �� / 4 � � �� � � �5 � 0

8 � 8 � � S T� 
 � �� � p ] S Ut V � 
 X	 � * � U 
 (S � v� $ $  �" � �  " � �� � b �� $ D � z

��E E d ` � %& � � � "  g '� % �h � � � � j ' � %k y � � `E � �k h C$ E � � m � % b D �  � m z

� �  h � % � " � %�  # � $ � % A � BE � c �h � " bE � " C �� % bE d � # � $ %� x � y � Ch � z

' %�" ' � �k y � � � �� ' �E $ " ' C Ax + By = (A, B)( £" � md # E �& � � %& � � � "  �

g '� % �h � �E �" % �# � �" $ k " �  �# " �E � �k h C$ � �$ %�h � '� " � % bE �$ " by �$ " � " z

� � ' ri

' d # � $ %k y " $ k � �� h ' � '$ � � �& � " � % bE d � � �$ %�h � '� " � % bE �$ " � xi� yi

+

r−1 = A � r0 = B ;

x−1 = 1 � y−1 = 0 � x0 = 0� y0 = 1 ;

��� � i = 0 � � � � 	

ri > 0


 �

�
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di = bri−2/ri−1c ;

ri = ri−2 − diri−1

;

xi = xi−2 − dixi−1

;

yi = yi−2 − diyi−1

;

i = i + 1 ;

� � 


�E � # �E �k xk

� yk � � � � � �" � � d c rk = (A, B) � � m Ch C" � $ � � d  � '

$ � % C$ %�h Cy �� & � C" '� � a h �E �k +

���	 	 S � �� � �� �� i� −1 < i 6 k � �> } { �� � �� � � �� � �� � � � {

xiA + yiB = ri.
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xiA + yiB = (xi−2 − diyi−1)A + (yi−2 − diyi−1)B =

= (xi−2A + yi−2B)− di(xi−1A + yi−1B) = ri. �
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n−1
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� B( v� $ $  �" � �  

� %& � � � "  
R � ¥ ;

��� � i = 0 � � � � 	
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�
� � � �
� �

ai = 1

� � � � R = R + B ;

� �

R *E �# �" E � � � � � R = R + N ;

R = R/2 ;
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� �

R > N

� � � � R = R−N(

_ C" bh � E E �& � � %& � � � "  � '" � � # " � '$ � % C �� '�E $ " '�
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n−1
∑

i=0

2iai = (. . . (2an−1 + an−2)2 + . . . a1)2 + a0
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$ % �a E �$ " by O(n2)h ' � �# E d c � �� �� �� ` % � & �  �a E � ' d # � $ % � " b j� �� z

E � � � c �� E � " b � � % C# �E E �� jE � # �E � � & � � � %& � � � "  " � � a � ' d � � %E k �" $ k
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O(M(n)n)
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+ Zm2
+ . . . + Zmk
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%�E �k # � $ %� uE � # � $ % � m( & Bh � E E � $ % C# � � '  �$ " � ' d # � $ %�E � `$

� $ c �h E d  � # � $ %�  �  �a E �$ E � # � %� �� � � `" � � �c �$ " � " � �  � � � � � j z

' �h � " b '$ � ' d # � $ %�E � k '� � % b �� c

Zmi

� i = 1, . . . , k � � j� " �  � � � % C# � '

�� j C % b" � " � ' d � � %E � " b � m �� " E d ` �� � �c �h � ' �$ $ " � E � ' � " b � � �$ " � " � �  

� $ � � �� # � $ % �(
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� � %E � " b kh � %�E � `# � $ %� uE � # � $ %� mi � i=1, . . . , k( g$ % � '$ � # � $ %� mij� � � $ d '� y " $ k $ � � � � b y bh ' � �# E d c jE � � � ' � " �# � $ % � u j� � � $ d '� � " z

$ k $ � � � � by kbh ' � �# E d c jE � � � '( _ % �a E �$ " bh � %�E �k kb z m � " � ' �& �

# � $ %� E � b z m � " � ' �� �� 'E � O(kM(b)) � � � �" � C$ % �a E �$ " b �� ��c �h � � �� z

E � '� � " $ k ' � % �# �E � `

O(k2M(b))(w" C � ��E � C  �a E � C % C# D � " b � � $ % � � � �  �E � " b" �c E � � C� �� jh � %k `

� ' %� $ " ' C `� � �� j m � " b � � � �� $ $ ' d # � $ %�E � `E � h '� �" � �� ( u C$ " bh %k

� � �$ " �" d ' d � � %E k �" $ k �� '�E $ " ' � k = 2t( ¢ � �� � ' � �" � �� � �$ %�h � '� z

" � % bE �E � c �h k " $ k � � � � j ' �h �E �k # � $ � %

m1m2, m3m4, . . . , mk−1mk,

m1m2m3m4, . . . , mk−3mk−2mk−1mk,

( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( (

m1m2 . . .mk/4, . . . , m3k/4+1 . . . mk,

m1m2 . . .mk/2, mk/2+1 . . . mk.

¢ � '" � � � �" � �� ' d � � %E k y " $ k h � %�E � k

u11 = u mod (m1m2 . . .mk/2), u12 = u mod (mk/2+1 . . . mk/2),

u21 = u11 mod (m1m2 . . . mk/4), . . . , u24 = u12 mod (m3k/4+1 . . .mk/2),

( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( (

ut−1,1 = ut−2,1 mod (m1m2), ut−1,2 = ut−2,1 mod (m3m4), . . .

. . . , ut−1,k/2 = ut−2,k/4 mod (mk−1mk),

u1 = ut−1,1 mod m1, u2 = ut−1,1 mod m2, . . . , uk = ut−1,k/2 mod mk.

�� &� � ' �h � " b � # " �h %k ' d � � %E �E � k �� � ' �& � �" � �� " �� m C�" $ k

2t−1M(b) + 2t−2M(2b) + . . . + 2M(2t−1b) = O(tM(kb))

h ' � �# E d c � �� �� �� `( ¢ � '" � � � �" � �� " �� m C� " $ k ' d � � %E � " b

2M(2t−1b) + 22M(2t−2b) + . . . + 2t−1M(b) = O(tM(kb))
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} {} � �� { �� � � �� {} � {� � > � �

ci = m1 . . .mi−1mi+1 . . . mk = M/mi,

di = c−1
i mod mi,

i = 1, . . . , k ? �{� �� � � ��� � � � � � � � �> � � � �� �� � �

u≡ ui (mod mi), i = 1, . . . , k,
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k

∑
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cidiui mod M.
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� � � j 6= i,

�
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c = c ·mi

;
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q = d(ui+1 − u) mod mi+1
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u = u + qc ;
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m!d $ " � �� � � � � m �� j � '� E � � n C � b � E � w B   � &h � � $ � � % b j C�" $ k h ' � �# E ��

� � �h $ " � ' %�E � � # � $ � %(��V � �	 S � =� � � n = 2k � ω = 2q 6= 1� � { } � � M =ωn/2 + 1 � � � � �� � n� � �� � � � � { ���� � � �> � � � � � �� � { �� { �� � �

ZM � � � � � ��� � ω �} � � � � �� � �� > �� { �� � � �� � ��� � �� > � � � } � � � n ?¢ �  � �" �� m Cy " $ k h '� %�   d (���	 	 S � � �� { � �~ � � � � �� { �� { �� � � � � ��� � �� � � � �� �� � {� { � � � �� �� � � a � n = 2k �> } { �� � �� � � �� � �� � � � {

n−1
∑

i=0

ai =
k−1
∏

j=0

(1 + a2j

).

l �� � j� " � % b$ " ' �( u � �  �E �  � E h C� �� y � � k( u � � k = 1 �� z

' �E $ " ' � �# � ' �h E �( g$ % � �E � ' � �E � � � � k − 1 � " � � � � k � � % C# � �  

n−1
∑

i=0

ai = (1 + a)

n
2
−1

∑

i=0

a2i.

u � � ��h � � % �a �E � y �E h C� �� � � � % C# � �  

n
2
−1

∑

i=0

a2i =

k−2
∏

j=0

(1 + (a2)2
j

) =

k−1
∏

j=1

(1 + a2j

),

# " � � " � � m � '� % �$ bh �� � j� " b(���	 	 S q � �� � M = ωn/2 + 1 � 0 6= ω ∈ R � � �� �� �� 1 6 i < n � �� � �

n−1
∑

j=0

ωij ≡ 0 (mod M).

+ 7- 	� / 4 � � 1 � � � � � � �� � � � � � � �� � 2 3 � � � � �

l �� � j� " � % b$ " ' �( _ �& %� $ E � %�   � ,h �$ " � " �# E � � �� � j� " b �# " � � � � '$ �c 1 6 i < nE � `h �" $ k j" � � �� � # " �
1 + ωi2j ≡ 0 (mod M).

g$ % � i = 2st� &h � tE �# �" E � � " � � � %� & � �  j = k − 1− s( s �&h �

1 + ωi2j

= 1 + ω2k−1t = 1 + (ωn/2)t ≡ 1 + (−1)t ≡ 0 (mod M),

" � � � � � tE �# � " E �(B � �E �  $ k � h �� � j� " � % b$ " ' C" � � � �  d ( w %�  �E " n � m �� " �  � " � � � � �

# � $ %� n=2k � M=ωn/2+1=2qn/2+1 ' j� �  E � � � �$ " d ( w %�  �E " ω=2q 6=1 �� � �# �  ωn/2=−1+M≡−1 (mod M)( £" $ y h � ωn≡1 (mod M)( ¢ � � �E � � �%�   � ¤ & � �� E " � � C�" ' d � � %E �E � � " ��" b � & � C$ % � ' �k �E � � mc �h �  �& �h %k

� � �  � " � 'E �$ " � � � �E k � j �h �E � �d ( s� � ��  � h �� � j� E � ( �
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���� � !� 	 ! 	 ��� � ! �	 � �   
 � � � ��� � � �

� � � �¢ � � � E �  � # " � � % & � � � "  g '� % �h � h %k E � c �a h �E �k E � � m � % b z

D � & � � m �� & �h � % � " � %k # � $ � % A � B � A > B � j� � %y # � �" $ k ' � �$ %�h � z

'� " � % bE � ' d � � %E �E � � � �� �� �� � h � %�E �k $ �$ " � " � � � � �  �E � " � % bE �

� � �$ %�h � '� " � % bE �$ " � # � $ � % A = r−1, B = r0, r1, r2, . . . , rk

h � � � % C# � z

E � k E C %� ' �& � �$ " � " � � rk+1 = 0� &h � ri−2 = diri−1 + ri

� � � i = 1, . . . , k� rk−1 = dk+1rk( s �&h � (A, B) = rk( v� $ $  �" � �  " � �� � b � � % C# � y � Cy z

$ k 'h � E E � � %& � � � "  � � �$ %�h � '� " � % bE �$ " b d1, d2, . . . , dk+1( ¢ �" � Ch E �

' �h �" b � # " � �" � # � $ %� Ch � ' %�" ' � �k y " �� ' �E $ " ' C

A

B
= d1 +

1

d2 +
1

d3 +
1

. . . +
1

dk+1l %k � �� " � �$ " � m Ch �  � m � jE � # � " b � �� ' Cy # � $ " b �" �& � ' d �� a �E �k

# � �� j [d1, d2, . . . , dk+1]

� E � j d '� " bE � � �� � d 'E � ` % � % � �� �E � ` &h � � m by (¢ � � �� � d 'E d � h � � m � � �k ' � % � $ b '  � " �  � " � � � � �� ' �� . '( x � � � z

� �� �� $ � � �$ " �� E �E � � �E � � � % C# � % � � �$ %� �� m �" �( �y `& �E $ � % �� . . '( & �� �" � � d ` � � �  �E k % � c h %k � �h m � �� j C m# � " d c � � %� $ � $ j� h � E E d  �� �� z

h � " �# E d  �" E �D �E � �  ( s� � � �k E � � �� � d 'E d c h � � m� ` m!d %� $ � $ " �  � " � z

# � $ � � �� j �� m �" � E � �( w ` %� � � � � j� " �  �( �� & �� E a �  (£"  � " �  � � �$ " � `D � � $ ' � `$ " '� " � � �c h � � m� `(l %k %y m �& � n � %y md c E � " C �� % bE d c d1, d2, . . . , dn

$ � �� '�h % � ' d

�� '�E $ " '�

[d1, d2, . . . , dn] = d1 +
1

[d2, . . . , dn]
;

[d1, d2, . . . , dn] =

[

d1, d2, . . . , dn−2, dn−1 +
1

dn

]

;

� � � k = 1, . . . , n− 1

[d1, d2, . . . , dn] =

[

d1, . . . , dk +
1

[dk+1, . . . , dn]

]

.

+ �- �� � � � � � � � � � 	 � �� � � � � / � � 0 / 1 � � � 7

��V � �	 S % � � CE h �  �E " � % bE � $ � �" '�" $ " ' � � &( z �� �� � { � } {� � � � {��� � � �� � {� � � � � � ~ � � �� � > � � � � � � a1, a2, . . . , an, . . . � � � � � � � ��

[a1, a2, . . . , an] =
Pn

Qn
, n = 1, 2, . . .

�> } { �� � � � � � � � { � � � { �� � { � � { � � �~ � � � �� {� �� �> } { �� � � � � ��� � � � �� > � � � � � � � � ��

(

a1 1
1 0

) (

a2 1
1 0

)

. . .

(

an 1
1 0

)

=

(

Pn Pn−1

Qn Qn−1

)

, n = 2, 3, . . .

l �� � j� " � % b$ " ' �( l %k Ch � m$ " '� � � %� & � �  P0 = 1� Q0 = 0(l �� � j� " � % b$ " ' � � � � ' �h �  � E h C� �� � ` � � n( u � � n = 1 C" ' � � a h �E � �

�# � ' �h E �( g$ % � h %k n−1 �E � ' d � � %E �E � � " � � � � � �h � � % �a �E � y �E h C� z

�� � h %k E � � �� � d 'E � `h � � m � [a2, . . . , an] = Xn−1

Yn−1

h � % a E � ' d � � %E k " b$ k

�� '�E $ " ' �

(

a2 1
1 0

)

. . .

(

an 1
1 0

)

=

(

Xn−1 Xn−2

Yn−1 Yn−2

)

.

_h � C& � `$ " � � �E d � �" � h � � m � $ 'k j� E d $ � �" E �D �E � �  

Pn

Qn
= [a1, a2, . . . , an] = a1 +

1

[a2, . . . , an]
= a1 +

Yn−1

Xn−1
=

a1Xn−1 + Yn−1

Xn−1
,

# " � � � %E �$ " b y $ � �" ' �" $ " ' C�"  � " � �# E � C �� ' �E $ " ' C

(

Pn Pn−1

Qn Qn−1

)

=

(

a1 1
1 0

)

·
(

Xn−1 Xn−2

Yn−1 Yn−2

)

.

s� � � �  � h �� � j� E � ( �l � � m � [a1, a2, . . . , an] = Pn

Qn

� n = 1, 2, . . .E � j d '� y " $ k } { �� { �� � � � �� � { �� � �( B� � # �$ " '� $ %�h $ " ' �k � j �" � `" � � ��  d  d � � % C# � �  � �� � " � z

# � $ � � '$ � �$ E � 'E d � $ ' � `$ " '� � �h c �h k � �c h � � m� `(

,( PnQn−1 − Pn−1Qn = (−1)n � n = 1, 2, . . .¤( �� � � � Pn

� Qn

�� � � �� { } � {� � > } � � �� �� n = 1, 2, . . .

f ( Pn

Qn
− Pn−1

Qn−1
= (−1)n

QnQn−1

� n = 1, 2, . . .

�( Pn

Qn
= a1 +

n
∑

k=1

(−1)k

QkQk−1

� n = 1, 2, . . .

2 ( �|{� � � � { �� � � �� � {� � � Pn

� Qn

~ � { � � � � � { �� � � � �� ~ � � � � � � > �� { {� � { ��� � � � Pn=anPn−1+Pn−2 � Qn=anQn−1+Qn−2

} � � n=2, 3, . . .

� ( Qn = anQn−1 + Qn−2 > Qn−1 + Qn−2 > 2Qn−2 > 2
n−2

2 � n = 2, 3, . . .
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� � q � v� $ $  �" � �  " � �� � b ' � � � �$ � � ��h $ " � ' %�E � � h � `$ " ' � " � % bE d c

# � $ � % E � � �� � d 'E d  � h � � mk  �)( u C$ " b α *E �� �" � � �� � � % �a � " � % b z

E �� h � `$ " ' � " � % bE �� # � $ % �( B d h � % �  'E �  �� % Cy � h � � mE Cy # � $ " � +

α = bαc + {α}( u � %� & � �  a1 = bαc � � � $ % � {α} = 0� " � j� � � E # � '� z

�  � � �$ % � {α} 6= 0 � " � � � % C# � �  �� '�E $ " ' � α = a1 + 1
α1

( u � '" � �k k

�" �" � � � ��$ $ h %k # � $ %� α1 � � " ( h ( � � % C# �  ' �� j C % b" � " � � �$ %�h � '� z

" � % bE �$ " b a1, a2, . . . , an, . . . ,h %k � �" � � � ` � � � � � a h � n ' d � � %E k �" $ k

�� '�E $ " ' � α=[a1, a2, . . . , an, αn] � n=1, 2, . . .

� � $ %� an(αn)E � j d '� y " $ k� � } { �� > � � %} { �� > � � & � � � � � > � �(B � j  �a E d h '� $ % C# � k + % � m � � � � ��$ $ j� � �E # � " $ k E � E �� �" � � � 

D � & � n � ' d � � %E �E � �� '�E $ " ' � α = [a1, a2, . . . , an] � % � m � � � � '$ �c n' d � � %E k y " $ k E � �� '�E $ " '� α 6= [a1, a2, . . . , an]( B $ % C# � � m�$ � �E �# E � `

� �$ %�h � '� " � % bE �$ " � a1, a2, . . . , an, . . . � � ��h � % �  jE � # �E � � m�$ � �E �# E � `

E � � �� � d 'E � `h � � m � [a1, a2, . . . , an, . . .]� � � � ��h � %

lim
n→∞

Pn

Qn
= lim

n→∞

(

a1 +

n
∑

k=1

(−1)k

QkQk−1

)

,

� �" � � d ` '$ � &h � $ C ��$ " ' C� " ' $ � % C $ c �h �  �$ " � jE � � �# � ��h Cy �� & �$ k

�k h � $ m� $ � �E �# E � C md '� y � �  � # %�E �  �)(v� $ $  �" � �  � � � $ 'k j� E d  � a h C$ � m � `# � $ % � α � � �h c �h k � � � h � � m �

[a1, a2, . . . , an] = Pn

Qn

� n = 1, 2, . . .h %k � � % C# � ' D � `$ k ' �� j C % b" � " � � � � z

 �E �E � k h � E E � ` � � � ��h C � d %� �E �# E � ` � � % � m� $ � �E �# E � ` & � �$ %�h � '� z

" � % bE �$ " � a1, a2, . . . , an, . . .���	 	 S � =� � � � � �� � � n + 1 � � � � { α � � � { �} � �� � � � {� � � � �� � � �} { �� { �� �� � � � { �� � � { �> } { �� � �� � � { �� { �� � �~ � � � � � � �� � � � +

Pn

Qn
< α <

Pn+1

Qn+1

� � � Pn+1

Qn+1
< α <

Pn

Qn
.

l �� � j� " � % b$ " ' �( v� $ $  �" � �  h � `$ " ' � " � % bE Cy � CE � � � y
f(x) = [a1, a2, . . . , an−1, x]( £# � ' �h E � � # " �

f(an) =
Pn

Qn
,

f

(

an +
1

αn

)

= α,

f

(

an +
1

an+1

)

=
Pn+1

Qn+1
.

+ �- �� � � � � � � � � � 	 � �� � � � � / � � 0 / 1 � � � �

B $ � % C � � � ' �h �E E d c ' d D � $ ' � `$ " ' � �h c �h k ��c h � � m� `h %k � CE � z

�� � f(x)h � % a E � ' d � � %E k " b$ k �� '�E $ " ' �

f(x) =
xPn−1 + Pn−2

xQn−1 + Qn−2
.

_ %�h � '� " � % bE � � f(x) * & � �� � m � %� � � � � �" � Ck ' %k � " $ k $ " � �& �  �E �" �E z

E � ` � CE � �� � `( �# � " d '� k E � �� ' �E $ " '� an < an + 1
αn

< an + 1
an+1

� � � % C z

# � �  � # " � ' j� ' � $ �  �$ " � �" " �& � �  �E �" �E E � ' � j �� $ " � � " � % � C md '� �"

� CE � � �k f(x)� ' d � � %E k � " $ k �h E � � j" �� m C�  d c E � �� ' �E $ " '( ��   � h � z

� � j� E � ( �¢ � $ �  � h � %� E � " � Ch E � ' �h � " b � # " �h � % a E d ' d � � %E k " b$ k E � �� z

' �E $ " '�

P1

Q1
<

P3

Q3
< . . . 6 α 6 . . . <

P4

Q4
<

P2

Q2
.

�E � # �E � � � �E �# E � ` E � � �� � d 'E � ` h � � m� ` $ �� %d  � E � � � %E d  �

# � $ " E d  � � �# � ' �h E � �k ' %k �" $ k �� �� �E � % bE d  # � $ % � ( ¢ � � m � � �" �$ � �� z
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� %& � � � "  C g '� % �h � C� � j� E E d ` ' d D � � � � �� $ $ � �$ " � ��E �k E � � �� � d ' z

E � `h � � m � j� � �E # � " $ k � � � E � c �a h �E � � E � � m � % b D � & � � m �� & �h � % � " � %k (u � � �" � jE � # �E � � E � � �� � d 'E � `h � � m � m Ch � " $ � ' �� h � " b$ h � E E d  # � $ z

% � ( ¢ � � m � � �" � %y m� k � �E �# E � k E � � �� � d 'E � k h � � m b$ �� %d  � E � � � % z

E d  � # � $ " E d  � k ' %k �" $ k �� �� �E � % bE d  # � $ % � ( u � �" � CE � � mc �h �  �

h �� � j� " b" � % b� � �h E � jE � # E �$ " b" � � �& � � ��h $ " � ' %�E �k (u ��h � � % �a �  � # " � �  � �" $ k h '� �� j % �# E d c � � �h $ " � ' %�E �k �� � � z
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" � '
Z8( u � � �" � '$ � % C � CE � " � % ' & %�   d h %k E �# � " E d c s � t ' d � � % z

E k � " $ k �� '�E $ " ' � f(st) = f(s)f(t)(£ � ��h � % �  ' � % � # �E C G ∈GF (p2) �� '�E $ " ' � 

G =

7
∑

j=0

f(j)ωj .

u �� � a �  � # " � G 6= 0( iR � �  

G = ω − ω3 − ω5 + ω7 = 2(ω − ω3),

" � � � � � ω4=−1( £" $ y h � G2=4(ω2−2ω4+ω6)=8 6=0 � � � $ %�h � '� " � % bE � �� G 6= 0 ' � � %� GF (p2)(u �h $ # � " � �  " � �� � bh ' C k $ � �$ � m�  � '� % �# �E C Gp( _ �h E � `$ " � z

� �E d

Gp = (G
p−1

2 )2G = 8
p−1

2 G =

(

8

p

)

G =

(

2

p

)

G.

_h � C& � `$ " � � �E d �

Gp =

( 7
∑

j=0

f(j)ωj

)p

=

7
∑

j=0

f(j)ωpj ,
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Gp =
7

∑

j=0

f(p)f(pj)ωpj = f(p)
7

∑

j=0

f(pj)ωpj = f(p)G.

s� �� � b � � � � �� 'E � '� k � m� ' d �� a �E �k � $ �� �� �� k E � G � � � % C# � �  

" � � m C�  �� �� '�E $ " ' �( �" � � " �� m � '� % �$ bh �� � j� " b( �< � 8 � � * S (� S X 
 Z � p ] � S �V � * � S 
 	 � V TX 
 �S 
 T T S � l �� � a �  � �� �h E � j� z

 �# � " � % bE �� $ ' � `$ " ' �$ �  ' � %� �� a � E h �� � E � j d '� �  �� � '� h �� " �# E d  

j� � �E � ' j� �  E �$ " �)( w  � � � �# �$ � � �E md % �" � � d " ' , 5 ef &( �( w ` z

%� � � ( u� � ' �� � � %E �� h �� � j� " � % b$ " ' � m!d % �h � E � ' , 5 4� &( , 4 z %� " E �  

r( �� C$ $ � ( B$ � & � �E � ��h % �a � %$ �  b �� j % �# E d c h �� � j� " � % b$ " '� '� h z

�� " �# E �& � j� � �E � ' j� �  E �$ " �)(��V � �	 S � z �� �� �> � } � {� � > � � � � � � � > � � � � � � p � q � } �� � � � � � � {� � � � � � � � {

(

p

q

)

= (−1)
p−1

2

q−1

2

(

q

p

)

.

l �� � j� " � % b$ " ' �( u �$ " C �� �  � � %E �$ " by � E � % �& � # E �h �� � z

j� " � % b$ " ' C � �$ %�h E � & � $ ' � `$ " '� ( u� �� `h �  � " � � � C �� $ D � ��E � y

GF (pm) � � %k

Zp � ' � �" � � � $ �h � � a � " $ k � %�  �E " ω � � �k h � � q

%E � z

� � �  � � �  �a E � � � % �a � " b m = q − 1 � " � � � � � ' d � � %E k �" $ k $ �� 'E �E � �

pq−1 ≡ 1 (mod q)

&( v� $ $  �" � �  ' � % � # �E C

G =

q−1
∑

j=0

(

j

q

)

ωj .

_E � # � %� h �� � a �  � # " � G 6= 0( iR � �  

G =

(q−1
∑

j=0

(

j

q

)

ωj

)(q−1
∑

k=0

(−k

q

)

ω−k

)

=

(−1

q

) q−1
∑

j=0

q−1
∑

k=0

(

j

q

)(

k

q

)

ωj−k.

s� � � � � ( 0
q ) = 0 � " �  �a E � � j  �E � " bE � a E � ` � ��h � % C � m� �c $ C  (£h E � ' � �  �E E � j�  �E k k ' � '" � � � `$ C  � �E h �� $ kE � jk � � � % C# � �  

G =

(−1

q

) q−1
∑

k=1

q−1
∑

j=1

(

j

q

)(

jk

q

)

ωj(1−k) =

(−1

q

) q−1
∑

k=1

(

k

q

) q−1
∑

j=1

ωj(1−k).

s� �� � b '� �E �  '" � � � `$ C  � � E h �� $ j = 0 � h � m� ' � '� �� � ' � `$ C  �

' d �� a �E � �

q−1
∑

k=1

(

k

q

)

= (+1)
q − 1

2
+ (−1)

q − 1

2
= 0.
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¢ � � �E � � � C# � " d '� k � # " �

q−1
∑

j=0

ωja =

{

0, a 6= 0,

q, a = 0,

� � % C# � �  

G2 =

(−1

q

) q−1
∑

k=1

(

k

q

) q−1
∑

j=0

ωj(1−k) =

(−1

q

)(

1

q

)

q = (−1)
q−1

2 q.

£" $ y h � G2 6= 0 � � � $ %�h � '� " � % bE � � � G 6= 0 ' � � %� GF (pm)(u �h $ # � " � �  " � �� � bh ' C k $ � �$ � m�  � '� % �# �E C Gp( _ �h E � `$ " � � � z

E d

Gp =
(

(−1)
q−1

2 q
)

p−1

2 G=(−1)
p−1

2

q−1

2 q
p−1

2 G≡ (−1)
p−1

2

q−1

2

(

q

p

)

G (mod p).

_h � C& � `$ " � � �E d �

Gp =

(q−1
∑

j=0

(

j

q

)

ωj

)p

=

q−1
∑

j=0

(

j

q

)

ωpj ,

" � � � � � pE �# �" E �( i$ � � % b j Ck $ ' � `$ " '� $ �  ' � %� �� a � E h �� � � % C# � �  

Gp =

q−1
∑

j=0

(

p

q

)(

pj

q

)

ωpj =

(

p

q

) q−1
∑

j=0

(

pj

q

)

ωpj =

(

p

q

)

G.

s� �� � b � � � � �� 'E � '� k � m� ' d �� a �E �k � $ �� �� �� k E � G � � � % C# � �  " �� zm C�  �� �� '�E $ " ' �( s� � � �  � h �� � j� E � (

< � = � l �� � j� E E d � $ ' � `$ " '� $ �  ' � %� �� a � E h �� � � j ' � %k y " ' d # � $ z

%k " bh %k %y m �& � � � �$ " �& �E �# �" E �& � p � %y m �& � �� % �& � a jE � # �E � � (a
p )$ � � � � b y $ %�h Cy �� & � � % & � � � "  � +

, & � $ % � # � $ % � a �" � � �� " � % bE � � " � ' d h � %k �  $ � E �a � " � % b (−1
p

) ;¤ & j�  �E k �  # � $ % � aE � �$ " � " �� a mod p �" h � %�E �k # � $ %� aE � p ;

f & �� $ � %� h d '� �  # � $ % � a ' � � � � j '�h �E � � � � �$ " d c $ � E �a � " � %� `

a = pa1

1 pa2

2 . . . pak

k

� �� � �c �h �  � �� j % �a �E � y ' � � � � j ' �h �E � �

4)

(

a

p

)

=

(

p1

p

)a1
(

p2

p

)a2

. . .

(

pk

p

)ak

;
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2 & � $ % � p1 = 2 � a1

E �# � " E � � ' d # � $ %k �  ( 2
p ) ;

� &h %k � � a h �& �E �# �" E �& �$ � E �a � " � %k pi

$ E �# � " E d  jE � # �E � �  

$ " � ��E � ai

� � �  �E k �  � '� h �� " �# E d ` j� � �E ' j� �  E �$ " � ;

5 & � $ % � E � � mc �h �  � � ' � j ' �� �� �  $ k � �( ,(¢ � � � �  � � �

(

126

53

)

=

(

20

53

)

=

(

2

53

)2(
5

53

)

= (−1)26·2
(

53

5

)

=

(−2

5

)

=

= (−1)2(−1)3 =−1.

< �: � � 
 	 *V U � �V � 
 � i j % �a �E E d ` ' d D �  �" �h ' d # � $ %�E �k $ �  ' � %�

�� a � E h �� k ' %k � " $ k E � Ch � mE d  '$ 'k j � $ " �  � # " � � � � � & � ' d � � %E �E � �

� � �c �h � " $ k � � � m� & � " b� $ % �a E � ` � �� �� �� � �� � " � � � j� �� � E � " C �� % b z

E d c # � $ � %( �" � md � j m� ' � " b$ k �" E � � mc �h �  �$ " � �� � " � � � j � '� " b# � $ z

%� �� $ $  �" � �  � m � m ��E � � $ �  ' � %� �� a � E h �� � E � j d '� �  �� $ �  ' � % � 

�� � m �)(u C$ " b nE �# �" E � � �  � � " $ %�h Cy �� � �� j % �a �E � � E � � � �$ " d � $ � z

 E �a � " � % � n=pa1

1 pa2

2 . . . pak

k

( s �&h � h %k %y m �& � �� % �& �# � $ %� a� � � � { �

�� { �� � � ��h � %k � " $ k �� '�E $ " ' � 

(

a

n

)

=

(

a

p1

)a1
(

a

p 3

)a2

. . .

(

a

pk

)ak

.

Bh � E E � $ % C# � � �� '�E $ " ' � ( a
n ) = 1 ' � '$ � E � � mk j� " � % bE � � jE � # � � " �# " �# � $ % � ak ' %k �" $ k � '� h �� " � # E d  ' d # �" � � �  �h C %y n( ¢ � � � �  � � �

(

2

15

)

=

(

2

3

)(

2

5

)

= (−1)(−1) = 1,

�h E � � �# � $ % � 2 � �# � ' �h E � �E � k ' %k � " $ k � '� h �� " �# E d  ' d # �" � � �  � z

h C %y 15( u � �" � C� $ �  ' � % C �� � m � E � h � �" E �$ � " b$ k � � � � � � �  � % bE � `

� CE � � � � �" h ' Cc � � & C �E " � '( ��  �# � " � % bE �� $ ' � `$ " ' � �" �& �$ �  ' � %�

j� � %y # � � " $ k '" � � # " � �E Ch � ' %�" ' � �k � " � �� � " �# � $ � � '$ �  " �  a �

$ ' � `$ " '�  � # " � � $ �  ' � % �� a � E h �� (

,( =� � � a1 ≡ a (mod n) � � { (a1

n )≡ ( a
n ) ?¤( (ab

n ) = ( a
n )( b

n )(

f ( =� � � (a, n) = 1� � { (a2b
n ) = ( b

n ) ?

�( ( 1
n ) = 1, (−1

n ) = (−1)
n−1

2 (

2 ( ( 2
n ) = (−1)

n2
−1

8 (
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l �� � j� " � % b$ " ' � �" �c $ ' � `$ " ' � � � ' �h � " $ k $ � � � � by �( %� & � % ' &

%�   d � j �( 4( ¤( ic � ��h %� & � �" $ k ' d � � %E � " b$ �  �$ " �k " � % bE � '� � # � z

$ " '� C � �� a E �E �k (l �� � a �  % � D b � m � m ��E � � � '� h �� " �# E �& � j� � �E � ' j� �  E �$ " �)(��V � �	 S � z �� �� �> � � � � � � � > � � � � � � m � n� } � � � � � � � � { �� � �� � � � {

(

m

n

)

= (−1)
m−1

2

q−1

2

(

n

m

)

.

l �� � j� " � % b$ " ' �( l �$ " � " �# E �$ # � " � " b � # " � (m, n)=1� ' � � � z

" � 'E � $ % C# � � � m� # � $ " � �� ' �E $ " '� �� 'E d E C %y ( u ��h � � % �a �  � # " �

# � $ %� m � n �  � y " $ %�h Cy � � � �� j % �a �E �k E � � � �$ " d � $ � E �a � " � % �

m = qb1
1 qb2

2 . . . qbs
s , n = pa1

1 pa2

2 . . . pak

k .

s �&h � � � � � ��h � %�E � y � $ ' � `$ " '�  $ �  ' � %� �� � m � � � % C# � �  

(

m

n

)

=
k

∏

j=1

s
∏

i=1

(

qi

pj

)ajbi

,

(

n

m

)

=
s

∏

i=1

k
∏

j=1

(

pj

qi

)ajbi

.

_ �& %� $ E �� '� h �� " �# E � C j� � �E C ' j� �  E �$ " � � � � '$ �c i � j �  � �  

(

qi

pj

)

= (−1)
pj−1

2

qi−1

2

(

pj

qi

)

.
£$ " � �" $ k j�  � " � " b � # " � '$ � % C �( %� & %�   d $ � �� '�h % � ' � �� '�E $ " ' �

s
∏

i=1

k
∏

j=1

(−1)aj
pj−1

2
bi

qi−1

2 = (−1)
n−1

2

m−1

2 .

s� � � �  � h �� � j� E � ( �< � @ � l �� � j� E E d � $ ' � `$ " '� $ �  ' � %� �� � m � � � j ' � %k y " h %k %y m �& �

� � �$ " �& �E �# � " E �& � p � %y m �& � �� % �& � a � E � � � � m� & � k � �� � " � � � j� �� �

# � $ %� � ' d # � $ %k " b jE � # �E � � $ �  ' � %� �� a � E h �� (a
p )$ � � � � by $ %�h C z

y �� & � � %& � � � "  � (

u � %� & � �  n = p(, & � $ % � # � $ % � a �" � � �� " � % bE � � " � ' d h � %k �  $ � E �a � " � % b (−1
n ) ;¤ & j�  �E k �  # � $ % � aE � a mod n * �$ " � " �� �" h � %�E �k # � $ %� aE � n ;

f & �$ % � a# �" E � � � ��h $ " � ' %k �  � & � ' ' � h � � � � � j '�h �E �k a = 2ta1 �&h � (a1, 2) = 1� � � �$ % � tE �# �" E � � " � ' d # � $ %k �  ( 2
n ) ;
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a1

n

)

= (−1)
n−1

2

a1−1

2

(

n

a1

)

;

2 & � $ % � E � � mc �h �  � � ' � j ' �� �� �  $ k � �( ,(¢ � � � �  � � �

(
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)

=

(
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)

=

(

2
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=
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8
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(

2
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)
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$ " d c # � $ � % p ' �E " � � '� %� 1 < p 6 x( g �� # � " d �E � h �� " � %� " E � ` �� C$ $

' , 5 4 , &( � � E � % � j � � Ck �" C � CE � �� y � � �  � % d c x� j�  �" � % � # " � % C# D �

'$ � & � � � � � � m % � a � �" � CE � ��k x
ln x

( B , e¥ e &( �� a � E h � � ��h % �a � % � � � z

 C % C� � �" � �� k $ h �$ " � " �# E � m � % b D � `" �# E �$ " by h � �" # � $ % � � � �$ " d c

# � $ � % * x
ln x−1,08366

( £E � � � ' � � � % � � � C % Ch %k 104 < x < 106( B , e2 ¥ &(u( �( �� m!d D � ' � �� � j� % �# " � � � � C %� �� a � E h �� E � ' � �E � � � $ � � � � by

h �$ " � " �# E �$ % �a E � `" �c E � � � � � % C# � %$ %�h Cy �� � � ��E � �

0,921
x

ln x
< π(x) < 1,106

x

ln x
.

Bh � % bE � `D �  �  md % � � � % C# �E d jE � # �E � k � �E $ " � E " � m � %� � m % � j� � �

� 1( B , e 4� &( Ah �  � � � B� % %� z u C$ $ �E E � j� ' � $ �  �h �� � j� % � � $ �  �" � z

" � # �$ � � ` j� � �E π(x) ∼ x
ln x

$ � � � � b y " � � � � � � CE � �� `� � � %�� $ E �& �

�� ��  �E E �& �( s �# E � � �E � � �� � j� % � � # " � � CE � ��k

x
∫

2

dt

ln t
∼ x

ln x

h � �" m � %� � " �# E �� � � � m % � a �E � � h %k π(x)� # �  x
lnx

( l �� � j� " � % b$ " ' �

� $ �  �" �" �# �$ � �& � j� � �E � � %�  �E " � �E d  �  �" �h �  � md % � � � % C# �E �

" � % b� � ' , 4� 4 &( _ � % m� � & � (

+ ,� - 1 � � � � � � �� � �� � � � � �

�> � q � l �� � a �  $ %�h Cy � Cy " � � ��  C�k ' %k y � Cy $ k C � � � ��E E d  '� z

� � � E " � � � j C % b" � " � u( �( �� md D � '� (��V � �	 S � �~ �� � � �~ � � � � � } {� � {� � � > � c1
� c2 � � �� � � �� { 0 <

< c1 < 1 � c2 > 1 � � �� �� �� x > 2 �> } { �� � � � � � � � �� � �� � � ��

c1
x

ln x
< π(x) < c2

x

ln x
.

l %k h �� � j� " � % b$ " '� h � E E d c E � �� '�E $ " ' Ch � mE � � � ��E � '� " b � CE � z

�� y

θ(x) =
∑

p6x

ln p,

E � j d '� �  Cy � CE � �� � ` �� md D � '� (���	 	 S � � �� � �� �� x > 2 �> } { �� � � � � � � � � � � �� � � � {

θ(x) < (4 ln 2)x.

l �� � j� " � % b$ " ' �( B$ � % C �# � ' �h E �& �E � �� ' �E $ " '�

22n >

(

2n
n

)

>

p<2n
∏

n<p

p

� � % C# � �  

2n ln 2 > θ(2n)− θ(n).£" $ y h �

θ(2m) 6 2 ln 2(1 + 2 + . . . + 2m−1) < (2 ln 2)2m,

� h %k x = 2m %�   � '� �E � ( u � � 2m−1 < x < 2m �  � �  

θ(x) 6 θ(2m) < (2 ln 2)2m = (4 ln 2)2m−1 < (4 ln 2)x. �

���	 	 S q � �~ �� � � �~ � � � � � � � � � � c > 0� �� { � � �� { � �� �� �� x > 2�> } { �� � �� � � � � � � � � � � � � { θ(x) > cx ?l �� � j� " � % b$ " ' �( B '�h �  � m � jE � # �E � k

tp(n) = max{k > 0: pk
6 n},

op(n) = max{k > 0: pk |n}.

_E � # � %� j�  � " �  � # " � tp(n) = blogp nc( B" � � Cy '� % �# �E C � �h $ # � " � �  

� � � � � C %�

op(n!) =

tp(n)
∑

j=1

⌊

n

pj

⌋

.
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u � �" � C � � � '$ �c p < 2n �  � �  

op

((

2n
n

))

= op

(

(2n)!

(n!)2

)

=

tp(2n)
∑

j=1

⌊

2n

pj

⌋

− 2

tp(n)
∑

j=1

⌊

n

pj

⌋

=

=

tp(2n)
∑

j=1

(⌊

2n

pj

⌋

− 2

⌊

n

pj

⌋)

6 tp(2n).

B � �$ %�h E �  E � �� ' �E $ " '� � $ � � % b j � '� E � �# � ' �h E � k � ��E � � 0 6 b2xc −
− 2bxc6 1( £" $ y h �

2n <
n + 1

1

n + 2

2
. . .

2n

n
=

(

2n
n

)

=
∏

p<2n

p
op

((

2n
n

))

6
∏

p<2n

ptp(2n).

_ %�h � '� " � % bE � �

n ln 2 <
∑

p<2n

tp(2n) ln p =
∑

p<2n

blogp 2nc ln p = Σ1 + Σ2,

Σ1 6
∑

p6
√

2n

ln 2n

ln p
ln p 6

√
2n ln 2n,

Σ2 =

p<2n
∑

p>
√

2n

⌊

ln 2n

ln p

⌋

ln p 6

p<2n
∑

p>
√

2n

1 ln p 6 θ(2n).

£" $ y h � ' d " �� � �" E � �� ' �E $ " ' �

θ(2n) > n ln 2−
√

2n ln 2n > cn,

&h � c>0 *E �� �" � �� k � �E $ " � E " � ( ¢ � � �E � � � � � � 2n<x62n+1 � � % C# � �  
θ(x) > θ(2n) > cn > c

x− 1

2
> c1x, c1 > 0. �

l �� � j� " � % b$ " ' � " � � � �  d ( B � �c E k k � � � E � � ( iR � �  

θ(x) >

p<x
∑

p>
√

x

ln p > ln
√

x(π(x) − π(
√

x)) > ln
√

x(π(x) −
√

x).

_ %�h � '� " � % bE � � $ C# �" � %�   d , � � % C# � �  
π(x) 6

2θ(x)

ln x
+
√

x < 8 ln 2
x

ln x
+
√

x < c2
x

ln x

� � � E �� �" � � � `� �E $ " � E " � c2 > 1(

+ ,� - 1 � � � � � � �� � �� � � � �,

¢ � a E k k � � � E � � ( i jE � �� ' �E $ " '�

θ(x) =
∑

p6x

ln p 6 π(x) ln x

$ � � � � b y %�   d ¤ � � % C# � �  

π(x) >
θ(x)

ln x
> c

x

ln x
.

s� � � �  � h �� � j� E � ( ��> � 8 � B� � # �$ " '� $ %�h $ " ' � k � jh �� � j� E E � ` ' d D � " � � ��  d � � % C# � z

y " $ k � ��E � � ' � % � # �E d n z& � � � �$ " �& �# � $ %� (� U � ( T X * 
 � � � �~ � � � pn

� n� � } � {� � { � � � � � { ? �{� �� � � � �~ � � � � � �� � � � {� � � � � � > 0 < c3 < c4 � �� { } � � �� �� � {� � � � { �� { ��{ �� � �� ��> } { �� � � � � � � � �� � �� � � ��

c3n ln n < pn < c4n ln n.

l �� � j� " � % b$ " ' �( u � � x=pn

� � � C % � � � '� � " � � ��  d � � � � m z

�� " � �" ' � h
c1

pn

ln pn
< n < c2

pn

ln pn
.

B � �c E k k � � � E � � ( � �& � � � �! � � Ck %� ' �� E � �� '�E $ " ' � � � % C# � z

�  

ln pn + ln c1 − ln ln pn < ln n,

� " � � � � � � � � h �$ " � " �# E � m � % b D �c n$ � �� ' �h % � '� � ��E � �

1

2
ln pn < ln pn + ln c1 − ln ln pn,

" �

pn <
1

c1
n ln pn <

2

c1
n ln n = c4n lnn.¢ � a E k k � � � E � � ( s� � � � � pn > n� �  � �  

pn >
1

c2
n ln pn >

1

c2
n ln n = c3n lnn. �

� U � ( T X * 
 � q � �~ � � � pn

� n� � } � {� � { � � � � � { ? �{� �� } � � � �� {� { �> �� {� � � � � � � � 0 < c5 < c6

� } �� � � � � � �> � � � � � �� � � ��

c5 ln n < pn+1 − pn < c6 ln n. �
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n �} � {� � { � ;

% m &

(n− 1)!≡−1 (mod n) ?l �� � j� " � % b$ " ' �( B$ % C# � � n=2 C" '� � a h �E � � �# � ' �h E �( g$ z

% � n=p>2 * � � �$ " �� � " �� � a h d ` � %�  �E " a � � %k � �" % �# E d ` �" 1 � −1�  � �" � m �� " E d `

a−1 � � � �# �  a 6= a−1( u � �" � C

(n− 1)!≡ (−1)
∏

a6=1,−1

aa−1 ≡−1 (mod n).

g$ % � n = ab *$ �$ " � 'E �� � 1 < a < n� " � a | (n− 1)! � � $ %�h � '� " � % b z

E � � (n− 1)!k ' %k �" $ k E � � m �� " �  d  � %�  �E " � � � % b ��

Zn( u � �" � C

(n− 1)! 6≡ −1 (mod n)( s� � � �  � h �� � j� E � ( �

+, ,.- � � � � � � 4 � � � � /1 �1 � ��
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 �E k " b � & �h %k � � � ' � �� � � � �$ " �" d E � ' � j  �a E � ' ' �h C m � % b D � `" � C z

h ��  � �$ " �)(

� � � 8 � �� T X � S V T� V * � 	 S UV ] X �V � �	 p � �� 	 S � %� k " � � ��  � n � � � C" '� � a h � �" � # " � � $ % � n � � �$ " �� � " � ' d � � % z

E k � " $ k C$ % � ' � � +} � � �� �� a ∈ {2, 3, . . . , n− 1} � �� � � �� � � { � �� �� � � � �

an−1 ≡ 1 (mod n).
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£ m �� " E �� C" '� � a h �E � � E � ' � �E �(i j �" � `" � � � �  d $ %�h C�" �# " � � $ % � $ �� 'E �E � � % , &E � ' d � � %E �E �c �" k

m!d h %k �h E �& �# � $ %� a ' �E " � � '� %� {1, 2, . . . , n− 1}� " � n *$ �$ " � 'E ��(u � �" � C  �a E � � ��h % �a � " b$ %�h Cy � � ` � � � {� � � {� � � > �� �� � } � {�� � {� > +
, & ' d m � �� �  $ % C# � `E �� # � $ % � � j �E " � � '� %� {1, 2, . . . , n− 1} � � � � z

' � �k �  $ � � � � by � % & � � � "  � g '� % �h � C$ % � ' � � (a, n) = 1 ;¤ & � $ % � �E �E � ' d � � %E k �" $ k � " � �" ' �" � n *$ �$ " � 'E ��� ;

f & � � � ' � �k �  ' d � � %E �  �$ " b$ �� 'E �E �k % , & ;

� & � $ % � $ �� 'E �E � � E � ' d � � %E �E � � " � �" ' �" � n *$ �$ " � 'E ��� ;

2 & �$ % � $ �� 'E �E � � ' d � � %E �E � � " � �" '�" E � � j ' �$ " �E � E �  �a E � � � z

'" � � � " b" �$ " � �� �� j(

g$ % � ' d � � %E k � " $ k $ �� 'E �E � � % , & � " � & � ' � �k " � # " � # � $ % � n k ' z

%k � " $ k } � � � � {} � {� � > � } { {� � { �� � � � a( ��  �" �  � # " � $ C ��$ " ' C�"

m�$ � �E �# E �  E �& � �� �# � $ � % (a, n) � &h � n *$ �$ " � 'E �� � �$ � 'h � � � �$ " ��

� � �$ E � '� E � y a( ¢ � � � �  � � � � � � (a, n) = (2, 341) � � % C# � �  2340 =
=(210)34≡1 (mod n) �c �" k 431=11·31( u � � ' �h �  E � �  �E b D � � � � �  � � d

 �E �  � % bE d c �$ � 'h � � � �$ " d c # � $ � %h %k �$ E � '� E � `

a = 2, 3, 5, 7(

a n

2 341 = 11 · 31
3 91 = 7 · 13
5 217 = 7 · 31
7 25 = 5 · 5

l %k %y m �& � a > 1 �  � �" $ k m�$ � �E �# E �  E �& � �$ � 'h � � � �$ " d c # � $ � %

� � �$ E � '� E � y a( ¢ � � � �  � � � �� � � } � � � (2, n)~ � { � � �� � { �� � � � � � �� � � � � �� { � } � � � (2,2n−1)� �� � � � �~ ~ � { � � �� � { �� � � % v( _" � `� � '� % bh � , 4 � 5 &(



� � � � �- � � � 2 �� 1 � �� / 4 � � � �� � � � 1 � �

l� `$ " ' � " � % bE � � 2n − 2 = 2(2n−1 − 1) = 2tn � � � E �� �" � � � t( u � �" � C

22n−2 − 1 = 22tn − 1 = (2n − 1)(2(2t−1)n + . . . + 1)≡ 0 (mod n).
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j � � �  � �" $ k m� $ � �E �# E �  E �& � �$ � 'h � � � �$ " d c # � $ � % � � �$ E � '� E � y 2(u � � a>2  �a E � ' �$ � � % b j � '� " b$ k $ %�h Cy ��  C" ' � � a h �E � �  � � �" � � ��
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$ k ¢ £ l
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(xj − xk , n) 6= 1 E � � mc �h �  � � �$ %�h � '� " � % bE �$ " b h % �E d l + 1( u � z
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t = n� �" � Ch � ' d " �� � �" � # " �$ % �a E �$ " bE � c �a h �E �k E � �  �E b D � & � � � � z

$ " �& �h � % � " � %k # � $ %� nh � E E d  � % & � � � "  � �� 'E � O( 4
√

n log4 n)h ' � z

�# E d c � �� �� � � `( g$ % � � � % �a � " b z < b 4
√

nc + 1� " � � %& � � � "  m Ch � "

� $ � � " b" � % b� �  � %�E b� � � � � �$ " d � h � % � " � % � # � $ %� n(��  �" �  � # " �$ � ' ��  �E E d �  � " �h d �� � " � � � j� �� � E � � �� � " � � � # � z

$ " � ' d � � %E k y " $ k ' f �" � �� (w" � � ,( u � � mE d � h � %�E �k E � 1÷ 2" d $ k # � �� � ' d c � � �$ " d c # � $ � %(w" � � ¤( ¢ � c �a h �E � �  � %�E b� �c � � �$ " d c h � % � " � %� `  � " �h � u � % z

%� �h � � % �  �" �h � u � % %� �h � * x" �� $ $ �E � % '� �" � � � # � $ % � z � �h m � z

�� �" $ k � j$ � � m �� a �E � ` � �" �  � j� �� � � m �� `" � Ch ��  � �$ " � � %& � � � "  � &(w" � � f ( l %k E � c �a h �E �k m � % b D �c � � �$ " d c h � % � " � %� ` � � �  �E k �" $ k

�h � E � j$ C m �� $ � �E �E �� � % bE d c � %& � � � "  � '(

� 8 � 8 � � S � XV � 
 � S Q 
 � � �� 	 S

B �$ b � � % �h �" ' � �E � ` �h � � ` � � � � �$ " � ��E � � � %& � � � "  � ' �� � " � � � z

j� �� � k ' %k �" $ k � � � $ � �� % d c # � $ � % x � y � h %k � �" � � d c ' d � � %E k �" $ k
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$ � �" E �D �E � � x2≡y2 (mod n)( g$ % � � � � �" � x 6≡±y (mod n)� " �# � $ %�

(x + y, n) � (x− y, n)$ C" bE � " � � ' � � % bE d � h � % � " � % � # � $ %� n(u � z ' �h �  � C� �� � ' d  ' �" � E � � �� ' %�E � � k ' %k � " $ k  �" �h �� � z

" � � � j� �� � � � � �  �E �E E d ` u( n � � � ( £E �$ E � '� E E � " � � ��  � w ` %� �� �

� � �h $ " � ' %�E � � # � $ %� ' ' �h � �� jE �$ " � h ' Cc � '� h �� " � '(��V � �	 S � =� � � n>1 �� � � �� � { � � { �~ ��� � �~ �� �� � � �� { { �� {� � � � �� { � � { {� � �� � � � � � � � � �~ � �� � { � �� �� � � � � �� { � � � � � � n = a · b �

a > b > 0 � } � � �� � � � � �� �� � � � � � �� � �� � {� � �� �� � � � � { � n = x2 − y2 �

x > y > 0 ? �� { � { {� � �� � � � � � � �� �� � � �

x =
a + b

2
, y =

a− b

2
,

a = x + y, b = x− y.

l �� � j� " � % b$ " ' � �# � ' �h E �( � � " �h n � � � j� � %y # � �" $ k '" � � # " � � � �  � % d c jE � # �E � k c �� �� z

 � " �� y ' � � �h $ " � ' %�E � � n=x2−y2  �a E �E � `" � �� � C (x, y)� �� � � m � �� k

'� � # �$ " '� � � E h �h � " � 'E � jE � # �E � � x# � $ %� b√nc + 1, b√nc + 2, . . . �

� � � '� �k k h %k � � a h �& � � jE �c �� '�E $ " '�

(b
√

nc+ i)2 − n = y2.

l %k �" m �� � � '� � % �a E d c jE � # �E � `

x  �a E � ' �$ � � % b j � '� " b$ k " �  �# " � �$ % � # � $ % �E � k ' %k � " $ k � '� h �� " � � " � �E �$ m � % b D � ` ' � � �k " E �$ " by

E � m Ch � " � � '� h �� " �# E d  ' d # �" � h %k �h E �& � � jE � m � % b D �c � � �$ " d c

# � $ � % p( u �$ %�h E � � $ ' � `$ " ' � %� &� � � � � '� �k � " $ k � C" �  ' d # � $ %�E �k $ � z

�" '� " $ " ' Cy �� & �$ �  ' � %� �� a � E h �� (Bc �h + n *E �# � " E �� # � $ % � � p1, . . . , pk

*E � m � % b D � � � � �$ " d � # � $ %� (x� & ¥ ( u � � '� � � " b pi |n� i = 1, . . . , k( g$ % � h � � " �h � % � " � % bE � `h �E (x� & ,( l %k � � a h �& � x �" b√nc + 1h � b√nc + n0

' d # � $ % � " b '� z

% �# ��E d

t = x2 − n, ti = t mod pi, i = 1, . . . , k.

x� & ¤( g$ % � c �" k m!d h %k �h E �& � i = 1, . . . , k ' d � � %E �E � �h E � � j

C$ % � ' � ` +

* ti = 0 � p2
i

E � h � % � " t ; � % �

* ti 6= 0 � ( ti

pi
) =−1�" � �� �� `" � � $ %�h Cy ��  C xE � D � & � ,( B � � �" � 'E � $ % C# � �

�� �� `" � � D � & C f (x� & f ( u � � '� � � " b �k ' %k � " $ k % � t=x2−n � � %E d  � '� h �� " � ( g$ % �

x2−n=y2 � " � ' d h � " b �" '� " +� n *$ �$ " � 'E �� � n=a·b� a=x+y �

+ , � - � �� � � � 1 � � 2 �4 1 � � � � �5 � � 5 � � � � �� / � � 7 7

b = x− y� ( g$ % � t = x2−n *E � � � %E d `� '� h �� " � " � �� �� `" �

� $ %�h Cy ��  C xE � D � & � ,(

u �$ C" � � h � E E d ` � %& � � � "  � � �h � mE �  � " �h C� � � � mE d c h � %�E � `� �k ' %k �" $ k �� jE � ' �h E �$ " b y  � " �h � �� � � m � �� '$ �c ' � j �a E d c h � % � " � z

%� `( _ % �a E �$ " b �" �& � � %& � � � "  � � ��E � '� � " $ k ' � % �# �E � `

O(n0 log2 n)(u� ��  � " � n0

� � ��h � %k � " $ k � �� � " �# �$ � � � j� �E � �� " E d c ' d # � $ % � " � % b z

E d c ' � j �a E �$ " � `( ��  m � % b D � jE � # �E � � n0 � " �  m � % b D � � # � $ % � ' � j z

 �a E d c h � % � " � %� ` m Ch �" � � � '� ��E �( £h E � � � � ' �" % � # � � �"  � " �h �� � � � mE d c h � %�E � `� � $ � � � � by � �" � � �& �E � c �h � " $ k E � �  �E b D � `h � z

% � " � % b � h � E E d `  �" �h � � j ' � %k �" E � c �h � " bE � � m � % b D � `h � % � " � % b# � $ z

%� n� E � � �� ' �$ c �h k �� ` √
n(��  �" �  � # " � ' �$ " � √n  �a E � m �� " b √kn � � �  � %d c jE � # �E � z

k c k( B �  E �& �c $ % C# � k c �� ��c �h � C �� 'E �E �k  (b
√

knc+ i)2−kn=x2 �

k = 3, 5, . . . � � j ' � %k �" E � `" � � $ � � �� jE � # �E � � x � C" �  m � %� � � � � �" z

� �& � �� �� m � �� jE � # �E � `

i� # �  � � � k = 1( u � � �" � � '$ % C# � � C$ ��c �

" � � �� � ��h $ " � ' %�E � � " � � a � � � j ' � %k �" �� � " � � � j � '� " b# � $ % � n � " � � � � �

# � $ %�

(b
√

knc+ i + x), (b
√

knc+ i− x)

%� a � " ' �E " � � '� %� (0, n) � Ch � ' %�" ' � �k y " �� '�E $ " ' C

(b
√

knc+ i + x)(b
√

knc+ i− x) = kn.
� 8 � = � � Ut V � 
 X	 

 � TV � S

B �  E �& � c $ � ' ��  �E E d c � %& � � � "  � c �� � " � � � j� �� � h %k E � c �a h � z

E � k h � % � " � %� ` � $ � � % b j C�" $ k � h �k �� a � E h �� % , 5 4 e &( & � j� � %y # � y �� k $ k

' � � � $ � � �� � d �� %d c # � $ � % x � y � Ch � ' %�" ' � �k y � �c C$ % � ' �k  

x2 ≡ y2 (mod n), x 6≡ ±y (mod n).

w" �" � �h c �h k ' %k �" $ k � m � m ��E � �   �" �h � n � � � � '� �" � � � " �� zm C�" $ k ' d � � %E �E � � $ " � �& �& � �� '�E $ " '� (l %k � � � $ � � " � � �c # � $ � % ' �$ � � % b j C�  $ k � �E k " � �  �� � " � �E � ` m� j d (¢ � j � ' �  �� � " � �E � ` m� j � `E �� �" � � ��  E �a � $ " ' � B={p1, p2, . . . , ph}E � m � % b D �c � � �$ " d c # � $ � %( £ m!d # E � '� � # �$ " '� p1, p2, . . . , ph

m� � C" � � � z

$ " d � # � $ %� � E � � �� ' �$ c �h k �� � E �� �" � � � ` & �� E � �d M � h = π(M)(	 Ch �  & � ' � � � " b � # " � �� % �� # � $ % � b ∈ N

k ' %k � " $ k B z# � $ % � � �$ % �

# � $ % � b2 mod n �� j %� & � � " $ k ' � � � � j ' �h �E � � � � �$ " d c # � $ � % � j �� � " � � z

E � ` m� j d +

b2 mod n =
∏

p∈B

pαp(b).
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_ � � �$ " � ' �  � � a h � C B z# � $ % C '�� " � � � �� � j� " � %� ` � j �" �& � �� j % � z

a �E �k

~α(b) = (αp1
(b), . . . , αph

(b)),

� " � � a � h ' � �# E d ` '�� " � � � � � % C# �E E d ` � j ' �� " � �� ~α(b) � � � '�h �E � �  

'$ �c � & �� � � �h �E � " � �  �h C %y ¤ �

~ε(b) = (αp1
(b) mod 2, . . . , αph

(b) mod 2).

g$ % � " � �� � b� � � �  z % � m �$ � �$ � m � � �h � m �� " b" � � ��  E �a �$ " ' � �� j z

% � # E d c B z# � $ � % b1, . . . , bm � � � � � �" � � � ' d � � %E k � " $ k % �E � `E �� $ � �" z

E �D �E � �

~ε(b1)⊕ . . .⊕ ~ε(bm) =~0,

" �h %k � � � � j '�h �E �k x = b1 . . . bm

' d � � %E k �" $ k $ � �" E �D �E � �

x2 ≡ y2 (mod n),

&h � # � $ % � y � � ��h � %k � " $ k � � ' �� " � ��  � �� � j� " � %� ` �� '�E $ " ' � 

y =
∏

p∈B

p
1
2
(~αp(b1)+...+~αp(bm)).

� � � { � � � � z�� � {� � j� � %y # � �" $ k '$ %�h Cy ��  (x� & ,( B d m �� " b$ % C# � `E �� b � 1 < b < n � � ' d # � $ % � " b b2 mod m(x� & ¤( u � � mE d  � h � %�E �k  � � � �d " � " b$ k �� j % �a � " b b2 mod mE �

� � �$ " d �  E �a � " � % � � j �� � " � �E � ` m� j d (x� & f ( g$ % � bk ' %k � " $ k B z# � $ % � � " ( �(

b2 mod n =
∏

p∈B

pαp(b),

" � j� � � E � " b ~α(b) � ~ε(b)( u � '" � �k " b � � � ��h C � C & �E � �� �� �

# � $ � % bh �" �c � � � � � �� � E � m Ch �" E � `h �E � m=h+1 B z# � $ � %
b1, . . . , bm(x� & �( ¢ � `" � %E � � � �  � � � �� D � k $ � � � � by � %& � � � "  � � �$ %�h � '� z

" � % bE �& � � $ � %y # �E � k E � � j ' �$ " E d c �� C$ $ � �h E � � �h E Cy $ � z

$ " �  C % �E � `E d c C �� 'E �E � `

x1~ε(b1)⊕ . . .⊕xm~ε(bm)=~0 �" E � z

$ � " � % bE �E � � j ' �$ " E d c (x1, . . . , xm)

&$ � �" E �D �E � � % � E � `E � `

j� ' � $ �  �$ " �

~ε(bi1)⊕ . . .⊕ ~ε(bit) =~0, 1 < t 6 m.

u � % �a � " b

x = bi1 . . . bit , y =
∏

p∈B

p
1
2
(~αp(bi1 )+...+~αp(bit )).

+ , � - � �� � � � 1 � � 2 �4 1 � � � � �5 � � 5 � � � � �� / � � 7 �

x� & 2 ( u � � '� � � " b x ≡ ±y (mod n)( g$ % � �" � " � � � " � � � '" � � � " b

� � � ��h C � C & �E � �� �� �)( g$ % � E �" � " �E � `h �E �E �" � � ' � � % bE ��

�� j % �a �E � �

n = u · v, u = (x + y, n), v = (x− y, n).¢ � " � Ch ��  � �$ " b � %& � � � "  � lR� � $ �E � $ C �� $ " ' �E E � ' % �k �" ' d m � �

�� � " � �E � ` m� j d ( g$ % � # � $ % � h ' d m �� E �" � � � # " � M ≈
√

n
2

� " � � �# " �

� � a h �� # � $ % � b m Ch � " B z# � $ % � � E � � � % C# � �  d � � � � �" � $ �� 'E �E �k

x2≡ y2 (mod n)

m Ch C" " � � ' � � % bE d  �)( r � � � " �& � � E � h � m Ch � " �� D � " b

$ � $ " �  d �" �# �E b m � % b D �& �# � $ %� E � � j '� $ " E d c ( g$ % � h *  � % � � " �

B z# � $ %� m Ch C" � �k ' %k " b$ k �# �E b � �h � �(��  �" �  � # " � �$ % � # � $ % � n *$ �$ " � 'E �� � " � C �� 'E �E � � x2 ≡ a2

(mod n) �  � � " � � � �� `E � `  � �� � �� D �E �k %h �� � a � " � �" � ' � � z

# � $ " ' � C � �� a E �E �k &( u � �" � C '� � �k " E �$ " b � �k ' %�E �k �� � d (x, y)$ x ≡ ±y (mod n)E � � �� ' �$ c �h � " 1/2( _ %�h � '� " � % bE � � � � '" � �k k � � � z

��h C � C E � m � �� h %k � � % C# �E � k E C a E � ` �� � d k �� j  d � � % C# �  �# " � E � h � a E �$ " b h � E E �& �  �" �h � E � c �a h �E �k h � % � " � %k E �  �E b D � �# �  1− 2−k(£ m � jE � # �  # � �� j Ψ(n, M)# � $ % � �� %d c # � $ � % a ' �E " � � '� %� 1 <
< a 6 n� �� $ � %� h d '� y �� c $ k ' � � � � j '�h �E � � � � �$ " d c # � $ � % � j  E �a � z

$ " '� B = {p : p 6 M}(i j �� j C % b" � " � '¢ ( l� z 	 �� `E � % , 4� � & � g( r � � � � %h � � v( w �h �D �

� r( u � � �� E �� % , 4 ef & ' d " �� � � " $ %�h Cy �� k

��V � �	 S % l� z 	 �� `E � r � � � � %h � w �h �D � u � � �� E � &( z �� �� �> � ε >
> 0 � x > 10� u 6 (log x)1−ε } � � u→∞ �� �� { �� �� { } { x �> } { �� � � � � �� { {� � { ��� � �

Ψ
(

x, x1/u
)

= x · u−u(1+o(1)).£" $ y h � � � � u = log x
log y

� � % C# � �  

Ψ(x, y) = x · u−u(1+o(1)).

u � �" � C ' � � # �$ " '� � � � m % � a �E E �& � jE � # �E �k '� � �k " E �$ " � � � % C z

# �E �k # � $ %� � �� $ � %� h d '� y �� & �$ k ' � � � � j ' �h �E � � � � �$ " d c # � $ � % � j

 E �a �$ " '� B = {p : p 6 M} � � � � $ % C# � `E � ' d m � �� # � $ � % ' �E " � � '� %�

[2, n]  �a E � � $ � � % b j � '� " b ' � % �# �E C

Ψ(n, M)

n
= u−u,

&h � u= ln n
ln M

( w" C a � '� % �# �E C  �a E � � � �E k " b '� � # �$ " '� � � � m % � a �E z

E �& � jE � # �E �k '� � �k " E �$ " � � �k ' %�E �k B z# � $ %� E � D � & � , � %& � � � "  � (



�� � � �- � � � 2 �� 1 � �� / 4 � � � �� � � � 1 � �

B$ � & �E � h �E � m �� " b h + 1 �� j % �# E d c B z# � $ � % � � � �# �  � � � � c � � � z

' � �� � E � D � & � ¤E � h � ' d � � %E � " b hh � %�E � `( s� � �  � m �� j � � $ � �h E y y

' ��  �E E Cy � � � �! � " �# � $ � Cy $ % �a E �$ " b � %& � � � "  � lR� � $ �E �  �a E �

� ��E � " b ' d �� a �E � �  

T = OA(uu · h2 + h3),

&h � OA(h3) *$ % �a E �$ " b �� D �E �k $ � $ " �  d � j h+1 % � E � `E d c C �� 'E �E � `

�" hE � � j '�$ " E d c ( BE � D �  $ % C# � � h = π(M) = M
ln M

(B d m� ��  '� � # � $ " ' � M '� % �# �E C M = L(n)1/2 � &h � # � �� j L(n) � m � z

jE � # �E � exp(
√

ln n · ln ln n)( s �&h � � � � � E �" � Ch E � � � � ' � � � " b �

uu = L(n)1/2,

M = π(M) = L(n)1/2.£" $ y h � $ %�h C�" � # " � " � Ch ��  � �$ " b � %& � � � "  � lR� � $ �E � � ��E � '� �" $ k

$ %�h Cy ��  � m �� j � +

T = OA(L(n)2 + L(n)3/2) = O(L(n)2).

A % & � � � "  lR� � $ �E �  �a � " md " b C$ � ' � � D �E $ " ' � '� E � �E � $ � � % b� �  

E � � �� ' %�E �k  +

*  �a E � j�  �E � " b � � � ��h C � C & �E � �� �� � B z# � $ � %" � � � # " � md '� � � z

k " E �$ " b � c � � � �a h �E � k md %� m � % b D � ` ;

*  �a E � � �" �  � j � � � '� " b ' d m � � �� � " � �E � ` m� j d $ " �  � # " � md

C �E b D � " b# � $ % �E � � j '�$ " E d c '$ � $ " �  � C �� 'E �E � ` ;

*  �a E � C$ � '� � D �E $ " ' � '� " b � � � ��h C � C �" $ � '� � � % �c �c � # � $ � % b �E � k ' %k y � �c $ k B z# � $ %�  � ;

*  �a E � � $ � � % b j � '� " b md $ " � d ` � %& � � � "  �� D �E �k $ � $ " �  d % � z

E � `E d c C �� 'E �E � ` %E � � � �  � � � � %& � � � "  B �h �  � E � h %k �� j �� a �E E d c

 � " � � � & � � " ( h (

u �h � mE d � C % C# D �E � k E � � � j ' � %k y " � j �E � " b � m �� ` ' �h � ��E � �

$ % �a E �$ " � O(L(n)c) � E �h � y " ' � j  �a E �$ " b C �E b D � " b� �E $ " � E " C c�
c > 1(
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 U[ S� X S � 'V � � 
 TV � S

_ C" b � %& � � � "  � 	 � � %c � �" � *   � � � � $ �E � � � � C m % � � � '� E E �& � �  � '

, 4 52 &( � j� � %y # � �" $ k 'h ' Cc � j  �E �E �k c ' � %& � � � "  � lR� � $ �E � +

� & $ % C# � `E d � # � $ %� b ' d m � �� y " $ k $ � � � � b y  � " �h � E � � �� � d ' z

E d c h � � m� ` � � ��h % �a �E E �& � �� & �� E a �  � � � j ' � %k y �� & � & �E � � � � � '� " b

+ , � - � �� � � � 1 � � 2 �4 1 � � � � �5 � � 5 � � � � �� / � � �,

" � � � � b� # " �# � $ % � b2 mod nk ' %k �" $ k  � %d  � � � � �" � C '� � �k " E �$ " b

� & � �� j % �a �E �k m � %� � ' d $ �� � ;

m & � j �� � " � �E � ` m� j d B � $ � %y # � y " $ k " � # � $ %� p� h %k � �" � � d c

(

n

p

)

=−1.

v� $ $  �" � �  � & � m � %� � � �h � � mE �(��V � �	 S � �~ � � � x > 1 �
�� �� � � � � � �� � { � � � � � { � � {

Pk

Qk

}

�} {� � � � {��� � � �� � {� � � � � { } { �� { �� � �� � � { �� �� k = 1, 2, . . .

�{� �� } � � �� �� k > 1�> } { �� � �� � � � � � � � � � � � � {
|P 2

k − x2Q2
k|< 2x.

l �� � j� " � % b$ " ' �( B$ � % C$ ' � `$ " ' � �h c �h k ��c h � � m� ` �  � �  

|P 2
k − x2Q2

k|=Q2
k ·

∣

∣
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∣
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Qk

∣

∣

∣

∣

·
∣

∣

∣

∣

x +
Pk

Qk

∣

∣

∣

∣

<Q2
k ·

1

QkQk+1
·
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2x +
1

QkQk+1

)

.£" $ y h �
|P 2

k − x2Q2
k| − 2x < 2x ·

(

−1 +
Qk

Qk+1
+

1

2xQ2
k+1

)

<

< 2x ·
(

−1 +
Qk + 1

Qk+1

)

< 2x ·
(

−1 +
Qk+1

Qk+1

)

= 0.
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 � � �~ � � � n �� � � � �� � � � � � �� � �� � { � � Pk

Qk

�} { �� { �� �� �� � { �� � �� � � � � � √n ? �{� �� � � � � �� �� � > � } { � �� { �� � � { � � � � � � � � ��> � � � P 2
k mod n � � � � � P 2

k − nQ2
k

� � � } � � � {� � { ��� � 2
√

n ?l �� � j� " � % b$ " ' �( u � � x =
√

n

P 2
k ≡ (P 2

k − nQ2
k) (mod n),

� � �# �  ' $ � % C " � � ��  d |P 2
k − nQ2

k| < 2
√

n( u � �" � C  �E �  � % bE d `

� � � m$ � %y " E � ` ' � % � # �E � ' d # �" # � $ %� P 2
k

� �  �h C %y n $ � ' �� h � �"

$ P 2
k − nQ2

k

� # " � � " � � m � '� % �$ bh �� � j� " b(l� E E �� $ %�h $ " ' � � � �� � j d '� �" � # " � � $ % � '� � # �$ " '� $ % C# � `E d c # � z

$ � % bE � , �" � �� � % & � � � "  � lR� � $ �E � m �� " b# � $ %� Pk � " �  �E �  � % bE d `

� � � m$ � %y " E � ` '� % �# � E � ' d # �" # � $ %� P 2
k mod n� �� 'E d `

P 2
k −nQ2

k

� E �

m Ch �" � �� ' d D � " b jE � # �E � k ¤√
n( u � �" � C '� � �k " E �$ " b � & � �� j % �a � z

E � k ' � � � � j '�h �E � � # � $ � % � j m� j d B

m Ch �" m � %� � ' d $ �� � ` � # �  � � �

$ % C# � `E � ' d m � ��(u �� � a �  " � �� � b �# " �" � � � ` ' d m � �# � $ � % b � � j ' � %k �" � $ � %y # � " b � j

�� � " � �E � ` m� j d '$ � # � $ %� p � C� �" � � d c (n
p )=−1( u �� � a �  �# " � ' �� j z

% �a �E � � # � $ %� P 2
k − nQ2

k

E � � � �$ " d � $ � E �a � " � % � m Ch C" '$ " ��# � " b$ k
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� �  �h C %y p(u C$ " b p | (P 2
k − nQ2

k)( s� � � � � (Pk , Qk) = 1 � " � (p, Qk) = 1( £" $ y z

h � ' d " �� � �" � # " � � %�  �E " Qk

� m �� " �  � �  �h C %y p( u � �" � Ch � % a E �

' d � � %E k " b$ k C$ % � ' � �

(

PkQ−1
k

)2 ≡ n (mod p),

E � �" � � � jE � # � �" � # " � (n
p ) = 1(s� � � � C % C# D �E �k � � j ' � %k y " h � m � " b$ k � m �� ` � ��E � � $ % �a E �$ " �

� %& � � � "  � O(L(n)c) � � � c =
√

2(

� 8 � @ � '� XV ( � * S (� S X 
 Z � V t V � � � � X S

B , 4 e , &( r( u � � �� E � � ��h % �a � %h %k � � � �a h �E � k B z# � $ � % � $ z

� � % b j � '� " b � �h c �h � � m � m �� y � � `  �" �h n � � � (v� $ $  �" � �  � CE � �� y

f(x) = (x + b
√

nc)2 − n,

k ' %k y � Cy $ k � '� h �� " E d  " ��c # %�E � $ �� %d  � � � � � � � � � �E " �  �)(u � � � � a h � �� % � x ∈ Z

� � % C# � � " $ k E � " � � ' � � % bE �� $ �� 'E �E � �

(x + b
√

nc)2 ≡ f(x) (mod n),

� � �# �  jE � # �E � � f(x) � � �  � %d c xE � '� % � � � +

f(x) 6 x2 + 2x
√

n,

� � � �" � C (x + b√nc)2 6= f(x)( u � �" � C� � $ % � � � � '  �$ " �$ % C# � `E d c

# � $ � % b ' � %& � � � "  � �� $ $  � " � � '� " b jE � # �E �k b = f(x) � � � $ % C# � `E d c

x � j� � %y # �E E d c 'E �� �" � � � �E " � � '� %� −M 6 x 6 M � " � ' � � �k " E �$ " b

� � � �a h �E �k B z# � $ � % ' � j �� $ " � � " (u � � �" �  �a E � � ��h '� � � " � % bE � �$ C ��$ " ' � " b � � �$ � � '� E � � " �c x� j �" �& � �E " � � '� %� � � �" � � d �  �& C" h � '� " b �� j % �a �E � � f(x)E �  E � z

a � " � % � � j �� � " � �E � ` m� j d B( l %k �" �& �h %k � � a h �& � p ∈B � � �" � � ��

 �a �" ' d $ " C �� " b '� � # �$ " '� $ � E �a � " � %k ' �� j % �a �E � �

f(x) = (x + b
√

nc)2 − n =
∏

p∈B

pαp(x),

�� D � �  � '� h �� " E �� C �� 'E �E � �

(x + b
√

nc)2 − n≡ 0 (mod p)

' � � % b ��

Zp( g$ % � r
(p)
1 , r

(p)
2

* �� D �E �k �" �& � C �� 'E �E � k � " �h � % a E �

' d � � %E k " b$ k �� '�E $ " ' � x = r
(p)
i + jp � i = 1, 2 � j ∈ Z(

+ , � - � �� � � � 1 � � 2 �4 1 � � � � �5 � � 5 � � � � �� / � � ��

u � �h � %� ' � � �h '� � � " � % bE � h � E E Cy �� m �" C � � E � c �a h �E � y � � � z

E � `

r
(p)
1 , r

(p)
2

h %k � � a h �& � p ∈ B �  �a E �" � �� � b �$ " � ' � " b ' �E " � � '� z

%� [−M, M ]" � % b� �" � # � $ %� x�h %k � �" � � d c $ �� 'E �E � � x≡r
(p)
i (mod p)' d � � %E k �" $ k h %k h �$ " � " �# E � m � % b D �& �� � % � # �$ " '� # � $ � % p∈B( �E � E � �

h %k � � a h �& � x$ � � $ � � " �c p∈B �h %k � �" � � d c ' d � � %E k y " $ k �" � $ �� 'E � z

E � k � � � �a �" " � � a � m!d $ " �� � �$ C ��$ " ' � " b �� � " � � � j� � � y # � $ %� f(x)�� $ % � �E � $ C ��$ " ' C�" (lRa ( l � ' � $ � u(   �E " & � � � � � m � m � � % � h � E E d ` � �h c �h ( £E � � ��h z

% �a � % � � $ � � % b j � '� " b  E �& �# %�E
fab(x) = ax2 + 2bx + c,

&h � � � � � � � �� �E " d a, b, ck ' %k y " $ k �� %d  � # � $ %�  � � Ch � ' %� " ' � �k y "

C$ % � ' � y

b2 − ac = n, 0 6 b < a;

u � � " � � � ' d m � �� � � � � � � �� �E " � ' ' d � � %E k � " $ k �� '�E $ " ' �

afab(x) = (ax + b)2 − n,

�" � Ch � � � % C# � �  $ �� 'E �E � �

(ax + b)2 ≡ afab(x) (mod n),

� � �# �  

(ax + b)2 6= afab(x).

r � � � � � �� �E " d a, b, c ' d m � �� y " $ k � � $ c �h k � j$ %�h Cy � �c $ � � m �� z

a �E � `( n CE � � �k fab(x) � � � E �  � � "  � � $ �  � % bE d � jE � # �E � � '� �E �� c

�" �� j� � [−M, M ]

fab(−M)≈ 1

a
(a2M2 − n).

  � E �  � % bE �� jE � # �E � � �E � � � � E �  � � " '" �# � � x =−b/a � −1 < x < 0 �
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(

− b

a

)

=−n

a
.
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$ " d c # � $ � % � j �� � " � �E � ` m� j d (u � � h � E E � ' d m � �� �� ��  � " � � ' jE � # �E � k  E �& �# %�E � fab(x)E � �E z

" � � '� %� [−M, M ] Ch � ' %�" ' � �k y " E � �� '�E $ " ' C

|fab(x)|6 1√
2

M
√

n,

# " � ' 2√2 �� j % C# D � � # �  C � $ c �h E �& � � %& � � � "  � u � � �� E �� � '� �" � z

� � � � � M �√n

|fab(x)|6 2 + 2x
√

n≈ 2x
√

n 6 2M
√

n.

+ , � - � �� � � � 1 � � 2 �4 1 � � � � �5 � � 5 � � � � �� / � � � �

u � �" � C " � � � � � � % � E � d m � %� � � ��h � �# " � " � % bE d h %k � � � $ � �

B z# � $ � %( � " �h u � � �� E �� E � j d '� �" $ k  � " �h � � '� h �� " � # E �& � �� D �" � � % �

� � z �" �h � � �  �" �h l � ' � $ � *   �E " & � � � � * �� � � z  �" �h � % �� � � �� � �

� � � � � � �� 9 � � 9 � � 9 � � � � � � �� 9 � � 9 � � - ��� � � 9 � �� � � � � � &(

� 8 � ?� (p − 1) �	 � XV ( Y S � XV � 
 � S Q 
 
 $V U U S� (S

u ��h � � % �a �  � # " � n *E �# �" E �� $ �$ " � 'E �� # � $ % � � E � �  � y �� �

E � m � % b D �c � � �$ " d c h � % � " � %� `( £ m � jE � # �  # � � � j pE � �  �E b D � ` � � � z

$ " � `h � % � " � % b# � $ %� n( ¢ � D � j� h � # � j� � %y # � �" $ k ' � & �E � c �a h �E � �)(u ��h � � % �a �  � # " � # � $ % � (p− 1) �� j %� & � � " $ k ' � � � � j '�h �E � �

E � m � % b D �c � � �$ " d c h � % � " � %� `( B d m� ��  # � $ % � k � � �" � � �� k ' %k �" $ k

�� ��  � " � �  �" �h � ( l %k C$ �� D E � ` �� m �" d � %& � � � "  � E C a E � � # " � md

' d � � %E k % �$ b C$ % � ' � �
(p− 1) |M(k),

&h � M(k)=

¢ £ r
(1, 2, . . . , k)

% '  �$ " � M(k)  �a E � � $ � � % b j � '� " b k! � % � m �

� � � � j '�h �E � � pα1

1 . . . pα2

2

�� � ' d c k � � �$ " d c # � $ � % 'E �� �" � � d c $ " � �� z

E k c α1>. . .>αk � � �" � � d � ' d m � �� y " $ k � j � ' � � $ " �# �$ � �c $ � � m �� a �E � ` &(B$ � % C  � % � `" � � ��  d n � � � ' d � � %E k �" $ k $ �� 'E �E � �

2M(k) ≡ 1 (mod p).
g$ % � � � � �" � 

2M(k) 6≡ 1 (mod n),

" �

p | (2M(k) − 1, n),

&h � 1<p� (2M(k) − 1, n)<n( s� � �  � m �� j � � d=(2M(k) − 1, n) *k ' %k �" $ k

$ � m$ " '�E E d  h � % � " � %�  # � $ %� n� � �� " E d  p(¢ � �" � ` � h � � �$ E � '� E $ %�h Cy �� `  � " �h E � c �a h �E �k $ � m$ " ' �E E �& �

h � % � " � %k # � $ %� n( s� � � � � # � $ % � kE � � j '� $ " E � � " � 'E �  � $ � � % b j � '� E

� �$ %�h � '� " � % bE d ` �� �� m � �  � %d c jE � # �E � `h �E �� �" � � �& � � � � $ � � � z

'� E E �& � jE � # �E �k (u C$ " b k * �� % �� # � $ % � � E � � � �  � � k < 106 � � c *E � m � % b D �� �� % ��

$ C$ % � ' � �  (c, n) = 1� E � � � �  � � � c = 2(x� & ,( l %k � � a h �& � i �" 1h � k ' d # � $ %k �" $ k mi = cM(i) mod n �

� � � ' � �k �" $ k " �$ " D � & � ¤(

x� & ¤( B d # � $ % � " b d=(mi − 1, n)( g$ % � 1<d<n � " �E � `h �E E �" � � z

' � � % bE d `h � % � " � % b# � $ %� n( B � � �" � 'E � $ % C# � � � � %� & � �  

i = i + 1(
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  �a E �  �h � � � �� � � '� " b � %& � � � "  � � $ � � % b j Ck �h E � ' ��  �E E �E �$ z

� � % b� � �� j % �# E d c �$ E � '� E � `

c(s� � � � � (c, n) = 1� " � (c, p) = 1( u � �" � C� � � " � % b� � (p− 1) |M(i)�" � mi ≡ 1 (mod p) � " ( �( p | (mi − 1) � � E � D � & � ¤ m Ch �" E � `h �E E �" � � ' � z

� % bE d `h � % � " � % b n(u� ��  �" � kh � % a �E ' d m � �� " b$ k E � �# �E b m � % b D �  � �E � # �  �a �"

m!d " b ' d � � %E �E � C$ % � ' � � mi ≡ 1 (mod n) � h � % � " � % bE � m Ch �" E � `h �E (u � � ' d � � %E �E � � � %& � � � "  � ' � j '�h �E � � ' $ " � ��E b cM(i) E � h �

�$ C �� $ " ' %k " b ' � � % b ��

Zn

 � " �h � � � '" � �E �& � ' � j '�h �E �k ' � '� h z

�� " ( s� � � � � log M(i) 6 i log i� " � h %k ' d # � $ %�E � k (mi − 1) mod n" � � m C�" $ k O(i log i) � � � �! �" �# �$ � �c � �� �� �� ` � � % b ��

Zn( u � �" � C

� m �� k $ % �a E �$ " b � %& � � � "  �  �a �" m!d " b & � C m � � ��E �E � ' � % �# � z

E � `

O(k2 log k log3 n)(

� ��� � � N� � �G � J � N
 L � � J� � N �� L� J � � �

r � � �" �& �� � �# �$ � � k $ � $ " �  � � / �k ' %k � " $ k � %� $ $ �# �$ � �  � � �  � z

� � � � � �" �& �� � � # �$ � � `$ � $ " �  d $ �" � � d " d  � � %y # �  �)( £E � m!d %�

� � �h % �a �E � ' �� m �" � �2 ¥ � � 'E � $ " �k �� � ' ��  k � � % C# � %� �# �E b D � � � z

� �� �� $ � � �$ " �� E �E � �( ¢ �$  �" �k E �  E �& �# � $ %�E E d � � � � " � # �$ � � � �� zm �" d � � � j C# �E � y � � $ ' � `$ " ' � '� �" � � d c C� � j� E d E � m � � d �� ��  � " � � ' �� � � ' �h k � � � � �$ %� m %�E � y $ c �  d � � � � � �� ' � % bE � � $ � � % b j � '� E � � �E �

$ # � " � � " $ k m� j � �� $ E � `(¢ � � � E �  � m �� ` � %& � � � "  �� m �" d $ � $ " �  d � / �( r� a h d ` � m � z

E �E " ' d �� m� " d '� � " $ ' �y �� � C �" � � d " d c � $ �� �� " E d c � %y # � `( l %k

�" �& � �E & �E � � � � C� " h '� m � % b D � c � � �$ " d c # � $ %� p � q � ' d # � $ %k z

� " � � � � j ' �h �E � � n = pq( �� " �  " �� m C�" $ k ' jk " b $ % C# � `E �� # � $ % � e�' j� �  E � � � �$ " �� $ ϕ(n) = (p − 1)(q − 1)� � E � `" � # � $ % � d � j C$ % � z

' �k ed ≡ 1 (mod ϕ(n))( u� �� (n, e) � m �k ' %k �" $ k �" � � d " d  � %y # � �

� � � �� �" $ k ' �" � � d " d `� � " � % �&( £$ " � % bE d � # � $ %� (p, q, ϕ(n), d) � m �� z

j Cy " $ �� �� " E d `� %y # ( ��  � " �  � # " �# � $ %� (p, q, ϕ(n)) 'h � % bE � `D �  

E � E C a E d �  �& C" m!d " b CE �# " �a �E d ( l %k �� $ D � � � � '� E �k h �$ " � " �# E �

jE � " b �� � C (n, d)(g$ % � � m �E �E " Ac �# � " � �$ %� " b$ � � m ��E � � t � m �E �E " C B � " � �E ' d zm � �� � " � j �" � � d " �& � � � " � % �& � �� � C (n, e) � m �E �E " � B � ' d # � $ %k � "

D � � � � '� E E �� $ � � m ��E � � +

s≡ te (mod n).

A m �E �E " B � � � % C# � 'h � E E �� $ � � m ��E � � � ' d # � $ %k �" +

t≡ sd (mod n)

�� �� � � � � 	 � �	 �
 !� 	 �� � � � !
 � � ��

u � � � j C# �E � � � � � �" �& �� � � # �$ � � `$ � $ " �  d � / � �$ E � 'E d  ' � � � � z

$ � k ' %k �" $ k ' d m � � �� ��  �" � � ' p � q � e � d� � � � � �" � � d c j� h � # � �� D � z

E � k $ �� 'E �E � k

te ≡ s (mod n)

�" E �$ � " � % bE � t � % � m �E � c �a h �E � k %y m �& � � j �� ��  �" � � '$ �� �� " E �& �

� %y # � (p, q, ϕ(n), d)k ' %k � " $ k $ % �a E � `(
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u �� � a �  � # " � �$ % � �  � � " $ k ' � j �a E �$ " bE � `" � %y m �� � j# � $ � %

(p, q, ϕ(n), d)� " �  �a E �E � `" � $ �  $ �� � �" E d `� %y # � �$ C ��$ " ' � " b �� $ z

D � � � � '� E � �( l� `$ " ' � " � % bE � � �$ % �  d  �a �  �� � " � � � j � '� " b# � $ % � n� E � `" � � & �h � % � " � % � p � q � " �  d jE � �  ϕ(n) = (p − 1)(q − 1)� � �� z

��  �" � d %� &� �E � c �h � " $ k � j$ �� 'E �E �k ed≡ 1 (mod ϕ(n))$ � � � � by

�� $ D � ��E E �& � � %& � � � "  � g '� % �h � (g$ % �  d  �a �  E � c �h � " b# � $ % � ϕ(n)� " �# � $ %� p � q %� &� �E � c � z

h k " $ k � � � � � C %�  +

p + q = n− ϕ(n) + 1,

p− q =
√

(p + q)2 − 4n.¢ � � �E � � � �$ % � �  � �" $ k � %& � � � "  E � c �a h �E �k �� $ � �E �E " d d � " � � � � �

� �� � j d '� � " $ %�h Cy �� k " � � ��  � � �  � � " $ k � � ���� " � 'E d ` '� � �k " E �$ " z

E d ` � %& � � � "  �� � " � � � j� �� � (��V � �	 S � �~ � � � n = pq � � �� p � q �} � {� � > � ? =� � � �~ ��� � �~ ��� � � { � � � �� � � { � �� � � � � � � � � d} { {� � �> � { �~ � �� �~ (n, e) � � { �~ �� �� � �~ �� � � � {� � � {� � � > �� � � { � � � � ��� � { � �� �� � � � � � � � n� � � � {� � �� {� � � � ~ � } �� � � { �� �� 1/2 ?l �� � j� " � % b$ " ' �( s� � � � � ed≡ 1 (mod ϕ(n))� " � � � � E �� �" � z

� � kh � % a E � ' d � � %E k " b$ k �� ' �E $ " ' �

ed− 1 = kϕ(n),

%� '� k # � $ " b� �" � � �& � � j '�$ " E � ( u C$ " b ed−1=2sr � &h � r *E �# �" E � � s>1(u �" � � ��  � w ` %� �� h %k � � a h �& � � %�  �E " �

Z
∗
n

h � % a E � ' d � � %E k " b$ k

$ �� 'E �E � � +

a2sr ≡ 1 (mod n).

v� $ $  �" � �  " � �� � b '� � �k " E �$ " E d ` � %& � � � "  � � E � % �& �# E d `" � $ " C

� � �$ " �" d   � % %� �� * v� m � E � (

x� & ,( B d m � �� �  $ % C# � `E � k# � $ � % a1, . . . , ak ∈ Z
∗
n

� h %k � � a h �& �

� jE �c � � � '� �k �  " �$ " E � D � & � ¤(

x� & ¤( l %k h � E E �& � a ' d # � $ %k �  ar(g$ % � ar ≡ 1 (mod n)� " �" �$ " � � �D � % C$ �� D E �(g$ % � ar 6≡ 1 (mod n)� " � ' d # � $ %k �  � �$ %�h � '� " � % bE �$ " b

(ar)2, (ar)2
2

, . . . , (ar)2
s−1

� � � � '� �k �  � '$ " � �# � �" $ k % � 'E � ` −1 (mod n)( g$ % � h � �" �" �$ " � � �D � % C$ �� D E �( g$ % � E � " � " � ' �� j C % b" � " � m Ch �"

+ , �- � �� � � � � � � �� 1 � � � / � /1 � � � , / 1 � �

E � `h �E �" � � �� s′ � # " �

b = a2s′−1r 6≡ ±1 (mod n), b2 = a2s′r ≡ 1 (mod n).

x� & f ( l %k E � `h �E E �& �E � D � & � ¤# � $ %� b ' d # � $ %k �  (b − 1, n)� (b + 1, n)( £E � � m Ch C" � $ � � d  � # � $ %�  � p � q(g$ % � h %k '$ �c # � $ � % a1, . . . , ak

" �$ " E � D � & � ¤ � � �D � % C$ �� D E � � " �

�� j % �a �E � � E � E � `h �E �(u �� � a �  # " � h � E E d ` � %& � � � "  $ '� � �k " E �$ " b y C$ ��c � E �  � z

E � � 1− 2−k � � j ' � %k �" E � `" � �� � " � � � j� �� y # � $ %� n(u C$ " b

Z
∗
n = An ∪ Bn � &h �

An =
{

a ∈ Z
∗
n : ∃s′ 6 s, a2s′−1r 6≡ ±1 (mod n), a2s′r ≡ 1 (mod n)

}

,

Bn = Z
∗
n\An.

s� � � � � � %�  �E " d a ∈ An

� � j ' � %k y " E � `" � �� � " � � � j� �� y n � " �h %k

h �� � j� " � % b$ " '� " � � � �  d E � h �h �� � j� " b � # " � |Bn|< |ϕ(n)|
2

(u ��h $ " � ' �   E �a �$ " ' � Bn

' ' �h �

Bn = B0
n ∪

s
⋃

s′=1

Bs′

n ,

&h �
B0

n = {a ∈ Zn : ar ≡ 1 (mod n)},

Bs′

n =
{

a ∈ Zn : a2s′−1r ≡−1 (mod n), a2s′r ≡ 1 (mod n)
}

,

u C$ " b p−1=2im � q−1=2jl � &h � m, l *E �# � " E d � i6j( _E � # � %� j�  �" �  �# " �  E �a �$ " ' � Bs′

n

E � � C$ " �" � % b� � � � � s′ 6 i� l� `$ " ' � " � % bE � �

ϕ(n) = 2im2jl,

� � �# �  2im2j l | (ed − 1) = 2sr( �E � # � " � ml | r( u � �" � C C$ % � ' � �

a2s′−1r ≡−1 (mod n),

� � $ %�h � '� " � % bE � � �

a2s′−1r ≡−1 (mod p)

 �a �" ' d � � %E k " b$ k " � % b� � � � $ % � s′ − 1 < i � " ( �( s′ 6 i(i" � � �

|Bn|= |B0
n|+

i
∑

s′=1

|Bs′

n |.
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�# � " d '� k � j � � � � � j  

Zn
∼= Zp + Zq � � � % C# � �  

|B0
n|= |B0

p | · |B0
q |= (r, p− 1)(r, q − 1) = ml,

" � � � � � � � �k h �� � �h & � C � �d

{a ∈ Zp : ar ≡ 1 (mod p)}

& � C � �d

Zp

�� ' �E %

r, p− 1) = m(v� $ $ C a h � k � E � % �& �# E � � � � % C# � �  

|Bs′

n |= |Bs′

p ||Bs′

q |= ((2s′

r, p− 1)− (2s′−1r, p− 1))((2s′

r, q − 1)−
− (2s′−1r, q − 1)) = (2s′

m− 2s′−1m)(2s′

l − 2s′−1l) = 22(s′−1)ml.£" $ y h �

|Bn|= ml +

i−1
∑

k=0

22kml = ml

(

1 +
4i − 1

3

)

=

= ml
4i + 2

3
6 ml

2i+j + 2

3
< ml

2i+j

2
=

ϕ(n)

2
.

s� � � �  � h �� � j� E � ( �B j� � %y # �E � � j�  �" �  � # " �� � a h d ` � � % b j � '� " � % bh � % a �E E � j� z

' � $ �  �$ �� ��" E d  � m �� j � & �E � � � � � '� " b$ ' � � $ � m$ " ' �E E d � # � $ %� p �

q( ic �" k � � � ��$ $ & �E � �� �� � � � �$ " d c # � $ � % p � qh �$ " � " �# E �" � Ch � z

�  � � ` � E � % b jk h � %� " b# � $ % � n = pq � m � �  c �" k md h %k h ' Cc �� jE d c

� � % b j � '� " � %� `$ � $ " �  d � / �(��V � �	 S � =� � � � � {� � � � A � � } { ��� ~ �� � � � � � � � � � p � q � �� { �� � {� � � � B � � { {� � { �� � {�~ � ��� ��� � { � �� �� � � � � �� � � �� � �� � > �

�� � } {� �� � > � �~ � � �~ � � � } { � { �� � ��� � � � � � � � { �� � � {� { � � � { � � � �� ?l �� � j� " � % b$ " ' �( u �� � a �  � � � � � � % b j � '� " � % b B  �a �" E � ` z

" � $ �� �� " E Cy �� $ � �E �E " C dA

� m �E �E " � A( u �$ ' � �  �� $ � �E �E " �  eB� dB

�E  �a �" ' d # � $ % � " b '� % �# �E C eBdB − 1 = kϕ(n)� &h � k � ϕ(n) *

E � � j ' �$ " E d � �  C jE � # �E �k (£ m � jE � # �  # � �� j t  �E �  � % bE d `h � % � " � % b# � $ %� eBdB − 1" � � � ` �# " �# � $ % � (eBdB − 1)/t ' j� �  E � � � �$ " �$ eA(u �� � a �  # " �$ C �� $ " ' C� " h �" � � �E � � � '� E E d `� %& � � � "  � & � ' d # � $ z

%�E �k (
x� & ,( u � %� & � �  q0 = eBdB − 1� h0 = (g0, eA)� t = h0(x� & ¤( l %k '$ �c i �" ,h �" �c � � � � � �� � hi > 1� � � %� & � �  

gi = gi−1gi−1/hi−1, hi = (gi, eA), t = thi.

+ , �- � �� � � � � � � �� 1 � � � / � /1 � � � , / 1 �,

u � % C# �E E �� ' �� j C % b" � " � ' d � � %E �E � k D � & � ¤# � $ % � t � �# � ' �h E � � �

m Ch �" � $ � � d  (�� &� � ' �h � " b � # " �# � $ % � t = h0h1 . . . hi � m Ch �" Ch � ' %� " ' � �k " b C$ % � z

' � y

(

eBdB − 1

t
, eA

)

= 1,

� � �# �  � %& � � � "  ' d � � %E � " E � m � %� � 2 logn D � & � ' � " � � � � � � $ % � hi >2 �" �

i 6 log2(eBdB − 1) 6 2 log2 n.

B �$ � � % b j C�  $ k " � �� � b �� $ D � ��E E d  � %& � � � "  g '� % �h � h %k E � c � z

a h �E �k # � $ � % a � b � j C$ % � ' �k

a
eBdB − 1

t
+ beA = 1.

l� %� � � � �� � a �  � # " � b ≡ dA (mod n) * � $ � � �� # � $ % �( s� � � � �

t = h0h1 × . . .× hi � &h � hi | eA � � (eA, ϕ(n)) = 1 � " � (t, ϕ(n)) = 1( £" $ y h �

ϕ(n)
∣

∣

∣

eBdB − 1

t
.

s� � � �  � h �� � j� E � ( �B j� � %y # �E � � $ h � %� �  � �� �h E � j�  �# � E � � � �" E �$ k �� �$ k � h � E E � C

$ % C# � y ( u ��h � � % �a �  �# " �  d � � �$  �" �� % � $ � � $ �� �" � � d " d c � %y # � `

'$ �c � m �E �E " � ' � E � D % � �� � C� %y # � `$ C$ % � ' � �  (eA, eB) = 1( s �&h �

h %k # � $ � % x, y" � � �c � # " � xeA + yeB = 1 � m Ch �" '� �E � � � �$ " �� $ � �" z

E �D �E � � � � � j ' � %k y �� � �$ C ��$ " ' � " b m�$ � %y # � ' �� # " �E � � $ � � m ��E �k t �j� D � � � � '� E E �& �E � �" � c � %y # � c ( A �  �E E � � �$ % � s1 ≡ teA (mod n)�

s2 ≡ teB (mod n)� " � sx
1sy

2 ≡ t (mod n)(

� = � q � � TUV * 
 �� S * p�RV � Z 
 T� U

p




q

u �$ � � % b� C C$ �� D E �� �� D �E � � j� h � # � �� � " � � � j� �� � # � $ %� n � � j z

' � %k � " � � %E �$ " by h � D � � � � '� " b$ c �  C � / � � � � � �h � % � " b$ �� �� " E d `

� %y # � " � ' d m � � � � �$ " d c # � $ � % p � q ' �  E �& � � � � �h � %k �" $ " � `� �$ " b

D � � � � '� E � k (u� � �# � $ % �  E �� �" � � d � " �� m � '� E �k E � ' d m � � p � q � E � ' d � � %E �E � �

� �" � � d c  �a �" � � � ' �h � " b� $ E � a �E � y $ " � `� �$ " � D � � � � '� E �k (B � z �� � ' d c � # � $ %� E � h � % a E d $ �h � � a � " b$ k ' $ � � $ � � c � j '� $ " E d c

m � % b D �c � � �$ " d c # � $ � %( u � �" � C �E � E � h � % a E d k ' %k " b$ k # � $ %�  �

$ �� �� � % bE �& � ' �h � %E � � � �  � � � # � $ %�  �  � �$ �E E � � % � n � � � & � E �

h � % a E d �  �" b j� � �E � � �E �$ " � `(
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B � z '" � � d c � �E � E � h � % a E d md " b m % � j� �  � � " � � � � � �E � # �  �a E �

' �$ � � % b j � '� " b$ k  � " �h � �� � " � � � j� �� � n � � � � �� D � " b C �� 'E �E � �

(

p + q

2

)2

− n =

(

p− q

2

)2

.

B z" ��" b �c � �& � � E Cy � � % b � & �� y " �� j % �a �E �k E � � � �$ " d �  E �a � z

" � % � # � $ � % p−1 � q−1( ��  � " �  �# " � '$ � % C � j � � � � � j �

Zn
∼=Zp +Zqh %k � � �k h � � ' � %�  �E " � ' a = a1 + a2

�" �& �� � % b �� ' d � � %E k �" $ k $ � �" z

E �D �E � �

ordn(a) =

¢ £ r

(ordp(a1), ordq(a2)).

u � �" � Ch %k E � c �a h �E �k �� $ � �E �E " d dh �$ " � " �# E � �� D � " b$ �� ' z

E �E � �

ed≡ 1 (mod (p− 1, q − 1))

'  �$ " �$ �� 'E �E �k

ed≡ 1 (mod ϕ(n)).

s� � � � � # � $ %� p− 1 � q − 1 � m� # �" E d � " � '$ � &h �

¢ £ r

(p− 1, q − 1)
∣

∣

∣

ϕ(n)

2
.

_ %�h � '� " � % bE � � ' $ c �  � � / � '$ � &h � �$ " b �� ' � '� %�E " E d � � � �� $ z

D � � � � '� E � y �� $ � �E �E " d � E � � � �  � � � d � d +

¢ £ r

(p − 1, q − 1)(u � � �" � �� ' � '� %�E " E d c � � D �E � ` m Ch �" " �  m � % b D � � # �  m � % b z

D �¢ £ l

(p− 1, q − 1)(B % C# D �  $ % C# � � (p−1, q−1)=2 � p=2t+1 � q=2s+1� &h � s� t *E �# � " z

E d � # � $ %� $ C$ % � ' � �  (s, t) = 1(�" � md � $ � %y # � " b ' � j �a E �$ " b � � �  �E �E �k (p−1) z � (p+1) z �" � z

h � ' �� � " � � � j� �� � E � # � $ %� p � qE � � %� h d '� �" �& �� E �# �E � � � $ �$ " �k �� �

'" � � # " � m!d # � $ %� p− 1 � p + 1� q − 1 � q + 1E � �� j %� & � % � $ b ' � � � � j ' � z

h �E � �  � %�E b� �c � � �$ " d c $ � E �a � " � %� ` � $ �h � � a � % � m!d '� � # �$ " '�

$ � E �a � " � %k c �" k md �h E � m � % b D �� � � �$ " �� # � $ % �( ¢ � � m � %� � $ � % bE ��

" � � m � '� E � � � $ � � � C % � � � '� E E �� v � '� $ " � ' , 4 5 e &( � j� � %y # � �" $ k '" � �# " � md # � $ %�

p1 =
p− 1

2
, p2 =

p + 1

2
, q1 =

q − 1

2
, q2 =

q + 1

2m!d % � � � �$ " d  � � � � �# �  # � $ %� p1−1 � q1−1" � � a � E � h � % a E d �� j %� z

& � " b$ k ' � � � � j '�h �E � �  � %�E b� � c � � �$ " d c # � $ � % � � h � % a E d $ �h � � a � " b

'� � # �$ " '� �h E �& � � jh � % � " � %� ` m � % b D �� � � �$ " �� # � $ % �(

+ , �- � �� � � � � � � �� 1 � � � / � /1 � � � , / 1 ��

P \� � (� U �� 
 � � �� {� � { � � � � � { p� �� > �� �� � � � � �� � { } � {� � > �� �� � ��> } { �� � � � � � ~ � � { � � � +

p≡ 1 (mod r),

p≡ s− 1 (mod s),

r ≡ 1 (mod t),� �� p � r � s� t �
��{ �� � � � } � {� � > � � � � � � ?�# � " d '� k �# " �# � $ %� p � q � r � th � % a E d md " bE �# � " E d  � � � � % C# � �  

� � � E �� �" � � d c j � k � l ' d � � %E �E d �� '�E $ " '� +

p = 2jr + 1,

p = 2ks− 1,

r = 2lt + 1.

lRa ( � � �h �E � ��h % �a � % ' , 4 e� &( � %& � � � "  & �E � �� �� � " � � �c # � $ � %(

x� & ,( _" � � �  � � �$ " d � $ % C# � `E d � # � $ %� s � t( l %k � �$ " � ��E �k

� � a h �& � � jE � c � $ � � % b j C�  $ %�h Cy �� `  � " �h ( n � � $ � � C z

�  $ % C# � `E �� # � $ % � x� �  � y �� � E C a E �� # � $ % � jE � � � ' �� $ � � � � by � � � mE d c h � %�E � ` �$ " � ' %k �  ' �E " � � '� %�

[x, x + log x]" � % b� � " � # � $ %� � � �" � � d � E � �  � y "  � %�E b z

� �c h � % � " � %� `( u � � '� �k �  �$ " � ' D � � $ k # � $ %� E � � � �$ " �" C

�h E �  � j" �$ " � ' � � �$ " �" d (

x� & ¤( _" � � �  � � �$ " �� # � $ % � r ' �h � 2lt+1 �� �� m � � � # � $ � % l ' �E z

" � � '� %� [1, log t]� � $ � � % b j Ck � E � % �& �# E � D � & C , � � �$ � � '� E � �

$ � � � � by � � � mE d c h � %�E � `E �  � %�E b� � � � � �$ " d � # � $ %�

� � � �  �E k k j� " �  � �$ " � ' D �  $ k # � $ %�  " �$ " d � � �$ " �" d (

x� & f ( B d # � $ %k �  # � $ % � u(r, s)=(sr−1−rs−1) mod rs � � � %� & � �  

p0 =

{

u(r, s), u(r, s) = 2g + 1,

u(r, s) + rs, u(r, s) = 2g, g ∈ Z.

u� �� m � � � # � $ � % k �$ C ��$ " ' %k �  � � � ' � �� C # � $ � % ' �h �

p0 + 2krsh � " �c � � � � � �� � E � $ �� m �" � � " �h � E � j " � $ " � '

� � �$ " �" d (

B �$ E � '� h � E E �& � � %& � � � "  � %� a � " $ %�h Cy �� k

��V � �	 S % � � �h �E &( =� � � r � s �� � � �� � > � } � {� � > � � � � � � � � { � � � � { p~ � { � � � � � { �� �� ~ � � { � �� �

p≡ 1 (mod r),

p≡ s− 1 (mod s)
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�� { � � � { �� � { �� { �� �~ � � � �� {� �� {� { � � � � � � � �

p= p0 +2krs� � ��

p0 =

{

u(r, s), u(r, s) = 2g + 1,

u(r, s) + rs, u(r, s) = 2g, g ∈ Z,

u(r, s) = (sr−1 + rs−1) mod rs.

l �� � j� " � % b$ " ' �( B$ � % C  � % � `" � � ��  d n � � � �  � �  

sr−1 ≡ 1 (mod r),

rs−1 ≡ 1 (mod s).£" $ y h � � C# � " d '� k � # " � sr−1 ≡ 0 (mod s)� rs−1 ≡ 0 (mod r) � � � % C# � �  

{

u(r, s)≡ 1 (mod r),

u(r, s)≡−1 (mod s).

u � �" � C# � $ %� ' �h � p = p0 + 2krsk ' %k y " $ k � $ � � d  �)(u �� � a �  � # " �h � C& �c # � $ � % � Ch � ' %�" ' � �k y ��c h � E E � C C$ % � ' � y

E � " ( g$ % � p′ *" � � �� # � $ % � � " � p− p′ ≡ 0 (mod r) � p− p′ ≡ 0 (mod s)(£" $ y h � p≡ p′ (mod rs)( �E � # � " p′≡ u(r, s) (mod rs) � � # � $ % � p′ �  � �"

' �h p0 + 2k′rs( s� � ��  � h �� � j� E � ( �g �� �h E � ` ' � j �a E � `$ %� m �$ " by ' d m � �� # � $ � % p � q '$ � $ " �  � � / �

 �a �" m!d " bE � % �# � � m � % b D �& �# � $ %� � %�  �E " � ' ω∈Z
∗
n

� � � �h $ " � ' %k y z

� �c �" � � d " d � $ � � m ��E �k � �  � y � �c  � %d ` � � �k h �� ordn(ω)( B �" � 

$ % C# � � h %k E � c �a h �E �k E � � j ' �$ " E �& �$ � � m ��E �k ω  �a E � � j  �E � " b

 � " �h � " � �� �� � � � � ��$ $ � j� D � � � � '� E �k

s = ωe, (ωe)e = ωe2

, (ωe2

)e = ωe3

, . . . , ωe4

, . . .

h �" �c � � � � � �� � E � ' d � � %E � " $ k C$ % � ' � �

eu ≡ 1 (mod ordn(ω)),

� � $ %�h � '� " � % bE � �

(

seu)−1
= ωeu

= ω (mod n).  �E �  � % bE �� # � $ % � D � & � ' h � � � % C# �E � k ω �� 'E � ordordn(ω)(e)(�E � # � " h %k m� j � �� $ E �$ " � D � � � � '� E �k E � � mc �h �  � � �" � � m � '� " b �# " � md

h %k � �# " � '$ �c x ∈ Z
∗
n

� e ∈ Z
∗
ϕ(n)

'� % �# �E � ordordn(ω)(e)
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