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IIpeducnosue

B sr0ii KHHUTe coOpaHbBI yCIOBUSA 3amadu gecsaTu MOCKOB-
CKMX MaTeMaTUYeCKMX OJIMMIINaL, HaumHasa ¢ 1958 roma u
sakamumBasag 1967 rogom. B KHure mpuBomATCS TaK:Ke OTBe-
TBI, JAIOTCA YKa3aHUA, a B 3aKJIOUeHNE IIPUBOASATCS IIOJTHBIE
perieHusa Bcex 3amad.

IIpencemaTessiMu OPrKOMUTETOB JECATU OJUMIMNAL, IIPE-
CTaBJIEHHBLIX B KHUTIE, OBLIN:

B.T. Boarauckuii (omumnuana 1958 r.),
E. M. Jlauguc (1959),

H. P. Ilagapesuu (1960 u 1964),

B. A. EppemoBuu (1961),

H. B. Epumos (1962 u 1965),

A. H. Koamoropos (1963),

A. A. Kporpox (1966),

B. B. Hembingwuit (1967).

ITO yiKe TPeThbsl KHUra ¢ MOJHBIMU pellleHuaMu 3agad Moc-
KOBCKMX MaTeMaTHUeCKUX oJumnuajn, usgamuaas MITHMO
(MoCKOBCKUM IIEHTPOM HEIPEPBIBHOTO MATEeMATHUUYECKOTO
obOpasoBanusi). Pamee BuInmIm KHUTHU «MOCKOBCKIE MaTeMa-
Tuueckue omuMmnuagsl 1993—2005 r.» (aBToper P. M. ®@eno-
poB, A. . Kanenn-Benos, A. K. Koansm:xu, U. B. dmenko,
mox pemaxnuein B. M. Tuxomumposa. M.: MIITHMO, 2006) u
«Mockosckue maremarunueckue ogumuuansl 1935—1957 r.»
(B. B. IIpaconos, T. U. I'onenunmeBa-Kyrysosa, A. fI. Kanenab-
Benos, 10.T. Kyapamos, 1. B. dmenko. M.: MITHMO, 2010).
Temepb ocTaéTcsa us3gaTh KHUTHU ¢ 3agadamMu onuMouazn ¢ 1968
mo 1992 rr.

B. B. IIpaconos
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1958 200 (XXI onumnuada)

IlepBsoIii TYp
7 Kaacc
1. Vmeerca cucteMa ypaBHEHUN

#*X + %y ++z2 =0,
*X+*y++z2=0,
#X + %y ++2 = 0.

IIBa ueloBeKa IIOOUEPETHO BIIMCHIBAIOT BMECTO 3BE3IOUYEK UKC-
Jga. JlokasaTh, UYTO HAUMHAIOIINI BCerma MOKeT TOOUTHCS TO-
ro, YTOOBLI CHCTeMa mMeJa HeHyJIeBoe pellleHue.

2. B xpyre nposefennl aBa nuamerpa AB u CD. J[okasaTsb,
uyTo ecau M — IPOU3BOJIbHASA TOUKA OKPYsKHOCTH, a P u @ —
eé mpoexnuu Ha guamerpbl AB u CD, To gauHa oTrpeska PQ
He 3aBUCHUT OT BbIGOpa Touku M.

3. CKOJIBKO CYIIECTBYEeT UeTBHIPEXBHAUHBIX HOMEPOB (OT
0001 mo 9999), vy KOTOPBIX CyMMa ABYX IEPBBIX Hudp pas-
HA cyMMe IBYX IocjeqHux mudp?

4. Ha maockoctu maubl Touku A m B. IlocTpouTh Takoii
KBaJparT, YTOOBI TOUKU A 1 B Jle;Kajlu Ha ero rpaHuIle U CyM-
Ma PacCTOSHUNA OT TOUKW A [0 BepIINH KBaapaTa Obliaa Hau-
MEeHBIIIeH.

5. [anma ciegyromiad TpeyrojabHas TaOIUIIA YMCEJT:

0 1 2 ... 1957 1958
1 3 ... ... ... 3915

Kaxkmoe umciio (KpoMe umnces BepXHel CTPOUKM) PABHO CyMMe
IBYX OJIMKAWININX YMCeJ TPeNbIayIleid crpouku. Jlokxasars,

YTO YMCJIO, CTOAIEe B caMOW HUKHEM CTPOUYKEe, MEeJUTCS Ha
1958.
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8 Kaacc
1. Bayrpu tpeyrombuuka ABC Bs3saTa Touka O. Ha ayuax
OA, OB u OC mocTpoeHbI BEKTOPBI eIMHUYHON MIuHBI. Jloka-
3aTh, YTO CyMMAa dTUX BEKTOPOB MMEET IJIUHY MEHBIIYIO eIu-
HUIIHI.
2. [TorkasaTb, YTO €CJU YPaBHEHUA C IIEJBLIMH KO3(DUITN-
eHTaMU
x®+pix+q; =0,
X%+ pox+q, =0

UMeIOT OOIIMIT HeleJbId KOPeHb, TO P; =pPs U (1 = (a.
3. Ha kpyruioit monmane pagmyca R pacTyT Tpu KPYTIJIble
COCHBI OIMHAKOBOTO AuaMeTpa. I[eHTPHI UX CTBOJIOB HAXOMAT-

Cf Ha PACCTOAHUM 7 OT IEHTPA IOJIAHBI B BEPIIMHAX DABHO-
CTOPOHHEro TpeyrojbHUKa. [[Ba uesgoBeKa, BBIUAA OJHOBpeE-
MEHHO M3 AUAMETPAJbHO ITPOTHUBOIOJJIOMKHBIX TOUEK IIOJISHBI,
00XOIAT TMOJSAHY IIO0 KPailo C OAMHAKOBOM CKOPOCTHIO U B OX-
HOM HAIIPaBJIEHUU U BCE BpeMsdA He BUIAT APYT Apyra. Y BULAT
JU OPYT Apyra TPU UejoBeKa, ecaIr OHM TakK Ke OyayT o0xo-
IUTh MOJIAHY, BBIAASA M3 TOUEK, HAXOAAIIMXCA B BePIIMHAX
BIIMCAHHOTO B IIOJIAHY IIPABUJILHOTO TPEYTOJbHUKA?

4. Pemuts B IIeJIbIX IIOJIOMKUTEJIbHBIX YHMCJIaX YpaBHEHUE

1 1
1- = .

24— ot
3+ . 1 X2+ 1

o 1958 o X1958

5. IIpoeknuu mMHOrOyroJdbHUKA Ha ochk OX, GucceKTpucy
1-ro 1 3-TO KOOPAMHATHBIX YIJIOB, och OY m OGucceKTpucy
2-T0 U 4-TO KOOPAMHATHBLIX YIJIOB PaBHBI COOTBETCTBEHHO 4,
3v2, 5, 4/2. IInomans mHOTOyrONIBHUKA — S. J[lokasaTk, 4TO
S<17,5.

9 Kkaacc
1. BeckoHeuHasa mjaockas JoMmaHas AgA;...A,..., Bce yr-
JIBI KOTOPOH NIpPsAMBIE, HAUMHAETCA B TOUKe Ay C KOOpAMHA-
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ramu x=0, y=1 u obxogutr Havasmo Koopamuar O WO Uaco-
Boil cTpenke. IlepBoe 3BeHO JIOMAaHOUW mMMeeT AJAWHY 2 W IIa-
panigenbHO OMcceKTpuce 4-ro KOOpAMHATHOTO yria. Kammoe
U3 CJENYIOIINX 3BeHBbEB IIepPeceKaeT OAHY M3 KOOPAMHATHBIX
ocell M MMeeT HAWMMEHBIITYI0 BOSMOMKHYIO IIPU OTOM IT€JIOUMC-
Jeunyio anuny. Paccrosuue OA, =1,. Cymma IJIUH IEPBLIX 1
3BeHbEB JIOMaHOU paBHa S,. [loKasaTh, UTO HaUAETCA N, OJIA
KOTOPOTO 5 5 1958.
n

2. lokasatb, uto ecau |ax?—bx+c|<1 mpu mobom Xx,
x| <1, Tou [(a+b)x®+c| <1 npum |x|<1.

3. Kakoe HambosbIlee YMCI0 OCell CUMMETPUU MOYKET UMETh
IIPOCTPaHCTBeHHAsT (DUTYPa, COCTOSIAS U3 TPEX HMPAMBIX, U3
KOTOPBIX HUKaKNe [Be He MMapajiebHbl 1 He COBIIAIal0T?

4. PellinTh B 1EJBIX IOJIOKUTEJIbHBIX UNCJIAX yPaBHEHNE

1- ! - ! .

24— xit

._'+_ +_
n Xn

5. Orpesok mauHOM 3" pas3buBaeTcs Ha TPU PaBHBLIE YACTHU.
IlepBasi 1 TpeTbs M3 HUX HABLIBAIOTCSA OTMEUYEHHBIMHU. Kaok-
IbIA M3 OTMEUYEHHBIX OTPE3KOB pa3buBaeTcsa HA TPU YaCTU, U3
KOTOPBIX IE€PBas U TPEThSA CHOBA HA3BIBAIOTCS OTMEUEHHBIMU
U T.JI. 0O TeX IOpP, IIOKa He IIOJyYaTcs OTPe3Ku AauHoi 1.
KoHIIBI BCeX OTMEUEHHBIX OTPE3KOB HA3BLIBAIOTCS OTMEUYEHHBI-
Mu ToukKamu. JloKasars, uTo A Jiroboro mesaoro k (1 <k<3")
MOJKHO HAWTH JBe OTMEUEHHBbIE TOUKMU, PACCTOSHUE MEKIY
KOTOPBLIMH PaBHO k.

10 xaacc

1. TIpoekyy ILJIOCKOTO BBIIYKJIOIO MHOTOYTOJBHMKA HA
ock OX, O6uccekTpucy 1-ro u 3-70 KOOPAMHATHBIX YIJIOB, OCh
OY u 6uccexTpucy 2-ro u 4-T0 KOOPANHATHBIX YIJIOB COOTBET-
CTBEHHO PaBHHI 4, 3v2, 5, 4V2. IInomians MHOTOYTOJIbLHUKA
pasHa S. Ilokasars, uto S > 10.

2. Iloxasarh, uto 1155958 34198 L n2 e n — memnoe.
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3. Cm. samauy 3 gaa 9 Kiacca.

4. Ha cron kiaazyT' mpasuabHbIH 100-yroabHUK, B Bep-
IMrHaX KOTOPOTo Hammcaubl umeaa 1, 2, ..., 100. 3arem stu
ympcJia IIePeIrCLIBAIOT B IOPAAKE YAAJEHUS OT IIePeJHEero
Kpaa croja. Eciam aBe BepIIMHBI HAXOMATCS HA PAaBHOM pac-
CTOSHUM OT Kpas, CHAUYaJIa BBLINNCHLIBAETCS JIEBOE UYKCJIO, 3a-
TeM IpaBoe. BruImucaHbl BCEBO3SMOXKHBIE HAOOPHI UMCEJ, COOT-
BeTCTBYyMOIIMe pasHbIM mojo:kenuaM 100-yroapumka. Burumce-
JUTHh CYMMY YMCeJI, CTOAINX B 9TUX HaOopax Ha 13-X mecTax
cJeBa.

5. V3 ueThIpéX MPAMBIX HAa IIJIOCKOCTH HUKAaKIe ABe He IIa-
panienbHbl, HUKaKKWe TPU He IepeceKarTcs B OJHOM TOUKe.
ITo xaKmo0i IPAMOI C MOCTOSIHHON CKOPOCTHIO MAET IEIIeXO/I.
WsBecTHO, uTO 1-i1 BCTpeuaeTcss co 2-M, ¢ 3-M u ¢ 4-M, a 2-#
BcTpeuaercsa ¢ 3-M u ¢ 4-M. J[oKasaThb, 4TO 3-i Ielrexo] BCTpe-
TUTCA C 4-M.

Bropoii Typ
7 Kaacc

1. [TokasaTh, YTO Ha IJIOCKOCTU HEJIb3s PACIOJIOMKUTL 00JIb-
Ille YeTHIPEX BBINYKJIBIX MHOTOYTOJBHUKOB TaK, UTOOBI KalK-
Ible I1Ba M3 HUX UMEJIU OOIIYI0 CTOPOHY.

2. NmeroTcsa gBa Habopa u3 +1 m —1, B kaxgom mo 1958
yucesa. [JokasaTb, UTO 3a HEKOTOPOE UMCJIO IIIaroB MOXKHO IIpe-
BpPaTUTh IIEPBBLI HAOOP BO BTOPOI, €CIM Ha KaKIOM IIAry
paspelraeTcss OJHOBPEeMEHHO M3MEHUTh 3HAK Y J00bIX 11 un-
ces mepBoro Habopa. ([IBa Habopa cuMTaOTCSI OAUHAKOBBLIMU,
ecau Yy HUX Ha OAMHAKOBBIX MECTaxX CTOAT OAUHAKOBBIE UNC-
Ja).

3. Kaxxpmas rpamp Kyba 3akJeuBaeTcs ABYMS PaBHBIMU
MIPAMOYTOJBHLIMU TPEYTOJbHUKAMU C OOINeil T'MIIOTeHY30i,
OIWH M3 KOTOPBIX O€JIbIil, APYyroil — uépHbIii. MOMKHO JU 9TH
TPEeYrOJbHUKMU PACIIOJOMKUTh TaK, UTOOLI IPU KaxkION Bep-

! TIpeamonaraercsi, uro 100-yroJbHAK HEIb3s [IE€PEBOPAUUBATH, LIOTO-
My UTO OH HENPO3PAuHBIM M YKCJa HANNCAHBI TOJIBKO Ha OLHOII €ro CTO-
poue. — ITpum. ped.
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murHe Ky0a cymMa 0eJbIX YIJIOB ObLIa paBHA CyMMe YEPHBIX
yrJIoB?
4. JlokasaTs, UTO ecyu Iejioe n > 2, TO

(1-2...n)2 > n".

5. CropoHa KJeTKu KJerdaroir 6ymaru pasHa 1. Ilo Jm-
HUAM CEeTKHU IIOCTPOEH HPAMOYTOJBHUK CO CTOPOHAMU M U M.
MoOKHO Jiu B IIPAMOYTOJbHUKE IIPOBECTH II0 JUHUSAM CETKU
3aMKHYTYIO JIOMaHyI0, KOTOpasg POBHO OJAWH pas IIPOXOAUIA
OBl uepe3 KasKAbIH y3eJ CeTKU, PACIOJIOKEeHHBIA BHYTPU WU
Ha rpaHuile npamMoyroiabHuka? Eciu MOKHO, TO KaKoBa eé
nauHa?

8 xaacc

1. s Gymaru BbIpe3aH MHOTOYTOJBHUK. [[Be TOUKU €ro
TPAHUIILI COEAUHSIIOTCA OTPE3KOM, II0 KOTOPOMY MHOTI'OYTOJIb-
HUK CKJIagbiBaeTcsA. [[okasaThb, YTO mMepPUMETP MHOTOYTOJbHU-
Ka, IOJIYYaIoIIerocs mocje CKJIAAbIBAHUA, MEHbIIe IepuMeT-
pa uCXO0aHOTrO0 MHOTOYTOJbHUKA.

2. Ina gio0bIX YKCET Ay U A, YAOBJIETBOPSIOIINX YCIOBU-
ama; >0, a, >0, a1 +ay, =1, MO}KHO HAlTH TaKkue yucaa b; u
by, uTO by 20, b2>0, bi+by= 1, (g —a1>b1 +3<g —az)bg >1.
JlokasaTs.

3. Buyrpu yriaa AOB'! Baara Touka C. VI3 Heé omyleHEI
nepneaaukyasapsl: CD ma cropony OA; CE — Ha cropouy OB.
W3 Touek D u E onylieHbI IepOeHANKYaApbl: EM Ha cTOPOHY
OA; DN ua cropony OB. [lokasatb, uro OC 1. MN.

4. JlokasaTb, 4TO ecJu Iejoe n > 1, To

11 . 22 . 33 nn < nn(n+1)/2

5. Ob6osHauuM uyepe3 a HaAMOOJIbIIIEe UMCJIO HEIepeceKalo-
UXCcsI KPYyroB auametrpa 1, IEHTPHI KOTOPBIX JeKaT BHYT-
pu MHOTOyroidbHuUKa M, yepe3 b — HauMeHbIIIee YMCJIO KpPYy-

! TIpegmonaraercs, uro ZAOB # 90°, moromy uro muaue Touku M u N
coBmagamT. — IIpum. ped.
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ros paguyca 1, KOTOPBIMI MOYKHO MOKPBITH BECh MHOI'OYIOJIb-
HuK M. Kakoe yuciao 0ouabie: a uau b?

9 kaacce
1. PemnTs B I[eJIBIX IIOJOKUATEIbHBIX YKMCJIAX YPABHEHIE

1 (x+ D)% = (e +2) 1L,

2. IIposectu u3 Touku O Ha IJIOCKOCTHU 1 Jydeii ! Tak, uTO-
ObI cyMMa BCexX IOMApPHBIX YIJIOB MEXAY HUMHU Oblja Hau-
oonbieii. (PaccmaTpuBaloTCs TOJBKO YIJIBI, HE IIPEBBIIIAIO-
e 180°.)

3. Urpanbuasa mocka mmeeT Qopmy pomba c¢ yriaom 60°.
Kaxxkmasa cropona pomba pasmeneHa Ha 9 uacreii. Yepes Tou-
KU [JejIeHusl IPOBeJeHbl IpAMbIe, MapajiejbHble CTOPOHAM U
MaJIOH AuaroHajau poMbOa, pasduBaloOIie JOCKY Ha TPEYyroJib-
HbIe KJIETKHU. Eciiu Ha HEKOTOPOU KJIeTKe IocTaBJieHa (DUIIKa,
IIPOBeNEM Uepes 9Ty KJETKY 3 HpAMbIe, IIapajijiebHble CTO-
poHam m Majo¥ guaroHaau pomba. KiaeTKu, KoTopble OHU IIe-
pecekyT, OyAyT cunTaThCes moOuUTHIMU (uinkoi. Kakxum maum-
MEHBIIINM YHCJIOM (PUIITEK MOYKHO IIOOUTEH BCEe KJIETKU JOCKMU?

4. O6Go3HauUM Uepes3 a HAUMEHbIIIee YNCJI0 KPYTrOB Paguy-
ca 1, KOTOPBIMU MOXKHO ITOJHOCTBIO ITOKPBITH 3aJaHHBIN MHO-
royroiabHuK M, uepe3 b — HamboOJIbIllee UKCJIO HellepeceKaro-
IMUXCs KPyroB paguyca 1 ¢ meHTpaMu BHYTPU MHOTOYTOJbHU-
ka M. Kakoe us uuces 6oisbite, a uiu b?

5. Mexny s3akumaMu A 1 B BKJIIOUEHO HECKOJBHKO COIIPO-
TuBjgeHuii. Kaskmoe cONpOTHUBIEHNE WMeeT BXOMHOW U BBI-
XOmHOI 3a:XuMbl. KaKoe HauMeHbIlIee YKUCJIO COIPOTUBICHUHN
HeoO0XOAMMO MMeTh U KaKOBa MOKeT OBITh CXeMa UX COemuHe-
HUs, YTOOBI IIPU IIOpUe JIIOOLIX 9 COMPOTHUBIIEHUN IIellb OCTa-
BAJIOCh COEMMHAIOIIEH 3aKUMbl A 1 B, HO He ObLIO KOPOTKOTO
sambIikauua? (Ilopua compoTuBIeHUS: KOPOTKOE 3aMbIKaHUE
WU OOPBIB.)

1 JIyuu He 06ABaTENIBHO [OKHDI OBITH PASIMIHBIME; CPEJH HAX MOTYT
OBITH U coBmagaromiue. — IIpum. ped.
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10 rKaacc
1. PemuTs B IIeJIBIX IIOJOKUATEIbHBIX YKWCJIAX YPABHEHIE

X (k1) = (x+2)%.

2. B MHOTOYroJbHUKE CYIIECTBYIOT TaKue Touku A u B,
yTo Jio0as coequHAIONIAaA UX JIOMaHasd, IIPOXOaAIiasa BHYTPU
WJIXW II0 TPAHUIle MHOTOYTOJIbHUKA, MMeeT AJIuHYy OoJblme 1.
HoxasaThb, YTO MePUMETP MHOTOYTOJbHUKA 00JbIle 2.

3. B mkose usyuaior 2n mpeamMeroB. Bece yueHUKHU yuaTcsa
Ha 4 u 5. Hukakue gBa yYeHMKa He ydaTcsd OJMHAKOBO, HU
IIPO KaKMWX ABYX HEJNb3s CKasaTh, UTO OOUH M3 HUX YUUTCS
ayumie apyrorol. JlokasaTh, 4TO YHCJIO VUEeHUKOB B IIKOJE
He npesBocxogur Cj .

4. CropoHbl ImapaJuiejgorpaMma paBHbel a u b. Halitu oTHO-
IeHue O0OBEMOB TeJ, MOJYUYEHHBIX IIPU BPAIeHUU MIapaJiie-
JlorpaMMa BOKPYT CTOPOHBI @ XU BOKPYT CTOPOHEI b.

5. Ha n KapToukax HaIKMCAHBI C PA3HBIX CTOPOH UKCJIA —
Ha l-n: Oul;ma2-ti: 1u 2; ...;HA n-Mi: n—1 u n.

OnuH ye0BeK 0epET 13 CTONKU HECKOJbKO KapToueK U IMo-
Kas3bIBAeT BTOPOMY OIHY CTOPOHY KaKIOHW M3 HUX. 3aTeM Oe-
PET U3 CTONKHU eIé OMHY KapTOUKY U TOKe IIOKAa3bIBAeT OTHY
CTOPOHY.

YKazaTh Bce ciiyuam, B KOTOPBIX BTOPOM MOMKET ompee-
JUTH YHCJIO, HAIIMCAaHHOE Ha 000poTe mocaeqHell ITOKa3aHHO!
eMy KapTOUKMH.

1959 200 (XXII orumnuada)

IlepBsoIii TYp
7 Kaacc
1. Ilycth a u b — 1neable uncyaa. Hamuimem unesao b cupasa
oT uucJa a. Ecau unciio @ 4yéTHOe, TO pa3mesinM ero Ha 2, ecau

! Opue y4eHHK yYmTCs Jydllle APYroro, eCIy y HEro IO BCEM IIpeiMe-
TaM OIEHKU He XyJKe, Y4eM Y BTOPOr0 YUYEHUKA, a 10 HEKOTOPBIM IIPeJMeTamM
ayurire. — ITpum. ped.
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OHO HEUYETHOE, TO CHAYAJIA BBIUTEM M3 HEro eJUHUIY, a IIOTOM
pasgenum ero mHa 2. ITosyumBIeecsa YMCJIO @; HAIIUIIEM IIOL
yucaom a. Crpasa oT uucia a; HamuireM uucyao 2b. C uuciom
a, IPOJeJaeM Ty JKe OIepaIllio, UTO M C YKCJIOM a, U, IOJIY-
YMB UMCJO 3, HAIIMUIIIEM €ro I0J YncjaoM a;. Cipasa oT umcJia
a, HaOUIeM YucJa0 4b U Tak gajgee. ITOT IPOIECC TPOLOJIKA-
eM [0 TeX IIOpP, IIOKAa He IMOJYYHM B JeBOM CTOJOIe umcio 1.
IHokasaTh, UTO CyMMa TeX YHCeJl IIPaBoro cTojibiia, cjeBa OT
KOTOPBIX CTOSAT HEUETHBIC UMCJIA, PABHA IIPOU3BEAEHUIO ab.

2. [ToxkasaTb, YTO UUCJIO 22" _q IeJauTcsa Ha 3.

3. MO)KHO JIM PACIIOJOKUTh BCe TPEX3HAUHBIE UICJA, He
OKaHUYMBAIOIINECS HYJSIMU, B IIOCJIEIOBATEJIbHOCTU TaK, YTO-
ObI IOCJIeAHSA Iu@Ppa KakIoro uucja Obljaa paBHa IIEpPBOI
mudpe CIeayoIlnero 3a HUM?

4. Kax momxHa' gBuraThcA JanbA IO MIAXMATHOH JOCKe,
4yTOOBI MOOBIBATL HA KaKIOM IIOJIE II0 OJHOMY pasy U chelaTh
HanMeHbIIIee YICJIO II0BOPOTOB?

5. aum kBazpatr co cropoHoit 1. HaliTu reomerpuueckoe
MEeCTO TOUEK, CyMMa PACCTOSAHUI OT KOTOPBIX O CTOPOH 3TOTO
KBajJpaTa UiIN UX IPOAOJIKEHUN paBHA 4.

8 kaacc

1. [Taabr gBe 60UKU OECKOHEUYHO OOJBITON €éMKOCTH. MOXK-
HO JIM, HOJB3YACh ABYMS KOBIIAMM 6MKOCTBIO 2 —v/2 m /2,
ImepeauTh U3 OOHOI B APYryio PoBHO 1 guTp?

2. 3amMeTuM, UTO eCJIi IIepeBepHYTh JHUCT, Ha KOTOPOM Ha-
nucaubsl Mu@pel, To mudpsr 0, 1, 8 He usmenarca, 6 u 9 mo-
MEHSIOTCS MeCTaMH’, OCTAJbHbIE MOTEePAIOT cMbICI. CKOIBKO
CYIIIeCTBYeT NeBSATU3HAUHBIX UHCEJI, KOTOPbIe IIPU IIepeBopa-
YMBAHUM JINCTA HEe U3MEHSIOTC?

3. Hau BBIMYyKJBIN ueThIpéXyroabHUK ABCD. Cepenmubl
ctoporx AB u CD o6Go3HauumM cOOTBeTCTBeHHO uepes K m M,

! B sagaue He TpeGyeTCs OMUCATH BCe BO3MOMKHBIE BADUAHTHI ABIKEHIA
Jagbu; HOCTATOYHO IMPEABbABUTH OAWH IYTh W NOKA3aTh, UTO IIYTHU C MEHb-
UM YKCJIOM IIOBOPOTOB He cyIirecTByer. — IIpum. ped.
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Touky nepeceuenusa AM u DK — uepes3 O, TOUKY IIepeceueHus
BM u CK —uepe3 P. JloKasaTb, UTO IJIOIIAAb YETHIPEXYTOJIb-
Huka MOKP paBHa cyMMe Ijaolaaeii TpeyroabHukoB BPC u
AOD (ma puc. 1 uerbipéxyroabuauk MOKP u TpeyroabHUKHU
BPC u AOD 3amTpuxoBaHBbI).

Puc. 1

4. Cwm. sagauy 4 nasa 7 xkjaacca.

5. ITaubl ABe HellepeceKaloluecs OKPYKHOCTU C IleHTpa-
mu B Toukax O; u O,. IlycTs a; U as — BHYTPEeHHNE KacaTeJib-
Hble K 9THUM OKPYKHOCTSAM, 03 U 44 — BHEIIIHIE KacaTeJIbHbIe
K HuM. IIycTs, manee, as U ag — KacaTeJbHbIe K OKPYKHOCTHU
¢ meutpom B O, mpoBeméuubie 13 TouKu Oy, a7 U ag — Ka-
caTelbHbIE K OKPYYKHOCTH C I[eHTPOM B ToukKe Oj, IIPOBeIEH-
Hble 3 TouKu O;. O6o3Hauum uepe3 O TOUKY IIepeceueHUs
a; 1 ay. [lokasaTb, UTO C IIEHTPOM B TOuKe O MOKHO IIpOBe-
CTU JBe OKPYKHOCTU TaK, UTOOBLI IepBas Kacajaach dz U dg,
BTOpasA Kacajach ds, dg, A7, Ag, IPUUEM PagUyC BTOPOH B IBa
pasa MeHbIIIe paguyca IePBOI.

9 Kaacc

1. Nmeerca 1959 moo:KuTENIbHBIX YUCETI A1, Ag..., A1959,
cyMMa KOTOphIX paBHa 1. PaccmaTpuBamTcsa BCeBO3MOKHBIE
kombuHanuu u3 1000 yumcesn, mpuuéM KOMOMHAIIUYA CUNTAIOT-
Cs COBIIAMAIOIIUMU, €CJIU OHU OTJINUYAIOTCSA TOJbKO IMOPAIKOM
yncea. g Kakaol KOMOMHAIIMM PacCMaTPUBAETCSA ITPOU3-
BeJleHNEe BXOAAINUX B Heé uucesa. [lokasaTh, 4TO cymMMa BcexX
9TUX MIPOM3BeAeHNII MeHbIme 1.
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2. CMm. Bagmauy 2 njas 8 Kjacca.

3. ITocTpouTh OKPYKHOCTH, MPOXOAAIIYIO Uepe3 IBe TaH-
Hble TOYKM U OTCEKAIINyI0 OT AAaHHOW OKPYKHOCTU XOPAY
TaHHOM NJIMHBI.

4. PaccMoTpuM JHUCT KJIETUYATON OyMaru co CTOPOHOM KJeT-
Ku, paBuoii 1. IlycTts P, — umcja0 BceX HelepeceKarolnxcs
JIOMAHBIX IJIWHBI k, HaUMHAIOMUXCA B TouKe O — HEKOTOPOM
durcupoBanHOM y3jie ceTKu. (Bce siomaHBIE cocTaBIeHBI U3
3BeHbeB ceTKH.) [lokasaTh, UTO I JIIOOOTO k CIIpaBeAJIBO

Py 9

HEPaBEHCTBO o < 2.
5. lorkasaTb, YTO He CYIIIECTBYEeT TeTpasipa, B KOTOPOM
KasKkgoe pebpo ABIAIOCH OBl CTOPOHOM IIJIOCKOTO TYIOTO yI-

Jia.

10 kanacc

1. ToxasaThb, YTO He CYII[ECTBYeT IIeJbIX YUCeN X, Y, 2, Ta-
Kux, uro x* +y* =2z* npu yeaosum z>0; 0<x<k; 0<y<k;
k> 2.

2. Cum. Bagmauy 3 mjsa 8 Kjacca.

3. CyIecTByeT Ju TeTpasap, Kaskmgoe pedpo KOTOPOTOo SAB-
JISIJIOCH OBI CTOPOHOM IIJIOCKOTO TYIIOTO yrJja?

4. B xBagparuyio Tabauity N x N 3ammcaHbl Bce Iiejble
yucsaa o cIeayolneMy 3aKoHy: 1 crouT Ha Jiro0oM mecTe, 2
CTOHUT B CTPOKE C HOMEPOM, PaBHBIM HOMEPY CTOJIOIIa, comep-
sKatero 1, 3 CTOUT B CTPOKE C HOMEPOM, PaBHBIM HOMEPY
cToJIOIlA, comepskaiero 2, u Taxk gajee. Ha ckKombko cymMma
uypcen B cToJOIe, comepskamieM N2, OTJMYAeTCA OT CYMMBI
YuceJl B CTPOKe, comepskaleir 1?

5. ITama HeBo3pacTaIas MOCJIeI0BATEIbHOCTh UNCEJI

— =01 =203 > ...20, = ...; a,>0;
al—i—ag—l—...—l—an—l—...:l.

HoxasaThb, 4YTO HAUAYTCA kB MAYIIUX MMOAPALI YMCEJI, U3 KOTO-
PBIX caMoe MaJIeHbKoe 0O0JIbIIIe TOJOBUHBI CAMOTO OOJBIIIOTO.
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Bropoii Typ
7 Kaacc

1. ImeeTcs aBa Habopa YucesI a; >ds > ... >a, U by >by > ...
... >b,. lorasaTs, uTo a1b; +asby+...+a,b, >a1b,+asb,_1 +
+...+a,b;.

2. au tpeyronbHuUK ABC. HaiiTu Takyio TOUKY, UTO €CJIA
€€ CUMMETPHUYHO OTPA3UTDL OT JIFO0OM CTOPOHBI TPEYTrOoJbHUKA,
TO OHA IIONAJAeT Ha OIMCAHHYIO OKPYsKHOCTD.

3. Ha kakoe 1mesioe umcao Hamo yMHOKUTE 999 999 999,
YTOOBLI HOJYUUTH YUMCJIIO, COCTOSINEe 13 OJHNX eTUHUIL?

4. JlokasaTb, UTO B JIIOOOM IIIECTHU3HAUHOM YICJIE MOMKHO
mepecTaBUTh HMU@PPHI TaK, UTOOBI CyMMa IIEPBBIX TPEX OTJIU-
yajiach OT CYMMBI BTOPBIX TPEX MeHbIe, ueM Ha 10.

5. amo n uumcesn, Xi, Xa, ..., X,, IPU dToM X, = +1. Jloka-
3aTh, UTO €CJIU X1Xs + X9X3+ ... + x,x1 =0, To n genurca ua 4.

8 xaacc
1. CMm. 3agauy b miasa 7 Kjacca.
2. Hauer 12 uucen, a;, ds, ..., A1z, IPUUYEM UMEIOT MECTO

clleAyIoIl[rie HepaBeHCTBa:

as(a; —az+asz) <0,
as(as —as+ay) <0,

a11(a10 — a1 +aq2) <O0.

JloKkasaTh, UTO CpeM 9TUX UUCEJI HANAETCA II0 KpallHell Mepe
3 MOJIOKUTEIBHBIX U 3 OTPUIATEIbHBIX.

3. Hau tpeyronbauk ABC. IlocTpouM TpeyroJbHUK, CTO-
POHBI KOTOPOI'O KacalTcs ! BHEBIIMCAHHBIX OKPYXXHOCTEH 9TO-
0 TPeyroJbHUKA. 3HASA YIJIbI UCXOJHOT'0 TPEYroJbHUKA, HAH-
TH YTJILI IIOCTPOEHHOTO.

! VmeroTcs B BUAY 0BLe KacaTeIbHbIe KayKJ0i U3 [Iap BHEBIMCAHHBIX
OKPY’KHOCTeIl, He cofeprKalliie CTOPOH MCXOTHOTO TpeyroJbHuKa. — Ilpum.
peo.
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4. JlaHbl ABa IepeceKaronNImXcsA OTpesKa AJuHBI 1, AB u
CD. [TorkasaTh, 4TO IO KpalHEN Mepe OAHA M3 CTOPOH UEThI-
péxyronpauka ACBD He meHblIe /2/2.

5. JorkasaTh, UTO IITaXMaTHYIO OOCKY pasmepoMm 4 Ha 4
HeJIb3s O00OMTH XOHOM IIAXMATHOI'O KOHS, HOOLIBAB Ha Kak-
JIOM TI0JIe POBHO OJMH pas.

9 Kaacc

1. JTa®bl CTO YHCET, X1, X2, ..., X100, CYMMa KOTOPBIX paB-
Ha 1, Takue, YTO aGCOIOTHBIE BEJITUUNHEI PA3HOCTEHN Xj 1 — X}
menbire 1/50 raxkmas. JloxkasaThb, YTO U3 HUX MOIKHO BBI-
opars 50 umcesn Tak, 4TOOBI cCyMMa BBIOPAHHBIX OTJINUAJIACH
OT IOJIOBUHBI He 0OJIbIIIe, UeM Ha OLHY COTYIO.

2. n OTPe3KOB IJUHLI 1 mepeceKarTcsa B OgHOII Touke. [o-
KasaTh, YTO XOTdA OBl OHA CTOPOHA 2n-yroJbHMUKA, 00paso-
BAHHOI'O UX KOHIAMMU, He MEHBIIIEe CTOPOHBI IIPABUJILHOIO 27-
YTOJIBHUKA, BIMCAHHOI'O B OKPYKHOCTEL guamerpa 1.

3. HokasaTb, uTO He 00Jiee OTHOII BEPIINHBI TeTpasapa 00-
JazaeT TeM CBOMCTBOM, UTO CyMMAa JIIOOBIX ABYX IJIOCKUX yI-
JIOB IIpU 9TOM BepiuHe 6osbiite 180°.

4. JlokasaTb, UYTO CYIIeCTByeT OECKOHEUHO MHOTO YmuceJ,
He IIPeJCTAaBUMbLIX B BUJE CYMMBI TPEX KyOOB.

5. B yriax maxmMaTHOHM JOCKK 3 Ha 3 CTOAT KOHU: B BepX-
HUX yrJyax — Oejible, B HIKHHUX — uépHbIe. [loKaszaTh, UYTO
IJISI TOr'O, YTOOBI IIOMEHATLCS MECTAMM OeJIbIX 1M YEPHBIX KO-
Heli, moTpedyerca He MeHee 16 xom0B. (KoHU He 00s3aTEIBHO
XOOAT cHayaJia 0esblil, ITOTOM UEPHBIH. XO0IOM CUUTAETCS X0
OJTHOT'O KOHSI.)

10 kanacc

1. Cm. Bagmauy 4 mgia 9 xiacca.

2. Ilyecte ABCD — IpOCTPAHCTBEHHBIN YeTHIPEXYTOJIbHUK,
Touku K; u K, gensaT cooTBeTCTBEHHO cTOopoHbI AB u DC B
OTHOIIIEHUU , TOUKU K3 1 K, TeJAT COOTBETCTBEHHO CTOPOHBI
BC u AD B ornomenuu 3. Jlokasars, uTo orpesku KK, u
K3;K, nepecexkarmTcs.
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3. ITaHbI HECKOJbKO MEPEKPBLIBAOIINXCS KPYroB, 3aHUMAa-
JOIl[Fie Ha IJIOCKOCTH ILIOINaab, paBHyio 1. [lokasarsh, 4TO U3
HUX MOXHO BbIOpATh HEKOTOPOE KOJMUYECTBO IMOIIapHO Helepe-

KPBIBAIOIIIUXCS, UYTOOBI UX OOIas MJIOIAAL ObLIa He MeHee %

4. Jlausl n KoMiaekcHbIX uucea Cq, Cy, ..., C,, TaKUX, UTO

ecau UX IIPeACTaBJATH cebe KAaK TOUKM IIJIOCKOCTH, TO OHU

SABJAIOTCA BEPIIMHAME BBITYKJIOTO N-yroJdbHUKAa. JloKasaTb,

YTO ecJii KOMILIEKCHOe YKCJIO 2 00JIaaeT TeM CBOHCTBOM, UTO

1

2—Cl+2— +"'+2—Cn 0,

TO TOUKA IIJIOCKOCTHU, COOTBETCTBYIOIAA 2, JIEXKUT BHYTPU DTO-
0 n-yroJIbHUKA.

5. JIBa KOHIIEHTPUUECKHUX KPyra IojejieHbl Ha 2k paBHBIX
CeKTOpOB. KaKabIii CeKTOP BBIKPAIIIEH B O€JIBIN UIU UEPHBIN
Ber. JJokasaTh, UTO ecJii OeJIbIX 1 UEPHBIX CEKTOPOB Ha KajK-
IOM KPyre OAUHAKOBOE KOJUYECTBO, TO MOYKHO CAEJIATh TAKOM
IIOBOPOT, UTO IO KpallHell Mepe Ha MOJIOBUHE IJIWHBI OKPYIK-
HOCTH OYAYT COIPUKACATHCSA PA3HOI[BETHLIE KYCKH.

1960 200 (XXIII onumnuada)

IlepBsIii TYp
7 Kaacc

1. YKasaThb Bce JeHe)KHbIe CYMMbI, BbIPa'Ke€HHBIE IIeJIBLIM
YyucJIOM pPy0OJeii, KOTOpPble MOTYT OBITh IIPEACTABJIEHBI Kak
YETHBLIM, TAK ¥ HEYETHBIM UMCJIOM JeHeXKHBIX OhIeToB '

2. Tpu pasHble OKpyskHOCTU C IeHTpamu O, O,, O3 me-
pecekaioTca B JaHHON Touke. A;, Ay, A3 — ocTajlbHBIE TOU-
Ku nepeceueHusa. Jlokazarh, uTo TpeyroabHuKu 0;0:;03 u
A{AyAs paBHBEI.

3. B cocraBinenuu 40 3amau npuHago yuactue 30 cTynmeH-
TOB CO BceX 5 KypcoB. JIoOble 2 OZHOKYPCHUKA OPUIYMAa-
JI OJMHAKOBOE YKCJIO 3amad. JItoOble JBa CTyIeHTa ¢ Pa3HbIX

I'B o0palleHnu nMeJInch OUIeTsl JocTouHCcTBOM B 1, 3, 5, 10, 25, 50 u
100 py6ueit. — ITpum. peo.
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KypCcoB OpuAyMaan pasHoe uucjo 3amad. CKOIBKO UeJ0BeK
npuaymajo 1 sagauy?

4. M u N — TOUKU TIepeceueHns ABYX OKPYKHOCTel ¢ IeH-
pamu O; u O,. IIpamas O; M mepecexaeT 1-10 OKPYKHOCTDH B
TouKke A;, a 2-10 B Touke A,. IIpamas O,M mepecekaetr 1-10
OKDPY’KHOCTb B TOuKe B;, a 2-to B Touke B;. [loKasaTrsb, 4TO
npambie A1 B, A;By; u M N TiepecekaioTcs B OJHOII TOUKe.

5. JlokasaTh: YKMCJIO [eJUTeNel N He IPEeBOCXOAUT 2+/1.

8 Kaacc

1. TokasaTb, UTO YMCJIO, COCTOAIIEEe U3 TPEXCOT eAUHUIL 1
HEKOTOPOT0 KOJIMYecTBa HYyJIell, He SBJSIETCS TOYHBIM KBaj-
paTtom.

2. B TypHUpe Ka:KIBLII IIIaXMATHUCT IIOJOBUHY BCEX OYKOB
Habpas BO BCTpeYaxX C YUYACTHUKAMM, 3aHABIIUMU TPU IO-
caemuux Mecra. CKOJIBKO BCETO UeJIOBEK NPUHUMAJIO YUaCTHe
B TypHupe?

3. Uepes maHHYI0 BepHINHY A BBITYKJOTO UYETHIPEXYTOJb-
Huka ABCD mpoBecTH IPAMYIO, AEJAIIYI0 ero IJIOMaAb II0-
moJIam.

4. Tanbl orpesku AB, CD u touka O!. Koner orpeska Ha-
3BbIBAETCS «OTMEUEHHBIM», €CJIM IIpPsaMas, MPOXOAAIasa uepes
Hero u TouKy O, He mepeceKaeT APyroi orpe3ok. CKOJIbKO MO-
JKeT OBITH OTMEUEHHBIX KOHIIOB?

5. IlokasaTb, UTO CYIIeCTByeT OECKOHEUHO MHOTO HATY-
panbHBIX unces, He IpPeJCTAaBUMBIX B BHUAe p+ n?* Hu mpu
KaKuX IPOCTBHIX P U IEJbIX N U k.

9 Kaacc

1. IlokasaTb, uTO Jio0as mMpaBUJIbHAA APOOb MOMKET OBITH
mpezcTaBjeHa B BUAe (KOHEUHOM) CyMMBbI OOPATHBIX BEJIUUNH
IIOMAPHO PA3JUUYHBIX I[eJILIX UKCe].

2. Cm. 3agmauy 5 muas 8 Kjacca.

! IIpexmonaraercs, uro HuKakue Tpu u3 Touek A, B, C, D u O He ne:xar
Ha oxHOU mpAMoi. — IIpum. ped.
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3. JlaH BRIMYKJIBIA MHOTOYTOJBHUK 1 TOUuKa O BHYTpPU HETO.
JIiobas mpaMasi, IpoxoaaIinas ueped Touky O, TeJauT ILIOAalb
MHOTOYTOJIbHIKA IomoJsaM. [[okasaTh, UTO MHOTOYTOJBLHUK
IEeHTPAJIbHO-CUMMETPUYHBINA 1 O — IEeHTP CUMMETPUH.

4. HaiiTu reomeTpuuecKoe MECTO UeTBEPTHIX BEPIIUH IIPs-
MOYTOJIbHUKOB, ¥ KOTOPBIX IIEpBaA W BTOPAs BEPIIUHBI JIEKAT
Ha JAaHHOW OKPY/KHOCTH, a TPEeThbs — B JTAHHON TOYKE BHYTPU
OKPY*KHOCTH.

10 xaacc

1. JIBa OpaBUJIbHBLIX PABHBIX TPEYTOJbHUKA PACIIOJJIOMKEHBI
B IIPOCTPAHCTBE B IIapaJlIeJbHBIX IIJIOCKOCTIX P; u Py, mpu-
YEM OTPE30K, COeIUHAIOIINN WX IeHTPbhI, HePIeHIUKYJIIPEH
IJIOCKOCTAM. HafiTu reomerpuueckoe MeCTO TOUYEK, SBJIAIO-
IUXCS CePeIUHAMU OTPE3KOB, COEIUHSIONIUX TOUKM OJHOTO
TPEeyroJbHNKAa C TOUKAMU JPYIOro TPeyroJbHUKA.

n . pn

2. Ecau uncauTes b U 3HaAMEHATeJNb JPo0u % IeJIATCS
Hal n, To u cama IpoOb JeJUTCA HA .

3. Cm. samauy 4 gaa 9 Kiacca.

4. B mecaTuuHOM 3aIMCU IIEJOT0 YKcIa A Bce ITUPPHI, KPo-
Me IIepPBOY W TOCJiefHel, HyJau, IepBasa 1 IOCJAeqHAA — He HY-
Jau, yucyjao nudp He MeHbIe TpéxX. [lokasaTh, uTo A He ABIA-
eTCs TOUHBIM KBaJpPaTOM.

5. Hauber yncaa oy, g, ..., 0, IPUUEM AJIA BCeX HATYPAJIb-
HBIX HEUETHBIX 71 IMEeT MEeCTO PaBEeHCTBO

oq+ag+...+o=0.

HoxasaThb, YTO T€ U3 UUCENT Ui, o, ..., &, KOTOPbIE HEe PABHBI
HYJI0, MOKHO pPas3sOUTh HA Iapbl TAKUM 00pasoM, UTOOBI ABa
Yucsaa, BXOASAINME B OOHY U TY JKe Iapy, ObLIM ObI PABHBI IO
abCOJIIOTHOI BeJINUUHE, HO IIPOTUBOIIOJJIOMKHEI II0 3HAKY.

! Yueno n IOJIKHO OBITh HEUETHBIM. B ciiyuae, Korma 4mucJio n 4E€THO,
3aJaya HeBepHAa: Hampumep, nupu a =b =1, n =2 ycjoBue 3a7a4uu BbIIIOJIHE-
HO, a yTBep:KAeHre HeBepHO. — ITpum. ped.
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Bropoii Typ
7 Kaacc

1. Hansr 4 Touku: A, B, C, D. Hatitu Takyio Toury O, 4TO
CyMMa PacCTOSHUN OT Heé M0 JaHHBIX TOUEeK MUHHMAJbHA.

2. JokasaThb, YTO U3 CTOPOH IIPOM3BOJILHOTO YETHIPEXYTOJIb-
HIKA MOXKHO CJIOKHUTb TpaIeInio b.

3. HokazaTh, uTO 10001 HEcaMOIIEePEeCeKAaIOIUNACad IIATU-
YTOJIbHUK JIEKUT IO OOHY CTOPOHY OT XOTS ObI OOHOU CBOEM
CTOPOHHEI.

4. B KaKoOM-TO rofy HEKOTOPOE UMCJIO HII B OJHOM MeCsIle
He ObLIO BOoCKpeceHbeM. OIpeneanuThb 3TO YHCJIIO.

8 xaacc

1. KakoBo HauboJiblllee 7, IPU KOTOPOM TaK MOYKHO pac-
MMOJIOMKUTEL 7 TOUEK Ha IJIOCKOCTH, UTOOLI Ka)Kable 3 M3 HUX
CAYKUJIN BEPIINHAMU IIPAMOYTOJbHOI'0 TPEyroJabHuKa?

2. Imeerca OeckoHeuHada miaxmaTHas gocka. O0oszHaumm
yepes (a, b) 1moJse, PACIOJIOKEHHOEe Ha IMepeceuyeHry TOPU30H-
TAIl C HOMEPOM @ M BEPTUKAIU ¢ HOMepoM b. Duika c mo-
ag (a, b) MoXKeT chesaThb XOJ Ha J000e M3 BOCBMU IIOJIEi:
(a+tm,b+n), (a+n,b+tm), roe m, n — pUKCUPOBAaHHBIE UKC-
aa, a (+) u (—) KoMOMHUPYIOTCA TPOU3BOIbHO. CremaB x X0-
IOB, (PUINTKA BepHYJach Ha MCXOAHOe moJie. JlokasaThb, 4TO X
YETHO.

3. Cm. samauy 2 gaa 7 KJjacca.

4. YauTKa TOJ3ET C HEeIOCTOSHHON CKOpocThio. Heckoiab-
KO ueJIOBeK HaOJ0[aJio 3a Hel 1m0 ouepenu B TeueHue 6 MIH.
Kaxapiii maumHaJ HaOJIOZATh pPaHbINe, YeM KOHYAJ IIpeabl-
nyiuii, u Habgogaa poBHO 1 MumH. 3a 3Ty MHHYTY YJIHUTKA
mpomnoJsizana poBHo 1 M. [loKasaTsb, UTO 3a Bce 6 MUH yJIUTKA
MOTJIa HPOIIOJI3TU camoe GoJbiree 10 m.

! 3pech mozpasymeBaercs, YTO TpAIEIMS — BTO UYETHIPEXYTOABHUK, Y
KOTOPOTO eCTh ITapa MapajjebHbIX CTOPOH, T.e. IapajlieloTpaMM TaKIKe
sABJIsieTcs Tpamenueii. VI3 cTOpoH mapaJiiesiorpaMMa HeJb3s CIOKUTH Tpa-
MeIuio, OTJUYHYIO OT mapaJuiesorpamma. — IIpum. ped.
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5. lau naruyronsauk ABCDE. AB=BC=CD=DE, /B=
=/D=90°. JlokasaTh, 4TO OATUYTOJbHUKAMU, PABHBIMHU JaH-
HOMY, MOYXHO 3aMOCTHUTBH IIJIOCKOCTb.

9 kaacc

1. Nmeercsa m TOUYEeK, HEKOTOPBLIE M3 KOTOPBIX COEAMHEHBI
OTpe3KaMM TakK, UTO KaxKAas coeguHeHa c¢ [ Touxkamu. Kakue
3HAUEHUSI MOKeT IPUHUMATD [?

2. Jan mpom3BOJBHBIN IIEHTPAJIHLHO-CHIMMETPUYHBIN IIIeC-
TUYroJbHUK. Ha ero cropoHax, Kak Ha OCHOBAHUAX, IIOCTPO-
€Hbl BO BHEIITHIOIO CTOPOHY MpPaBUJIbHBLIE TPEYyroJbHUKU. Jlo-
KasaThb, YTO CePeINHbI OTPE3KOB, COeIUHAIOIINX BEePIITUHEI CO-
CeHUX TPEYroJbHNKOB, 00Pa3yiOT IPABUJIbHBIA IIIECTUYTOJIb-
HUK.

3. HokasaTh, UYTO HUKAKYIO IPAMOYTOJLHYIO IIaXMaTHYIO
JOCKY IIMPUHON B 4 KJETKHU HEJIb3sl 000MTU XOAOM IIMaxXMaT-
HOTO KOHsI, ITOOBIBAB HA KaKIOM II0Jie II0 OAHOMY pa3y U Io-
CJeTHUM XOAOM BEPHYBIINCH HA MCXOAHYIO KJIETKY.

4. HaiiTu reoMeTpruyecKoe MeCTO I[€HTPOB HIPSIMOYTOJbHN-
KOB, OIIMCAHHBIX OKOJO JAaHHOTO OCTPOYTOJIBHOTO TPEYroJb-
HUKA.

5. B xBazgpare co cropouoit 100 pacmoaoxkeno N Kpyros
panuyca 1, mpuuém BCaKUi oTpe3oK AauHbl 10, mMesnkom pac-
IIOJIOYKEHHBIA BHYTPH KBajpara, IepeceKaeT XOoTs Obl OJuH
Kpyr. Hokasars, uto N > 400.

10 xaacc

1. Yucmo A genurca Ha 1, 2, 3, ..., 9. [lokasars, uTO ecau
2A mpencTaBJIeHO B BUAE CYMMBbI HATYPAJIbHBIX UNCEJ, MEHBb-
mux 10, 2A=a, +as+ ...+ a;, TO U3 UKUCET A1, Ag, ..., A} MOMK-
HO BBIOpATh YacTh, CyMMa KOTOPBIX paBHa A.

2. 6n-smauHoe umcygo geauTcsa Ha 7. Ilocaemuioro mudpy
nmepeHecau B Hayaso. J[oKasaTh, YTO MOJyUYeHHOE UMCJIO TaK-
JKe meauTcs Ha .

3. Cobpanocs n uenoBeK. HeKoTophle M3 HUX 3HAKOMBI
MeKOy co0oli, IPUUYEM KasKAble IBAa HE3HAKOMBIX MMEIOT POB-
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HO ABYX OOIIUX 3HAKOMBIX, a KaKAble IBa 3HAKOMBIX He MMe-
0T O0ITUX BHAKOMBIX. JlOKa3aTh, UTO KAKIBIN U3 HUX 3SHAKOM
C OAWHAKOBBLIM YMCJIOM 4eJIOBEK.

4. Cwm. sagauy 4 nasa 9 xiacca.

5. YauTka'l mojKHA IPOMIOJ3TH BAOJb JUHUH KIeTuyaToil
Oymaru OyTh AJUHBI 271, HaUyaB U KOHUUB CBOW IIyTh B JaH-
HOM y3Je. [lokasaTh, UTO YMCJO PA3JUUYHBIX €€ MapIIpPyTOB
pasno (C%,)2.

1961 200 (XXIV onumnuada)
IlepBroIii TYp

7 Kaacc
1. IlokasaTb, 4TO €CJaW n — YETHOEe YMCJO, TO yumeaa 1, 2,
3, ..., n? MOKHO TaKMM 00pasoM pAaCIOJIOKUTH B KBajgpaT-

HYIO TaOJUILY 7 X 7, YTOOBI CYMMBbI UHCEJI, CTOAINUX B KaXKIOM
cTOoJIOIe, OBLIN OLMHAKOBEI.

2. Nmeercsa TpéxaHaUuHOE UYUCIO0 abc, 0epéM cba 1 BbIUTEM
u3 OoJbitero menbInee. Iloayuum uwmeao a,bic;, caemraem c
HUM TO Ke camoe W T.na. JlokasaTh, 4TO Ha KaKOM-TO IlIare
MbI mosryuuM uau yucio 495, nau 0. (3gech mox abe mouuMa-
eTcsA YMCJI0, 3aIlliChbIBaeMoe ¢ IIOMOIIIbIo udp a, b, ¢).

3. Jlau oCTpOyroJabHBIN TPeyroabHuk AgByCy. IlycTh TOU-
Ku A;, B;, C{ —IeHTpPbl KBaApaTOB, IIOCTPOEHHBLIX HA CTO-
pounax ByCy, CypAy, A9gBy. C Tpeyroabaukom A;B;C; peraem
To ke camoe. ITomyuaem TpeyronbHuk Ay;B,C, u T.x. Ioka-
3aTh, YTO TPeyroabHUK A, 1B, 1C,,1 TepeceKaeT TPeyrojb-
HUK A,B,C, poBHO B 6 TOUKax.

! Ha onmMmuaze sra 3ajada IpeLaralach B CIELYIOMEH (GOpMYINPOB-
Ke: «Jlokasarb, 4TO YMCJIO JIOMAHBIX JJUHON 271, CTOPOHBI KOTOPBIX JIEIKAT
Ha JUHUSX KJIeTuaToi OyMaru cO CTOPOHOM KJIeTKH 1, a BepIIMHBI — B y3-
JlaxX CeTKU, MPUUYEM JIOMaHbIe HAUMHAIOTCA U 3aKAHUMBAIOTCA B JAHHOM y3-
Jle CeTKU, PaBHO (an)z». Ho mpu sToM mmeloTcsa B BUAY He JOMaHbIe, a
MMEHHO MapIIPYThI: OJHA U Ta JKe JIoMaHasA, KOTopas 00XOAUTCA B PA3HBIX
HAIIpPaBJIeHUAX, CYUTAETCA 3a JBe JIOMaHbie; 60jee TOro, 1o OJHOMY U TOMY
JKe YYaCTKY JIOMaHOM MOKHO ITPOXOJUTH MHOTO Pas U IIPU 3TOM, BO3MOXKHO,
9Ty JIOMAHYIO MPUAETCA CUUTATH 32 HECKOJBKO JOMAaHbIX. — [Tpum. ped.
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4. NUmeerca 100 ToueK HA MJIOCKOCTH, HPUUYEM PACCTOS-
HUe MeXAy JIObIMU ABYyMA W3 HUX He mpeBocxomut 1, m ec-
au A, B, C — n1100ble TPU TOUYKM U3 JAaHHBIX, TO TPEYTOJbHUK
ABC — rynoyroabHbIii. [loKasaTb, 4YTO MOXKHO ITPOBECTH Ta-
KYIO OKPYKHOCTh paguyca 1/2, uTo Bce JaHHBIE TOUKH JIe:KAT
BHYTPHY HEE MJIM Ha HEH caMoii.

5. Ha mraxmaTHOUW OOCKe BBIOPAHBI ABe KJETKMU OJMHAKO-
Boro 1Beta. [lokasarb, 4TO Jagbd, HAUNHAA C IIEPBOI, MOKET
000MTH BCe KJIETKHU II0 pasy, a Ha BTOPOM BLIOPAHHOM KJIETKe
moOBIBATEL ABA pasa.

8 xaacc

1. Tau tpeyroasauk ABC u Touka O. M, My, M3 — 1ieH-
TPBI TsKecTu TpeyroabHukoB OAB, OBC, OCA cooTBeTCTBEH-
HO. [foxasarb, uTO ILIOIAAbL TpeyroabHuka M, M,M3; paBHaA
1/9 mnommanu ABC.

2. WrparoT ABOe; OAMH 13 HUX 3arafblBaeT HAOOD M3 IEeJIBIX
yucesa (X1, X3, ..., X,) — OTJHO3HAUYHBIX, KAK ITOJOKUTEIbHBIX,
TaK U OTPHUIATEJbHBIX. BTOpOoMYy paspelliaeTcs CIPaIIMBATH,
yeMy paBHA cymMMa d{Xi + ...+ a,x,, rae (ay, ..., a,) — JA1000I
Habop. KakoBo HamMeHbIIee UMCJIO BOIIPOCOB, 3a KOTOPOE OT-
ragbIBaIOIUi yY3HAET 3aJyMaHHBIA HAO0P?

3. Cm. samauy 3 guaa 7 KJacca.

4. JlokazaTb, 4TO JaabA MOYKET OOOWUTH BCe KJETKU TpsA-
MOYTOJILHOI IMTaxMaTHO MOCKM, IMOOBIBAB HAa KaXKIOW KJIEeT-
Ke POBHO OJWH Pa3, M BEPHYTHCA B HAUAJILHYIO KJIETKY, €CJIN
TOJBKO YMCJIO KJIETOK Ha JOCKe YETHOE.

5. IIBa orpe3ka HaTypaiabHOTO pama m3 1961 uwmcia monu-
mucaHbl OAWH moA ApPyruM. I[oKasaThb, YTO KamKIbIA U3 HUX
MOJKHO TaK IIEPECTABUTh, YTO €CJIM CJOMKUTH YKCJIA, CTOSIIIIE
OIHO IIOJ APYT'MM, IOJYUYUTCS CHOBA OTPE30K HATYPAJIBLHOI'O
pAana.

9 kaacc
1. CMm. 3agmauy 1 mgia 8 xjacca.
2. Cum. Bamauy 2 njasa 8 Kjacca.
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3. JloxkazaTh, YTO MOKHO PACIOJOKUTEL yucaa oT 1 1o n? B
TAOJIUILY 7 X 1, YTOOBI CYMMBI UHCEeJ KaKJIOT0 CTOJIOIA ObLIN
paBHBI.

4. B aBTOOyCe 0e3 KOHIAYKTOpa enyT 4k macca:kKupoB. ¥
KasKIoro m3 HUX ecThb TOoJAbKO MoHernl B 10, 15, 20 Kome-
ek. IlokasaTb, UTO ecyqu 00Illee UMCJIO MOHET MeHbIe 5k, TO
IacCaXUphbl He CMOTYT IMPABUJILHO PACIIATUTHCA 3a Ipoesy .
Hna umena MoHET 5k MOCTPOUTHL MPUMEP, KOTJa BO3MOYKEH
IPaBUJIBHBIA PACUET.

5. Ha miuockoctu mano N touek. Ecaum A, B, C — mro0bie
TPU U3 HUX, TO BHYTPHU TpeyroabHuka ABC HeT HU OLHOU TOU-
KM M3 JAaHHBIX. J[0Ka3aTh, UTO 3TU TOUKHU MOKHO 3aHYMEpO-
BaTh TaK, UTO MHOTOYIOJbHUK AAy... A, OYyIeT BBIOYKJIBLIM.

10 xaacc

1. Tana mociemoBaTeJbHOCTD unces Ui, Us...; Uy =Uy,=1
u U, »2=U,+U,;;. okasarb, uro Uy, neaurcda Ha 5 mpu
k=12, ...

2. Ha maockocTu IpoBeAeHO HEeCKOJBKO I0JIOC PA3HOU IITH-
punbl. Hukakue aBe m3 HUX He HapajaelbHbl. Kax HY:KHO
CABUHYTH MX IapaJijieJlbHO caMmuM cebe, UTOOBI ILIOIALb UX
ob11eii yacTu ObLIa HAaMOOJIbIIIEH ?

3. k uenoBeK exayii B aBTOOyce 6e3 KOHAYKTOpPA, U Y BCEX
HUX OBLIM MOHETBI TOJILKO nocrouHcrsoM B 10, 15, 20 kKo-
meek. V3BecTHO, UTO KasKABIH YILIATHI 3a HIpoe3] ' U IOJy-

yna cpavy. JloKkasaTb, UYTO HaMMEHbIIIEe UYKCJIO MOHET, KOTO-

k+3
poe OHU MOTIJIN MMeTh, PaBHO k + [%} , TIle 3HAUOK [a] o3Ha-

yaeT HauOOJIbIIIee IIeJIoe YKMCJI0, He IIPEeBOCXOIAINee a.

4. Oxpy:xkHOCTb S U Touka O Je:KaT B OAHOI ILIOCKOCTH,
npuuém O HaXOAUTCSI BHe OKpPY:KHOCTH. IlocTpouM Ipous-
BOJILHBIH IITap, MIPOXOAAIINNA Yepe3 OKPYKHOCTD S, 1 OIUIIeM
KOHYC C BepIIuHOM B Touke O u Kacamluiicsa mapa. Haiitu
reoMeTPUYEeCKOe MECTO IIEHTPOB OKPYIKHOCTEH, II0 KOTOPBHIM
KOHYCBHI KacaloTCsA IIIapoB.

! IIpoesn B aBrobyce crout 5 Komeek.— ITpum. ped.
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5. UsBectHO, uTO Z1 + ...+ Z, =0, rIe Z, — KOMIIJIEKCHbIE
yucaa. [fokasarb, 4TO cpefm STHUX UUceJl HalayTcd IBa Ta-
KHX, UTO PA3HOCTh UX apryMeHTOB OoJibllle mau pasHa 120°.

Bropoii Typ
7 Kaacc

1. CTopoHBI IIPOMBBOJIBHOI'O BBIIYKJIOrO0 MHOIOYTIOJbHUKA
moKpaIlleHbl cHapy:Ku. IIpoBoamTcsa HECKOJIBKO AuaroHaJiei
MHOT'OYTOJIbHIKA, TAK, UTO HUKAKNE TPU He IePeCceKaroTCs B
oxuoi Touke. Kakmasa 13 sTuX AuaroHaell TOXKe IOoKpaIieHa
C OJHOW CTOPOHBI, T.€. C OJHON CTOPOHBI OTPE3Ka IIPOBeje-
Ha y3Kas I[BeTHasdA IoJiocKa. JlokasaTh, 4TO XOTSA ObI OMUH U3
MHOT'OYTOJIbHIKOB, HAa KOTOPBIE Pas30OUT AUATOHAJIIMU KMCXOJ-
HBIII MHOTOYTOJBHUK, BECh IIOKPAIIIEH CHAPYIKU.

2. B kBagpate ABCD Ha ctopone AB B3saTa Touka P, Ha
cropoue BC —Touka @, Ha cropone CD — touka R, Ha cTo-
porue DA — S; okasajioch, uTo purypa PQRS — npaAMOyToJib-
HukK. [lokasaTb, 4UTO Torga OpPAMOYroJbHUK PQRS — mubo
KBajpar, Jubo o0JamaeT TeM CBOMCTBOM, UTO €r'0 CTOPOHLI
napaJjjielbHbl JUATOHAJIAM KBaapaTa.

3. HokasaTb, uTO cpenu JOObIX 39 mocienoBaTeIbHBIX Ha-
TypaIbHBLIX uMnceJ 00A3aTelIbHO HANIETCA TaKoe, ¥ KOTOPOTO
cymma mudp geaurcs Ha 11.

4. Jlana Tabsuiia 4 Ha 4 KJETKU, B HEKOTOPBLIX KJIETKAaX
KOTOPO#l IIOCTABJIEHO IO 3BEé3[ouKe. IloKasaTh, UTO MOJKHO
TAK PaCcCTaBUTh CEMb 3BE3I0UEK, UTO IIPU BBIUEPKUBAHUM JIIO-
OBIX IBYX CTPOK M JIIOOBIX OBYX CTOJIOIIOB STOM TaOJUILI B
OCTaBIINXCS KJIETKAX Bcerjga Obljia Obl XOTsS ObI OJHA 3BE3-
mouka. JlokasaTh, UTO eCJU 3BE3M0UEK MEHbIIIe, UeM CeMb, TO
BCerjJa MOJYKHO TaK BBIUEPKHYTHL JBEe CTPOKU M JBa CTOJIOIIA,
YTO BCE OCTABIIHECA KJIETKHU OYAYT IIYCTHLIMMH.

5. IToxkasaTb, UTO He CYIIeCTBYeT IIeJbIX uucerl a, b, c, d,
YIOBJIETBOPAOIINX PABEHCTBAM:

abced —a = 1961, abed —c =61,
abed —b= 961, abcd—-d= 1.
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8 Kaacc

1. Mana ¢urypa, cocrosamiaa u3 16 or-
pe3koB (puc. 2). JlokaszaTb, UTO HEJIb- ‘77‘77‘
35 IIPOBECTH JIOMAHYIO, II€PECEKAaIOIYIO ‘ ‘ ‘ ‘
KasKObI M3 OTPE3KOB POBHO OAWH pas. Puc. 2
Jlomanasa MoKeT OBITH HE3aMKHYTOH U
caMoIIepeceKaronieicss, HO e€ BePIINHbI HE MOJIXKHBI JIeXKAThb
HA OTPe3Kax, a CTOPOHBI — IPOXOJUTH Uepes BepIINHBI (Pu-
r'ypBbI.

2. C meHTpaMu B BepIIMHAX IIPAMOYTOJbLHUKA IIOCTPOE-
HBI UeThIpe OKPYsKHOCTU C paguycaMu ry, rs, I's, 'y, IPUUEM
ri+rs=ry+ry<d; d— guaroHajab IPAMOYTroJbHUKA. IIpoBO-
IATCS JBe Mapbl BHEITHUX KacaTeJbHBIX K OKPYKHOCTAM 1, 3
u 2,4. JlokasaTb, YTO B UETHLIPEXYTOJbLHUK, 00PA30BAHHBIN
9TUMH YETHIPbMS IPSIMBIMU, MOYKHO BIIMCATH OKPYsKHOCTD.

3. Cm. samauy 3 gua 7 KJacca.

4. Cwm. 3agauy 4 gasa 7 Kjaacca.

5. ITama ueTBEépKa uucen a, b, ¢, d. VI3 Heé mosyyaeTcsa HO-
Bas ab, be, cd, da 1mo ciaepymolneMy OPaBUIY: KayKJoe UHcC-
JIO YMHOMKaeTcs Ha cJeAyiolliee, YeTBEPTOe — HA IepBoe. M3
HOBOM UETBEPKHU IO STOMY iK€ IIPABUJY II0JIYUAETCA TPEThs
u T.n. IJokasaTh, YTO B IIOJYUYEHHOI IIOCJIEOBATEIHLHOCTU
YeTBEPOK HUKOIJAa He BCTPETUTCS BHOBL UeTBEpKA a, b, ¢, d,
KpoMe ciayudas !, korgaa=b=c=d=1.

9 kaacc

1. Touku A u B ABMKYTCA PABHOMEPHO U C PABHBIMHU YTJIO-
BBIMU CKOPOCTAMHU II0 OKPY:KHOCTAM O; 1 Oy COOTBETCTBEHHO
(mo uacoBoit crpeake). okaszars, uTo BepimmHa C IPaBUIB-
HOro Tpeyrombuuka ABC TaK:Ke OBUKETCA PABHOMEPHO IIO
HEKOTOPOi OKPY»KHOCTH. 2

1 Emié, Koneuno, Bo3Mo:KeH ciaydaii, korga a=b=c=d=0.— IIpunm.
peo.

2 Ecam Touku A u B B KaKO-TO MOMEHT COBIIQJAIOT, TO IPEAIIOJIaraeT-
cs, uTo Touka C B 9TOT MOMEHT COBIIagaeTr ¢ HuMu.— IIpum. ped.
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2. B xiaeTku TaOJIUIILI M X N BONCAHBI HEKOTOPBLIE UMCJIA.
Pasperraercss ofHOBPEMEHHO MEHSATH 3HAK Y BCEX UMCEJI HEKO-
TOPOTO CTOJIOIA MJAM HEKOTOpOo# cTpoku. [flokasaTb, YTO MHO-
FOKPATHBIM IIOBTOPEHMEM 9TOU OIleparuy MOXKHO IPEBPATUTH
JaHHYIO TaOJHIy B TAKYI0, Yy KOTOPOI CYMMBI YKCEJ, CTOS-
X B JIIOOOM CTOJIOIEe U JIF000¥ CTPOKE, HeOTPUIlATEeIbHEIL.

3. N TOYEK COeJUHEHBI OTPE3KAMMU TAaK, UTO KaKJasd TOUKA
¢ ueM-HHOYAb COeIMHEHA M HeT TAKMUX JBYX TOUYEK, KOTOPbIE
COeIUHSINCH ObI JBYMsI pasHbIMU IyTaMHu. [[oKasaTb, 4TO 00-
II[ee 4MCJI0 OTPE3KOB paBHO 1 — 1.

4. a, b, p— n00bI1e yucya. [[oKkazaTh, YTO HAWUAYTCA B3aUM-
HO TpocThle k, [ Takue, uto ak + bl nenurca Ha p.

5. Kousa u Ilera gensar 2n + 1 opexoB, n > 2, IPpUUYEM KaK-
OBIII XOueT MHOJIYVUUTHL BO3MOYKHO Oouibliie. IIpexmmosiararorcs
Tpu cmocoba meseska (KasKAbIli IPOXOAUT B TPU JTAIIA).

1-i1 sram: Ilerss genuT Bce opexu Ha JBe YacTU, B KaXKIOu
He MeHbIIIe IBYX OPEXOB.

2-11 oran: Koss gennT KasKayo 4acTh CHOBA Ha JBe, B KaiK-
IOIi He MeHbIIIe OJHOTO opexa.

1-i1 u 2-1i sTansl o0Ire AJIs BCeX TPEX CIIOCOOOB.

3-i1 sram. Ilpu nmepsom cmocobe Koisa Oepér 00abINyIO 1
MEHBIIIYIO YACTH.

IIpu BTOpOM cmocobe Kosst Gepét obe cpenHue 4acTu.

IIpu tperbem cmocobe Ko Gepér 1160 GONBINYI0 U MEHb-
IIyI0 JacTu, Jubo obe cpemHue yacTH, HO 3a IIPaBO BhIOOpA
ormpaetT Ilere oguH opex.

OnpenmennTsb, KaKoii cIIoco0 caMbIii BRITOAHBIN Ay Komu u
KaKoll HamMeHee BBIT'OJeH IJIsI Hero.

10 kaace
1. okasaTs, UTO IJIA JIOOBIX TPEX GECKOHEUHBIX IIOCJIEI0-
BaTeJII:HOCTefI HaTypaJIbHBIX UMCeJI

ay ... Ay ...
by ... b, ...
C1 «ee Cp one
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HalyTcA TaKkue HOMepa p U ¢, 4TO
a, = ag, bp = bqa Cp > Cq-

2. B nmpamoyroasuuk co croponamu 20 u 25 6pocaror 120
KBaapaToB co cTopouoii 1. JlokasaTb, YTO B IPIMOYTOJIbLHUK
MOJKHO IIOMECTHUTh KPyT nuamerpa 1, He mepecekaronuiica Hu
C OOHUM 13 KBaJApPaTOB.

3. Cm. samauy 2 gaa 9 Kiacca.

4. PaccrosHue oT (GpUKCUPOBAHHON TOUKU P ILJIOCKOCTHU 0
IBYX BepiiuH A, B paBHOCTOpOHHErO0 TpeyroabHuka ABC pas-
Hbl AP =2; BP = 3. OupeneanTb, KaKyi0 MaKCUMAJbHYIO IJIN-
HY MO:KeT mMeThb oTpe3ok PC.

5. Jlan TpoM3BOILHBIN Habop us +1 u —1 gaunoi 2%, s
Hero I0JIyYaeTcss HOBBIA II0 CJIEAYIOIEeMY IMIPAaBUIY: KaKIoe
YKCIO0 YMHOMKaeTca Ha cleAyiolllee 3a HUM; IociefHee 2F-e
YuCJa0 YMHOMKaeTcsa Ha mepBoe. C HOBBIM HabGopom m3 1 m —1
IIPOJeJIbIBAeTCA TO JKe camoe u T.I. JloKasaTb, YTO B KOHIIE
KOHIIOB IOJIy4YaeTcs Habop, COCTOAINUI M3 ONHUX eqUHUIIL.

1962 200 (XXV oaumnuada)

IlepBroIii TYp
7 Kaacc

1. [Tana npamasa [, mepueHAUKYJIApHaA OoTpe3Ky AB u me-
pecekatortaa ero. A so6oit Touku M mpamoi [ cTpouTcsa
rarkad Touka N, utro /NAB=2/MAB; /NBA=2/MBA. [lo-
KasaTh, 4TO abcoyoTHas BeaununHa pasHoctu AN — BN He 3a-
BHUCHUT OT BbIOOpa Touku M Ha mpamoii [.!

2. IIpaBuJIBHBIA TPEYTOJLHUK, OJHA CTOPOHA KOTOPOTO OT-
MeueHa, OTPaKaeTcsd CUMMETPUYHO OTHOCUTEJIHLHO OTHOU M3
cBoux cTopoH. IlosmyueHHBIN TPEYTrOJIbHUK B CBOIO OUEPENb OT-
pakaeTrcd W T. 1., IOKA Ha HEKOTOPOM Ilare TPeyroJbHUK He
OpUAET B IlepBOHAUYaJbHOe moJio)KeHHe. [[okasaTh, UTO Ipu

! Touka N cymecrByer Toibko ecau 2(LMAB+ /MBA) <180°, T.e.
Korzga yroa AM B rtynoit.— IIpum. ped.
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9TOM OTMEUYEeHHAasd CTOPOHA TaKiKe 3aliMET MCXOJHOEe IT0JIOXKe-
HUeE.

3. Ilycrs a, b, ¢, d — CTOPOHBI UETBHIPEXYTOJIbLHUKA, HE AB-
Jasromteroca pomb6om. [{oxkasaTh, UTO M3 OTPE3KOB a, b, ¢, d
MOYKHO CJIOKHUTH CAaMOIIePeCeKaIoIUuNCa YeThIPEXYTOJbHUK.

4. Cymmy nudp uwucaa a obosHauuMm uepes S(a). Hoka-
3aTh, uTo ecau S(a) =S(2a), To uncgao a meautca Ha 9.

5. anbl n KapToUueK; Ha 00eMX CTOPOHAX KaXKIOHU KapTou-
KM HaIlCaHO IO0 OJHOMY u3 uwmcea 1, 2, ..., n, IPpUUYEM Tak,
YTO KaikJoe UMCJO0 BCTPEUAeTCs Ha BCeX N KapTOUKaX POB-
HO aBa pasa. JlokasaThb, YTO KapTOUKU MOYKHO PA3JIOKUTH Ha
CTOJIe TaK, UTO CBEPXY OKaXKyTcda Bce umcaa: 1, 2, ..., n.

8 xaacc
1. Ha croponax AB, BC, CA npaBUJIBHOIO TPEYIOJbHUKA
ABC maiitu taxue Touku X, Y, Z (COOTBETCTBEHHO), UTOOBI
ILJIOIALh TPEYyroJibHUKA, obpasoBaHHoro npameimu CX, BZ,
AY, Obl1a BUeTBepO MeHbIIe ILIomanu Tpeyroabanka ABC u
YTOOBI OBLJIO BELIIIOJHEHO YCJIOBUE:
AX BY cZ
XB _ YC ZA®
2. Cum. Bamauy 2 ajasa 7 Kjacca.
3. HoxkasaTh, 4TO IJis JO00TO IIeJIoTO d HAWAYTCA TaKkue

meJjble m, n, 4To

d— n—2m+1
T m2-n
4. Cwm. sagauy 4 nasa 7 xkjaacca.

5. Cm. samauy 5 mnasa 7 Kjacca.

9 kaacc

1. Tasbr nBa mepecekarornuxcs orpedxka AB u CD. Ha ot-
peskax BeiOupaioTcsa Touku M u N (COOTBETCTBEHHO) TakK, UTO
AM =CN. Hatitu mojo:kenue touek M um N, Ipu KOTOPOM
mymHa oTpeska M N MumHUMAaJIbHA.

2. «Kouém» masbpIBaeTcsa (purypa, XoJa KOTOPOI COCTOUT B
ImepeMeIieHn Ha 1 KJIEeTOK II0 TOPM3OHTANM U Ha 1 mo BepTu-
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Kauu (unu Haobopor). KoHb cTOUT HAa HEKOTOPOM II0Jie OeCKOo-
HEYHOU HIaxMaTHOUW mocKu. IIpm KaKuxX 7 OH MOXKET II0IacThb
Ha Jio0oe 3amanuoe moje? IIpu Kakux n 9TO HEBO3MOMKHO?

3. Cm. samauy 4 gaa 7 KJjacca.

4. Jlana cucreMa ypaBHEHUM:

X1Xg+ ... X1962 = 1,

X1 — XaXg .. X962 = 1,
X1Xg — X3X4+ ... X1962 = 1,
X1Xg ... X1961 — X1962 = 1.

Kaxue sHaueHUsT MOKET IPUHUMATD Xo57

5. JorkasaTh, YTO B NPAMOYTOJbHUKE ILIOmAAM 1 MOXKHO
PacCIIOIOKUTh HelepeceKamwInnecsa KPyru Tak, YTOObI cyMMa
uX pagnycoB Oblia paBHa 1962.

10 kanacc

1. Ha gamuwix ayuax AO u BO BuiObupatorcsa Touku M u N
(cooTBeTcTBEHHO) Tak, uTo AM = BN. Haiitu mojo:kKeHue To-
yek M u N, mpu KoTopoMm ajimHA oTpe3ka M N MmHUMAaJIbHA.

2. Ha cTopoHax KBajapaTa, KaKk HAa OCHOBAHUSIX, IIOCTPOE-
HBI BO BHEIITHIOIO CTOPOHY PaBHBIE PABHOOEIPEHHbBIE TPEYTOIb-
HUKHU C OCTPBIM YIJIOM Hpu BepiinuHe. J[oKasaTb, YTO IIOJIY-
YUBIIYIOCS GUTYPY HeJIb3s Pas0ouTh Ha IapasjieorpaMMbl.

3. HoxazaTh, uTo J1000€ HATYPaJIbHOE UMCJIO MOYKHO IIpeX-
CTaBUTH B BUE CYMMbI HECKOJbKUX PA3JUYHBLIX UJIEHOB IIO0-
cirerosareasuoctu 1, 2, 3,5, 8,13, ...,a,=a,_1+a,_o, ...

4. Cwm. 3agauy 4 nasa 9 xaacca.

5. Cm. 3agmauy 5 muas 7 Kjacca.

Bropoii Typ
7 Kaacc
1. V Kkpag Ounbapaa, uMmeroiiero GopMy IpaBUJIbLHOTO 271~
YTOJIbHUKA, CTOUT Imap. Kak Hamo OycTHUTHL Iap OoT Oopra,
4yTOOBI OH, OTPA3UBIIHUCH (ITocsieqoBaTeIbHO — I1pum. ped.) oT
Bcex 0OpTOB, BepHyJica B Ty ke Touky? (IIpu oTpaskenuu yr-
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JIBI TIQIeHUs U OTPa’KeHusA paBHBI.) [{lokasaTh, UTO IPU ITOM
IJIVHA IYTH IIapa He 3aBUCUT OT BhIOOpPA HAYAJIBLHOUW TOUKU.
2. ABC — paBHoOenapeHHbIN Tpeyroabuuk; AB=BC, BH —
BbIcOTa, M — cepemuHa cTopoHbl AB, K — Touka mepeceue-
Husa BH c OKpPYKHOCTBIO, Ipoxoxsieir uepes B, M u C.

HokasaTb, uTo BK = gR, rae R — paguyc ommcaHHOMN OKOJIO
Tpeyroabanka ABC OKPYsKHOCTH.

3. «YToJKOM» HasbkIBaeTCsa (pUrypa, CoCTaBJIeHHAS U3 TPEX
KBaapaToB cO cTOpOoHOM 1 B Bume OyKBHI «I'». JlokasaThb, 4TO
IPAMOYToJbHUK pasmepamu 1961 x 1963 Henb3sa pas3buTs Ha
YTOJIKU, a IPAMOYTOJbHUK pasmepamu 1963 x1965 — moxxHO.

4. lauwo yucmao 100...01; yucao Hyseit B HEM paBHO 1961.
HokaKuTe, 4TO 9TO UMCJIO — COCTABHOE.

5. Ha mnockocTu maHbl 25 ToOYeK; N3BECTHO, UTO 13 JIOOBIX
TPEX TOUEK MOXKHO BLIOPATDH [BE, PACCTOSIHNE MEXKIY KOTOPHI-
mu MeHbIle 1. JlokaszaTs, YTO cpey JaHHBIX TOUEK HaNIyTCsA
13, nme:xxamue B Kpyre paguyca 1.

8 kaacc

1. IIpoBeséM B BBIIYKJIOM MHOTOYTOJbLHUKE HEKOTOPhIE
IuaroHaJu TaK, UYTO HUKaKWe IBe M3 HUX He IIepeceKarTcs
(U3 omHOI BEePHIMHBI MOTYT BBIXOAUTH HECKOJIBKO AMaroHa-
Jaeit). [JokasaTb, 4TO HAUAYTCA IO KPaHEN Mepe ABe BepIIU-
HBl MHOTOYTOJbHUKA, M3 KOTOPBHIX HE IIPOBEJEeHO HU OTHOMN
IVaroHaJIu.

2. Kak Hamo pacmojo:kuth uucaa 1, 2, ...,1962 B mocie-
IOBATEJIBHOCTH A1, A3, ..., A19g2, YTOOBI CyMMa

lay — az| + |ag —as| + ... + |@1961 — Q1962| + |@1962 — A1

Obl1a HambOOJIbIIEH ?

3. B OKpYy’KHOCTH BOMCAH HEIPABUJILHBIA N-yrOJbHUK, KO-
TOPBIZ TPU IIOBOPOTE OKPYKHOCTU OKOJIO ITeHTPa Ha HEKOTO-
peIii yroa a## 2m coBmelraercsa cam ¢ coboii. J[okasaTb, 4TO
N — YMCJIO COCTABHOE.

4. N3 uucen x,, X3, X3, X4, X5 MOKHO 00pa3oBaTh HECATH
IIOTIaPHBIX CYyMM; O003HAUMM UX Uepes i, dg, ..., A1g. JLOKa-
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3aTb, UTO 3HAA 4ymcjaa di, ds, ..., A1p (HO He 3HAs, pasyMeer-
cdA, CYMMOM KaKMX MMEHHO ABYX YMCEJ ABJIAETCA KarKIoe 13
HUX), MOKHO BOCCTAHOBUTH UMCJIA X1, X2, X3, X4, X5.

5. IIBe oxpy:KHOCTU S; M S, mepeceKarTcAa B Toukax M u
P. O6osuauum uepes M A Xopay OKPYKHOCTH S, Kacalollyo-
¢ OKPY:KHOCTU Sy B Touke M, a uepes M B — XOpAy OKpY:K-
HOCTH S, Kacalollyocs OKpy:KHocTH S; B Touke M. Ha mpsa-
Mot MP oryoxxkeH orpe3sok PH = MP. [lokasaTb, UTO UeThI-
péxyronbaux M AHB MOXHO BIIMICATH B OKPYKHOCTbD.

9 kaacc

1. IIIKoJBbHUK B TeueHMe YyUYeOHOIro rofa MOJKEeH pellaThb
poBHO mo 25 3amau 3a KasKAble UAYIIMe MOAPpsAn 7 mHeil. Bpe-
Ms, HeoO6X0oauMoOe Ha pellleHre OqHOU 3amaum (J1i000ii), He Me-
HsSeTCs B TeUeHUe JHs, HO MEHseTCsS B TeueHle yueOHOoro roga
110 U3BECTHOMY IIKOJLHUKY 3aKOHY M BCerga MeHbIe 45 mu-
HyT. IIIKOJBHUK X0UeT 3aTPATUThL Ha pellleHue 3a7au B 00IIel
CJIOJKHOCTU HauMeHbIllee BpeMdA. [[oKasaThb, UTO IJIA 9TOTO OH
MOJKET BbIOPATh HEKOTOPBIN JeHb HeJedu U B 3TOT AeHb (KaK-
IyI0 HeleJl0) pemiaTh mo 25 3azmadu.

2. Cum. sazmauy 2 gaa 8 Kjacca, rie BMecTo umcesa 1, 2, ...,
1962 B3aThI 25 IPOUBBOJIBHBIX PA3JIUUHBLIX UHCEJI.

3. CTOpPOHBI BBIIYKJIONO MHOIOYI'OJbHUKA, IIEPUMETP KO-
TOporo paBeH 12, orogBuraroTcs Ha paccTosHue d =1 Bo BHeIII-
HIOIO CTOpPOHY. [{oKasaTh, UTO IJIOIIAgb MHOTOYTOJbHUKA YBe-
JUYUTCA IO KpalHeill mepe Ha 15.

4. Cwm. sagauy 4 nasa 8 Kjacca.

5. Maupl 2" KOHEUYHBIX IIOCJIEIOBATEJNLHOCTEN W3 HYJIEH u
eIVHUIl, IPUYEM HH OJHA N3 HUX He ABJIAETCA HAYAJIOM HU-
Kakoil npyroii. [fokasaTb, 4TO cyMMa AJUH 3TUX IIOCJeJ0Ba-
TeJbHOCTEel He MeHbIIe n - 2",

10 xaacc

1. Ha mamHo# mpaMoi [, mpoxoasarmieil uepes meHTp O maH-
HOM OKpYy:KHOCTH, (puKcupoBaHa Touxka C (pacmosiosKeHHas
BHYTPU OKPY:KHOCTH — [Ipum. ped.). Touku A u A’ pacmoJo-



Yenosusa zadau. 1963 200 35

JKeHBbI Ha OKPY/KHOCTU IO OJHY CTOPOHY OT [ TakK, 4YTO YIJbI,
oopasoBanubie npavmeiMu AC u A'C ¢ upamoii [, pasusi. 060-
3HauuM uepesd B Toukry mepeceueHus npAambix AA’ u [. [loka-
3aTh, UTO IIOJIOKEHMEe TOUKHU B He 3aBUCUT OT TOUKHU A.

2. Cum. samauy 2 maas 9 xiacca.

3. Cm. samauy 3 gaa 9 Kiacca.

4. Kax Hamo pacIoJOKUTh B IIPOCTPAHCTBE IPSIMOYTOJIb-
HBIN mapaJjijiejienuiien, YTo0bI IJIOIadb €r0 IPOeKIuKU Ha Io-
PUB0HTANBHYIO IIJIOCKOCTDL ObLTa HaMOOIbIIIEH ?

5. B maxmaTHOM TypHUPE KasKIbIHi YYACTHUK CBHIT'PaJl C
Ka)KIBIM OPYTUM OAHY IapTuio. JloKasaTh, UTO YUYACTHUKOB
MOJKHO TaK 3aHYyMepPOBaTh, UTO OKAYKETCs, UYTO HU OJUH yUacT-
HUK He IPOUTPaJl HeIlOCPEACTBEHHO 3a HUM CJIeAYIOIIeMYy.

1963 200 (XXVI onrumnuada)

IlepBsoIii TYp

7 Kaacc

1. Vs Bepmimabl B TpOW3BOJLHOTO TpeyroabHuka ABC
IpOBeJIeHbI BHe TpeyroJabHuKa npAmble BM u BN, Tak 4To
/ABM = /ZCBN. Touku A’ u C' cuMMeTPUYHLI TOUKAM A u
C otHOCUTeNbHO IPaMbIXx BM u BN (cooTBeTcTBeHHO). Iloka-
3aThb, uTo AC' = A'C.

2. a, b, c— rarme Tpu ymciaa, uro a + b+ c=0. [[oxasars,
YTO B 9TOM CJIydae CIIPaBeIJInBO cooTHoIIeHue ab -+ ac+be <O0.

3. Umeetrca 200 xapTouek pas-

MepoM 1 X 2, Ha KaIOH U3 KOTO-

prix Hamucaubl ymeaa +1 u —1 (cwm. 74 S /
puc. 3). MoxXHO U TaK 3aIOJHUTH !

ATUMU KapPTOUKAMMU JIUCT KJIETUATOHN Puc. 3

oymaru pasmepom 4 x 100, uTo0OBI
MIPOM3BEeNeHUS YKCeJ B KasKIOM CTOJIOIME U KaKIOHU CTPOKe
oOpasoBasIeiicsa TabJaUIbl ObLIN MOJOXKUTENbHBI? (KapTouka
3aHUMAaeT IeJIUKOM JBe COCeIHUe KJIeTKH.)

4. Cwm. sagauy 4 nasa 8 Kjacca.
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5. MoKHO M TaK IPOBECTH IPAMYIO IO JIUCTY KJIETUATOH
oymaru pasmepom 20 x 30, uToObI oHA mepecekia 50 KIeToK?

8 Kaacc
1. a4, a9, ..., a, —TAKUe umcJga, YTO aAi +a9+...+a,=0.
IMoKaszaTh, 4YTO B 9TOM CJIy4yae CIIPABEAJNBO COOTHOIIEHUE:

S = aas +aas+...+a,_1a, < 0;

B CyMMYy S BXOJAT BCe BO3MOKHBIe IIPDOU3BEJIeHUA 4;Qj, iF |
(cp. ¢ Bamaueii 2 gaa 7 KJjacca).

2. Taubl BRINYKJBINA YeTBIPEXYTONBHUK ABCD miomanu S
u Touka M BHyTpu Hero. Touxu P, @, R, S cuMMeTpPUUYHBI
TouKe M OTHOCUTEJIBHO CePEeIUH CTOPOH YETHLIPEXYTOJbHUKA
ABCD. HatiTu njiomniaasb deTbIpéxyroabanka PQRS.

3. PemuTh B 1mespIx ymcsiax ypaBHEHUE

X Xz 2z
FrE E o3,
z y x

4. Ha miocKoCcTH AAaHBI 7 IPAMBIX, HUKAKNUe IBE U3 KOTO-
pBIX He mapaJuienbHbI. JloKkasaTh, UTO HAWAYTCS JBe U3 HUX,
YTOJI MeKIY KOTOPBIMU MeHbIe 26°.

5. Jluct KaeTuaToil GymMaru pasMepoM 5 X n 3aIloJHEeH Kap-
TouKaMu pasMepoMm 1 X 2 TakK, UTO KaKIasd KapTOuKa 3aHU-
MaeT IeJIUKOM [Be cocemnme KJeTKH. Ha KaKIol KapTouke
Hanucausl uynciaa +1 u —1 (cm. puc. 3). I3BecTHO, UTO IIPO-
U3BeNIeHUsI YMceJl II0 CTPOKAM U CTOJOIIaM 00pasoBaBIIEHCS
TAOJUIILI TOJOKUTEAbHEI. [Ip1 KaKUX 11 9TO BO3MOYKHO?

9 Kaacc
1. IlepBoIii WjeH W Pa3HOCTH apuPMETUUEecKOii Iporpec-
cuu — 1eJsible uyucia. JlokasaTh, YTO HaWAETCA TaKOU UJEeH
IIPOTpPeccuu, B 3alMCH KOTOPOro ydyacTByeT 1mudpa 9.
2. Cm. 3agmauy 5 mjs 8 Kjacca.
3. a, b, c — n100BIe MOJIOKUTENbHBIE Uncaa. [lokasaTh, 4TO
a b c S 3

b+c T a+ec - at+b = 2"
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4. N3 1100bIX YeTHIPEX TOUEK HA IIJIOCKOCTH, HUKAKNe TPU
13 KOTOPBIX He JIedKaT Ha OOHOU IPSIMOI, MOKHO TaK BBEIOpPATh
TPU, UTO TPEYTOJbHUK C BEPIITMHAMHU B 9TUX TOUYKAX UMEET XO-
T ObI OfMH yroJi, He 6osabiuii 45°. [lokasars. (Cp. ¢ 3amaueit
2 nna 10 kmacca.)

5. MoXHO Ji1 B IPSAMOYTOJHLHUK C OTHOIIEHWEM CTOPOH
9:16 BmMcaTh NPAMOYTOJBHUK C OTHOIIIEHWEM CTOPOH 4:7
(Tak, 4TOOBI Ha KaKIOHW CTOPOHE MEePBOrO IPAMOYTOJbHUKA
Je:kaJja BeplInHa BTOPOT0)?

10 xaacc

1. CMm. 3agauy 1 miasa 9 xiacca.

2, Uz 1106BIX IMTECTU TOUEK Ha ILIOCKOCTU (M3 KOTOPBIX HU-
KaKue TPU He JexkaT Ha OJHOM IPAMOI) MOKHO TaK BBIOPATh
TPU, UTO TPEYTOJbHUK C BePIIMHAMU B 3THUX TOUKAX KUMEEeT
x0Ta OB omuH yroJ, He 6oabmuit 30°. [JoxasaTs.

3. Kaxoe Hauboablee YMca0 KJIETOK MOXKET IIepeceyub IIps-
Mas, IPOBeAEéHHasd Ha JINCTe KJeTuaToii OymMaru pasmMepoMm
m X n KjaeTox?

4. a, b, c —rakue Tpu umciaa, uro abc>0 u a+b+c>0.
HoxasaTk, uto a” + b" + ¢" > 0 pu Jr060M HATypPaJILHOM 7.

5. Ian npomsBoabHBIN TpeyroabHUK ABC. Haiitu MHOMXKe-
CTBO BCeX TAKMX TOUeK M, UTO IepPIeHAUKYISAPbI K IIPIMbIM
AM, BM, CM, npoBenéuubie us Touexk A, B, C (COOTBeTCTBEH-
HO), IIepeceKarTCcsa B OJHOI TOUKe.

11 kanace
1. ITososxkuTEIBHBIE UNCIA X, Y, 2 00JIaTalI0T TEM CBOMCTBOM,
qgTo

arctg x + arctg y + arctg z < .

HoxasaTb, YTO cyMMa 9TUX YMCEJI OOJIbIITe UX IIPOU3BEACHUA.

2. Mana cucrema m3 25 Pa3JIUYHBIX OTPE3KOB C OOIIUM
HavajJoM B JaHHOW TOUKe A M ¢ KOHIIAMM Ha IPAMOH [, He
IPOXOAAIel uepes aTy TOuKy. [lokasarsb, UTO He CyIIeCTBYeT
3aMKHYTOH 25-3BeHHOU JIOMaHOI, OJS KayKJIOTO 3BeHa KOTO-
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poii HalIéncsa ObI OTPE30K CHUCTEMbl, PABHBIN U IapaJieIbHbBIN
9TOMY 3BEHY.

3. Cm. samauy 5 ana 10 xiacca.

4. Uz mudpp 1, 2, 3, 4, 5, 6, 7 cocTaBIAIOTCA BCEBO3MOK-
Hble ceMM3HAYHbIE UNCJIa, B 3aIUCH KOTOPHIX KaKAasd U3 9TUX
nudp BcTpevaeTcsa POBHO oamH pasd. [fokasaTh, YTO cymma
BCeX TaKWX YMCeJ AeJuTcA Ha 9.

5. Kamxmoe pebpo IpaBMJILHOTO TeTpasapa pasmeaeHOo Ha
TPU PaBHBIE YacTU. Uepesd KaKIYyI0 MHOJYUYEHHYIO TOUKY [e-
JIeHUsI TIPOBeleHbl ABe ILJIOCKOCTH, IapajijieJbHbIe COOTBET-
CTBEHHO ABYM TI'DaHAM TeTpasipa, He IIPOXOAAIINM Uepes aTy
TouKy. Ha CKOJIbKO uacTeil MOCTPOEHHBIE IIJIOCKOCTH Pasdu-
BaIOT TeTpasap?

Bropoii Typ
7 Kaacc

1. 3aBoa BBITYCKAaeT MOTPEMYINIKN B BUIE KOJIbIIA C Hale-
THIMU Ha HEero 3 KPacHBIMHU U 7 cHHUMHU ITapukamMu. CKOJIBKO
PasInMUYHBIX IOTPEMYIIeK MOKeT ObITh BbImyIeHo? ([IBe 1mo-
TPEMYINKYN CUUTAIOTCA OAJUHAKOBBIMU, €CJIM OJHA U3 HUX MO-
JKeT ObITH MOJIyueHa M3 APYrol TOJLKO IepeqBUKeHUeM Ia-
PUKOB II0 KOJIBILY U IIePeBOPAYNBAHUEM. )

2. Cum. sagmauy 2 maiasa 9 xiacca.

3. Ham mpomsBosbHBIN TpeyronbHUK ABC u mpoBeneHa Ta-
Kas IpAMas, IepeceKaronasa ! TpeyroJbHIK, YTO PACCTOSHUE
OT Heé 0 TOUKU A paBHO CyMMe PACCTOSIHUU A0 ITOI HMPAMOI
ot Touek B u C. J[oKkasaThb, UTO BCce TaKue MPAMbIE IPOXOMAT
yepes3 OOHY TOUKY.

1 B geiicTBUTEIBHOCTH HYKHO [IONOJIHHUTEJIbHO HOTPeboBaTh, UTOOBI
mpsMas He TOJIbKO IepeceKasa TPeyroJbHUK, HO u Touku B u C nexanu
0 OJHY CTOPOHY OT Heé. MlHaue MOKHO B3ATb, HAIpUMEP, MPAMYIO, IIPO-
XOIAIYI0 uepes cepeauny orpeska BC, u Touky A, pacCTOAHUE OT KOTOPOM
IO 9TOI IPAMOIL BABOE OOJIbIIIE PACCTOSIHUM OT ToueKk B u C. OTa nmpsamas He
MIPOXOAUT Yepes TOUKY IepeceueHus: Meguan Tpeyroiabauka ABC, uepes Ko-
TOPYIO IPOXOAAT MHOTHE APYTHe U3 PacCMaTPUBAEMbIX IPAMBIX. — IIpum.
peo.
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4. Kaxoe HanboJbIllee KOJMUECTBO YKMCEJ MOMKHO BHIOPATH
u3 Habopa 1, 2, ..., 1963, uToOBI cymMMa JIIOOBIX JIBYX BBIOpAH-
HBIX UMCeJ Aejinjach Ha 267

5. CucreMa ToOueK, COEAUHEHHBIX OTPE3KAMM, Ha3LIBAETCS
«CBSIBHOM», €ClIi 13 JII00OM TOUKHK MOXKHO HPOUTHU B JIOOYIO
IPYTyI0 IO 9THUM OTpe3KaM. MOMKHO JIU COeIUHUTH IIATH TO-
YeK B CBASHYIO CHCTEMY TaK, UTOOBI IIPW CTUPAHUU JIIOOOTO
oTpe3Ka 00pasoBaJIICh POBHO [OBe CBS3HBLIE CHUCTEMbI TOUEK,
He cBasaHHbIe APYr ¢ Apyrom? (MsI cumTaem, 4TO B MecTax
ImepeceueHns OTPE3KOB IIePeXO0[ ¢ OJHOI0 M3 HUX Ha APYroi
HEBO3MOJKEH.)

8 Kaacc

1. ai, ay, ..., a4, — IPOU3BOJLHBIE MOJIOMKUTEJbLHELIE ULCJIIA.
O6osumauum uepes b, KOJIMUECTBO uuceJ U3 Habopa a;, dg, ...,
a,, YIOOBJIETBOPAOIINX YCJIOBUIO: a; > k. IlokasaTh, 4TO

aq +ag+...+an:b1+b2+

2. B Tabuuiy 8 x 8 BoucaHbl Bce Iiejble uncaa oT 1 mo 64.
JoxasaThb, YTO IPU 3TOM HANAYTCA OBa COCEOIHUX UMCJA, Pas-
HOCTH MeXXKJYy KOTopbIMHu He MeHbIne 5. (CocegHUMU Ha3bIBa-
IOTCA YMCJIA, CTOAIINNE B KJIETKAX, UMEIOINX O0IIYI0 CTOPOHY.)

3. HaiiTu MHOKECTBO I[EHTPOB TSAMKECTH BCEX OCTPOYIOJIb-
HBIX TPEYTOJbHUKOB, BIIMCAHHBLIX B JAaHHYIO OKPY:KHOCTD.

4. Kaxoe HanboJbIlIee KOJMUECTBO YKMCEJ MOMKHO BHIOPATH
u3 Habopa 1, 2, ..., 1963, uToOBI cyMMa HUKAKUX ABYX UMCEJI
He JeJUIach HA UX Pa3HOCTL?

5. Ilo annee mgmmuoit 100 MeTpPoB MAYT TPW UeJOBeKa CO
ckopoctamu 1, 2 m 3 km/uac. Hoias o0 KOHIA ajjien, KarK-
OBIA 13 HUX IIOBOPAUYMBAaET M MAET Ha3ak C TOU »Ke CKOPOCTBIO.
HoxasaTh, 4TO HAUAETCA OTPE3OK BpeMeHU B 1 MUHYTY, KOTAA
Bce Tpoe OyAYyT UATH B OJHOM HaIlpPaBJIEHUMN.

9 Kkaacc
1. ITar opousBoabHBIN TpeyronbHUK ABC u Touka X BHe
ero. AM, BN, CQ — meguansbl TpeyronbHuka ABC. Jlokasars,
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YTO IJIOIAAb OAHOTO M3 TPeyroabHukoB XAM, XBN, XCQ
paBHaA cymMMe ILIOIIAAEeH ABYX APYTHUX.

2. Kakoe HauboJIbIllee YMCJIO TOUEK caMOIlepeceueHts MO-
JKeT UMeTh 3aMKHyTasa 14-3BeHHAadA JIOMaHasd, IPOXOAINAs II0
JUHUAM KJeT4aToi OyMaru Tak, 4TO HU HA KaKOIl JUHUU He
JIeyKUT 0oJiee OLHOI'O 3B€HA JIOMAaHOMI?

3. B mpaBusbaOM 10-yrosbHMKE IpoBeleHBI BCe AUaroHa-
au. CKOJIbKO TOHMapHO HEIMOAOOHBIX TPEYTOJbHUKOB MOKET
Ipu 3ToM 0oOpasoBaThCA?

4. B tabaumnmy 9 x 9 BnmcaHbI Bce Ifejible umcjga oT 1 1o
81. JlokasaTh, uTO HalAyTCA ABA COCEJHUX | umcia, pasHOCTh
MeXKIy KoTopeIMu He mMeublire 6. (Cp. ¢ samaueii 2 niaa 8 KJac-
ca.)

5. Cm. 3agmauy 5 muas 8 Kjacca.

10 raacc

1. JlokasaTb, 4TO IpXA HEUYSTHOM 2 1 ypaBHeHHe X" + y" = 2"
He MOJKeT MMeTh PeIeHWi B IeJbIX Yuciaax, ecau (x+y) —
IIPOCTOE UHCJIO.

2. Ha gmcre Oymaru HaHeceHa CeTKa 13 N TOPU3OHTAJIb-
HBIX U N BEPTUKAJBHBIX HNPAMBIX. CKOJIBKO PA3IUUYHBIX 271-
3BEHHBIX 3aMKHYTBIX JJOMAHBIX MOKHO IIPOBECTH II0 JUHUAM
CeTKHU, TaK UTOOBI Ka'KIas JIOMaHas IPOXOAMJA II0 BCEM IO-
PHU30HTAJBLHBIM W BCEM BEPTHUKAJIBbHBIM IPAMBIM?

3. U3 menTpa mpaBUJIBHOTO 25-yroJbHUKA IIPOBENEeHBI BEK-
TOPBI BO BCEe ero BepInmHBLI. KakK HAZo BbBIOPATh HECKOJIBKO
BEKTOPOB 13 9TUX 25, UTOOBI MX CyMMAa MMeJia HanbOJIbIITYIO0
IIUHY?

4. A', B, C', D', E' — cepequHbl CTOPOH BBLINYKJIOI'O IISATH-
yronbHuKa ABCDE. JlokasaThb, UTO ILIOMIAAN HMATHYTOJLHU-
KoB ABCDE u A'B'C'D'E’ cBsi3aHBI COOTHOIIIEHUEM:

1
SA’B’C’D’E’ 2 ESABCDE-

! JIBa ymcsIa CYNTAIOTCS COCEQHMMU, eCJIU KIETKU TabIUIbl, B KOTOPBIX
OHU CTOAT, UMEIOT 00IIyI0 cTopoHy. — IIpum. ped.
2 TIpenmosaraercs, uTo n #1.—IIpun. peo.
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5. IlocyemoBaTeIbHOCTD UUCET A1, A2, ..., A, ... OOPAByETCS
CJAeYIONTUM 00pa3oM:
2
a, 1+2
a; =as =1; an:"ali (n > 3).
n—2

HoxasaTh, YTO BCe UMCJA B MOCJETOBATEIbHOCTH — IlEJIbIE.

11 xaacc

1. ToxasaThb, UTO He CYIIECTBYeT IIOMAapHO Pa3JIUYHBIX Ha-
TYPaJbHBIX YHCea X, Y, 2, t, AJS KOTOPBIX ObLIO OBbI CIIpaBes-
JILBO COOTHOIIICHIIE

xX*+y =2+t

2. TorkasaTh, YTO M3 OOUHHAAIIATH IPOW3BOJBHBIX 0ECKO-
HEUHBIX JeCATUUYHBIX AP0o0eil MOKHO BLIOpPATh ABEe APoOu;, pas-
HOCTh KOTOPBIX MMeEeT B AEeCATHYHON 3ammcu Jubo OecKoHeu-
HOe UMCJ0 HyJeii, 1100 6eCKOHeYHOe UYMCJI0 JeBITOK.

3. Haiitu Bce mHOTrOuseHBI P(X), IO KOTOPBIX CIpaBen-
JIIBO TOKJECTBO:

x-P(x—1) = (x—26) - P(x).

4. Cwm. sagauy 4 naa 10 xiacca.

5. okasaTh, uTo Ha cdepe HEJIb3s TaK PACIOJJOKUTH TPU
ayru ! B 300° kaskmas, uToObI HUKaKHUe JBe U3 HUX He UMesu
HU OOIIUX TOYEK, HU OOIIMX KOHIIOB.

1964 200 (XXVII orumnuada)

IlepBroIii TYp
7 Kaacc
1. B rpeyronsuuke ABC BBICOTBI, OIYIeHHELIE HA CTOPOHBI
AB u BC, He MeHbIIIe 3TUX CTOPOH COOTBeTCTBeHHO. HaiiTu;
YIJIbl TPEYTOJbHUKA.

! MmeroTes B BUAY AyrU GOJBIINX OKPYYKHOCTEH, IEHTPHI KOTOPBIX COB-
majgarT ¢ 1meaTpom chepsl. — IIpum. ped.
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2. Ha maHHOU OKPYsKHOCTH BBIOPAaHBLI AMAMETPAILHO IPO-
TUBOIIOJIO}KHEBIe TOUuKM A 1 B u Tperbs Touka C. Kacarenab-
Hasd, IPOBeAEéHHAA K OKPYsKHOCTU B TOukKe A, u mpamas BC
nepecexkaiorcss B Touke M. JlokasaTh, 4YTO KacaTejabHas, IIPO-
BeIEHHAA K OKPY/KHOCTU B TouKe C, IeJUT II0II0JaM OTPE30K
AM.

3. ITokasaTb, 4TO cymMMa (P YUCIA, SBIAIOIIErOCsS TOU-
HBIM KBaJpaToM, He MOKET PaBHATHCSA IIATH.

4. Ha naucrte 6ymaru nposegmero 11 ropusonTaabHBIX U 11
BEePTUKAJNBHBIX IIPAMBIX, TOUKH IIepeceueHns KOTOPBIX Ha3bI-
BAIOTCS «y3JaMU», «3BEHOM» MBI OyJeM Has3bIBATb OTPE3OK
OPSAMOM, COeAUHAIOIUI ABa COCEOHUX y3Ja OMHOW IIPSIMOI.
Kakxoe HauMeHbIIIee YKCJIO 3BEHLBEB HAIO CTEPEeTh, UTOOLI IO-
cJie 3TOT0 B KasKIOM y3Jie CXOIUJIOCH He Oojiee TPEX 3BEHBbEB?

5. ITocnemoBaTebHOCTD g, A1, A2, ... OOpPaA30OBaHa IO 3aKO0-
HY: @p=a;=1; a,,1=a,-a,_;+ 1. [lokasaTs, 4TO YUCJIO G964
He geauTtcda Ha 4.

8 kaacc

1. Cm. Bagmauy 1 mgiasa 7 xjacca.

2. HaiitTu Bce Takue HaTypaJbHbIe UHCIA N, YTO UUCJIO
(n — 1)! He genutca Ha n2.

3. PemuTh B 1mesbIxX uuciIax ypaBHEHUE:

\/n—l— n+...+vn=m.

1964 pasa

4. B mectuyronsauke ABCDEF Bce yrabl paBHBI. [loka-
3aTh, UTO IJUHBI CTOPOH TAKOTO IIECTUYTOJbHUKA YIOBJIETBO-
PAIOT COOTHOINIEHUAM: A1 — Ay = A5 — Ay = A3 — dg.

5. Paccmorpum cymmsbl rudp Becex uncesa ot 1 7o 1 000 000
BKJIIOUMTEJIbHO. Y IIOJYYEHHBIX UYHCEeJ BHOBb PACCMOTPUM
cymMMy mudp u Tax majee, IOKA He MOJYYHUM MUJJIAOH OJHO-
3HAYHBIX umces. Kakux uuces 00JbIlle Cpeayd HUX — eIUHMUII
WU OBOEK?
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9 kaacce
1. PemnTs B IOJOMKUTEIBHBIX YHCJIAX CHCTEMY:

xY =z,
2:x,
Z¥=y.

2. JloxasaTb, UTO IIPOU3BEAEHNE ABYX IIOCJIeI0BATEIbHBIX
HATYPAJbHBIX YKCEJ He ABJIAETCS CTeIIeHbI0 HUKAKOI0 I[eJI0I0
yueaa.

3. UsBecTHO, uTO Ipu Jr06oM meaom K # 27 uucio a — K?
neaurcs 0e3 ocrarka Ha 27 — K. Hanitu a.

4. Cwm. 3agauy 4 nasa 8 kiaacca. Kpome Toro, 1oxasaTb, 4TO
eciau AJUHBI OTPE3KOB di, ..., dg YAOBJIETBOPAIT COOTHOIIIE-
HUSM: A1 — A4 = 05 — Qg = A3 — Ag, TO U3 ITUX OTPE3KOB MOMKHO
IIOCTPOUTEH PABHOYTOJIbHEIN IIECTUYTOJbLHUK.

5. B uernipéxyroarauke ABCD u3 Bepmud A u C mpoBe-
IeHbI MePIeHAUKYAAPEl Ha JuaroHaab BD, a us Bepmud B u
D mpoBeZieHbI IIepHIeHAuKYIAPEI Ha auaronanb AC. Jlokasars,
uTo ueThIpéxyroabuuku ABCD u MNPQ nonobusl. (M, N, P
1 @ — OCHOBAHUS IEPIEHAUKYJIAPOB, IIPOBEAEHHBLIX M3 BEp-
muH A, B, C u D cOOTBETCTBEHHO.)

10—-11 waacc

1. Yucao N gaBiseTcs TOUHBIM KBaJApaTOM UM He 3aKaH-
ymBaeTcda HyJeM. Ilocie 3auépKMBAHUA y 9TOTO YMCJIA IBYX
mocJiefHUX ITudp CHOBA IIOJYUYUTCS TOUHBIN KBaapar. HamiTu
HanbosbIinee urcjio N ¢ TAKUM CBOMCTBOM.

2. Cum. 3agmauy 3 mjsa 8 Kjacca.

3. UsBecTHO, uTO 1IpH JI060M HeaoMm K # 27 uncao a — K196
menurcsa 6e3 ocratka Ha 27 — K. Hatitu a (cp. 3agauy 3 gasa 9
KJiacca).

4. Cwm. sagauy 4 nasa 8 Kjacca.

5. Ha kaxkoe HamMeHbIIlee UNCJIO HEIepPeceKamIuXcsa TeT-
pPasapoB MOYKHO pasouTh Kyo?
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Bropoii Typ
7 Kaacc

1. Ha orpeske AB BbIOpaHa IIPOU3BOJILHO Touka C U Ha OT-
pesxax AB, AC u BC, Kak Ha AuaMeTpax, IOCTPOEHBI OKPYK-
"HocTu Oy, Oy u O3. Yepes Touky C IPOBOAUTCSA TPOU3BOJIbHAS
mpaMasi, ImepeceKaroiias oKpy:KHocTh O; B Toukax P u @, a
okpy:kHOCTU O3 1 O3 B Toukax R u S coorBercTBeHHO. [[OKa-
3aTb, uTo PR=@S.

2. CoOpanucsh 2n 4yejloBeK, KaKIbII M3 KOTOPBIX 3HAKOM
He MeHee UeM C 1 IIPUCYTCTBYIOMuMH. [[oKa3aThb, UYTO MOMKHO
BBIOpaTh M3 HUX UETHLIPEX UYeJOBEK UM PaccaiuTh UX 3a KpPyr-
JIBIM CTOJIOM TaK, UTO IIPU STOM KaKIbIil OyIeT CUIeTh PAIOM
CO CBOMMU 3HAKOMBIMU (12 > 2).

3. B xBagpate co cropomoii maamubl 1 BbIOpanHo 102 Tou-
KM, U3 KOTOPBIX HUKAKWe TPU He JeKaT Ha OJHON HPAMOMA.
JlokasaTh, YTO HaWAETCA TPEYTrOJbHUK C BEepHIMHAMU B 3TUX
TOUKAax, IJIOIINAIh KOTOporo MeHbIte, uem 1/100.

4. Yepes OpPOTUBOIOJOKHBIe BepimuHLI A m C YeTBIPEX-
yronbHUKa ABCD mpoBemeHa OKPYKHOCTh, IlepeceKarolnas
cropousl AB, BC, CD u AD cooTBeTCTBEeHHO B Toukax M, N,
P u Q. Ussectuo, utro BM =BN =DP=DQ =R, rage R— pagu-
yC OKpysKHOCTH. Jl0Ka3aTh, YTO B TAKOM CJyUae CyMMa yIJIOB
B u D naHHOTO UeThIPEXyroJbHUKa paBHa 120°.

5. IIpu KaKuUX HATYPaJbHBIX @ CYIIECTBYIOT TaKue HaTy-
panbHBIE Yucaa X U Y, uTo (x +y)2 +3x+y=2a?

8 Kaacc

1. B n crakamax mocTaTOYHO OOJILIIION BMECTUTEJILHOCTU
HaJIUTO IIOPOBHY BOALI. Paspelraercs mepesnBaTL M3 JIFO0O-
O cTaKaHa B JIIO0OU APYTro#l CTOJBKO BOAbI, CKOJIbKO MMEeTCs
B 3TOM mociyenHeM. IIpu KakKuxX n MOKHO B KOHEUHOE UHCJIO
II1aroB CJIUTL BOAY B OAWH CTaKaH?

2. Hauer Tpu TOuKM A, B, C, jexariume Ha OJHON IIPs-
Mo, u Touka O BHe sTol mpamoii. Obo3HauuM uepes O, O,
O3 1IeHTPBI OKPYIKHOCTEI, OIMIMCAHHBIX OKOJIO TPEYTOJIbHUKOB
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OAB, OAC, OBC. lokasatb, uto Touku O, Oy, O3 u O nexar
Ha OJTHOM OKPYKHOCTH.

3. Ha xkBagpaTHOM moJje pasmepamu 99 x 99, pasrpadién-
HOM Ha KJeTKu pasmepamu 1 x 1, urpatot aBoe. IlepBrwiii ur-
POK CTaBUT KPECTUK Ha IEHTP IMOJIS; BCJEJ 34 dTUM BTOPOIl
UTPOK MOJKET IIOCTABMTHL HOJMK HA JIIOOYIO M3 BOCBMH KJIe-
TOK, OKPY’KalOIUX KPeCTUK IIepBOr0 UIpoka, u T.xA.' Ilep-
BBIII MIPOK BBIMI'PBIBAET, €CJAM €My YHACTCS IIOCTABUTHL Kpe-
CTUK Ha JI0YI0 YIJIOBYIO KJeTKY. JloKkasaTs, 4To Impu JIr06oit
UTPe BTOPOTO UI'POKA IEePBLIN BCErma MOYKET BLIUTPATh.

4. BHyTpu paBHOCTOPOHHEro (He 00d3aTeJbHO IIPaBUJILHO-
ro) ceMuyroabHuKa AiA,... A; B3gTa MPOU3BOJLHO TouKa O.
O6osumauum uepes H{, Hy, ..., H; oOCHOBAaHUS IEPIEHIUKYIA-
poB, omyleHHBIX M3 TOoukKu O Ha CTOPOHBI A;A,, AyA;, ...,
A7A; coorBercTBeHHO. M3BecTHO, uTO TOuKu H,, H,y, ..., Hy
JIe’KaT Ha caMUX CTOPOHAX, a He Ha UX MNPOmoJKeHusax. Ilo-
Ka3aTb, 4YTO A1H1 +A2H2 + ... —|—A7H7 :H1A2 +H2A3 + ...+
—|—H7A1.

5. B KBagpare co croponoii 1 B3sara npoussoabrHo 101 Tou-
Ka (He 00A3aTeIbHO BHYTPU KBaJpaTa), IPUUYEM HUKAKUE TPU
W3 HUX He JeXXaT Ha ogHOou mpamoi. JlokasaTh, UTO cylre-
CTBYEeT TPEYTOJbHUK C BEePIIMHAMU B 9THUX TOUKAaX, IJIOMIIAIb
KoToporo He 6oibite 1/60.

9 Kaacc

1. CMm. 3agmauy 4 mias 8 Kjacca.

2. Cum. 3agauy 1 muas 8 Kjacca.

3. HoxkasaTb, uTo Ji060e uéTHOEe umcyao 2n > 0 MoKeT OBITh
eIMHCTBEHHBIM 00Pas3oM IIPEJCTaBJIeHO B Buie 2n = (x +y)2 +
+3x+y, rme x m y — IeJible HEOTPUIlATEIbHbIe UHNCJIA.

4. B tpeyroanruuxke ABC ctopouma BC paBHa IIOJIyCyMMe
IBYX OPYTruX cTOpoH. [lokasaTs, 4TO OMCCeKTpuca yriaa A mep-

1 IIpenmosaraercs, 4To MOKHO JejaTh XOJ PAIOM cC JIf000H M3 y:Ke 3a-
HATBIX KJETOK, a He TOJbKO PAJOM C KJETKOH, B KOTOPYIO OBbLI caejaH
npensiayinuit xox. — Ilpum. ped.
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MeHIUKYJIAPHA OTPE3KY, COeTUHAIONIEMY IIeHTPhI BIMCAHHOMN
W OIMCAHHOU OKPY!KHOCTEH TPEeyroJbHUKA.

5. Ha xjeruaroii Oymare HauepueHa 3aMKHYTas JIOMaHad
¢ BeplIMHaAMU B y3JaX CeTKU, Bce 3BeHbA KOTOPOU paBHHEI. [lo-
KasaThb, UTO YIMCJIO 3BeHbEB TAaKO JIOMAaHO! YETHO.

10 kanacc

1. B n MeH3YpPOK HAJUTHI 1 PA3HBLIX JKUIKOCTEH, KpoMe TOo-
ro, IMeeTCs OJHA IIycTas MeH3ypKa. Mo:KHO i 3a KOHEUHOe
YHMCJIO OIlepaIlii COCTABUTHL PABHOMEPHBIE CMECU B KaKIOU
MeHBYPKe, T.e. CIejlaTh TaK, UTOOBI B KaKIOH MeH3ypKe ObI-
JIO paBHO 1/n OT HAYaJIBHOTO KOJUUECTBA KaKI0N KUIKOCTH,
U IIPU 9TOM OJHA MeH3ypKa Oblja ObI mMyCcTOH?

ITpumeuarnue. Menaypka 'l umeer neneHus, mo3BOJIAIOIITE
OTMEPSATH 00BbEM HAJIUTOU JKUTKOCTH.

2. Mana cucreMa m3 n TOYEK HA IJIOCKOCTH, IIPUUYEM W3-
BECTHO, YTO AJIS JIIOOBIX ABYX TOUEK JAHHOM CHCTEMbI MOKHO
yKasaTh JBUiKEHUEe IIIOCKOCTH, IIPW KOTOPOM IIepBas TOUKA
ImepeiéT BO BTOPYIO, a cucTeMa mepeiaér cama B cebsa. [loka-
3aTh, UTO BCE TOUKHU TaKOI CHMCTEMBbI JIEJKAT HA OSHOM OKPYIK-
HOCTH.

3. Hau Tpeyronbuuxk ABC, nmpuuém cropona BC paBHa mo-
JycyMMe OBYX APYTUX CTOPOH. JloKasaTh, UTO B TAKOM Tpe-
yroJIbHUKe BepinuHa A, cepequHbl cTOpoH AB um AC u 1eH-
TPBLI BIIMCAHHON 1 ONMCAHHON OKPYKHOCTEH JiesKaT Ha OJHOI
OKpYy:KHOCTHU (Cp. ¢ 3amaveii 4 mia 9 Kiacca).

4. Cwm. 3agauy 3 gasa 9 Kiaacca.

5. meeTrcss 6eCKOHEUHOE KOJMUYECTBO KapTOUeK, Ha KaiK-
oI 13 KOTOPBIX HAIIMCAHO KaKOe-TO HaTypaJabHOe uuncao. 13-
BECTHO, UTO JJs JIFOOOT0 HATYPAJILHOTO UHCJIA I CYIECTBYIOT
POBHO 7 KapTOUeK, HA KOTOPBLIX HAIMCAHBI JEJUTEJU STOTO
yucya. [[lokasaTb, 4TO J000€e HaTypaJdbHOE YKCJIO BCTPEUaeT-
¢ XOTs ObI HA OJHOUM KapTOUKe.

! IIpexmosnaraercs Take, UTO MEH3YPKM OAMHAKOBOIO pasMepa M II0-
YTU 3aIO0JHEHBI JKUIKOCTHIO, T. €. HEJIb3A CJIUTH BCE B IMIYCTYI0O MEH3YPKY, a
3aTeM PasJuTh U3 Heé mopoBHY. — IIpum. ped.
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11 knacc

1. Iz Touku O Ha IIJIOCKOCTU TPOBEIEHO HECKOJbKO BeK-
TOPOB, CyMMa IJUH KOTOPBLIX paBHA 4. [[oKasaTb, 4TO MOMKHO
BBIOPATh HECKOJBKO BEKTOPOB (MM, OLITH MOJYKET, OJUH BeK-
TOP), AJAWHA CYMMbI KOTOPBIX OoJbIIe 1.

2. Cum. sagmauy 3 maiasa 9 xiacca.

3. B tpeyromvruuke ABC cropona BC paBHaA moJiycyMMe
IBYX APYTUX CTOPOH. Uepes TOUKY A U cepeauHbBI CTOPOH AB
u AC mpoBeleHa OKPYKHOCTb M K Hel U3 IeHTpa TAMKEeCTHU
TpeyroJbHUKA IIPOBEeJeHbl KacaTeabHble. J[0Ka3aTh, YTO OgHA
13 TOUEeK KACaHUA SABJIAETCA IEHTPOM BINCAHHOM OKPYKHO-
ctu tpeyroabauka ABC.

4. Tlupor umeeT (GPOpMYy IPABUILHOTO N-yrOJbLHUKA, BIU-
CaHHOTO B OKPYKHOCTHL pazuyca 1. W3 cepeauH CTOPOH IIPO-
BeleHbI IIPIMOJIMHENHbIe Haapedbl AaIuHBI 1. JloKasaTb, UTO
IIPU 9TOM OT HHPOra OyAeT OoTpes3aH KaKoW-HUOYAbL KYCOK.

5. Ilpu gBope Koposss Aprypa cobpanuchk 2n phlliapei,
MPUUYEM KaKALIH M3 HUX UMeeT CpPedu IIPUCYTCTBYIOIIUX He
6omee n — 1 Bpara. [lokasaTb, uTo MepJauH, COBeTHUK ApPTy-
pa, MOXKeT TaK pacCcaJuThb pbIllapeli 3a KPYIJIBIM CTOJIOM, YTO
HU OOUH M3 HUX He OyIeT CUAEeTb PAJOM CO CBOMM BpParom.

1965 200 (XXVIII onumnuada)

IlepBroIii TYp
8 Kaacc

1. ITaabl OKPY:KHOCTL O, IpAMas a, mepeceKaroInas eé, u
Touka M. Hepes Touky M IIPOBECTU CEKYINYIO b TaK, UTOOBI
e€ yacTh, 3aKJIOUEHHAS BHYTPU OKpYysKHOoCcTU O, Heaunjaach Imo-
moJlaM B TOYKE €€ IepeceueHusd ¢ IPAMOH a.

2. MokaKkuTe caenyIONnil npusHak geaumoct Ha 37. [
TOT0, UYTOOBI Y3HATDH, AEJIUTCS JU YMCJIO Ha 37, HAZO pas3duThb
ero Ha TpaHU CIIpaBa HaJEeBO MO TPU ITUPPHI B Ka)KIOW rpa-
Hu. Ecam cyMMa HOJIlydYeHHBIX TPEX3HAUHBIX YHMCEJ TEeJIUTCS
Ha 37, To u maHHOe uncjgo genurcsa Ha 37. (CiioBo «TpéxaHau-
HbIe» yIoTpebJIeHO YCJI0BHO: HEKOTOPhIE U3 IPaHell MOTYT Ha-
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YMHATHCA C HyJIed 1 OBITH Ha CAMOM Jlejie ABY3HAUHBIMU WUJIN
MeHbIIIe; He TPEX3HAUHOI OyaeT M camas JieBasd I'PaHb, €CJU
KoJIMUecTBO IMu(p HAIIero Ymucja He AeJuTcs Ha 3.)

3. llama mpamas a m ABa HemapaJLJIeJbHBIX OTpe3Ka AB u
CD 1o omgHy cTOpoHY OT Heé. HaliTu Ha IpsaMO# a TaKyi0 TOU-
Ky M, uro6bl Tpeyroabuuku ABM u CDM ObLiu PaBHOBEJIHNKMU.

4. 30 xKoMaHJ YUYacCTBYIOT B PO3BITPHIIIIE IEPBEHCTBA IIO
¢yToomy. IloKasaTb, UYTO B JIIO00M MOMEHT COCTSI3aHUIN MMe-
IOTCS 1Be KOMAaHAbBI, CHITPABININE K 3TOMY MOMEHTY OIMHAKO-
BOE UMCJIO MATUen.

9 kaacc

1. IlTecTusnauHoe uucjao geautcsa Ha 37. Bece ero mugpsl
pasianunbl. JJoKasaTh, 4YTO U3 TeX JKe Iu(P MOKHO COCTABUTH
¥ OPYyroe IIeCcTU3HAUHOE UMCJIO, TOMe Aesdlneecd Ha 37.

2. BuyTrpu ganuoro tpeyroiabHuka ABC HaliTU TaKyiO TOU-
Ky O, uToObI 1maoianau tpeyroabaunkos AOB, BOC, COA ort-
HOCHMJIUCh Kak 1:2:3.

3. Hau Tpeyroabuux ABC, B KoTopoM cTopora AB 6oibIie
BC. Ilposenens 6uccekTpuckl AK u CM (K nexxut ma BC, M
aexxut Ha AB). JoxasaTb, uTo oTpe3ok AM Ooxabine MK, a
orpe3ok MK 6oxabine KC.

4. B crpane Unnupuu HEKOTOPBIE APl 'OPOLOB CBA3AHBI
MIPSMBIM BO3IYIITHBIM cooOIeHneM. [[oKaKuTe, 4TO TaM €CTh
[IBa TOPOZa, CBA3AHHBIE C PABHBIM KOJHUYECTBOM APYTUX TOPO-
IIOB.

5. Brosib Kopuaopa IMOJIOMKEHO HEeCKOJbKO KYCKOB KOBPO-
Boit mopo:kKu. KycKu HMOKPBHIBAIOT BeCh KOPHUIOP M3 KOHIA B
Komell 0e3 MPOIIYCKOB U Jajke HaJIEraloT APYr Ha Apyra, Tak
YTO HaJ HEeKOTOPLIMU MECTAMU I[I0Jia OHHU JIeKaT B HECKOJb-
Ko cjoeB. JlokasaTb, UTO MOYKHO yOpaTh HECKOJbKO KYCKOB,
BO3MOJKHO, JOCTAB UX W3-TIOJ APYTUX U OCTABUB OCTAJbHBIE B
TOUYHOCTH HA TeX JKe MeCTaxX, I'lie OHU JIeKalu MPeKae, Tak
YTO KOPUIOP IMO-TIPEKHEMY OyIeT MOJHOCThIO IMOKPBIT, U 00-
1as IJUHA OCTABJIEHHBIX KYCKOB OyAeT MeHbIlle yIBOEHHOM
IUIMHBI KOPHUIOPA.
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10 kanacc

1. Oxpy:xkuoctu O u O, JexaT BHYTPU TPEYroJbHUKA U
KacaroTcs APYr Apyra M3BHe, IPUUYEM OKpPYy:KHOCTHL O Kaca-
eTcs IBYX CTOPOH TPEYTOJbHUKA, a OKPYKHOCTL Oy — TOXKe
KacaeTcs OBYX CTOPOH TPEYTOJbLHUKA, HO He Tex sKe, uTo O;.
HoxasaTh, 4TO CyMMa PaJUyCOB 9THUX OKPYKHOCTEH OOJbIITe
paguyca OKpyKHOCTHU, BIIMCAHHON B TPEYTOJbHUK.

2. IlTecTusHauHOE YMCJIO AEJIUTCHA HA 37 U MMeeT XOTs ObI
IBe pasauunbie udpsl. Ero mepsas u yerBépTasa mudpsl — He
Hyau. JJokakure, 4TO, IepecTaBUB ITU(MPLEI B JaHHOM YHCJIE,
MOJKHO IIOJYUYUTH APYroe YMCJI0, TOXKe AeJisdiineecd Ha 37 U He
HauYMHAIOIIeecsa ¢ HyJId.

3. KoHIIBI 0OTpe3Ka MOCTOSHHOMN AJUHBI CKOJIB3AT II0 CTOPO-
HaM JaHHOTO yria. V3 cepeauHBI 9TOr0 OTPe3Ka K HeMy BOC-
CTaBJIeH MePIeHAUKYIAp. JLloKasKuTe, UTO OTPE30K IepPIIeHIu-
KyJsgpa OT ero OCHOBAaHMS 0 TOUKM IIepeceueHusi ¢ OucCeK-
TPUCOM yIrJja UMeeT IOCTOAHHYIO AJUHY.

4. X —uwncao, OoJiblllee ABYX. HEKTO muIeT Ha KapTou-
kax umena: 1, X, X2, X3, X4, ..., X" (kaskJo0e UMCJIO TOJBLKO
Ha omHOI KapTouke). [IoToM UYacTh KapToOueK OH KJIaIET cede
B IIpaBbIii KapMaH, YacThb B JIeBLIl, OCTAJbHbIE BbIOPACHIBAET.
HoxakuTe, 4TO CyMMa 4YKceJ B IPaBOM KapMaHe He MOKET
OLITh PaBHA CyMMe UHCEJ B JIEBOM.

5. BymaskubIii KBagpaT ObLI IPOKOJOT B 1965 Toukax. Us
TOUEK-TIPOKOJIOB M BepIINH KBajJpaTa HUKAKWe TPU He JieKaT
Ha omHOM mpsamoiui. IloTom crmenanm HECKOJNBKO HNPSAMOJMHEN-
HBIX He IepeceKaloIuxcs Me:KAy co00il pas3pes3oB, KaKIbIHA
13 KOTOPBIX HAUMHAJICA W KOHYAJCS TOJbKO B IIPOKOJOTHIX
TOUKax MJXM BepIInmHax KBagparta. OKasajgoch, UTO KBaapaT
paspesaH Ha TPEYroJbHUKN, BHYTPU KOTOPBIX IIPOKOJIOB HET.
CKOJBKO OBLIO CAEJIaHO Pa3pe3oB M CKOJbKO MOJYUYMNJIOCH TPe-
YTOJIbHUKOB?

11 xaacc
1. Bce KoshduiimeHTH MHOTOUJIEHA PAaBHBLI €IUHUIE, HY-
JI0 uau MuHyc exuHune. Iloxkakmure, 4TO Bce ero AelcTBU-
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TeJbHbIe KOPHU (€CJIM OHU CYIIeCTBYIOT) 3aKJIIOUEHbI B OTPe3-
Ke OT MHUHYC ABYX IO ILIIOC IBYX.

2. Ha miockocTu gaubl Tpu TOUKU. IIoCTPOUTH TPU OKPYK-
HOCTH, KacamIluecd IPYr APyra B 3TUX TOUKax. Pazodpars
BCe CJydYau.

3. B kBagpaTHOM ypaBHeHuH X2+ px + ¢ =0 Koappunuen-
THI P, ¢ HE3aBUCUMO IIPoOEraroT Bce 3HAUEHUA OT MUHYC eIu-
HUIIBI OO TJIIOC €IWHUITHI BKJIIOUNTEIbHO. HaliTu MHOMKECTBO
3HAUYEHU, KOTOPbIE IIPU 9TOM IIPUHUMAET AeMCTBUTEJIbHBIN
KOpeHb JaHHOT'O0 YPaBHEHUS.

4. Jlaubl okpyskHOCTL O, TOUuKa A, Jexkalias Ha Heii, mep-
MeHIUKYJIAP K IJIOCKOCTU OKPY:KHOCTU O, BOCCTABJIEHHBIN 13
TouKu A, U ToukKa B, JeKaliad Ha 9TOM IepPIeHIUKYJIIpE.
HaiiguTe reomerpuuecKoe MeCTO OCHOBAHUU IIepPHeHINKYJIA-
POB, OIYINIEHHBIX U3 TOUKU A Ha IpAMBIe, IPOXOIAIINE Yepes
TOYKY B 1 IPOMU3BOJILHYIO TOUKY OKPYKHOCTU O.

5. Maupl gBaAnaTh Kaprouek. Kaskmas ms mudp OT HYJIA
IO MeBATU BKJIIOUUTEJIbHO HaNMCaHA Ha IBYX U3 3TUX Kap-
Touek (Ha Ka)KIOM KapTOUuKe — TOJbKO ofxHa mudpa). MoxHO
JIX PACIOJIOKUTDH STU KaPTOUKU B PAJ TaK, UTOOBI HYJIU CTOSA-
JIU PAIOM, MEXKIY eIUHUIIaMU JiesKaja POBHO OJHA KapToUuKa,
MeXKIy IBOMKaMM — IBe, U TaK Jajee A0 AeBATOK, MEXIY KO-
TOPBIMH IOJIYKHO OBITH J€BATH KapTOUeK?

Bropoii Typ

8 kaacce
1. JTaHA TOCIEIOBATEIBHOCTD +evy A_py eeey A1y gy A1y eeey
A, ..., 0ECKOHEUHAS B 00€ CTOPOHBI, IPUUEM KaXKAbIIA €€ UIeH

paBen % CYyMMBI IBYX cocemHux. IlokasaTb, UTO eCJau KaKue-
TO ABa €€ uJjieHa PaBHBI, TO B Hell eCTh OECKOHEUHOe YKMCJIO Iap
paBHBIX Me:xkay coboii uncen. (IloscHenue: gBa ujaeHa, PO KO-
TOpPbIe MU3BECTHO, UTO OHU PaBHBI, He 00A3aTeJIbHO COCEIHIE).

2. Jlan TPAMOYTOJLHBIA OMIbADPJ pasmepoM B 26 x 1965.
W3 mmxHeln JeBoii Jy3bl moa yriioM 45° K OopraM BBIITycKa-

1 26 — pasmep mo Bepruraau, 1965 — o ropusoHTANIN. — ITpum. peo.
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erca map. [{oxkasarb, 4TO IOCJie HECKOJIBKUX OTPasKeHUil OT
OOpPTOB OH YIAAET B BEePXHIOI JeBYIO Jy3y. (YTos mameHUs
paBeH yriIy OTpasKeHm’s).

3. lIBa HepaBHBIX KapTOHHBIX AMCKa pasnejeHbl Ha 1965
paBHBIX ceKTOpPOB. Ha Ka'KaoM 13 JUCKOB IIPOM3BOJILHO BHIODA-
HbI 200 CeKTOPOB 1 pacKpallleHbl B KPACHBIN 1IBeT. MeHbITni
IVCK HAJOYKEH Ha OOJBINHWHA, TaK YTO UX IIEHTPHI COBIIAAAIOT,
a CEKTOPBI IIEJUKOM JeXKaT OAUWH IIPOTUB APyroro. MeHbIIni
IVCK IIOBOPAUYMBAIOT Ha BCEBO3MOXKHBIE YIJIbI, KPATHLIE Tl%
YacCTU OKPYKHOCTHU, OCTABJIASA OOJIBLINTNI AUCK HETOABUIKHBIM.
HoxasaTh, 4TO 0 KpaiiHel Mepe mpu 60 MOJOKEHUAX Ha TUC-
Kax coBmanyT He 0ojee 20 KpacHBIX CEKTOPOB.

4. TlocepeauHe Me:XKIy ABYMSA HapajielbHBIMU YIUIAMU
CTOAT B OAUH PN OAUHAKOBBLIE JOMAa CO CTOPOHOI, paBHOH a.
PaccrosHue Mexay yaunaMmum — 3@, a pacCTOAHUE MeKY ABY-
Ms cocefHUMU momMamu — 2a. OnHa yJauila maTpyaupyeTcs mo-
JUIENCKUME, KOTOPbIe ABUKYTCS Ha paccToaHuu 9a Ipyr OT
Ipyra co CKOpocThio v. K ToMy BpemMeHu, KaK MEPBBLIN IIOJU-
mmeficKuii MPOXOAUT MUMO CEePeIuHBI HeKOTOPOro AoMa, TOY-
HO HAIPOTUB HEro Ha APYroil yJauile IOABJIAETCA TaHTCTep.
C KaKoif MOCTOAHHOI CKOPOCTHIO 1 B KAKYI0 CTOPOHY JOJI:KEH
IBUTATHCA IO 9TOM yJauIle TaHTCTeP, UYTOOBI HU OAWH IIOJIUIIEH-
CKUU ero He 3aMeTuJa?

9 kaacc

1. Nmeerca 11 memkoB moHer. B 10 M3 HMX MOHETHI Ha-
CTOSAIME, a B OOHOM — BCe MOHETHI (hajbIuBbie. Bece HacTos-
1I1e MOHEeTHI OJHOTO Beca, Bce (hajbIIUBbie MOHETHI — TaKIiKe
OIHOTO, HO ApPyroro Beca. VIMerOTCA BeChl, C IIOMOIIBIO KOTO-
PBIX MOKHO OIpEeNeNUTb, KaKOil M3 ABYX I'PDY30B TsiKelee U
Ha CKOJIbKO. [[ByMs B3BeIIMBAHUAMU OIPENeIUTh, B KaKOM
MelllKe (PaIbIuBbie MOHETHI.

2. Han OwabApA HIPAMOYTroJIbHOW (opMmbl. B ero yriaax
UMeOTCS JIY3bI, IMoIlajgasi B KOTOPbIe IapUK OCTAHABJINBAET-
cs. [Ilapuk BBITYCKAIOT U3 OJHOTO yIJja OUIbSPAA IMOM YIJIOM
45° K cropoHe. B Kaxoii-To MOMEHT OH TOHaJ B CepeguHy
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HEeKOTOpo# cTopoHbI. [flokasaTh, UTO B cepefuHe IPOTHUBOIIO-
JIO}KHOM CTOPOHBI OH ITOOBIBATH HE MOT.

3. Cm. samauy 1 gia 8 KJacca.

4. Cwm. sagauy 2 aaa 10 Kiacca.

5. HaiitTu reomeTpumuecKkoe MeECTO IIEHTPOB PABHOCTOPOH-
HUX TPEYTOJbHUKOB, OIMMCAHHBIX OKOJIO JaHHOTO IIPOU3BOJb-
HOT'O TPEYTOJIbHUKA.

10 rkaacc

1. Nmeerca 11 MeIIKOB ¢ MOHETAMU U BEChI C ABYMS Ualll-
KaMU U CTPEJIKOU, KOTOpble MOKA3bIBAIOT, HA KAKOI dYalllKe
Tpy3 TsAKeJiee U HAa CKOJbKO MMeHHO. MI3BeCcTHO, UTO B OJHOM
MeIllKe Bce MOHETHI (DajbIIUBLIE, & B OCTAJLHBIX — BCE€ MOHeE-
THI HacToAIMe. Bece HacToAIMe MOHETHI UMEIOT OOUHAKOBBIN
BecC, a Bce (PaJbIuBbie — TaKyKe OAUHAKOBBIN, HO IPYTroii Bec.
3a KaKoe HaWMeHbIIIee UMCJIO B3BEITMBAHUMN MOXKHO OIIpeje-
JUTH, B KAKOM MeIIKe JexaT (haabIlIBble MOHETHI?

2. Ha jucTt KJeryaToii OymMaru pasMepoM 7 X n KJETOK
KJAQAyTCs UYEpHBIe 1 OeJsible KYOMKM, MPUUYEM KaKIBIN K-
OUK 3aHUMaeT POBHO ONHY KJeTKY. IlepBbIil cj0ii KyOUKOB
MMOJIOYKUJIN TIPOU3BOJIbHO, a 3aT€M BCIIOMHUJIM, UTO KAMKIBIN
YEPHBIN KYOUK JOJIXKEeH I'PAHUYUTH C YETHBIM UHCJIOM OeJIbIX,
a KasKAbIii OeJIbIil — ¢ HeUETHBIM YHCJIOM YEpPHBIX. KyOUKMU BO
BTOPO CJIOM IMOJIOMKUJIN TaK, UTOOBI IJIsI BceX KYOMKOB IIEPBO-
r'0 CJIOS BBIIOJHAJIOCH 3TO ycjoBue. Eciu A Bcex KyOMKOB
BTOPOT'O CJIOS TO YCJOBUE yiKe BBIMOJHIETCS, TO 0OJIbIlEe K-
OMKOB He KJAaIyT, ecJau Ke HeT, TO KJIAaAyT TPeTUH cJoi Tak,
YTOOBI UTOOBI I BCEX KYOMKOB BTOPOTO CJIOS BBHIMOJIHSIOCH
9TO ycjoBue, W Tak gasee. CyIllecTByeT JII TaKOe PACIIOJIO-
JKeHre KyOMKOB IIEPBOTO CJIOS, UTO STOT IIPOIlECC HUKOTAa He
KOHYUTCA?

3. B mpamoyronprHOM OUIbApPAE pasMepoM p X 2¢, TIe p u
q — TieJible HEeUETHBbIe UMCJa, CAEeJaHbl JYy3bl B KaKIOM YTy
U B cepefuHEe KaXKAOW CTOPOHBI AJauHON 2¢. W3 yria BbIITy-
IITeH IapuK mon yriioM 45° K cropoHe. J[loKkasaTh, YTO IIAPUK
0053aTeJIbHO MOTANAET B OAHY U3 CPeIHUX JYy3.



Yenosusa zadau. 1965 200 53

4. Bce meable uncia oT 1 10 2n BBIDMCAHBI B CTPOUKY. 3a-
TeM K KayKJIOMy UKCJY IpubaBUIN HOMEDP TOTO MecTa, Ha KO-
TOPOM OHO cTOMT. [{loKasaTh, UTO Cpedu IIOJYUYEHHBIX CYMM
HaWgyTcsa XoTda ObI ABe, JAalollue NPU AeJeHuu Ha 2n OmUHAa-
KOBBIII OCTATOK.

5. B amuke Jjeskar gBa ANIMKAa IOMEHbBIIIE, B KaXKIOM U3
HUX eIllé Mo aBa AMUKa U T.A. n pad. B Kamxmom ua 2" Mma-
JeHbKUX AIUKOB JIEXKUT II0 MOHETe, IIPUUEM OJHU BBEPX rep-
00M, a ocTalbHBIE — BBEPX PEIIKOM. 3a OAWH XOJ pasperiaer-
cs IIepeBopaumBaTh OAUH JIF0O00I AIUK BMECTe CO BCEM, UTO B
HEM JexkuT. [JokasaThb, 4TO He 0O0JbIIIe, UYeM 3a 1 XOJ0B MOXK-
HO PACIIOJOMKUTh SAIUKU TaK, UTO UYMCJIO MOHET, JeXKaIl[uX
BBepx repOboM, OyJeT paBHO UMCJY MOHET, JIEKAII[UX BBEPX
PeIlKoii.

11 kaacc

1. Haiinute Bce mpocThle umciaa Buza PP +1 (P —mary-
panbHOE), comepskaliiue He 6osee 19 mudp.

2. TokaKkuTe, UTO mocjaeauue Mudpsl yuceya n" (n — HATY-
paiabHOE) 00Pas3yIoT IePUOIUUECKYIO IIOCIeI0BATEILHOCTD.

3. Hama miockocTh P 1 IBe TOUKH II0 PA3HBIE CTOPOHEBI OT
Heé. ITocTpouTh cepy, IPOXOAAIIYIO Uepes3 9T TOUKU, BhICE-
KamIyoo 13 P HaUMeHbIIIUHA KPYT.

4. JlaH MHOTOYTOJILHUK HAa IJIOCKOCTY, HEBBIIYKJBIA U
HecaMmonepecekarIinuiica. [ — MHOKecTBO TOUeK, IIpuHaJe-
JKaIuX TeM AUaroHAJNAM MHOTOYTOJbLHUKA, KOTOpPhIe He BBI-
JIe3ai0T 3a ero mpejesbl (TO ecTh JeaT Jubo IeJIUKOM BHYT-
pu, 100 YacTbi0 BHYTPHU, YaCThI0O HAa KOHType). KoHIbI aTHX
ImaroHaJsieil To)ke BKJiouatorcda B . Horkakure, 4TO JItoOBIE
IBe TOuKu u3 [ MOXKHO COEIWHUTH JOMAaHOM, IEeJIUKOM IIpPHU-
Hagaexareit [1.

5. B xakmoit KiaeTke KBagpaTHoi Tabaunsl M x M KJIeTOK
cToUT 0O HATypaJbHOE UMCJI0, Ju00 HyJb. IIpu aToM, eciu
Ha IIepeceueHn CTPOKU U CTOJIOIA CTOUT HYJIb, TO CyMMa UH-
ceJl B 9TOH CTPOKe M 9TOM cTOoJi0Ile He MeHbIe M. [flokakure,
UTO CyMMa BceX uuces B TabJuIle He MeHbIle, yeM M?2/2.
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1966 200 (XXIX onumnuada)

IlepBroIii TYp
8 Kaacc

1. HafitTu reomeTpmyecKoe MeCTO IIEHTPOB BIHCAHHBIX B
TpeyroabHuKk ABC OpaMOYTOJbHUKOB (OJHA CTOPOHA HPSIMO-
YroJIbHUKA JeKUuT Ha AB).

2. HaiiTu Bce ABy3HaAUHBIe UICJIA TaKle, UTO IIPU YMHOMKe-
HAM Ha HEKOTOPOe I[eJI0e YKCJIO IIOJYUYAETCS UMCJIO, IPEIIIo-
caegHAs mu@dpa KoToporo — 5.

3. Cm. samauy 1 gasa 9-11 xkaaccos.

4. Cwm. 3agauy 5 aasa 9—11 xiaccos.

5. M3 28 KocTeil fOMUHO yOpaJu BCe KOCTU C IIIECTEPKAMMU.
MoOJKHO I OCTaJIbHBIE BBLIOMKUTDH B IEIh?

9-11 raacce
1. PeIJ_II/ITI: B IIE€JIBIX ITOJIOKHUTEJIBHBIX UMCJIaX CUCTEMY

xXx+y=zt,
Z2+t=uxy.
19" + 66"
2. Ilpu KaxkoM 3HAUeHUU k BeIWUMHA A; = —7  Maxcu-

MaJibHa?

3. BHYTpE OKPY/KHOCTH PACIIOJIOKEH BBINYKJBIA IIATH-
YTOJNBHUK (BEePIIUHBI MOTYT JeKaThb KaK BHYTPH, TaK U Ha
OKpY:KHOCTHU). [loKkasaTh, 4TO XOTs ObI OJJHA 13 €TI0 CTOPOH He
00JIbIIIe CTOPOHBI IMMPABUJIBHOTO MATUYTOJbHUKA, BINCAHHOTO
B 9Ty OKPYsKHOCTbD.

4. ToxazaTh, 4TO Te HaTypaabHble K, n1a KoTopeix KX + 1
menutcsa Ha 30, oOpasyoT apudmMeTHUecKyio mporpeccuio. Haii-
TH €ee.

5. Kakoe MaxcuMaJIbHOE YHMCJIO JaMOK MOKHO HOCTaBUTH
Ha UYEpHBIX IIOJIAX IMaXMATHON JOCKM pasmepoM 8 X 8 Tak,
yTOOBI KaKIyI0 AAMKy Omja XoTsd ObI OJHA M3 OCTAJNBHBIX?
HoxasaTh, 4YTO OOJIbITIE HEJIH34.
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Bropoii Typ
8 kaacc

1. PasgenuTs IMUPKyJIeM W JUHENKON OTpe3oK Ha 6 pas-
HBIX YacTel, mMpoBeas He Oosee 8 quHUI (IPAMBIX, OKPYKHO-
cTeii).

2. I[aHO: a; = 1, ap = [\/(11 +as+...+ap 1 ]. Hawitn a1000-
Ilpumeuanue. [A] — nenas gacts A.

3. Uz 19 mapoB 2 pagmnoakTuBHEI. IIpo 00yI0 KYyUKYy Ima-
POB 3a OHY ITPOBEPKY MOJKHO y3HATh, MMEETCS JIU B Hell XOTs
ObI OMVH PamMOAaKTUBHBIN IIap (HO HeJNb3s Y3HATh, CKOJBKO
ux). [flokasaTb, 4TO 3a 8 IPOBEPOK BCErga MOJKHO BBIIEJIUTH
o0a paJMoaKTUBHBIX IIapa.

4. CeTb MeTpPO MMeeT Ha KayKIoll JUHUU He MeHee 4 cTaH-
Ui, 13 HUX He 0ojiee TPEX IepecamouHbIX. Hu Ha Kakoi me-
pecamouHOll CTaHIIMU He CKpeIuBaioTcA 06oJjiee ABYX JIMHUIIMA.
Kaxoe maumboibiliee YUCJIO JUHUM MOKET UMETh TaKas CeTh,
ecJu ¢ Jr000ii CTAaHIIUY HA JIIOOYI0 MOYKHO IIOIaCTh, CAEJIaB He
0oJbllle IBYX Iepecamok?

9-11 raacc

1. CMm. 3agauy 1 miasa 8 xjacca.

2. ,HaHO: a; = 1966, ap= [\/a1 +as+...+a,_1 ]. Haiitu a1966-

3. Uz 11 mrapoB aBa paamoaKTuUBHLI. IIpo 00y Kyu-
Ky IIIapOB 3a OAHY HPOBEPKY MOKHO y3HATh, MMEETCS JU B
Heli XOTs Obl OAWH PagMOaKTUBHBIN ITap (HO HeIb3s Y3HATh,
CKOJIbKO uX). [loKa3aTh, UTO MeHee UeM 3a 7 ITPOBEPOK HeJIb3sd
rapaHTHUPOBATh HAXOXKAeHNE 000X PAANOaKTUBHBIX IITapPOB.

4. N3 mabopa rups Becom 1, 2, ..., 26 BBIJEJIUTH IIECTH
TUPh TaK, YTOOBI M3 HUX HEJIb3s OBLIO BHIOPATH OBE KYUKU
paBHoOro Beca. JlokaszaTh, UTO HEJIb3s BLIOPATH CEMb T'MPb, 00-
JagaloninuxX TeM Ke CBOMCTBOM.

5. Ha xueruaroin gocke 11 x 11 ormeueno 22 kjeTKu Tak,
YTO HA KaKIOW BePTHUKAJIU U HA KaKION TOPU30HTAJU OTMe-
YeHO POBHO 2 KJIeTKHU. /[Ba pacmosiosKeHUsA OTMEUEHHBIX KJie-
TOK 9KBUBAJIEHTHBI, €CJIN, MEHss JII000e UMCJIO pa3 BepTUKAa-
JU MeXJIy cOo00M 1M TOPU3OHTAJIN MeXKAY CO00M, MBI M3 OJHO-
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o PaCIIOJIOMKEHUA MOKEeM IIOJyuYuTh Apyroe. CKOJBKO cyiie-
CTBYeT HEIKBUBAJIEHTHBLIX PACIOJIOMKEHUII OTMEUYEeHHBLIX KJIe-
TOK?

1967 200 (XXX onumnuada)

IlepBroIii TYp
8 kaacc

1. CyiiecTBYIOT Ji OBa IIOCJIENOBATEIbHBIX HATYPAJIbHBIX
YyucJia TaKUX, YTO cyMMa TP KasKI0r0o U3 HUX JEeJIUTCA Ha
125? HaiiTu HanMeHBIITYIO Mapy TAKUX YUCeJ, UIU JO0KAa3aTh,
YTO UX HEe CYIIeCTBYeT.

2. Mau tpeyroabuuk ABC. Haiitu ma npsamoii AB TOUKY
M TaKyio, 4TOOBI CyMMa PagUyCOB OKPYIKHOCTEeIl, OMUCAHHBIX
BOKPYT TpeyroabuukoB ACM u BCM, 6bl1a MUHUMAJIbHA.

3. Hnsa samm@poBKU TeaerpadHBIX COOOIeHU Tpedyer-
cs1 pa30dUTh BCEBOBMOKHBIE HeCATU3HAUHBIE «CJ0Ba» — Ha0O-
PBI U3 IecATH TOUEeK U THPe — Ha JABe TPYIIILI TaK, YTOOBI JII0-
Oble OBa CJOBa OJHOM T'PYHIBI OTJIUYAJINCH He MeHee UeM B
TPEX paspamax. YKasaTh cnocod TaKoro pasbueHus MU J0-
KasaTh, UTO €T0 He CYIIeCTBYET.

4. Jlaun tpeyronbauk ABC. HaliTm reomeTpuuecKoe MeCcTO
ToueKk M Takux, uTo TpeyroabHuku ABM u BCM — paBHO-
OempeHHBIE.

5. Ocran Benpmep opranmsoBay B ropome ®Pykce pasmauy
cJI0HOB Hacejenuio. Ha pasmauy sBuiamnch 28 ujgeHoB mpodcCo-
103a u 37 He ujgeHOB, npuuéM OcTall pasmaBajl CJIOHOB MOPOB-
HY BceM uJjieHaM Ipod)coio3a U ITOPOBHY — He uieHam. Oka-
3aJI0Ch, UTO CYIIECTBYET JMUIIb OJWH CIIOCO0 TaKo# pasmauu
(Tak, uToOBI paszaTh Bcex ciaoHOB!). Kakoe Hanbombiee uyuc-
JI0 cJI0HOB MorJo 0bITh ¥ O. Bergepa?

9 kaacc
1. ImeeTcs TaOUPUHT, COCTOAIIUIN N3 N OKPYKHOCTEH, Ka-
catommuxca npamMoii AB B Touke M. Bce OKpPy:KHOCTU pacIio-

! U1 uro6er KasKJIOMYy JOCTAJICS XOTsA ObI OAWH CJIOH. — IIpum. ped.
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JIOXKEHBI II0 OLHY CTOPOHY OT IPAMOM, a MX AJUHBI COCTaB-
JISIOT TeOMETPUUYECKYIO IIPOrpeccuio co 3Hamenaresem 2. I[Ba
YeJIOBEKA B Pa3HOe BPeMs HAuyaJaW XOAUTh II0 DTOMY JIAOMPUH-
Ty. VIX CKOPOCTH OLUHAKOBLI, 4 HAIIPABJIEHNS ABUMKEHUS Pas-
auuHbl. KaKapli M3 HUX IPOXOAUT BCE OKPYXKHOCTHU IIO IIO-
PAIKY, 1, OIPOAA HAMOOJBIIYIO, CHOBA UAET B HAMMEHBIIIYIO.
JlokasaTb, YTO OHU BCTPETATCAH.

2. Mo:xHO M paspesaTh KBaApaTHBIA mupor Ha 9 paBHO-
BEeJIMKUX YacTell TaKUM CIIOCOOOM: BLIOPATHL BHYTPHU KBaaparTa
IBE TOUKHU U COEJUHHUTH KAMKIAYIO U3 HUX HPAMOJUHEHNHLIMUA
paspesaMu CO BCeMM UYeTBIPpbMs BeplinHamu KBagpara? Eciau
MOJKHO, TO KaKue JBe TOUKUN HYXXHO BbIOPATh?

3. Cm. samauy 2 guasa 8 Kiacca.

4. Yemy paBHA MaKCHUMAJIbHAS PA3HOCTH MEXKIY COCEIHIIMU
YypcJaaMU U3 YMCJa TeX, CyMMa PP KOTOPBIX AeJIUTCS Ha 77

5. Nmeerca 120-3maunoe uucao. Ero nmepsoie 12 mudp me-
pecTaBIATCA BCEMHU BO3MOMKHBIMU ciiocobamu. W3 mosyueH-
HBIX TakuM obOpasom 120-3HauHBIX YMCeJ HAyraj BLIOHMPAIOT
120 uucen. [lokasaThb, uTO uxX cymMa geautca Ha 120.

10 xaacc

1. B xBagpare pacmoiaoxkerno K touer (K >2). Ha xkakoe
HaUMeHbIIIee YKUCJIO TPEYroJbHUKOB HYKHO pas30UTh KBajapar,
YTOOBI B KAKIOM TPEYTOJbHUKE HAaXOAUJIOCh He 0ojiee OTHOM
TOUKU?

2. JokasaTh, UTO B Kpyre paamyca 1 Heab3d HaiTu 6ojee 5
TOYEK, IIOHAPHbIE PACCTOSHUA MeXKIy KOTOPLIMH Bce 6oJbIte 1.

3. JloxaszaTs, uro ypaBHeHue 19x3 — 17y3 =50 He umeer pe-
IIIeHUN B IIEJIBIX YMCJIaX.

4. B GeckoHeuHO OOJBINION KapaBaii, 3aHUMAIOIIUI BCE
IIPOCTPAHCTBO, B TOUKAX C IIEJLIMM KOOPAMHATAMU BIleUe-
Hbl n3tomuuku auamerpa 0,1. Kapasaii paspesanu Ha dacTu
HECKOJIbKUMMU IIJIOCKOoCcTAMHU. [[oKa3aTh, YTO HalgeTcd Hepas-
pe3aHHas U3IOMUHKA.

5. U3 mepBbIX £ mpocThIX umcen 2, 3, 5, ..., pr (E>4)
COCTaBJIEHbI BCEBO3MOJKHBIE ITPOU3BENEHUS, B KOTOPhIE KalK-
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Ioe 13 UMces BXOAUT He 0ojiee ogHOTO pasa (Hampumep, 3-5,
3:-7-...-px, 11 u 1. 1.). OG03HAUMM CYyMMYy BCEX TAKUX UUCEJ]
yeped S. Ilokasatb, uTo S+ 1 pasyaraercs B IIpou3BeaeHUE
0ojsiee 2k IPOCTBIX COMHOMKUTEJCT.

Bropoii Typ
7 Kaacc

1. B Tpeyronbuuke ABC mpoBenenn! BbicoTbl AE, BM n
CP. UsBectHo, uTo npAmMasa EM mapaniaenbua AB u mpamas
EP mnapannenpna AC. Hoka:kurte, uto mpamasa MP mapai-
geanHa BC.

2. Hajg KBagpaTHBIM KATKOM HY)KHO IIOBECUTDH UeThIpe JIaM-
bl TaK, YTOOBI OHM €ro IIOJIHOCTBIO ocBeriaju. Ha Kaxoit
HaNMeHbIIIell BBICOTE HYKHO IIOBECUTH JIAMIIBI, €CJIN KasKIas
JlaMIIa OCBeIllaeT KPyTr paguyca, paBHOTO BBICOTE, Ha KOTOPOit
OHA BUCUT?

3. IlokasaTh, UTO CYIIECTBYET UMCJIO ¢ TaKOe, YTO B JECH-
TUYHOM 3amucu yucia q-2°° mer Hu ogHOrO HysIA.

4. Yucyo y mosiyyaerca U3 HATYyPaJbHOTO YUCJa X HEKOTO-
poii mepecranoBKo# ero mudp. okaKkuTe, YTO KaKOBO OBbI HU
OobLI0 X, X + Y #9999...99 (1967 neBATOK).

5. B ueThIpE€X 3aJaHHBIX TOUKAX HAa ILJIOCKOCTH PACIIOJIO-
JKeHBI IPOKEKTOPHI, KAXKABIN M3 KOTOPBIX MOJKET OCBeIllaTh
npaMoii yrojsi. CTOPOHBI 3THUX YIJIOB MOT'YT OBITHL HAIIpaBJIe-
HBI Ha ceBep, oT, 3alaj UJIN BOCTOK. JloKkasaThb, UTO 9TH IIPO-
JKEKTOPBI MOXKHO HAIPABUTH TAK, UTO OHM OCBETAT BCIO ILJIOC-
KOCTb.

8 kaacc

1. ToxasaThb, UTO CYIIIECTBYET YKCJO ¢ TaKOe, UTO B [Iecs-
TUYHOH 3anucu umciaa q-21%7 mer au ogHOrO HyMIA.

2. O6osuauum uepes d(N) uucio genureneit N. Haiitu Bce
N raxkue, uto N/d(N) =P — mesoe u mpocrtoe umncio (uucaa 1
u N Tak:Ke CUMUTAIOTCS HEJTUTEIIMM).

3. Ha xra'Kmoil cTOpOHE HIPAMOYTOJBHOTO TPEYTOJbHUKA
TIOCTPOEHO II0 KBaapaTy (mIudaropoBsl IIITaHbI), U BCA PUrypa
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BIIMCaHa B KPyr. [[Jid KaKUX IPAMOYTOJIbHBIX TPEYTOJbHUKOB
5TO MOXKHO CIeJaTh?

4. Ha maxmartuoi gocke pasmepa 1000 x 1000 maxomurcs
YEPHBIN KOpoJib 1 499 6enbix Jgageii. UépHble u OesIble XOAAT 110
ouepenu. JlokasaTb, UTO Kak ObI HU XOMUJIN JAAbU, KOPOJIb BCe-
IJa MOMKET 34 HEeCKOJILKO XOJI0B BCTATh IIOJ 0O OMHOUN M3 HUX.

5. CeMb INTKOJBHUKOB PEIINUJIN 3a BOCKPEeCeHbe O00UTH
ceMb KHUHOTeaTpoB. Bo Bcex HuX ceaHchl HaumHaoTca B 9.00,
10.40, 12.20, 14.00, 15.40, 17.20, 19.00 u 20.40 (8 cean-
coB). Ha KakabIil ceaHC IecTepo I BMECTe, a KTO-HUOYIb
onuH (He 00A3aTeJIbHO OAWH U TOT JKe) IEJ B APYroil KUHO-
TeaTp. K Beuepy KaKIbIili IMOOBIBAJI B KAMKIOM KHHOTeaTpe.
HoxkakuTe, 4TO B KaXKAOM KHHOTeaTpe ObLI ceaHC, HA KOTO-
poM He ObLI HI OAUWH M3 3TUX IIMKOJbLHUKOB.

9 kaacc

1. Yucmo Y moaydaerca u3 HATypPaJbHOTO uMcaa X
HEKOTOPOM mepecTaHOBKOI ero nmudp. U3BectHo, uto X +Y =
=1000...00 (200 myneir). [lokasarsb, uro X meautcs Ha 50.

2. Tama moCJIeIOBATEJIbHOCTD IEJbIX MOJIOMKUTENIbHBIX UI-
cen X, X,...X,, Bce dJeMEHTbl KOTOPOI HE HIPEeBOCXOIAT
HexoToporo uwmcjaa M. WU3BecTHO, uTO IIpu Bcex k>2 X, =
=|X_1 — X_»|. Kakoit moker ObITh MaKCcUMaJbHAs AJUHA
STOM IIOCJIELOBATEILHOCTU?

3. Ha raxkmoii cropone TpeyroabHuKa ABC mOCTPOEHO 1O
KBaJpaTy BO BHEIITHIOIO CTOPOHY (mudaropoBsl miTaubl). Oxa-
3aJI0Ch, UTO BHEIIIHNE BEPIIMHLI BCEX KBAaJPATOB JICXKAT HA OJ-
HOI OKpy:KHOCTU. [{loKaszaTh, uTo TpeyroabHuK ABC — paBHO-
OeIpeHHbI.

4. 3agaHOo HaTypajdbHOe umcio A Takoe, YTO IJs JIOOOTO
HaTypajabHOro N, mejsinerocsa Ha A, 4nCJIO N toxe memures
Ha A. (N—tmcno, cocTosIee U3 TexX Ke udp, uro u N, HO
3alMCAHHBIX B 0o0paTHOM mopsnke). Hampuwmep, 1967 =17691,
450 = 54. HoxasaTh, 4TOo A ABJIAeTCA AeauTeaeM umciaa 99.

5. WcmaHCKUIT KOPOJb PEIINJI IIEPEBECUTh TO-CBOEMY IIOPT-
peThl CBOMX IIPEAINeCTBEHHUKOB B KPYTIJIoi Oarmrue samia. Oxn-
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HaKO OH X0YeT, YTOObI 3a OJWH Pas MEHSJU MeCTaMU TOJHKO
[IBa IIOPTPeTa, BUCAIIAE PAIOM, IIPUUEM dTO He JOJKHBI ObITH
IMOPTPETHI ABYX KOPOJeil, ONUH M3 KOTOPBIX I[aPCTBOBAJ CPasy
mocje apyroro. Kpome Toro, eMmy Ba:KHO JIMIIIh B3AMMHOE pac-
MMOJIOKeHMe MMOPTPETOB, W [Ba PACIOJOMKEHHUA, OTJIUYAOIe-
csl IOBOPOTOM Kpyra, OH CUMTaeT OAUHAKOBBIMHU. I[0KasaTh,
YTO Kak Obl CHAYajia HU BUCEJIU IIOPTPETHI, KOPOJIb MOKET II0
9TUM IpPaBUIaM AOOUTHCA JIOOOTO HOBOTO UX PACIOJJOMKEHUS.

10 kaacc
1. Tana tabauiia n X n KjaeTok. Tabauiia 3amoHAeTca ce-
IYIOIIUM 00pa3oM: IIYCTh B HEKOTOPOM CTPOUYKE 3aIllMCAHBI

YHCIIA A1y eves Ay Qi1 eoes Ay A1y o005 Gy (M U N — kE BBAUMHO
npoctsl). Torga B cienyrolneil CTPOUKE 3alIMCHIBAIOTCA Te Ke
YuCaa, HO B TAKOM TOPAIKE: Api1s «oeApy Ahgls oor By Q1 oee Qe

B mepByIio cTPOUKy 3amuchiBaioTcs uucaa 1, 2...n. Jlokasars,
YTO IIOCJIE 3AaIIOJHEHUs TaOJUIBI B KasKIOM CTOJIOIle OyAyT
HaIllCaHbI BCe uucJa oT 1 1o n.

2. Cum. 3agmauy 3 muas 9 Kjacca.

3. Mo:kHO i1 paccTaBUTh Ha OKPYsKHOCTH umcaa 1, 2...12
TaK, YTOOBI PA3HOCTb MEXKIY ABYMS PAAOM CTOAIIMMU UMCJIA-
Mu ObL1a 3, 4 uau 5?

4. B BocbMHM JaHHBIX TOUKAX IIPOCTPAHCTBA YCTAHOBJIEHO
10 IIPOYKEKTOPY, KAMKIBIA M3 KOTOPBIX MOYKET OCBETHUTH B IIPO-
CTPAHCTBE OKTAHT (TPEXIPAHHBIN YroJI CO B3AMMHO-II€PIIEH -
KYJAPHBIMH cTOopoHamu). [foKasaTh, YTO MOKHO IIOBEPHYThH
IIPOYKEKTOPBI TAK, YTOOBI OHM OCBETHJIM BCE IIPOCTPAHCTBO.

5. PaccMaTpuBaioTCA BCEBO3MOMKHBIE n-3HAUHBLIE UYMCal,
cocraBjeHHble 13 1udp 1, 2 u 3. B KoHIle KasKIOT0 U3 3TUX
yuces mpunucbkiBaerca mudpa 1, 2 maum 3 Tak, 4TO K ABYM
YncJiaM, Y KOTOPBIX BO BCEX pPaspAfax CTOAT pasHble ud-
pBl, IpUNNCHIBAIOTCA pasHble NUQpPHI. [JokasaTh, YTO HANAET-
csA n-3HAYHOE UYMCJIO, B 3alMCU KOTOPOI'0 YUYACTBYET JIUIIb OJ-
HA eQUHUIA U K KOTOPOMY IPUIIMCLIBAECTCSA eIUHUIA.

1 IIpenmosaraercs, uto n > 2. — Ilpum. ped.



OTBeThI






1958 200 (XXI onumnuada)
IlepBsoIii TYp

7 kaacc. 3. 669.

8 kaace. 3. He yBugar.

9 xaace. 3.9.4. x1=1, x9=1, x3=3, x4 =4, ..., x,=n.
10 xaace. 4. 10100.

Bropoii Typ

7 xkaace. 3. Mosxxkuo. 5. Eciu n u m 4éTHBI, TO TaKOH JIO-
MAaHOU He CYII[eCTBYET, €CJIU K€ XOTs Obl OJHO 13 YMCeJ N U
m HeUYEéTHO, TO TaKas JIOMaHas CYyIeCTBYeT U e€ AJMHA paBHA
(n+1)(m—+1).

8 kaace. 5. a>b.

9 kaace. 1. x=1, y=1. 2. Ecau n =2k, TO IONOBUHY JIy-
yeil HY»XHO IIPOBECTU B OJHOM HAIIPaBJIEHUM, a OCTABIIYIOCS
IIOJIOBUHY — B IPOTHUBOIOJOKHOM. Eciu ke n=2k+ 1, T0 k
JIydei HysKHO IPOBECTH B OJAHOM HAIIPABJIEHNUN, 4 OCTABIIINECS
k + 1 — B mporuBomnogo:xkuoM. 3. Illlectbio pumramu. 4. a > b.
5. 100 (10 coemmHEHHBIX TmapajiaelabHO 1emouek us3 10 coenu-
HEHHBIX IIOCJIEJOBATEIHLHO COIPOTHUBJICHUN WMIN IEIOYKA M3
10 3BeHBEB, KaxKA0€e 13 KOTOPBIX cocTouT u3 10 coefMHEHHBIX
apaJjijaiebHO COIIPOTUBJIEHMH).

10 xaace. 1. x=3, y=1. 4. b/a. 5. Ilycts k — nmocaenuee
IOKa3aHHOe YMCJI0. BTOpoil MoMKeT onmpenesnTh YMUCI0, HAIN-
CaHHOe Ha 000pOTe IIOCIeHEN KapTOUKM, B CJAEAYIOIUX CJIY-
yagx: 1) Beliu moxkasaHbl Bce YHCJa OT B A0 1 BKJIIOUUTENb-
HOo. 2) Bermu mokasanbl Bece uncya oT 0 10 k£ BKJIIOUUTENIHHO.
3) Boiiu mokasaHbl Bece Uuca MexKAy k u l+#k, a uucyo [ 66110
IIOKAa3aHO IBAMKIEI.
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1959 200 (XXII orumnuada)
IlepBroIii TYp

7 kaacc. 3. MoxxkHo. 4. HammenbIllee YucJI0 TOBOPOTOB PaB-
HO 14. 5. BBegéMm Ha IIJIOCKOCTH CHCTEMY KOOPAWHAT TakK,

1 1
yTOOBI BEePIIMHBLI KBaApaTa UMeJN KOOPAWHATHI (ii’ i§>.
Uckomoe I'MT — BOCBMHYTOJBHUK, CTOPOHLI KOTOPOTO Jie-

JKaT Ha OPAMBIX, 3aJaBaeMbIX YPaBHEHUAMU X = j:g, y= j:g,
x+y==42, x —y==42.

8 kaace. 1. Heapsa. 2. 1500.

10 xaacc. 3. Het, He cymectByer. 4. Ha N> — N.

Bropoii Typ

7 knacc. 2. Touka mmepeceueHus BHICOT TpPeyroabHUKA. 3. Ha-
mpumep, Ha 11...122...2 ... 77...7 88...8 9.
S—— N——

9 mudpp 9 nudp 9 nudpp 8 nudp
8 kaace. 3. 180° —-2/A, 180° —-2/B u 180° - 2/C.

1960 200 (XXIII onumnuada)
IlepBsoIii TYp

7 kaacc. 1. 10 py6seir nau 6oabine. 3. 26.

8 kaacce. 4. 0, 2 unnu 4.

10 waacc. 1. BBITYKJBIN INIECTUYTOJBHUK (BMeCTe C ero
BHYTPEHHOCTHI0), CTOPOHBI KOTOPOTO MapajieibHbI CTOPOHAM
MaHHBIX TPEYTOJbHUKOB M PABHBI IIOJOBHHAM STHX CTOPOH.
Ecau cTOPOHBI MJaHHBIX TPEYTOJBHUKOB IOIIAPHO ITapaJiiesib-
HBI, TO IIIECTUYTOJbHUK BBIPOKIAETCS B IPABUJIBHBIA Tpe-
YTOJIbHUK.

Bropoii Typ

7 kaacce. 1. Eciu mamHble TOUYKU — BEPIIUHBI BBITYKJIOTO
YeThIPEXYTOJbHUKA, TO O — TOUKA IepeceueHus ero guaroHa-
Jieii; ecjiu AAHHBIE TOUYKH HE SBJSIOTCS BEePIIMHAMHU BBIMTYK-
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JIOTO YeTBHIPEXYTOJIbHUKA, HO He JieXKaT Ha OAHOUW IIPAMOI, TO
O — ra U3 AAHHBIX TOYEK, KOTOpad JEKUT BHYTPU TPEYTOJb-
HUKAa C BEPIIMHAMU B TPEX OCTABIIUXCS TOUKAX; €CJU TaHHBIE
TOUKH JIe:KaT Ha OGHOU mpaAMOi, To O — jmiobasd TOUKa, pacio-
JOXKeHHasd MeXIy OByMs cpegHuMu (T.e. He KpaWHUMM) TOU-
Kamwu. 4. 31.

8 kaace. 1. 4.

9 kaacc. 1. l<m, npuuém ymciao Im uérHo. 4. KpuBonuneii-
HBIN TPEYyTrOJbHUK, CTOPOHBI KOTOPOT'O — IYTU TPEX OKPYIKHO-
cTell, fuaMeTpaMu KOTOPBIX CIYKAT CpefHUe JUHUU JAHHOTO
TPEeyroJbHUKA.

1961 200 (XXIV oaumnuada)
IlepBsIii TYp

8 kaace. 2. OguH BOIIPOC.

10 rkanacc. 2. Ocu cUMMETPUN II0JIOC TOJKHBI IePeCceKaThCs
B ogHou Touke. (Toumee rosops, ecau Kakasd-IuOO0 M3 IIOJIOC
COIEPIKUT BHYTPHU ce0s 00IIYI0 YaCTh OCTAIBHBIX IIOJIOC, TO €€
MOJKHO CIBUTraTh B JIIOOYIO CTOPOHY OO TeX IIOP, ITOKa 00Ias
YacTh OCTAJbHBIX IT0JIOC He IMMONaAEeT Ha eé rpaHuny. ILironianb
00II1eif YacTH MOJIOC IPU 3TOM He M3MeHSeTCs.)

Bropoii Typ

9 kaacc. 5. IlepBoIil c110CO0 CaMbIil BBITOAHBIN, OCTAJIbHBIE
IBa ONUHAKOBO HEBBINOJHBIE.
10 xnacc. 4. 5

1962 200 (XXV oaumnuada)
IlepBroIii TYp
9 kaacce. 2. Ilpy 4YETHBIX N MOMKET, a IPU HEUETHBHIX — HET.

3++v5H
4. x5 =1 unu T\/_
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Bropoii Typ

7 kaacce. 1. Illap, cTogiuii y cTOPOHBI AB MHOTOYTOJbHU-

Ka ABC..., Hy:KHO IIyCTUTh NapaJjjiejabHo npamoit AC.

8 kaacc. 2. 981, 982, 980, 983, 979, 984, ..., 981 —1i,
981+i+1,...,1, 1962.

9 kaace. 2. bl, b25, bg, b24, ey blls b15, b12a b14, b13, rae

bi < by <...<bys — mamHbIe YHCIIA.

10 raracc. 4. Bo3abMEM BepHIMHY IapaJjesenuiiensa 1 pac-
CMOTPUM TPHU COCEIHWE C Hell BepInmHbI. ['opu3oHTAJIbHAA
ILJIOCKOCTH AOJI’KHA OBITH mapaJijiejibHa IIJIOCKOCTU, IPOXOA-
e uepes Tpu dTu BepinuHbl. (Takme maockoctu mmeror 4
PasHBIX HAIPaBJIEHUA; AJIA KAXKAOTO M3 HUX IJIOMIAAb ITPOEK-
Y OOHA U Ta JKe.)

1963 200 (XXVI onumnuada)
IlepBroIii TYp

7 kaace. 3. [1a, MOKHO.

8 kaace. 2. 25. 3. x=y=2=1;x=1ny=z=-1;y=1m
x=z=-1;z=1ux=y=-1. 5. llpu n, genamuxca Ha 4.

9 kaacc. 5. Her, Henb34.

10 xaacc. 3. m+n—1. 5. OnucanHas OKPY'KHOCTHL Tpe-
yroabHuKa ABC, 3a UCKJIIOUEHUEM ero BEepIINH.

11 xaacc. 5. Ha 16 gacreii.

Bropoii Typ

7 kaacc. 1. Bocemb morpemyiek. 4. 76 uucesn. 5. MoikHo.
8 Kaacc. 3. BHYyTpeHHOCTb Kpyra C IIEHTPOM B IIEHTPE MC-

XOMHOM OKPYIKHOCTU U PAJNyCcoM —, rme R — pagmyc qJaHHOU

3 b
OKpysKHOCTU. 4. 655.
9 kaace. 2. 17. 3. 8.

!. —1)!
10 xaacc. 2. u 3. Hy:xHO BBIOpPATh BEKTOPHI, UAY-

e B mocjenoBaTeabHbIe 12 niu 13 BepminH (Bce TaKue CyM-
MBI UMEIOT OHY U TY Ke AJUHY).
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11 waace. 3. P(x)=cx(x—1)(x—2)...(x—25), roe ¢—
HEKOTOopasi KOHCTAHTA.

1964 200 (XXVII onumnuada)
IlepBsIii TYp

7 kaace. 1. ZB=90°, LA=/C=45°. 4. 41.

8 raacc. 2. Yucna Buga p u 2p, rae p — Jioboe IIPOCTOe
ypeao, n uncaa 8 1 9. 3. n=0 u m=0. 5. Eqguaui Ha ogHy
0oJIbIIIE.

9 knace. 1. x=y=2z=1.3.a=273,

10-11 xaace. 1. 1681. 3. a=27194, 5. Ha 5.

Bropoii Typ

7 kaacc. 5. Ilpu Bcex HATypaJbHBIX A.
8 kaacc. 1. Ilpu n = 2*.
10 xaacc. 1. a, MOXKHO.

1965 200 (XXVIII onumnuada)
IlepBsIii TYp

10 xaace. 5. 5896 paspesos, 3932 TpeyroJbHUKA.
11 xaacc. 3. [leficTBUTENbHBINI KOPEHb IMIPUHUMAET 3HAUE-

V541 V541
o

3 53— BKJIIOUUTENBHO. 4. ITycts C — TOUKa
okpysxHOoCcTH O, OJUaMeTPaJbHO IPOTHBOIOJJOMKHAS TOUKe A,
a K — ocHoBaHMe IIePIEeHANKYIAPA, OMYIIEeHHOr0 U3 TOUKU A
Ha npamyoo BC. MckoMmoe reoMeTpryecKOe MeCTO — OKPYIK-
HOCTb, II0 KOTOPOi1 mepecexkarTcsa ceprl ¢ guaMmerpamu AB u
AK, c BeIKOJOTOI TOuKOoi A. 5. Hennss.

HUA OT —

Bropoii Typ

1
8 kaacc. 4. Co CKOPOCTHIO PL 20V B HampaBJIeHUU, IIPO-

THUBOIIOJIOKHOM HAaAIIPABJIEHMWIO NBUMKEHNA HOJIHII@IZCKPIX.
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9 kaacc. 5. [IBe OKPYKHOCTH, IEHTPHI KOTOPHIX COBIIANAIOT
C TOYKOH IIepeceueHns MeANaH JaHHOI'O TPEYTroJbHUKA.

10 xaace. 1. 3a gBa B3BemmuBaHuA. 2. HeT, He cyImecTByer.

11 kaace. 1. 2=1'+1, 5=22+1u 257=4*+1.

1966 200 (XXIX onumnuada)
IlepBroIii TYp

8 Kaacc. 1. OTpe3oK, COEAUHSIONIUN CEPEIUHY BBICOTBI
CH c cepenmuoii CTOPOHBI AB, 3a MCKJIIOUYEHNEM ero KOHIIOB.
2. Bce uncia, ne geaamuecd Ha 20. 5. Henbaa.

9-11 kanacc. 1. (1, 5, 2, 3), (5, 1, 2, 3), (1, 5, 3, 2), (5, 1,
3,2),(2,3,1,5), (2, 3,5,1), (3, 2,1, 5), (3, 2, 5, 1), (2, 2,
2, 2). 2. Ilpu k=65. 4. 29, 29+ 30, 29+2-30, 29+ 3-30, ...
5. 16.

Bropoii Typ

8 kaace. 2. agp0 =495. 4. 10 aunnii.
9—-11 raacc. 2. ai966 = 1024. 5. 14.

1967 200 (XXX onumnuada)
IlepBsIii TYp
8 kaace. 1.89...989...9189...90...0. 3. Takoro cmo-
—— N~ — N

12 14 13 14
coba He cymiecTByerT. 5. 2-28-37=2072.
9 kaacc. 2. Henwbsa. 4. 13.
10 xaace. 1. Ha K + 1 TpeyronbHUK.

Bropoii Typ
a
7 kaacce. 2. Ha BeIicoTe 273’ TJle @ — CTOpOHa KBajapara.

8 waace. 2. 8, 9, 12, 18 u 8p, 12p, 18p, roe p — mr060€
mpocToe uucyo. 3. ia paBHOOGeAPEHHBIX.

9 kaace. 2. 2, eciu [M]=1; 3n+3, eciu [M]=2n+1>1;
3n+1, ecnu [M]=2n.



Yrazanuda






1958 200 (XXI onumnuada)

IlepBsoIii TYp

7 Kaacc

1. HaunHaiomuii MoKeT JOOUTHCSA, YTOOBI B KAaXKJAOM ypaB-
HEeHUU KO3(PGUIIUEeHTHI IPU X U IPU Y OBLIN PaBHBI.

2. PaccmoTpuTe OKPYsKHOCTh, AUAMETPOM KOTOPOM CIYKUT
OTPE30K, COeUHAIOINNN ToOUuKy M ¢ IeHTpoOM Kpyra.

3. CHauajyia HAWNUTEe KOJIUYECTBO ABY3HAUHBIX HOMEPOB, V
KOTOPBIX cyMMa mudp paBHa 3aJaHHOMY YUCJY.

4. [TokaxkuTe, 4T0 TOUKU A 1 B HOJKHBI OBITH ITPOTHUBOIIO-
JIOXKHBIMU BepIIMHAMH KBaapara.

5. Bripasure cymMMy ocTaTKOB OT fejeHuA Ha 1958 umcen
B KaKOI-am00 CTPOKE uepe3 CYMMY OCTATKOB UMCEJ B CTPOKE,
PAacCIIOJIO}KEeHHOM Hald Heu.

8 xaacc

1. JorkaxxuTe, 4TO CyMMa pacCMaTPUBaeMbIX BEKTOPOB PaBHA
BexTopy OH, rne H — TOUKa IEpeCceueHUs BBICOT TPEYTOJIb-
HUKA C BepPIIMHAMU B KOHIIAX PACCMATPUBAEMBIX BEKTOPOB.

2. PaccmoTpuTe pasHOCTh JAHHBIX YPaBHEHUIA.

3. lokaxkure, YTO paguyCc CTBOJIA KaXKIOM M3 TPEX COCEH
He MeHbIle R/4.

5. Ina Ka'KI0M M3 UETHIPEX IPOEKIIUM PACCMOTPUTE MHO-
JKeCTBO TOUEK, IIPOEIMUPYIOINNXCA Ha Hee.

9 kaacc

1. PaccmoTpuTe, 4TO HPOUCXOAUT IIPHU OJAHOM 00XOme BO-
KPyr Havyajga KOOpAUHAT.

2. BocmoabsyiiTech CIIocOO0M JOKa3aTeJIbCTBA OT IIPOTUB-
HOTO.

3. Crauasa paccMoTpuTe QPUTYPY, COCTOAIINYIO U3 ABYX HE
rmapajieIbHbIX IPAMBIX.
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4. CHauaJia HaiguTe X1, 3aTeM HaWIUTE Xy U T. I.
5. I[IpuMeHUTE UHAYKIIUIO IO 1.

10 xaacc
1. 3aMeHUTE JaHHBIN BLINYKJIBIA MHOTOYTOJBHUK HA BBITYK-
JBI MHOTOYTOJIbHUK HaMMEHBIITeH TJIOIa 1, NMEIOIIH Te Ke
caMble IIPOEKIINY Ha paccMaTpPUBaeMble OCH M OMCCEKTPUCHI.
2. (1155%°79)2 < 11551958 | 341958 < (115597 + 2)2.
4. B paccmaTpuBaeMbIX Ha0Opax BCce MeCTa PABHOIIPABHEI.
5. Paccmorpure rpaduKky IBUIKEHUS IIEIIIeXON0B, BBeIs
TPEThI0 OCh KOOPAMHAT — OCh BPEMEHN.

Bropoii Typ
7 Kaacc

1. IIpeamosoKuM, UTO Ha IIJIOCKOCTH YJIaJIOCh PACIIOJIO-
JKUTHh 5 BBIOYKJBIX MHOTOYTOJBHUKOB TaK, UTO Ka’KAble IBa
13 HUX UMEIOT OOIYI0 CTOPOHY. BriGepeM BHYTPH KasKA0Tr0 13
HUX TOUKY, OTMETHM Ha KaKI0I 00Ieil CTOpOoHe ABYX MHOTO-
YTOJIBHUKOB TOUKY U COEIUMHUM €€ C TOUKaMU, BIOPAHHLIMU
BHYTPU 9TUX OBYX MHOTOYroJbHUKOB. Ilosyuennnie 10 aBy-
3BEHHBIX JIOMAHBIX HEe UMEIOT OOIIUX TOUEeK, OTJIUUHBIX OT UX
KOHIIOB. [loKaKuUTe, YUTO TAKOTO HEe MOYKET OBITh.

2. CHayajya JOKaKUTe, YTO MOXKHO M3MEHUTh 3HAKHU Y JIIO-
OBIX OBYX umces Habopa, a 3aTeM OOKAXKUTE, UTO MOKHO M3-
MEHHUTH 3HAK y JII000T0 umea.

3. 3akJelTe KayKAYIO ITapy IPOTUBOMOJIOKHBIX TPaHel Ky-
0a OOMHAKOBO.

4. [Tokasxure, uto ecau 1 <x<n, to x(n+1—x) >n.

5. lokasKkuTe, 4YTO, C OAHOIM CTOPOHBI, AJMHA TAaKOIl JioMa-
HOM mOJI;KHa OBITh UETHOII, a C APYroii CTOPOHEI (ecju Takas
JIOMaHasA CYII[eCTBYeT), HOJKHA ObITh paBHa (n+ 1) (m+1).

8 kaacc

1. YUTo0BI HAWTH PA3HOCTh MEKAY IIePUMETPOM MCXOTHO-
ro MHOTOYTOJIbHUKA U MePUMETPOM II0JYUEHHOT'0, JOCTATOUHO
paccMOTpeTh COBMECTUBIINECS YaCTH MHOTOYTOJbHUKA.
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5 5
2. Jloka)xuTe, 4YTO OJHO M3 YUCEJ 1@ 3 (Z — ag) 0oJbIIIe
eIUHUIIEI.

3. Paccmorpure Touku M’ u N’', B KoTopsix mnpambie CD u
CE uepecerator npsameie OB u OA, u nokasxure, utro M'N’ ||
|| MN.

4. BocnoabayiiTech TeM, uTo k* < n* pma mo6oro HaTypain-
HOTO k< n.

5. [lyig KaKI0ro M3 HellepeceKaloluxcsa KPYyroB AuaMmeTpa
1 paccmoTrpuTe Kpyr paguyca 1 ¢ TeM :Ke caMbIM II€HTPOM.

9 kaacc

1. PaccmoTrpuTe ocTaTKM OT JejeHus Ha X + 1.

2. I[IpuMeHUTE UHAYKIIUIO II0 1.

3. Ilpexamono:xkum, UTo 5 (PuIllek OBIOT BCe KJIETKU MOCKH.
PaccmoTpute 4 cBoOOAHBIE OT (DUIITEK IIOJIOCHI, TapaJaebHbIe
OIHOM cTOpOHEe poMba, u 4 cBOGOHBIE IOJIOCKHI, apaJLieIbHbIe
Ipyrou cropoHe. Kierku, cTosIe Ha IIepeceUeHUN dTUX I10-
JIOC, 3aHUMAIOT 00Jiee IMATU PA3JIUUYHBIX AUATOHAJIEH.

4. JlokakuTe, UTO B JIIOOOM M3 KPYyroB pammyca 1, 1o-
KpbIBaoIiux M, He MOXKeT JieXKaTh 0oJiee OJHOTO U3 IEHTPOB
HelepeceKarInxcsad Kpyros paguyca 1.

5. Jloia KasKaooro £ pacCMOTPUTE MHOKECTBO TeX 3a)KMMOB,
IJIsT KOTOPBIX KpaTUaWINuii MyTh OO0 3a’KUMa A IPOXOIUT Ue-
pes k COIpOTUBJICHUIA.

10 xaace

1. [Tokakure, uTo mpu y > 1, C OMHOU CTOPOHBI, YUCJO Y
x+1 o x+1
—5 > @ C IPYTOil CTOPOHBIL, § < ——.

2. B cayuae, xorma oTpe3ok AB He IPOXOIUT IEIMKOM
BHYTPHU WJHK II0 I'PAaHUIle MHOTOYTOJbHUKA, PACCMOTPHUTE IIe-
peceuenue mpaMoii AB ¢ MHOTOYTOJIBHUKOM, BEIOEpHTE OTpes-
KU, Ha KOTOPBIX JiesKaT TOUuKu A u B, u mpoBenuTe paspesbl
[0 BTUM OTPe3KaM.

3. PaccmoTpuM Taxkyro IocjeqoBaTeIbLHOCTH HAOOPOB oIle-

HOK II0 2n mpeaMeTaM, HAUMHAIOIIYIOCSI CO BCEX UETBEPOK U

AEJINTCA Ha
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OKaHUYMBAOIIYIOCA BCEMU HATEPKAMM, UTO KaKIBIA CJIEIYIO-
Uit Ha0Op MOJyYaeTcsa U3 MPeabIAYIIero 3aMeHO OMHOI UeT-
BEPKM Ha MATEPKY. Bocmoab3yiiTech TeM, UTO B JIO00M TaKOM
IIOCJIEJOBATEJILHOCTU MOYKET BCTPETUTHCA He 6oJjiee OOHOTO Ha-
0opa OIleHOK, pPeasibHO CYIIECTBYIOIINX Y YUCHUKOB IITKOJIBI.

4. JlokaskuTe, 4TO0 00BbEM Teja, IOJYUEHHOTO BpAIlleHUEM
mapaJjiaejorpaMMa BOKPYT CTOPOHBI 4, paBeH OO0BEMY ITMJIWH-
Ipa ¢ BBICOTOI @ M pPaflyCcOM OCHOBAHWSA, PABHBLIM BBICOTE IIa-
panesorpaMMa, OIyIeHHOII Ha CTOPOHY a.

5. IIpumeHnTe MHAYKIIUIO II0 YNCJIY MOKA3aHHBIX KAPTOUEK.

1959 200 (XXII oarumnuada)

IlepBsoIii TYp
7 Kaacc

1. PaccMoTpuTe ABOMUYHYIO 3alIlCh YKCIA d.

2. BocmoansyiiTech TeM, uto 4" — 1 meaurcsa Ha 3 OJIs JIIO-
00oro HATYPAJILHOTO 7.

3. CHauajia JOKa’)XUTe, UTO BCe ABY3HAUHBLIE 4YMCJIa, He
OKaHUYMBAIOIINECS HYJIIMU, MOMXHO PACIIOJIOMKUTL B IIOCJIENO-
BATEJIBHOCTUA TaK, YTOOBI IIOCIEeNHSA IMudppa KaKIOro drmcia
OblLIa paBHA HepPBOM mudpe CIAEAYIOIIEro 3a HIIM.

4. Jloka)xuTe, U4TO JaabA TOJKHA CIeJIaTh X0 JInO0 BIOJH
KasKI0ll BepTUKAJIU, JIN00 BAOJL KaKIOM TOPUBOHTAIIMI.

5. BocmonbayiiTech METOAOM KOOPAMHAT.

8 kaacc

1. DTUMU KOBIIAME MOXKHO IIEPEJIUTH TOJBKO m (2 —v/2) +
+ nV/2 IUTPOB, TIe M U n — Ieible YHUCIA.

2. VlckoMble neBATU3HAYHBIE UMCJIa ONPENesIaIOTCA IePBhI-
MU IATHhI0 CBOMMHU ITu(dpamu, mpuuéMm mepBasa nudpa me 0, a
nsaras — He 6 u He 9.

3. CHauajya moxaskure, 4T0o Scxp = Sapm + Seen.

5. Hokakure, uTo paccroanue or Touku O 1o 060 Kaca-
RiR>
TeJbHBIX A5, Ag, A7 U g PABHO LR rae Ry m Ry — pagmycsl
1 2
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JTaHHBIX OKPY!KHOCTEH, a paccTosaHMue M0 Ji000i 13 KacaTesb-
HBIX a3 U a4 PABHO

9 kaacc

1. Paccmorpure Buipakenue (a + ... + Qigsg

3. CHauaa HOKaKUTe, UTO AJIS BCeX OKPYIKHOCTEHN, IIPOX0-
OAIIX yepes ABe AaHHbIe TOUKM, UX OOII1e XOPAbI C JaHHON
OKPY?KHOCTBIO (/I UX IPOJOJI:KEeHUA) ITIePeceKaroTCsI B OMHOMN
TOUKE MU IIapajlie/IbHbI.

4. [lokaxuTe MHAYKIIUEHN 110 k£, YTO YMCJIO BCeX k-3BEHHBIX
JIOMaHBIX He IpeBocxomurt 4 -3F71,

5. PacemotpuTre Hanbosbiliee pedpo TeTpasapa.

)1000

10 xaacc

1. Horkasxkure, uto ecit 0 <x<y<z—-1,y<ku k>2, 10
xb +yk < 2k,

4. JloKaskuTe, 4TO HOMep CTOJOIA, cojep:kamiero N2 cos-
magaeT ¢ HOMepPOM CTPOKM, comepakalreir 1.

5. IIpeamoo:kuB MPOTUBHOE, CHAYAJIA JOKA3aTh, UTO

a1 +ai -1y +ai2e-1)t..- T Aiae-1) <

1 1 1
gal <1+§+§+..-+§+---> <2a1.

Bropoii Typ
7 Kaacc

1. Crpynnupyi#iTe B 000MX BBIPAKEHUS UYJIEHBLI, PABHOOT-
CTOSIIMIE OT KOHIIOB.

2. JlokakuTe, YTO TOUKA, CHMMETPUUYHAA TOUKE Iepecede-
HUS BBICOT TPEYTOJHBHUKA OTHOCUTEJIBHO CTOPOHBI, JIEXKUT Ha
ONMCAHHOU OKPY KHOCTH.

3. Ilycts A — mcromoe umciio. BocmosbayiiTech TeM, UTO
A=1000000000A4—-111...11.

4. PaccMOTPHUTE YUCIIO A1A30304050¢6, TOE (A1 = Ay > Ay > A5 >
= asz = ag.
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5. Cmauasa JOKa)KHUTe, UTO KOJHMUECTBO UYHCE X1Xg, X9X3,
.evy XpX1 UETHO, a 3aTEM JOKAIKUTE, UTO KOJHUUECTBO unces —1
cpeou STUX YMCEJ TaKyKe YETHO.

8 kaacc

2. TlorkakuTe, 4TO B KAXKION YETBEPKE UMCET Ay, Ap i1, Api2,
Ay, 3 €CTh XOTd OBl OJHO OTPUIATETHHOE YMCJIO.

3. Ilorkaxkure, uro mpamas BC oTceKaeT OT IIOCTPOEHHO-
O TPEeYroJbHIKA PABHOOEIPEHHLIN TPEYTOJbHUK C yryioM LA
IIPU OCHOBAHWMU.

4. PaccmoTpuTe CyMMy KBAApaTOB ABYX CTOPOH YETBIPEX-
yronbHUKa ACBD, KOTOpBIe BUAHBLI M3 TOUKU IIepeceueHUs
IraroHaJiei IoJ HeOCTPBIM YIJIOM.

5. PaccmoTpuTe XOIbl KOHS M3 UETHLIPEX YIJIOBBIX KJIETOK
U B 9TU KJIETKH.

9 kanacc

1. ITycTs maHHBIe umMcja pasmesieHbl Ha ABe IPynisl mo 50
YKCceJ M CyMMBI UHCEJI IIePBOM M BTOPOM TPYIIIILI PABHBI S;
n S, COOTBETCTBEHHO, NpuuéMm S; >S,. Ilomensem MecTamu
IBa 4Ymcja U3 Pa3HBIX Ipynil. IIpeamososKuM, UTO IPU STOM
HepaBEHCTBO MeHsAeT 3HAK, T. e. S| <S;. [lokakure, 4TO TOTJA
S; nunu S| ornuuaerca or 1/2 menee uem Ha 1/100.

2. PaccmoTpuTe mpsaMble, IIPOXOAAINNE Uepe3 MaHHBIE OT-
pe3Ku, u cpeau yIjaoB, Ha KOTOPBIE 9THU IIPSIMbBIE HEJIAT ILJI0C-
KOCTb, BbIOEpHTEe HAMOOJBINNII. 3aTeM PACCMOTPUTE CTOPOHY
2n-yroJapHNKA, 3aKJIOUEHHYI0O BHYTPH STOrO yrja, W IPOTHU-
BOIIOJIOJKHYIO €1 CTOPOHY.

3. IIpeamosiosum, 4TO CyMMa JIIOOBIX ABYX IIJIOCKUX YIJIOB
npu BepmuuHax A u B rterpasapa ABCD 6oabie 180°. Pas-
BepHUTe Ha IIocKocTh rpaiu ABC u ABD.

4. PaccMoTpuTe OoCTaTKU HPHU AejeHuun Ha 9.

5. JlokaKkuTe, YTO YUCJIO XOA0B KaKJIOTO KOHSI YETHO, U HU
OIVH KOHBb HEe MOXKET CAeJIaTh TOJBKO JBa XOIa.

10 xaacc
2. BocmoabayiiTech CBOMICTBAMHU IIEHTPA MACC CHUCTEMbI TOUEK.
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3. Ecam Kpyr paguyca r mepecekaeTcs ¢ KPpyroM pajgmyca
R>r c uentpom O, TO OH IEJUKOM JIEKUT BHYTPU Kpyra pa-
nuyca 3R ¢ meurpom O.

4. Eciu Touka z JeXuT BHe MHoroyroabHuka C;...C,, TO

BEKTOPHI C HAYAJIOM B TOUKEe 2 U KOHIlaMu B Toukax Cq, ..., C,
JIe}KaT B OTHOM TOJYIIJIOCKOCTH, I'PAHUIIA KOTOPOM COMEPIKUT
TOUKY Z.

5. PaccmoTpuTe Bce BOSMOKHBIE COBMEIIEHUSI CEKTOPOB IIPHU
PasJIMYHBIX IIOBOPOTAX OJHOTO KPyra OTHOCUTEJIBHO APYTOTO.

1960 200 (XXIII onumnuada)

IlepBsoIii TYp

7 Kaacc

1. Hene:xxkuyio cymmy MeHee 10 pyOjeli MOKHO IIpeacTa-
BUTH JIMIIIL OMJIETAMM HEUYETHOrO IOCTOMHCTBA. B mpemcras-
JIeHuM JeHeskHoi cymMMbl 10 pyOseii miau Gojiee OguH OMIIET
mocrouHcTBOM B 10 pyOseii MOMKHO 3aMEHUTHL JEeCATHIO Oumie-
TaMM JOCTOMHCTBOM B 1 py0Jb.

2. CepenmHa 00I1eil XOPAbI JBYX PABHBIX OKPYKHOCTEI SABJIA-
eTCs TaK)Ke U CePEeIUHON OTpe3Ka, COeIUHSIOINEro UX IeHTPHI.

3. C ogHOII CTOPOHBI, OJHO M TO )K€ UHCJIO 3amau He MOT-
Ju npuaymath 6ojsee 26 crygentos. C Apyroil CTOPOHBI, OSHY
3amauy He MOTJIM IIPUAYMAaTh MeHee 26 CTyZeHTOB.

4. Noraxkure, uto npambie A;B;, A;B; u MN comep:kar
BBICOTBI TpeyroJabHuKa A;MB,.

5. Xora 6bl omHO U3 uuces d u n/d He TIPEBOCXOIUT /7.

8 kaacc

1. BocmoabsyiiTech IpusHaKaMu OeJIUMOCTUA Ha 3 1 Ha 9.

2. IIycts B TypHUpe IPUHHUMAJIO ydacTHe 7 UejJoBeK. B
MapTUAX C YUACTHUKAMM, 3aHABIINMU TPHU HOCJETHUX MECTAa,
oCTaJIbHBIe UT'POKU Habpaau (n — 3) -3 — 3 ouka, a B MapTUAX
MeKIy co0oii oHM Habpaau CTOJBKO K€ OUKOB.

3. Ilycts gia ompenen€HHOCTU Sape < Sacp. IlocTpoiiTe Ha
cropore CD Touky E Tak, 4To Ssgp = Sarc-
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4. Paccmorpure purypy, oopasosanuyio yriaom AOB u Bep-
TUKAJBHBIM C HUM YIJIOM, 1 pa3bepuTe pasinuyHbIe BAPUAHTHI
nepeceuenus orpeska CD c rpaHuiieii sToi (PUTypkI.

5. Tpebyemoe OecKkOHEUHOE MHOYKECTBO HATYPAJIbHBIX UM-
ceJl MOJKHO HAWTHU CPeau IOJHBIX KBaJIpPaTOB.

9 Kaacc

1. ITpuMeHUTE MHAYKITAIO 10 UNCJIUTEIIO TPOOHM.

3. Ilnomtagy yacTeil MHOTOYTOJbHUKA, 3aKJIIOUEHHBIX BHYT-
pu T00BIX ABYX BEPTHUKAJBHBLIX YIJIOB ¢ Bepinuoil O, paBHBI.

4. PaccMoTpuTe ABa CAydYasa: UeTBEPTAS BePIINHA COCENHA
C JaHHO! TOUKOIl BHYTPU OKPYKHOCTH WJIU IIPOTUBOIIOJIONK-
Hasd eu.

10 kaacc

1. PaccmoTrpuTe OpoeKINY JAaHHBIX TPEYTOJbHIUKOB HA ILJIOC-
KOCTb, KOTOpas IapaJulejibHa ILTocKocTAM P; u P, u paBHO-
yaajgeHa OT KasKJOM U3 HUX.

2. B cymme a" !+ (—a""2b) +... + (—ab"?) +b" ! rampmoe
U3 N cJaraeMbIX JaéT OAUH U TOT K€ OCTATOK IIPU [eJIeHuU
Ha .

4. TIpennosoxum, uro unciao A=a-10*+b, roe 1 <a, b<9
u k>3, ecTb TOuHLIl KBagpar. CHauaga SOKaKUTE, UTO b —
TOYHBII KBagpaT u ogHo us uncei vVA+ b u vA— Vb genur-
ca Ha 5*, a 3aTeM JOKaKuTe, UTO IPOU3BeJeHNe BTUX UHUCE]
6oabmre 9-10".

5. Pasgmennte cymmy of + o5 + ...+ o Ha HamboJbIIee IO
a0COJIIOTHOM BeJIMUMHE cjaaraeMoe.

Bropoii Typ
7 Kaacc
1. B Tex cayuasax, Korjga JaHHBIE TOUKH He JIesKAT Ha OGHON
IPSAMOM, BOCIOJb3YHATECh HEPABEHCTBOM TPEYyTrOJbHUKA.
2. Ilycts a, b, ¢ 1 d — CTOPOHBI JAHHOTO YEeTHLIPEXYTOJIbHU-
Ka, mpuuéMm a > b >c >d. [Jokaxure cHauaja, YTO CYIIIeCTBYEeT
TPEeyroJbHUK CO cTOpoHamu a —d, b, c.
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3. ¥V n11000T0 HECAMOIIEPECEKAIOIIET0Cd IATUYTOJILHIKA €CTh
IBa COCeTHUX yIJja, KaKIbIi M3 KOTOPBIX MeHbIe 180°.

4. B mepuof ¢ Mas Mo HOAOPh KaKAbIN JeHb HeIeJUu XOTs
ObI pas3 ObIBaeT JI00bIM umcyioM ¢ 1 mo 30.

8 Kaacc

1. Eciu AB — HauboJbIINii OTPE30K, COeTUHSIOIIUI pac-
cMaTpUBAaeMble TOUYKM, TO BCE OCTAJbHBIE TOUKM JIEXKAT Ha
OKpYsKHOCTU ¢ muameTpom AB.

2. na xaxI0W M3 YEeTHIPEX MHap XOMOB B ITPOTUBOIIOJIONK-
HBIX HaOpaBJIeHWH 3aMeHHTe UX CYMMY Ha PasHOCTbL U CO-
CTaBbTE [Ba YPaBHEHUA IJII dTUX PA3HOCTEH.

4. Joxaxxute, uTO HalOJIomaTejelli MOKHO 3aHYMepOBAThb
Tak, YTO IIPOMEKYTKU HAOJII0MeHuA I HabJaogaTesei ¢ He-
YETHBRIMU HOMEpPaMU He IepeceKaloTcs, W IJis HabJomaTesei
¢ YETHLIMHM HOMEPaMU TOKe He IepeceKaroTcs.

5. CloKuTe IIECTUYTOJbLHUK M3 YETBIPEX TaKUX IIATHU-
YTOJIBLHUKOB.

9 kaacc

1. O0G11iee umCJIO OTPE3KOB PaBHO [m /2, IIO9TOMY UYUCJIO Im
YETHO.

2. PaccMoTpuTe IIOBOPOT, MEPEBOMAIINI BEKTOP CTOPOHBI
IIeCTUYTOJbHIUKA B BEKTOP CTOPOHBI IIOCTPOEHHOTO Ha HeH
MIPaBUJIBHOTO TPEYTroJbHUKA.

3. PaccmarpuBaemMyio maxMaTHYIO JOCKY MOYKHO pasOUTh
Ha 4 I0JIOCHI TaK, YTO 3a OAWH XOJ W3 ABYX KPAWHUX II0JIOC
MOKHO TIOIIaCTb TOJBbKO B OJHY M3 IBYX CPEIHUX II0JIOC.

4. OgHa 13 BepIINH IPAMOYTOJbHUKA COBIAJZaeT C Bep-
IIMHON [MTAHHOTO TPEYTrOoJbHUKA, NPUYEM BepIIUHA IIPAMO-
YTOJIbHUKA, IPOTHUBOIOJIOMKHAS 9TOI BepIllniHe, JEKUT Ha II0-
JIYOKPYKHOCTH, AUAMETPOM KOTOPOM CJIY/KUT CTOPOHA Tpe-
YTOJILHUKA.

5. Eciiz oTpesok mepecekaer Kpyr paguyca 1, To IeHTp 3TO-
ro Kpyra JIeXKUT BHYTPU (DUTYPHI, COCTOSIell M3 TOUeK, pac-
CTOSIHTE OT KOTOPBIX [0 OTPesKa He mpeBocxoautT 1.
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10 xaacc
1. JoxkasKuTe, UTO €CJU CPEenr YNCed dy, Ay, ..., 4 OLHO U3
yucen 1, ..., 9 BcTpeuaeTcs 6oJsiee 7 pas, TO U3 UKUCET Ay, (g, ...

..., 4 MOJKHO BBIOPATh UACTh, CYMMAa KOTOPBIX paBHa A.

2. Ilycts A — ucxomHOe UYMCI0, B — MOJyYeHHOe YHCJIO.
Hoxakure, uro uncyio 10B — A genurca Ha 7.

3. Horkakure, 4TO ecau ¢ KeM-Iu00 M3 cOOpaBIIMXCS 3HA-
KOMBI M UeJIOBEK, TO He 3HAKOMEI C HUM w YeJI0BEK.

5. IIpu 11000M TaKOM MapIIIPyTe UKCJIO XOAOB BBEPX paB-
HO YMCJY XOJAOB BHM3, a UYICJO XOJOB BIIPABO PABHO UMCIY
XOJ0B BJIeBO. Kpome Toro, yir000# MapIipyT 3amaéTcs Ioce-

TOBAaTEJIbHOCTHIO HAIIPABICHUI XOLO0B.

1961 200 (XXIV onumnuada)

IlepBsoIii TYp
7 Kaacc

1. ITociemoBaTesibHBIE 21 4YKCEeJ MOMKHO 3aIlllCcaTbh B JIBe
cTpoku (OZHY IIOJ APYTOH) TAK, UTO CYMMBI YHCEJ B KaKIOM
CTOJIOIle PABHBI.

2. Ecau uucio a,b;c; OTINYHO OT HYJIS, TO OHO Oo0JiamaeT
caenyiomuMu cBoiicrBamu: 1) by =9; 2) ab,c; menaurcs Ha 9.

3. Hoxkakure cHauaja, 4To ecau TpeyronbHuKk A,B,C, oct-
POYTOJIbHBIN, TO TPEYTOJbHUK A, ,1B,,1C, 1 Iepeceraer ero B
IIIeCTH TOYKAaX, a 3aTeM JOKaKNUTe MHAYKIUel 1o 1, UTO Tpe-
yroabHUK A,B,C, OCTPOYTOJbHBIHA.

4. BeiOepuTe cpean JaHHBIX TOUEK JIBe TOUKM, PACCTOSHIE
MeKAY KOTOPBIMU HamOOJIbIIIee, M PACCMOTPUTE OKPYIKHOCTD,
IIeHTP KOTOPOU — cepeanHa OTPe3Ka, COeIUHAIOIIEer0 JaHHbIe
TOUKH.

5. IlpumenuTe MHAYKIINIO, IPEACTABUB AOCKY pPasMepoOM
(2n+ 2) x (2n+ 2) B BuAe MeHbIIEN JOCKHU pazmMepoMm 2n X 21,
3aKJIIOUEHHON B PaAMKY.
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8 Kaacc

1. Tpeyroabuauxk M, M,M3; momobeH TpeyroJbHUKY, obpa-
30BaHHOMY CPEIHUMHU JUHUIMHU TpeyroabHuka ABC.

2. ITonoxkure a; =100, a, =1002, ..., a, =100".

4. IIyTh D0JKeH COCTOATHL M3 YETHOTO UMCJIA IIIaros, IIOTO-
MY UTO IIPU KasKIOM IIare MeHsSeTCS IIBeT KJIeTKH.

5. Eciiu mamubie OTPe3KW HAUMHAIOTCA € @ U b, TO NUCKOMBIH
OTPe30K HaumHaeTcd ¢ a+ b+ 980.

9 Kaacc

3. CHauajia 3aOMIINTe YKciaa B TAOJUILY II0 HOPALKY, a 3a-
TeM B KasKJOM CTPOKE CABMHBLTE BCE YKCJIA II0 KPYI'y HA HOMED
CTPOKH.

4. Tlocjyie omiaThl Ipoe3fa y KaMKIOro IAcCCaKuUpa LOJIMK-
HA OCTAThCA XOTsS OLI OZHA MOHETA, M B KACCY HOJIXKHO OBITH
OIlYIIIeHO He MeHee K MOHeT.

5. PaceMoTpuTe BBIIYKJIYIO O00JOUKY SAHHBLIX TOUEK.

10 kaacc

1. ITpumMeHUTEe UHAYKITHIO TI0 k.

2. BeisicHUTe, KaK U3MEHSETCs ILIOIALb OOIIell YacTu Ipu
MaJIOM CABHI€ OSHOM M3 II0JIOC.

3. ITocne ommaThl mpoes3fa y KasKAOro HacCaskupa TOJK-
Ha ocTaThCs XOTsS OBl OJHA MOHETa, M B KacCy HOJIKHO ObITH
OIIyIIIeHO He MeHee k/4 MOHeT.

4. PaccMmoTpuTe ceueHMre IJIOCKOCTBIO, KOTOPAA IIPOXOLUT
yepes TOUKY O, IEHTP OKPYKHOCTU S 1 MEePIeHINKYJIIPHA K
ILIOCKOCTH, COIEPKAILE 9Ty OKPYKHOCTD.

5. [lokasKkuTe, 4TO ecau n > 2, TO HAUAJIO KOOPAMHAT IIPU-
HAIJIEIKUT ¥ HEKOTOPOMY TPEYTOJIbHUKY C BepPIINHAMU Z;.

Bropoii Typ
7 Kaacc
1. IIpoBecTn gumaroHaJi He OLHOBPEMEHHO, a IO OYepeawu,
1 IOKas3aTh, YTO HA KaXKJOM IIare OyAeT HOJIydyaTbCsi MHOI'O-
YTOJBHUK, IEJNKOM MOKPAIIeHHBIN CHAPYKU.
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2. CHauajya JOKasKuUTe, UTO cepequHa nuarouHaau PR coBma-
Iaer c meHTpoM KBagpara ABCD, a 3aTeM pacCMOTPUTE TOUKU
mepecedyeHnsl 3TOr0 KBajapaTa M OKPYsKHOCTH ¢ puameTrpom PR.

3. PaccmoTrpuTe umcsa, ciaeayolue 3a MepBbIM 13 JAaHHBIX
yucesa, geadamumces Ha 10.

4. Korga 3B€3gouek MeHBIIIe ceMU, pas3depuTre ABa CaOydas:
1) B KaKOU-TO CTPOKe TAOJMUIILI 3BE3MOUEK HET; 2) B KarKIOu
CTPOKE TAOJHUIILI 3BE3NOUKU €CTh.

5. llokakuTe cHauaJja, 4To uuca a, b, ¢ u d JOJKHBI OBITH
HEUYETHBIMU.

8 xaacc

1. Ecan noMaHad He HAauMHAETCA M He 3aKaHUMBAETCA B
00J1aCTH, TO OHA IIEePeceKaeT e€ I'paHuIly YETHOE UKCJIO Pas.

2. BeluncynTe pacCTOAHUA OT IeHTPa IIPAMOYIOJbLHUKA [0
BHEIIHUX KacaTelbHbIX.

5. IIpenmoJsioskuM, 4TO B IIOCTPOEHHON IIOCJIELOBATEJIbHO-
CTH CHOBa BCTPETHUJIACHL UETBEPKA a, b, ¢, d. CHauaa JOKaKuU-
Te, uro abcd =1, a 3arem, utro c=1/a u d=1/b.

9 kaacc

1. IIpuMmeHUTE BEKTOPHI.

2. PaccmoTrpuTe Tabauily ¢ HauOOJBIIEeH CyMMOM BCeX UHU-
ceJ.

3. IlokaskuTe, UTO HAUAETCA TOUKA, KOTOpas CoegUHEHA
TOJILKO C OZHOHN TOUYKOI.

4. IlpuMeHnUTEe UHAYKLIUIO 110 |a|+ |b

5. Ilycrs Ilers paspenms 2n+ 1 opexoB Ha ABe KYYKU, B
KOTOPBIX a 1 b opexoB, mpuuém a >b, T.e. a>n+ 1. [lokaxu-
Te, UTO OPHU IepBoM cmocobe Koy Bcerga MoKeT MONIYUUTDH 4
opexoB. IIpu BTopom cmocobe IleTs mo:keT Ha mepBOM aTalle
cresaTh Kyuku us 2n—1 u 2 opexoB, a IpU TPEThEeM — U3
n-+1 u n opexoB; Tormga Konsa mosxyuut He 6ojiee n opexos.
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10 xaacc

1. Hoxaxkure, uTO M3 JIO0OI IIOCJTIEZOBATEIHLHOCTU HATY-
PATBHBIX UKCES MOKHO BBIOPATH HEYOBIBAIOIIYIO IIOAIIOCIENO-
BaTeJIbHOCTb.

2, Jlyis KaI0To 13 KBaApaToOB CO CTOPOHOM 1 paccMoTpuTe
MHOJKECTBO TOUEeK, YIAJEHHBIX OT Hero He OoJiee uem Ha 1/2.

4. PaccmorpuTte moBopoT Ha 60° ¢ 1meHTpoM A, mepeBOIs-
muii Touky B B Touky C.

5. orkaxure, uTo mocJie 2° I1aroB MOJYUUTCSI HAOOP A1 Agp+1,
A2Aop+2, uuy A2eQop.

1962 200 (XXV oaumnuada)

IlepBsrii TYp
7 Kaacc

1. Touka M — IIeHTP BIIUCAHHOI OKPYKHOCTU TPEYTOJbLHU-
Ka ANB.

2. PaccmoTpuTe BCce TOUKM, B KOTOPBIE MOKET IOMACTDb BEP-
IIIUHA TPEYTrOJbHUKA, HPOTUBOIIOJOMKHAA OTMEUYEHHOH CTO-
powe.

3. Ilycts a<b<c<d. [okaskure, 4UTO CYIIeCTBYeT Tpe-
YTOJBHUK CO CTOpoHamu a+ b, ¢ u d.

4. a=(2a—-S(2a)) — (a—S(a)).

5. MoskHO HayaTh C JIT0O0O0M KAPTOUKM M HOJIOMKUTDH €€ IIPO-
U3BOJILHO.

8 Kaacc

1. BocmosrbayiiTech TeM, UTO OTHOIIIEHUS COOTBETCTBEHHBIX
CTOPOH [BYX MOAOOHBIX TPEYyTrOoJbHNKOB PaBHBI.

3. CmauaJja BeIpasuTe n uepes d u m, a 3aTeM BbIOepuUTE m
TaK, 4YTOOBI 77 OBLJIO I[EJIBIM.

9 kaacc

1. IIycts O — Touka nepeceueHusa orpe3skoB AB u CD. [lna
ompezesIEHHOCTH OyaeM cuuTaTh, uTo AO < CO. OTMeThTe Ha
orpeske CO touky X Tak, uro AO=CX, a Ha ayue AO TOUKY
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Y rak, utro AY =CO, u paccCMOTPUTE CPEIHIOI JUHHUIO Tpe-
yroabHuKa OXY , mapajaieabHyo cTopoHe XY .

2. JlokaKkuTe, YTO €CJU 1 UYETHO, TO KOHb MOXKET IIOTIaCTh
Ha cocegHee (IO BePTUKAJU U TOPUBOHTAJM) II0OJE.

4. JlokaKuTe, 4TO ITPOU3BEAEHUE X1 * ... X YAOBIETBODPAET
ypaBHeHu0 X — 1/x=1.

5. Paccmorpure ceTKy KBaApaToB ¢ JOCTATOUYHO MAJIOM CTO-
POHOH 1 B KaKABIA KBaJApaT BIIUIINUTE KPYT.

10 raacc

1. ITocrpoiiTe TpeyroabHuUK BNM nmo mapaJiieiorpaMMa
BNMP.

2. PaccmoTpuTe mocaeqoBaTeIbLHOCTH IIapajlielorpaMMOB,
rpaHMYAIUX II0 CTOPOHE, KOTOPhle HAUMHAIOTCS HA JBYX CTO-
poHAX paBHOOEAPEHHBLIX TPEYTrOJbHUKOB C 00IIell BePIIIMHOM.

3. lys n000ro HATYPaJbHOT'O UHMCaa M MOXKHO BBIOPATh 1
TaK, 4TO A, <M < Qi1

Bropoii Typ

7 Kaacc

1. Ecau miap, CTOANIUE y CTOPOHBI AB MHOTIOYTOJbHUKA
ABCD..., nyctuth mapaJjienbuo guaroHanu AC, TO OT CTOpPO-
Hbl BC 0oH oTpasuTcs mapaJijieJbHO AuaroHanu BD, mpuuém
IJIWHA TYTH IIapa II0 JBYM HPAMOJMHEHHBIM ydYacTKaM paB-
Ha AC.

2. llokasxuTe, uTo Touka K paBHOyzmaseHa oT ToueK A u M.

3. 1. Ilnomtaas mpamMoyroabHUKA pasmepamu 1961 x 1963
He IeJUTCd Ha 3.

2. Cumauajyia pasbefiTe mpsaMOyTroJbHUK pasmepamMu 1963 x
x 1965 Ha mpamMoyroJbHUKHU pasMepamu 1965 x 1958, 1956 x
xbmbx9.

4. a®+1 genurca Ha a + 1.

5. Eciu A u B — maHHble TOUKU, PACCTOSHME MEKAY KO-
TOPHIMU He MeHbIe 1, TO Bce HaHHBIE TOUKHU JEKAT BHYTPU
KpyroB paguyca 1 ¢ mearpamu A u B.
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8 Kaacc

1. JlokasKkuTe MO0 MHAYKIINM, YTO HAUAYTCA IO KpaiiHell Me-
pe ABe HecMe:KHbI€ BePIINHBI, N3 KOTOPBIX HE IIPOBENeHO HU
OIHOW HUaroHaJu.

2. B paccmarpuBaemyio cymmy ciaaraemsbie 1, 2, ..., 981
IOJIXKHBI BXOAUTH CO 3HAKOM MUHYC, a caaraembie 982, 983,
eee, 1962 — co 3HAKOM ILJIIOC.

3. PaccmoTpuTe TOBOPOTHI Nn-yroJbHNKA OTHOCUTEIBHO ITeH-
Tpa OKPYsKHOCTU HA YIJBI &, 2, 3, ...

4. PacmoJioskuTe UCKOMBIE UMCJIa U UX CYMMBbI B IOPSAKe
BO3pacTaHU.

5. PaccmoTrpuTte 11eHTPp R OKPYsKHOCTU, OIMMCAHHOI OKOJO
Tpeyroabuuka ABM, u goxkasxkure, utro RP | MP.

9 Kaacc

1. IlycTh B KaKue-TO MOHEeAEJbHUK, BTOPHUK, ..., BOCKpe-
CeHbe IIMKOJbHUK PeIlua o, g, ..., 7 3agau. Torga obiiee 3a-
TPpadyeHHOe UM BpeMdA PABHO C1] + ... +Crl7, TOC C1y eoey C7—

HEKOTOpPbIe KOHCTAHTHI.

2. IlyeTb by < by < ... < bys — mamuble uncaa. B paccmarpu-
BaeMyl0 CyMMYy cJiaraembie b;, by, ..., bjs HOJIKHBI BXOIUTH
CO BHAKOM MHUHYC, a cjaraeMmsble by, bis, ..., b5 — CO 3HAKOM
miroc (ciaraemoe bi3 HOJMKHO BXOAUTH KaK CO 3HAKOM ILIIOC,
TaK 1 CO 3HAKOM MHUHYC).

3. Paccmorpure ¢purypy, KoTopas COCTOUT M3 TOUEK, yOa-
JEHHBIX OT MCXOJHOTO MHOTOYroJbHHKA He 0oJjiee UeM Ha
d=1.

5. Paggenum orpesok [0, 1] Ha ABa paBHBIX OTpPe3Ka m 000-
sHauuM ux I, m I;. 3aTeM oTpe3ok I, pasgenuM Ha aBa pas-
HBIX OTpes3ka u obosHaumMm ux Ig m Iy, a oTpesok I; pas-
meaum Ha otpesku I1g u 11, u T. 1. ComocTaBbTe KasKI0OM 13
JTaHHBIX IIOCJIeJ0BATEIHLHOCTEH OTPE30K C COOTBETCTBYIOIIUM
HOMEPOM M AOKaKUTe, UTO 3TU OTPE3KH He MMeIOT OOIIuIX
BHYTPEHHUX TOYEK.
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10 kanacc

1. Crauyasia moxasxkure, utro BA' - BA= BC-BO.

4. Ilmomiangs TpoeKIUM ITapajuiesieluIena paBHA yIBOEH-
HOM ILJIOIIAAM ITPOEKIINU TPEYTOJbHUKA, BEPIINHBI KOTOPOTO
coeqVHEHBI PEOpPaMMU C OOHOW W TOU Ke BEPINNHON mapaJe-
Jenunena.

5. IIpumeHUTE MHAYKIIWIO IO YMCJy YYACTHUKOB TypPHUpPA.

1963 200 (XXVI onumnuada)

IlepBsoIii TYp
7 Kaacc
1. Jokaskure, uro Tpeyroabauku ABC' u A’BC paBHBI.
2. Paccmorpure (a + b+ c)2.
3. IIpamoyronsuuk pasmepoMm 4 x 100 Mo:KHO pasduTh Ha
50 TpAMOYTroOJIbHUKOB pasmepom 4 x 2.

8 kaacc

1. Paccmorpure (a; + as + ... +a,)2.

2. Ilnomtans ueTbIpéxyroabHuKa PQRS B 4 pasa 6GoibIie
ILJIONIAAN YeTHIPEXYTOJbHUKA, OO0pPa30BaHHOTO CepeamHaMU
CTOPOH YeThIpéxyroabauka ABCD.

3. CHauajyia HaWaNUTe MOJOKUTEIbHBIE PEeIlleHns, BOCIOJIb-
30BaBIIINCh HEPABEHCTBOM MEKAY CPEeIHUM apu(pMeTHUeCKUM
U CPeIHUM IeOMeTPUUECKUM.

4. IIpoBenuTe uepe3 OAHY TOUKY MIPSAMbIE, ITapaJliebHbIe
TaHHBIM.

5. Yucno —1 BeTpeuyaeTcAa UETHOE YMCIO Pa3 B KaXKIOM
cTOJIOIle, IIO9TOMY OHO BCTPEUAeTCS YETHOE UKCJIO0 Pas U BO
BCcel Tabsure.

9 kaacc

1. Eciu mepBbIfl YjeH WM PaA3HOCTL apu(METHUUECKOH IpPo-
rpeccuu mo abcoJIoTHOI BenuuuHe MeHbIe 10%, To Haifigércsa
YJieH IIporpeccuu, y Koroporo (k+ 1)-a mmdpa — sgobasa 3a-
maHHada nudpa.
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3. ChenaiiTe 3amMeHy HmepeMeHHBIX: a+b=x, b+c=y, a+
+c=z.

4. JIn6o maHHbIE TOUKHU ABJIAIOTCA BEPIIMHAME BELIIYKJIOTO
YeTHIPEXYTOJLHUKA, AU00 O4HA M3 HUX JIEKHUT BHYTPH Tpe-
VIrOJILHUKA C BEPIIMHAMU B TPEX APYTUX TOUKAX.

5. JlokaskuTe, YTO €CIU MPAMOYTOJbHUK C OTHOIIEHHEM
CTOPOH A< 1 BIMCaH B IPSAMOYIOJLHUAK C OTHOIIIEHNEM CTOPOH
u<l,rou=A.

10 xaacc

2. PaccMoTpuTe BEpPIIMHY HAWNMEHBIIIETO BBIIYKJIOIO MHO-
TOYTOJbHUKA, COAEPIKAIIero JaHHble TOUKH.

3. Ilpu mepexojme u3 OOHOM KJETKU B APYryIo IpsaMas IIe-
pecexaeT rOPU3OHTAJBHYIO WJIN BEePTUKAJIbHYIO JUHUIO KJET-
yaToi Oymaru.

4. Ecim b<0uc<0, 0 (—b—0c)"> (—=b)"+ (—c)" upu jro-
0oM HaTypaJabHOM 1 > 1.

5. IlycTh yKasaHHBIE MEPIEHIUKYJIAPHI IIePeceKaioTcsa B
Touke M’'. PaccMoTpuTe OKPYKHOCTEL ¢ Auamerpom MM'.

11 xaacc

1. CpenaiiTe 3aMeHy IlepeMeHHBIX (; = arctg x, ¢ =arctg y,
@3 = arctg z, u MOKaXKMUTe HEPABEHCTBO tg ¢; +tg ¢p +1tg @3 —
—tg @1 tg @2 tg 3> 0.

2. PaccMoTpuTe MPOEKINIO IIa MPAMYIO, HepPHeHIuKYJIap-
HYIO IpaMoii [.

4. Ka:xgoe paccMaTpuBaeMoe UHCJIO IIPU AejieHnr Ha 9 ma-
ér octaTok 1.

5. IlpexacraBbTe TeTpasAp B Buie O0BbeIUHEHUS YETHIPEX
TEeTPasgpPoOB, TOMOTETHUYHBLIX HMCXOJHOMY C KO3((dUuIlmeHTOM
2/3 (1IeHTPHI TOMOTETHUN HAXOAATCS B BepIIHHAX).

Bropoii Typ
7 Kaacc
1. ITorpemyiika s3agaércsa TpeMs YHCIaMU, PABHBIMU KO-
JVWYECTBY CUHUX ITapUKOB MEXKIy MTaHHOM IMapoil KpPaCHBIX.
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3. PaccmorpuTre mpoeKIWi0o HA MPAMYIO, MEePIEeHIUKYJIIP-
HYIO JaHHOU IIPSAMOM.

4. Eciu BbpIOpaHO 0OJBINIE ABYX YMHCEJ, TO BCE OHU OAIOT
OIMHAKOBLIE OCTATKHU IIPU AesieHnu Ha 26.

5. CoepuHUTE IEPBYIO TOYKY CO BTOPOM, BTOPYIO C TPETHEI,
TPEThIO C YETBEPTOI, YETBEPTYIO C IIATOM.

8 Kaacc

1. Ha xmetuaTom jucTe Oymaru, HaunHas OT JIEBOTO Kpas,
OTMETHTE B IEPBOU CTPOKE @ KJIETOK, BO BTOPOH Gy KJIETOK U
T. I., 1 PACCMOTPUTE CTOJIOIIBI IIOJYYeHHON TAaOJUITHI.

2. ITepemerniasch KasKIbIl pa3 B COCEIHIOIO KJIETKY, MOYKHO
He Oojsiee ueM 3a 14 XOmOB IOMIaCTh M3 KJIETKHU, COAep Kallei
ypesao 1, B KJIeTKY, COAep Kallyo ducao 64.

3. PaccrosHmMe OT IleHTpPa OIMCAHHON OKPYYKHOCTH Tpe-
YroJIbHUKA [0 TOUKM IIepeceueHuss MeAuaH BTPOe MeHbIIIe,
yeM PacCTOsSHME OO0 TOUKU IIepeceyeHnsl BLICOT.

4. BribepuTe uncsaa, gamwlue ocTaToK 1 mpu aejaeHuu Ha 3.
Ecuu Beibpano 6ojiee 655 uncesi, To pa3HOCTh MEXKIY KaKUMIU-
TO IBYMs M3 BBIOpPAHHBIX umcesa paBHa 1 miam 2.

5. HauaJio oTcuéra BpeMeH! MOXXHO BbIOpaTh TaK, UTO IIep-
Bble [BA UeJOBEeKAa 3 MUHYTHLI UAYT B OSHOM HAIIPABJICHUMU.

9 kaacc

1. IIycts O — TOuKa mepeceueHUs] MeAUAH TPEYTroJbHUKA
ABC. [JokaXuTe, 4TO OSHO U3 PACCTOSHUI OT ToueK A, Bu C
mo mpamoii XO paBHO CyMMe IBYX IPYTHUX.

2. 3anyMepyiiTe TOPU3OHTAIbHEIE 3BEHbSA JIOMAHO CBEPXY
BHU3 U BBISICHUTE, KaKoe HambOOJbIIIee UMCJIO TOUYEK caMoIle-
peceueHNs MOYKeT ObITH Ha Ka)KJOM M3 HUX.

ar  br
3. Moryr o0pa3oBaTbCs TPEYTOJBHUKHN C yIJIAMU 10° 10°
CTT
10> TAe a, b 1 ¢ — HaTypaJbHBIE UHCJa, CYMMa KOTOPBIX PaB-
Ha 10.

4. Morakure, uTo cyiiecTByeT uucao m (1 <m <81), o6-
Jajarolree CJAEIYIOIIUM CBOWCTBOM: €CJAU OTMETHUTH KJIeTKH,
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B KOTOPBIX CTOAT umcia 1, ..., M, W IOCTABUTL 3BE3NOUKHU B
OoCTaBIIIHeCd KJIEeTKU, COCefHIe C OTMEUEeHHBIMU, TO 3BE3L0UEK
OKasKeTcs He MeHbIe 9.

10 xaacc

1. IIpu HeuéTHOM N cymMa x" + y" menurcda Ha X + Y.

2. JlomaHyI0 MOYKHO BOCCTAHOBUTH, €CJIM M3BECTHO, HA Ka-
KOI IIPAMOH JIEXKUT €€ IIepBOe 3BEHO, Ha KaKOW BTOPOEe U T. II.

3. PaccmoTpuTe mpAMYy0, IPOXOAAIIYIO Uepes3 IeHTP IIpa-
BUJILHOTO 25-YyrOJIbHUKA U HEePHEeHAUKYIAPHYIO K CYMMe BBI-
OpaHHBIX BEKTOPOB.

4. Kaxxgas BHYTPeHHAA Touka matuyroabuuxa ABCDE
IIOKpBITA He 0ojiee ueM AByMs U3 Tpeyroabuukos ABC, BCD,
CDE, DEA u EAB.

5. Hoxaxkure, uTo @, =4a,_1 — ap_s.

11 xaacc

1. Eciu z — mauboJiblliee M3 PA3INYHBIX HATYPAJIbHBIX UM-
cen x, Y, 2, To x* +y¥ < 2%,

2. Cuavajsia AJs1 KaKJOro 3HAKa IIOCJe 3alATON HalauTe
napy apoGeil, y KOTOPBIX 9TH 3HAKUW COBIIALAIOT, a 3aTeM Haii-
IUTe mapy Apobeit, y KOTOPHIX COBIamaeT GECKOHEUHO MHOTO
3HAKOB.

3. Hoxamure, uro P(0) =P(1) =...=P(25) =0.

5. IlpeAmosoKuB, UTO TaKWe AYTU CYIIeCTBYIOT, PACCMOT-
puTe HOIOJHUTENbHBIE K HUM IYTH.

1964 200 (XXVII onumnuada)

IlepBsoIii TYp
7 Kaacc
1. BricoTsl, omyIlenubie Ha cTOPOHLI AB 1 BC, He MeHbIITe
crtopora BC u AB cOOTBETCTBEHHO
2. IIycts O u O, — cepenunbl oTpe3koB AB u AM. Jloka-
skure, uro ANO; A0 = AO,CO.
3. PaccmoTpuTe ocTaToOK OT AesieHus Ha 3.
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4. KouuecTBO y3J0B, B KOTOPBIX CXOAUTCA 4 3BeHa, PaBHO
81, mosToMy HYKHO CTepeTh II0 KpaiiHeil Mmepe 41 3BeHO.
5. PaccmoTpuTe oCTaTKU OT JIejieHus Ha 4.

8 xaacc
2. CHauajsa BBISICHHTE, Ha KaKyI0 HAMOOJBIIYIO CTEIeHb
IIPOCTOTO Ymcia p aeautcs uyuciao (n— 1)1

3. ObosHaumM \/n +Vn+...4++/n gepes A,(n). Joxamu-

X pas
T€, YTO eCJaU Umucao Aiges () IIeJI0e, TO UMCI0 Aig63(71) TOXKE
meJoe.

4. IIposegure uepe3 Touku A, C u E npsamMble, Hapajlaeilb-
uele npameiMm BC, DE u FA.

5. Eqmuunel moJsyudarmTcsa us uucesn Buga 9k + 1, a aBoii-
KU — u3 unceJ suzna 9k + 2.

9 Kaacc
1. Paccmorpure cayuau, korga x =1, x>1um x<1.
2. Yucna n u n+ 1 He UMeIOT OOIIUX AeJUTEeJel.
3. BocnosbayiiTech TeM, uTo a — K2 = (a — 27%) + (272 — K?).
4. CMm. yKasanue K 3agaue 4 s 8 Kjacca.
5. Ilycte O — TOuKa mepeceueHUs AUATOHAJIEN YETBHIPEX-
yroapHuKa. [lokaxkure, uro OM : OA = |cos AOB

10-11 waacc

1. IIycTs @ — 4mca0, KBaApaTOM KOTOPOTO SIBJISETCSA UMC-
JIO, TIOJIyUeHHOoe u3 umncja N IIocie 3aUuépKUBAHUA ¥ HEro AByX
nocaenuux nudp. CHauaga JoKaKuTe, 4YTO a < 5.

3. Bocmoabayiitech ToskmecTBoM a — K194 = (a — 271964) 4
+ (271964 _ K1964).

5. K 1ByM mpOTHUBOIIONIOMKHBIM IpaHAM Ky0a TOJKHBI IIPU-
JIeraTh 10 KpalHell Mepe 4 TeTpasapa, IPUUEM CyMMa UX 00b-
€éMOB MeHbIIle 00béMa Kyba.
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Bropoii Typ
7 Kaacc

1. Ilycts K, L 1 M — 11ieHTpBI OKpys:KHOCTEir O, Os u Oj.
Horkaxkure, uro ALRK =/ AMKS.

2. [TokakuTe, YTO €CJU ABa UeJOBEKA He 3HAKOMBI, TO Yy
HUX HAWAYTCS ABA OOIMUX 3HAKOMBIX.

3. PaccmoTpuTe HAaMMEHBITUH BHITYKJIBI MHOTOYTOJBHUK,
comep:KaIiuil JaHHbIe TOYKMU, U Pa3perkbTe ero Ha TPeyroJib-
HUKU C BepIINHAMU B JAHHBIX TOUKAX.

4. Noxkaskure, uro LJA=/C=/B+ /D.

5. CMm. yrkasaHue K 3amaue 3 aasa 9 KJiacca.

8 kaacc

1. ITycTh Ha KaKOM-TO IIIare KOJUYECTBO BOIbI B KaiKIOM
cTaKaHe MMeeT BUJ, 2—’2, rae m — mejoe Yyucijo. JJlokakure, 4To
TOTAA ¥ HA IPEeIbIAYIIEeM Ilare KOJIWUYECTBO BOABLI B KaKIOM
cTaKame MMeeT TaKOM BUI.

2. OcHOBaHUA MEePIEHIUKYIAPOB, OMYINEHHBIX U3 TOUKU O
Ha CTOPOHBI TpeyroabHuKa 0;0,03 Ui Ha UX IPONOJIKEeHNUd,
JIeKaT Ha OJHOU IIPSAMOI.

3. IlepBbIii UTPOK MOJKET JeaTh XOAbl, CUMMETPUUHEIE XO-
IaM BTOPOTO UT'POKA.

4. CHauaja, BOCIIOJIb30BaBIIUCh TeopeMoii Iludaropa, mo-
Kasure, uro A H? + AyH2 + ...+ A;H2=A,H? + AsH2 + ... +
+ A H2.

5. PaccmoTpuTe HAaMMEHBININI BBITYKJIBIHT MHOTOYTOJBHUK,
comep:KaIiuil JaHHbIe TOYKMU, U PA3perkbTe ero Ha TPeyroJib-
HUKU C BepPIINHAMU B JAHHBIX TOUKAX.

9 kaacc
3. 3aHyMepyiTe TOUKHU C IeJbIMA HEeOTPHUIATeIbHBIMUA KO-
opamHatamu (X, y) B ciemyiomiem mopsaznke: (0, 1), (1, 0),
0, 2), (1, 1), (2,0, (0,3), (1, 2), (2,1), (3,0), (0,4) uT. x.
4. IIycte B’ u C' — cepemunbl cropon AC u AB, a K un
M — TOUYKM KacaHUsA STUX CTOPOH C BOMCAHHOW OKPYIKHO-
creio. CHauana mogaxxure, utro BK=C'M.



92 Yraszanusa

5. PaccmoTpuTe ocTaTKM OT AejeHUs Ha 4 KBaapara AJIU-
HBI 3BeHa M KOOPJIMHAT BEKTOpa 3TOT0 3BeHa. Bocmoab3yiiTech
TaKksKe TeM, UTO AJA KaKI0H 13 KOOPAUHAT CyMMa KOOPAUHAT
BEKTOPOB 3B€HBEB paBHA HYJIIO.

10 xaacc

1. TTonyunTe cHauvajia PAaBHOMEPHYIO CMECh IABYX MKUIKO-
CTeil, 3aTeM TPEX U T. JI.

2. Eciin 1BU)KeHUe IepeBOJUT CUCTEMY, COCTOAIYIO U3 KO-
HEYHOT'0 YMCJIa TOYEeK Ha IJIOCKOCTHU, B cebsa, TO IIeHTP Macc
STOM CHCTEMBI TOUEK OCTaETCA Ha MECTe.

3. Cm. yxaszaHue K 3azaue 4 aiaa 9 xkjaacca.

5. CHauajia HalifjuTe KOJIMUYECTBO KAPTOUEK, Ha KOTOPBIX
HAIIMCAHLI JeJIUTEeJN YUCJIA 71, MEHBIINE 7.

11 xaacc

1. CuauaJja BbIOEpUTe MPAMYIO, CYMMAa AJIUH IPOEKIIUA Ha
KOTOPYIO JaHHBIX BEKTOPOB OOJbIlle 2, a 3aTeM BbIOEpHUTEe Ha
9TOH IIPAMOM HaIIpaBJIeHUE,

3. CHavasia HOKaKUTe, UTO PAAUyC BIOMCAHHOU OKPY:KHO-

1
CTH PaBeH 3 BBICOTHI AH.

4. IIycts By, By, ..., B, — cepefuHbl CTOPOoH A1Ay, AyAs,
..., A, A TaHHOIO NIPABUJILHOIO N-YyIOJLHUKA, 4 HAAPE3bl —
ato orpesxku B{Cy, ..., B,C,. lokaxure, uto ecnu LAB,C; >

> /AyByCy, 10 oTpesku B{C; u B,C, miepeceKkamTcs.

5. Eciiz nBa Bpara CUAAT PALOM, TO PBIIIapeil MOMKHO IIepe-
CaguTh TaK, 4YTO 3Ta IIapa CUSAIIAX PALOM BParoB UCUE3HET U
HUKAKNUX HOBBIX IIap, CUSAINUX PAJOM BParoB He BO3HUKHET.

1965 200 (XXVIII onumnuada)

IlepBroIii TYp
8 kaacc
1. PaccMoTpuTe OKPYKHOCTD, AUAMETPOM KOTOPOI CIIYKUT
OTPE30K, COeIUNHAIONINNA TOUKY M ¢ IeHTpoM OKpys:KHOocTH O.
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2. Bocmonssyi#iTech Tem, uto 999 memurcs ma 37.

3. Ilyectb O — Touka mepeceueHuss npaAMeix AB u CD. Or-
goxkute Ha ayue OA orpesox OX, paBHbIE AB, a Ha Jyue
OC — otpesok OY, paBubIt CD.

4. Eciu ObI Bce KOMaHABI CHITPAJM Pas3HOEe YHCJIO MaTdei,
TO OJHA KOMAaHIa He chirpaja Obl HM OJHOI'O MaTya, a Apyras
KOMaHIa ceirpaja ObI CO BCEeMU.

9 kaacc

1. Bocmionb3yiiTech IPU3HAKOM JeJIUMOCTH Ha 37, chopmy-
JUPOBAHHOM B 3ajaue 2 AJsd 8 Kjacca.

2. PaccmoTpuTe TOUKHU, B KOTOPBIX npambie AO u BO me-
pecexkaioT CTOPOHBI TPEYTroJbLHUKA.

3. Hoxaxure, uro Touka M Oojee ynameHa ot npamoi AC,
yeM Touka K.

4. Ecau ObI Jt00bIe ABA ropofa ObLIM CBA3AHBI C PA3HBIM
KOJIMUECTBOM JIPYTUX I'OPOJOB, TO OLUH IOPOJ He ObLT ObI CBSI-
3aH BOOOINe HM C KAKUM T'OPOAOM, a APYIroil ropon ObLI ObI
CBsI3aH CO BCEMU I'OPOJaMMU.

5. BribepuTe cHauasa cpeau BceX KYCKOB KOBPOBOU TOPOIK-
KU, TOKPBIBAIOIIINX JIEBLIN KOHEI KOPUAopa, Kycok I{, y Ko-
TOPOTO IIPaBBIA KOHEI caMbIil IIpaBbIii. Ilocjie TOro KakK BBI-
OpaH Kycok [,, BIOEpUTe cpedu BCeX KYCKOB, IIOKPBIBAIOIITIX
e€ro IIpaBBIA KOHEIl, TOT, ¥ KOTOPOT'O IIPaBBLIA KOHEI CaMbIi
TIPaBBbI.

10 kanacc

1. PaccmoTpuTre 00pasbl TPEeyroJbHUKA IIPU TOMOTETUSIX,
MePeBOIAINNX BIHCAHHYIO OKPYsKHOCTDL B OKpPYysKHOCTH O U
0.

2. Bocmonsayi#iTech MPU3HAKOM AeIUMOCTU Ha 37, chopmy-
JUPOBAHHLIM B 3afaue 2 OJd 8 Kjacca.

3. PaccmoTpuTre OKPYsKHOCTH, IIPOXOIAINIYIO Yepes BepIIu-
HY yIJla 1 KOHIIbI OTpe3Ka.

4. Hauboablliee u3 uucesi, Je:KaluX B KapMaHax, OOJIbIIe
CYMMBbI OCTAJIbHBIX.
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5. Berumcaute nBymMsA cmocobaMu CyMMY YTJIOB HOJIyYeH-
HBIX TPEYTOJbHUKOB. 3aTeM BBIUUCJIUTE ABYMs cIlocob0aMu
YHCJIO CTOPOH 3TUX TPEYTOJHLHUKOB.

11 kaacc

1.Ecmu ¢>2, 10 ¢">1+q+q¢*+...+q" .

2. JlaHHBIe TOYKU ABJIAIOTCS TOUKAMU KACAHUA BIUCAHHOM
njan BHeBHHC&HHOﬁ OKPY¥XHOCTH TPEYTOJIbHMNKA C BEPIIINHAMM
B IIEHTPAaX MCKOMBIX OKPYKHOCTEH ¢ ero CTOPOHAMMU.

3. Ecau x > @, o x2 +px+c>0.

4. Ilycts C — Touka okpysKkHOCTH (O, IMaMeTpPaJIbHO IIPO-
TUBOIIOJIOJKHAA TouKe A, a K — OCHOBaHUe MEePHeHAUKYJIApa,
omyIeHHOro n3 Touku A Ha npamyio BC. PaccmoTpuTe cdepsnl
¢ nuamerpamu AB u AK.

5. Hna xampmoit mapel 1nudp ecTh 4 KapTOYKHM, HA KOTO-
pBIX OHHM Hamucaubl. PaccmorpuTe Te mapsl 1tudp, AJIS KOTO-
PBIX 3TH KapTOUYKU UepeyIoTCs, T.€e. JBe KaPTOUKHU C OIHOM
nupoi He 3aKJIUYEHbI MEXKAY IBYMS KapTOUKaMU C IPYyroi
mupo.

Bropoii Typ
8 xaacc

1. Ilycts a, =a,,, aupuuém n > m. PaccMoTpuTe I0cCJem0Ba-
TeJIBLHOCTh b, =aj, — Ayypm_p U JOKAKUTE, uTO b, =0 ny1sa Bcex k.

2. Yucsa 26 u 1965 B3auMHO IpPOCTHIE.

3. Omenure cBepxXy KOJUUYECTBO IIOJOMKEHUHN AUCKA, IIPU
KOTOPBIX COBHALA0T He MeHee 21 mapbl OKpAIIEHHBIX CEKTO-
poB.

4. PaccMoTpuTe Te MOMEHTHI BDEMEHHU, B KOTOPhIE TAHTCTEP
OKa3bLIBaeTCs HAIIPOTUB IIOJIUIEHCKOro.

9 kaacc

1. Ilpu mepBOM B3BEIIMBAHUU MOJIOKUTE Ha OJHY YAIIKy
BECOB IIO OJHOII MOHETe M3 IEePBBIX IIATH MEIIKOB, a Ha APY-
I'yI0 — II0 OJHOU MOHETe U3 CJeAYIOINX IIATA MemIKoB. Eciau
BechI He IIPUIILIN B PaBHOBECHE, TO IIPY BTOPOM B3BeIIIMBAHUU
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MMOJIOKUTE HA MPABYIO YAIKY OAHY MOHETY W3 IIePBOT0 MeIll-
Ka, JABe MOHEThl M3 BTOPOr0 MEIIKAa, ..., JeCITb MOHET U3 Je-
CATOTO MeINIKa, a Ha JieBylo YamkKy — 1+ ...+ 10=55 moner
13 ONMHHAAIIATOTO MEIIIKa.

2. Ilycts @ 1 b— gauHBLI CTOPOH OMIbApPHA. PaBeHcTBa
ka = <l—|—%)b u ka= <l’—|—%>b, roe k, k', | u I’ —Harypaib-
Hble 4YMCJia, OIPUYEM 4ducaa Bk u k' MMeT pPasHyl 4YETHOCTD,
He MOTYT BBIMIOJHATHCH.

5. PaccMoTpuM IIeHTDPHI TPEX MHPABUIBHBIX TPEYrOJbHU-
KOB, IIOCTPOEHHBIX BHEIIIHMM O0pPasoM Ha CTOPOHAX JAHHO-
ro TPeyroJabHUKAa, U IIPOBENEM Uepe3 9TU TPU TOUKU OKPYIK-
HOCTh. AHAJOTUYHO MIPOBENEM OKPYIKHOCTD AJIA IPABUIBHBIX
TPEYroJbHUKOB, IIOCTPOEHHBIX BHYTPEeHHUM oOpasom. I[oka-
sKmurTe, uro mckomoe I'MT cocrouT m3 3TUX IBYX OKPYKHO-
cTe.

10 xaacc

1. Cm. yKasauue K 3agade 1 mis 9 xiacca.

2. Ecau mpoiiecc 6ecCKOHeUeH, TO HAWAYTCA ABa IIOCJIem0Ba-
TeJbHBIX CJOS, COBIIAMAIOIINE C ABYMA APYTHUMH IIOCJIemOBa-
TeJIbHBIMU CJIOSIMU.

3. MosxHO cumTaTh, YTO P U ¢ — B3aWUMHO IIPOCTHIE HEUET-
HbIe UKCJa, U 3a OOHY CeKYHIY IIMapuK cMelaeTcs Ha 1 mo Bep-
TUKaau 1 Ha 1 mo ropusonTaau. Torga mapuk momageT B Iy3y
yepes3 pq CEKYH/ IIOCcJie BhLIeTa M3 yIJia OmIbaphaa.

4. Tlpegmososxkure, uto umciaa a; + 1, a,+ 2, ..., as, +2n
Ipu gejieHNWU Ha 2n JaioT octaTku 1, 2, ..., 2n, U cpaBHUTE
CYMMBbI 3TUX ABYX HaOOPOB UMCEJI.

5. JlokaKuTe, YTO IIPU IIE€PEBOPAUYMBAHUU OJHOTO U3 SIIH-
KOB a0COJIIOTHAS BEJUUYMHA PA3HOCTU MEMXKAY UMCJIOM MOHET,
Jexxalnx BBepX repboOM, M UKMCJIOM MOHET, JIeXKAII[IX BBEPX
pelikoii, yMeHbIIIaeTCsa 0 KpaliHeil Mmepe BABOE.

11 xaacc
L
1. Moxaskute, uto P =22,
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2. Tokaxmure, uro yucaa n" u (n+ 20)" 20 garor oguaaKo-
BbIe OCTATKU IPHU AeJeHUUW Ha 5.

3. PaccmoTpuTe guaMeTp MCKOMOTO KPyra, KOTOPBIN Iiepe-
CeKaeT OTPe30K, COeIUNHAIONINNA JaHHbIe TOUKH.

4. [TokasKuTe 0 MHAYKIINHU, UYTO JIIOOBIe aABe TOUKU u3 []
MOYKHO COeQUHUTH JIOMaHHOM, IIeJINKOM HpuHaiaexarieil I,
mpuuéM Jrob6as CTOPOHA N-yTOJbHUKA MMeeT OOIIYI0 TOUKY C
MHOKecTBOM /1.

5. Cpenu Bcex CTPOK U BCEX CTOJIOIOB TAOJHUIIBI BBEIOEpPUTE
CTPOKY MJIU CTOJIOEI] C HanmMeHbIIIel CyMMOM duce.

1966 200 (XXIX onumnuada)

IlepBsoIii TYp
8 Kkaacc

1. Crauana HaWgUTE TEOMETPUUECKOE MECTO CEPEelUH TeX
CTOPOH BIMCAHHBIX NPAMOYTOJBHUKOB, KOTODPHIE IIEPIIEHIU-
KyJaApHBI npamoir AB.

2, Crauaja MOKaKHUTe, UTO MHOKECTBO OCTATKOB OT JieJjie-
HUA 4YuceJ] Buga kn Ha m eCTh MHOJKECTBO OCTAaTKOB, JeJs-
muxcsa Ha d = HOI(m, n).

5. B nienu nmu@psr BcTpeuaroTea mapaMu.

9-11 raacce
1. PaccMoTpuM OTAENBLHO CAy4Yaii, KOTZa OJHO M3 UKCeTI X,

Y, 2, t paBHO 1, u ciyuaii, Korga Bce 3Tu uucja 6osbie 1.

19" 66" B c
2. Ilycrs B, = — u C, = —.-. Paccmorpure —— kil

!
3. PaccmoTpuTre cTOpPOHY HAHHOTO HATHUYTOJbLHUKA, KOTO-
pasd BUAHA M3 [MEHTPA OKPYKHOCTU II0J] HAVNMEHBIIINM YIJIOM.
4. PaccMoTpuTe oCcTaTKU OT AejieHud Ha 2, 3 u 5.
5. Pasgenure mocky Ha 4 KBaapaTa M JOKaKUTE, UTO B

KasKIOM M3 HUX He 0oJblne 4 TaMOK.
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Bropoii Typ
8 kaacc

1. OKpPYsKHOCTh, IIOCTPOEHHASA Ha CTOPOHE HPABUILHOTO
TPeyroJbHUKA KaK Ha AuaMerpe, MeJUT OCTaJbHbIe ero CTo-
POHBI TIOIIOJIAM.

2. JlokasKkuTe, YTO IIOCJIELOBATEJIBLHOCTL ) yCTPOeHa CcJje-
IyoommM oOpasoM: BHauajge 4 pasa uaér 1, mMOTOM HAYT IIO-
cJIeOBaTeJIbHO HATypaJbHble UHWCJIA, IPUYEM CTEIeHU IBOIi-
KU TIOBTOPSAIOTCA IO 3 pasa, a ocTaJbHbIe uncja mo 2 pasa.

3. CHauasa HY)KHO IIPOBEPUTh, €CTh JIA PAJHOAKTHUBHBIN
1rap cpeau MmepBhIX 6 I1apoB.

4. C KaKaol JUHUM MOKHO IIOHACTh HA JIIOOYI0 IPYTryiO
JIMHUIO, CcIeJiaB He 6ojiee IBYX II€PECcasoK.

9-11 waacc

2. ITocemoBaTeILHOCTD A) YCTPOEHA CIEAYIONINM 00pasoM:
1966, 44, 44, ..., 73, 73, 74, 74, 74, 75, 75, 76, 76, ... 3gech
BCe umciia 0 74 BCTpeuaroTcs mapaMu; TPOMKaMU BCTPEUAOT-
¢S TOJIbKO umciia Buma 2% . 74.

3. JlokakuTe, UTO HA IIEPBOM IrTare He0O6XOAMMO ITPOBEPATH
poBHO 3 mIapa.

4. I3 ceMu TUphb MOKHO COCTaBUTH 98 pasjimuHbIX HabO-
PoB, comep:kaInx He 0ojiee UeTHIPEX TMPhb. HambombIuii Bec
YeTBhIPEX TUPDL TOKe paBeH 98.

5. PaccmoTpuTe myTh, MOBOPAYMBAMOIIUA B OTMEUYEHHBIX
KJEeTKaX, KOTOPBIA HIET II00UYEePENHO B TOPM3OHTAJBHOM U
BEPTUKAJIBLHOM HAIIPaBJIEHUMN.

1967 200 (XXX onumnuada)

IlepBroIii TYp
8 Kaacc
1. MewubIliee 41cJIO B mape mMmeeT BUm d;...a,9...9. Haii-

_ k
IUTe YCJIOBUSA Ha Uucaa k 1 a; ...d,.
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2. BeipasuTe paguychl ONNCAHHBIX OKPYKHOCTEH TPEYyTroJib-
HUKOB ACM u BCM uepes cropousl AC u BC u cuHYyChI TIpPO-
TUBOIIOJIOMKHBIX YTJIOB.

3. PaccmoTpuTe Bce caoBa, HAUMHAIOIUECS C OJHONM 1 TOU
JKe II0CJIeOBAaTEeILHOCTU 13 BOCBMU TOUEK U THUPeE.

4. CHavaja HaWguTe MHOXKECTBO ToueK M, IJIsT KOTOPBIX
TpeyroabHuK ABM paBHOOEIPEHHBIN.

5. Ecam uneny mpodcoiosa Buimaérca Oosblie 37 CIOHOB
(unu He wyeHy mpodcoiosa 0obiie 28 CI0OHOB), TO BO3MOMKEH
U OPYroii crmocob pasmaumn.

9 kaacc

1. PaccMoTpuTe TOT MOMEHT, KOTJa OAUH UeJIOBEK HauulHa-
eT 00X0J caMoii OOJIBIIION OKPYKHOCTH.

2. PaccmoTpuMm 4 TpeyroJbHUKa, Ha KOTOpble pasduBa-
IOT KBaJpaT OTPE3KU, COeIUHAIIINEe TOUKY BHYTPU KBaapara
¢ ero BepmumHamu. CymMMma Imjomiazeii ABYX TPeyroJbHUKOB,
IIPUMBIKAIOIINX K IIPOTHUBOIIOJIOMKHBIM CTOPOHAM KBajapara,
paBHa IIOJOBUHE ILJIONIIaAN KBagpara.

4. JTokaKuTe, 4TO cpenu JIOObIX 13 MAYIIINX MOAPAL HATY-
PaJIbHBIX YMCEJI €CTh UMCJIO, CyMMa ITU(P KOTOPOrO AEJUTCS
Ha 7.

5. Bce BoIOpamHbIe YKca JAIOT OJUH U TOT K€ OCTATOK IIPHU
IeJIeHUHn Ha 3.

10 kanacc

1. 1) Yrobnl gOKasaThb, UTO KBaApaT MOKHO pasOuTh Ha
K + 1 TpeyroabHUK, PACCMOTPUTE CHAaUYaJla pa3sbueHus: He KBaj-
para, a TpeyroiabHuka. 2) YTo0Obl JOKa3aTh, UTO KBaApaT He
BCerma MOKHO pasdouTh Ha K TpeyroibHUKOB, PACCMOTPUTE
ciayuaii, Korjga Bce JaHHBIe TOUKU PACIIOJOKEHBI Ha OTPesKe,
COeIUHSIONEeM IIeHTP KBaapaTa ¢ OJHOI 13 BePIIUH.

2. PaccmoTpuTe OTPE30K € KOHIIAMH B JaHHBIX TOUKAaX, KO-
TOPBIA BUAEH U3 IIEHTPaA OKPYIKHOCTH IIOJ HAMMEHBIIUM yT-
JIOM.

3. PaccmoTpuTe ocTaTKM OT AejaeHus Ha 9.
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4. CHauajsa JOKasKUTe, YTO AJdA JIo0oro unciaa R cylecTBy-
eT TOUKa B IIPOCTPAHCTBE, PACCTOSIHUE OT KOTOPOU 40 KA I0H
U3 JAHHBIX IJOCKOCTEeN 0oJibIe R.

5. Pacemorpure nmpousBenerue (2+1)(3+1)... (pr+1).

Bropoii Typ
7 Kaacc

1. Cuauajya gorkaxkure, uto TpeyroabHuKu ACB u ECM tmio-
ITOOHEI.

2. HaiizuTe HAUMEHBIIIUN PagUyC KPyra, KOTOPBIH MOKeT
MOKPBITH I[EHTP KBaJpaTa U OJHY M3 er0 BePIIUH.

3. JlokaKkuTe, UTO IJs JI000T0 HATYPAJIBHOTO 11 CYIIeCTBY-
eT YUCJO, coaep:Kaliee n Iu@p, B JeCATUUYHON 3alIUCU KOTO-
poro BcTpevaroTcs TOJLKO ITUMPEI 1 1 2 U KOTOPOE AeJUTCS
Ha 2",

4. IlycTh umcao y mojsydaeTcd M3 HATYPAJBHOTO UMCIA X
repecTaHoBKOI ero udp u x +y=9999...99. Torga B sanucu
YHCJIa X YUCJIO0 HyJIe PaBHO UUCIY AeBATOK, YUCJIO eTUHUIL —
YHMCJIY BOCBMEPOK,..., YHNCJIO YeTBEPOK — UHCJIY IIATEPOK.

5. 13 1ByX caMbIX C€BEPHBIX TOUEK MOIKHO OCBETUTH ITOJY-
ILJIOCKOCTD, COCTOAIIYIO U3 BCEX TOUEK, HaXOAAIIUXCS I0KHee
9TUX JBYX TOUEK.

8 Kaacc

1. CMm. yKasanue K 3ajgade 3 s 7 KJacca.

2. IlycTe N:p}l”1 p’; — pasJjo)keHme uncJjga N Ha IpPoCThIe
muoxkutenau. Torma d(N) = (k;+1) (ks +1) ... (ks + 1).

3. CepenuHHBIE TMEePIEHANKYIAPEI K CTOPOHAM KBaIpaToB,
IIPOTUBOJIEKAIIUX CTOPOHAM TPEYTOJIbHUKA, IIePeCceKaloTCa B
cepennHe TUIIOTEHY3bI.

4. PaccmoTpuTe IBUMKeHUE KOPOJA IO AUATOHAJIMN OT IIOJIA,
COCEeIHETO C JIEBBIM HUIKHUM, IO II0JIA, COCETHET0 C IIPaBBbIM
BEPXHUM.

5. Ilpeamnono:XmMB, YTO B HEKOTOPOM KHHOTeaTpe Ha KaiK-
IOoM ceaHce OBLT XOTs Obl OOWH M3 STUX IMKOJbHUKOB, pac-
CMOTPUTE OCTAJIbHBIE KMHOTEATPHI.
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9 kaacc

1. IIycts umcao B mosydyaercsa M3 HATypaJbHOTO umcia A
nmepectaHoBKo# ero mugp, npuuém A+ B=1000...00 (zeko-
TOPOe YMCJIo HyJiei). JloKasKkuTe, UTO TOTAa IMOCaeTHUE ITU(PPBI
yuces A u B ogfuHAKOBEIE.

2, IIpu [M] > 1 HaubGOABIIYIO IJINHY NMEET IOCJIEIOBATEIb-
HOCTb, OJd KoTtopoit X, =[M]—1, X, =[M].

3. llenTp paccMaTpuBaeMoOil OKPYKHOCTU COBIIAIa€eT C IleH-
TPOM ONMCAHHOU OKPYKHOCTU TpeyroabHuka ABC.

4. CkianpiBas U BelUMTas uucia Bupa N u N, mosydure
guciio suga 990...0.

5. Cuauajya moOUTHCA, YTOOBI IIOPTPETHI KOPOJIeH BUCEIU B
MOPAKEe UX IapCTBOBAHUA.

10 xaacc

1. JokaxkuTe, 4TO IPU YKA3AHHBIX IPE0OPA30BAHUAX CTPOK
YHCJIO HEe MOKET OKa3aThCA B TOM K€ CAMOM IIOJIOMKEHUU Ha
CTPOKe TocJjie MeHee ueM 7 IIpeoOpasoBaHUIA.

3. Yucna 1, 2, 3, 10, 11, 12 He MOT'YT CTOATL PSALOM.

4. Cuauaja BbIOEpHUTE IIPOIKEKTOPHI B UETHLIPEX TOUKAX Ha
HamOOJbIIIEH BBICOTE M OCBETHUTE IIOJYIIPOCTPAHCTBO, PACIIO-
JIOXKEHHOE IO STUMU TOUKAMU.

5. IlycTh umciio i COCTOUT M3 OOHUX €NUHWIl, a a U b co-
CTOST W3 OBOEK M TPOEK, TaK YTO HHUKAKMEe IBa paspana He
coBmazamT. IIpMeHNB MeTOJ OT IIPOTUBHOIO, BHICHUTE, Ka-
Kue mu@dpsl MOKHO mpumucaTh K uwuciaam 1i, 2a, 3b, la, 2i,
3i, 1b, 2b, 3a.
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IlepBsoIii TYp

7 Kaacc

1. HaunHaoIUil MepBLIM XOIOM 3allMCBIBAET IIPOU3BOJIb-
HBIZT KO9(@UIIMEHT HpU 2 B IIePBOM ypaBHeHHH. 3aTeM Ha
XOJ BTOPOTO OH OTBeuaeT cienyiommMm obpasom. Eciam BTO-
poii 3amrchIBaeT KaKoi-To KO GuIeHT Ipu X U Ipu Y, TO
IIEePBBIN 3aIIMCHIBAET B TOM K€ CAMOM YPaBHEHUU IIPU Y WU
Opu X TaKou ke KoapurnuenT. Ecam :Ke BTOpoil 3anmCchIBaeT
KaKoOM-TO KO3(h(PUIIMEHT NPHU 2, TO HEePBLIA 3aIIMChIBAET IIPO-
U3BOJILHBIA KO3(MMUIIMEHT IPU 2 B OCTABIIEMCA ypPaBHEHUU.
ITonyuennas cucrema mmeet perterue (1, —1, 0).

2. IIycts O — menTp kpyra. Touku P u @ JeKaT Ha OKPYK-
HocTHu ¢ guamerpom OM, T.e. touku O, P, @ u M jexxaTr Ha
OKPYKHOCTHU HMOCTOSHHOTrO paguyca. IIpu stom nubo L PO =
=/AOD (puc. 4, a), aubo /POQ=/BOD=180°—- LZA0D
(puc. 4, 6), mosTOMYy AJMHA XOPAbI PR mOCTOSAHHA.

Puc. 4

3. Ilycth cymMa mepBBIX ABYX Hudp paBHaA N, U CyMMa
IBYX mocjemHmX mudp ToxKe paBHa n. YMcio n IPUHAMAET
sHauenus oT 1 mo 18. Eciam KoimyecTBO ABY3HAYHBIX HOMeE-
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POB, V KOTOPBIX cyMMa mudp paBHa 1, PaBHO d,, TO UCKOMOEe
4NCJIO PABHO a2 + a3+ ...+ ajg. [|BySHAUHBIH HOMED, y KOTO-
poro cymma 1mup paBHAa n, COCTOUT U3 nudp a u n—a, rae
0<a<9u0<n—a<9. Takum obpazom, 0<a<9un—9<
<a<n. Eciu n <9, To 1Ba HepaBeHCTBa dKBUBAJEHTHLI Hepa-
BeucTBY 0<a<n, a eciu n>9, To I1Ba HepaBeHCTBA YKBUBA-
JIEHTHBI HepaBeHCTBY n — 9 <a < 9. B urore nmonyuaem a; = 2,
ag = 3, ooy Ag :9, dg = 10, a9 :9, ceey A7 = 2, aig = 1.

4. CHayaJjyia peliuM CJeIYyIOIIyI0 3a1auy: B JaHHOM KBaapa-
Te OTMETUTh HA TpaHUIle ABe TOUKU A u B, Tax 4TOOBI OTHO-
IIIEHEe CYMMBLI PACCTOSAHUI OT TOUKMU A [0 BepIIUH KBaapara
K ajguHe oTpe3ka AB OblI0 MUHUMAJIbHBIM.

IIpe:xne Bcero saMeTuM, YTO CyMMa PaCCTOAHUUA OT TOU-
KM A [0 BepIIMH KBaJpaTra He 3aBHCHUT OT BbIOOpa TOUKH B,
II09TOMY OTHOIIEHNE OyaeT MUHNMAJIb-
HBIM, KOTZIa TouKa B ABJsgeTca HauboJjiee
yIAaJEHHON OT A BepIIWHON KBaapara.

O6osmauum BepiinHBI KBagpara K, L,
A M u N. Ilyctb TOYKa A JIEKUT Ha CTO-
poue KL Tak, utro AM > AN (puc. 5). Ilo-
KayKkeM, UTO

L M

K N AK +AL+AM+ AN _ KL+KM +KN
Puc. 5 AM = KM :
. AK + AL _ KL AN _ KN
IleficTBUTEILHO, AR+ AL S AL AN S ——  Tark Kak AM <

AM 7~ KM AM ~ KM
< KM un AN > KN, nosTomy

AK+AL+AM+AN AK+AL AM AN

AM AM + AM * AM
KL A KM = KN KL+KM+KN
Z“ KM "KM " KM KM

Taxum oOpasom, OTHOIIIEHNE CYMMBI PACCTOAHUHN OT TOUKH
A 1mo BepHIMH KBajpaTa K AJuHe oTpe3dka AB MHUHUMAJIBLHO,
Korjga A m B — IpOoTHBOIIOJIOXKHBIE BEPIIIMHBI KBaapara.

BepuéMca x mepBoHauanbHOI 3amadve. OOpaTuM BHUMAaHUE,
yTo TpebyeTcss HAWTH KBajpaT, IJs KOTOPOTO OTHOIIEHUE
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CYMMBI PACCTOAHUU OT TOUKU A 0 BEPIIUH K JJIUHE OTPe3Ka
AB MuHUMAJbHO (Tak Kak AJnHa oTpeska AB IOCTOSHHA).
TaxuMm 00pasoM, HYKHO IIOCTPOUTH KBAApaT, B KOTOpoM A u
B — mapa IpOTUBONOJIOMKHBIX BepHInH. [[JIsg 5TOTo IOCTPOUM
CepPeIVHHBIA NEePIEeHIUKYIADP K OTPe3Ky AB W OKPYKHOCTH

AB
pagnyca —- ¢ IEHTPOM B cepe/iuHe O otpesxka AB. Touku ux

IIepeceuyeHusd — JB€ OCTaBIIIMeECA BEPIIMHBI KBajgpaTa.

5. Hac uHTepecyOT He caMH UYHCJa, a JUIIb UX OCTATKU
oT nenenus Ha 1958. IlosTomy OyaeM 3amuchIBaTh B TAOJIUILY
octaTKu oT meneHusa Ha 1958. IlepBasa cTpoka TaOMUIILI HIPU

CUMMETPUN OTHOCUTEJLHO CPEJHEro YKCJa &258 mpeobpasy-
eTcsl CIeAyIOIIUM 00pasoM: OCTATOK k mepexomuT B —k (Immo-
IPYTrOMY 5TO MOYKHO CKa3aTh TaK: CyMMa UMCeJl, PaBHOyIA-
JIEHHBIX OT KOHIIOB CTPOKHU, AeauTtcsa Ha 1958). CiremoBaTein-
HO, IPA CUMMETPHUU OTHOCUTEJLHO IPAMOM, IIPOXOAAIEH ue-
pes cpenHue umcia, TabJauIla IpeodpasyerTcsa Tak, 4YTO OCTATOK
k nepexonut B —k.

Eciz B Kaxoii-TO CTPOKe TAOMUIILI CTOAT YUCHA A1, A2, ...,
a,, CyMMa KOTOPBIX paBHa S, TO B CJELYIOIIEH CTPOKE CTOAT
yucyga a; +aq, as+as, ..., d,_1+a,, CyMMa KOTOPbLIX paBHAa
2S —a; — a,. B paccmarpuBaeMoil cuTyanuu 4mucio a, + a, JIe-
autcsa Ha 1958, mosToMy Ipu mepexofie K CAeAVIOIel CTpoKe
CyMMa OCTaTKOB KasKIbLII pas yaBaumBaeTcd. B mepBoiil cTpo-

1958
Ke CyMMa OCTaTKOB paBHA — —, II0OITOMY BO BCEX OCTAJIBHBIX

CTPOKAaxX cyMMa ocTaTKoB paBHa 0. B uactHocTu, B mmociaenHein
CTPOKE CTOUT UMCJIO, Aessineecsa Ha 1958.

8 kaacc

1. Ilepswiii cnocob6. Ilyets OA;, OB; u OC; — mocTpoeH-
HbIe BEKTOPbI eIUHWYHON AJuHBI. IlocTpouM Tak:Ke BEKTOP
oC’ = —0C;. Toukra O nexuT BHyTpu Tpeyroabuuka ABC, mo-
sromy Jsyud OC)| sexkut BHyTpum yria A;OB;. . [ocrpoum Tpe-
yroasHUK A,0B; 10 p0M6a AIOB D. Torpa OD OA; +OB;
u OA; + OB, +OC1—OD+OC1—OD+C’O C’D IIycts S —
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OKpYy:KHOCTHh pazmyca 1 ¢ mentpom D. Toura C) sexur Ha
obpase ayru A;B; 3TOi OKPYKHOCTU IPU CUMMETPHUU OTHO-
cutenbHO npamoi A;B; (puc. 6). CienoBarensHo, Touka C
JIEXKUT BHYTPU OKpyskHOocTH S, T.e. C;D <1, uro u Tpe6osa-
JIOCh.

Bmopoii cnoco6. Ilyets OA;, OB; u OC; — nocTpoeHHbIE
BEKTOPHI €IWHWYHOU mauHBI. Touka O JeXUT BHYTPH Tpe-
yroabauKka ABC, mosTomy TpeyroabHUK A;B;C; OCTPOyroJb-
HBI1. IlycTs H — TOUKa mepecedeHUA BBICOT TPEYTOJbHUKA
A1B.C;. fcHo, uTo H N1eXKUT BHYTPU OIMHUCAHHOMN OKPYKHOCTHU
Tpeyroabauka A;B;C;, mostomy OH < 1. IlosTromy mocrarou-
HO JOKasaTb, uTo OA; +OB; + 0C; —OH. Samagum Toury H;
paserctBoMm OA; + OB +0C; =0H,. Torga

(A1By, C1H;) = (OB; —0OA;, OB; + OA;) = OB2 —0A% =0,

mostomy A, B; 1 C{H,. Anajgoruuto goxasbiBaercs, uto A;C; L
1 B1H; u B;C; L. A{H,. Takum ob6pasom, H; — TouKa Iepece-
yeHHUs BBICOT TpeyroabHuka A;B;C;, T.e. Touka H; coBmaza-
er c H.

2. Ilepsviii cnocoo. Eciu p; =p; m maHHBIEe ypaBHEHUA
UMeIoT oOIuil KOpeHb, TO ¢; = (3. 1loaTOoMy mocTaTouHO pac-
CMOTpeTh cjaydal, Kormga p; 7 ps. LlycTh HaHHbBIe ypaBHEHUA
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WMEIOT OOIIUI KOpeHbL X;. BulumTas M3 IepPBOT0 ypaBHEHUS
BTOpOE, moayuaeM (p; —pz2)Xo+ (1 —q2) =0, T. e. x; :ﬁ —
pammoHaJbHOE YUCJIO0. ITO PAIMOHAJIBHOE YMCJIO SABJISIETCS
KOpPHEM MHOTIOYJIeHA C IeJbIMM KOd3(p(UuiIueHTaMU M CO cCTap-
muM KoappuimertTom 1, mosTomy oHO 1esoe (cMm. «OcHOBHBIE
daxTei»). Takum obpasom, B ciydae, Korga p; 7 ps, JaHHBIE
ypaBHEHUS He MOTYT MMETh OO Helelblli KOPeHb.

Bmopoil cnoco6. PaniuoHanbHBII KOpPEeHb MHOTOUJEHA C
1eJbIMU K09(PUITMEeHTaMU U CO cTapiiuM KoadduiimenTom 1
aBasgercsa 1eabiM (cM. «OcHOBHBIE (haKTEI»), ITOITOMY OOIITUHA
KOPEeHb X; JaHHBIX YPaBHEHUI — HUPPAIIMOHATIbHOE UNCJIO0. ITO
4mca0 uMeeT Bufi a++/b, Thoe umcia @ u b paluoHaIbHBIE,
npuuéM yucio b uppamnuonansroe. ITo yerosuio (a+vb)2 +
+p1(@a£Vb) +q,=0, T.e. a®>+b+pia+q, £ (2a+p)Vb=0.
ITosTomy p; = —2a u q; =a? — b. Jlja uuces py U ¢s IOJydaeM
Te JKe caMble BBIPDAKEHU.

3. Ilycts O — 1eHTp mosisiubl, A, B u C — IIeHTPHI CTBOJIOB
coceH. Paccmorpum guamerp, nmepuneHAuKyaapHbiil OA. Tax
KaK JIOOM, HaXOAAINMecA B KOHIIaX STOTO AWaMeTpa, He BU-
IAT IPYT APyra, TO XOTA ObI OAUH CTBOJI COCHBI JOJIMKEH C HUM
nmepecexaTtbeA. [losToMy paguychl CTBOJIOB He MeHbIe R/4.

IIycts w4, wWp U We — OKPYsKHOCTU C HeHTpaMu B A, Bu C
u paguycamu R/4. PaccMOoTpuM OKPYsKHOCTh ) C IIEHTPOM B
O u paguycom R/2 (puc. 7). OrmeTumM, uTO 0OIIIasg BHEITHSS
KacaTenbHas JIO00U mapbl U3 OKPYIKHOCTEH W,, Wp U W¢, HE
mpoxonasaInas yepes ToukKy O, KacaeTcs OKpPy:KHOcTH . Ta-
KuM o0pasoM, Jobas KacaTelbHas K OKPYKHOCTU ) Iepece-
KaeTcs ¢ XOTdA ObI OMHOU 13 OKPYsKHOCTEH Wy, Wp UIN Wc.

Ho ecnu Tpu uemoBeka o0XOAAT IMOJSAHY, HAXOMIsSCHh B Bep-
IIUHaX IPABUJIBHOTO TPEYTOJbLHUKA, TO OTPE30K, COeTUHSIO-
Ui JI00BIX ABYX M3 HUX, OyJeT KacaTeJbHOW K w, a 3HAUUT,
OHU He CMOTYT YBUAETHh APYT Apyra.

4. Cm. pemtenue 3amaum 4 niaa 9 xKjaacca.
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Puc. 7

5. Ina xKa'KOOM M3 YeTBhIPEX MNAHHBIX IIPOEKIIUA MHOTO-
YrOJIbHUKA PACCMOTPHUM IIOJIOCY, COCTOSAIIYIO U3 TOUEK, KOTO-
pble IPOEeUPYIOTCSA HA JaHHYIO IPOoeKInio. Kaxgas rpanuma
TAKOM II0OJIOCHI IIepeceKaeT BCe OCTAJbHBIE II0JIOCHI, IIOCKOJIb-
Ky MHAUe IPOEKIUA MHOTOYIOJbHUKA ObLIa ObI MEHBIIIE, YeM
HyXHO. [I09TOMY JaHHBI MHOTOYIOJBbHHUK JIEXKUT BHYTPU (Pu-
rypbl, KOTOpPAasi IIOJYyYaeTCs IPU OTPE3aHUU OT IIPAMOYIOJIb-
HUKAa pa3MepoM 4 X 5 TpeyroJbHHUKOB CO CTOpOHAMU a4, 3 — a,
bul-—b (puc. 8). Cymma mioiazeil oTpesaHHbIX TPEYroJb-
HUKOB paBHA

@+ 53 -a)?+5b* + 5 (1-b)? =

3\2 9 1\2 1 _ 10
=(e-3) +5+(0-3) 127 =25

1
2

ITosTomy miomazask purypsl He mpesocxonut 20 — 2,56 =17,5.

9 Kaacc
1. [lyia Havasia 3aMeTUM, UYTO KOOPAWHATHI BeKTopa A;A; 4

l l
PaBHBI (iﬁ’ iﬁ)’ rae [— gjiuHA S5TOTO BEKTOpa, Iejioe

yuceao. Touka Ay umeetr KoopauHaTel (0, 1), T09TOMY KOOPAHU-
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1-b 3—a
A —_—
; ; ;
N\
AN
N
N
AN
N
N
N
N
N
N
N
N
N
N
N
N 42
N
N
N
N
N
N /
N 7/
N e
N/
N\
7N\
/ AN

7/ N

Puc. 8

V2

109

roe m, n—

Ha puc. 9 uszobpaxéno Hauago jJomanoii. UHAYKIUeH 110
n HECJIOKHO [O0KasaTh, UTO TOUYKA A4, WMeeT KOOPAMHATHI
(0, 1+nv/2), Touka Ay, — Koopaunats! ((n+1)v2,1-2),
TouKa Ay, — KoopauHaTel (0, 1— (n+2) \/5), a TouKa Ag,.3 —

KOOPAUHATHI <—

2n+3 1
vz 7T V2

Orcroza ciaenyer, 4To

Sa(n+1) = San + [AsnAuni1| + |[Asni1Aani2| + | AdniaAgnis| +
+ |Agni3A4nia| = San+ 2n+2)+ (2n+2)+ (2n+3) +

+ (2n+3) = 84, + (8n+10).

CiemoBaTesbHO, Sy, 4 — S4n > 8(n+ 1), OTKYHA Sy, > 22:1 8n=
—4n(n+ 1) >4n?. C apyroii cTOPoHHI, Iy, =|0A4,|=1+nv2 <
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<2n+1<3n (upu n > 1). Cregoparenso, 5 > ‘%” >n>1958
mpu n > 1958.

2. ITpenmmoosKuM, 4TO YTBEPIKICHUE 3a4aull HEBEPHO, T. €.
I HeKoToporo x, rae —1 <x <1, BBINOJHEHO HEpPaBEeHCTBO
|(a+b)x?+c|>1. UsmenuB npu HEOOXOAMMOCTH 3HAKY Y BCEX
uncen a, b, ¢, MOKHO cuuTaTh, uto (a -+ b)x?+c>1. Anajo-
T'MYHO, MEHASA 3HAK 4YMCJa X, MOYKHO cUuTaTh, 4ro bx < 0. ITo-
CKOJNBKY x> —1, bx? < —bx, a sHaunT, ax? —bx+c>ax?+bx®+
+c¢>1, 4TO HPOTHUBOPEUUT YCIOBUIO 3amaum. IlomydeHHOe
IPOTMEOPEYne NOKa3bIBaeT, uto |(a+b)x? +¢| <1 npm |x| < 1.

3. CHauaja MOKasKeM, UTO IIPOCTPAHCTBEHHAA (PpUrypa, co-
CTOsAIAA U3 IBYX He MapajejbHbIX U He COBIAAAIOIIUX IIPS-
MbIX [ u l;, UMeeT POBHO TPHU OCHU CHMMeETPUU. PaccMoTpuM
IJIS BTOTO ILJIOCKOCTh I, TapajielbHYI0 MPAMBIM [; u [y u
paBHOymaIEHHYI0 OT HUX (B Ciydae IepeceKaronuxcs Mps-
MBIX 9TO OyAeT comepskalas X IJ0CKOCTh). Eciiu mpu oceBoit
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CUMMETPUU KaskKgasd M3 IPAMBIX [; u [, mepexoguT B cels,
TO OCh CUMMETPHUH OPTOTOHAJbHA 00euM IpAMbIM. Eciau ke
npsmbie [, u [, mepexonsaT APYr B ApPyra, TO OCb CUMMETPUU
JIEKUT B IJIOCKOCTU I] W sABJsIeTCA OChI0 CUMMeETPUU (pury-
PBI, COCTOSAIEH M3 OPTOTOHANBHBIX MPOEKITNI IPAMBIX [; 1 [y
Ha maockocTh II. Takum obpasom, OCAMU CUMMETPUU OYAYT
mpsiMasi, OPTOroOHAJbHAS IJIOCKOCTU II M mpoXoasAIias uepes
TOUKY IIepeceueHnsI IPOeKITnii, U ABe OMCCeKTPUCHI YIJI0B, 00-
Pa30BaHHBIX OPTOTOHAJBHBIMU IIPOEKIIUAMU MPAMBIX [; U [y
Ha ILJIOCKOCTh I1.

Eciu ¢urypa, cocrosmiad m3 TPEX IPAMBIX, UMEET OCb
CUMMETPUH, TO IIPU CUMMETPUU OTHOCUTEJIHLHO 9TOM ocu Jubo
KasKaas U3 TPEX MPAMBIX IIEPeXOnuT B ceds, mubo ogHa mpH-
Masl IIepPexXomuT B cebs, a ABe OCTaBIIMeCd IIPAMBIE IIepexo-
IAT Opyr B apyra. IlosToMy och cuMMeTpUU (PUTYPBI, COCTO-
AIe U3 TPEX IPAMBIX, ABJIAETCA TAKIKe OChI0 CUMMETPUU
HEKOTOPBIX ABYX U3 9TUX NPAMBIX. M3 TPEX MPSAMBIX MOXK-
HO BBIOpaTh TPU Iapbl IPAMBIX. I[09TOMY KOJIMUYECTBO OCe
cuMMeTpuu (QUTYPBI, COCTOAIIEll M3 TPEX HPAMBIX, He Ipe-
BocxomuT 9. fAcHo Tak:Ke, UTO (PUTypa, COCTOAINAST U3 TPEX
B3aMMHO IEPIeHINKYJIAPHBIX HPAMBIX, HPOXOAAIIUX Uepe3
OIHY TOUKY, UMeeT POBHO 9 ocell cuMMeTpun.

1
5> MODTOMY X, <2,

1
a 3gauurt, x; = 1. IIycts a=0 U X = _- TIpH n=2,anpun>2
2

4. BreipaskeHue B JIeBOM uacTu OOJIbIIIE

1 1
— = u — =X,
3+ . 1 Xz + 1
oz op
n Xn
Torma 1 — 1 _ 1 T.e.lzl—i—a. Taxum obpasom
24a 1+x’° x ’
1+ ! = !
—1_x2+ 1
34— — Xgh——————
4+, 1 x4t 1
4l oL

n Xn



112 Pewenus. 1958 200

ScHo, uTO IEesble YacTW BBIPAYKEHUU B JIEBOUW U IIPAaBOU Ua-
ctu paBHBI 1 U Xy, mosaTomy Xs = 1. Ilocae sToro moayuaem
paBeHCTBO

1
3+ —— =23+ ————
4+, 1 X4+, 1
opl oy X

n Xn

CHoBa cpaBHUBAaA IeJble YacTH, IOJydaeM X3 =3 U T. J.

5. Ha3oBéM OTPE30K, ¥ KOTOPOro 00a KOHIA ABJISIIOTCS OT-
MEUEHHBIMU TOUKaAMU, NCe8000mMmMeueHHblM.

JlokaskeM yTBep:KAeHUE 3amauu WHAyKIuedn mo n. aa
n=1 yTBepsxAeHne oueBUIHO. IIpeamosos KM, UTO AJIsI = m
YTBepsKAeHNe 3a4aUl BePHO, TOTAA JOKAMKeM ero aiad n=m+ 1.

3amMeTHM, YTO B OTpe3Ke AJUHBI 3™!, pasdéuToM Ha TpHU
paBHBIE UACTU, IIE€PBAs U TPEThs UYACTH SABJSIOTCS OTPE3KAa-
MU IJIUHBL 3™ U YIOBJIETBOPAIOT IPEAIOJIOMKEHNI0 NHAYKITIAN.
ITostomy paas sgwo6oro kB Taxoro, uro 1<k<3™ cyllecTBy-
eT ICeBIOOTMEUeHHBLIA OTPe30K AJUHBI k. SICHO Takike, UTO
IpU HmapajjaelbHOM IIepeHOCe, COBMEIAIOIeM IePBYI0 YacThb
C TpeThell, OTMEeUeHHbIe TOUKM COBMEII[AIOTCS C OTMEUEeHHBI-
MH.

Temeps 3aMeTHM, UTO €CJIH B OTPe3Ke IJANHBI 3™ cylie-
CTBYeT IICeBAOOTMEUEHHBIN OTPE30K AJWHLI [, TO JOIMOJHEHU-
eM K HeMy OyAyT ABa IICEBIOOTMEUYEHHBIX OTpe3Ka (BO3MOK-
HO, OONVWH M3 HUX HMeeT HYJEBYIO IJINHY), IMPUJIETA0NINX K
KOHIIaM OOJIBIIIOTO OTPe3Ka M MMEIOIUX CYMMAPHYIO AJUHY
3™ —[. IIpu sTOM K IIeHTPaJbHOMY OTPE3KY AJUHBI 3" OyIyT
IpujaeraTh JBa OTMEUEHHBLIX OTPE3Ka, UMEIOINX CYMMAapPHYIO
nanuy 3™ — .

Taxum ob6pasom, ecaum 3™ <k<2-3™, TO ICEeBIOOTMEUEH-
HBIA OTPE30K IJUHBI k CYIIIECTBYET M COCTOUT U3 I[eHTPAaJIb-
HOTO OTpe3Ka AJIWHBI 3", a TaK:Ke HMPUJIErarolnux K ero KOH-
IlaM OBYX IICEBIOOTMEUEHHBLIX OTPE3KOB CYMMAPHOWN MJIMHON
kE—38™, rme 0<k—3"<8™. Ecimu xe 2-3"<k<3™!, m0 uc-
KOMBIA IICEBIIOOTMEUYEHHBINI OTPE30K CYIIEeCTBYeT, MOCKOJb-
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Ky CYIIeCTBYIOT JBa IIC€BAOOTMEUEHHBIX OTPEe3Ka, IPUJIerai-
IMUX K KOHIIAM OTpe3Ka AJuHBI 3™, ¢ cymmapHOil AnMHOI
0< 3™ — k< 8™, a 3HAUUT, NONMOJHEHWEM K HUM SBJIAETCH
TICeBAOOTMEUEeHHBIN OTPEe30K IJIUHBI k.

10 xaacc

1. [Insa KasKAOUW M3 YETHIPEX MAHHBIX HPOEKIUI MHOTO-
YTOJBHUKA PACCMOTPUM IIOJIOCY, COCTOSAIIYIO U3 TOUEK, KOTO-
pble IpoenupPyIOTCA Ha JaHHYIO mpoeKiinio. Kammaa rpaHuiia
TaKoO# IOJIOCHI IepeceKaeT BCe OCTaJbHBIE IT0JIOCHI, ITOCKOJIb-
Ky MHAUe MPOEKIIUA MHOTOYTOJIbHIUKA ObliIa ObI MEHbIIE, UeM
HysKHO. TakuMm 006pasom, mepecedeHre STUX MIOJIOC — BOCHBMU-
YTOJIbHUK P, KOTOPBIHT MOKEeT ObITh W BHIPOKIEHHBIM (HEKO-
TOPBIE €ro CTOPOHBI MOTYT KMMETh HYJIEBYIO IJIUHY). VICKo-
MBIl MHOTOYTOJBLHUK M 3aKJI0UaeTcsi BHYTPU BOCHBMUYTOJb-
HUKa P, OprYéM Ha KasKJOW M3 CTOPOH BOCBMUYTOJbHUKA P
IOJI’KHa OBITH XOTA OBbI OOHA BEpIWHA MHOTOyroJbHuKa M.
BribpaB Ha KaKmoli M3 CTOPOH BOCHBMUYTOJbHUKA P 1O of-
HOII BepIInHEe MHOTOYroJbHuKa M, IOJyYMM HOBBIA BOCH-
MUYTOJBbHUK @, KOTOPBIN TOXKEe MOKET OBITh BBIPOMKIEHHBIM,
IIOCKOJIbKY HEKOTOpPbIe M3 BBIOPAHHBLIX BEPIIHH MOTYT COBIA-
IaTh OIPYT C APYTOM WMJU C BEPIIMHAMH BOCBMUYTOJbHUKA P.
MuoroyroibHUK M BBITYKJIBIA, IOTOMY OH COAEPIKUT BOCH-
MUYTOJbHUK @ (Ha pucyuke 10 zamrTpuxoBaHa 4acTb MHOTO-
yroabHUKa M, pacmoyiosKeHHas BHe BOCBMHUYTOJIbHUKA). Ha-
Ia 3ajadya CBOOUTCA K TOMY, UTOOBI BHIACHUTDH, KOT[a ILIO-
II1aab BOCBMUYTOJbHUKA @ OyaeT HauMeHbIIIeH.

IIycte A, B u C— BepIIMHBI BOCBMUYTOJILHUKA @, pac-
MMOJIOJKEHHBIE Ha TPEX IOCJEJOBATENbHBIX CTOPOHAX MHOTO-
yroabauka P (puc. 11). Ilpu mepemerieHuu BepIUHBI B 1o
CTOPOHE, HAa KOTOPOU OHA PACHIOJIOKEeHA, ILJIOIIAlh TPEYToJb-
Huka ABC usMeHseTCsS MOHOTOHHO (MJIM OCTAéTCsA IIOCTOSH-
Hoit). IlosToMy MOIKHO CUMTATh, YTO B — omHa 13 BepIIUH
BOCBMUYTOJBbHUKA P. 9TO OTHOCUTCA U K OCTAJbHBIM BePIIU-
HaM BOCBMUYTOJbHHKA @. Takum o0pasoM, BepIINHBLI BOCh-
MUYTOJBbHUKA @ — 9TO HEKOTOpPhbIe M3 BEPIIUH BOCHMUYTOJb-
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Puc. 11
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Puc. 12

HuKa P. 9ToT HaAOOpP BepIIMH BOCBMUYTOJbHUKA P o0iamaer
CJENYIOIIUMHU ABYMs cBoiicTBaMu: 1) B HEM He MOTYT OTCYT-
CTBOBaTh JBE COCEIHIE BepIlIHAa BOCBMUYTOoJbHUKA P (nHaue
MIPOeKINA MHOTOYTroJbHUKA M oKasajgach Obl MEHBIIIE, UeM
Tpebyercs); 2) B HEM He MOTYT IPUCYTCTBOBATH TPHU IIOCJIENO-
BaTeJbHbIE BEPIINHBI BOCBMHUYTOJbHUKA P (MHAUe ILJIOMIalb
BOCBMUYTOJIbHIKA @ He Oblia Obl HamMmeHbIreii). Ilepebupas
BCe BapUAHTHI, OJIyYyaeM, UYTO BOBMOXKHBI JIUIIb ABA CAydUasd:
00 BOCBMUYTOJBHUK @ BBIPOMKIAETCA B UETHLIPEXYTOJIbHUK
(BepHIMHBLI BOCBMUYTOJbHUKA P OepyTcsa uepe3 ogHY, KaK Ha
puc. 12), aubo BOCBMUYTOJLHUK @ BBIPOKIAETCA B HATHU-
yroabHUK (BbIOMpaeTcs OoJHA BepIIWHA BOCBMUYTOJbHUKA P,
coceqHME C HEeWl 1 IIPOTUBOIIOJIOKHAA €l BePIIUHBI OTCYTCTBY-
0T, KaK Ha puc. 13).

Paccmorpum cHauasa caydaii, Korma BOCBMUYTOJBHUK @
BBIPOJKIAETCS B YETBIPEXYTOJBHUK. ITOT YETBHIPEXYTOJNBHUK
MOJKeT OBITh PACIIOJOKeH IBYMS PasHBIMH CHOcCOOaMI: CM.
puc. 12. IIpu pemrenuu 3agaum 5 aad 8 KJjacca OBIIO 00b-
SICHEHO, UTO OT IPSAMOYTOJbHUKA pasMepoM 4 X b mpH 3TOM
IEeMCTBUTEJIHHO OTPE3al0TCsa pPaBHOOEIPEHHBIE IIPAMOYTOJb-
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Puc. 13

Hble TPeyroJbHUKHN C KaTteramMu a u 3—a, b u 1—b, Kax
nmokasano Ha pucyHke 12. ITostomy B cayuasx (a) u (6) ue-
THIPEXYTOJBHUK @ TOJIyuaeTcsA B pe3yJbTaTe OTPe3aHUs Tpe-
YTOJIBHUKOB, CyMMapHAas IJIOIIaAb KOTOPEIX PaBHA

5@@ ) +(G-a)(1-b)+(B+b)(B—a) +b(2+a)) =7

%(a(4+b)+(1—b)(1+a)+(3—a)(5—b)+b(4—a)) -8

COOTBETCTBEHHO, CJIEJ0BATEJIbHO, IJIOIIAAb YEeTHIPEXYTOJbHU-
Ka @ pasHa 13 1 12 COOTBETCTBEHHO.

Paccmorpum Temephs ciyuaii, KOrga BOCBMHUYTOJbHUK @
BBIPOJKAAETCS B HNATUYTOJBLHUK. B aTOM ciyuae, B oTamuue
OT cJIyyas UYeThIPEXYTOJbHUKA, IJIOIIAAb MATUYTOJbHUKA @
3aBUCUT OT a u b. IIATUYroaIbHUK MOKeT OBITH PACIIOJOKEH
YeThIPbMSA Pa3HbIMU cmocobamu. [lelicTBUTEIBHO, OZHA €T0
CTOpPOHA JIEKUT Ha OOJIbIIEeHd MJIM HA MEHBIel CTOpPOHe MIps-
MOYTOJIbHUKA pasMepoM 4 X 5 ¢ BepTUKAJIbHBIMU U TOPU30H-
TaJbHBIMU CTOPOHAMM, a JApyras— Ha OOJbIIell WJIN MEHb-
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Puc. 14

el CTOpPOHE MPAMOYTOJBHMKA pasMepoM 3v2 x 412 ¢ Ha-
KJIOHHBIMY CTOPOHAMMU.

HecnoxxHble BBIUMCIEHUSA IIOKA3bIBAIOT, YTO B TeX IBYX
caydasx, KOrJa CTOPOHA HATHYrOJbHUKA JIEXKUT HA BEPTU-
KaJbHOU (00JbIlIei) CTOPOHE IPAMOYTOJbHUKA, €ro ILJIOMIalhb
He MeHbIle 12, a B IBYX OCTaBIINXCS CAyUYasX €ro ILJIONagb
ue menbire 10. ITpoBemém sTu BBIUKCIIEHHE AJISA IATHYIOJb-
HUKa @, n3obpakéHuoro Ha pucyuke 13. B sTom ciayuae otpe-
3aI0TCS TPEYTOJbHUKM, YABOEHHAS IJIOIAAb KOTOPBLIX pPaBHA
a(4+b)+(1—-b0)2+B+b)(8—a)+b(2+a)=10+a+3b+ab+
+ b2 <20, mockoabky a < 3 u b< 1. CiremoBaTeabHO, ILIOMALD
IATUYTOJbHUKA @ He MeHbIe 20 — 1 -20=10. PaBenctso n0-
cTuUraeTcs B cayuae, korga a=38 u b=1 (puc. 14).

2. C ogHOU CTOPOHHEI,
11551998 4 3419 — (1155°7)% + 34! > (11557)2.
C npyroii croponsl, 1155198 4 341958 < (1155%" + 2)2, nmockoss-
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Ky 341958 — (342)979 — 1156979 u

1156 979 1 979 1 1155
(1155) - (1+1155) < (1+1155) <3<4,

T.e. 1156°79 <4.1155°7°, (HepaBeHncTBO (1 + %)n < 8 cupaBe-

JUBO JJIs JII000TO HATypaJabHOTO 1n: cM. «OCHOBHBIE (PAKTHI»).

Takum ob6pasom, ecau 661 umeao 11551998 341998 Gruro
KBaJpaToM HATYpPaJbHOTO YUMCJa 71, TO YHCJIO0 71 ObLI0 ObI paB-
HO 115597 4 1. Ho aTOTO He MOKeT ObITh, IOTOMY YTO UMCJIO
1155°7 + 1 uérHo, a uucao 11551958 1 341958 yeudrHo.

4. B cuny cummerpuu npaBuiabHoro 100-yroabHUKA JIIO-
Oble MIBa 13 CTa YMCeJ BCTPeUaloTcsa B Habopax Ha TPUHAIIA-
TOM MeCTe OJMHAKOBOE KOJUYECTBO pa3, a 3HAUUT, KOJUUe-
cTBOo HabopoB kpatHo 100. Eciu HempepbIBHO IIOBOPAUYUBATH
npaBuabHBIA 100-yroJbHUK IIPOTUB YaCOBOU CTPEJIKU BOKPYT
ero IeHTpa, TO, BO-II€PBLIX, BCTPETATCS BCce HAOOPHI, KOTOPHIE
BOOOIIIe MOTYT BCTPETUTHCA, a BO-BTOPBLIX, cCMeHa HabopOB ec-
Ju u 6ymeT MPOMCXOIUTH, TO TOJBKO TOTAa, KOTAa OJHA U3
nuaroHasieii miu cropor 100-yroapHuKa OyzeT mapaJieabHa
Kpaio cTojia. Bcero pasJMuHBIX HaNpaBJIEHUU CTOPOH y IIpa-
BusibHOro 100-yromsuuka 50. Jlrobas guaroHaJ b mapaJiieiib-
Ha Jaubo cTopoHe, JuOO AMATOHAJNU, COEAWHSIOIIE BepIITH-
HBI MHOTOYTOJbHUKA, UAYINE uepes ONHY — TaKUX pPasind-
HbIX HampasjeHui erre 50. 3a moausiit o6opor 100-yroabuu-
Ka cMeHa HabOpOB IIPOUCXOAUT He 0ojiee ABYX pas IO KaxKmo-
My HaAIIpaBJIeHUIO, a 3HAUUT, Bcero He 6osee 200 pas. Yucao 1
BCTpeYaeTcs: Ha IIePBOM MeCTe KaK MUHHUMYM B ABYX Habopax.
HelicTBUTEILHO, ¥V BEPIIUHBLI, B KOTOPOM HamMCaHO 4ymcyo 1,
eCThb [Be COCeIHMEe BepIIUHBI, U 00a UYmcja, HAINCAHHBIX B
ATUX BepIINHAX, MOT'YT BCTPETUTHCS HA BTOPOM MeCTe, Koraa
Ha mepBoM MecTe cTouT 1. Kpome Toro, KosmuecTBO HaGOPOB
kpatHo 100, mosToMy Bcero pasiamdHbIX Habopor poBHO 200.
CraemoBaTebHO, CyMMa YICeJ, CTOAIMX B 3THUX HabOopax Ha
13-x mecrax caeBa paBHa 2-(1+2+...+100) =10100.
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5. Beegém HapALy ¢ KooOpAMHATAMHU B ILIOCKOCTH, B KOTO-
PO¥ ABUIKYTCSA TEINeXOJbl, eIlé M TPEeThI0 OCh KOOpAWMHAT —
och BpeMeHH’. PaccMoTpuM rpapuKy ABUKEHUS MEIIeXO0I0B.
fAcHo, UTO meIlIexoabl BCTpPeUalOTCsA, KOrga mX rpapuku ABU-
JKeHHus ImepecekaioTcsa. M3 ycioBus 3amaum cieayeT, 4TO rpa-
GUKU OBUKEHUS TPEThero M YeTBEPTOTO MEIeXOJ0B JeKaT
B TJIOCKOCTH, 3aJaHHOHW Tpa@uKaMu OBYX IIEPBBLIX IIEIIexo-
IoB (IIpU JOKAa3aTeJIbCTBE STOTO HYXKHO BOCIIOJIH30BATHLCSI TEM,
YTO HUKaKNe TPU JaHHbIe IPAMbIe He IIepeceKarTcsa B OTHOMN
Touke). IloaTomy rpaduKu ABUKEHUS TPETHETO U YETBEPTOTO
MeIIexX00B IIepeceKalTcs, IIOCKOJIbKY HUKAaKMUe IBe JaHHbIe
OpsaMble He IapaJijeIbHbI.

Bropoii Typ

7 Kaacc

1. I1epsuwiii cnoco6. IlpeamosokumM, 4TO HA IIJIOCKOCTH yaa-
JIOCh PACIIOJIOMKUTh D BBIMTYKJBLIX MHOTOYTOJBHUKOB TakK, YTO
KasKable Ba M3 HUX UMEIOT OOIIyi0 CTOPOoHY. Bribepem BHYT-
PU KasKIoro M3 MHOTOYTOJBHUKOB II0 OAHOI TOUKE; IYCTh 3TO
oyayt Touku A, B, C, D u E. 3ateM Ha Ka)XJI0ii 0o0IIei CTO-
poHe IBYyX MHOTOYTOJbHUKOB OTMETUM TOUKY W COeTUHUM €€
OTpe3KaMM C TOUKaMU, BLIOPAHHBIMU BHYTPU STUX ABYX MHO-
royroJibHUKOB. B pesyiawsrate Touku A, B, C, D u E 6yayT
IIOMAPHO COeAUMHEHBLI ABY3BEHHBIMU JOMAHBIMU, IIPUUEM STU
10 momMaHBIX He OyAyT MMETh OOIMX TOUEK 34 MCKJIIUeHHEeM
uxX KOHIOB. ITokakeM, UTO TaKOT0o OBITH HE MOIKET.

Jlomansbie, coeguusaioniue Touku A u B, Bu C, C u D, D
u E, Eu A, cCOCTaBISIOT 3aMKHYTYI0 HecaMOIIepeceKamIIyo-
ca JoMaHyo L, 1 oHa pasOmBaeT IJIOCKOCTL Ha ABe 00JIacTH:
BHYTPEHHIOI0 U BHeIrH0I0. I[loMrMO yKasaHHBIX JIOMAHBIX Y
HacC ecThb ellé 5 JoMaHbIX, COeIUHAIIUX Touku A, B, C, D
u E. Tpu us Hux jJgexxaT B oguoii obmactu. Cpequ 3TUX TPEX
JIOMaHBIX MO:KHO BBIOPATh ABe, HEe MMEIOIINe OOIINX KOHIIOB.
BosnrmMéM ommy m3 HuX. BmecTe ¢ jomamoii L oHa pasOuBa-
eT IJIOCKOCTHh Ha 3 00JIacTU, IPUUYEM KOHIILI IPYTOU JIOMAaHOM
Je:xaT B pasHbIX oOmactax. CiemoBaTesbHO, paccMaTpuBae-
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Puc. 15

mble 10 JOMAHBIX UMEIOT OOIIYI0 TOUKY, OTJINUYHYIO OT UX KOH-
1oB. ITosyueHo mpoTHBOpeUUe, IMIOITOMY HA IJIOCKOCTU HeJb-
35 PACIIOJIOYKUTE 00JIbIIE YeTHIPEX BBINMYKJBIX MHOTOYTOJbHU-
KOB TaK, YTOOBI KaKIble IBa M3 HUX MMEJIHN OOIIYI0 CTOPOHY.

Bmopoii cnoco6. Ilpenmoso:xuM, YTO Ha IJIOCKOCTU yJa-
JIOCh PaCIIOJIOMKUTDH IIATH BBIIYKJBIX MHOTOYTOJBHUKOB X, Y,
Aq, Ay, As TaK, UTO KayKJble JBa M3 HUX MUMEIOT OOII[YIO CTO-
pouy. IIpoBeném mpsmyio [ uepes oOIyi0 CTOPOHY I, MHOTO-
yroJabHUKOB X m Y. B cuay BBIIYKJIOCTU KayKIBIA M3 3TUX
IBYX MHOTOYTOJBHUKOB JIEXKUT IO OAHY CTOPOHY OT IIPSAMOi [.
Kaxaplii 13 oCcTaBIINXCSI MHOTOYTOJBHUKOB A; TMeeT O0IIyio
CTOPOHY KaK C MHOTOYTOJbHUKOM X, TaK M C MHOTOYTOJIb-
HukoMm Y. CiemoBaTeslbHO, Yy HETO €CTh TOUKHU II0 00e CTOpO-
HBI OT HNPAMOIi [, a 3HAUHUT, OH IIepeceKaeT 3Ty IPAMYIO II0
HeKoTopoMy oTpe3ky I;. Ha mpsamoii [ ¢ KaKO#i-TO CTOPOHEI OT
oTpes3ka I, JemxaT XoTsa Obl JBa M3 9THUX TPEX OTPE3KOB; 0e3
OrpaHUYEHUSA OOITHOCTH MOKHO CUMTATDL, UYTO IO OAHY CTOPO-
HY oT I ne:xkat otpesku I, u I,, mpuuém Ommxaimui K Iy —
aTo I, a cnenyromuii 3a auM I, (puc. 15). B Takom cayuae,
TaK KaK MHOTOYTIOJbHUK A, MMeeT o0II1e CTOPOHEI ¢ 000MMU
MHOTOyroJbHUKamMu X U Y, MHOTOYTOJbHUK A JIeXKUT BHYT-
pu o0bequHEHUST MHOTOYTOJNbHUKOB X, Y u Ay, a MIOTOMY He
MOJKeT MMeTh O0Ileli CTOPOHBI ¢ MHOTOyroJabHuUKOM Ajz. ITo-
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JIy4eHO IIPOTUBOPeUre, MOITOMY Ha ILJIOCKOCTU HeJb3s Paciio-
JIOKUTH 0OJIbIIIE YeTHIPEX BBINYKJBIX MHOTOYTOJLHUKOB TaK,
yTOOBI KasKIbIe ABa M3 HUX MMeJIN OOIIYyI0 CTOPOHY.

2. CHavaysa 3amMeTuM, 4TO y JI00OW mapel umcena (a;, a;)
(i #j) B Habope MOKHO M3MEHUTDH 3HAKHU. [[JIsT 9TOr0 BO3bMEM
IIPOU3BOJIbHBIE [IeCATH UKces, OTIUYHBIX OT a; 1 a;. Torga, us-
MEHMB 3HAKU CHavajla y 9TUX MEeCATH YUCeJ U Yuciaa d;, a mo-
TOM y TeX ’Ke JeCATHU UMceJ U YHCJa a;, IOJyYuM, UTO 3HAKU
U3MEeHUJINCh TOJBKO ¥ a; U a;. Temnepb 3aMeTUM, 4TO MOYKHO
M3MEHUTh 3HAK y JII00OTO umcja a; us3 Habopa. PaccMoTpum

IPOM3BOJIbHBIE AecATh uuceia by, by, ..., big, OTJIUUYHBIE OT a;,
TOrJa cCHauajla M3MEHUM 3HaKu y by, bs, ..., big, a;, a 3aTeM
usmMeHuM 3HaKu y map: (bq, bs), (bs, by), ..., (bg, b1g). Tem

caMbBIM B HTOre 3HAK M3MEHUTCA TOJBKO y a;. Takum olOpa-
30M, CMEHUB 3HAKH Y BCEX HECOBIAMAIOIINX YKCEJI, U3 JII0O0ro
Habopa MOKHO MHOJYUYUTh JIIOOOM APYroi HAOOp 3a KOHEUHOE
YHCJIO IIaroB.

3. Ha pucynke 16 npusenén
IpUMeP pacKpacKu KyOa, yIoo-
BJIETBOPSAIOINEN YCJIOBHIO 3aja-
yu. [Ipm KaKIoW W3 BepITUH
Kyba, IMOMeUeHHBIX OYKBOHW A,
€CThb TPU UEPHBIX U TPU OEJIBIX
yria B 45°, a mpu KasKIou us
OCTaJIbHBIX BEPIIUH €CTh TOJb-
KO OIUH YEPHBIN 1 OOUH OeJbIit
yroa B 45° u elé ecTb OAUH
YEPHBIA U OAWH OeJIbIil mpAMOi
yToJI. Puc. 16

4. PaccmoTpuM KBaApaTHBIN TpéxuieH f(x) = x(a — x), rae
a>0. Ilyctb b — MOJMIOKUTENIBHOE YHNCTIO0, b < 3 Ecmu b<x<
<a-—b, 1o f(x) >f(b) (puc. 17).
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Y

Puc. 17

ITonmoxxum a=n+1 u b=1. B pesynbrare moayuum, 4TO
ectu 1 <x<n, to f(x) >f(1)=n, roe f(x) =x(n+1—x). Ilo-
9TOMY ecau n > 2, TO

(1-2-...-.n)2=(1-n)-2-(n—1))- B(n—2))...(n-1) >

>n-n-n-....-n=n".

5. Eciu omHa M3 CTOPOH IPAMOYIOJbLHMKA paBHa 1, 00-
XOJI II0 IIePUMEeTPY yAOBJIeTBOPsieT ycaoBuoo. Korma giauna on-
HOl U3 CTOPOH HEUETHA, TO BO3MOXKEH 00XO0/I, IIOKA3aHHbIN Ha
pucyuke 18. Ecau ke IJuHBI 00eMX CTOPOH UETHEI, TO Ta-
KO 00X0J HeBO3MOKeH. [[efiCTBUTEIbHO, MPEAIIOIOKNIM, UTO

Puc. 18

oH cymrectsyer. Torga sagagum HaIIpas-
JeHne obxoxma. IIoCKOIBKY JoMaHas 3a-
MKHYTas, KOJINYECTBO 3BE€HbEB, HAIIPAaB-
JIECHHBIX BBEPX, PABHO KOJUYECTBY 3Be-
HbEB, HAIPABJIEHHBIX BHU3, AHAJOTMYHO
PaBHBI KOJIMUYECTBA 3BEHBLEB, HAIPABJIEH-
HBIX BIPABO W BJIEBO. A 3HAUWUT, AJINHA
JOMaHOUW moJyxKHa ObITh uérHoii. C mpy-
roil CTOPOHBI, KAK IIOKA3aHO HUMKEe, IJIN-

Ha JIOMaHOHU JoJIXKHA paBHATHCA (n+ 1) (m+ 1), To ecTh HeUeT-
HoMmy umcay. Ilosyuyman mpoTuBOpeUne.

HoxaxxeM, 4TO KaKuM ObI HU OBLI 00XO0J IPAMOYTOJLHU-
Ka, ecJii OH BOOOIIE CYIIeCTBYeT, ero AJMHA BCErga paBHa
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(n+1)(m+1). dxa sToro 3ameTuM, 4TO U3 JIOOOTO y3Ja CeT-
KU, PACIIOJIOKEHHOTO BHYTPU WJIHM HAa TPAHUIE MPAMOYTOJIb-
HUKa N X M, BBIXOAUT POBHO OJHO 3BEHO HYTH, IIOTOMY UTO
WHaUe B 9TOM y3Jie JIu0O HU pasy He MoObIBaJIM, JuOO IIOOLIBA-
Jgu GoJiee OJHOTO pasa. Bcero ys/jioB BHYTPHU WM Ha TPAHUIIE
npamoyroabuuka (n+1)(m—+1), a 3HaAUUT, AJUHA JIOMAaHOMU
paBHa (n+1)(m+1).

8 kaacc

1. BeiieiuM B IOJIYYeHHOM MHOTOYTOJbHUKE COBMECTUB-
muecsd yactu (Ha puc. 19 st yacTu 3amTpuxoBaHbl). Bee cTo-
POHBI, He OPUHAIJIEKAINE 3alITPUXOBAHHBIM MHOT'OYTOJIb-
HUKaM, BXOIAT B IIEPUMETP MCXOMHOTO W MOJYUYEHHOTO MHO-
TOyTOJIBHUKOB. UTO ’Ke KacaeTcs 3alllTPUXOBAHHBIX MHOTO-
YTOJIBHUKOB, TO MX CTOPOHBI, JieKalllue Ha MPAMOI crubda,
BXOOAT B IEPUMETP IIOJYUYEHHOTO MHOTOYTOJIBHUKA, a BCe
OCTaJIbHbIE — B IIEPUMETP HCXOJHOTO MHOTOyroJbHUKAa. Tak
KaK y JiIo00ro MHOTOYTOJIbHIKA CyMMa ero CTOPOH, JIeXKAIIINX
Ha HEKOTOPOH IIPAMOM, MEHBIIIE CyMMBI OCTAJbHBIX CTOPOH,
TO TEePUMETP HCXOAHOTO MHOTOYTOJIbHUKA Bcerza OOJIbIIeE,
YyeM IePUMEeTP IIOJYUEeHHOTO.

Y

7, 2

Puc. 19

KomMmenTapuii. B cBsg3u ¢ 9TOl 3ajgaueil IIpeacTaBjseT HWHTEpPeEC
BOIIPOC O TOM, MOJKHO JIM TaK CJOKUTH IPSAMOYTOJbHBIM JUCT OymMaru Ha
ILJIOCKOCTH, UTO IIEPUMETP IOJYUEHHON (PUTYPHI MPEBLICUT IEPUMETD HC-
XOAHOTO JHUCTa. ITOT BOIpoc ObL1 mocraBieH B. . Apuoabgom B 1956 ro-
ny. Hactuunble pereHus Obliu moaydeHbl P. Jlsaurom u U. dAmenko B 90-e
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ToAbI, a UCXOoAHAA 3amava ApHoisbaa Oblia perteHa A. TapacoBbIM TOJBKO
B 2004 rozxy. Ilompo6HOCTU MOYKHO HaiiTH Ha caiiTe «MaTeMaTuuecKue 3TIO-
nel» (http://www.etudes.ru/ru/mov/mov051/) unu B crarbe A.IlerpyHu-
Ha http://arxiv.org/abs/1004.0545.
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eIuHUILI. [eficTBUTEILHO, MTYCTh 00a 9TM YmMcja He IPeBoC-
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b1:1, b2:0, anbo b1:O, b2:1.

YTO IPOTUBOPEUYUT ycjoBUio. MTakK, OJHO U3 YUCeJ

3. Pacemorpum Touku M’ u N’, B KoTopwIxX npsmbeie CD u
CE mnepecerkator npambeie OB u OA; ecau yron AOB ocTpbIii,
to mpamblie CD u CE nepecekator ayuu OB u OA, a eciu 3TOT
YroJl TYIIOM, TO OHM IIEPECEKAIOT IPOMOJIKEHUA BTUX Jydei
(puc. 20).

ITycts ZAOB = a. Torga OM = OE |cos o/ = OM’ |cos o|? u
ON =0D |cos o/ =ON’ |cos &|?, mosromy M'N’ || MN. Touka C
SIBJISIETCSI TOUKOI mepeceueHus Buicor M'E u N'D TpeyroJb-
Huka OM'N’, nosromy OC | M'N’. Cinegosarensno, OC 1. MN.

4. TlepemHo)xuB HepaBeHcTBa 1<n, 22<n?, 33<n?, ...,
(n—1)""1<n"1, n"<n", noryaum

2 3 14+2434...+ M
1.2%.3°-...-n" <n T =pn 2
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[oufe)

Puc. 20

5. Ilyers Dy, ..., D, — HemepeceKamwInueca KPyru AUAMET-
pa 1, LeHTPHI KOTOPBIX IIPUHALJIEKAT MHOIOYrOJbHUKY M.
Paccmorpum Hapany ¢ Humu kpyru D), ..., D) paguyca 1 ¢
TeMHU Ke ImeHTpamu. IIpeamnosoxum, uro kpyru Di, ..., D) He
MMOKPBIBAIOT KaKy0-1100 TOuKy A MmHoroyroabuuka M. Torga
aTa TOUKa yIajeHa OT IEHTPOB BCEeX KPYroB HE MEHBIIE UeM
Ha 1, mosTomMy Kpyr auamerpa 1 c meHTpoM A He ImepeceKaer-
¢S HU C OSHHUM 13 KPyros D1, ..., D, ntuamerpa 1, 1 ero MOMHO
I00ABUTL K STUM KpyraM. OTO IPOTHUBOPEUYUT OIPeHeIEHUIO
ymeJsia a, MO3TOMY HAallle IPeAIIooKeHe HeBepHO, T.e. KPy-
ru D}, ..., D), paguyca 1 IOJTHOCTHIO IOKPHIBAIOT MHOTOYTOJIb-
HUK. A Tak Kak b — HamMeHbIIlee UYMCJIO KPYyros paauyca 1,
KOTOPBIMH MOYXHO IMOKPBLITH MHOTOYToJbHUK M, To b < a.

KommenTapuit. Hucaa a u b moryT ObITh paBHBI. Hampumep, ecau
MHOTOYTroJabHUK M oueHb May, Toa=1u b=1.

9 kaacc

1.Ecma x4+ (x+1)# 1= (x+2)% !, ro x¥ 1= (x+2)% 1
(mod x+1). Ho x¥ '=(-1)%»"1=—1 (mod x+1) u (x+2)¥ =
=1%"1=1 (mod x+1). ITostomy 1=—-1 (mod x+ 1), a 3Ha-
yut, x+1=2, t.e. x=1. Ilogcrasasasa x =1 B ucxomgHoe ypas-
HeHMe, NPUXOAUM K ypaBHeHmio 1+ 2%-1=3%-1  goropoe
UMeeT TOJBKO OJHO pelreHwue: y=1.
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2. Eciu n=2k, TO mOJOBUHY JIyuell IIPOBEAEM B OSHOM
HaAIIpaBJIeHNM, a OCTABIIYIOCA IIOJIOBUHY — B IIPOTHBOIIOJIONK-
HoM. Eciu e n=2k+1, To k nydueil mpoBeméM B OJHOM
HanpaBJIeHUM, a ocraBmuecd K+ 1—B IPOTHBOIIOJIOMKHOM.
0O60o3HaYnuM CyMMY IIOIAapHBIX YIJIOB OJA TAaKUX HAOOPOB n
nyudeit uepes S(n). fcuo, uto S(2k) =k?-180° u S(2k+1) =
=k(k+1)-180°.

JokakeM MHAYKIIMEN IIO0 1, YTO CyMMa MOMapHBIX YIJIOB
MEXIYy n JydamMu He MOKeT ObIThb Oosbiie S(n). Hua n=2
9TO YTBEp:KIeHNe OUeBUAHO. [IpeamosioskumM, UTO OHO BEPHO
IS Bcex n < m, U TorJa AOKaxkeM ero ajada n=m+ 1.

Mg1 Oyzem mMOJIB30BATHCA TEM, YTO €CJU Ha ILJIOCKOCTHU TOY-
Ku O mIpoBeZleHbI ABa IIPOTUBOIOJIOKHO HAIIPABJIEHHBIX JIydya
OA; u OA,, to LA30A, + LA30A, =180°, rme OAz; — am060it
IPYTOH JIyd, IPOBEAEHHBIN U3 9TOU KEe TOUKMU.

IIpenmosiosxuMm, UTO cyljecTByeT Habop m3 m + 1 jgyueit c
O0osbIeli CyMMOII IIOIIAPHBLIX YIVIOB Mexay Jgydamu. IlycThb
OA —oguH us stux Jaydei. Torma mpsMasi, Ha KOTOPOM Je-
JKUT 9TOT JIyd, HEJUT BCe JYUYM Ha TPU T'PYHILI: JIEKAIue
B OJHOM WM B APYroii IOJYILJIOCKOCTSX, a TaKiKe JIerKalue
Ha 9TON mpAMoi. J[OMycTHM, UTO Cpegu paccMaTpUBaeMbBbIX
Jyudeii HeT Jiyua, gomoiuHsomiero jgyd OA gpo mpamoii. To-
rIa MOXKHO moBopaumBaTh ayd OA, m10 Tex IOp, IIOKa OAWH
n3 Jiydell He CTaHeT AOMHOJHATH ero no mpamou. Ilpuuém Ta-
KOl TOBOPOT B CTOPOHY IOJIYILIOCKOCTH, B KOTOPOW JIyuei
He MeHbIIle, UYeM B APYTOii, He YMEHbIIIAeT CYMMY IIOIIapHBIX
YTJIOB MeKAy BcemMu Jydamu. Takum oOpasoMm, 0e3 orpamuue-
HUS OOIITHOCTY MOXKHO CUUTATDH, UTO JIYY, HOIMOJHAIONINHN JIyY
OA no mpsamoii, ecTsb. BriOpocuB M3 paccCMOTPeHUS ABa IPO-
THUBOIOJIOKHO HAIPaBJEHHBIX JIyda, II0 IIPEAIIOJOMKEHUI0 WH-
OIYKIIUY TOJYUYNM, UTO CyMMAa ITOIIapPHBIX YIJIOB MEXKIYy OCTaB-
IMIUMUCS JydaMu He Mo)keT mpeBbImaTh (kB — 1)2-180°, ecau
m+1=2k, u k(k—1)-180°, eciu m =2k + 1. A 3Hauur, cym-
Ma IIOHMApPHBIX YTJIOB MEKIY BCEMU JIydaMHU He ITPEBBIIIAET
(E—1)2-180°+2(k—1)-180°+180° =£2.180°, ectu m + 1 =2k,
uk(k—1)-180°+ (2k—1)-180°+180°=Fk(k+ 1) -180°, ecau
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m =2k + 1. IloryueHHOE TIPOTMBOpPEUNE ITOKA3BLIBAET, YTO HAa-
111e IPEeAII0JIOKEeHIe HeBePHO, II09TOMY He CyIllecTByeT Habopa
u3 m+ 1 gydeit ¢ 60JbIIeil CyMMOI TOIIAPHBIX YTJIOB MEXKIY
JIy4aMu.

3. lecTh Quitiek, cToAIMUX HA YEPHBIX KJeTKax (puc. 21),
OBIOT BCe KJIETKM [OOCKHU. JlefiICTBUTEJbHO, BCE KJIETKU 3a-
IITPUXOBAHHOTO IEeHTPAJIbHOTO poM0Oa OHU OBIOT IIapaJiieb-
HO MaJIOW nuaroHaJid, a OCTAJbHBLIE KJETKU OHU ObIOT mapaJi-
JIEJIBHO CTOPOHAM.

JAVAV VAVAVAVAVAVAY
JAY VAVAVAVAVAVAVAV/
VAVAVAVAVAVAVAVAV/
AVAVAV. 7% ZAVAVAV)
ANAVAY: -
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INININEZZTININL
/NN
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Puc. 21 Puc. 22

IToxaxem Temepn, uTO 5 (PUIIEK He MOI'YyT IIOOUTHL BCE KJIET-
Ku gocku. oA nmatu ¢uinek Bcerga HanayTcs 4 MMOJOCHI, ma-
panaerbHBIX OSHOM cTOpOHe pomba, 1 4 MOJIOCHI, IapaJlielb-
HBIX JPYTOii CTOPOHE pomMOa, Ha KOTOPBIX HeT uirex. OHU me-
pecekaioTcs Mo 32 TPeyroJbHBIM KJeTKaM. KasKayio m3 3Tux
KJIETOK (PHUIITKA MOYKeT OUTh TOJBKO IIapajjieJbHO MAaJol aua-
romaau. Paccmorpum omHy m3 Takux mojoc (pumec. 22). Tpe-
YTOJBbHBIE KJIETKMW TOM IIOJIOCHI, IPUHAIJIEKAIINE YEeTHIPEM
moJjiocaM APYToro HampaBJeHUA, JiedKaT II0 KpaliHell Mmepe Ha
5 pa3JIMUYHBIX AUATOHAJIAX. [[eiCTBUTEIHHO, BCETO TAKUX KJIe-
TOK 8, HO TpU Haphl KJIETOK, IPUHAIIEKAIINE COCETHUM IIO-
JocaM, MOTYT OKas3aThCsa Ha OAHOU AumaroHanu (KJaeTKu 2 m 3
Ha pucyuke 22). PaccMoTpeB BTOPYIO IIOJIOCY, MBI IIOJIYUUM
0 KpalilHel Mepe OAHY AOMOJHUTEJIbHYIO TUAroHaJb, T. €. II0
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KpaiiHeii mepe 6 pasnnuHbIX AuaroHaigeii. Hamm 5 Quimnex
He MOTYT CTOSATHh Ha IMeCTH PasJUYHBIX MUATOHAJISIX, II0JTO-
My OHM He MOT'YT OUTHh BCE KJIETKU JOCKH.

4. IIycts D4, ..., D, — HemepecekaroIluecs KPyru paguyca
1 ¢ meuarpamu O, ..., Op, JeKAIUMU BHYTPU MHOTOYTOJIb-
Huka M. Bce Tourku O; jge:xaT BHYTPU MHOTOYroJabHUKA M u
paccTosgHMe MeXKIY JI0BIMU IBYMS U3 HuUX OoJblie 2. Ciemo-
BaTeJbHO, B JI0O00M u3 Kpyros D}, ..., D pagmyca 1, mOKpPHI-
BAIOINX MHOTOYTOJbHUK M, MOMKET comepKaThCcs He 0oJiee
oxuoit u3 touexk O;. Tourku Oy, ..., O, comepsxarcs B 00beau-
HeHUU Kpyros D, ..., D), nostomy a > b.

5. PaccmoTpum rpag, BepIiirHaMu KOTOPOTO SABJIAIOTCS 3a-
JKUMBI, a pé0paMu — COpPOoTUBIeHuA. Mexkay BepiuHamu A
u B He MOXKeT OBITHL HMYTH, COCTOAIIEro m3 MeHee uem 10 pé-
0ep, IIOCKOJbKY MHaUe IPU KOPOTKOM 3aMBIKAHUU BceX PEdep
9TOTO IIYTH y HAaC MOJYYasoch OBl KOPOTKOE 3aMbIKaHUe IIemu.
Kpome Toro, mja mob0bix 9 pédep cylecTByeT nyTh u3 A B B,
He IPOXOAAINUN uepes 9T pedpa.

IIycTts A, — MHOKECTBO TeX BepIuH rpada, AJd KOTOPBIX
KpaTyalmuil IyTh A0 BepPIIUHLI A cocTouT U3 kK pédbep (MHO-
JKecTBO Ay cocTouT u3 BepinmuHbl A). Bepmimuaa B mpuHan-
JEeKUT HEeKOTOPpOMY MHO:KecTBY A,, roe n > 10. Muo:xecTBa
Ay m A, DOMKHBI coequHATH He MeHee 10 pébep; To Ke ca-
MOe BepHO W [uid J000M Iapsl MHOXKeCTB A, m Ajy1, THe
0<k<n—1. ITosTromy Bcero pédep (T.e. CONPOTHUBICHUI) He
mensbire 10n > 100.

ITpumep menu ¢ 100 conporusienuamu — 10 momapHo Here-
pecerkatommuxca mytedn aauHbl 10 m3 BepInuHBI A B BepIIIu-
HYy B.

10 xaacc

1. ITpu y=0 ypaBHeHUTe, OUeBUIHO, He UMeeT pelrteHud. [Ipu
y =1 ypaBHeHue obpaiiaercsa B KBaJpaTHOE, UMEIOIIee JINIITh
OZHO pelieHue X = 3 (BTOPOIi KOPeHb X = —1 OTpHUIlaTeJIeH).
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IIpegnono:xxum Temeph, uto y > 1. JlokaskeM, YTO B 9TOM
ciaydae ypaBHeHHUe He uMeeT pemtenuii. Uncaa x% u (x + 2)%
OJHOM Y6THOCTH, TO3TOMY UmcI0 (X + 1) uérHo 1 uncymo x + 1
TOKe UE€THO, T.e. x + 1 =2k. IlogcraBum sTO 3HAUEHUe 1 3HA-
yeHud x=2k—1 u x+2=2k+1 B ypaBHeHUe U BOCIIOJIb3Y-
emcsa (hOpMYJIOl pasIoKeHuss OuHOMA:

CE-1)%+ (2R)% = (2k+ 1), (1)

[(2R)% —2y- (2R)* ' 4 ... — 2y -2k + 1] + (2R)* =
= (2B)¥ +2y- (2R)* '+ ...+ 2y-2k+ 1.
ITepenecém Bce ujeHbl, Kpome 2-2y-2k, B JIeBYIO YacCTh U

BeiHeceM (2k)® 3a CKOOKU (3TO MOYKHO CHeJIaTh, HOCKOJIBKY
Yy > 2, a 3HauuT, 2y >4):

(2k)°[-2C3, — 2C3,(2k)® — ... — 2C3, (2k)* " + (2k) > *] =
=2.2y-2k.

ITocne cokpareHus obenx YacTell paBeHCTBa Ha 8k moJryua-
€M, YTO YMCJIO I HOJIYKHO AeJUTHCS Ha K.

HoxaxxeM Temnepsb, 4TO Yy < kB, a IIOTOMY J He MOYKET JeJIUTh-
ca Ha k. Pasgenum ciaraemble B paBeHcTBe (1) Ha (2k)%:

(1— 2—1k)2y+1 _ (1+21—k)2y.

1\% 1\%
fcHo, uTO (1 - ﬂ) <1, mostomy 1+ <1 — ﬂ> < 2. C npy-

1 2

. 1\% 2y 9
roii CTOPOHEI, (1—1-%) :1+ﬁ+02y<2k) + ..., TaK 4YTO

1\% 2y 2y 2y
<1—|—ﬂ) > 1—|—ﬂ. CrepgoBaTenabHO, 1+ o < 2, II03TOMY o < 1,
T.e. y <k.

2. Paccmorpum cHauajga cayuaii, Korga oTpes3ox AB 1e-
JIMKOM IIPOXOJIUWT BHYTPU WJM II0 TPAHUIE MHOTOYTOJbHUKA.
Ilepeceuenue npsamoit AB ¢ MHOTOYTOJBHUKOM MOKET COCTO-
ATh U3 HECKOJBKUX OTPE3KOB U TOUEK, HO OHO 00A3aTesIbHO
COZIEP’KUT OTPE30K I, KOTOPOMY IIPUHAAJIEIKUT OTPe3oK AB.
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Puc. 23 Puc. 24

JomHa orpeska I He MeHbIe MJIUHBI oTpedka AB. Ilepumerp
MHOTOYTOJIbHIKA He MEHbIle YABOEHHOI IJUHBLI oTpeska I,
TIOCKOJIbKY KOHIIBI OTpedKa I pasOWBAIOT T'PaHUILy MHOTO-
YTOoJbHUKA HA JBe JIOMaHBIX, AJUHA KaXIOM M3 KOTOPBLIX He
MeHbIIle AJuHBI oTpedka I. CiemoBaTeIbHO, IEPUMETP MHOTO-
YToJbHUKA He MeHbIle YABOGHHOUW MJIWHBI oTpe3ka AB, T.e.
oH GoJibIrie 2.

Paccmorpum Temeps caydaii, Korjga oTpe3ok AB He IpPoOXo-
OUT IeJNKOM BHYTPHU WMJIU II0 TPaHUIle MHOTOYIOJIbHUKA. B
9TOM cJyuae IepeceueHue mpsamMoit AB ¢ MHOTOYTOJbLHUKOM
COIEP:KUT [[BA HeIlepeceKamInxcA OTpe3Ka, Ha OJHOM U3 KO-
TOPBIX JIEKUT TOUuKa A, a Ha ApyroM — Touka B. KoHIIBI 9THX
OTPE3KOB Pa30dMBAIOT TPAHUIy MHOTOYTOJbHUKA Ha 4 yacTu,
U OJImKaiIme Ipyr K IPyry TOUKH 3THUX OTPe3KOB (Toukm A’
u B’ ma puc. 23; rpaHUIla MHOTOYTOJbHUKA CXeMaTHUYHO 1300~
paskeHa TJIaAKOM KPUBOI) MOTYT IPUHALIEKATH J100 OTHOMN
u3 3Tux uvacreu (puc. 23), 1ubo pasHbIM (puc. 24). 3amMeHuM
KaKIyI0 U3 JBYX YacTell IPaHUIlbl MHOTOYTOJbHUKA, COEIu-
HAMIOIUX KOHIBI OJHOTO X TOTO K€ OTPe3Ka, Ha 9TOT OTPE30K.
B pesynbraTe mMOIydYMM MHOTOYTOJbHUK, BBIJAEJEHHBINA JKUD-
HBIM HA PUCYHKe; IIePUMETP dTOT0 MHOTOYTOJbHUKA He 00JIb-
II1e IepuMeTpa MCXOMHOI'0 MHOTOYTOJbHUKA. JIeTKO y6enauTh-
csl, UTO IMOJYYEeHHBI MHOIOYTOJbHUK COCTABJIEH U3 ABYX JIO-
MAaHBIX, COeIUHAIONINX TOUKU A 1 B U IPOXOAAIIUX BHYTPHU
WU II0 TPaHUIle MCXOAHOTO MHOrOyroJbHUKa. IlosTomy Ire-
puMeTp IMOJYyYeHHOr'0 MHOTOYTroJbHUKA OoJibille 2, a 3HAYUT,
IepUuMeTpP MCXOAHOTO MHOTOYTOJbHUKA TOKe 0oJbIie 2.
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3. PaccmoTpuM Bce BapmaHTHI HA00OPOB OIIEHOK (UETBEPOK U
IATEPOK) 1Mo 2n mpeameraM. HasoBEM uenvio TaKyio IOCJIEIO-
BaTEeJHLHOCTH HAOOPOB OIEHOK, HAUMHAIOIIYIOCS CO BCEX UeT-
BEPOK UM OKAHUYMBAIOMIYIOCSA BCEMU HATEPKAMU, UTO KaKIbINA
CJAeAYIONTUHN HAOOP IoJydyaeTcsa U3 IPeNbIAYyINero 3aMeHOH Of-
HOW YeTBEPKU HA HNATEPKY. B Imenm KaKAbIA CJIemyIOIUI Ha-
00D OIeHOK JIyUIlle IPeAbIAYIIero, IO3TOMY B JIIO0OH IIeIu MO-
JKeT BCTPETUTHCSA He 0ojiee OAHOTO Habopa OIEHOK, peaibHO
CYIIeCTBYIOIINX y YUYEHUKOB MIKOJBI. O0Ilee KOJIUUECTBO Ta-
KHUX Ilellell PaBHO UYUCJY II€PECTAHOBOK 271 3JEeMEeHTOB, T. €.
(2n)!. B camom gene, ecaum cHauajia 3aMeHsAeTCA UYETBEPKA,
CTOsAIIasA HA MeCTe C HOMEpPOM i, 3aTeM YeTBEPKA, CTOAIAsd
Ha MecTe ¢ HOMEepoOM iy, U T.J., TO TAKUM 3aMeHaM COOTBET-
CcTByeT mepecTanoBKa (i1, iz, ..., ia,).

IToraskem, uTo HAOOP OIEHOK KAaKJIOTO YUYEHUKA IITKOJIBI
comep:kuTcs He MeHee ueM B (n!)? nmensax. IIpeAnonoKum, 4To
ero HabOp OIEHOK (UETBEPOK U IISATEPOK) COAEPIKUT K IATE-
pox. Torma sToT Habop OIeHOK comep:kuTca B k!(2n — k)! 1e-
nax. JlefiCTBUTEJIbHO, YTOOBI IIOJYUYNJIACH IeIlb, COAep K aIas
aTOT Habop, HAJO CHAUaJia 3aMEeHUTh HA MATEPKU OIEHKU II0
TeM k IIpegMeTaM, II0 KOTOPLIM B HabOpe CTOAT IMATEPKU, a 3a-
TeM 3aMEHUTDH OIleHKU II0 BCeM OCTaJbHBLIM Ipeameram. Ocra-
éTcA 3aMeTHTh, uTo k!(2n — k)! > (n!)2.

IIycThs umcio yueHMKOB B IIIKOJie paBHO X. HaGop oleHOK
KaXKJ0r0 U3 X YUeHUKOB COZep:KUTCA He MeHee ueM B (n!)2
IensaxX, IPUUYEM B OJHOW IleNH He MOTYT coAep:KaThbcsa Habo-
PBI OIIEHOK ABYX PAa3HBIX YUYEHUKOB, II03TOMY HAOOPHI OIle-
HOK YUeHHUKOB cojiep:karcs He MeHee ueM B x(n!)? menax. Ho

KOJMUecTBO Bcex Ilemeil paBHo (2n)!, moatomy x(n!)? < (2n)!,
@n)!
(n!)z - gn’

T.e. X < YTO U TPeOOBAJIOCH.

4. Ilycts h, — BBICOTa, OMYIeHHAS M3 OJHOI M3 BEPIIUH
mapaJjjejorpaMMa Ha CTOPOHY a, h, — Ha CTOPOHY b.

HoxaxxeM, 4To 00BEM Teja, IMOJYUEHHOT'O BpAIleHUEM Ta-
KOT'0 mapaJujiejiorpaMMa BOKPYT CTOPOHBI @, PaBeH 00HEMY U~
JUHIpPA C BLICOTON a U pagmnycoM ocHoBauus h,. Eciu ocHoBa-
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HUe BBLICOTHI /1, TIOIIafaeT Ha CTOPOHY d, TO MOYKHO paspes3aThb
MCXOAHOEe TeJI0 M0 KPYry, 00pasoBaHHOMY BpallleHHueM 3TOI
BBICOTBI U, IIEPECTABUB YACTU, HOJYUUTH ITUJIUHAP C BLICOTOM
a U pagmycoM OCHOBAHUSA h,. A 3HaUUT, 00BEM IMUIWHAPA pa-
BeH 00bEMY MCXOJHOTO Teja BpalleHusa. Eciu :Ke ocHOBaHUE
BBICOTHI IIOIIAJaeT Ha IIPOJOJKeHe CTOPOHEI @, TO paspeskeM
MCXOMHOE TeJIO Ha JIBe YacTH KOHYCOM, ITOJIYUAIOIIUMCS MIPU
BpallleHn1 MEeHbINell m3 AuaroHaJjel mapaJesiorpamma. Ile-
pecTaBuUB UACTU, MOJYUYUM (PUTYPY, MOJYUEHHYIO BpaIleHU-
eM BOKDPYI' CTOPOHBI @ MapaJiiejorpaMMa, IIOJYYeHHOTO IIe-
pecraBieHreM dYacTell MCXOMHOTO MapaJiiejorpaMMa, Ha KO-
TOpBIE eTo HeJUT MEeHbINasd AuaroHaJjb. IIpu 9TOM OcHOBaHUE
BBICOTBHI CMECTHUTCS Ha PacCTOSHINE @ M0 HAIIPaBJEHUIO K CTO-
pore a. TakuMu omeparusaMU MOMKHO TOOUTLCSI TOr0, UTOOBI
BBICOTA IIOIIaJjIa Ha CTOPOHY.

HUrak, 06b€M Tesia, IMOJYUEHHOTO BpallleHHeM IIapasijieso-
rpaMMa BOKDPYT CTOPOHBLI a, paBeH nah’. AHaJOTMYHO O0b-
€M TeJjia, IOJIYUYEeHHOTO BpallleHueM IIapaJjijiejgorpaMmMa BOKPYT
CTODOHEHI b, paBeH mbh?. BaMeTHM, UTO ILJIOMIAABL IIAPAJLIENO-
Vo mahi b

rpamma S =ah, =bh,. A 3uauur, Vo T wh a
b

5. Ilycts k — mocienHee IOKasamHOe dYmciao. JloKakeM,
YTO BTOPOII MOKET OHpPemeJUTh YMCJI0, HAIlMcaHHOe Ha 000-
poTe mocyiefHel KapTOYKMW TOTAA W TOJBKO TOTAA, KOTJa BbI-
TIOJIHEeHA OJHA M3 CJIEAYIOINX BO3MOMKHOCTEH:

1) Boiiu mokasaHbI BCe UMCaa OT E A0 1 BKJIOUUTEILHO.

2) Boitu mokasausl Bece uncia oT 0 10 £ BKIIOUUTEIHHO.

3) Boliu mokasaHBI Bce uucya Mexay k u l#k, a uucio [
OBLIIO IIOKA3aHO OBAMKIEI.

CrauaJjia JoKaKeM, UTO B KaKJOM M3 3TUX CJIyUaeB UMUC-
JI0, HaIrcaHHoe Ha 0o00poTe IOocjegHel KapTOuKH’, OIIpeze-
JUTH MOJKHO.

HelicTBuTEILHO, B cyuae 1) BTOPOIi 3HAET, YTO HA KAPTOU-
Ke, KoTopas Oblja IOKasaHa CTOPOHOI 1, ¢ APYroil CTOPOHBI
HamucaHo uucjo n— 1, Ha KapTouKe, MOKA3aHHOW CTOPOHOI
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n — 1, HamMcaHoO YUCJIO N — 2, ..., HA KapTOUKe, MOKa3aHHOM
CTOPOHOIT k, Hamucauo uucyao k — 1.

Cayuaii 2) cumMmerpuueH cayuaio 1). B ciyuae 2) ma o6par-
HOH CTOPOHE HAIMCAHO umcjo k+ 1.

B ciyuae 3) ma o6paTHOU cTOpoHe OymeT HAIIMCAHO YUMCJIIO
k+1, ecnu [ <k, nu ynciao k — 1 B IPOTUBHOM CJIyUae.

Ilpeamososkum Temepb, YTO BTOPOM MOJKET ONPeneINTh
YMCJIO, HAITMCAHHOEe Ha 000poTe mocjenHell KapTouku. Jloka-
JKeM, UTO TOT/Aa BBITIOJHEH OOuH u3 caydaeB 1)—3).

IlycTs umeno, HanmmucaHHOEe HA 000POTE MOCIEeLHEeH KapTou-
KU, paBHO k+ 1. BTopoii MoxxeT caesiaTh BBIBOJ, UTO Ha 000pPO-
Te IMocJefHell KapTOUKM HAIMCAHO YMCJIO0 kE+ 1, TOIBKO U3 TO-
ro, uTo Kaprouka (k — 1, k) y:Ke BcTpeuasach pamee, IpUUEM
oHa OblLiIa IOKasaHa cTopoHoit £ — 1. [leficTBUTeIbLHO, €cau 00e
kaptouku (k, R+ 1) u (k— 1, k) ObLIN MOKAa3aHLI CTOPOHOM £,
TO HeJIb3s Y3HaTh, KaKasd 13 HUX OblLIa IMOKasaHa IOoCJaeqHeld.

Ecau BecTpeuanncs ob6e KapToOuKu, IIOKA3aHHBIE CTOPOHON
k—1, To MBI TIomagaeM B cuTyanuio 3). Eciu BcTpeuasach
TOJBLKO OJHA KapTOUKa, IOKAa3aHHAas CTOPOHON k — 1, TO MBI
3HaeM, UTO BTOPOI MOMKET IIPO Heé YCTaHOBUTh, UTO Ha 000pO-
Te Hanucauo k. Takum oO6pasoM, MBI IOIaJaeM B CUTYAaIlHIO,
AHAJIOTUUYHYIO CUTYAIlUM C MCXOLHON KapTOUKOW, HO C MEHb-
muM k. YMeHbIIasd TaKUM 00pa3oM £, MBI IOHAAEM B OJHY U3
curyanuii 2) uianm 3).

Ecau Ke umcio, HammcaHHoe Ha 000poTe IIOCJemHel Kap-
TOUKK PaBHO k£ — 1, TO Mbl aHAJOTUYHO IIOIAAEM B OJHY U3
curyanuii 1) uanm 2).

1959 200 (XXII orumnuada)

IlepBroIii TYp

7 Kaacc
1. PaccMoTpuM ABOMUYHYIO 3alUCh YKCIA 4 =, ... &y. 1IyCTh
i1y +v., Iy — TMOBUIIUU, Ha KOTOPBIX cTOouT Iudpa 1. Torga a =

_ n i__ s iy s i I
=Y o2 =" og2=3" 2" 3ameTuM, UTO @; HEYETHO
TOTAa WM TOJIBKO TOTOA, KOTZa Ha i-i HMO3UI[MM ABOUYHOHN 3a-
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nucu uucjaa a crout nudpa 1. ITocKoabKy cupaBa OT @; CTOUT
i 8 i 8 i

b-2', uckomas cymma pasHa y , , b-2"=b > | 2"=ab.
KomMmMmenTapuii. 3TOT 10BOJIbHO 3 (EKTUBHBIN CII0CO0 YMHOMKEHUS

YyceJ] MHOT/JA HA3BIBAIOT CIOCOOOM PYCCKUX KPECThSIH, a WHOTAA eruIleT-
CKUM CIIOCOOOM.

21959 .21958 21958

2. flcHo, uTo 22 —1=22 —1=42" —1.Yucmo 4" — 1=
=(4-1)4"1+4" 2+ ... +4+1) genurca 5Ha 4 — 1 =3 npu Jm0-
oomM 1.

3. JlocTaTouHO MOKa3aTh, UYTO BCe ABY3HAUHBLIE UMCJA, HE
OKaHUYMBAKIMIINECA HYJAMU, MOMKHO PACIIOJIOMKUTL B IIOCJIENO-
BATEeJIbHOCTU TaK, UTOOBI IIOCHeNHAA IMudpa KasKIOoro ducja
OblJla paBHA IIEPBOM Iu(pe cienyiomiero 3a HuM. [leiicTBu-
TeJbHO, B TAKOM IOCJEeN0BaTeJbHOCTHU IIepBasd Iu(dpa IIepBO-
ro 4Ymcja COBIIAJAeT C IIOocJemHel IU(dpoi ITOoCJIeTHEro Yuc-
Jia, IO3TOMY TAKyI0 IOCJIeI0BaTeJIbHOCTh MOKHO 3amucaTh 10
pas moapAn, U B IEePBOH ITOCJIEN0BATEIBHOCTU MEXAY Iudpa-
MU KaXJIOT0 JBY3HAUYHOTO uucJja BecTaBuTh 0, BO BTOPOIi BCTa-
BUTH 1 u T.a. B pesyiabrare moayuum TpebyeMyro IocJieoBa-
TEeJIbHOCTD.

3amava 0 IIOCJIeq0BATEIbLHOCTU ABY3HAUHBLIX UMCEJ IOIIyC-
KaeT CJIeAYIONIYI0 TeOMeTPUUECKYI0 MHTepIrpeTanuio. Paccmor-
pPUM OpaBUJIbHBIN 9-yrOJBHUK U COIIOCTABUM €T0 BEPIIMHAM
mudpsl oT 1 70 9, a HampaBIEeHHOMY OTPe3KY 13 BEPIIUHELI d B
BepiuHy b comoctaBum umcyo 10a + b. Tpebyerca moxasarTs,
YTO MOYKHO BBIATH M3 HEKOTOPOH BepINIMHBI 9-yrolbHUKA U
COBEPIIIUTH O0XOJ II0 €r0 CTOPOHAM M AMATOHAJIAM TaK, UTO-
OBl KaXKIYIO CTOPOHY W NUaroHaJb IPONTU ABaKABI (B IPOTHU-
BOIIOJIOJKHBIX HAIIPABJIEHUAX) U BEPHYTHCSA B MCXOTHYIO Bep-
muHy. IlocTaTOYHO HOKas3aTh, YTO MOYKHO COBEPIIUTH 00X01
TaK, YTOOBI II0 KaKIO0I CTOPOHE U AMATOHAJU HMPOUTH POBHO
onuH pas. [leficTBUTEIHLHO, TAKON 00X0J] MOYKHO TOBTOPUTH B
IIPOTUBOIIOJIOXKHOM HAIIPABJIEHUN.

Paccmorpum oTmesnbHO CTOPOHBI, AMATOHAJIMW, COENMHSIO-
ITUe BEePIIWHBI Yyepes OAHY, Yepes ABe W uepeld Tpu. [lmarona-
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JIY, COeIMHSION[NEe BEePIIUHBI Yepes ABe, COCTABJISAIOT TPU TPe-
yroabHUKA. MBI He MOKeM COBEPIINUTH TPeOYyeMbIH 00XO0n 1o
TAKUM JIUATOHAJIAM, II09TOMY

Io0aBUM K HUM CTOPOHBI MHO- 1,4,19
rOyroIbHUKA. 1A IOIy4eHHOM 11,18, 216
KoHpUrypamumu tpedyeMblii 00-

X0J M300pasK€H Ha PUCYHKe 25! 14,17, «6,10

MBI BEIXOJMM 13 BEPIINHEI C II0-

MeTKoIi 1, maéM B BepIIUHY C R P
IIOMETKOI 2, 3aTeM B BEPIINHY 3,13 2,7
C IOMETKOWi 3, W T.nh. U, Ha-
KOHEI[, M3 BEePIIUHLI C IIOMEeT-
Kol 18 BosBpalrjaeMcs B MCXO/I-
HYIO BepUInHY. A 11d KoHpUry-
pamuum, CoCTOAINel U3 AUaroHaaeil, COeUHSIONINX BEPIIAHEI
yepes ogHY (uepes TpH), 00XO0J OUEBUIEH.

9,12 8,15
Puc. 25

KommenrTapuii 9itsep mokasana, 4To ecau rpad CBA3EH U KOJUYE-
CTBO BEPIINH, U3 KOTOPBIX BBIXOAUT HEUETHOE UMCJI0 PEGep, He IIPeBOCXO0-
IUT OBYX, TO MOYKHO COBEPIIUTH 00XOJ 3TOr0 rpada Tak, UTOOBI IO KaiK-
oMy pebpy mpoiiTu poBHO onuH pas. (Cm., Hanmpuwmep, [6], sagaua 22.6.)
B paccmaTpuBaemoM B 9ToIi 3amaue rpade HET BEePINUH, U3 KOTOPBIX BBIXO-
IUT HEYETHOe UHMCJI0 PEOGep, MO3TOMY TAaKOIl 00XOJ CYII[eCTBYeT U 3aKaHUM-
BaeTcda OH B TOH jKe BepIIWHE, B KAKOU HAUMHAETCH.

4. TIpeamoo:KuM, UTO JAAbsS COBEPIIMJIA O0XOJ IaxMaT-
HOM JOCKHU, IMOOBIBAB HPU 9TOM Ha KaKIOM II0J€ II0 OJHOMY
pasy. Ilokas:kem, uTO TOoT[a Jaabs OOJI:KHA JuOO cIAeaaTh XOI
BIOJIb KaKIOW BePTUKANU, JuO0 BIOJb KaXKIOW TOPU3OHTA-
au. HelicTBUTENbHO, IIYCTh BJOJb HEKOTOPOM BepTUKAJU Jia-
Ibs HUKOTAA He Jeisasa xoxa. Ilo ycimoBuio jgaabs mobbIBaja
Ha BCeX MOJIAX AdTOW BEPTUKAJM, IIO3TOMY KasKJI0e e€ I1oJie Ja-
Ibs IIPOXOANJIA, OBUTASICH BAOJL COOTBETCTBYIOIEll TOPU30H-
ranu. CiaemoBaTeabHO, JIaAbs ABUTAJNACh XOTA OBl OOWH pas
BIIOJIb KaKJIOM TOPU30OHTAJIN.

Ilycth, mis ompemeéHHOCTH, Jaabs ABUTANACH XOTA OBI
OIVH pas3 BAOJb KasKI0U BepTmKau. Ha Kamayio BepTUKaJIb
(KpoMe, OBITH MOJKET, TOM, ¢ KOTOPOM HAUMHAETCS 00XOHd, U
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TOM, HA KOTOPOII 00XOJ 3aKaHUMBAETCS) JaAbs OOJKHA CHA-
yaJjila BOUTH, a 3aTeM BbIiTH ¢ He€. Ilpm Bxome Ha BepTH-
KaJib M IPU BBIXOJE C Heé 00A3aTeJIbHO [eIal0TCs IIOBOPOTHI.
Taxum oOpasoM, 00Illee UUCJIO TO-
BOPOTOB He MeHbIe, ueMm 6-2 + 1 +
+1=14. [eiicTBuTeNbHO, €CTHb 6
BepTHUKAJIEN, Kyaa Jagbsa BXOAUT U
OTKYZA BBIXOLWUT, €CTh HAYAJIbHA
BEePTHUKAJIb, OTKYAA JIAAbs TOJBKO
BBIXOJUT, 1 €CTh KOHEUHAs BEePTU-
KaJib, Ky/Ja Jagbs TOJIBKO BXOJINT.
WUrak, manbs He MOXKET cAesaaThb
menbIle 14 mosoporos. IIpumep 06-
Xo0Ja, coJepJxaliero posuo 14 moso-
poTOB, IPUBEIEH Ha PUCYHKe 26.

5. BBeéM Ha IIJIOCKOCTH CHCTEMY KOOPAMHAT TaK, YTOOBI

1 1
BEPINUHLI KBaJgpaTa HMeJIN KOOPAUHATHI (ig, j:g). 3ame-
TUM, UTO AJIA TOUKU ¢ KoopamHaTtamMu (X, y) cyMMa paccTosd-

HUI 0 CTOPOH mapasiieabHbIX Oy paBHa 2|x|, ecan |x| > 5o |

paBHa 1, ecau |x|< % AHaIOrMYHO IJIs1 CTOPOH, Iapajieib-
HBIX ocu Ox.

Buyrpu xBazpara cymMma pacCTOSAHWII A0 CTOPOH ITOCTOSH-
Ha ¥ paBHa 2, IIOYTOMY BHYTPH KBajJpaT HET TOUEK MCKOMO-
ro I'MT. PaccmoTpum Temeph OcTajJbHBIE BOCEeMbL OOJiacTeii,
Ha KOTOpbIe NpAMBIE, COAep:Kalliie CTOPOHBLI KBaapara, pas-

OMBAIOT IIJIOCKOCTh. B ueThIpEX 13 aTUX obJjacTeii, 3agaBae-
1
Ey
VAOBJIETBOPAIOT ypaBHEHUIO | x|+ |y| = 2. B aByx obiacTax, 3a-

1
MBIX HepaBeHCTBaMH |x|> 3 U ly| > 5, Touku uckomoro I'MT

IaBaeMbIX HepPaBeHCTBaAMHU |x| < S u ly| > 5, TOUKK MCKOMOTO

E)
3
I'MT yposierBopsoT ypaBHeHUio 1+ 2|y|=4, 1.e. |y|= 5 B
1 1
ABYX 00IacTAX, 3ajaBaeMbIX HepaBeHCTBAMU |x|2> 5 u |y|< 3,

3
touku nckomoro I'MT ymoBieTBOpPAIOT ypaBHEHHIO |X| = 5
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Y
94

Puc. 27

Taxum obOpasom, mcxkomoe I'MT — BoCBMUYTOJBHUK, CTO-
POHBI KOTOPOTO JIEXKAT Ha MPAMBIX, 3aJaBa€MbIX ypaBHEHUA-

MU x::tg, y::l:g, x+y=42, x —y==+2 (puc. 27; UCXOTHBIHI
YeTBIPEXYTOJbHUK N300paKEéH MyHKTUPOM).

8 kaacc

1. IIpu KaxkaoM IepenBaHUYN MBI YBEJINUNBAEM AN YMEHb-
I1aeM coJep KumMoe 00uKu Ha 2 — V2 unu ma V2. ITosTomy Ta-
KMMHI KOBIIIaMHP HeJb3s IEPEJUTh 00BEM KUIKOCTH, OTJINU-
HBII oT m(2 — \/§) +nv2 JUTPOB, TlAe m U n — IeJble Yucia.
ITosTOMYy ZOCTATOYHO JOKAa3aTh, YTO UMCJIO 1 HeJb3s mpencTa-
BUTH B Buge m(2 — \/Q) +nV2, Tme m u n— meJble YUCIAa.

Eciu m#n, to auciao m(2 —+/2) + nv/2 uppanuoranbHo.
A ecim m=n, To 3TO uKMcJg0 4€THO (0HO paBHO 2m). B oboux
caydyasgx OHO He MOJKeT ObITh paBHO 1.

2. Bce Takue unca JOJMKHBI COCTOSATh U3 UM, UMEIOIUX
CMBICJI IIPY IIePEeBOPAYMBAHUM JIKUCTA, IPUUEM UHCJIO OIIpeje-
JISIeTCsI IePBBIMU MATHIO CBOMMU IMudpaMu. 3aMeTuM, UTO IIs-
Tasg nmudpa He MoKeT ObIThL 6 mam 9, a Tak:ke mepBas mudpa
ue mo:ker ObIThb 0. Ilosmyuaem, 4TO AJIs IIepPBO¥ IMU(PHI UETHI-
pe Bapmanta — 1, 6, 8, 9. [I;a BTOpPOIi, TpPeThell U YETBEPTOI
narts BapuauToB — 0, 1, 6, 8, 9, a 114a mATOM Tpu BapuaHTa —
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0, 1, 8. Takum obpasom, IMOJIyuaeM, UTO BCETO TAKUX UKCEJI
4.53.3=1500.

3. Ilycrb paccrosume or Touek A, K m B mo nmpamoinr CD
h1+ h2

paBHEL hy, h u hy. Torma h = —5 - IlycTs mymHA CTOPOHBI
CD paBHa 2a. TOI‘,Ha SCKD:ah, SADM:%ahl n SBCM:%ahz.

ITostomy Scxp =Sapm + Sgey- BelunTas u3 o6enx yacTeil sTo-
ro paBeHCTBa Spcy + Sopy, IOTyUaeM Tpedbyemoe.

5. Ilycts Ry u Ry — paguychl JaHHBIX OKPYXHOCTEH ¢ I[eH-
rpamu O; u O,. PaccmarpuBas BHYTpPeHHHE KacaTelbHbIE
a; u ay, moayuaem, uto Touka O jexur Ha orpeske 0;0,,
npuuém O0;0:00;=R;: R, (puc. 28). Temepdb JIETKO BBLIUUC-
JIUTh paccTosiare X oT Touku O 10 KacaTeJbHOU as (OHO ke

PaBHO W PACCTOAHMIO A0 KacaTeJIbHOU ag). llelicTBUTENBHO,
R1 -002 _ RIRZ
0:0:  Ri+R
BBIpAKEHNE CUMMETPUYHO OTHOCUTEAbHO R; m Ry, mosTOMYy
paccroarus ot Touku O J0 KacaTeJabHBIX d; U dg TOYKE PABHEBI
RiRs
Ri+Ry’
Haiiném reneps paccrosume y ot Toukm O 10 KacaTeTbHBIX
as n ay. Hna oumpememéHHocTH OymeM cUuUTaTh, 4TO Ry > R;.

x:R;=00,:0,0,, mosTomy x = . IToryuennoe

Puc. 28
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Puc. 29

IIycts A — TOuKa IepeceueHUA KacaTeJlbHBIX a3 U ay4. Torma
A01 :AOz :R1 :Rg (pI/IC. 29), II03TOMY A01 10102 :Rl . (Rg —Rl) ’

Ry —R
T. €. 0101: 2R L
1

AQO,;. CiremoBareiabHO,

AO = AO; + 0,0 = AO; + %0102 — A0, (1 + gf;g) _
B 2R
= A0, Ri+Ry’
2R, _ 2RiRy

Takum o6pasom, y: Ry =A0: A0, =

T. €. = .
Ri+Ry’ y R+ Ry
Paccroauue Y B ABa pasa 60.7'1131116 paccToadHud X, IIO9TOMY

MOKXHO ITPOBECTHU ABE Tpe6yeMble OKDPYHOCTH.

9 Kaacc

1. PaccmoTpuM BeIpaskeHHe (ai + ...+ G1959)1°%°. C oxHOIA
CTOPOHEI, 9TO BBEIPAYKEHIE PABHO 1, IIOCKOJIBKY A1+ ... + Q1950 =
=1. C gpyroii CTOPOHBI, PACKPBIB CKOOKM, MbI IMOJYUYUM CYM-
MY BCeX BO3MOXKHBIX IIPOM3BEIEHUI UMCEJ @;, B Ka)KI0e 13
KoTopbixX BxoaaT 1000 MHOKUTENIEH, TPUUEM UKCIA @; B 3TUX
IIPOU3BEAEHUAX MOIL'YT IIOBTOPATHCA HECKOJIBKO pa3. Kpome
TOTO, IIPOM3BENEHUSA, OTIHUYAOIINECH IIOPATKOM MHOMKUTE-
Jieil, BXOOAT B 9Ty CYMMY OTZAeJbHO APYr oT apyra. Tem ca-
MBIM, KasK[as paccMaTpuBaeMas B 3aJaye KOMOMHAIIMSA BXO-
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IUT B 9Ty CYMMY, HO B 9Ty CyMMY BXOZAT eIllé U APyrue cja-
raembie. Bce ciiaraemMble IOJIOMKUTENIbHBI, CJIeI0BATEIBHO, HC-
KoMas cyMMa MeHbIe 1.

3. Ilyctb A m B— maHHbBIe TOYKHU, S — JaHHaAsd OKPYK-
HOCTBb, S’ — OKPYKHOCTB, IIPOXOAAINIas dyepe3d Touku A m B
U IIepeceKaroras OKPYKHOCTh S B ABYX TOUKaxX. Ecau meHTp
OKPYKHOCTH S JIEKUT HA CEePEeIMHHOM IIePHeHINKYIApe K
orpesky AB, To obiras xopma OKpy:HOCcTern S m S’ mapau-
JdenbHa npamon AB. Ilokaskem, 4YTO ecjid IEHTP OKPYIKHO-
cTu S He JIEXKUT Ha CepPeIUHHOM MePIeHIUKYJIIpe K OTPe3Ky
AB, TO mJsd BCeX PasJIMYHBIX OKPYKHOCTel S’ o0Ias xop-
Ia okpyskHocTelr S m S’ (Miau €€ IIPOJOJIMKEeHIUE) IIPOXOMUT
uyepes OOHY M Ty Ke TOuKy. IlycTs OKpyskHOcTH S u S’ me-
pecexarorcsa B Toukax M u N, a npavbie AB u MN mepece-
katoTca B Touke P. IlycTh HekoTOpas OKPYKHOCTb S}, IPO-
xXomdIiasa uyepe3 ToUuKu A u B, mepecekaeT OKPYKHOCTb S B

Puc. 30
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Toukax M, u N, a npamaa PM,; mepecekaeT OKPYXHOCTHU
S u S| B Tourkax N| u NY, orsmunasix or M, (puc. 30). o-
CTaTOYHO IOKasaTh, 4To Toukum N; m N/ coBmagaror. flcHo,
uyro PM,-PN{=PA-PB=PM PN =PM,:-PN',, nosromy TOY-
ku N| u N coBnagator. Touky P, B KOTOPOH IlepeceKaroTcs
o01e XopAbl OKpysKHOCTEH S u S’ (MM UX IPOLOJIFKEHIS)
HECJIOKHO IIOCTPOUTD, IIOCTPOUB IIPOU3BOJIBHYI0 OKPYKHOCTD,
MIPOXOASAINYIO uepes Touku A u B.

Xopabl OKPY:KHOCTUA S, MMeINue AAaHHYIO AJUHY, Kaca-
I0TCs (PUKCUPOBAHHON OKPYKHOCTH, KOTOPYIO JIETKO IIOCTPO-
uTh. Ilocse 3TOro ocraércs IMOCTPOUTH KACATEJILHYIO K 9TOM
OKPY:KHOCTHU 160 mapaieabHyio AB (B cayuae, KoTga IIeHTP
OKDPY:KHOCTHU S JIEKUT Ha CePeIUHHOM IePIeHIUKYJIIpe K OT-
pe3ry AB), 1u60 IPOXOIAIIYIO Uepe3 TOUKy P.

4. ToxaskeM MHAYKIKed 1o k, urto P, <3 1.P, npu k>1.
3ametuM, uTo Kaxkmada (k-+ 1)-3BeHHasa JioMaHas IIOJydaer-
cs mpubOaBJieHHEeM IIOCJAeIHero 3BeHa K k-3BEHHOM JIOMAHOM.
K 1106011 k-3BeHHOM JIOMAHO# B KOHIIEe MOKHO ITPUOABUTD €116
OJIHO 3BEHO He 6oJiee ueM TpeMs crrocobaMu, a 3HAYUT, P, 1 <
<3P, cregosarenbHo P, ; < 3" P;. [IoCKOJbKY OJHO3BEHHBIX
JIOMaHBIX, HAUNHAIOIINXCSA B 3aJaHHON Touke O, 4yeTwIpe, II0-
aydaem, 4T0 Pj.; <4-3F< 2.3 uyro u TpebGosanock noKa-
3aTh.

5. B TpeyrosbHmMKeEe MOKET OBITH TOJBKO OAWH TYIION YIOJI,
IIOATOMY TYIION YTOJI JIEKUT IPOTUB TOW CTOPOHBI, AJWHA KO-
TOPO¥ CTPOro OOJIbINIe AJUH BCEX APYTHUX CTOPOH. B uacTHO-
CTU, HAMOOJIBINIAS CTOPOHA TPEYTroJbHUKA He MOYKeT OBITh CTO-
POHO# Tymoro yrJa.

Breibepem B manHOM TeTpasape HamboJiblllee pebpo (ecau
HECKOJIbKO pébep TeTpasapa MMeIOT HaumbOJbIIYI0 AJIUHY, TO
BbIOEpEM JI000e M3 HUX). ITO pedpo ABJIsgeTcsa OOIIel cTo-
POHOW ABYX TPEYTOJBHUKOB, IIPUYEM B KaKJIOM M3 HUX 3Ta
cTopora HaubosbInas. IlosTomy Hanbo IbIlIee pedpo He MOKET
OBITH CTOPOHOI MJIOCKOTO TYIIOTO yIJa.
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10 xaacc

1. IIpeAmomoKKUM, YTO TaKHe YUCIA X, Y, 2 CYI[eCTBYIOT.
Bes orpanmueHusa oOGITHOCTH MOYKHO CUMTATh, 4To X < y. Ilo-
CKOJIBKY X, Y U 2 — IeJble uncaa u x >0, o z >y + 1. Pasio-
xuM (y+ 1)* mo 6uromy Heioroma: (y+ 1) =y* +ky* 1+ ...
IIpu k> 2, mockoabKy k >y, moixydaem ky"~!>y*. Crnemosa-
TenbHO, (y+ 1)* > 2y* > x* +y*, a smaunr, x* + y* < z*. Ioxy-
yeHO NIPOTHUBOpPeUne, M03TOMY TaKUX Uuces He CYyIecTBYeT.

3. Cm. pemrenue 3agauu 5 gasa 9 Kiacca.

4. O6osumauum uepes3 (a, b) KIETKYy, HaXONAIIYIOCA Ha IIe-
peceueHn CTPOKM C HOMEPOM a U cToJiOIa ¢ momepom b. Kax-
moe u3 umcera 1, 2, ..., N BcTpeuaeTCcs B TAKOM 3alUCU BCEX
KJIETOK UYETHOe UHCJIO pas3, a uMmeHHo, 2N pas: N pas OHO
BCTpeuaeTcsa KaK HoMmep cToJioa u N pas Kak HOMEDP CTPOKH.

IIycts 1 crout B Kietke (a, x;). Ilo ycioBuio HOMEpP CTPO-
KM, B KOTOPOM CTOUT 2 paBeH HOMEpPY CTOJI0Ila, B KOTOPOM
croutr 1, T.e. oH paBeH x;. CiegoBaTelbHO, 2 CTOUT B KJIET-
Ke (x1, X2). AHaIOrMYHO 3 CTOUT B KJeTKe (X3, X3) U T.d., U
HaKoHeIl, N2 CTOUT B HEKOTODPOIl KIeTKe (Xn2_1, Xn2).

Ecau orbpocuth KpailiHume HOMEpa a4 U Xyz, TO B IIOCJIE-
moBaTtesibHOCTU (@, X1), (X1, X2), (X2, X3), ..., (Xn2_2, Xn2_1),
(xn2_1, Xy2) BCe BHYTPeHHHE HOMEpPa BCTPEUAIOTCS UYETHOE
YKUCJ0 Pas, IMOCKOJBKY OHU BCTpedaroTcsa mapamu. Ho Kax-
OB HOMEP, B TOM YNCJEe WM HOMEpP a, BCTpedaeTcsd B ITOU
TIOCJIe0BATEJbHOCTH UETHOE umcjao pas (a mmenHo, 2N pas).
Homep a BcTpeuaerca 1 pas B caMoM Hauajie, 3aTeM YETHOE
YKCJI0 pas3 BHYTPU IOCIEA0BATEIbLHOCTH, ITI0O9TOMY OH HOJIXKEH
BCTPETUTHCA B KOHIIE IIOCJIEI0BATEIbLHOCTH, T. €. Xy2 = d. ITO
Oo3HaUaeT, 4YTO HOMep CTOJ0Ia, comep:kaliero N2 coBmajaer ¢
HOMEPOM CTPOKH, comepskaieir 1.

PaccmorpuM B cToabIne, cofep:xaiieM N2, qr060e 4ucio p,
orauuHoe oT 1 u N2. 9T0 uncyao cTouT B KieTke (y, a), IO3TO-
My cjenyloliee 3a HUM 4ucjo p + 1 ctour B KieTke (a, 2), T. €.
OHO CTOUT B TOH Ke CTPOKe, B KoTopoit crouT 1. Takum obpa-
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30M, CyMMa UMceJs, CTOAIINX B CTOJIOIE, cofep:kaiieM N2, u
orimuHbIX oT 1 1 N2, Ha N — 1 MeHbIIIe CyMMBI UHCeJ, CTOSA-
X B CTPOKe, comepskalreii 1, u oranunbix or 1 u N2. Yro-
OBl IOJYUYUTH UCKOMYIO Pa3HOCTh, HYKHO u3 N2 — 1 BeIUecTh
N — 1. B pesyabrare noayuum N2 — N.

5. Bocmosnbayemcsa MeTOOOM OT IIPOTHUBHOTO: IIPENIIOJIO-
JKMM, YTO CpeAu JIOOBIX kB HAYINUX IIOAPALN UYHCEeJ TAHHOI
IIOCJIEJOBATEILHOCTY HAMMEHBIIIee YMCJIO MEHBIIEe MJIN PABHO
II0JIOBMHEe HamboJiblllero. PacecMoTpum k 4duces i, dg, ..., dy.
ITo ycaoBuio umcO a; — HAMOOJIbIIlee CPeAUu HUX, a UYKCJIO
a, — HauMmeHbInee. COrIacHO IPEAIIOJIOMKEHUIO ) < 31

PaccmarpuBad k umcen ai, Gy i1, ..., Qop_1, TOTYIUM Agp,_ 1 <
1 11 1

<S50 5°501

NN ™ T e
Paccmorpum cymmy

5501, U QHAJIOTUYHO Ap—1)+1 S 2na

Si=a1+a,+as_1+... + an—1y+1 + ---

CrkianbpiBasg NOKA3aHHBLIE BBIIIE HEPABEHCTBA U WCIOJIb3Y
dopmMysly cyMMbI 6ECKOHEUHOM reOMeTPUUYECKO HPOrpeccuu,
IoJIyyaem

Sl <1+ + +...+ +...) :2(11.

W3 sToro ciaemyer, 4TO

Sz = a2+ak+1+...+an(k,1)+2 eee a,

<2
S3:a3+ak+2+...+an(k,1)+3 ...<2

a;

Sp_1=ap_1 + a2+ ... + Q-1+ —1) + --- < 204,

TaK KaK KaXIOMYy cjiaraeMOMYy B 9TUX CyMMaX COOTBETCTBYyeT
He MEeHbIIIee cjiaraemMmoe B CyMMe Sl. Taxum 06pa30M,

S=81+8s+...4+8,_1<2-(k—1)- a1:2 <1,
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TaK KaK a = 21_k C Apyroi CTOPOHEI,
S :SI+S2+---+Sk71 =a;+a+...+a,+... = 1

mo ycyoBuio. IloyueHHOE MPOTMBOpPEUNE NOKAa3bIBAET TPedy-
eMoe yTBep:KAeHue.

Bropoii Typ

7 Kaacc

1. CrpynnupyeM B 000MX BBIpasKeHUSA UJEHBI, PaBHOOT-
CTOSAIIME OT KOHIIOB. B pesyibTare MOJYyYUM, UTO PA3HOCTH
MeXKy BhIpasKeHUeM CJIEBA U BBIPA’KEHUEM cIIpaBa paBHA S; +
+ oo +8m, TOE Sp=akbr +Ani1 b1k — Arbpy1 ok — Any1 kb M
m :g IpY YETHOM N 1 M = nT—l Ipu HEUETHOM 71 (IIPU HEUET-
HOM 7 COKpAaIaloTCA PaBHbIE UJEHBI A, 1b0,,1). JIeTKO BuU-
ReTb, 9TO S = (@x — Any1-1) (b — bny1-1) > 0.

2. ckomasa TOUYKa ABJAETCA TOUKOIN IepeceueHrus OKPYIK-
HOCTel, CMMMETPUYHBIX OIMCAHHOU OKPYsKHOCTH OTHOCUTEJb-
HO CTOPOH TpeyrosbHuKa. IIpeixae Bcero moka)keM, 4TO 9TU
OKDPYJKHOCTHU IIepeceKarTcA He 0ojiee ueM B OIHOIN TOUKE.
IBe 13 3THUX OKPY'KHOCTEH IlepeceKaloTcs B JBYX TOUKax,
OHA U3 KOTOPHIX — BEPIINHA TPEeyroJbHUKA. TpeThs OKPYIK-
HOCTb MOKET TPOXOAWTH Yepes 3Ty BEPINUHY JIUIIL B TOM
ciaydae, KOTJla TPEYyrOJbHUK IPAMOYTOJbHBIN. JIeTKO BUIETH,
YTO B CJydae IMPSIMOYTOJHLHOTO TPEYTOJbHUKA paccMaTpuBae-
MbIe OKPY'KHOCTHY IIepeCceKaroTCs B BEPIIMHE IIPIMOTo yIJja.

JlokaskeM Temepb, UTO TouKa H, B KOTOpOI IepeceKaroT-
csa BBICOTHI TpeyroabuHukKa ABC, obGi1agaer TpeOyeMbIM CBOIi-
ctBoM. IIpoBemém muamerp AD OoNHMCAHHOU OKPYKHOCTU 3TO-
ro TpeyroabHuka. Ilycts M — cepemuua cropousl BC, H, —
TOUKa ImepeceueHus npamMonn AH ¢ onmucamHO OKPYKHOCTBIO,
oranuuHasg oT Touku A (puc. 31). IIpameie BH u DC mapau-
JIeJbHBI, TOCKOJILKY 00€ OHU IepIeHINKYJIIPHbI npamoin AC.
Ananoruuno BD || HC, nostomy ueTbIpéxyroabHuk BDCH —
napaJutesorpamMm. Touxka M sABIsAeTCA CepPeIMHON OTpe3Ka
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A

D H,
Puc. 31

DH, a upambie MC u DH, iepueHIuKyJIAPHLI npamoit AH ,,
mosTomMy Touka H, cummeTpuuyHa TouKe H OTHOCUTEILHO IPs-
moii BC, T.e. TOuKa, CUMMeTpUYHaA TOUuKe H OTHOCUTEIHHO
npamoii BC, leXUT Ha OMUCAHHON OKPYsKHOCTHU. [[JIsg TOUeK,
CUMMETPUYHBIX TOUKe H oTHocuTeabHO mpamMbix AB u AC
JIOKa3aTeJbCTBO aHAJOTUYHO.

3. PemuMm cHauajia 6oJiee IMPOCTYIO 3amauy, 3aMEeHUB JaH-
Hoe B ycaoBum uncao 999 999 999 ma 99. Ilycts A — uckomoe
yucyo. Torga 994=111...11, t.e. 100A—-A=111...11, ort-
Kyma A=100A —111...11. MsI 3HaeM JaBe mocjiegHre IUQPPLI
ypuceaa 100A u uymeaa 111...11, mosTomMy MBI MOKeM HaWTH
IBe mocaenHue nudpel uncaa A. Ho Torga Mbl 3HaeM yake ude-
Teipe mocyaenuue mudpsbl unciaa 100A u uwmena 111...11, mo-
9TOMY MbI MOYKEM HAMNTU IIEeCTh IIOCAeTHUX (Pl unciaa A,
u T.x. Iocaeguane mu@psl uynrcaa A BBIUMCISAIOTCS CJIEIYIO-
M obpasom:

...00 ...8900 ...778900
S L1111 -~ L. 11111 CLLa111111

89 7789 667789
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U Tak gajiee. B KOHIle KOHIIOB MBI IPUXOAUM K CJIEAYIOIIEMY:

112233445566778900
C111111111111111111

1122334455667789

Haru paccy:xaeHus mokassiBaioT, uto 1122334455667789 —
HauMeHbIIlee MCKOMOe umcjo. Ho 5ToO He eqUHCTBEHHOE UYHC-
J10, o0samatoriee TpeOyeMbIM CBOMICTBOM. /€10 B TOM, UTO MBI
MOJKEeM He OCTAHABJIMBATBLCS, a IIPOLOJIMKATH AAJBIIE BLIUMC-
JIEHUS IOoCJeAHuX Iudp umciaa A:

..00112233445566778900
©o.111111111111111111111
..89001122334455667789

Tak MBI TOJYYUM UKCJIIO
1122334455667789001122334455667789

U T. I.

Hiaa uucaa 999999 999 perrernve coBepIIeHHO aHAJIOTUY-
HO. B sTOM ciyuae HamMeHbIIlee YUCJIO0, obJiazarolnee Tpedye-
MBIM CBOMCTBOM, PaBHO

A =11...122...2...77...788...8 9,
—— N Y
9 mudp 9 mupp 9 mudp 8 nudp

a jgroboe umciao A,, obaamaroinee TpeOyeMbIM CBOMCTBOM, MMe-
eT BUI:

A, =A; 000...00 4; 000...00 A4,...04, 000...00 A,.
—_—
9 mudp 9 nudp 9 nudp

4. IlepectaBuM U@PPLI B COAEAVIOIIEM MOPAIKE:
a1020304050¢,
Tfie a; > a4 >0ay > as > as > ag. Torpa

0< (a1+az+as)—(ag+as+ag) <
< (a1 taztasz) —(az+as+as) =a;—ag < 9.
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5. Ilorkaxxem cHauaja, 4To n 4€THO. B camom meie, cpemu
N YHCEeJ X1X3, X3X3, «vey XpX1 OOJIJKHO OBITH CTOJIBKO K€ YU-
cen +1, ckoIbKO uncesn —1, TaK Kak OHU Bce paBHBI +1, a ux
cyMMa paBHa HyJ0. Tak, cpeau sTUX n 4yuces k pas BCTpe-
yaerca +1 u k pasd —1, T.e. n=2k.

PaccmoTpum Temeph Bce UmMCIIa X1X3, X2X3, ..., X,X1, PaB-
wvle —1. Ecom x,x,,1=—1, TO unucna x,, u x,,1 UMEIOT pas-
Hble 3HaKU. VI HA06OpOT, ecam Yumciaa X, U X, 1 UMEIOT Das-
HBble BHAKHU, TO X,X,.1=—1. Takum ob6pasom, k paBHO uwucC-
Jy TepeMeH 3HaKa B IOCIEHOBATEIBHOCTH X1, X9, «.e, X;, X1.
B xomHIIe 9TOM ImOCIeL0BaTeILHOCTI CTOUT TO K€ UMCJIO, UTO U
B mauaJie. CiiemoBaTe/IbHO, YMCJIO IIEPEMEH 3HAKA B HEH JOJIMK-
HO ObITH uéTHO: k= 2l. Ho Torga n =2k =4I, uto u Tpebosa-
JIOCh OKAa3aTh.

8 xaacc

2. lokaxeM cHavaJjia, 4TO CPeIU STUX UHCEJ HaWIETCA IO
KpaliHeii Mmepe 3 oTpHUIATENbHBIX. [l 9TOrO0 pPasodbLEM daH-
Hble UHCJIA Ha TPU UYETBEPKU IIOAPAL HUAVIIUX UKCEJ U NOKAa-
JKeM, UTO B KayKJ0il UeTBEPKE BCTPETUTCS XOTS OLI OJHO OTPU-
maTeJabHOe Yncja0. IIpeanosoK1uM, UTO B HEKOTOPOH UeTBEPKe
a, b, c,d moapAn MAYINX UYKCEJ BCEe UYMCIA HEOTPUILATEJIb-
vel. Ilo ycmoBuio b(a—b+c) <0, ciaemoBarenbHO, a+c <b.
Amajgornuno b+ d < c. CkiaagsiBas 9T HepaBeHCTBAa, IIOJyda-
eM a+d<0, a 3HAUUT, OOHO M3 UKCET a U d OTPHUIIATENLHO,
YTO MPOTUBOPEUUT IPeAIooxKeHno. Takum odpasom, cpemu
JIIOOBIX UETBHIPEX HOAPAL UAYIIMUX UYNCET eCTh XOTsS Obl OJHO
orpuniarenbuoe. CiemoBaTesbHO, Cpequ AaHHBLIX ABEHAMIIATU
Yuces 0 KpaliHell Mepe 3 OTPUIIATEIbHBIX.

JlokasxeM Temepb, UTO CpeAX AAHHBIX UHcCeJl HAWJIETCA IIO
KpaiiHeil Mepe 3 IMOJOKUTEIbHBIX. PaccMoTpuM HaOOp Umcel
—ay, ..., —Qq12. SICHO, UTO 3TOT HAOOP TaK:Ke YAOBJIETBOPSAET
ycaoBuio 3agauu. CiaeqoBaTelbHO, B HEM €CTh XOTsS OBI TPU
OTpUIlATEeIbLHBLIX UMCJIa, a 3HAYUT, B MCXOJHOM Habope ecThb
M0 KpaliHell Mepe TPU IIOJIOMKUTEJbHBIX UMCJIa, UTO WM TPedo-
BaJIOCh.
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3. IlycTh wy, Wp U We— BHEBIHCAHHBIE OKPYsKHOCTHU, Ka-
camormuecs cropor BC, CA u AB; A’, B’ u C' — BepuUIuHbI 1O-
CTPOEHHOTO TPEYToJbHUKA (OKPYKHOCTD Wy KACAeTCS CTOPOH
A'B ' uAC ur. n., puc. 32). IIpamasa BC nepecexkaeT CTOPOHEI
AB uAC BToukax X uY.

IIpssvmbie AB u A’B’ sBJIAOTCA OOIMMN BHEIIHMMH Kaca-
TEJbHBIMU K OKPYIKHOCTAM (W4 U Wg, a npambie AC u BC —
O0IMMK BHYTPEHHHUMU KacaTeJbHbIMH. IlosTomy LYXA' =
=/BAC=/A. Amnanoruuno /XYA =/A. CiemoBaTelbHO,
/B'A'C'=180° - 2/A. Ananornuno LA'B'C'=180°-2/B u
ZA'C'B'=180° —2ZC.

KommenTapuii. Tpebyemblii TpeyTroJbHUK MOYKHO IIOCTPOUTDH TOJb-
KO Ui ocTpoyroibHoro tpeyroinbHuka ABC. Eciau tpeyronbauxk ABC Ty-
MOYTOJIbHBIN, TO MOYKHO IMOCTPOUTH JIUIIb TPEYrOJbHUK, ¥ KOTOPOTO OJHA
CTOPOHA ¥ IPOAOJIKEHUA OBYX NPYTUX CTOPOH KACAIOTCSA BHEBIIMCAHHBIX
OoKpyskHOcTell TpeyroabHuka ABC. A eciu TpeyroibHUK ABC npaMoOyroJib-
HBIN, TO [Be OOIMe BHEIIIHWE KacaTeJbHble K ero BHEBIUCAHHBIM OKPYIK-
HOCTSM TapaJiiebHbI.

4. TIpeAmonoKuM, UTO KasKaas M3 CTOPOH UETBIPEXYTOJIb-

2 o
Huka ACBD wmeHbIIe g Torma KBazpaT AJUHBI KayKIOH

1 .
CTOPOHBI MEHBIIE 3. Cpenm 4eTBIPEX YTJIOB, IIOJ KOTOPBHIMU
BUIHBI CTOPOHBI UETBHLIPEXYTOJbHUKA M3 TOUYKU IepPecedeHmsI
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IuaroHaJiell, eCTh JBa HEOCTPHIX yrJia. PaccmoTpum aBe IIpo-
TUBOIIOJIOJKHBIE CTOPOHBLI UETBHIPEXYTOJbHUKA, KOTOPbIE BUI-
HbI WX TOYKU IlepeceueHmns AUaroHajeid oA HeOCTPhIMHU yT-
agamu. CymMmMa KBagpaToB ux AaumH MeHbine 1. KBagpar mau-
HBI CTOPOHBI TPEYTOJbHUKA, JIeKAIlell IIPOTUB HEOCTPOIro yI-
Ja, He MeHbIIle CYMMBbI KBaApPaTOB AJUH ABYX AOPYTHUX CTO-
poH TpeyrombHuUKa. IlosTOMy cymMMa KBaApaTOB AJWH UeThI-
PEX OTpesKoB, Ha KOTOphle measarcs orpe3ku AB u CD Tou-
Kol mepeceueHusa, meHbIre 1. C Apyro# CTOPOHBI, KAMKABINA U3
9TUX OTPE3KOB JEJINTCS TOUKOH IIepeceueHus Ha ABA OTPe3Ka,

1
CyMMa KBaJapaTOB OJIMH KOTOPBIX HE€ MEHBIIIE 7, IIOCKOJIBKY

2
XX+ (1-x)2=2 (x — é) + % > % IMonyueHO MPOTUBOpEULE.
5. IIpegmoaoKumM, 4TO TAKOI 00X0J cyIllecTByeT. Paccmor-
PUM BCe YUACTKM 3TOr'0 00X0[a, BXOAAIINE B UeThbIpe YIJIOBLIE
KJIETKU WJIU BBIXOAMAINME U3 HUX. KasKAbIA 13 3TUX YUACTKOB
UIET B ONHY U3 UETBIPEX IEHTPaAJbHBLIX KJeToK. Ilo Kpaii-
Hell Mepe [Be M3 YIJIOBHIX KJETOK He MOILYT OBLITh HAUYaJIOM
MJIN KOHIIOM 00X0Ja, II0O9TOMY PacCMATPHBAEMBIX YUYACTKOB
He MeHee 6 U eCcThb [Be IIaphbl YUaCTKOB, IIPOXOLAIINX uepes
IeHTPAIbHYI0 KJeTKy. Takum oOpasoM, paccMaTpuBaeMble
yuacTKH o00pasyT KoH(purypamnuo, usobdpa-
JKEHHYIO Ha pUCYHKe 33, T.e. HavaJbHAA U KO- N
\
/

HeuHasd KJIETKU 00X0oJa— 3TO YIJIOBHIE KJIET- ?<7
KU, PACIIOJIO}KeHHBIe Ha ONHOI CTOPOHE, a Tpe- A /\
THU C HaYajla U C KOHIIA IIYTH — 9TO OCTABIIIH- v/ \
ecsd YIJIOBbIE KJIETKU, IUAMETPAJIbHO ITPOTUBO-
IOJIOXKHBIE HAUaJy U KOHILTY COOTBETCTBEHHO. Puc. 33

ITorkaskem, urTOo, HauaB m3 JIIO0OOU KJIETKU
BHYTPEHHETr0 KBaApaTUKa 2 X 2, HeIb3sd OKa-
3aThCs B cOCeIHEN ¢ Hel KJeTKe TOTOo Ke KBaj- / \
paTuka, moObIBaB BO BCeX KJIETKAX JOCKU, KPO-
Me YIVIOBBIX U KJIETOK BHYTPEHHErO KBaapaTu-
Ka. Ha pucyuke 34 msobOpaskeHbI 6 y4acTKOB,
KOTOpBIe 00s13aTEeILHO MOJKHBI BCTPETUTHCA B Puc. 34
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TakoM 00xoge. JIerko IIpOBepPUTH, UTO STU YUYACTKU HEJIb3s
IOIIOJMHUTL A0 TpeOyemoro obxoma. CiemoBaTesbHO, MCKOMO-
ro o0xXo7a He CyIIecTBYeT.

9 kaacc

1. PaccmoTpuM cHauaja ciaydaii, Korga X + X3+ ... + Xgg >
>1/2> x5+ x4+ ...+ X190 ByZem mociemoBaTeIbHO IePECTaB-
JATh X9;_1 U3 JIEBOW YAaCTHU B IIPABYIO, a Xy; U3 MIPABOM YaCTU B
JIeByI0, HauMHAad ¢ i=1, 1o TexX mop ITOKAa 3HAK HepaBeHCTBa He
usmMenuTcA. Taxkoe Korma-HUOyIb 00A3aTENIbLHO IIPOUBOUIET,
IIOCKOJIbKY B KOHIle KOHIIOB HAOOPHI UMCEJ B JIeBOW U B IIpa-
BOM YacTAX MOMEHSIOTCS MecTaMu. IlycTh 3HAK HepaBeHCTBa
M3MEHUJICSA IOCJe 3aMEeHBI Xy,_1 Ha Xo, e 1 <k <50, T. €.

1
Sp=X9g+ X4+ ... +X2(k,1) + Xop—1+ Xop41 + ... + X9 >

Ea
1
Sp+1 = X2+ X4+ ... +JC2(},,,1) + Xop + Xop41 + .o + Xgo < 5°
CiiegoBaTeJibHO,
1 1 1 1
Sk — 5‘4- Skt+1 — 5‘ =Sp— 5T 5~ Sk+1 = Sk~ Sk1 = Xap—1— X2k

ITo ycsioBUIO |Xg, 1 — Xg| < 5—10, [IO9TOMY W3 YMCe |S,, 1 — 1/2|
u |s, — 1/2| xorsa 6s1 ogHO MeHbIe 1/100, uTo u TpeGoBaIOCH.

Cayuaii, Korma X1 + X3+ ... + Xg9 < 1/2< X9 + X4 + ... + X100,
paccMaTpUBaeTCA aHAJOTHUYHO.

2. Ecau B Tpeyroansruuke ABC yroa C He MeHbIIe 1/n, TO
¢ =a?+b%>—2abcos C > a?+b%>—2ab cos g >
> (a?+b?) (1 — cos g) .

IIpegmosiosxum, 4TO BCEe CTOPOHBLI PACCMATPUBAEMOro 27n-
VIOJIbHUKA MEHBIIe CTOPOHBLI IIPABUJILHOIO 21n-YroJIbHUKA,
BIIMCAHHOTO B OKPYskHOCThL auamerpa 1. Torma kBazpar gjin-

. 1 T
HBI JI000M CTOPOHBLI MEHBLIIIE 5(1 —cos ;). IIpameie, mpoxo-

IsIMe uepes3 JaHHbIe OTPEe3KU, JeJISAT IIJIOCKOCTb Ha 21 YIJIOB,
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MOSTOMY HamOOJbIINI M3 3THUX YIJIOB He MeHbIe 1/n. Pac-
CMOTPHUM [Ba HAHHBIX OTPE3Ka, o0pasyoinux aToT yroja. KoH-
1Bl 9TUX OTPE3KOB COEAUWHEHBI NBYMS CTOPOHAMHU 27-YTOJb-
HUKAa, JIeXKAIUMU TPOTUB YIJIOB, He MeHbInux m/n. IloaTo-
My CyMMa KBaJIpaTOB AJHWH 9THUX CTOPOH HE MEHBIIlE, UYeM
cyMMa KBaJpaToOB IJUH YETHIPEX OTPE3KOB, HA KOTOpPHIE BHI-
OpaHHBIE OTPE3KM OeJATCA TOUKOU IlepeceueHusi, YMHOYKEH-
Hasa Ha 1—cos g C Ipyroii CTOPOHBI, COTJIACHO IIPEJII0JIO-
JKeHUI0 CyMMa KBaJapaToB IJIWH JBYX CTOPOH 21n-yrOJbHUKA
MeHbIlle 1 — cos g ITosTOoMy cymMmMa KBaapaTOB IJUH YETBIPEX
OTPE3KOB, Ha KOTOpPbIe BLIOPAHHBIE OTPE3KU AEJIATCA TOUKON
UX Iepeceuenusi, MeHbiiie 1. Ho sToro me mMoiker OBITH, IO-
CKOJIbKY OTPEe30K IJIWHBLI 1 mennTcs Ha oTpesku x u 1 —x, a
1\2 11
x2+(1—X)2:2<x—§) +§>§.
3. Ilpenmoso:KUM TPOTUBHOE: MYCTh CyMMa JIIOOBIX IBYX
IJIOCKUX YIJIOB IIpu BepinmuHax A u B Terpasapa ABCD 60.b-
mre 180°. Passepuém Ha mjiockocTh aABe rpauu ABC u ABD,
IIpUMBIKAIOIIEe K pedopy AB. B pesyiabTaTe MOJyUYUM UeThbI-
péxyroabuuk ACBD, y KOTOPOTO KaKIbIi 13 YIJIOB IPU Bep-
muHax A m B 6Goubire 180°, Cymma Bcex yIJIOB STOro ue-
THIPEXYTOJbHUKA 00JabITe 360°, uTo HeBO3MOKHO. [Tomyunan
IIPOTHUBOPEUNE.

4. JIerko IpoBepUTh, UTO Ky0 IIEJIOTO YMCIa IPU JeJeHUN
Ha 9 maér B ocratke 0 mam +1. ITosTomy Iesoe umcio Buga
9k + 4 Henb3s HMPEACTABUTL B BUAE CYMMBbI TPEX KYyOOB.

5. 3amymMepyeM moJiA HOCKU (KpoMe IIeHTPaJb-
HOTO, Ha KOTOPOEe KOHU IOIIacTh HE MOTYT) B IIO- % 6
panKe o0xoma MX IIaXMAaTHBIM KOHEM (puc. 35); 4 7% 8
Oesible KOHU CTOAT Ha moJaAx 1 u 3, uépHbIe — Ha 2 7
monax 5 u 7. Xoasl KOHell Ha paccMaTpuBaeMOM
IIaXMaTHOI HOCKe SKBUBAJIEHTHI II€PeMeIleHuIM
B cOceIHIE BepHInHLI rpada, n300pakEeHHOT0 Ha PUCYHKe 36.

Puc. 35
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YT100bI KOHU IIOMEHSJINCh MECTAMU, KAMKIBIA KOHBb JOJIMKEeH
cresaTh YéTHOE YMCJIO XO40B, TAK KaK II0CJe OZHOI'O XO0Ia Me-
HsIeTCs I[BET II0JIsI, HA KOTOPOM CTOUT KOHD,
a BCe MO0JId, Ha KOTOPBLIX OHU CTOSAT B Hauaje,
OIHOTO IIBeTA.

Ilokaskem, 4TO KaKABIH KOHBb IIPU 3TOM
He MOJKeT cleJjiaTh TOJbKO 2 xoxa. IIpemio-
JIOXKUM, HAIIPUMeEpP, UTO OeJbIil KOHB 1 BeTau
Ha moJjie 7, mpoigsa uepes moJe 8. Torma Oe-

Puc. 36 JBIA KOHBL 3 JOJIKEH BCTATh HA IoJie 5, a Uuép-

HBIA KOHBL 5 Ha omuo us moJeit 1 uam 3. Ilo-
9TOMY KOHHK 3 U 5 Ha rpade JOJIKHBI IePeCKOUNUTEL JIU00 OAUH
yepes Apyroro, jubo uepes KoHsa 1. Ho mpu Takom mepeckaxku-
BAaHUU IIPU KAaKOM-TO XOJ€e B OJHOU KJIETKe OKaXyTCs cpasy
IBa KOHS, UTO IPOTHUBOPEUUT IIPABUIAM.

HWrak, Hu o4MH KOHBb HE MOJKET cHejaTh TOJbKO 2 Xoma u
KaXKIbIll KOHBb JOJIKEH CAejJaTh YETHOe umcjao XomoB. IlosTo-
My KaXIbIA KOHBb JOJIKeH cHejaTh He MeHbIIe 4 X0moB, IIO-
9TOMY BCero OyJeT chejaHo He MeHbIne, ueM 4 -4 =16 xo10B.

10 xaacc

2. ITomectum B Touku A, B, C u D maccel 1, o, off u 3.
Torma K; — meHTp Macc Touek A u B, Ky, — IIeHTP Macc TOUeK
C u D. IlosToMy IIeHTP MacC BCell CHCTEMbI TOUEK JIeXKUT Ha
orpeske K{K,. AHAIOTUYHO AOKAa3LIBAETCS, UTO I[EHTP MAace
ge:xuT Ha orpe3ke K3K,. Takum obpasom, orpesku KK, u
K3;K, mepecexkarmTcsa B IIEHTPe Macc.

3. BreibepeM Kpyr HamOOJIBINIETO pagmyca, pasgyeM ero B
TPU pasa M BLIOPOCHM BCe KPYTH, IIEJIUKOM JieKallllie B 9TOM
pasaytuu. OcraBiimecss KPYrd He IEePeceKaroTCs C IIePBBIM.
g Hux mpojesiaeM TO Ke camMoe W T. 1. PasayTusa Bcex BBI-
OpaHHBIX KPYTOB COJAEpP:KaT BCe MAHHBIE KPYTHW, a ILJOIIalb
pasaytus B 9 pas 0oJabIlle MJIOINALN MCXOLHOTO KPyra, I03To-
My 9S > 1, roe S — ob1ras maoIanb BceX BEIOPAHHBIX KPYTOB.
CraemoBaTtenbHO, S >1/9.
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4. Tlpeamoa0oKUM, UTO TOUKA Z JIEXKUT BHE paccMaTpuBa-
emoro muoroyroabuHuKa C;...C,. Torma uepes TOUKY 2z MOK-
HO TPOBECTU IPAMYIO [, He HepeceKarolyi0 MHOTOYTOJbHUK
C;...C,. ITooToMy BEKTOpPBI C HAUAJIOM B TOUKE Z M KOHIIAMU
B Toukax Cy, ..., C, JeKaT B OJHOI IOJYIIJIOCKOCTH, 3aJaHHOMI
npamoii [. CiaemoBaTesbHO, KOMILJIEKCHBIe uncaa w; =2z — Cq,
eee, W, =2z —C, JIe:KaT B OJHOHU IMOJIYIJIOCKOCTH, 3aJaHHON IIPA-
Mot [, mapaniaenbHol mpamoi [ u mpoxoasaiei uepes 0. Co-
OpSAKEHHbIe ynucaa Wy, ..., W, JeXaT B OJHON MOJYIIJIOCKOCTH,
3aJaHHOU IPAMOI Iy, CHMMETPUYHON IIPAMOM [; OTHOCUTEJb-

HO BeH_IeCTBeHHOﬁ ocu. CJIeJIOBaTe.HI:HO, BEKTOPEI

_—Cl, ceey
1 . . .
S JleKar B OfHOM nonynnocxoc'm, 3a11aHH01/1 npamMon Iy,
- n
T @
MOCKONBKY — = [l |2 . HoaTOMy — + e 75 0. ITonyue-

HO HpOTI/IBOpe‘II/Ie.

5. PacmosoxuM KPyru Tak, 4TOObI I'PAHUIILI CEKTOPOB COB-
mectuauchk. Ilocse aroro 3adpumrcupyemM OAUH KPYT, a IApPY-
roii OymeM ImoBOpauMBATH HA Bce YIJIBI Buaa nl/k, T.e. BceMu
cnocobaMu, IPU KOTOPBIX T'PAHUIILI CEKTOPOB COBMEIAIOTCH.
IIpu sTOM KasKablii ceKTop OyAeT IPU IIOJOBUHE CIIOCOO0OB COB-
MeIIaThCs C CEKTOPOM TOTO JKe IIBeTa, a IIPU IIOJIOBUHE CIIOCO-
00B — ¢ cekTopoM apyroro iBeta. CiemoBaTelbHO, IIPU TAKUX
IIOBOPOTAaX UMCJIO COBMEIIIEHUH OMHOIIBETHBIX CEKTOPOB PaBHO
YHMCJIy COBMEINeHUN PasHOIBETHBIX CeKTOpoB. IloaTomy xoTsa
OBbI JJIA OJHOTO IIOBOPOTA UMCJIO COBMEIEHUN Pa3HOIIBETHBIX
CEeKTOPOB HE MEHBIIIe YMCJa COBMEIeHUI OMHOIIBETHBIX CEK-
TOPOB.

1960 200 (XXIII onumnuada)

IlepBsoIii TYp
7 Kaacc
1. ITokaxxkem cHauajia, 4TO JEHEKHYIO CYMMy B n pyoOJeii,
rae n > 10, MOKHO TPEACTABUTH KaK YETHBLIM, TaK W HEUET-
HBIM KOJIMUECTBOM [eHeKHbIX OuseToB. [leficTBUTEIbHO, 9Ta
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IeHeKHas TpeJCTaBJsSeTCsSI, C OAHOM CTOPOHBI, n OMIeTaMu
IocTouHCTBOM B 1 py6Jib, a ¢ Apyroi — oguum O6ujaerom B 10
pyoineit u emé n — 10 6uneramu mo ogHOMY pPyoOJ0. OgHO 13
yncen n u 1+ (n—10) =n — 9 uérHo, a APyroe HEUETHO.

IToxaxkem Temepb, UTO AeHE:KHYIO CYMMY B n pyOJeii, rae
n <10, MOXHO IPEACTABUTH JIUIIb UNCJIOM OMJIETOB, MMEIO-
UM TY K€ YETHOCTb, UTO U n. Iy nmpeacraBiaeHUs dTON CyM-
MbI B PACHOPSIMKEHUUN NMEIOTCS JUIITEL OMUJIeTEHI JOCTOMHCTBOM B
1, 3, 5 pybaeii, a Bce 9T umcjaa HeUyETHBIE. ICHO, UTO cyMMa
HEUYETHOT'O UYMCJIa HeUETHBIX UKMCeJ HeUETHA, a CyMMa YETHOTO
YpcJia HeUETHBIX YICeJI YETHA.

2. Ilycte K — obIiasg TOuKa TPEX OKPYKHOcTeil. MOXKHO
CUNTATL, UTO A; — 0O0Iasd TOUKA OKPYKHOCTEH C IleHTpaMu
O, u O3 u T. 1. (puc. 37). Cepenuua o0Ieil XOpALI ABYX pPaB-
HBIX OKPY/KHOCTEH fABJAETCA TaKyKe U CepefuHON OTpe3Ka,
COeIMHAIONIEeTO uX IeHTpPbl. IlosToMy cepeaunbl M, Moy, My
xopn KA;, KAy,, KA; sABIAIOTCS cepefUHAMH CTOPOH Tpe-

yroabHuKa 0,0,03. CiaemoBaTeabHO, M1M2:§OlOz. Orpe-
30K MM, saABiseTCA TaK)Ke CpedHEH JWHUEH TPeyTroJbHUKAa
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1
A{AK, mmostomy MM, = §A1A2. Taxum obpasom, A;A; =
=0;:0,. PaBeHCTBO OCTAJIbHBIX CTOPOH TPEYTroJabHUKOB 010,03
n A{A,Az nOoKas3bpIBaeTCA aHAJOTUUYHO.

3. IIns KasKIOro CTyAeHTa BBIMHUIIIEM KOJUUYEeCTBO 3a1ad,
KOTOpbIe OH mpuaymaJs. Ilo yciaoBuio 3agauu, Cpeiu 9TUX UU-
ceJl BCTpeuyaeTcss He MeHee IIATH Pa3JIUYHBIX, BCEr0 BBIMICA-
"o 30 umMces M cyMMa HAIIMCAHHBIX umces paBua 40.

ITockonbKy BbImucarno 30 uuces U Cpear HUX BCTpeUaeTcs
He MeHee IATU Pa3JIMYHBIX, HUKAKOe UMCJIO He MOKET BCTpe-
yaTbeA 6osiee 26 pas. [leficTBUTENIbHO, €CIM KaKOe-TO UUCJIO
BcTpeuaeTcsa 27 pas, TO OCTAETCSA BCEro 3 UMCJa, U CPequ HUX
He MOKeT ObITh 4 pasaumuHbiX. C IpYyroii CTOPOHEI, €CJAU eIu-
HUIIA BCTpeuaeTcss MeHee 26 pas, TO KpoMe HeE BCTPEUAIOTCS
4 uyucaa, He MeHbInue 2, 3, 4 U 5, U elé OJHO UMICJO, HE
MmenbIree 2. CiemoBaTelIbHO, CyMMAa BCEX BBIITMCAHHBIX UKCEJ
He MeHbIne 25+2-24+3+4+5=41, 4To TPOTUBOPEUUT yCJIO-
BUIO 3amaun. VITak, eTUHUIT MOKeT ObITH TOJLKO 26, TO ecTh
OIHY 3aJauy MOTJIM IIPUAYMaTh TOJBKO 26 CTYyIeHTOB.

OcTaércs IpuUBeCcTu IIpUMep, KoTraa OAHY 3aJaduy OpumyMa-
JI1 POBHO 26 CTYAEHTOB. OTO BO3MOYKHO B CJEIYIOIEH cuTya-
MUU: KAKIBIM CTYZeHT IMPUAYMAaJ CTOJBKO 3aJad, KaKoB HO-
Mep ero Kypca, IpuuéM B COCTABJIEHUHU 3aau C IIEPBOTO Kypca
MIPUHUMAJIO yuacTue 26 CTyIeHTOB, a C OCTAJIbHBIX — II0 OJHO-
MY CTYIEHTY.

4. Yrast AiNM un BoNM mpaMble, TaK KaK OOUPAIOTCA Ha
nuaMmeTpsl. IlosTomy Touku A;, N u B, je:kar Ha OGHOU mIps-
moii. Yrael AiBi1M u B, A;M mipaMble, Tak KaK OHM OmHpa-
oTcAa Ha aumaMeTpbl. Yroa MNB,, Kak y:ke ObLIO 3aMedeHo,
Toxke mpsamoii. Ilostomy mpsameie MN, A;B; u Ay;B, comep-
JKaT BBICOTHI TpeyroabHuKa A; M B,. CienoBaTesbHO, 9THU TPU
IIpAMBIe IIepeceKaioTcsa B OJHOM TOUKeE.

5. Ecaiu d, — menurens uwmcaa n, 1o ds=n/d; Toxe Ie-
JauTeab umcaa n. Pacemorpum mMuHo:kecTBo map (di, ds), raoe
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d, n dy — geaurenu uucjaa n, d; <ds u d;ds =n. Bce gmeau-
TeJU N BXONAT B TaKHe Iapbl, MO3TOMY YMNCJIO HeJIUTeJIei
n He IPEeBOCXOAUT yABOEHHOro umciaa Takmx map. C apyroi
CTOPOHBI, YHCJIO TAKUX IIap HE MPEBOCXOAUT /7, MOCKOJBKY
d; <+/dd; =+/n. llosaToMy umcCIIO menuTeseil n He IPEBOCXO-

out 2./n.

8 xaacc

1. Cymma nugp manHoro umcsaa pasHa 300, mosTomMy OHO
meauTtcsa Ha 3, HO He genauTtcsa Ha 9. Ho mro00ii TOUHBIN KBaj-
par, mensaimuiica Ha 3, HOJIXKEH HeJUThCA U Ha 9.

2. BymeMm niasa KpaTKOCTU Ha3bIBATH IIAXMAaTUCTOB, 3aHSB-
WX MIOCJIeJHUE TPU MECTA, «IJIOXUMU», a BCeX OCTAJIbHBIX —
«xXopomuMu». IlJoxue IMIaXMaTUCThI CHITPAJIU MEXKAY Cco00ii
TPU MAPTUHN, U B 9TUX MAPTUAX OBII0 HAOPAHO B OOIIEeH CJIOMK-
HOCTU Tpu ouka. [lo ycioBUIO, 3TO IMOJIOBUHA BCEX OUKOB, HA-
OpaHHBIX IIJIOXUMH IITaXMAaTHUCTAMU, II09TOMY B UTPax ¢ XOPO-
MU IIJOXMe IITaxXMAaTHUCThI Habpanu eifé 3 ouka.

IIycTs n — o0Illee UmMcIIO IMIAXMATHUCTOB. Becero Mesxay mo-
XUMU ¥ XOPOIINMHU IIaxXMaTHuCTaMu ObBLIO chirpano (n— 3)-3
mapTuii ¥ pasbIrPaHO CTOJNBKO K€ OUKOB. M3 HuX 3 ouka Ha-
OpaJyii moxXue IMaxXMaTUCThI, a OCTAJbHBbIE OUKU Habpaam Xo-
porte. CiemoBaTesibHO, B MAaPTUAX C MJIOXWUMH ITaXMaTHCTAa-
MU Xopolnue maxmaTtuctel HaOpaau (n— 3)-3 —3 ouka. Ilo
YCJIOBHUIO CTOJILKO YK€ OUKOB XOPOIIIHe ITaXMAaTHUCThI HaOpaJu
(B 001IIeTi CIIOKHOCTHM) B UTPaxX APYT C APYTOM.

Mesxay XOpoIIuMH IMIaXMATHUCTAMU OBIJIO IIPOBEIEHO

(n—38)(n—4)
2

MapTuii ¥ pPasbIrPaHO CTOJBKO Ke 0uKoB. CiieoBaTe/IbHO,

W: (n—3)-3—3.

ITosyuaem KBagpaTHOE ypaBHEHME, KOTOPOE MMeeT [Ba pellle-
HUsA: n=4un=9.
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Pemenune n=4 caenyet orébpocuts. [leficTBUTEIBHO, B 9TOM
cJIydae eIMHCTBEHHBIM XOPOIINH IIIaXMaTUCT HAOPAJ BCe CBOU
OUKM BO BCTPEUAX C TPEMs OCTAJLHBIMU YYACTHHKAMN; BCE
OUYKM MOT'YT OBITH PABHBI IIOJIOBHHE BCEX OUKOB JIMIIIL B TOM
caydae, Korga miaxmatucT Habpaa 0 ouKoB, HO TaKO# Iax-
MAaTHCT He CMOT OBl 3aHATH ImepBoe MecTo. OcTaéTcss OTHO pe-
menue: n=9. HysKHO IIpoBepUTh, YTO STO PEIIEeHHE II0IXO0-
OUT, T.€. HY)XHO IIOKa3aTb, YTO BO3MOJKHO TaKOe paclipeie-
JIeHNEe OYKOB B TYPHHPE MEXKIY HeBATHI0 YUACTHUKAMMU, IPHU
KOTOPOM BBIMIOJIHAIOTCA TPeOOBaHMUs, YKa3aHHBIE B YCIOBUU
sagaun. IIpuMep TYPHUPHOM TabJUIBI, IIOKA3BIBAIOIIEH, UTO
TaKoe pacipefejeHle OUKOB BO3MOYKHO, IIPUBENEH HA PUCYH-
Ke 38.

oOj0/1|1|1|1|1]|1
1 o011 1 1|1
1|1 001|111
0111 00011
00|11 0101
00011 1/1/0
0/0/0|1]|0]0 1/2|1/2
0/0[{0|0|1|0 |2 /o
0(0[0[0]|0]|1 |21

Puc. 38

3. Onyctum m3 BepimuH B m D nepueHAuKyJaapbl BB; u
DD, ma muaroHanb AC. Ilyctb mns ompemenénHoctu DD; >
> BB;. Iloctpoum oTpe3ok aAJguHbI a = DD; — BB; 1 IpoBeiEM
IpAMYI0, IapaJjueabHyio npamoir AC, ymaménnyio or AC Ha
paccToaHUe a W HepeceKaroInyi cTropoHy CD B HEKOTOPOI
Touke K. HCHO, qgTo SAED = (ED/CD)SACD: (BB]_/DDl)SACD =
=Sapc. IloaToMy mMcKOMasa mpsaMas COAEPKUT MeIUaHy Tpe-
yroabauka AEC.
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4. ITpoeném npsambie OA u OB u 3amrtpuxyem yroa AOB
U BEePTUKAJIbHLIN ¢ HUM yroJa (puc. 39). Touxka C uam Touka
D Oypmer oTMeueHa, €CJIM OHA He JIEXKUT B 3AIITPUXOBAHHBIX
yriaax, u He OymeT oTMeueHa, €CJIU OHA JIEXKUT B OJHOM U3
3aIlITPUXOBAHHBIX YIJIOB.

BosMOKHBI ciieyioliie BapuaHThl PACIIOJI0KEeHUS 0Tpe3Ka
CD otuocuTtesbHo mpaMbix OA u OB.

1) Orpesok CD He mepeceKaeT HU OZHOW m3 mpaAMBIX OA
u OB. B sTtom ciyuae o6e Touku A, B SBIAIOTCA OTMEUEHHBI-
mu. B saTom ciryuae Touku C u D jexxar o6e B OJJHOM U TOM e
13 YeTHIPEX YIJIOB, ompernesseMblx npambeiMu OA u OB, T.e.
Jaubo obe ABIAAOTCA OoTMeueHHbIMU (puc. 39, 0), 160 00e He
SABJAIOTCA OTMeueHHbIMU (puc. 39, B). Takum obpasom, B pac-
CMaTPUBAEMOM CJIyuae OTMeUeHbI JJu00 2, aub0 4 TOUKHU.

2) Orpesok CD mepecekaeT TOJIbKO OOHY u3 ONpAMBIX OA u
OB, T.e. TOJBKO OJHA U3 TOUEeK A 1 B ABJIsAeTCA OTMEUEHHOM.
B srom cayuae touku C u D jiexkaT B IBYX CMEKHBIX yrjax,
ompenenseMblx npambiMu OA u OB (puc. 39, r), T.e. ogHa
JIEJKUT B 3aIITPUXOBAHHOM YIVIy, a APyras— B HE3aIlITPUXO-
BAHHOM; CJI€IOBATEJIbHO, TOJbKO OgHA 13 Touek C u D ABjser-

A A
0
T
B D B
a) 6)
Ca
p° B
r) ) e)

Puc. 39
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csa ormeueHHOM. TakuM 00pa3oM, B paccMaTPHUBAEMOM CIydae
OTMEUeHBI 2 TOUKH.

3) Orpesox CD mepecekaet o0e nmpambie OA u OB, T. e. HI
onHa m3 Touek A um B He sSBJIseTCS OTMeUeHHOI. B sTom ciay-
yae Touku C u D je:xaT B ABYX BePTUKAJbHBIX yIjax, T.e€.
aubo obe ormeuensl (puc. 39, m), Aub0 HU OAHA M3 HUX HE
ormeuena (puc. 39, e). Takum obpasom, B paccMaTPUBAEMOM
caydae aub0 2 TOUKM OTMEUEeHbBI, JIM00 HU OJHA He OTMeueHa.

Wrak, orMmeueHHBIMU MOTYT ObITH 0, 2 uau 4 TOUYKH.

5. IlokaskeM, 4TO yiKe Cpely UUCeJ, ABIAIOINAXCA IOJHBI-
MM KBaJpaTaMH, eCTh 0OeCKOHEYHO MHOTO UHlcCeJ, He IpejicTa-
BUMBIX B BUfe m =p + n?",

Ilycts m=a? u m=p+ n?*, roe p — npocroe uncnao. Ilaa p
mosiyuaeM BeIpaskeHnue: p =a® — n? = (a — n*) (a +n*). Yrobs
p OBLIO IPOCTHIM, HEOOXOAMMO, YTOOBI OJUH K3 COMHOMKH-
Teneii Obl1 paBern 1. Tak kKak a-+n*>a—nf, momxuo BBHI-
HOTHATECA cooTHomeHue a —n*=1. Ilostomy nf=a—1 u
p=1-(a+n*)=a+(a—1)=2a-1.

OcTaéTrcsi 3aMeTUTh, UTO HEeUETHBIX unces 2a — 1, He ABIA-
IOIUXCA IIPOCTHIMM, OECKOHEUYHO MHOTO: TAKOBBI, HAIIPUMEP,
Bce umcia Buga 3b, roe b He4éTHO.

9 kaacc

1. Ilycts % — mpaBuJibHad ApoOb. [okaxkem Tpebyemoe
yTBep:KIeHue MHAYKIWelr mo m. Ilpm m =1 yTBep:kaeHue
oueBugHO. IIycts m > 1. 3anuiiem n B Bujge n=qm —r, Tle
0<r<m. Torga gm=n+r, mosTomy %: n;’;r :%—i—qin. I pobn
% OpaBUIbHAS, IOCKOJBKY I < m < n. Eé MOXHO IpeacTaBUTh

B TpeOyeMOM BUJ€e IO IPEAIIOJ0KEHUI0 NHIYKIINH.

3. IlycTs [ — mpousBosbHASA IpPAMAasd, IMIPOXONAIIAsa Uepes
Touky O. OHa IepeceKaeT TPAaHUIY MHOTOYTrOJbHHKA B TOU-
Kax A u B. Tpebyerca mokasath, uTo OA = OB. IlpenmoJio-
sKuM, uto orpesku OA u OB He paBHBI, Hanmpumep, OA > OB.
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IIposeném npsamyro [/, mpoxomsainyro depe3d O 1 mepeceKkaro-
II[YIO 'PAHUIlY MHOT'OYIOJbHIKA B TOuKax A’ u B, HaCTOJIBKO
Ooauskux K Ttoukam A u B, uto OA’ > OB’ u Ha y4yacTKax rpa-
Hunpl oT A 10 A’ 1 or B 10 B’ HeT BepIIMH MHOTOYTIOJbHUKA.
IIpsamas [ pasbuBaer ILIOIAAL MHOTOYTOJbHUKA Ha YacTH S,
u Sy, npamaa ' —mHa wactu S| u S, npuuéM, IO YCJIOBUIO
Si1=8Sy un S/1 :S/z. Bberuuras ogHO paBeHCTBO U3 APYTroro, II0-
ayunm S04 = Spop’ -

C Ipyroii CTOPOHBI, S0 > Spop, HMockoabKy AO > BO,
OA' >O0OB' u LAOA' = /BOB'. TlonyueHHOe IIPOTUBOpPEYNE I10-
Kas3bLIBaeT, UTOo AJIsSI JI0OM MpAMOil [, IPOXOAsAIeil uepes Tou-
Ky O, umeer mecto paseHctso OA =0OB.

4. IIycts A — mamHas TOYKa BHYTPU OKpysKHOCTH, O —
IEHTP OKPY’KHOCTU. UYeTBEPTas BepIIMHA MOXKET OBLIThH JIOO
cocemHen ¢ A, b0 IIPOTUBOMIOJIOMKHOM eii. Ecau ueTBépras
BepIIMHA cocelHsA ¢ A, TO OHa HaxomuTca oT Touku O Ha
TaKOM JKe PacCTOSIHNMU, KaK U TOuKa A, T.e. UeTBEpPTasa Bep-
IIIUHA JIeXKUT Ha OKPY:KHOCcTU paxuyca OA c meatpom O. Ilpu
9TOM UEeTBEPTAs BepPIIMHA MOJKHA OLITH OTJIMYHA OT TOUKU A.

PaccmoTrpum Temeps ciyuaii, korga ueTBépras sepiauHa C
npamoyroabuuka ABCD mporuBomoJio:kHa BepriumHe A. Uc-
moab3ysa Teopemy Iludaropa, HeCIOKHO mOKa3aTh, UTO OJIA
aboro npamoyroabHuka ABCD u j000ii Touku O BBIIOJI-
HseTca paBeHcTBo OA%2 — OD? =0B? — OC?. B HalleM ciyudae
OB=0D =R, rme R— paanyc HaHHOU OKPYKHOCTH, ITIOITOMY
OC?=2R? —0A?, 1. e. Touxka C JeXUT HA OKPYKHOCTU Pajuy-
ca vV2R2 — 0A?2 ¢ meurpom O. 3amerum, uto vV2R2 —0A2 >R,
T. €. 9Ta OKPYKHOCTDH JIE)KUT BHE NAaHHOU OKPYKHOCTH.

IToxaxem Temeps, UTO J00AA TOUKA KAXKION UX 9TUX ABYX
OKpysKHOCTell (oxpy:kHOCTH S; paguyca OA c meurpom O u
OoKpyskHOCTH Sy paguyca v2R2 —0A?2 ¢ mearpom O), 3a uc-
KJIIOUeHUEeM TOYKMW A, MPUHAIJIEKUT MHOMKECTBY UETBEPTHIX
BePIINH OPAMOYTOJbHUKOB. IlycTh X — i06asd TOUKA OKPYK-
HOocTH S1, oTanuHasa ot A. Uepes Touku A u X mpoBeaEM Iep-
MeHIUKYJIAPEl K npAMoii AX M paccMOTPUM HMX TOUKH Iiepe-
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ceueHUsdA C JaHHO! OKPYKHOCTHIO. [IBe U3 3TUX TOUEK, JierKa-
ITe Mo OAHY CTOPOHY OT mpsaMoit AX, IBIAIOTCA BEpPIIMHAMU
HCKOMOI'0 IIPSAMOYTOJILHUKA.

PaccmoTpum Temeps mpou3BOJIBHYIO TOUKY X OKPYIKHOCTU
Sy. ITocTpouM OKPYKHOCTH, AUAMETPOM KOTOPOM CIYKUT OT-
pesox AX. Ilycth B — omHa M3 TOUYEK €€ IepeceueHusd ¢ AaH-
HOM OKPYIKHOCTBIO. IIo ToukaM A u B MOKHO IOCTPOUTH IPS-
moyronbHUK ABCD, BepiiuHa D KOTOPOT0, IPOTHUBOJIEKAIIA
BepiiuHe B, JeXUT Ha JaHHON OKpy:KHOcTHU (T.e. B u D 1o
HaIlel TEPMUHOJOTUY — IepBas W BTOpasd BepHinHbl). Takmux
PAMOYTOJbHUKOB IBa, IPUUEM NX YETBEPTHIE BEPIITUHBI, KaK
OBLIIO TOKAa3aHo, JexkaT Ha OoKpysKHocTu S,. C mpyroii cTopo-
HBI, 9TH YEeTBEPTHIE BEPIIMHBLI 000MX IPIMOYTOJLHUKOB Jie-
sKaT Ha npamoinn XB, tak Kak XB 1 AB. IIpamaa BX mepece-
KaeT OKPYsKHOCTb Sy B IBYX TOUKAX, [IO3TOMY MMEHHO OHU U
SIBJISIOTCSA Y€TBEPTHIMU BEPIUHAMU IPAMOYTOJbHUKOB. OmHa
13 TOUeK IepeceueHusa mpamoii BX ¢ OKPYKHOCTbIO Sy, COB-
majzaeT ¢ TOukoin X, cjeqoBaTeJbHO, TOUKa X HPUHALJICIKUT
paccMaTpuBaeMOMY MHOIKECTBY.

10 kaacc

1. Bece Touku umcxkomoro I'MT gesxatr B miaockoctu P, Ko-
Topas ImapajiiejibHa ILIOCKocTAM P, u P, m paBHOymajleHa
OT KaKkaou m3 HuX. lIpoeKIum NaHHBIX TPEyroJbHUKOB Ha
IIJIOCKOCTh P — 5TO OBa PaBHBIX HNPABUJILHBIX TPEYTOJIbHUKA
¢ oOmuM 1eHTpoM. VcKoMBIe TOUKU — CepeIuHbI OTPE3KOB,
COeIUHSAIONINX TOUKU STUX TPEYTroJb-
HukoB. IlokaskeM, UTO 3THM TOUYKH 3a-
MeTaloT BBINYKJBLIE MHOTOYTOJBbHUK,
BepIIMHAMU KOTOPOTO CIYKAT cepemu-
HBI OTPE3KOB, COEAUHSIOIIUX BEPIIU-
HBI JaHHBIX TPEeyroJbHUKOB (puc. 40).
(9TOT MHOTOYTOJBbHUK — IITECTUYTOJIhb-
HUK, CTOPOHBI KOTOPOTO MapaieIbHbI
CTOPOHAM HAHHBIX TPEYTrOJbHUKOB U
PaBHEBI ITOJOBUHAM 9THUX CTOPOH.) Puc. 40
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IIpe:xme Bcero 3aMeTuM, UTO 9TH TOUKHU 3aMeTAIOT BBIIYK-
Jloe MHOKecTBO. [lelicTBUTENIbHO, IIyCThb A U B — cepeguHBI
oTpe3koB A;As; u B1B,, toe A; 1 B; — TOUKHU TPEYTrOJbHUKA
P, a Ay u By — TouKu Tpeyroabuuka P,. Torma orpesku A; B
u A,B, TpuHaIIeKaT TpeyroabHukam P; um Py, a cepeiuHbI
OTPE3KOB, KOHIIBI KOTOPBIX HPUHAIJEKAT oTpedkam A;B; u
AyB,, 3aMeTaT MapajjieJorpaMM, BepIIMHAMU KOTOPOTO SAB-
JAI0TCA TOYKUM A 1 B u cepefuHBI OTPe3KOoB A;By um A,B;.
Huaronans AB sTOoro mapaJjesorpaMMa IPUHAAJIEKUT pac-
CMaTPUBAEMOMY MHOJKECTBY, II09TOMY OHO BBITYKJIOE.

fAcHo TakiKe, UTO ecau TOUKa A; SBISETCS BHYTPEHHEHR
TOYKOHM OTpe3Ka, IIeJIUKOM NIPUHAIIEKAIer0 TPeyroJbHU-
Ky P, To TouKa A; sBJsgeTcsd BHYTPEHHEH TOUKOM OTpe3Ka,
IeJIUKOM MIPUHAIJIEKAIIET0 PACCMATPUBAEMOMY BBLIOYKJIOMY
MHOKecTBy. CiemoBaTelbHO, 9TO MHOKECTBO SABJISETCA BbI-
yKJIoH 06010uK0i (cM. «OcHOBHBIE (haKThI») CepPeInH OTpes-
KOB, COeIUHAIONINX BEPIIMHBI TPeyroJbHUKa P; ¢ BepIInHa-
MU TpeyroabHuKa P,.

OTMeTHM, UTO €CJIM CTOPOHLI JAHHBIX TPEYTrOJbHUKOB II0-
IIapHO IapajeJbHbI, TO IIIeCTUYTOJbHUK BhIPOKIAeTCA B IIpa-
BUJIBHBIA TPEYTOJbHUK.

2. MBI OymeM mpegioJjaraTh, 4TO YMCJIO N HeuéTHO. B Ta-

a"+b" _ _ _ _ .
KoM ciydae ———-=a’ ' _a"2b+...—ab 2 +b"!. B aroit
CyMMe KakJoe U3 n cjaraemMelx a" !, —a"2b, ..., —ab" 2,

b""! maéT ofMH W TOT }Ke OCTATOK IpH JAeJeHHH Ha n. Heii-
CTBUTEJIbHO, PA3HOCThL [ABYX COCEJHHUX cjaraeMblx +a” "b*
u Fa" ¥ 1p**! pasma +a" *"b*(a+b), a mo ycaosuo a-+b
nenurca Ha n. CyMMa n cjaaraeMbIX, ZAOIIUX ONMHAKOBBIE
OCTaTKU IIPH JeJIeHUU HA N1, JeJUTCS Ha n.

4. TIpegmomoxxnuM, uto unciao A=a-10*+b, rme 1<a, b<9
u k>3, ecTh TOUHBLII KBagpaT. Torga ero ImocjemHsS Q-
pa b pasua 1, 4, 5, 6 uiau 9. Ho TouHbIfi KBagpaT He MOKET
oxkaHumBarkca HU Ha 05, vy Ha 06. CiaemoBaTeanbHO, b — omHA
us nudpp 1, 4, 9. Yucao A —b=a-10* geaurca sa 5* u asaa-
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eTcs MpOoM3BefeHneM Ienbix uncel vV A+ vb u VA —Vb. Ecin
ObI 00a STUX UMCJA AeJUJINCH HA D, TO UX PA3HOCTh, PaBHAMA
2v/b, Toxke menmsach ObI HA 5, UTO HeBepHo. IlosTomMy poB-
HO OJHO M3 JTHX umces] JeJUTca Ha 5, a moromy u Ha 5”.
CiemoBaTelbHO, OJHO M3 BTHUX uUuceJ He MeHbIIe 5°, a apy-
roe He MeHbIe 5* — 6, a 3HAUNUT, NMpou3BeJeHNe DTUX UYHUCE]
He MeHbIe, yeM 5% (5% — 6). IIpu k> 3 uMeeT MecTo HepaBeH-
ctBo 5" —6>9-2% mostomy a-10F=A—-b>5%.9.2¢=9.10%,
T.e. a>9. IlonyueHHOE IPOTHBOpPEUNE IIOKA3LIBAET, UTO UMC-
JIO A He MOJKeT ObITh TOUHBLIM KBaJpPaTOM.

5. Mo)XKHO CUMUTATh, UTO UHCJIA O, (g, ..., O) BaHYMEpPO-
BaHBI B MOPSALKe YOBIBAaHUSA UX a0COTIOTHBIX BEJWYUWH: |o|>
>|ag| > ... > |a|. Pasgenum coorHomenue of + of + ...+ o =0

Ha of:
1+(Z—j)"+...+(%)"=0. 2)

IlycTe o, 1 — mepBOe 4mciao, abCcoMOTHAA BEJIMUNHA KOTOPOTO
MeHbIIle abCOTIOTHOI BeJMUuHBI uucaa o« . CooTHoIenue (2)
IIepenuIneTcsa TOrAa CIeAyomuM obpasom:

a1 a1

1ili...il+(°““)n+...+(%)n:0. 3)

AOGconoTHas BenWumMHA YHCaA o 1/0q MeHbIIe 1, mosTomy
IPU JOCTATOYHO OOJIBIIIOM 7 abCOJIOTHAS BeJIWYMHA UYKCJIA

n 1
(o411/04)" MeHbIIe 2D IIpu Takom n abGCcoaOTHAS BeJIH-
YMHA CYMMBI

A+1 n ar\"
(%) o+ (%)
a1 [24]
1

OymeT MeHbIIe 3 CraemoBaTenbHO, KoauuecTBo +1 1 —1 B pa-
BeHcTBe (3) JOIKHO OBITh OMMHAKOBLIM, IIOATOMY UMCJIA, PaB-
Hble 0 a0COJIIOTHOM BeJIMYMHE YUCIY (4, pasbuBaioTcs Ha Ia-
pei. CymmMa sTtux umcesa paBHa 0, MOSTOMY MX MOYKHO HCKJIIO-

YUTh U3 PACCMOTPEHUs, a [IJIs OCTABIIUXCS Yucesa (ecju OHU
€CTb) IIOBTOPUTH T€ JKe caMble PACCYKICHUS.
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Bropoii Typ
7 Kaacc

1. BosMO:KHBI TPM BapuaHTa PACHOJIOMKEHUS MAaHHBIX TO-
UeK.

1) Touku A, B, C u D — BepIINHBI BBIITYKJOTO YEeTHIPEX-
yronbHUKA. g gro60i Touku M cymMMa pacCTOSHUI OT KOH-
IIOB JMATOHAJNM STOTO UETBIPEXYTOJbHUKA HEe MEHBIIe Auaro-
Haiu. 3amucaB 9TH HepaBeHCTBA [IJA KasKIOW W3 ABYX OuAa-
ToHAJIeHl M CJIOXKUB UX, IIOJYYNM, UYTO CyMMa PACCTOAHUUA OT
TouKu M OO0 HAaHHBIX TOUEK He MEHbIIle CyMMbLI IuaroHaJiei
YeTBIPEXYTOJbHUKA. JIerko yb6eguThCsA, YUTO OJA TOUKHU IIe-
peceuenusa nuaroHaJjieil 9Ta CyMMa PacCTOAHUU paBHA CyMMe
IuaroHaJiei, a IJid JII00O# IPYyroll TOUKHM 9Ta CyMMa pPaccTos-
HUH 0OJIBIIIe CYMMBI JUAroHaJIen.

2) Touku A, B, C u D He SABIAIOTCA BEePIINHAMHU BBIIYK-
JIOTO YeThIPEXYTOJbHUKA, HO He JeyKaT Ha OIHOW HPAMOIi.
B srom cayuae ogHa M3 TOUEK JIEKUT BHYTPU WMJIU Ha CTO-
poHe TpeyroJbHUKA C BePIIMHAMHU B TPEX OCTAJIbHBIX TOUKAX.
IlycTs miist ompezesiéeHHOCTH TOUKa D JIedKUT BHYTPU WUJIXM Ha
cTopoHe TpeyroabHuka ABC. MickoMasa TOUKa He MOKeT HaXo-
IuThcsA BHe TpeyroabHuka ABC. [leiicTBuTenbHO, ecau M —
TOuKa BHe TpeyroabHuka ABC, a M’ — TouKa IepeceuyeHus
orpeska DM c rpaHuiieii TpeyroJbHHKAa, TO CyMMa pPacCTOs-
HUI OoT TouKu M’ 10 JaHHBIX TOUYEK MeHBIIIe, YeM OT TOUKU M.

Ilycts Touka M Jie:KUT BHYTPU WJIW HA CTOPOHE TPEYyTroJib-
Huka BDC (ecau Touka M JIeKUT BHYTPU UJIU Ha CTOPOHE Tpe-
yroanbauKa ABD unu ACD, TO pacCy:KIeHUs aHaJOTHUYHBI).
IIpoBeném mpamyoo AM u paccmoTpuMm Ty u3 Bepminua B u C,
KoTopas JIeKUT 10 Ty Ke CTOPOHY OT mpsamoir AM, 4To u Tou-
Ka D; mycTh AJis ompenesnéHHocTu 310 Oyaet BepiuHa C. To-
ria AM +CM > AD+CD u DM + BM > BD. CriaanbiBasd 5TU
HepaBeHcTBa, moaydaemM uto AM + BM +CM + DM > AD +
+BD+CD, T.e. gna Toukum D wmcciemayeMas cyMMa MUHU-
MaJIbHA.

3) Touxku A, B, C u D ne:xart Ha oxuoii nmpamoii. Ilycrs, Ha-
npumep, Touku C u D jexxar me:xkay A m B. Torma nckomoii
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TOUYKOU Oymer Jsirobasa Touka M orpesra CD. [leficTBUTEIBHO,
s 000 Takoii Touku M cymma AM + BM + CM + DM pas-
Ha AB+ CD; gna touxku M, He jesxaineir Ha orpeske CD, ata
cyMMa OoJIbIlie.

2. JocTaTOYHO PACCMOTPETH CJyuail, Korma u3 CTOPOH AaH-
HOTO YeTBHIPEXYTOJLHUKA HEJb3s CJIOKUTDH IapajjieiorpaMM.
IIycts a, b, ¢ U d — CTOPOHBI AAHHOTO YETBHLIPEXYTOJLHUKA,
npuuéM a>b>c>d. Ilo mpeAmososKeHNI0 M3 CTOPOH UeThI-
PEXYTOJIbHUKA HEJb3S CJIOKUTL IapajljieslorpaMM, IIO9TOMY
a>b unu c>d. IlokaxkeM cHadaja, UYTO CYIIECTByeT Tpe-
YTOJIBHUK CcO cTopoHamu a —d, b, c. IlelicTBUTeIbHO, Hepa-
BEHCTBO @ — d < b+ ¢ 9KBUBAJEHTHO OUEBUIHOMY HEPABEHCTBY
a<b+c-+d (cTopoHa UeTHIPEXYTOJIbHUKA MEHbBIIIE CYMMbI €I0
OCTAJIBHBIX CTOPOH); HepaBeHCTBO b < (a —d) + ¢ ciemyer us
TOoT0, uTo b<a u ¢ — d >0 (mpuuém 1o KpaiiHeil Mepe OIHO U3
9TUX HEPaBEHCTB CTPOrOe) COTJIACHO IIPEAIIOJOMKEHUAM O UHC-
Jax a, b, ¢ u d; HepaBeHcTBO ¢ < (a —d) + b ciaexyetr us TOro,
uro c<a u b—d >0 (upuuém mo KpaiiHeil Mepe OJHO U3 dTUX
HEePaBeHCTB CTPOTOE).

ITocTpoum TpeyroabHUK co cropoHamu a—d, b u c. Ero
MOJKHO JOCTPOUTH IO Tpallelluu CO CTOpoOHaMu a, b, ¢ u d.
[ 3TOT0 HYKHO IIPOJOJIXKUTH CTOPOHY @ —d HA OTPe3oK d
(B 1100yI0 CTOPOHY) 1 Ha OTpe3Kax ¢ 1 d IMOCTPOUTH mapaJe-
JIOTPaMM.

3. Cymma yrioB J000TO HecaMOIIepeceKaromierocsa IIATU-
yroabHUKa paBHa 540°, mosToMy y Hero He MOKeT OBITH 0O-
Jee IBYX YyIJoB, mpeBocxomaimux 180° (mo moBoxy ompeze-
JIEHUS YTJIOB HEBBIITYKJIOTO MHOTOYTOJbHUKA cM. «OCHOBHBIE
daxTei».) CiremoBaTesibHO, V HETO He MeHee TPEX YIJIOB, KaiK-
OBl 13 KOTOPBIX MeHbIme 180°; mBa 13 9TUX YIJIOB COCETHUE.
IIycts yraet A u B martuyroabauka ABCDE wmeunsbire 180°.
Torga orpesku AE u BC je:xaT IO OOAHY CTOPOHY OT HPAMOI
AB. Eciu Touka D JIeXKUT IO Ty Ke CTOPOHY OT mpsmoii AB,
TOo ctopoHa AB mckomasa. IlycTs Touka D JeKUT HO APYTYIO
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Puc. 41 Puc. 42

cropouy otr npamoii AB. Torga npamesie AD u BD pasouBaimoT
MIOJIYIJIOCKOCTD, B KOTOPO# Je:kat Touku C u E, Ha Tpu YacTu
(puc. 41). Bepmmuusl C u E MOTyT JeaThb TOJAbKO B 1-i1 u 3-i1
YacTAX, TaK KaK MHadYe ONATUYTOJbHUK OBLLI OLI camolepece-
karorumcs. Touku C u E He MOTyT Jie:KaTh B Pa3HBIX YaCTAX,
IIOTOMY UTO B TAKOM CJIy4yae IIOJYUYaeTcs MATUYTOJbHUK, B KO-
Topom yriubl A u B 6oabiie 180°. Cienosarenbro, Touku C u
E nexar B ogHOM uacTu, u cTopoHbl CD u DE mepecekaroT
npamyo AB 1o ogHy cTOpoHY OT oTpe3ka AB (puc. 42); Ta us
cropor CD u DE, xoropas mepecekaeTr npamyio AB gajbliie
oT orpeska AB, nckomas.

4. ITycTs 1 1eKabpsa KaKoro-To rofa — IIOHeAeJbHUK, TOrIa
1 HOs0pss — cy006oTa, 1 oKTAOPA — cpena, 1 ceHTAOPS — mOHe-
IeJbHUK, 1 aBrycra — maTHUIA, 1 WIOJAS — BTOPHUK, 1 HIio-
HS — BOCKpeceHbe, 1 Mas — ueTBepr, 1 ampeis — BTOPHUK,
1 mapTa — cy006oTa, 1 eBpansa — nmaTHUIA Uau cyodora, 1 au-
BapsA — BTOPHUK umau cpega. OTMeTuM, YTO ¢ MasA IO HOSIOPb
1-e ymcJyI0 momazaJio Ha KasKIbIM AeHb Helesnu. SHAUUT, BCe
yucaa ¢ 1 mo 30 Toke momazasm Ha KasKIbIM JeHDL HeIeJIN.
fAcuo, uto ecniu 1 mexabps He MOHeAEIbHUK, a KaKOU-TO APY-
rol neHb Hemeaum, TO Bce umcisa ¢ 1 mo 30 ToKe momazaroT
Ha KaKIbIN ITeHb Hegxean. IlosToMy MCKOMBIM UMCJIOM MOJKET
OBITH TOJBKO 31.

Jlerko mpoBepuTh, UTO ecau 1 mexadpsa KaxKoro-To roma —
HOHEeNeJbHUK, TO 31 4KcJIo HU B OLHOM MeCSIle STOr0 rofa He
MOJKeT ObITh BTOPHUKOM. SHAUUT, ecau 1 gexadpsa Kaxoro-tTo
roga — cy66ora, TO HU B OOJHOM MecsIle 3Toro roga 31 umciio
He MOKeT ObIThb BOCKPECEeHbeM.
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8 Kaacc

1. PaccmoTpuM cucTemMy TOueK, 00JIaZalONINX TPeO0yeMbIM
CBOIICTBOM, U BBIOEPEM M3 BCE€X OTPE3KOB, COEMUHSIONIUX 3TU
TOUKM, HAUOOJIBINNH (M1 OgUH M3 Haumboabinux). IlycTs aTo
Oymet oTpe3ok AB. Bo Bcex TpeyroJibHUKAaX C BepHinHaMu A u
B mHauboJbiasa ctopoHa AB moJKHAa JeKaTh IIPOTUB IIPAMOTO
yria. Takum obpasom, Bce paccMaTpUBaeMble TOUKM JeKaT
Ha OKPYIKHOCTHU ¢ guamerpom AB.

IIycts C — TpeTbsa TOuKa. BBISSICHUM, T'Ie MOKET JIe:KaThb
yerBépTas Touka D. B Tpeyroabuuke ACD yroa ACD He mups-
MOI, Tak KaK mHaue Touka D coBmajgajia Obl C TOUKOH B.
Hamnee, ZADC #90°, Tak Kak 9TOT yroJ ONUpAaeTcd Ha XOP-
oy AC, He apiapilyioca guamerpom. CieqoBaTelbHO, B Tpe-
yroabHuKe ACD npsaAMBIM OOJIXKeH ObITh yroa DAC, mosToMmy
CD — puamerp. WUraK, moJjioskeHre UETBEPTOIl TOUKU OIIpeje-
JIEHO OJHO3HAYHO, II09TOMY HAaMOOJbIIIee BO3MOKHOE 3HAUe-
HUe n paBHO 4 (UeThbIpe TOUYKM PACIOJIOMKEHBLI B BepIIMHAX
MIPAMOYTOJbHUKA).

2. Ilpesxae Bcero samerum, uto ecau m =0 mauz n=0, To
YMCJ0 XOJOB, OUEBUIHO, UETHO. B majbHeiirem OyaeM cuu-
TaTh, uTo mn # 0.

IIycTts p — pasHoOCTh KOJIMUECTB XOJ0B Buga (a -+ m, b+ n)
u(a—m,b—n),q—sBumna (a+m,b—n)u (a—m,b+n), r—
Buga (a+n,b+m)u (a—n,b—m),s—suga (a+n,b—m) n
(a—n,b+m).

Bce xoabt Buga (a+m,b+n) u (a —m, b—n) B COBOKyIHO-
CTU IIPUBOAAT K IepeMelreHunio (GuIIKy ¢ mouasa (a, b) Ha moie
(a+pm, b+pn) u 7. n. Ilocae Bcex X0m0B (pUITKA BEPHYJIACH
Ha MCXOHOEe T0JIe, II09TOMY UHCJIa P, ¢, I' X S YIAOBJIETBOPSIOT
ypaBHEHUAM

@P+qm+(r+s)n=0, (p—q)n+ (r—sym=0.

m
BI)IpaBI/IB n3 KaXJ0ro m3 HUX —; 1 IIpUpaBHAB 9THU BbIpPa-
r+s p—q

2 2 2 2
T. €. —q°—r°+s=0. laa
p+q r—s p q

JKEeHUusd, IIOJIyUYnuM
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J1000T0 YKCIa ¢ YETHOCTH YHCes] ¢, —C U ¢2 OAMHAKOBBI, IIO-
9TOMY YMCJO P+ q+ 7 + S 4ETHO (OHO MMeeT Ty sKe UETHOCTD,
Kak u 0).

YHucao p+q+r+ s nMeeT Takylo Xe Y6THOCTb, KaK U UNC-
JIO X, TIOTOMY YTO Pa3HOCTDH KOJUYECTB XOI0B IBYX BUIOB MMe-
eT TaKyl ’Ke UETHOCTh, KaK m ux cymma. CiiegoBaTesbHO,
YUCJ0 X YETHO.

4. Ilycts a; — mepBbIli HabaogaTenb. PaccMOTpUM Bcex
HabJIrofaTe e, KOTOphble HAUAJAN CJEAUTDH 3a YIUTKON He I103-
’Ke TOTO MOMEHTAa, KOrJa KOHYMWJ CIeIUTL a; (II0 YCJIOBUIO
Takue HabJgomaTeaun ecThb). IIyCcTh @y — MOCIETHUN M3 TaKUX
HabOrofatesaeii. PaccMoTpuM 3aTeM Bcex HabOJromareseii, Ha-
YaBIIUX CJHEIUTH 34 YINTKON He II03)Ke, YeM KOHUWJI dy, U
0003HAUNM @3 IIOCJESHEr0 M3 HUX. AHAJOTMUYHO BhIOEpEM Ha-
oJsromaread a4 U T. 4. B KOHIIe KOHIIOB MBI JOULEM 10 HaOJIIO-
IaTelisl, OKOHUMBIIIEro HaOJI0JaTh KaK pa3 B KOHIE IIIECTOH
MUHYTHI (eciiu HaOJIOmaTe b @, KOHUYMJ HaOJIOAATh pPaHbIIe,
TO MMEIOTCA HAOJIIoJaTeJ M, HAauaBIINEe CJHEIUTL II03)Ke, UueM
ap, a TOTOMY MOKHO BBIOpaTh HaOJIOgaTensd dj.i). 1lycTh
ai, as, ..., A, — BCe BBIOpAHHLIE TAKUM oOpasom HabJmogaTe-
au. ITokaskem, UTO IPOMEXKYTKH HAOIIONEHUS A, A3, A5, ...
He mmepecekaoTcsa. IIpeamoniosxum, HaIpuMep, UYTO B KAKOM-TO
MOMEHT BPeMeHU 3a YJIUTKOMW HAOJomalud a; U ds. ITO O3HA-
yaeT, 4TO HabJIOmaTeNlb d; BHIOpAH HEIpPaBUJIBHO, TAaK Kak
as HavaJ HAOJIONATEL II033Ke, YeM dg, HO eIlé IO TOro, KaK
KOHUMJI a;. AHAJOTMYHO IIPOMEIKYTKM, B KOTOPLIE CJIEIUJIN
HaOJIOgaATEeNN A3, Ay, dg, ..., HE IIEPECEKAIOTCH.

Tax Kak OpoMe:KYyTKU HAOIONeHUS di, d3, ... (KaKIBIH
pauHOoll B 1 MMHYTY) He mepeceKaroTcs, TO HabJmomaresei
a, as, as, ... He OoJibllle 5, 160 Bech MHTEepPBaJ HAOJIIOIEHUS
cocraBaseT 6 muuyTt. TouHO Tak ;Ke HaOmOgaTe el ds, Ay, ...
He Oojiee 5, T.e. Bcero Habgrogareneir a;, ds, ..., 4, IMEETCS
He O0oaee pecaru: k< 10.

3a yJIUTKOM BCé BpeMsaA HaOJIOmaeT KTO-HUOYAb M3 HabJII0-
Jatejgeu a;, as, ..., Gy; BCEro TaKMX HaOJmomaTeseil He OoJiee
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Puc. 43

10, ¥ Ka)KIblil BUAUT, KaK YJIUTKa Opomossja 1 M. S3HAUuT,
oosbirie 10 M yIHUTKa He MOTJIA IIPOMOJI3TH.

Ha pucynke 43 npusefés npuMep ABUMKEHUS YIUTKU, KO-
rga oHa Iporojsaer poBHO 10 M. YiauTka moas3ér TOJIBKO TO-
rga, Korjga Ha Heé CMOTPUT POBHO oxuH u3 10 HabamogarTesneii,
U 34 9TO BpeMs IIPoIoJj3aeT 1 M; ocTalbHOEe BpeMs YJIUTKA He
IBUYKETCA.

5. Orpesku AC u EC sasasmor-
csl TUIOTEHY3aMU PAaBHBIX IIPAMO-
YTOJILHBIX TPEYTOJbHUKOB, IIO9TOMY
oHUM paBHBI. Takum o6pasom, Owmc-
cekrpuca yria C paBHOOEIPEHHOTO
TpeyroabHuka ACE SBIseTCS OCBIO
CUMMETPUHU paccMaTpPUBaeMoro Is-
Tuyrojbauka. CymMMma yrjaoB MsTH-
yroJbHUKaA mpu BepimuHax A, E u
C paBHa 360°. ITosToMy U3 UETBHIPEX
TAKUX IMATUYTOJBHUKOB MOYKHO CJIO-
JKUTH IIecTUyroJbHUK (puc. 44). Ta-
KMMU IIEeCTUYTOJbHUKAMN, OUYEBUJ- Puc. 44
HO, MOJXHO 3aMOCTHUTD IJIOCKOCTD.
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9 Kaacc

1. Tax KaK KaKIyI0 TOUKY MOKHO COeIMHUTE He 0ojiee ueM
¢ m—1 gpyrumu, [ < m. Kpome Toro, obiiee 4mco map Buma
(oTpes3ok, KOHEIl 9TOTO OTPe3Ka) paBHO [m, a 3HAUUT, 00IIee
YKMCJI0 OTPE3KOB paBHO [m/2, OTKyHZa caenyer, 4TO UUCJIO0 lm
YETHO.

HoxameM, uTO s JIOOBIX [ < m, IJisT KOTOPBIX UUCJIO lm
YETHO, ONMCAHHAS B YCJOBUM KOHCTPYKIIUS OCYIIECTBHMA.
PaccmoTpum cHauajsa caydam, xorga uwncyao [ uétHo. Pacrmo-
JIOJKUM TOUKM B BepIINHAX IPABUJILHOIO M-YroJbHUKA U IPO-
BeIEM Te AUaroHajau, I0 KaKy-HUOYIbL CTOPOHY OT KOTOPBIX

JIeXKUT He 0oJjee é — 1 BepminH MHOTOyrOJbHUKA. Torma Kam-
Ias BepHinHa OyaeT coeguHeHa POBHO ¢ | ApYyTrUMU.
Paccmorpum Temeph ciyuaii, Korga 4ucao [ HeUETHO, a
YHMCJIO M YETHO. PacIoyioKmM TOYKU B BepHIMHAX ABYX IIpa-
BUJIBHBIX (m/2)-yronbHUKOB A;...A,,;s U Bi...B,,;. Ecin
< %, TO B KAXKJIOM U3 3Tux (m/2)-yroJlbHUKOB MOYKHO IIPOBe-
CTU AUaroHaJU TaK, UTO Ka'KJas BepIlIMHa OyIoeT coequHeHa
poBHO ¢ [ ppyrumu. Eciu xe [ > %, TO B Ka’KIOM U3 IBYX
(m/2)-yrolbHUKOB IPOBEAEM Bce AUATOHAJIU U IJIA BCeX i CO-
enuHUM BepmiuHy A; ¢ B+ 1 Bepmumaavu B;, B 1, ..., Biis,

rue k:l—%.

2. Ilyets K, L, M 1 N — BepIINHBI IPAaBUIbHBIX TPEYTOJIb-
HUKOB, MOCTPOEHHBIX Ha cTopoHax BC, AB, AF u FE; B, A,
u Fy — cepenunsl oTpeskos KL, LM n MN (puc. 45). Ilycrs,
maJjee, @ = BC= FE b= AB uc= AF R— HOBOpOT Ha 60°, 1e-
PEeBOAAIIUNA BEKTOPD BC s BK. Torga AM =—-R’cu FN= —R a.
Iostomy 2A,B;=R%’c+Ra+b u 2F, A, =R%a—c+Rb, T.e.
F1A1 - R(A]_Bl) .

3. llTaxMaTHYIO HOCKY N X 4 MOKHO pas3duTh Ha 4 MOJIOCHI,
KasKaas M3 KOTOPBIX COCTOUT M3 N KJETOK; IBe II0JIOCHI pac-
IIOJIOYKEHBI IO KpasAM U ABe B cepenmue. IIpenmoroxKmum, 4To
IITaXMAaTHBIA KOHBL OOOIIEN MOCKY, IOOLIBAB HA KasKIOM IIOJIe
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Puc. 45

110 OJHOMY pasy " MOCJEeIHUM XOIOM BEPHYBIIHCH HA MCXOJH-
HYIO KJEeTKY. ITOT 00X0[ cXeMaTUYHO MOMKHO M300pas3uTh 4n-
YTOJIbHUKOM, BEPITUHBI KOTOPOT'O COOTBETCTBYIOT KJIETKaM, a
CTOPOHEBI — XOJaM KOHs. V3 11000i KJIeTKHU KpaiHell II0J0ChI
3a OAWH XOJ KOHBb MOJKET IIOIIaCTh TOJHKO Ha CPEIHIOI0 IT0JIO-
cy. 9TO 0O3HAYaeT, UTO B pacCMATPUBAEMOM MHOTOYTOJbHUKE
IBe COCeIHNE BEepINNHBI HE MOTYT COOTBETCTBOBATH KJIETKAM
KpaiHux mojioc. Ho poBHO 1M0JIOBMHA BEPIITNH MHOTOYTOJIBHU-
Ka COOTBETCTBYET KJIETKAM KPAWHUX IT0JIOC, IIO3TOMY BepPIIU-
HBI, COOTBETCTBYIOIUE KJETKAM KpPAWHUX ITOJIOC, U BePIIU-
HBI, COOTBETCTBYIOIIME KJIETKAM CPeIHUX I0JIOC, CTPOTO uepe-
nyiorcsa. CiaemoBaTesabHO, Aejas XO4 u3 0esiolf KJIeTKH Kpaii-
HeH MOJIOChI MBI CHAUaJIa MomajgaeM B UEPHYIO KJIETKY CpeaHen
IIOJIOCHI, a Yepe3 OAWH XOJ II0oIIaZaeM CHOBA B 0€IYI0 KJIETKY
KpaiiHeil moJjochl (a mesas XOn M3 UEPHOU KJIETKU KpanHen
TIOJIOCHI, Uepe3 OAWH XOJ TOoIIaJaeM B YEPHYIO KJIETKY Kpaii-
Heli moJiockl). TakumM 00pasoM, Bce KJIETKM KPaWHUX II0JIOC
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UMeIOT OAWH U TOT Ke IiBeT. IloJyueHHOe ITPOTHBOpPEUNe II0-
KasbsIBaeT, uTo TpebyemMoro o06xoaa He CYIIeCcTBYeT.

4. Ka:xgas cToOpoHA IPSIMOYTOJbHUKA JOJKHA IMIPOXOAUTH
yepes KaKyo-HUOYIb BEePINHY TpeyrojbHuKa. Tak Kak mpu
9TOM BEPIIHUH Yy TPEYroJbHUKA Ha OAHY MEHbIIIe, UYeM CTOPOH
y IPAMOYTOJbHUKA, TO XOTs ObI OJHA BEPIIUHA IPAMOYTOJb-
HUKa OOJI’KHA COBIIAJaTh C OJHOI M3 BEPINHUH TPEYTrOJbHUKA.
Bymem masbpIBaTh TaKyi0 BepPINNHY OIIOPHON; Ha pucyHKe 46
BepiuHa A TpeyroabHuka ABC omopHas. Bepiuua @ npamo-
yroabHuKa APQR, IPOTHUBOIIOJIOMKHAA BepIluHe A, JeKUT HA
MMOJIYOKPYKHOCTH, IIOCTPOEHHOM (BHEITHUM 00pasoM) Ha CTO-
poue BC Tpeyroabuuka ABC Kak ma guamertpe. Ilycts A;, B
u C; — cepeanHbl cTOpoH TpeyroabHuka ABC. IleHTp mpamo-
YTOJbHUKA — 9TO cepeanHa oTpe3dKka AR, IOITOMY OH JIEIKUT
Ha MMOJYOKPYKHOCTH, IIOCTPOEHHON KaK Ha AuaMeTpe Ha Cpej-
Heli auuanuu B;C, Tpeyroibuuxa ABC.

BepiiuHbl TPpSIMOYTOILHUKOB 3aMETAIOT He BCIO MOJIYOKPY K-
HOCTb, a Jmiumb nyry UV, rme U u V — Takme TOYKHU, UTO
BU||C1A; u CV ||B1A;. B Toukax U u V mpoucxogur cme-
Ha OIIOPHOW BEePIINHBLI TPEYTOJIbHUKA.
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Oxkpys:kHOCTH ¢ guamerpamu A;B;, B;C; u C{A; mepeceka-
oTcA B ToukKax Ay, By u Cy, KOTOPBIE SBIASIOTCA OCHOBAHUSIMU
BbIcOT TpeyroabuHuKka A;B{C;. Uckomoe I'MT — sTo
KPUBOJIUHENHBIN TPEyTroabHUK Ay;ByCy, cTOpOHAMU N
KOTOPOT'0 ABJIAITCA OYIH dTUX OKPYIKHOCTEI.

5. Paccmorpum purypy @, cCOCTOAIIyI0 M3 MHO- 1
’KecTBa TOUeK, YIAaJEHHBIX OT oTpe3ka MauHbl 10 He 1
6osee uem Ha 1 (puc. 47). PazobbéM Bech KBaapaT T
100 x 100 ma 50 BepTHKAJBHBIX IIOJIOC Pa3MeEPOM
2x 100, 1 B Ka)XAYIO U3 3TUX II0JOC IIOMECTUM IIO
8 memepecekalonmuxca GuUryp, pasubix @. Ma ycio-
BUS 3aJaUH CJenyeT, uTo B Kaxayio us 400 ¢puryp

momajaer 1o KpaliHell Mepe OAUH IeHTP Kpyra 1 mo- %
aToMy Kpyros He menbIme 400. Puc. 47
10 kanacc

1. IIpepmono:xkum, uto uucao A geaurcaual, 2,3, ..., 9 u

yrcao 2A mpeCcTaBJIeHO B BUIEe CYMMBI HATYPAJbHBIX UKCEI,
menpmux 10, 2A=a; +as +...+a;, Tak, 4TO U3 YKCEJ a1, A3,
..., 4, HeJIb3s BBIOPATh UaCTh, CyMMa KOTOPBIX paBHa A.
Haumenblitee HaTypaJbHOE YKCI0, KOTOpPOe AeauTcs Ha 1,
2, 3, ..., 9, paao 2520, mostomy 2A>2520-2=5040. Ta-
KuM 00pasoM, UTOOLI HPUATU K IIPOTHUBOPEUUIO, JTOCTATOUHO
I0Ka3aTh, UTO CPeAU UHUCeT di, A3, ..., () HA ONHO W3 UHCE]

1, ..., 9 He Mmo:KeT BcTpeTUTHCA Oojee 7 pas. [elicTBUTENBHO,
TOTa MBI HOJYUUM, UTO A1 + Ay + ... +ap < 7- 92£ =315.
IIpenmosokuM, YTO CPeIU YUCET dy, A3, ..., A UYUCIO N
BCTpeuaeTcs Mo Kpaiineit mepe 8 pas. Mckaouum sTu 8 uncel
n ¥ pacCMOTPUM OCTaBImecs umcesaa. X cymMMa IOBOJIBHO Be-
Jauka: oua He menbIe 5040 — 72. IlosToMy cpeu HUX MOYKHO
BBIOpPaTh JIUOO UMCIIO, Aesdlleecs Ha n, Jub0 n 4Uuces, aa-
OIIUX OAWHAKOBBLIE OCTATKU IPHU AEJeHUHW Ha N; cyMMa BbI-
OpaHHBIX TaKUM 00pasoM umces AeauTcs Ha n. Cpemau ocras-

IIUXCs YHCeJ CHOBA BhIOEpEM TaKUM Ke CI0cOO0M HEeCKOJIBKO
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Yurcesl, CyMMa KOTOPBIX MEJIUTCA Ha N, U 00aBUM HX K YiKe
BBIOPAaHHBIM umcjaaM. Tak MbI OyJeM BLIOMPATDH YHMCJIA 0 TeX
IIOp MOKa MX cymMMa OyaeT octaBaTbesa MeHbITe A. IlycTs cym-
Ma BBIOPAHHBIX B mTOre umceJs paBHa S. IIpubaBuB K S umcio
a < 8n, MbI MOJIYYUM UHCJIO, KOTOPOE He MeHbIlle A, TO3TOMY
A<LS+a<S+8n, r.e. S>A—8n. Kpome TOrO0, IO IIOCTpOE-
HUio S < A u S genaurtcda Ha n. IlosTomy ogHO U3 umucea S+ n,
..., S+ 8n paBuo A. IloxyueHO TpOTHMBOpPEUHE.

2. ITpepcraBum mncxomuoe umciao A B Buge A= 10a + b. Ilo-
cJie IEePEeCTAHOBKM IIOCHeNHEeN Iu@pbl b B HAUYAJIO HOJYUUM
ynucao B=10%""1.p +a.

Jlerko mpoBepuTh, uto umcao 10% — 1 menmurcs Ha 7, T.e.
uncyao 10° npu gemenun Ha 7 maét B ocratke 1. CiegoBaress-
HO, uyucyo 105" mpu nmemenun Ha 7 Takske nmaéT B ocraTke 1.
ITosTomy uncao 10B=10%.b+ 10a npu gemeHun Ha 7 AAET
TAKOI K€ OCTAaTOK, Kak 1 umncJyo b+ 10a = A.

ITo ycimoBuro umeao A genurtcsa Ha 7, mostomy umcao 10B
Toske meautcsa Ha 7. CiaemoBaTesbHO, U uncyio B geaurcsa Ha 7.

3. Ilycts A — omuH 13 coOpaBIIUXCSA; OH MMeeT M 3HaAKO-
MBIX Ai, Ay, ..., A,. HuKakue nBa udesoBeka u3 A;, A, ...,
A,, He MOr'yT OBITH 3HAKOMBI, IIOTOMY UTO Y HUX €CThb OOIIUit
sHaKoMBIil A. IlosToMy y KasKaBIX JBYX desloBeK A; u A; ecThb
POBHO OAUH 00Ul 3HAKOMBIH, KpoMe A; 0003HAUUM ero A;;.
flcuo, uTO YyenoBeK A;; He MOKeT OBITH OZHUM U3 A;, Aj, ...,
A,,, moToMy uTO OH He 3HaKoM ¢ A. Jlna pasHbIx nmap (4;, 4))
Joau A;; pasHble, IOTOMY 4YTO MHAaYe y ABYX HE3HAKOMBIX JIO-
neit A u A;; okazanoch O6bl 60JIbIIIe ABYX OOIIMX 3HAKOMBIX.

Taxum oOpasoM, UMCJO JIIOAeH, He 3HAKOMBIX ¢ A, He
MEeHbIIIe, YeM KOJIMUECTBO IIap, COCTABJEHHBLIX M3 M UeJIOo-
BeK Aj, Ay, ..., A,, T.e. He MeHbIe C2 = w C ngpyroii
CTOPOHBI, KAJKABIA UeJIOBEK, He 3HAKOMBIN ¢ A, UMeeT ¢ HUM
POBHO ABYX OOIMMX B3HAKOMBIX, IIPUUYEM OHU JOJKHBI OBITH
us3 uncuaa A, As, ..., A,. IIpu sToOM pasHBIM JIIOOAM COOTBET-
CTBYIOT pasHble Iaphbl. JlefiCTBUTENBbHO, ecau ObI OJHA Iapa
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(A;, A)) coorBeTcTBOBaNA ABYM MM O0jee JI0JAM, TO O0IUMU
3HaKOMBIMU A; u A; Oblnu Obl oTH a0y U emé A. Iloaromy
YMCJIO JIoLel, He 3HAKOMBIX ¢ A, He 0oJIbIlIe Cfn.

m(m—1)

Wrak, ectb m uejoBeK, 3HAKOMBIX ¢ A, 1 ———— 4YeJIo-
m(m—1

BeK, He 3HAKOMBIX ¢ A. ITosTomy n:1—|—m—i—%. Pac-

CMAaTPHUBAs 9TO BhIPAKEHNE KaK KBaJApaTHOE YPaBHEHIE OTHO-
CUTEJILHO M, MBI BUAUM, YTO OHO MMEET TOJLKO OAUH II0JIO-
SKUTEJIBHBIA KOPEHb, IIO9TOMY AJIA JII0OO0ro M3 COOpaBIIMXCHA
YMCJIO M 3HAKOMBIX C HUM IIOCTOSHHO.

o m(m—1)
KommeunTtapuit. CoorHomenune n=1+m+ —,— TOKaskIBaer,

YTO OIIMCaHHadA B YCJIOBUU 3aJa4UM CUTyalusd BOSMOKHA He OJidAd BCeX HaTy-
m(m —1)

PaIdbHBIX N, a4 TOJIBKO OJIAd TeX, KOTOPble MMEIOT BUO N — 1+m+ 3 5

rae m — meJjoe 4ucJo, T.e. mian—=1, 2,4, 7,11, ...

5. IIpu 11060M TaKOM MapIIIPyTe UHCJIO XOJOB BBEPX paB-
HO YHCJY XOIOB BHHU3, a YHCJIO XOJOB BIPABO PABHO YUCIY
X0m0B BJIeBO. Kpome Toro, jiro60il MapIipyT 3amaéTcs IIOCJIe-
IOBaTEJIbHOCTHIO HAIIPABJIECHUN XOMOB.

Boruncaum cHavasia 4YKMCJI0 MapPIIPYTOB ¢ (PUKCUPOBAHHBIM
YyucJaoM K XOJ0B, CAeJaHHBIX BIPaBO. fICHO, UTO BJIEBO IIPU
9TOM JeJjaeTcs k X040B, BBePX 1 BHU3 — II0 1 — k XOOB B KasK-
Iyio cropoHy. OOIee UMCIO TAKUX MAPIIPYTOB — 3TO KOJIU-
YeCTBO IIEPECTAHOBOK 21 3JIEMEHTOB, Cpedu KOTOPBLIX ecThb k,
k, n—k u n — k Hepasauuumbix. [losToMy UMCI0 MapIIPYTOB
N, paBHO

(2n)! _ @n! (n!)?
(ED2((n—k)D2 — nln! (BD2((n— k)2

= C3,(CD)*.

Wckomoe uywmcio MapIipyToB paBHO CyMMe Nk II0 BCEM BO3-

MOXKHBIM £
N=> N,=Cj > (Ch*
k=0 k=0

Ho nocnenusisi cymma pasua Cp,, Tak Kak (CF)2=CtCrF—
9TO UKCJO CIIOCOOOB BBIOPATH 71 BJIEMEHTOB W3 271 TakK, UTOOBI
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BBIOPAHHBIMU OKAa3aJIUCh k 13 IePBOM MHOJIOBUHBI U 1 — k u3
Bropoii mosoBuubl. Ciexosarenbno, N = (C2 )2, uro u TpeGo-
BAJIOCh.

1961 200 (XXIV onumnuada)

IlepBroIii TYp
7 Kaacc
1. Banumiem ymcaa oT 1 10 2n B ABe CTPOKM CJIEAYIOITAM
obpasom:

1 2 3 .. n—1 n,
2n 2n—-1 2n-2 ... n+2 n+1.

CyMMBI UKcesJ B KasKIOM CTOJOIe IPU 5TOM paBHLI. Tak Kak
YKUCJI0 1 YETHO, MBI MOKeM pas3OuTh CTPOKM KBaApaTHOUN Tab-
JIUITBI Ha Tapbl UM B IIEPBYIO Iapy CTPOK 3ammcaTh dmcjaa or 1
IO 2n Tak, Kak OBLJIO yYKasaHO; BO BTOPYIO Mapy — YHCJa OT
2n+1 mo 4n aHAJOTMUYHBIM CIIOCOOOM:

2n+1 2n+2 ... 3n,
4n 4n—-1 ... 3n+1,

uT.n.

B Kakmoii mape CTPOK CYMMBI UMCEJI B CTOJIOIAX OAUHAKO-
BBbI, II0O9TOMY ¥ BO BCEH TaOJMIle CYMMBI UMCEJ, CTOAIUX B
KasKkJIOM CTOJIOIle, ONVMHAKOBEI.

2. Ilpe:xme Bcero IOKasKeM, UTO €CJIM YHCIO a;bic; OT-
JIMYHO OT HYJISI, TO OHO 00JaJaeT CJeAYIOIIMMHK CBOCTBA-
mu: 1) by =9; 2) a1b,c, genurcsa Ha 9. [leficTBUTENIbHO, TYCTH
IJs oIpeneleéHHOCTH a>c. Torma a;b;c; =100a+ 100+ c—
—(100c + 106+ a) =99(a — b). Iro uucao genurcsa Ha 9. Kpo-
Me Toro, ouo umeetT Buz 100k — k, roe £ <9, a y unciaa Takoro
BuOa BTOpad nmudpa — AeBATKA.

Taxum obOpasom, a;b;c; —oxuo m3 uucen 99, 198, 297,
396, 495, 594, 693, 792, 891, 990. Ocraércsa 3aMeTUTb, UTO
594 — 99 — 891 — 693 — 297 — 495.
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3. [okaskem cHauaja, 4TO ecau TpeyroiabHuk A,B,C, oct-
POYTOJIbHBIN, TO TPeyroiabHUK A, 1B, 1C,,1 mepecekaeT ero
B mectu Toukax. Ilockosbry /B, ,1A,C,=45°=/C, 1A,B,,
a /B,A,C, ocrpeiii, nyuu A,B, n A,C, JexaT BHyTpHU yrJa
B, 1A,C, 1. Iloaromy mectuyronsauk A,C, 1B,A,1C,B,1
JIEJKWT IO OJHY CTOPOHY OT IpAMbIX A,B,.; u A,C, 1. AHamo-
TUYHO JOKAa3LIBAETCSA, UTO OH JICIKUT II0 OLHY CTOPOHY OT IPO-
IOJIXKEeHUH OCTAIbHBIX CTOPOH. SHAUUT, STOT IIECTUYTOJbHUK
BBINYKJIBIA U, CJI€JOBATEJIbHO, TPEYTOJIbHUK A, 1B,,1C, 1 me-
pecekaer Tpeyroabuuk A,B,C, B IIIeCTHU TOUKAaX.

HoxaxkeM MHIYKIIUEH IO 1, 4TO TpeyroabHuk A,B,C, ocT-
poyroabHbIii. Ilpenmonokmm, UTO MPU 1=K TPEYroJbHUK
OCTPOYTOJIbHBEIN, U mOKaxeM, uTo mpu n=~k+1 Tpeyrojb-
HUK TaK:Ke OymeT ocTpOoyroJbHBIM. Kak y:Ke OBLIO ZOKa3aHo,
mectuyronbHuK A;Cp 1BrA;1CyByy1 BBIYKJbBINA, II09TOMY
LChi1Api1Bry1 < £BA,1C,=90°, T.e. yron £Cp 14,1181
OCTPBIN. AHAJOTUUYHO JOKA3LIBAETCA, UTO U OCTAJIBbHBIE YIJIBI
tpeyroabHuKa C, 1A, 1B,.1 OCTPHIE.

4. BribepeM cpeau JaHHBIX TOueK ABe TouKu A u B, paccTo-
AHTe MEeXIYy KOTOPBIMU HauboJibiliee (ec/iu TaKUX IIap TOUEK
HECKOJIbKO, TO O0epéM si00yio u3 Hux). Ecau C — agobas us
IaHHBIX TOUYEK, TO B TpeyrojabHuke ABC TyIIBIM MOXKEeT ObITh
TONMBKO yroJ mpu BepiuHe C. [TosTomy Touka C JeKUT BHYT-
Pu OKpy:KHOCTU ¢ guameTrpom AB.

5. HocraTouHo mOKAas3aThb, UTO €CJAM HaA ITaXMAaTHOM TOCKe
BBIOPAHBI Be KJIETKN A 1 B pasHOTo I[BeTa, TO JIaAbsI MOIKET
COBEpPIIUTL 00XO0/, HAaUaB B OJHOI 13 9TUX KJIETOK 1 3aKOHUUB
B IPYTroii, TOOLIBAaB B KA I0U KJIETKEe POBHO II0 OJHOMY pasy.
HelicTBUTEIBHO, €CJI MBI paccMOTpPUM KJIeTKy C, COCEeTHIOIO ¢
KJIeTKoU B, u coBepium ob6xon 13 A u B, moObIBaB B KA I0H
KJIeTKe II0 OJHOMY pasy, TO, JOTOJHUB 3TOT 00XOJ XOAOM U3
B B C, MbI TONTyuYuM TPeOyeMbIil 00X0S.

HoxraskeM 9TO AJiA JOCKY pasmMepoM 271 X 2n WHAYKIINeH 110 7.
Hna n=1 yrBep:kaeHre oueBUAHO. UTOOBI JOKA3aTh IIar WH-
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snBl P | B
1
B-—l B
M| [ |
C P
All A
L 4| Q

Puc. 48 Puc. 49 Puc. 50

IYKIIUU, IIPeACcTaBuUM AOCKY pasmepoMm (2n+2) x (2n+2) B
BUJEe MeHbIIell OCKU pasMepoM 21 X 2n, 3aKJIIOUEHHOH B
pamMky. PaccMoTpuM HECKOJBKO BAPUAHTOB PAaCIIOJIOMKEHUS
KJIEeTOK A u B.

1) OGe KJeTKU PAaCIIOJOKEeHBI Ha MeHbInei gocke. Pac-
CMOTPUM IIyTh, UAYIIHUN U3 A B B II0 MeHbIIIEN IOCKe, KO-
TOPBI CYIIECTBYET II0 IIPEAIIOJOKEHNI0 NHAYKIIUU. XOTI ObI
OJIHO 3BEHO 5TOr0 IIYTH IIPOXOIHUT BAOJEL I'PAHUIILI MEHbIIeH
ITOCKHU. OTO 3BEHO MOJKHO 3aMEHUTHL Ha 00XO0J PaAaMKH U IIOJY-
YuTh TpedyeMblii OyTh (puc. 48).

2) Kinerka A pacmojyio:KeHbBI B paMKe, a KJeTKa B— Ha
MeHbIlell focke. Hauném ¢ 06xoma paMKu, IIPUUYEM €CJIH TOU-
Ka A cocefHssI ¢ YIJIOBOM KJETKOI, TO BbIOEpeM TOT 00XOI,
KOTOPBIN 3aKaHUMBAaeTCs He B YIJIOBO# KieTke (puc. 49). 3a-
BepIIuB 00X0Jl, BOMAEM B MEHBIIIYIO JOCKY U IIOMALEéM B HEKO-
Topyio kKjJeTky P. Kierka P mMeeT TaKoii :Ke IIBeT, KaK U
KJIeTKa A, mosToMy OHa OoTJam4Ha oT KJjeTKku B. Kierku P u
B MOKHO COeQUHUTL IO IPEIIIOJOMKEHNI0 NHIYKIIIHI.

3) Obe KJIETKU PACHIOJIOKEHBI B PaMKe, IIPUUYEM XOTS ObI
OlHA U3 HUX He cocenHAd ¢ yraoBoini. Hauasmo myTtu mumer mus
KJIeTKu A B KJeTKy P, cocemHioo ¢ B; KOoHeIl mIyTu HUIET B
KJIeTKy B u3 rjetku @, cocemueir ¢ A (puc. 50). IIpome:xy-
TOYHBIA IIyTh M3 P B @ HAXOOUTCA IO IIPEAIIOJOKEHUIO MH-
nyknun. Ho 115 MOCTPOeHUS 9TOr0 IYTHU HYXKHO, YTOOBI KJIeT-
K1 P 1 @ ObLIM He yriioBbIMH. HampaBieHue IIyTH 13 KJIETKU
A MOXXHO BBIOPATh ABYMs cIoco0aMI; 9TO HaIlpaBJIeHUE HY K-
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HO BBRIOPATH TAK, UTOOLI IIYTh M3 KJIETKM, COCeAHEN ¢ YIIoBOii,
TIPOXOAMII Uepes 9Ty YIJIIOBYIO KJIETKY (Ha pucyHke 50 myTh us
KJIeTKu A BbIOpaH mMeHHO Tak). Eciu obe KjiaeTku A u B He
cocenHIe C YIJIOBLIMI, TO HAIIPaBJEHIE YT MOYKHO BEIOpPATH
aro0oe. OTMeTM, UTO TOUKa B MOKeT COBIIACTh C TOUKOU P
(unau TouKa A COBIIACTH C TOUKOH @), HO Ha X0 PACCY:KISHUNA
9TO HEe BJIUSAET.

4) OGe KJIETKH PAaCIIOJIOKEeHBI B paMKe, IPUUYEM obOe OHU
cocemuue ¢ yrioBbIiMu. Kietkm A m B pasHoro msera, IIO-
9TOMY YTJIOBBIE KJIETKH, K KOTOPBIM OHU HPUMBIKAIOT, Je-
JKaT Ha OOHOII CTOPOHe paMKu. IIpemcTaBuM HOCKY pasMepoM
(2n+ 2) x (2n+ 2) B BuAe MeHbINEN JOCKHU pazmMepoM 2n X 21,
pacmoJIosKeHHON B YIJIy HOCKU, U ocTaBlmeiica I'-o0pasHoii ua-
ctu (puc. 51). O6oiimém I'-o0pasHyio UacTh, HauaB 00XOJ U3
KJeTKu A. B 3aBUCHMMOCTH OT TOTO, I'le UMEHHO PACIIOJIOMKEeHa
KJIeTKa A, BO3MOXKHBI JBa BapuaHTa 00Xo1a, M300paKEéHHbIe
HA PUCYHKAax a) u 0). 3aBepHiuB 00X0J, BOUIEM B MEHBIIIYIO
IOCKY U IOMaJEéM B HEKOTOPYIo KiIeTKy P. Kinerku P u B MOX-
HO COEIUHUTD MO0 IPEAIIOJOMKEHNI0 NHAYKITNN.

8 kaacc
1. Ilepswiii cnoco6. Ilyets A, B; u C; — cepequHbl CTO-
pou BC, CA u AB. Ilpu romoretuu ¢ meatpom O u Koahdu-

IHEHTOM - TPeYTOJTbHUK A1B,C; mepexoguT B TPEeyrOJbHUK

4 4 1 1
M1 MyMs, oaTOMY Sprmm, = §SA131c1 =9 ZSABC = §SABC-
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Bmopoii cnocob.

Sanc = 3|[BA, BC]| = ;|[OB — 04, 0B - 0C].

Amnanoruuno SM1M2M3:%‘[OM2—OM1, OM3;—OM,]|. IIpu sTom

OM, = % ((Téi + OB + 66) = é ((Téi + O_B) , TIOCKOJIBKY pajguyc-
BEKTOpP IIEHTPa MAacC TPeyroJbHUKA PaBeH cpegHeMy apudme-
THUYECKOMY PaJuyC-BEKTOPOB BEPIINH TPeyroJbHUKA. AHAJO-

TUYHO OMzzé(O_A—i-O_é), OM3:%(@+@). Torga,
OM, — OM; = 5(OC + OA), OM; - OM; =  (OC + OB).

A 3Hauwur,

1
SM1M2M3 = §|[OM2—OM1, OM3—OM2:” —
= |[0B - 04, OB - OC]| = 5Sac»

YTO U TPeOdOBAJOCHh JOKAa3aTh.

2. JlokaskeM, U4TO 3ayMaHHBIA HAOOP MOYKHO OIPEIeUTh,
3a7iaB Bcero oquH Bompoc. Ilosoxkum a; =100, ay, =1002, ...,
a,=100". Torga coolOIIéHHAs cCyMMa paBHA

S; = 100x; +100%x, + ... +100"x,,

II03TOMY
S1 100x; +100%x3 + ... +100" x,_; L
100" — 100" ne
IToxasxem, 4uTO
100x; 4+ 100%x5 4 ... +100"1x,_; - 1
100" 10"

HeiicTBUTENIHHO,
|100x; + 100%x5 + ... + 100" 'x,_ ;| <
< 100-|x;] + 1002 |xg| + ... + 100" '+ |x, 4| <
< 9-(100+100%+...4+100" 1),
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Tak KaK Xi, X3, ..., X,_1 — OJHO3HAUHBIEe Umncga. Y1co
9(100+100% + ... + 100" 1)

uMmeer 2n — 1 OeCATUYHBIX 3HAKOB, IIOSTOMY OHO MEHBIIIE,
gyem 102”1, TakuM 06pasoM, HHTepecyIolllee HAC OTHOIIEHUE
MeHbIIIe, YeM

2n—1 10?‘”-i
107"~ 1

100" 102 10°
1
I/ITaK, OTHOIIIEHNEe 1007 oT/yinyaeTcda OT IIeJIOrO 4Yucjiaa X,
1
MeHbIIIe, YeM Ha - ITO MO3BOJSAET OOJHO3HAYHO OIIpeaeIUTh

10°
X,. 3Had X,, MBI MOKEM HAWTU CYMMY

Sy =S, —100"x, = 100x; +100%x, + ... + 100" 'x,_;

U 10 Hel HaliT; x,_; (pasgenus Ha 100"71), u T. 1.

4. Eciu ogHa M3 CTOPOH IMaXMAaTHOM MOCKH paBHA 2, TO
00X0/ II0 IIepUMeTPy YIAOBJIEeTBOpPsAeT ycaoBuio. Korga mianHa
OIHOII M3 CTOPOH UYETHA, BO3MOXKEH O00XO[,
MoKasaHHuLI HA pucyHKe 52. ITosTomy ecianu
YKUCJI0 KJETOK Ha JOCKe UETHOe, TO Tpebye- ]
MBIN 00XOJ CYyIIeCTBYeT.

ITocae xakmoro miara Jjgagbl MEHSAETCH I

IIBET KJIETKU, HAa KOTOPO! oHa cTouT. Ecim
Jabs HAUMHAET U 3aKaH4YMBaeT 00XO[ B Of- Puc. 52
HOW U TOHU ’Ke KJIeTKE, TO KOJMNUYECTBO ITPOI-
IeHHBIX YEPHBIX 1 0eJbIX KJIETOK ogmHakoBo. Taxkum obpa-
30M, Jaabs MOKeT O0OITH, BEPHYBIINCHL Has3ald, TOJbKO UET-
HOe YMCJ0 KJeTOoK. IlosToMy eciu YHCIO KJIETOK Ha HOCKe
HeUYETHOe, TO TpedyeMoro 00xoma He CYIIeCcTBYeT.

KommenTapuii. ITo cyru mena rTa ke 3afaua yske Ipejjarajach Ha
onumnuaze 1958-ro roga (II Typ, 7 Kaace, 3agaua 5).

5. Cymma 4uces oTpesKa HaTypaJbHOTO paAxa a, a+1, ...,
a+ 1960 paBua 1961a+ 1961-980. Ilycts maHHBIE OTPE3KU
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HAaUYMHAIOTCA C @ U b, a UCKOMBIII OTPE30K HAUMHAeTCs C C.
Torma 1961 (a+ 980+ b+ 980) =1961(c +980), moartomy ¢ =
=a+b+980. Tenepr Tpebyemass mepecTaHOBKA JIETKO HaXO-
IUTCS:

a a+981 a+1 a+982 ... a+979 a+1960 a+980
b+980 b  b+981 b+1 ... b+1959 b+979 b+1960

9 kaacc

3. CHauajyia paccTaBUM UmCJa TaK: B IMEePBYIO CTPOUKY 1, 2,
..., n, BO BTOpYIO n+1, n+2, ..., n+n, u taxk gagee. Torga
B j-M cToJiOIle OyAyT CTOATH umcaa j, n+j, ..., (n—1)n—+j.
dra Tabaulia eré He YIOBJIETBOPSIET YCIOBUIO 3amaunr. UToOBI
MMOJIYYUTH TPeOyeMyio TabauIly, B KasKIOHU CTPOKe 3Toii Tab-
JINIBI CABMHEM BCe UMCJIa II0 KPyry Ha HoMep cTpoku. Torga
CYMMY YHCEJ B KasKIOM CTOJIOIe MOYKHO IIPEJCTABUTL B BUIE
n+2n+...+(n—1)n+1+2+...+n, IOCKOJIBLKY B 3Ty CyM-
MYy BXOZUT POBHO II0 OZHOMY YHCJIY M3 Ka)XJOro CTOJIONA U
KasKIoli CTPOKU MepBoHauadbHOU Tabuauiibl. CiiegoBaTenbHO,
CYMMEBEI YHCeJI BO BCeX CTOJIOIAaX PaBHEI.

4. [TorkasKkeM, UTO eCJIU HacCCaKUPhI CMOTJIM PaCIJIaTUThCH,
TO 00IIlee YKMCJI0 MOHET He MeHbIle 5k. IIpoesn B aBT0OyCE CTO-
AT D KOIeeK, U HU y KOT0 M3 MMAacCaKUPOB HEeT MOHET MeJibue
10 xomeek, MOSTOMY MOCJE OILIATHI HMpPoe3fa KasKIbIM macca-
JKUP OOJIMKEeH IOJYYUTh CHady, T.e. IOCJe OILIAThI IIpoes3aa
y KasKAOTOo ImaccasKkumpa MOJIMKHA OCTAThCA XOTs ObI OJHA MO-
Hera. Takum o0pasom, Iocje OILJIATHI y IIACCAKUPOB HOJIKHO
ocTaThbCcsA He MeHee 4k MOHeT.

CrouMmocTs mmpoesna 4k macca:xkupoB cocraBiaser 20k xoie-
eK, U IJis e€ OIIaThl Jake caMbIMu KpynuHbIMu (20-kKomeeu-
HBIMM) MOHeTaMu TpebyeTcsa He MeHee k MoHeT. IlosTomy B
Kaccy aBToOyca OIyIeHO He MeHee kB MOHeT, U 00Ilee KOJIU-
YeCTBO MOHET He MeHee k.

OcraéTcsi MOCTPOUTH HMPUMED OILIATHI IIPoesfa IIPU HaJU-
YUU y IacCcakKupPoOB POBHO 5k MoHeT. PaszoObéM IaccakmupoB
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Ha k rpymnm 1mo 4 yejloBeKa M NYCTh B KAMKAOU IpyHmne AeHbIU
pacmpeneieHbl CAeAYIOIINM 00pa3oM:

1-#1 maccaxxkup: 15 Koi.;
2-11 maccaxxkup: 10 + 10 Kor.;
3-i1 maccaxkup: 15 Kom.;
4-1i maccaxxup: 20 Koi.

(5 MoHeT Ha KaKIyIo I'pynny u3 4 ueloBeK; BCero bk MoOHeT).
Pacuér B rpyImne IPOUCXOAUT CIEAYIOIUM 00pa3oM:

1-i wmoayuaer 10 Kom. B3amen 15 Kom.;
2-1 » 15 xor. » 20 Kor1r.;
3-11 » 10 orm. » 15 kom.;
4-1%1 » 15 KorI. » 20 xorI.

B kaccy omymieno 20 Komeek 3a UeTBIPEX ITACCaAKUPOB.

5. PacecMoTpuM BBITYKJIYIO 000JIOUKY AAHHBIX TOUYEK, T. €.
BBIIYKJIBIH MHOTOYTOJBHUK M C BEpIIMHAMU B HEKOTOPBIX U3
ITaHHBIX TOUKaX, COAEeP;KAIInil Bce JaHHbIe TOUKU. [loKakeM,
YTO HU OJHA W3 JaHHBIX TOUEK He MOXKeT JIeJKaTh Ha CTOPOHE
WJIYU BHYTPU MHOTOYTOJbHUKA. [[JId 3TOTO PACCMOTPUM OTHY
13 BEPIINH; BeCh MHOTOYTOJIbHUK pPasdouBaeTcsa JUATOHAIAMU,
MIPOBEAEHHLIMU U3 JAHHOUN BEPIIUHBI, HA TPEYTrOJbHUKHU, IIPU-
YéM HU B OJHOM M3 HUX II0 YCJIOBHUIO HE MOYKET JIeKATh eIré
OIHA 13 JAHHLIX TOUEK. SHAUUT, BCe JaHHbIe TOUKU ABJISIOTCA
BepPIIUHAMU MHOTOYTroJabHuUKa M, T.e. M aBIAETCA NCKOMBIM
BBIITYKJIBIM MHOTOYTOJBHUKOM.

10 xaacc

1. ITpumenuMm mHAYKIUIO 1m0 k. IIpocThie BBIUMCICHUS IIO-
KaswIBaioT, uTo Us = 5. IIpeamono:xkum, uro Uy, meaurca Ha 5.
IIyers Uy, maéT octaTok x npu gesneHun Ha 5. Torma umcia
Usiios Uspiz, Uspia, Uspyrs IDU JeeHUU HA 5 IAIOT, COOTBET-
CTBEHHO, TaKMe Ke OCTATKU, KaK duucJa x, 2x, 3x, bx. Takum
obpasoM, uncyo Usiq) AeJUTCA Ha S.
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KommenTapuii. Hucna U maseiBatorcs uucaamu Pubonauuu. Y-
BepikIeHMte 3aJaul JOIyCKaeT cJeayrolee 0000IeHe: ecu m IeJUTCA Ha
n, o U, penurca Ha U, (npu n=>5 nmoaydaem yTBep:KAeHVE 3aadu).

2. ITycts M — MHOTOYTOJIBHUK, KOTOPBIA SBJISETCS OOIIei
YyacTbhIO moJoc, P — mojioca, rpaHuia KOTopou mepecexaer M
110 TIape OTPe3KOB, AJUHBI KOTOPBIX [; u ly. IIlpu casure mo-
JIOCBI Ha JOCTATOYHO MAaJIO€ PACCTOAHME € ILJIOIIALL IIepeceue-
Husa usmenurcea Ha (1, — ) +c¢-€2. Ecim [, — I, # 0, To, caBu-
ras I0JIOCY, ILJIOINAAL OOIIel YacTH MOJKHO KAK YBEJIUUYHUTH,
Tak U YMEHBIINTL. I[09TOMY eciiu ILIOMalbh MHOTOYTOJbHIKA
M wnawubosbinasa, To l; =1,. Takum oOpasoMm, eciau IMJIOIIAIbL
MHOroyroJbHUKa M HamOOJIbIIAS, TO I'paHHUIA JIIO0O0I II0JIO-
cbl 10O He mepeceKaeT ero (M TOTAa BeChb MHOTOYTOJbHUK M
JIXKUT BHYTPHU STOI II0JIOCHI), JuOO IepeceKaeTr II0 ABYM paB-
HBIM U IIapaJjjieJbHBIM OTPE3KaM.

PaccMoTpuM BBITYKJIBIA MHOTOYTOJBHUK A;As...A,, Y KO-
TOPOrO JJisI KasKJOW CTOPOHBI €CTh HmapajjielbHas W paBHA
eii cropoHa. YmcJj0o BepIIMH TaKOro0 MHOTOYTOJbHHKA UET-
HO, T.e. n—=2k. PaBHBIMU IapaJlieJIbHBIMU CTOPOHAMU SIB-
JIATOTCA CTOPOHBI A1As M Api1Apis, «o.y ApAp1 1 Ag Ay, TIO-
ATOMY CEPeIVWHBI KaiKJOU IMapbl OTPE3KOB A1 A, 1 U AzA, s,
AsA, o 1 A3A, 3, ..., ALAg, 1 A, 1A coBnanmaror. CiemoBa-
TeJbHO, CEPEIUHELI BCeX dTUX OTPE3KOB coBmamarT. IlosTomy
npsaAMbIe, PAaBHOYIAJEHHBIE OT IIap HapalaebHBIX IPAMBIX
A1Ay m A1 Apia, .., ARAr 1 1 Ayl Ay, TIEDECEKAIOTCA B O]T-
HOM TOUKe.

B urore mosyuaem, uTO eciy COBHUHYTH BCE IIOJIOCHI TaK,
4TOOBI UX OCH CUMMETPHUH IIePEeCEeKaJIiCh B OJHOI TOYKE, TO
IJIOIALh X 00Iell yacTu OyaeT HanOOJIbIIIeH.

KommenTapuii. Pemenue ocHOBaHO Ha IPEAIIOIOKEHUM, UTO CY-
IIeCTBYeT MHOTOYTOJBHUK M, ILJIOIAaAbh KOTOPOTO SABJIAEeTCA HAMOOJbIIIEH.

3. Ilpoesx B aBTOOyCe cTOUT 5 KOIleeK, M HU y KOTO U3
maccaskupoB HeT MoHeT Meabue 10 KomeeK, IIOSTOMY HOCJe
OILJIaThI IIPOe3fa KaKIbIil MacCakKup MOJIKEH MMOJYUYUTH Cha-
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4y, T. €. IIOCJIe OILIATHI IPoe3ga y KaMI0T0 MACCAXKUIPA JOJIMK-
Ha ocTaThCsa XOTSA ObI OfHA MOHeTa. TakuMm oOpasoM, mocje
OILIATHI ¥ HMACCAXKUPOB JOJIXKHO OCTAThCSA He MeHee B MOHET.
CromMoCTh TIpoesna k ImaccakKupPOB COCTaBIsAET Hk KOIeek,
U IJIS e€ OILIATHI JaskKe caMbIMU KPYyIHBIMHU (20-KomeeuHbIMM)

k
MOHEeTaMMn TpeﬁyeTCﬂ HEe MeHee 1 moHeT. HaumeHnbIiee meJioe

k E+3
9HCIIO, He MEHbIlee 7, PABHO |— —|. ITosTomMy B Kaccy aBTO-

kE+3
6yca OIIYIIIEHO HEe MeHee [T} MOHET, U 06mee KOJIM4YeCTBO

k+3
ek
OcTaéTcsi TOCTPOUTL MPUMEP OILIATHI HPOoe3fa HPU HaJIU-

MOHET He MeHee k -+ [

k+3
YUU y TaccaskupoB POBHO kK + [%} moHer. flcHo, uto k> 2,

IIOTOMY UTO OAWH IIACCAYKUP He MOI' YILJIATATH 3a IIPOe3] U
MOJIyYuTh cpauy. IlpuMenum muAyKiuio o k. CHauaia mpo-
BepuM 0asy mHAyKIuu npu k=2, 3, 4, 5. IIpu k=2 nepBbIi
naccaxkup miaatut 10 xomeek B Kaccy um 10 Komeex BTOpOMY
maccaskupy, a BTopoii maatut 15 Komeek mepsomy. Ilpu £ =3
IepBbie JBOE PACILIAYMBAIOTCA KAK B IPEIBIAYINEM IPHMEpPE,
Ho 10 KoIleeK OTHAIOT He B Kaccy, a TPeThbeMy, KOTOPBIN KJa-
mér B xaccy 15 komeex. IIpu k=4 mepBble Tpoe pacIavuu-
BAIOTCS KAaK B IPEABLIAYINEeM IIpuMepe, HO 15 Komeexk oTZarT
YeTBEPTOMY, KOTOPBIA KJIaZET B Kaccy 20 Komeek. IIpu k=5
IepBbie 1BOE U OCTAJbHBIE TPOE PACIJIAUYMBAIOTCS 10 OTHEJIb-
HOCTH, KaK 9TO OMMCAHO B IPEABIAYIINX IPUMepax.

Ilycts Temeph £>6 um mpu BceX MEHBINIUX k yTBep:KIe-
HUEe MO0Kas3aHo. BeimenmM deThIpEX maccakupoB. IlycTh Bce
ocTaJIbHbIE PACILIAYUBAIOTCS KAaK B COOTBETCTBYIOIEM IIpHMe-
pe naa k— 4, a BoIJeJeHHBIE UEeTBePO — KaK B IIpuUMepe IJIs
YeTBIPEX.

4. ITIpe:xme Bcero mokaskeMm, uTo mckomoe I'MT ne:xut B
IIJIOCKOCTH, KOTOpPas IIPOXOAUT yepes TOUKY O, IIeHTP OKPYIK-
HOCTHU S ¥ HNePIEeHAUKYJIAPHA K IJIOCKOCTH, COMePIKAIel Ty
OKPYsKHOCTh. J[leficTBUTENBHO, PAaCCMOTPUM IIap, HPOXOA-
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Puc. 53

U Yepes3 OKPYKHOCTL S, U KOHYC ¢ BepminHoii O, Kacaro-
muiica ero. lleHTp mIapa JIEXKUT Ha NPAMON, HTEePHEHIUKY-
JSIPHON K ILJIOCKOCTH, B KOTOPOU JIEKUT OKPYKHOCTBL S, U
IIPOXOAAINEH uepe3 IIeHTP OKpy:KHOoCcTH S. B cBOIO ouepelb,
IEHTP OKPYsKHOCTH, II0 KOTOPO KOHYyC KacaeTcs Irapa, Jie-
JKUT HA IPAMOM, COeIUHAINEeH MeHTp mapa u Touky O.
Takum o0pasom, 3agaua CBOOUTCA K CJEAYIOIIeHd IIJIaHU-
MeTpuueckoi sagzaue. Ha mpamoii 3amam oTrpe3ok AB m oT-
meueHa Touxka O BHe ero. IlocTpouM cHavaJjia OKPYKHOCTD,
IPOXOAAIITYI0 ueped Touku A m B, a 3areM KacaTesJbHBIE K
Heli, mpoxogsainue ueped Touky O. Tpebyercs maliTu MHOKe-
CTBO CEepeIuH OTPE3KOB, COETMHAIOIINX TOYKU KaCaHUSI.
IIycts N — cepenuna orpeska AB, M — 1eHTDP IIOCTPOEH-
HOW OKpysKHOCTH, X WM Y — TOUKM KacaHusa, P — cepenmHa
orpeska XY, @ —Touka mepeceueHus oTpe3koB XY u AB
(puc. 53).PI/13 nomobusa TpeyroabHuKoB POQ u NOM mosnyua-

M — =— OM-PO B cBomo ouepens, u3 mo-
OM — NO’ ON * PeaE,
PO (0)'4

mobus TpeyroJabHUKOB POY u YOM moayuaem Yo = o’ 0"
OM-PO _ OY2 OB-0A
9TOMY — 5~ .Ho OY?2=0B-0A, noaromy 0Q = ——— N’
a 3HAUUT, OJINHA o'rpesxa OQ mHe 3aBUCUT OT BbIOOpPA TOUKU M.
Taxum oOpasom, Touka P JeXUT Ha OKPYKHOCTU C Aua-
metpoM O, TIPUUYEM BCE TOUKM 9TOH OKPYsKHOCTH, KpOoMe

Touku O, MOKHO IOJYUYUTh TAKUM CIIOCOOOM.

nosTomy OQ =
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5. KaxxgoMy KOMILJIEKCHOMY YMCJIY MOYKHO COIIOCTaBUTH
BEKTOpP Ha KOMIIJIEKCHOH IIJIOCKOCTH, IIO3TOMY MOKHO CUU-
TaTh, YTO JAHO 71 BEKTOPOB, IPOBEAEHHBIX U3 TOUKU O B TOUKU
Z1y ey Ly, IPUYEM CyMMa STUX BEKTOPOB pPaBHA HYJII0. Ecanm
n=2, To TOTAA, IOCKOJbKY CyMMa BEKTOPOB paBHA HYJIIO, OHU
PaBHBI II0 MOZYJIIO U IIPOTUBOMIOJIOMKHO HAIIPaBJIEHBI, a 3Ha-
YUT, PA3HOCTh apryMEeHTOB KOMILIEKCHBLIX umcesa paBHa 180°,
T.e. Ooabite 120°. Ecam xe n>2, To Touka O mpuHamaie-
KUT BBIOYKJION 000JI0UKe TOUeK 21, ..., Z,, IIOCKOJbKY MHAUE
CcyMMa BEeKTOPOB ObLia ObI He paBHAa HyJo. IlosTromy Touxka O
MIPUHALJIEIKUAT U HEKOTOPOMY TPEYTOJbHUKY C BepIinHamMu Z;.
Bes orpannuenusa OOIIHOCTH MOXKHO CUHUTATh, YTO 9TO Tpe-
YroNbHUK Z1Z9Zs. Torpa £LZ10Zy + L Z50Z3 + LZ50Z1 = 360°,
a 3HaUUT, OAUH U3 9TUX yryioB He MeHbIte 120°=360°/3, uro
1 TpebOBaJIOCh, MOCKOJBKY YIoJ PaBeH Pa3HOCTU apryMeH-
TOB.

Bropoii Typ

7 Kaacc

1. CorpéMm Bce IpPOBeAEHHBLIE OUATOHAJU U OyIeM IIPOBO-
IUTh UX CHOBa, HO yJKe IO OJHOM, o ouepenu. IlepBasa gua-
roHaJ b Pas3fe;IUT MHOTOYTOJbHUK HA JIBAa MHOTOYT'OJIbHUKA;
KaXKJIbIM M3 HUX ITOKpPAIleH CHAPYKU BCIONY, KpOMe JuaroHa-
au. [uaronaab moKpaliieHa ¢ OJHOW CTOPOHBI, IIOATOMY OAUH
U3 IBYX MHOTOYTOJbHUKOB IEJINKOM IIOKPAIIleH CHAPY K.

IIpoBeném BTOpyO mumaroHaJb. Ecinm oHa IPOXOAUT Tak,
YTO He IIepeceKaeT BLIOPAHHBIA HAMMN MHOTOYTOJBHUK, TO OH
OCTaéTcs MOKPAIleHHBIM CHAPYsKMU. Kcau »Ke muaroHajb mepe-
CeKaeT MHOTOYTOJIbHUK, TO OHA CHOBA pas3bmBaeT ero Ha IaBe
YyacTU, OJHA M3 KOTOPBIX MHOKpallleHa cHapy:Ku. M KaKIbIi
pas, IMPoOBOAS HOBYIO AMAroHajb, MbI JIIOO COXpaHAEM YiKe
MMEIOIUICs MHOTOYTOJbHUK, ITOKPAIIIeHHBIA CHAPYKHU, JIL0O
oJIyuyaeM HOBBIH.

2. Touka mepeceueHusa JUaroHajel mpaMoyroabauka PQRS
paBHoymaigeHa oT cTopoH AB m CD u ot cropon BC u DA,
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IIOSTOMY OHAa COBIIafaeT ¢ IeHTpoMm KBaapata ABCD. Bynem
CUNTATh, UTO HA CTOPOHAX KBaJpaTa OTMEUYEHbI TOJIBKO TOUKU
P u R, u BLIACHUM, T/le MOTYT HaXOAUTHCSI TOUKM @ u S. fc-
HO, UTO OTH TOUYKH! PACIIOJIOMKEHBI HA OKPYIKHOCTH C AUAMET-
poMm PR. IleHTpOM 9TO¥ OKPYsKHOCTU CJHIYKUT cepefuHa OTpes-

ka PR, xoTopas cOBIaJaeT C IleH-
B @1 Q2 ¢ Tpom KBaapara ABCD. 3ta OKpYyXK-
HOCTBL IIepeceKaeT KBaApaT B BOCh-
mMu Toukax (pumc. 54). Tourka @ —
5TO OJHA M3 TOUEeK @ um (s, pacIo-
JIOXKeHHBIX Ha cTopoHe BC, a Touka
S —9T0 oxHa U3 Touek S; u Sy, pac-
MOJIOMKEHHBIX Ha ctopoHe AD. Ilpsa-
MoyroJbHUK PQRS; — KBagpar, a
CTOPOHBI IPAMOYTOJbHUKA PQsRS,

mapajielbHbl UATOHAJJAIM KBajpa-
Tta ABCD.

Puc. 54

3. Bymem o6osmauath cymmy mudp uuciaa n uepes S(n).
Cpenu n00bIX 39 mocaemoBaTeIbHBIX HATYPAJIbHBIX UKCE]
€CTh He MeHee TPEX, mendmniuxcs Ha 10; nycTh @ — HaMeHb-
mee u3 HuX. MeHbIle @ MOryT OBITh TOJBKO 9 M3 MAHHBIX
YuceJ, IIO9TOMY CPeau HAHHBIX 39 umces eCcTh TAKIKe dmcia

a+1,...,a+29. ITockoabky a menurca Ha 10, to S(a+1) =
=S(@)+1, S(a+2)=S(a)+2, ..., S(a+9)=S(a)+9. Ilo-
9TOMY ecJau cpeiu uucenl a,a-+1,...,a+9 He BcTpeuaercs

YUCJI0, cyMMa Iudp KoTtoporo aeautcsa Ha 11, To S(a) mpu
nenenun Ha 11 maér ocraTok 1.

PaccmoTrpum cuauasa cayuaii, korma a + 10 He menuTca Ha
100. B srom cayuae S(a-+ 10) =S(a) + 1, mosTomy cpenu um-
cer a+10,a+ 11, ..., a+ 19 Hangérca umcao, cymma mmudp
KoToporo geauTcs Ha 11.

Paccmorpum Temeps cayuaii, korga a + 10 gemurcs Ha 100.
B atom ciyuae S(a+ 20) =S(a+ 10) + 1, mosromy cpenu 4uu-
cer a+10,a+ 11, ..., a+ 29 Hangérca umcao, cymma mmudp
KoToporo geauTcs Ha 11.
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4. ITpu BEIUEPKUBAHUY JIIOOBIX ABYX CTPOK TAOJIUIILI, M300-
Pak€éHHOUM Ha PUCYHKe 55, 3BE3JOUKM OCTAIOTCS II0 KpaliHen
Mepe B TPEX CTOJOIIax, IMO3TOMY IIPH BBIUEPKUBAHUU JIOOBIX
IBYX CTPOK U CTOJIOI[OB B OCTABIIIUXCA KJIETKaX
BCer[a ecTh XOTs ObI OJHA 3BE3MOUKA. - .

IIpenmono:xxuM Temepb, UTO B Tabauile pac- % %
CTaBJIEHO MEHbIIIe, YeM ceMb 3Bé3nouek. Torma
BO3MOKHBI IBa CJIydas.

1) B KakKo#-TO cTpPOKe TaOJUIILI 3BE3MOUEK
HeT; IyCTh JJIs1 OIPEIeJEHHOCTH 3BE3J0UEK HET Puc. 55
B mepBoil cTpoke. Torma HalgeTcAa CTPOKAa, B
KOTOPOIi PAaCIOJIOKeHO He 00JbIlle ABYX 3BE3mouek. JleiicTBu-
TEJbHO, €CJAN Obl B KAKIOH U3 TPEX OCTAIBLHBLIX CTPOK OBLIO
He MeHee TPEX 3BE3J0UEK, TO 00Illee KOJUUECTBO 3BE3TOUEK
B Tabjauie npessicuyio Okl 6. IlycTh [Jis onpemeéHHOCTH He
0oJiee IBYX 3BE3J0UEK PACIOJIOMKEHO BO BTOPOM CTpPOKe. BhI-
yepKHEeM M3 TAOJHIILI TPEThbI0 WM UETBEPTYIO CTPOKM, a TaK-
JKe CTOJIOIBI, cOoMepsKalliie 3BE3TOUKU BTOPOU CTPOKU (9TUX
cToJIOIOB He Gouibitie AByX). IlosmyuuBiiasica Tabiauila He CO-
IEPIKUT 3BE3MOUEK.

2) B Tabauiie HET CTPOK, He COMepsKalllnX 3BE3mMoueK. KEcin
ObI IIPK 9TOM B TPEX CTPOKAX HAIILJIOCH IIO JABe 3BE3JOUKU, TO
YMCJI0 3BE3MOUEK B TabamIile mpeBbicuao Obl 6. CiemoBaTesib-
HO, HAWUAYTCS IBe CTPOKMU, B KAMKIOW M3 KOTOPBIX COAEPIKUT-
cd TOJBKO II0 OJHOM 3BE3NOYKE; MYCTh AJIS OIIPENeJEéHHOCTU
9TO OyAyT IepBasi W BTOpas CTPOKMH. BhIUuepKHEM TpPeThio U
YeTBEPTYIO CTPOKM TAOJHUIILI 1 T€ CTOJIOIILI, B KOTOPBIX CTOSAT
3BE3MOUKM IIEePBOII 1 BTOPOM CTPOK (TAKUX CTOJIOIIOB He 0OJIb-
mre AByx). OcTaBiiascs TaOIUIlA He COAEPIKUT 3BE3M0UEK.

*| %

5. Ilpenmoso:KuM, UTO CYIIECTBYIOT IeJible uucjaa a, b, ¢
u d, YAOBJIETBOPAMOINE YKa3aHHBIM paBeHcTBaM. HeuéTHbIE
yucaa 1961, 961, 61 u 1 gesdarcss, cOOTBeTCTBEHHO, Ha a4, b,
c u d. Illosromy uucna a, b, ¢ u d Heuétabie. Ho Torma umcio
abcd meuéruoe. CiaemoBaTeabHO, uncio abed — a uéruoe. Ilpu-
XOAUM K IIPOTHBOPEUMIO.
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8 kaacc

1. lannaa ¢urypa pasbmBaeT IJIOCKOCTH Ha IIECTh 00Ja-
cTell; cpefu HUX IATh OTPAHWUYEHHBIX M OAHA OECKOHeUHAasd.
TosbKO IBe M3 HUX MMEIOT YETHOE YMCJIO0 T'PAHUYHBIX OTPEe3-
KOB (13 KOTOPBIX COCTOUT (PUTypa), a OCTABIIHECA UEeThIpe —
HeYETHOe.

Ecin nomanas He HauMHAeTCsa U He 3aKaHYMBaeTcA B 0b6Ja-
CTH, TO OHA ePeceKaeT e€ rpaHuIly YETHOe umcJio pas. IloaTo-
My He MOsKeT OBITh 0oJiee ABYX 00JacTel, IpPaHUIly KOTOPBIX
OHa IepeceKaeT HEUETHOE YKUCJIO pasd. [IoOCKOMBKY KasKAbIN OT-
Pes30oK JaHHOUW (UTyphI OHA AOJKHA IlepeceKaTh POBHO OJWH
pas, a objyacTeil ¢ HEUETHBIM YKCJIOM OTPE3KOB Ha TPAaHUIIE
YeThIpe, TO JOMaHOM, YAOBJIETBOPAIOIIEll YCIOBUIO 3alaull, He
CYIIIECTBYET.

2. Ilycts O — TouKa IepeceueHus muaromaJeii. Paccmor-
PUM BHEIIHIOIO KAcCATEeJbHYI0 K OKPYsKHOCTAM 1 m 3 u omy-
CTUM HaA Heé MepPIeHIUKYJIAPbl u3 TouKu O U uU3 IEeHTPOB
okpy:kHOCTeH 1 u 3. B pesyabTaTe moaydyuM TpaIlemnuio, B KO-
TOPOU IIpOBeleHa cpenHAd JuHMA. [[JiMHA 3TOW cpemHel Jiu-

r+rs
———. AmajJornunbie paccy:KAeHHNs IMOKa3LIBAIOT,

HUM DaBHA —
4TO paccTosaHuA OT TouKu O IO BCeX UETHIPEX IPOBEIEHHBIX
BHEITHUX KacaTeJbHBIX PaBHBI, 03TOMY O — II€HTD BIUCAH-

HOW OKPYKHOCTU.

5. Ilpeamos0KuUM, YTO B IIOCTPOEHHOH IIOCJIE€SOBATEIHHO-
CTH CHOBA BCTpPeTUJIaCh UeTBEPKa a, b, ¢, d. Ilokaskem, uTo
B OTOM CJIyuae BCe UHCJIa JAHHOM UYETBEPKU IIOJIOMKUTEJLHBI.
PaccMoTpumM cHauajia caydai, KOrJa B UeTBEPKE BCe UMCJA
OTJINYHBI OT HyJs. IIycTh cliepBa B UeTBEPKE MMeeTCsS OJHO
OTPHUIIATEILHOE YUCJIO, T.€. 3HAKU B Hell (C TOUYHOCTBHIO 10
IMUKJINYECKOI epecTaHOBKI) PACIIOJIOMKEHBl TAK:

+++-—.

PaccmorpumM TOTZA mepBble IIATH IIArOB HMCCJIELYEMOTO ITPO-
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mecca:
D+++— 2)++—— 3)+—+— 4)———— 5B)++++.

Hu ma xakoM Itare He IIOJIyUYaeTCs YeTBEPKA, coIeprKalas
OIHO OTPHUIIATEIbHOE UYUCJIO (KaK MCXOAHAasd), a IOCJe IISITOr0
Iara BCe YKCJIA CTAHOBATCS MOJIOMKUTENIbHBIMU. IIOTTYTHO MBI
pasobpanu ciaydail ABYX OTPUIATENLHBIX UJEHOB: 9THU CJIY-
Yyay COOTBETCTBYIOT BTOPOMY U TPETheMy ITaraM pasoOpamHo-
ro npumepa (OTpUIlATEeIbHBIE UKCJIA CTOAT B UETBEPKE PAIOM
WY He PALOM); B OTUX CIyYasAX IIOBTOPEHUS TOXKe He BO3HU-
Kaer. Ciayuail 4eTBIPEX OTPUIATEJILHBIX UHCEJ TaKiKe paso-
OpaH (ueTBEPTHIN miar mpumepa). OcTaioch PacCMOTPETH TOT
cayuaii, KOrja JIUIIL OJHO UMCJIO B UeTBEPKE IIOJOMKUTEIbHO:

D+——— 2)—++- 3)—+—+ 4H)———— B ++++.

Paccmorpum Temeps cioryuaii, Korga OgHO M3 UMCEJ PABHO
HyJ10. B 3TOM Ccayuae MBI IoJrfydaeM IIOCJIeL0BaTEIbHOCTD

1)0,a,b,¢c; 2)0,ab,bec,0; 3)0,ab’c,0,0; 4)0,0,0,0.

B 1011 TTOCIEIOBATEIBHOCTA UCXOAHAS YeTBEPKA MOJKET BCTpe-
TUThCS JIUIIIL B TOM CJy4Yae, KOTJa B 9TON UeTBEPKe BCe UIC-
Jia — HYJIU.

Takum 00pa3oM, MOYKHO CUHTATH, UTO UUCIA @&, b, ¢ U d
MOJIOXKUTEeNbHBI. [lokakem, uto abed = 1. IIpeamnoio:Kum, 4To
abced > 1. Torpa mpousBeieHIe BTOPOU YeTBEPKU UUCEJ PABHO
(abcd)? > abed, mpousBefieHNe TpeThbell YeTBEPKHU eIlé 6OoJb-
e u T. 1. IlosTomy ueTBépKa a, b, ¢, d 6oJybIlle HUKOTIA He
Berperurcsa. Cioyuait, Korga abed < 1, paccmaTpuBaeTca aHa-
JIOTUYHO.

Bo BTOpoit ueTBEépKe umcaa 00JIaHAIOT CJAEAYIOINIMM CBOM-
ctBoM: aci = (ab)(cd)=1 u b;d, = (bc)(da) =1. fcHO, uTO
U BO BCeX IIOCTEAVIOIIUX UETBEPKAX UMCJIA 00JamaioT 3TUM
cBorictBoM. IlepBasi ueTBEpKa UMCEJ COBIIAJaeT C OMHOU UX
IIOCJIEYIOIINX ,, IIO9TOMY OHA TOXKe 00JIalaeT d3TUM CBOMCTBOM,

1
T.e. C=_ U d= 7 MoxHO cunTaTh, YTO @ — HambOJbIIIee 13

YypcesJ B IIEPBOM uYeTBEPKe. Bo BTOPOI UeTBEPKE eCTh YMCJIa
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ab u a- %, OJIHO M3 KOTOPBIX HEe MEHbIIle a U JaKke 0OJIbIIe a
B TOM cayuae, Korjga b= 1. IlosTromy ecau b# 1, To BO Bcex
MOCJEAVIONINX UYeTBEPKAxX HAaMOOJIbIIIee UHCJIO CTPOro 0O0JIb-
e, YeM B IIePBOM YeTBEPKe, a 3HAUUT, IIepBas YeTBEPKa He
MOJKEeT COBIACTh HU C KaKoi mocienyorieii. CiemosaTelbHO,

. 1 1
b=1. Torga BTOpas YeTBEPKAa UMCEJI — TO 4, PEPTCE Eciun
a#1, To B aTOIi UeTBEPKE BCe UMCJA OTJUYHBI OT 1, IIO3TO-
MYy B TpeTheii UeTBEPKE U BO BCeX ITOCJIEAYIONINX HAMOOJIbIIee
YUCJ0 CTpOoro Ooisbiiie a. IlosTomMy mepBas UeTBEPKA MOIKET
COBIIACTDH TOJILKO CO BTOPOW, HO Torma a = 1.

9 knacc

1. ITycte a(t) u b(t) — BEKTOPHI, UAYIIHE U3 IIEHTPOB OK-
py:kHOcTeit O; u Oy, B Touku A u B B MoMeHT ¢, ¢ — BEeKTOp,
UOYIMUN U3 IeHTPa OKPYsKHOoCcTH O B IeHTP OKpY:KHOCTH O,
R — moBopor Ha 60°, mepeBOgAIINiT BEKTOP AB B BEKTOP AC.
Torga BeKTOpP, UAYIUI 13 IEHTPA OKPYKHOCTH (O; B TOUKY
C, paBen

a(t) + R(—a(t) + ¢ +b(t)) = Re+ (Rb(t) — Ra(t) +a(t)).

KoHelr aToro BeKTOpa paBHOMEPHO IBUKETCA IO OKPYIKHOCTHU
¢ meuTpoM Rc¢ mockKosbKy BeKTOp Rb(t) — Ra(t) + a(t) momy-
yaerca us3 BekTopa Rb(0) — Ra(0) + a(0) paBHOMEepHBIM Bpa-
IIIeHUEeM.

2. MeHssa 3HAKM Y BCeX UMCeJ TabOJUIBI JIOOBIMU cItocoba-
MU, MBI MOJKEM IIOJIYUYUTH JUIIh KOHEYHOE UMCJI0 PA3IUUYHBIX
TabJINI], II0ATOMY C IIOMOIIBIO IlepeMeH 3HaKa y 4Yuces] HEeKO-
TOPOTO CTOJIOIIA UJIM HEKOTOPOI CTPOKM TaOJUIIBI Mbl MOYKEM
MMOJIYYUTD JIAITh KOHEYHOE UYMCJIO Pa3JuUHbIX Tabaui. Cpemgu
KOHEUHOTr0 UmucJa TabJUIl MOKHO BBIOpaATh TAOMUIy, cyMMa
BCeX umceJs KOTOpPOou HamboJbInad (TaKUX TAOJUI[ MOMKET OKa-
3aThCs HECKOJIBKO).

Ecau 6n1 y BeIOpaHHOM TAOJUIIEI CyMMa YHCeJI HEeKOTOPOi
CTPOKU ObLIa ObI OTpHUIlATEIbHA, TO C HMOMOIILIO II€PEeMEHBI
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3HaKa y BCEX YHCEeJ JTOM CTPOKU MBI IMOJYUYHJIN OBI TabJIu-
Iy c OoJiblleii o0Iel cyMMOM (Tak KaK CyMMBbBI UHCEJ, CTOS-
ITUX BO BCEX OCTAJbHBIX CTPOKAX, IIPU TOM He MEHSIOTCH).
ITo To# ke mpuUMHE He MOKET ObITh OTPUIIATEJIbHOM CcyMMa
Yuces HUKakKoro crojbma tabaunsl. [losTomy BeIOpanHas Tabd-
JIUIIA — MCKOoMasd.

3. IlokaskeM dTO yTBep:KAeHMe nHAYKIMel o n. [lpun=1,
n =2 yTBep:KJeH1e OUeBUIHO. [{OITyCTUM, UYTO OHO BEPHO IIPU
n=~k, TOrma JOKa)keMm, UTO OHO BepHO U aAjaa n—=Fk -+ 1. Ecau B
rpade G ecThb gucavas gepuiurna (T.e. BepIInHA, U3 KOTOPOM
BBIXOJUT POBHO OJHO Pebpo), TOraa BBHIOPOCUM 3Ty BEPIIUHY
BMeECTe C BRIXOAAIUM u3 Heé pedbpom. IIpu sTom B rpade ocra-
HeTcs k BepIIIMH, a TaKiKe OH OyAeT YAOBJIETBOPATL YCIOBUIO,
a 3HAUUT, II0 IIPEAIOJIOKEeHNI0 NHAYKIIUY B HEM £ — 1 pebpo.
TeMm caMbIM IIOJIYUYHJIN, UTO B MCXOAHOM rpade k pedep.

Hrak, ocramock JoKa3aTh, YTO B JI0O0OM rpade, yA0OBJIETBO-
psolieM yCJOBUIO 3aJaull, HaAAETCA BUcAUYAs BepiiuHa. Pac-
CMOTPUM KaKOH-HMOYAL IYyTh B rpade u OymeM ero mpomoJi-
JKaThb. Bo-IepBBIX, 3aMeTHUM, UTO IIYTh HE MOJKET COAEePKaThb
HUKaKYI0 BepIInHYy 0oJiee OJHOTO pasa, IMOCKOJBLKY B rpade
HeT I[UKJIOB. A BO-BTOPBIX, B rpade KOHEUHOE UMCJIO BEPIINH,
IIO9TOMY B HEM HaWAETCA BEePIINMHA, M3 KOTOPOU IIYTh IIPOJOJI-
KUTH HEJIb3sA, HO TOTAA 3TO — BUCAYAS BepIInHA.

4. Toka)xeM 3T0 yTBep:KAeHUe NHAYKIUeH 1o |a| + |b|. Cay-
yaii, xorga a =0 uau b =0, oueBuger. IIocKOJIbKY MOYKHO II0-
MEeHSATh 3HAK y unces k u [, MOKHO cUUTATh, uTo @ >0 1 b > 0.
Torzma |a|+ |b| > |a —b|+ |b|, moaTOMY COrIaCHO IIPEAIIONIONKE-
HUIO MHAYKINYA HAXIYTCA B3AMMHO IPOCThIe uncyia k' u l', gusa
KoTOpPBIX (a —b)k' + bl menurca Ha p, T.e. ak' +b(l' — k') ne-
gutcsa Ha p. Yucna k' u I BBauMHO IpPOCTBIE, IIOATOMY UHCJIA
k=F unl=1—Fk Tak:Ke B3aMMHO IIPOCTbHIE, UTO 1 TPEOOBAJIOCH.

5. Ilycte Ilersa pasmenun 2n+ 1 opexoB Ha JBe KYYKHU, B
KOTOpPBIX a u b opexos, mpuuém a >b, T.e.a>n+1.



194 Pewenus. 1961 200

ITpu mepBoM cmocobe gene:xxa Koas cMoKeT MONYyUYUTH a
opexoB. [leficTBUTENbHO, IYCTh OH Pa300bET KYUKY W3 @ Ope-
XOB Ha ABe KYUKH, comeps:kaiue a — 1 u 1 opex, a KyuKy us
b opexoB kak yroguo. Torga 00JbIIas Kyuka OyZeT COCTOSATH
u3 a — 1 opexa, a meubItiasg us 1. Boabie, uem a opexos, Ko-
JISl TIOJIYYUTh HEe CMOXKeT. [leficTBUTEeIbHO, TPEAIIONOKIM, YTO
OH 0epéT opexm M3 Pa3HBIX KyUYeK, cAeJaHHBIX Ilereii: us on-
HO# OGOJBIIYI0O YacTh, 4 M3 APYroil MeHBLINyIo. BasgTasa MeHb-
mrasg 4acTh HE IIPEBOCXOAUNT MEHBINEeH YacTU TOM KY4YKHU, U3
KOTOpO# B3ATa 60JbItasg yacTb. [losTomy Bcero Komsi Gepér
OpexoB He 00JbIlle, UeM UX OBLIO B TOM Ky4YKe, U3 KOTOPOM OH
B3AJ 00sbIIyI0 yacTh. Takum oOpasom, Kossa Bcerma mosker
MMOJYYUTH HO Kpaiineil mepe n+ 1 opex, a ecau Ilera chena-
eT Kyuku u3 n+ 1 u n opexoB, To Koisa He MOXKeT IIOJYUUTH
6oxblire 1+ 1 opexoB.

IIpu BTOpPOM cmocobe nmese:xa Koss MoikeT pasmesinTh Kyd-
Ky M3 @ OpexXOoB IIPUMEePHO IomoJaM (T.e. Jubo Ha % u g ope-

a+1 a—1

X0B, J100 Ha 5 OpexoB), a OT KYUYKHU U3 b opexoB

. a
OTJIOKUTL oguH. IIpu sTom, ecau a uétHo u b— 1> 5 Wi a

HeuéTHO M b— 1> , TO OH IIOJIVUYUT @ OPEXOB, TIO3TOMY OH
MMOJIVUUT II0 KpairiHeir mepe n+ 1 opex. Bo Bcex ocTaJabHBIX

a+1

cayuasx Koas moayuur [g} +b—1 opex. fcuo, uro

[%} h_1- {%er—l} _ {a+22b—2} _ [2n+2b—1] _

b-1
=n+[5],

IIOATOMY II0 KpaiiHeir mepe n opexos Koisa Bcerma mosydur.
Ecnu :xe Ilera mepBoHavya bHO caesaeT Kyuyku us3 2n—1 u 2
opexoB, To Ko He cMoOKeT mOJyuYuTh OoJibilie n — 1 opexos
W3 IIEPBOM KYYKHM U OJHOT'O OpexXxa M3 BTOPOW KyuKu. TakmMm
obpasom, Kosist Bcerma mMosKeT IMOJMYUYHUTh II0 KpaliHel mMepe n
opexoB, a ecau Iletrs caenmaer Kyuku us3 2n — 1 u 2 opexos, TO
Konsa He MOKeT MOJIYyUYUTh OOJIBINIE 77 OPEXOB.
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3amMeTuM, UTO IIPU BTOPOM cmocobe meine:ka Koasa Toxke He
CMOJKET TOJIYYUTH 0O0JIbINle a OpexoB. [lefiICTBUTENIBHO, €CJIu
OH OepéT cpemHMe YAaCTH M3 PA3HBIX KYyUeK, TO U3 KYUKHU C b
opexaMu OH JOJIKEeH B3ATh MeHbIIe, ueM goctaérca Ilere mu3
KYYKHU C @ OpexaMu.

ITpu Tperbem cmocobe meaexka Ko MoKeT MOCTYIIUTDL TaK
JKe, KaK IIPU IepPBOM cHoco0e Aesie)ka, U B PesyJibTaTe MOJIy-
yuTh XO0TsA ObI a — 1 opex. Eciu ke IleTsa cmemaer Kyuku u3
n-+1 u n opexoB, To Kons He cMoikeT mosyuyuTh 6oJiee n ope-
XOB, IIOTOMY YTO HM B3SB OOJIBIIYI0O U MEHBIIYIO UAaCTU, HU
B3sB CpeJHUEe YacTU, OH He IOJY4YUT OoJibilie 7+ 1 opexos, a
OIWH Opex OH JoJIKeH oTxaThb. Takum obpasom, Koiss Bcerga
MOJKeT IIOJIYUUTh II0 KpalHell Mepe 1 opexoB, a ecuau Ilers
cIesiaeT Kyuku u3 n+ 1 u n opexos, To Koasa He MOKeT mOJIy-
YUTH OOJIBIIIE 71 OPEXOB.

10 kaacc
1. JoxakeM cHauaja, 4TO U3 JIIOOOI IIOCIEIOBATEJIbHOCTHU
X1y X9y eeey Xy, ... HATYPAJIBHBIX UKCEJ MOKHO BBIOPATH HEYOBI-

BAIOIIYIO TOAMIOCJIEIOBATEIbHOCTD, T. €. TAKYIO, UTO KaMKIBIN
e€ uJileH He MeHbIIle IPeALIAYIero. B mociiegoBaTeILHOCTH
HaTypaJbHBIX YUCeJ MOKHO BBIOpDATh HalMeHbIIlee YUCJIO X,.
Ecnu x, BcTpeuaeTcs B II0CJIe[OBATEIbHOCTH O€CKOHEUYHO MHO-
ro pas, TO BbIOpAaB YJIEHBI IIOCJIEeJ0BATEIbHOCTH, PaBHBIE X,
MBI IIOJIy4uM TpeOyeMylo IOJIOocIefoBaTeJbHOCTh. Ecau x,
BCTpeYaeTcsa B IIOCJIEN0BATEIHLHOCTH KOHEUHOE UMCJIO Pa3, TO
BbIOEpEeM IIOCJIeJHUI YJIeH IOCIeNOBaTeJbHOCTH, PABHBIN X,
U PAacCMOTPHUM HAYIIYIO IIOCJIe HEro YacTh IIOCJIedOBAaTEeIbHO-
ctu. C Hell MOCTYyINM TOUHO TaK JKe U T. . B uTore mosyuaum
HeyOBIBAIOIIYIO ITOAIIOCIEI0BATEIbHOCTD.

Bribepem m3 mociiemoBaTenbHOCTHA A1, ..., d,, ... HEyObIBa-
IOIITYIO ITOATIOCJIeIOBATEILHOCTE. B mociegoBarenbHOCTH b1 ,y) ..
.eey by, ... PACCMOTPUM TOAIIOCJIEIOBATEIHLHOCTEh UJEHOB C Ta-
KUMU JKe HOMepaMu U U3 Heé BbIOepeM HeyObIBAIOIIYIO IOAIIO-
cJIeToBaTEJIbHOCTh. HaKoOHEeIl, B NIOCJETOBATEIbHOCTH Ci, ...,
Cns ... PACCMOTPUM IIOCJIEAOBATEIHLHOCTD UJEHOB C TAKUMU K€
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HOMepaMHu U U3 Heé BbIOepeM HeyOBLIBAIOIIYIO IIOAIIOCJIemOBAa-
TeJIbHOCTh C;, < C;, < ... 1Ipu aToM a;, < a;, < ... mw b;, <b;, < ...

2. Ina ®asKa0ro 13 KBaJApPaTOB CO CTOPOHOI 1 paccMoTpuM

.. 1
MHOJECTBO TOUYEK, yAaJIEHHBIX OT HEro He 0osee uemM Ha bl

(puc. 56) Hnomanb 9TON (puUrypsl paB-

% Ha 1+4-1- —1—4 = n(;) T. e. paBHA 3+
qTO MeHbH_Ie 3,79, TOCKOJIBRY T < 3,16.

Bce 120 Takux Gpuryp saHuUMAamOT IJIO-
magb, He Ooabmiyio, uem 120-3,79=
=454,8 < 455. IIpu 3TOM BCe TOUKU IIPSA-

% MOYTOJIbHHKA, OTCTOSIIME OT €ero KOH-

Typa OoJiee ueM Ha %, o0pasyioT mupH-
MOYTOJIbHUK, ILJIOI[aAb KOTOPOrO pPaB-
Ha 19:-24 =456. CiremoBaTebHO, B 3TOM
MEeHbBIIIeM IIPAMOYTOJbHUKe HaligéTcsa Touka O, He JerKaIas
HU BHYTPHU, HU HaA T'PaHUIlE HU OJHON M3 paccMaTpPUBaeMBbIX

1
¢duryp. Kpyr paguyca 3 C IeHTPOM B TOUKe O He mepeceka-

Puc. 56

1
eTcs HU ¢ KaKuM KBagpaToM. Kpome Toro, Kpyr pagmyca 3¢
meHTpoM B O JIXKUT LeInKoM B npaMoyroabuanke 20 x 25.

4. PaccmorpuMm mosopoT Ha 60° ¢ meuTpom A, mepeBOIs-
i Touky B B Touky C. IlycTh IIpu 3TOM IIOBOPOTE TOUKA
P mepexomut B Tourky P’ (puc. 57). Torma CP<CP +PP=
=BP+AP=3+2=5.

B

Puc. 57 Puc. 58
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IToxaxxem Temepb, uTO AjauHaA oTpedka CP MoKeT OBITH
pasua 5. IlocTpouM cHauaJjia PAaBHOCTOPOHHUI TPEYTOJbHUK
AP'P co cTopoHOIi 2, a 3aTeM Ha IIPOAOJIXKEHUUN ero CTOPOHBI
PP’ 3a Toury P’ ormerum Tourky C Tak, uro P'P =3 (puc. 58).
ITocse sTOTO TMOCTPOMM PABHOCTOPOHHIIT TpeyroabHuk ABC.
Hawmnaa orpe3ka BP paBHaA 3, MOCKOJBKY IIPU OBOPOTE C I€H-
TpoMm A Ha yroa 60° orpesox CP’' mepexoaut B oTpe3ox BP.

5. PaccMOTPUM HECKOJBKO IIEPBBLIX INAr'0B HCCIEAYEeMOIO
mporecca. VI3 ncxomuHoro Habopa ai, s, as, A4, ..., Ao: TOCIIE
IIEPBOr0 IIIara IOJY4aeTCs HAOOP Aids, Asds, A3ds, «.., Aorlq.
ITocsie BTOpOro Iara mojaydaeTcsa HAOODP @1ds, Asly, Asls, ...,
axay (Tak kax a?=1). Takum 06pasom, mMocje ABYX IIATOB MbI
MIPUXOAUM K HAOOpy, YKcja KOTOPOro MMOJYYAIOTCS U3 UKCEJI
KCXOMHOro Habopa YMHOMKEHMEM uepes onHo. Eié uepes asa
1ara ¢ 9TUM HA0OpPOM IIPOU3OMIET TO Ke camoe, T. €. MbI I10-
JIYUUM Ha60p a10s5, A2Ay4, A3A7, ooy A2cAy. I/ITaR, B pe3yJjbTaTe
YeTBIPEX IIIAaroB MbI IPUXOJUM K HabOpy, YMCJIa KOTOPOT'O II0-
JIyUYalOTCSA U3 YHCeJI MCXOMHOro Habopa YMHOMKEHUEM uepes 3.
E1ié uepes 4 1mrara ¢ 9TUM IIOCJEIHUM HAOOPOM HPOU3ONIET
TO K€ caMoe, T. €. MBI IOJYYUM HAOOP A1dg, Aadig, A3A11s «+es
agkag.

Temneps 10 UHAYKIIAA JIETKO JOKa3aTh, UTO IIocje 2P 11aros
MBI TIOJTYIUM HA00D @102 1, A2Q2r 12, ..., A2:As. B WacTHOCTH,
nocye 27! maroB MBI MOJIyYuUM HAGOD A1@gr—141, Aalok 112y +un)
aseag-1, a emé mociae 2! maros (T.e. Bcero mocie 2F ma-
ros) — Habop a?, a3, ..., a3, COCTOALUUI N3 ONHUX eJUHIII.

1962 200 (XXV oaumnuada)

IlepBrorIii TYp
7 Kaacc
1. Ina xaxxmoir Touku M MOXKHO HOCTPOUTH ABE TOUKHU N,
CUMMETPUYHBIX OTHOCUTENILHO mpaMoii AB. Pasuocts AN —BN
Ias1 obemX TOUYEeK OJHA U Ta JKe, IIO0ITOMY MOYKHO CUMTATD,
yro Touku M m N JexaT 1o OZHY CTOPOHY OT Ipsamou AB.
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Torma Touka M aABJIfETCA IEHTPOM BIIMCAHHOM OKPYXXHOCTHU
rpeyroabauka ANB. Ilostomy AN — BN = AK — BK, rane K —
TOUKA KacaHWsA BIIMCAHHON OKPYKHOCTH CO cTOpoHOu AB,
T. e. ToukKa nepeceuenus npambeix AB u [. Touka K He 3aBu-
cuT oT BBIOOpa TouKum M, mosToMy pasHocTb AN — BN Toxxe
He 3aBUCUT OT BhIOOpa Toukm M.

2. PaccmoTpuM 0eCKOHEUHYIO TPEYTroJbHYI0 CeTKY W3 mIpa-
BUJIBbHBIX TPEYTOJbLHUKOB, COAEPIsKAIyi0 maHHBIN. [Ipu mpu-
MEeHEeHHUU OIMMCAHHOUN B YCJIOBUU 3aJauU ONEPAITUU BEPIITHUHBI
TPEYTOJILHUKA BCET/[a OCTAIOTCA B Y3JaX CETKU; IIPU dTOM JIBE
BEPINUHLI TPEYTOJbHUKA OCTAIOTCSI HA MeCTe, a TPeTbsA Iiepe-
XOAUT B COCENHIOID K HUM 00eMM M OTJHUYHYIO OT IIepBOHA-
YaJIbHOM.

OTMeTuM BepIIUHY, TPOTHUBOIOJOKHYIO OTMEUEHHOI CTO-
poxe. PaccMoTpuM Bce HpaBUJIbHBIE TPEYTOJLHUKH CETKHU C
BEPINUHON B OTMEUEHHOM TOUKe, OTPA3UM UX BCEMU BO3MOK-
HBIMHI CIIOCOOAMM OTHOCUTEJIBHO MX CTOPOH, 1 OTMETHM BCe
TOYKM, KyJa IOHIagEéT OTMeUeHHasd TOuKa. [[JId ImMOoJyUYeHHBIX
OTMEUEeHHLIX TOUEK HAHIEéM HOBBIE OTMEUEeHHbIe TOUKHU U T. 1.
OTMeueHHBIEe TOUKM TOXKE SABJIAIOTCS y3JaMU CEeTKHU IIPABUIb-
HBIX TPEYTOJbHUKOB, HO C GOJIbINIell cTopoHoit (puc. 59). fAc-
HO, UTO OTMeUeHHasa BePIINHA TPEeYTroJbHUKA MOYKET 0Ka3aTh-
csl TOJIBKO B oTMeueHHOM yaje. Takum obpasom, Korma Tpe-

V9

-
\VAVAVAV/

Puc. 59
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YTOJIbHUK BEePHETCS Ha MeCTO, ero OTMeUeHHas BepIIIHA OKa-
JKeTcs B MCXOAHOM IIOJIO:KEeHUU, IIO9TOMY OTMeUeHHAas CTOPO-
Ha TOKe 3alMET MCXOAHOe IOJIOKEeHHe.

3. MosxHo cumraTh, uTo a<b<c<d.
Torga a+ b < c+ d, TOCKOJIbKY JaHHBIN ue-
TBIPEXYTOJbHUK — He pom0. Kpome Toro,
a+b>d—c, TIOCKOJBbKY CYIIIECTBYET UeThI-
PEXYTONBHUK CO CTOPOHAMU 4a, b, ¢, d. Ilo-
9TOMY CYIIeCTBYEeT TPeyroJbHUK CO CTO-
pomamu a-+b, ¢ u d. IloctpouB 3TOT
TPEYroJbHUK, HECJIOKHO IIOCTPOUTL Tpe-
OyeMbIil caMoOIlepeceKaloIuiicsa YeThIPEx-
YroJIbHUK, cM. puc. 60.

4. JIna a100bIX HATYPAJIBHBIX B U N YUC-
g0 n-10* —n genurca zHa 9. IlosTomy Aas M000T0 HATYpPab-
Horo m uucao m—S(m) mgenurca Ha 9. CiregoBaTebHO, YHCIIO
(2a — S(2a)) — (a—S(a)) =2a — a=a menurca Ha 9.

5. Bo3pbMEéM NIPOM3BOJILHYIO KapTouky. Ha Hell mammcaHbl
yucyja a; u ap. Ilosoxkum e€ uucyiom a, BBepx. Ecau as #aq, TO
HanAETCA KapTOuKa C YHUCJIaMU ds U a3. II0J0KUM €€ Y1caoM
a, BBepx. fICHO, YUTO a3 # a3, MOCKOJbKY HMHAUe OJHO UHCJIO
BCTpeuasioch OBI IO Kpalineit mepe Tpu pasa. Ecau as # a;, TO
HaNAETCA KapTOUKa C YHCJIAMU d3 U A4; IOJIOKUM €€ YHCJIOM
as BBepx. SIcHO, UTO @4 OTJIUYHO OT Ay U az. Ecau a,+# a;, TO
HaNAETCA KapTOUKa C YMCJIaMU a4 U a5 U T. 1. Ecjiu mocje Toro
KaK MblI BBLJIOKUM KapTOUKYy C UHCIAMU d; U d;, OCTAHYTCS
KapTOUYKM, TO MBI MOKe€M IIOBTOPUTHL AJISA HUX Ty Ke CaMYIO

IPOIEeAYPY .

8 Kaacc

1. PaccmorpuMm cHauajsa caydaii, korma AX < XB. O6osHa-
YMM TOUKU IIePeCeueHns MPAMBIX U JJINHBI OTPE3KOB TaK, KaK
mokasano Ha pucyHke 61. Tpeyrompumxk AA'X momobeH Tpe-
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Puc. 61

yronsHUKy CAX, a Tpeyroasuuk AB'Z momobeH TpeyrojbLHU-
Ky ACY, mosToMy

[ x _c y __b+tc a+b
x a+b+c  x+y’ a+bt+ec x+y oy
W3 5TUX DABEHCTB MOJIyYaeM: — = —- ©_ a CaenoBa-
p y 'y bdce’ yr o a+b’ A
TeJbHO e b u a__1_ Ci10;KUB paBeHCTBa =<
I P b atbtc  x+y
y b+c x+y _ b+2c

M e T xy g MOMVIHMM TaRKe o=

Yro0s! miomans Tpeyroabauka A’ B'C’ Obliia BUeTBEpO MEHb-
e miomnanu TpeyroabHuKa ABC, MOJIXKHO BBITIOJHATHCA pa-

a+2bb+c = b;bzc, T.e. 4b2=ab+
+ 2ac +b% + 3bc + 2¢2. Pasnenus 3To paBeHCTBO Ha b? u mop-
CTaBUB HAaliJ[ecHHBLIE BBINE 3HAYEHUS [IJIS % n %, IIOJIyYAM
ypaBHeHue 3 = A21— it o 1)?)\2 5t )fl + (A—21)2 ,T.e. 343 —
—6A—3=0. 9T0 ypaBHEeHNE MOXHO IIePEIUCATh B CIAELYIOIeM
Buge: (A+1) (A2 — A —1)=0. OrpunarenbHslii KopeHb A= —1
HaM He IOZXOLUT, a KBaapaTHoe ypaBHeHme A2—A—1=0

1+V5
“MeeT KOPHU Aj g = —5—

A1+x/5 2
~— T2

. Takum ob6pasom, Touku X, ¥ u Z AeJAT CTOPOHBI
Tpeyroabanka ABC B OTHOIIIEHUN 30JI0TOTO CEUEHUS.

BeHCTBO X + y = 2b. IloaTomy

, 13 KOTOPHBIX ITOJIOMKHUTEJIEH TOJIBKO
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Cayuaii, korga AX > XB, cBOAUTCA K IPEABIAYIIEMY CIIy-
a0 0CeBOII cuMMeTpueil TpeyroabHuKka ABC.

3. Bripasum n uepesd d u m. B peaynbrare moayuum

_dm*+2m—-1 5 (m-1)°

d+1 =m d+1

Iomoxxum m=d + 2. Torga n=d?+3d + 3.
Urak, nyctb m=d+2 u n=d?+3d + 3, roe d — nqamHoe
neJsioe uncao. Torpa eciu d # —1, To
n—-2m+1 d*+d _d
m2—n ~ d+1

Yro06sI moayunTh d =—1, Mo:kHO B3aATh m=1 u n=0.

9 kaacc

1. IIycrs O — Touka nepeceueHusa orpe3skoB AB u CD. [lna
ompejesIEHHOCTH OyaeM cumTaTh, uTo AO < CO. OTmeTuM Ha
orpeske CO Touky X Tak, uro AO=CX, a Ha ayue AO TOUKYy
Y rak, uro AY =CO (puc. 62). 3ametum, uro XO=YO.

D

Puc. 62

CHauajia JOKa)KeM, UTO MHUHUMAJbHOE 3HAUeHNe IJHNHBI
orpeska M N pmocruraercsd, Korga Touka M JIe:KUT Ha OTPe3Ke
0OY, a Touka N —Ha orpe3ke OX. [leficTBUTEIHLHO, €CJIU TOU-
Ka M jexxut Ha oTrpeske AO, To Touka N JeKUT HA OTpPe3Ke
CX u MN >0X, tak kak npoexiusa OM Ha OX MeHbIIe, UeM
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XN. Aumajgoruuno, eciu Touka B jeXuT BHe oTpeska OY, a
Touka M Je:KUT Ha oTpeske YB, to MN > OY.

IIycres X'Y' — cpenusasa nunus tpeyroabHuka X YO, napaJi-
JgeabHasd cropone XY . Eciau Touka N jgexur Ha orpeske XX/,
To Touka M snexkutr Ha orpeske OY'. Ilyecre M’ u N’ — npoek-
muu Touek M u N ma npamyoo X'Y’ (puc. 63). TpeyroabsHUKMT
NX'N'u MY'M’ paBubl, mostomy MN > M'N'=X'Y’. Anaio-
rMYHOEe HEePaBEeHCTBO MOYKHO HAIMCATb, €CJAU TOUKa N JIeKUT
Ha orpe3ke X'O. Takum obpasom, ecau TOUKa Y’ JIEKUT Ha
orpeske AB, To X'Y' — UCKOMBLIII OTPE30K.

D

Puc. 63

Puc. 64

OcTaércs paccMOTpeTh cayudaii, Korjga Touka B JeXuT Ha
orpeske OY'. Ilycrs E — Taxas Touka orpeska X'X, uto Y'B=
=X'E (puc. 64). Torma mus touxkm M, jgexxalirneil Ha oTpes-
Ke OB, mpoekius orpeska MB ma mnpamyio BE OyaeT Ko-
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poue mpoeKnuu orpedka NE Ha 9Ty OPAMYIO0, TaK KaK yToJI
OBE o6oabmie yriaa OEB (B cayuae, korga yroa OBE Tymoi,
00e TMPOoeKINU IOMaZaloT BHYTPL IPOeKIuu oTpeska MN, u
ATOT caydal oueBuzaeH), mostromy BE < MN. Takum ob6pasom,
BE — nNCKOMBII OTPE30OK.

2. Eciin n HeuéTHO, TO X0 KOHEM He MEHSeT I[BeT KJIETKU
mraxMaTHOW JOCKM. B aTOM ciiyuae KOHB He CMOJKET II0IaCThb
HU Ha OJHO I0JIe, IIBET KOTOPOTO OTJIMUYEH OT I[BeTa II0JA, Ha
KOTOPOM OH CTOMT.

ITorkaskem, uTo mpu Y€THOM 71 (n = 2k) KOHBb MOJKET II0IacTh
Ha Jr00o0e HAIepeén 3aZaHHoe moJie. 3aMeTHM, UTO 3a JBa XO-
Ia KOHb MOJKET IIePeMeCTUTLCS Ha JBe KJIETKU II0 BePTUKAJIU
WJIN TOPU3OHTAJIMN. 34 OAUH XOJ KOHBL MOJKET IepPeMeCTUThLCS
Ha OJHY KJIETKY II0 BePTHUKAJJW U Ha 2K 10 TOPU3OHTAJIU, 3a-
TeM 3a 2k XONOB CABUHYTLCSI Ha 2K KJIETOK II0 TOPU3OHTAJIN
B oOpaTHOM HaIpaBjJeHuUN. SHAUUT, 3a 2k + 1 X0oa KOHB MO-
JKeT CMECTUTLCS Ha OAHY KJIETKY II0 BepTUKAIN. AHAJOTUUYHO
OH MOKET CMECTHUTLCSA M Ha OAHY II0 ropusoHTanu. IlosTomy
KOHBb MOJKeT IIOIacTh Ha Ji0boe IoJe.

4. YpaBHEeHUA

X1 eeo X Xpg1eee " X1962 — 1,
X1 eeo " Xpp — Xpy1"ees"X1962 = 1
IIOKa3bIBAIOT, UTO IIPOU3BEAEHUE X1 * ... * X}, YAOBJIETBOPSAET YpaB-

1
HEHUIO X — ;:1, T.e. x2 —x—1=0. ITosTomy

1£v5  1+gV5h
2 2

X1*eeo* Xp =
rae ¢, =+1. C gpyroii CTOPOHBI, IO TOU JKe IIPUUNHE

1+e1V5h
X1 eee X1 = %.
o 1+€k+1\/5

ComocTaBiisiss 5T PABEHCTBA, II0Jy4aeM, UTO Xptr1=—FT—"—"—"F7
b ’ y ’ + 1+5k\/5
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npu B+ 1<1961 u xlgsgz#. ITosTomy x95 =1 wmam
1+ e1961V5

3+5

— -

HecaoxxHo mpoBepuTh, UTO KasKAbIM Habop uucesa ¢, ...,
€1961, PABHBIX *1, maéT pelleHre pacCMATPUBAEMON CHCTEMBI

ypaBHeHU. Ecam €9y = €95, TO X95 =1, a eciIu €g9y = —Ey5, TO
3+5
Xo5 = T.

5. PazoObéM MEHBINIYI0 CTOPOHY HIPAMOYTOJbHUKA Ha N
PaBHBIX OTPE3KOB AJHHELI . BOJBIIYIO CTOPOHY pa3oOLEM Ha
m OTPEe3KOB IJIWHBI ! 1, BOSMOKHO, KAKOM-TO OCTATOK, KOTO-
pBIii MeHbBIIIEe ¢ S3aTeM Bech IIPAMOYTOJIbBHUK Pas3o0bEM
Ha mn KBaApaToOB CO CTOPOHOHM « W, BO3-
MOJYKHO, €I€é OAWH BBITAHYTBIA IIPAMO-
yroabHUK (puc. 65). OgHa cTOpOoHA 5TOTO
IPAMOYTOJbHUKA pPaBHA MEHBIIIEeHl CTOPOHE
UCXOTHOTO MPSAMOYTOJbLHUKA, II09TOMY OHA

Puc. 65 He mTpeBocxXoauT 1, a Apyras CTOpOHA MEHb-
e o.

IIpamoyroapHUK, IJIOIaAbL KOTOPOTO paBHA 1, pasdur Ha
mn KBaApaToB ILIOMAAKA oF U MPAMOYTOJILHUK, ILJIOIAAb KO-
TOporo MeHbIIe 1 -, mosTomy mn-o +a>1T.e.

l1-« 1 1
mn>-——=——-.
a a a

Brouimmem B KasKAablli M3 KBAJApPaTOB CO CTOPOHOU O OKPYIK-
HOCTB paguyca /2. CymMMa paguycoB BCeX dTUX OKPYsKHOCTe
paBHa

2> (L-1).2 L1
2 B 2°

Bei6paB n mocTaTouHO GOJIBIINM, T.€.  HOCTATOYHO Ma-
JIBIM, MOJKHO JOOUTHCS, UTOOBI 9Ta cymMMa ObLia Oosbie 1962.
VYMeHBIIIUB 3aTeM pPaguyc BceX OKPYKHOCTei, MOKHO JOOUTh-
cs, 4TOOBI cyMMa paaunycoB Obljiaa paBHa 1962.



Pewenus. 1962 200 205

10 xkaacc

1. Hoctpoum TtpeyrosbHuk BNM po mapaJigesorpaMma
BNMP. Tpeyronbuuxk AM P paBHOOeIpPEHHBIH, TaKk Kak PM =
=BN=AM. ¥Yron upu BepiituHe M 5TOro TPEyroabHUKA II0-
crosHeH (oH paBeH yray AOB), mosTomy Touka P mepemerria-
eTcs IO Jy4y ¢ BepinuHon A (Ha pucyHKe 66 1m300paskeHBbI
IBa IOJOMKEHUSI TOUuKu P).

A
M, N2
P
0]
Mo,
BL M
Py
Puc. 66

Iliuaa orpeska MN paBHa niaumHe oTpeska BP, a miuHa
orpe3dka BP MuHUMAaJIbHA, Korjga BP — neprneHauKyasap, Ipo-
BEeIEHHBIN M3 TOUKM B K Jydy, IO KOTOPOMY IepeMeIlaeTcs
Touka P. Vckomasa Touxka M JIe:KUT Ha IIPAMOM, IIPOXOAAIe
yepes TOUKy P mapainenbHo npamoii BO.

2. IIycts Ha cropomax kBazpata ABCD mocTpoeHBLI paB-
Hble paBHOOempeHHble TpeyroabHuku AKB, BLC, CMD n
DNA c ocTpeIM yrJjIOM HpPHU BepiinuHe. Torma MHOTOYTOJbHUK
AKBLCMDN HeBuInYyKJbIH. IIpeamosoKuM, YTO CYIIECTBY-
et pasouenue purypbl AKBLCM DN ma mapajjaeiorpaMMEI.
Mo:xHO cuuTaTh, UTO JIOOBIE ABa IapajjaejgorpaMma, MMelo-
e o0IMe TOYKMW, MMEIOT JIM0O OOIyI0 BepIINHY, JU00 00-
IITYIO0 CTOPOHY (ecam ABa IapaJjiesiorpaMMa IIepeceKaroTcesa 110
YaCTU CTOPOHBI, TO MOKHO Pa30UTh 9T ITapajjieorpaMMbl HA
MeHBIIINe, IPOBeAsa M3 KasKIOTO KOHIlA OTPe3Ka IepecedyeHms
OTPE30K HapajlIelbHBIN IPYTOl CTOPOHE IIapaJijejorpaMma).
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M
Puc. 67

Paccmorpum mapasiiesorpaMM, CTOPOHA KOTOPOTO JIEMKHUT
Ha orpeske NA. OTMeTuM Ha 9TOH CTOPOHE BHYTPEHHIOIO TOY-
Ky Xy, a HA IIPOTUBOIOJIOKHOM CTOPOHE BHYTPEHHIOIO TOUKY
X,. 3aTeM paccMOTpPHUM APYro# IapajjejorpaMM, cOAep:Ka-
it Touky X;. OTMeTuM Ha ero CTOPOHE, IPOTUBOIIOJIOMKHOM
TOM, KoTopasa colep:kut X;, BHYTPEHHIOIO TOUuKYy X,. IloBTO-
pAdA 3TOT IIpoliecc, MOJAYUUM TOUKYy X, Ha rpaHuile (QUIryphl.
OnHa MOKeT JesKaTh TOJbKO Ha cTropoHe CL, Tak KaK y KasKao-
r0 13 PACCMOTPEHHBIX MHapajjaeorpaMMOB OLHA CTOPOHA IIa-
pannaensua NA. AHAJOTUYHBIM 00pasoM IIOCTPOMM IIOCJIENO-
BaTeJbHOCTh TOYEK Y, I cCTOpOHHEI AK.

AcHo, uto somanble XX ...X, n Y¢Y;...Y, mepecekarorT-
ca. Ilycrs orpesok X;X; ; mepecexkaercsa ¢ orpeskom Y;Y;,q,
IPUUYEM OTPE3KU C MEHBLIITMMM HOMepaM! He IepeceKaroTCs.
I9TU OTPE3KU COENUHSIOT IIPOTUBOMOJIOMKHBIE CTOPOHBI ITapaJi-
JejorpaMMa, CTOPOHBI KOTOPOTO HapajjelbHbl ONpaMbiM NA
u KA (puc. 67). Touxkn X;, X;,1, Y; n Y,y ZOIKHBI OBITH pac-
TIOJIOJKEHBI UMEHHO TaK, KaK IIOKa3aHo Ha 9TOM PHCYHKe, II0-
TOMY 4YTO Touka X; pacmoJo:keHa Oam:ke K mpamoii AN, ueMm
TouKa X;;1, 4 TOUKa Y, pacmoJyoxxeHa Onmxe K npamoin AK,
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uyeM TouKa Y;;;. Ho Ttorgma momameie XoX;...X; u YoY;...Y;
IOJIXKHBI IepeceKkaThes. [loayueHo IpoTuBOpeUne.

3. Hoxaxxem Tpebyemoe yTBep:KIeHMWe IO MHAYKIIUU. Ba-
3a MHAYKIUU oueBuaHAa. IlociemoBaTelbHOCTh {@,} MOHOTOH-
HO BO3pacTaer, MO03TOMY [Jis JII000r0o HATypPaJIbHOTO YuCIa M
MOJKHO BBIOpPATH 1 TaK, 4TO @, <m<a, ;. 1llo mpeamosoxe-
HUI0 MHAYKIIUU YUCJIO M — ad, (€ciIu OHO OTJIHUYHO OT HYJIA)
MOYKHO TIPEACTAaBUTh B BUJE CYMMBI HECKOJbKUX PA3HBIX UJjIe-
HOB IIOCJIelOBaTeNbHOCTH {a,}. [Ipu saToMm m —a, < a,;1 — a, =
=a,_1. 3HAUUT, B 9TOM PA3JIOKEHUU He IIPUCYTCTBYET HarKe
a,_1, 4, TeM 6oJiee, He IPUCYTCTBYET @, .

KommenTapuii. [IpuBegéHHoe Q0Kas3aTeJbCTBO ITOKA3LIBAET, UTO
yTBep:KIeHre 3aJaul MOMKHO YCHUJIHUTH, IIOTPe6oBaB, UTOOBI B IIpPEACTABJIE-
HUU He OBLIO ABYX IOAPAA HAYIUX UYJEHOB IocjegoBaTesbHocTu. Ilpen-
CTaBJIeHWE C TAaKUM [JOIOJHUTEJbHBIM YCJIOBUEM OyIeT y:Ke eIWHCTBEHHO
(Bamuch yncsa B GubOHAUUMEBON CCTEMe CUMCICHUS).

Bropoii Typ

7 Kaacc

1. ITycTs 1m1ap CTOUT Y CTOPOHBI AB IIpaBUIBHOTO 271-YTOJIb-
uuka ABCD... Ilyctum ero nmapaiaenbHo guaronanu AC (cM.
puc. 68). OrpasuBiinuck oT cTopoHbl BC, OoH OyaeT ABUTATh-
cA mapaJjieabHO aumaroHanu BD, oTpasuBHIINCH OT CTOPOHBI
CD — napaJeabno guaronanu CE u T. J.

Ilyctes mrap HaxommTcA Ha pac-
CTOAHUAX X U Y OT Touek A u B, Cx y D
a mgauHa auaroHaau AC paBHa d. JZ
Torma Ha cropoHe BC oH moma- y
IET B TOUKY, YAAJEHHYIO Ha Y U
x or Bepmiud B u C (x u y mensa- B E

IOTCA MecTaMm), IPOUILA IPU STOM

paccrosiHme 4. IIpu mpoxow- \
X

8

x+y
OeHUU BCEero MHOI'OYI'OJIBHUKa X

U Y TIOMEHAIOTCSA MeCTaMM YETHOe
YHMCJIO Pa3, a 3HAYUT, IIap BEPHET-

Puc. 68
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cd B HCXOOHYIO TOUKY. Ilpm aToM OH IPOWAET paccTosSHUE
n(x+y) ; .
Wd— nd, 4TO He 3aBUCUT OT HAYAJIbHON TOUYKH.

2. Yerwsipéxyroasuauk BCK M BunucaHHbIN, npuuéMm /M BK =
=/CBK. Ilostomy Z/CMK=/MCK u MK =KC. Cunemosa-
TesibHO, AK = KC=MK.

IIycte O — 1eHTP OKPYsKHOCTH, ONMCAHHON OKOJIO Tpe-
yroabauKa ABC, BD — nguameTp 3TOH OKpyskHOCTHU (puc. 69).
IIpoBeném B paBHOOemApeHHOM Tpeyroabuuke AKM BBICOTY
KL. Ilpamble MO, LK u AD mapajjeJbHbI, IIPUYEM TOU-
Ka L — cepeguua orpesrka AM, mostomy K — cepegmua OT-

pesxa OD. CuemoBarenbno, BK = BO + % = gR.

3. Ilnomans yroska paBHa 3, IOITOMY ILJIOIIAAL IIPAMO-
YTOJBHUKA, KOTOPBIM MOYKHO Pa30UTh HA YrOJKHU NOJKHA Je-
autbed Ha 3. Ho uncimo 1961 x 1963 He genurcs Ha 3, IIOTOMY
yTo HU oxHO u3 uncea 1961 u 1963 we geaurca ma 3. ITosro-
My OIPAMOYToJabHUK pasdmepamu 1961 x 1963 Henb3s pasduThb
Ha YTOJIKH.

HoxaxxeM, 4YTO BTOPOH HPAMOYTOJbHUK Pa30UTH Ha YTOJ-
KM MOXKHO. [ 3TOrO HNPAMBIMH, IapajIeIbHBIMU CTOPO-
HaM OPAMOYTOJbHUKA, Pa300bEM ero Ha TPU IPAMOYTOJILHU-
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L L L

L
| TI

Puc. 70 Puc. 71

Ka pasmepamu 1965 x 1958, 1956 x5 u 5 x 9 u moraxewm,
YTO KAMKIBIHA M3 9THUX NPSIMOYIrOJLHUKOB MOXKHO pasdbUTL Ha
YTOJKH.

Y mepBoro mNpsAMOYTroJbHIUKA AJHMHA OJHOM CTOPOHBI YETHA,
a AJuHA APYroi JeJNUTCsa Ha 3, IO9TOMY €ro MOYKHO PasOuThb
Ha NPAMOYTOJbHUKM pasMepamMu 2 X 3, KayKIbIA M3 KOTOPBIX
B CBOIO ouepelb pasdbmBaeTcd Ha ABa yrojika. ¥ BTOPOTO MpH-
MOYTOJILHIKA OJHA CTOPOHA paBHA b, IJANHA APYIOM JEeJIUTCS
Ha 6; pasoOLEM ero Ha MNPAMOYIOJbHUKH pasmepamMu 5 X 6,
KaKIBIH M3 KOTOPBIX pasbmBaeTcsd HA YrOJIKU, KaK IIOKA3aHo
Ha pucyHke 70. Hakonerr, paso0béM Ha YTOJKH IPAMOYTOJb-
HUK 5 X 9, KaK IIoKasaHo Ha pUcCyHKe 71.

4. PaccmarpuBaemoe uucio pasHo 10'°%2 1 1. Ero moxxHO
npenctasuTh B Buze (10%°4)3 41, mosTomy oHO genuTca Ha
1054 +1.

IIpexncraBuB 5T0 Ke uncio B Buge (102)%8' + 1, mosxHO yKa-
3aTh emé oguH AenauTenb: 102 + 1 (masa m060r0 HEUETHOTO N
yucyao a” + 1 genurcsa Ha a + 1).

5. Ilyctb A 1 B— mamHble TOUKM, PACCTOSHIE MEXKIY KO-
TopbiMu HauboJbiee. Eciu AB < 1, To Bce JaHHBIE TOUKHU Je-
JKaT B Kpyre paguyca 1 ¢ IIeHTpoM B JIIO00OM 13 JaHHBIX TOYEK.
Paccmorpum Temeps cayuaii, korma AB > 1. Ilycts C — oxua
u3 JaHHBIX TOuekK, oTamuyHasa or A m B. Ilo ycimoBuioo omauu
u3 orpesxoB AB, BC u AC wmenbiie 1. Ho AB > 1, mosTomy
AC<1 unu BC< 1. Takum o06pasoM, Bce MaHHBIE TOUKHU Jie-
JKaT B ABYX Kpyrax paguyca 1 c menrpamu A u B. Cienmosa-
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TeJbHO, B OJJHOM W3 HUX JIEKUT II0 KpaliHei Mepe 13 JaHHBIX
TOUEK.

8 kaacc

1. ITycTh n — YMCJIO BEePIIMH MHOTOYTOJbHUKA. JloxakeM
UHIYKIINEN II0 71, YTO HalAyTCsA II0 KpalHell Mepe ABe HecMeK-
Hble BEPIIUHBI, U3 KOTOPBLIX He IIPOBEJEHO HU OMHOM Auaro-
Hagu. [Ipu n=4 sto oueBuaHoO. [lokakeM ITar MHAYKIIUU.
IIycTh B MHOTIOYroJIbHMKE IIPOBEAeHA AUAaroHalb uepes Bep-
muesl M u N. 9Ta guaroHajb paspe3aeT ero Ha JBa MHOTO-
YTOJIbHUKA C MEHBIIUM YHCJIOM BepPIINH, B KaKIOM M3 KOTO-
PBIX TO TPEANOJIOMKEHUWI0 MHAYKIIMN HAWAYTCS OBE HECMErK-
Hble BEPIINHLI, 13 KOTOPBHIX He MPOBeAEHbI AuaroHanu. JIcHo,
YTO AJIS KaKJIOT0 MHOTOYTOJbHUKA OJHA M3 9TUX BEPIIUH OT-
aunuyHa ot M u N.

2. BeigeauM B paccMaTpuUBaeMOM CyMMe IIOJIOMKUTEIbHBIE
U OTpuUIlaTeJbHLIe cjaraeMble U 3amuileM e€ B Bume S; — Si.
Kaxxkmoe u3 caaraembix S; u Sy comep:xkut 1962 ciaraeMsbIx,
u Kaxkmoe u3 uwmecea 1, 2, ..., 1962 Bxoaut B S; maum B Sy
posHO aBa pasa. CaemoBaresbHO, Sy >2(1+2+...+981) u
S1<2(982+983+... +1962), moaromy umcio S; — S, Oymer

HauboJgbIInM, Korga ciaaraemsie 1, 2, ..., 981 Bxogar B Sy, a
caaraembie 982, 983, ..., 1962 BxomaT B S; (ecam Takoe BO3-
MOJKHO).

s mocnemoBarenbuHocTu 981, 982, 980, 983, 979, 984,
ey 981 -1, 981 +i+1, ..., 1, 1962 monyuaem cyMMy

(982 — 981) + (982 — 980) + (983 — 980) + (983 — 979) +
4o+ (1962 — 1) + (1962 — 981).

Ira cymMma obaamaeT TpeOyeMbIM CBOMCTBOM.
3. Ilpenmomoxum, uTo n — mpocTtoe umciao. OTMeTuM Of-

HY BepIINHY N-YyIOJbHUKA ¥ PACCMOTPUM IIOBOPOTHI OTHO-
CHUTEJILHO IIeHTpa OKPYKHOCTU HaA YIJbl &, 2, 3, ... Ilpu
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9TUX IIOBOPOTAX OTMEUEHHAs BEPIIMHA ITOHaJaeT B BEPIITHNHBI
n-yroJbHUKA, II09TOMY pPas3JHUUYHBLIX IIOBOPOTOB He 0Oojee 7.
IIycTh KoMMuecTBO Pas3jIWYHBIX ITOBOPOTOB paBHO k. Torma
a0b0asd BeplIMHA N-YTOJbHUKA IIPU PacCMaTPUBaeMBIX IIOBO-
porax mpobGeraet k Bepmimu. IlosTomy n menautca Ha k, cie-
IoBaTeNbHO, k=n, Tak Kak umcigo n mpocrtoe. Takum obpa-
30M, IIPU paccMaTPUBAEMBIX IIOBOPOTAX OTMEUEHHAS BePIIU-
Ha IIOIIaZaeT BO BCe BEPIIMHBI Nn-yroJbHWKA. B uacTHOCTH,
TPy HEKOTOPOM IIOBOPOTE OHA IIOIAaJaeT B COCEIHIOI0 BepPIIU-
HY, HO B TaKOM CJy4Yae Nn-yroJbHUK OOJI’KeH ObITh IPaBUJIb-
HbIM. [ToyueHHOE IIPOTHUBOpPEUNE IMOKA3LIBAET, UTO UUCIIO N
COCTaBHOE.

4. YOopagounM MCKOMBIE UMCJIa M MX CYMMLI II0 BO3pac-
TAHUIO: X1 <X < X3< X4 < X5 U a1 <a3<...<aqg. AcHO, uTO
ai+...+a=4(x1+ ...+ x5), TaKk KaK KakJ0e YNCJIO BXOIUT
POBHO B ueThIpe cyMMBbI. IlosTOoMy IO umcjiaM a; MOMKHO BOC-
CTAaHOBUTH CyMMYy X; + ... + X5. Ilajmee, scHO, 4TO a; = X1 + X3,
Ay =X1+ X3, Qg = X3+ X5, Q19 = X4 + X5. ClleTOBATEIBLHO, MOMKHO
BOCCTAQHOBUTD UUCIO X3 = (X1 +... +x5) — (X1 +x2) — (x4 +x5) =
=(x1+...+X5) — a1y — a9, a IO HEMY BBIUUCIUTH X1 = A — X3,
Xo=0a1 — X1, X5=0Q9 — X3 U X4 =0aA190 — X5.

5. IIycte O; m Oy — 1eHTPHI OKPYsKHOCTEH S; u S,. Ilo-
cTpoMM cHadaJja MeHTP R OKPYKHOCTH, OIIMCAHHON OKOJIO
Tpeyroabauka ABM. Touka R — 3TO TOUKA IIepeceueHuns mep-
MMEeHIUKYJIAPOB, ITPOBEIEHHBIX W3 TOUueK A m B K IPAMBIM
AM u BM (puc. 72). Tpebdyerca mokasath, uro RM = RH,
T.e. RP1 MP. fcuo, uto O, M | AM, tak xaxk O,M — pa-
IUycC, IPOBEAEHHBIM B TOUKY KacaHusa, mostomy O;M || O;R.
Anamnoruuno O M || OxR. CnenoBatenbuo, O, MO, R — napai-
Jejgorpamm, mostromy O, R=0,M u O1R=0,M. 9T0 o3HaUaeT,
YTO TOUYKaA R JIe:KUT Ha HepeceueHUMW OKPY KHOCTEeU C IleH-
pamu O; u Oy, UMEIINX TaKMWe JKe Paguychl, KaK JaHHbIe
OKPYsKHOCTU (Ha PUCYHKE 72 9T OKPYKHOCTU M300paKeHbI
OyHKTUPOM). TOUKHM IepeceueHUs BCEX UYETBHIPEX OKPYIKHO-
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cTell SABJAIOTCA BepIIMHAMHN HOpaMoyrojbHuxa MPRR', mo-
saromy RP | MP. (Hy:XHas HaM TOUKa IlepeceueHus OKPYK-
HOCTeH 9TO MMEHHO TOuKa R, a He Touka R', moromy u4TO ue-
TRIPEXYTOJbHUK O, MO R — He mapaJjijiejorpamMmm.)

9 Kaacc

1. Ilyets a4, as, ..., G7, Qg — YHCJIO 3a7au, PEIIEHHBIX
IIKOJBPHUKOM 3a HEKOTOpble uayIinue moapAn 8 nmeit. Ilo
YCJIOBUIO A1 +ds + ...+ a7;=25 u as +as+ ...+ ag =25, mosro-
My a; =ag. ATak, 4nCIo 3amau, perraeMbIX ITKOJLHUKOM 34
IeHb, MOJXKHO IOBTOPAThCA uepesd Kakanle 7 gHei. IIIKoJb-
HUKY, TaKUIM 00pas3oM, HYsKHO BbIOpaTh He IIJIaH Ha BeCh IO,
a JIMIIb ILJIAH Ha Hemesio.

Ilyets o, a, ..., 07 — IIPOMBBOJBLHBIA IIJIaH Ha HemeJIO,
T. €. KaXKIbIH IIOHEAEJbHUK MIKOJbHUK PellaeT o 3agad, Kax-
IBIIi BTOPHUK — (p 3aJa4 U T. . KEcau ObI MIKOJILHUK peIrraJt
Bce 25 3agau B IMOHEAEJbHUK, TO OH MCTPaTHJ ObI Ha Bce 3a-
JIauy B TeueHUe yueOHOTO rojga HeKoTopoe BpeMs S;. TouHo
TakK sKe ompemesuM umuciaa Sy, Ss, ..., S7. Pelllag mo moHeae b-
HuKaMm He 25, a o 3a7ad4, IMIKOJbHUK 3a BCe IIOHELEeJbHUKU
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o
BCETO Trofla TOTPATUT BPeMs, PaBHOE - Si. AHajoruuHo 3a

o
BCe BTOPHUKM OH MOTPATUT BPEMHA 5~ Sy u . 1. Ob11iee 3aTpa-
YeHHOEe IIIKOJLHUKOM BPEMs PABHO

S = %(O{lsl +OC2S2+ +OC7S7).

IIpu sTOM 1O yCcaoBUIiO o + g + ... + a7 = 25.

Ilycrs S;, — HaumenbIiliee u3 uucea S;, Sy, ..., S;. Ilo-
JIOJKUWB COOTBETCTBYIOIMUIN KO3(PPUIIMEHT &) paBHBIM 25, a
OCTaJIbHBIE — HYJI0, MBI JOOLEMCS TOrO, 4UTO S CTaHeT Hau-
MeHbIIUM. [lelicTBuTenabHO, UmMCIa 04, ..., Q7 HEOTPHUILATEJIb-
HbIe, TI09TOMY

1 1
2—5(0{1S1+OC2S2+...+O{7S7) > 2—5((X1Sk+O{2Sk+...+O(7Sk) = Sk.

2. ObozHauuM atu uucyaa by, by, ..., bys B IOPSALKE BO3-
pacrauusa. Pacmomosxum ux Tak: by, bss, bs, boy, ..., b1, bis,
bis, bis, bi3. Torma cymma O6yzmer pasHa big + 2014+ ... + 2bys —
—(2b1 +2by + ... + 2b1g + by3). IloKaxeMm, 4TO 9Ta CymMMa Hau-
OoJsibitasi. JlefCTBUTENBHO IIPKU PACKPBITUN 3HAKOB MOIYJISA
BO3HHUKAET 25 umceJs CO 3HAKOM ILIIOC M 25 UmcesI cO 3HAKOM
MUHYC, IPU 3TOM KaXJ0e YMCJIO BCcTpedaercda aBa pasa. Cym-
Ma OyaeT HAanOOJIbIIIel, eCJIN IJIIOCEI CTOAT mepen 25 HanboJIb-
MU YMCIaMI, a MAHYCHI Iepef 25 HauMeHbIIuMU. VIMEeHHO
TaKas PacCTAHOBKA IIPUBELEHA BBIIIE.

3. IlosyuyeHHBI MHOTOYTOJb-
HUK COIEPKUT (PUrypy, Koropad
COCTOUT U3 TOUEK, YAAJEHHBIX
OT UCXOAHOTO MHOTOYTOJHLHUKA HE
0osee uem Ha d =1. [[15 BBITTYKJIO-
0 MHOTOYTOJIbHUKA IJIOIanAu S 1
nepuMmeTrpa P Takas ¢purypa mmeert
miaomans S+ dP + nd? (puc. 73). B
HAIlleM cJiydae dTa (urypa mMmeer
miomanab S+ 12+ 7> S+ 15. Puc. 73
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5. HaGop mocaemoBaTeIbHOCTEH, YAOBIETBOPAIOIIANA YCJIO-
BUAM 3aa4uu, OyJeM HasbIBaTb npasudbHbim. IlycTh gam mpa-
BUJIBHBIA HabOP, COCTOAINUNA 13 k ocaeqoBaTeIbHOCTEH, AJI1-
HBI KOTOPBIX PaBHBI My, ..., M. CHaUaJIa JOKaXKeM, UTO

27Mm 427 ]

I 9TOro pPaccMOTPUM CJIEAVIOIIHe OTPEe3KM’, PACIIOJIOMKEeH-
Hble Ha oTpedke I =[0, 1]. Pasmenum oTrpesok I Ha 1Ba paBHBIX
oTpes3ka u obosHauuM ux Iy u I;. 3arem oTpe3ok I, pasgeanm
Ha JBa PaBHBLIX OTpe3Ka um 0003HauuM ux Iy 1 Iy;, a OTPE30K
I, pasmenum Ha oTpesku I u I, u T. 1. Kaxxkgoi mocaemoBa-
TEJILHOCTH U3 HYJIEH M eTWHUI] MOKHO COIIOCTABUTH OTPE3OK
C COOTBETCTBYIOIIIMM HOMEPOM; IJIMHA OTPe3Ka, COIIOCTAaBJIEH-
HOT'O IIOCJIeIOBATEeIBHOCTY AJUWHBI M paBHA 27 7.

ITokaskem, uTO TpaBWMJIBHOMY HAOOPY IIOCTIEZOBATEIHHO-
CTeii COOTBETCTBYEeT Ha0Op OTPE3KOB, He MMEIOIUX OOIIuIX
BHYTPeHHUX ToueK. Il0 IoCcTpoeHWI0 AJid JIIOOBIX IIOCJIEenO-
BaTesbHOCTeH o U 3 oTpesdok I, comep:kuTcA B OoTpeske | B+
IByM mocjemoBaTeIbHOCTAM, HU OOHA W3 KOTOPHIX HE ABJIA-
eTCs HaYajJoM APYroi, COIOCTABIAIOTCA OTPESKU lnp U o1y
OHu mpuHagie:xkatr orpesdkaM I,o u I, , KOTOPBIEe SABIAIOTCS
pasHLIMU IIOJIOBUHAMU OTpe3Ka I,.

Taxkum 06pasoM, paccMaTpuBaeMOMY IIPABUIBLHOMY HAO0PY
IIOCJIEJOBATEJILHOCTEl COMOCTABIAIOTCA OTPE3KMU, AJIUHBI KO-
TOPBIX PaBHBI 2~ ™, ..., 27™ mOpUUEéM 5TH OTPE3KU HEe MMEIOT
ob6mux Touek. IlosTomy 2~ ™ +...4 2 ™ L1, uro u TpeboBa-
JIOCh.

Bepuémca Temeph K MCXOOHON 3amauve, W IOKaKeM, UTO
npu k= 2" us HepaBeHcTBa 2™ +...+2""™ L1 caexyer Hepa-
BEHCTBO M + ...+ my, > n-2". JleficTBUTEIbHO, COTJIACHO Hepa-
BEHCTBY MEXKIY CPeIHUM apu(pMeTHUECKUM U CPeIHUM TIeo-
MEeTPUUECKUM

YEmEm e e m 2 <

IIO3TOMY Qmit...+my > kk — 2n-2n.

b

;=
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KomMmenTapuii. B reopun KogupoBanus TO, YTO MBI Ha3BaJU IIpa-
BUJIBHBIMU IIOCJIEJOBATEJILHOCTAMM, OOBIYHO HA3LIBAIOT NPEPUKCHbLLMU KO-
damu, a HepaBeHCTBO 2~ ™ + ...+ 27 ™ <1 nna nNpepUKCHBIX KOLOB HAa3bl-
BaIOT Hepagencmeom Kpagpma—Makxmuanaua, cm. [10].

10 xaacc

1. Ilycres paa ompesesiéHHOCTH TouKa A’ OJMiKe K IPSAMOii
l, uem Tourka A. PaccMoTpuM TOUKY A;, CHMMETPUUHYIO TOY-
Ke A orHOocuTeJabHO mpamoir [. dcuo, uro L/CAA=/AA A=

= %AAlOA. Yron ZA;OA paBeH yABOEHHOMY BHEITHEMY YTJIY
mpu Bepinuue O yerTbipéxyroabauka AA'CO. IloaToMy YeTHIPEX -
yroabHUK AA'CO BuucauHusblii, a 3uauut, BA'- BA= BC - BO.

IIycts P — TOuKa JaHHOM OKPYsKHOCTHU, IIPOEKIIUSA KOTO-
poit Ha mpamyio [ coBuagaet ¢ Toukoit C. KacareibHas B TOU-
Ke P mepecekaeT npamyio [ B HeKoTopoi Touke B;. fIcHO, uTO
B,P?=B,C-B;0. Ecau Touka X, Jexamiad BHe OKPY’KHOCTH,
IBMKeTCA mo upamoi [ or Toukum O, To BeamumHa XC-XO
MOHOTOHHO Bo3pacraer. IlosTomy Touka B coBmagaeT ¢ (pUK-
CUPOBAHHOU TOUYKOI Bj.

4. IIpoekiiua OPAMOYTOJbHOTO ITapajesieluiiena Ha IJI0C-
KOCTb IIPEICTaBJIsIET COOOU IIeCTUYrOJbHUK (OH MOXKET BbI-
PoOKaaTbCA B UETHIPEXYroabHHWK). IIpoekmnusa Kaxkmgoir rpa-
HU MapaJjiiejiennea — lapajiieorpaMM, M09TOMY ILJIOIalb
TpeyroabHuKka ABC (cMm. puc. 74) pas-

Ha MOJIOBUHE IJIOIIAAY BCell IPOeKIUuU. A B
TpeyroabHuk ABC sBiseTcs IPOEKIIU-

et Tpeyroabauka A'B'C’, BepIlIUHBI KO-

TOPOTO — TPU BEPIIUHBI ITapaJiiesenu-

mena, coceHUEe C OOHOM U TOHU Ke Bep-

muHOM. PacrosioikeHme TpeyroJibHUKa

A'B'C’ 3amaér pacmoJioKeHHe B IIPO- Puc. 74
CTPAHCTBE BCEro ImapaJiiesenuiesa.

CorstacHo ma3BecTHOU (Qopmyie (cMm. «OcHOBHBIE (DAKTHI»)
SAaBc =S Aapcr - COS &, THE O — YTOJ MEKIY MJIOCKOCTAMU Tpe-
yronpHUKOB ABC u A’B'C’. ILiomans Tpeyroabuuka ABC 0y-

Cc
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meT HamboJbIleii, korga cos a=1, T.e. a=0, uHaUe TOBOPA,
Korga Touxku A’, B’ u C' nexaT B rOpU30HTAJIBLHON IIJIOCKOCTH
(unu B mIapaJiyieIbHOM el MJI0CKOCTH!).

5. [IpuMeHUM MHAYKIIWIO IO YKCJIY YYACTHHUKOB TypHHUpPA.
IIpu ywuciie yYaCTHUKOB, PABHOM 2, yTBep:KIeHUE OUYEeBUIHO.
IIycts kB yuyacTHUKOB MOXKHO PACIOJIOMKHUTH TaK, KaKk Tpedy-
eTcsA B YCJOBHUM 3ajauu: di, ds, ..., d,. Bospmém (k+ 1)-ro
yYacTHUKA U IMOCMOTPHUM, KaK OH ChITpas ¢ a;. Ecau OH BbI-
UTpaj UIN ChITPajJ BHUYBIO, TO IIOCTABUM €ro mnepen a;. Ecau
’Ke OH IPOUTrpali, TO CPABHUM C UTPOKOM @y, M TaK OO0 TexX
II0op, IIOKa He 00HapPysKUM TAaKOT'0 yYaCTHUKA W3 YUCIA A, ds,
..., @; Y KOTOPOTO OH BBIUTPAJI UJU CHIT'PAJ BHUUYBIO (a IIpeabl-
oyinemy mpourpaJ). Haiima Takoro yuacTHUKA, MBI IIOCTaBUM
(k+1)-ro yuacTHuKka nepeq HuM. Eciau sxe (k+ 1)-if yuacTHUK
IIPOUTPAJ BCEM IIIaXMaTUCTaM dq, Az, ..., dy, TO IIOCTABUM €I'0
ImocJie ay.

1963 200 (XXVI onrumnuada)

IlepBsoIii TYp
7 Kaacc
1. Tpeyronpauku ABC’ u A’'BC paBHBI, IIOCKOILKY AB =
=A'B, BC'=BCu /ABC'—-/A'BC=/CBC'-/A'BA=2/CBN —
—2/ABM =0. Ilosromy AC’' = A'C.

2. fIcao, yto 0= (a+b+c)2=a?+b%+c?+2(ab+ac+ be).
IToastomy 2(ab + ac +be) = —a? — b% — %2 <0.

3. Pazobném mpamoyroabHuK pasmepom 4 x 100 za 50 mopsa-
MOYTOJILHUKOB pasMepoM 4 X 2, U KaXKIbIA M3 9TUX HPSIMO-
YIOJBHUKOB 3alIOJHUM KAapPTOUKAMM TaK, 4TOOBI B IIEPBOM
crosbie crosaau ymcaa +1, a Bo Bropom — uucia —1 (puc. 75).
B ramxmoii crpoke crout 50 urcen —1, mosToMy UX Ipou3Beme-
HIe IIOJIOMKUTEJbHO. B KasKmom cTosidme crout Jjaubo 4 umcia
+1, mu6o 4 uyucaa —1; ux TpousBegeHNEe IOJOKUTEILHO.
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|
++]+|+
|

++ |+ +

++ |+ |+

Puc. 75
5. Cm. pemrenune s3agauu 3 ayasa 10 xiacca.

8 Kaacc
1. fdcuo, uro 0= (a; +az +... +a,)>=af +... + a2+ 2S. Ilo-
aromy 28 = —(a + ... +a?) <0.

2. Ilycts Py, @1, R;, S; — cepenunsl ctoporn AB, BC, CD,
DA. Ilnomans ueTwhipéxyronbuuka PQRS B 4 pasa 6oJibIiie
IJIOIAAY UYeTBIPpEXyroabHuKa P1Q1R;S;. YT0o0ObI HAWTH IJIO-
I1aab YeThIpEéxXyroabuuka P1Q1 RS, 3aMeTuM, 4TO

1 1 1
Sp,Bg, +Srps, = ZSABC + ZSADC =38

U aHAJIOTNYHO 1
SQICRI +SP1A51 = ZS'

ITosTomy

1
SPIQIRISI =8— SPIBQI - SRIDSI - SQICRI - SPIASI = ES'

CraemoBaTebHO, MJIONIAAL UETHIPEXYTroJbHUKA PQRS paBHaA
1

4.-s=2s.

2

3. Haiimém cHauaja mojo:KuTeabHbIe perieHusa. CoraacHo
HEPaBEHCTBY MEXKJIYy CPeIHHM apu(PMeTUUYeCKHM 1 CPEeJHIM

reOMEeTPUYECKUM

1 (xy xz yz) xy xz yz
I i htdad 2 > 3/ 22 d% _ 3/5yz
3(z+y+x = 2y x *yz

mostomy ¥/xyz< 1. Uucna x, y u 2z IeJible IIOJOMKUTEJIbHBIE,
mosTomy x=y=z=1.
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IIpegmoso:xxum Temepb, UTO CpeAU UUCEJa X, Y U 2 €CTh OT-

punarenbusie. Torza MX poOBHO ABa, MOTOMY UTO MHAdYe BCe
Xy
2
3HAKU Y BTUX ABYX OTPUIATEILHBIX UMCEJI, MbI IIOJIYYUM HAa-
00p u3 TPEX eTUHMUII.

Xz z
cjaaraeMble B CyMMe —1—7 + y? orpurnarejibHbie. IloMeHAB

4. Bo3pbMEéM Ha IIJIOCKOCTU IIPOM3BOJBHYIO TOUKY A U IIpo-
BeIEM uepe3 He€é 7 MPAMBIX, ITapajeJbHBLIX MTaHHBIM MIPA-
MBIM. ¥YTJIbI MEXKIY IIOCTPOEHHBIMHU IIPIMBIMHU PaBHBI COOT-
BeTCTBYIOIIIUM yTJIaM MEXKIY HPAMBIMU HCXOTHOMN CHUCTEMBI.
Yepes Touky A IpoxoauT 7 MPAMBIX, KOTOPBIE IEJAT YIroJ B
360° Ha014 yryioB. HamMeHbINU# U3 3TUX YIJIOB HE IPEBOCXO-

360 5

Y 25 70, IIO9TOMY OH MeHbIIe 26°.

OUT

5. Bygem cunraTrh, UTO TAOJUIlA MMEET CTOJIOILI JJANHBI 5

U CTPOKM IJUHEI 1. TaKk KaK IPOMU3BeIeHNe UKCeJ B KaKIOM
cTOJIOIE TTOJIOKUTENBHO, TO YNCJI0 —1 BCTpeuaeTcss B KaKI0M
cToJIOIe YETHOE YKCJIO Pasd, IOSTOMY U BO Bceil TabJiuile YMCII0
—1 BcTpeuaercs yérHoe uncesao pas. Ho uucio —1 BeTpeuaercs
B Ta0JIMIle CTOJIBKO pas, CKOJbKO MMeeTCsa Kap-

ToueKk. TakuMm oOpasomM, OOIlfee UMCIO KapTo-

uyeK 4éTHO; obosHaumM ero 2m. Torma obiee
YHCJIO KJIETOK B Tabauie (KOTopoe BIBOe 00JIb-
1

mre) paBHo 4m, T. e. HeauTcd Ha 4.
=

WUrak, 5n neaurca Ha 4, I09TOMY 11 JEIUTCA
Ha 4. ITokaxeMm Temepsb, 4TO AJisI J000T0 n =4k

Puc. 76 BOBMOKHO Tpebdyemoe pasMelleHre KapToueK.

Hs1 9TOT0 IOCTATOYHO PA3MECTUTh KAPTOUKHU

Ha JINCTEe pasMepoM 5 X 4 ¥ IMOBTOPUTHL 9TO PACIIOJIOKeHUe k
pas. TpebyembIii mpuMep IIPUBEAEH HA puc. 76.

9 kaacc

1. IlpeamososkuM, UTO MEPBBIA UJEeH W Pa3HOCTL apudme-
THYeCKoil Iporpeccuu 1o abcoroTHON BerumunHe MeHbIre 107,
Bynem cneputh 3a (k+ 1)-#1 mudpoii mocaenoBaTeIbHBIX UJe-
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HOB apu()MeTHUYECKOMN mporpeccum. ¥ IepBOTO UJieHa OHA PaB-
Ha 0. Kakoii-To 4jieH mocjieoBaTeJILHOCTH II0 a0COJIIOTHOM Be-
JU4YMHe AoJisKeH npeBbicuTb 1071 — 1, HO 0oH He MoxKeT cpasy
mpeBbicuTh 2-10%t! —1, moromy uTO pasHOCTH apudmeTHUe-
CKOIl Iporpeccun 1o abcooTHOM BeanunHe MeHbIne 107, ITo-
9TOMY BCTPETHUTCS UJIeH, Y KoToporo (k+ 1)-a nudpa pasua 1.
3aTeM BCTPETUTCA 4jieH, y KoToporo (k+ 1)-a nudpa pasua 2

U T. . 10 mudpsl 9.

3. Ilycts a+b=x, b+c=y, at+c=2z, T.e. azy,
b= #, c= WT_JC Torga Tpe6yeMoe HepaBEHCTBO 3allH-
IIeTca B BHUE

x+z—-y  x+y—z y+z—x 3
> —
2y * 2z + 2x 727

9TO paBeHCTBO CJeAyeT U3 TOTO, UTO X/Y +Yy/Xx>2 u T. .

4. Bo3sMOXHBI IBa caydasd.

1) JamHble TOUKU SBJISAIOTCA BEPIIMHAMU BBLINTYKJIOTO Ue-
TeIpéxyroabuuka ABCD. OnuH u3 ero yrijoB He IIPeBOCXOIUT
90°. Ilycrs gas oupenpenéunoctu LA < 90°. Torga oguu us yr-
goB /BAC u ZCAD ue upesocxoaut 90°/2 =45°.

2) Touxka D ne:xkut BHyTpHu TpeyroabHuka ABC. OguH us
yrioB tpeyroabuuka ABC me mpeBocxoxut 60°. Ilycts mmsa
onpexenéaHoctu /A< 60°. Torma oguu m3 yrios ZBAD u
/CAD mue mpesocxongut 60°/2 =30°.

5. HoxakeMm, UTO ecau NPAMOYTOJLHUK C OTHOIIEHWEM
cTOpoH A< 1 BmHMcCaH B IPAMOYTOJbHUK C OTHOIIEHUEM CTO-
poH <1, To u>A. Ilycrs Bepmuusl A;, By, C;, D; ogHOTO
IPAMOYTOJbHUKA JiexKaT Ha cropoHax AB, BC, CD, DA npy-
roro mpaMmoyroabuHuKka. Torma cepenmnua orpesxka A;Cq JeXKUT
Ha OTpe3Ke, COeqUHSAIONIeM cepeauHbl cTopor BC u AD, a
cepenuHa oTpedka BiD; JeXUT Ha OTPe3Ke, COeIUHSAIOIEeM
cepenuubl cTOpoH AB u CD. IlosToMy IIeHTPBHI IPAMOYTOJIb-
HUKOB COBIIQaI0T.
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IIyctes AD;=x, AA,=y. VI3 mogobus TpeyroabHUKOB Ay AD,
u B;BA, cienyer, uto A;B=Ax u BB, = Ay i HEKOTOPOro A.
fAcuo, utro A= A;B; : A1 D;. [lamee,

AD A 1-2°
)= xtAy Iy — u >0
AB y+Ax Y+ Ax
npu A< 1. AHAJIOru4HO
AB A 1-2°
AB_joptdr UMy o,
AD x+ Ay x+ Ay
4
IIpsAMOYTOILHUK C OTHOIIEHNEM CTOPOH A= 7 Helb3s BIIU-
9
carh B IPAMOYTOJBHUK C OTHOINEHUEM CTOPOH [ = ¢, IIOTOMY
UTO 9 < 4
16 ~7°
10 xaacc

2. PaccMOTpUM HaMMEHBIINH BBIMYKJBIA MHOIOYTI'OJbHUK,
colepskaInuil gaHHbIe TOUuKU. IlycTh A — ogHa M3 ero Bep-
muH., CoefMHUM TOUKY A CO BCEeMU OCTAJbHBIMU TOUKAMIU;
Ipu 9TOM ImoayuuTcsa b ayueii: AB, AC, AD, AE, AF.

Ecau yron BAF menbine uiau pasen 120°, to ayuu AC, AD,
AFE pas3buBaioT ero Ha UeThbIpe YaCTH, CPeaU KOTOPhIX HAWmAET-
cs OJHAa, MeHbIasa uian pasHas 30°.

Ecawu ke yron BAF 6oabiie 120°, To B Tpeyroabauke ABF
cymMma yriaoB ABF u AFB menbIitie 60°, TosTOMY OZWH U3 HUX
IoJIkeH ObITh MeHbIre 30°.

3. Byznem mgBurarbcs 1o paccMaTpuUBaeMoOil IpAMOM [ Mo Ha-
IpaBJeHUI0 K JucTy Oymaru. CHauyaia MBI IIOIaAEM B KaKyIo-
TO IEPBYI0 KJEeTKYy. UToO6bI HOIacTbh B CJIAEAYIOIIYIO KJETKY,
MBI JOJI’KHBI IIepecedb TOPUBOHTAJIbHYIO UJIN BEePTUKAILHYIO
JUHUIO KJeTuaToll Oymaru. Bcero ectb m — 1 ropu3oOHTAJIb-
HBIX JUHNUH (Kpas jgucrta OymMaru MbI He cuntaeM) u n — 1 Bep-
TUKAJbHBIX (MJIX HA000POT), MOITOMY HpsaMas [ He MOKeT
nepeceub 6osee (m—1)+ (n—1) =m+n — 2 auHUHA (KAKIYIO
BEPTUKAJBHYIO W KaKAYI0 FOPU3OHTAJLHYIO JUHUIO OHA IIe-
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pecekaer He O0ojee omHoro pasa). CiemoBaTenbHO, IpAMasd me-
pexoauT M3 OOHOUM KJIETKM B APYIyio He 6ojee m +n — 2 pas.
HobaBisasa mepByIO KJETKY, IOJydYaeM UTO HpAMas [ MOKeT
nmepeceus He 6osee m +n — 1 KJIETOK.

ITorkaskem, uTo mpAMas MOKeT mepeceub m + n — 1 KJIETOK.
Bri6epeM B IBYX ITPOTHBOIIOJIOMKHBIX YIJIOBBIX KJIETKAX II0 TOY-
Ke U IIPOBEAEM Uepes HUX IMpaMyio. Eciiu aTa mpsaMmasa He IIPo-
XOAUT Uepes3 BePIIUHLI KJIETOK, TO OHA UCKOMAas. [ToaTomMy MBI
duKcupyeM HepBYIO0 BBIOPAHHYIO TOUKY, a BTOPYIO BhIOepeM
TaK, YTOOBI IPsAMAas He IIPOXONJia Yepe3 BePIIUHBI KJIETOK.

4. Ciayuaii, Korjga Bce TPHU UMNCJA HOJOKUTEJIbHBI, OUEBU-
neu. IlpeamosmosxumM, 4TO XOTA ObI OLHO UKCJIO OTPHUIATENb-
Hoe. Torma, mockoabKy abc >0, ux posHo aBa. Ilycts s
onpexenéranoctu a >0 u b, c<0. Torma —b, —c >0, mosro-
My Ipu JIIOOOM HATypaJbHOM 1> 1 HMeeT MeCTO HepaBeH-
ctBO (—b—1¢)"> (—=b)"+ (—c)". IlockoabKy a-+b+c >0, mo-
aydaeMm, uto a" > (—b—c)" > (—=b)" + (—c)". CuemoBarenbHO,
a*+b*+c">0.

5. Ilpenmoao:KXuM, UTO yYKa3aHHBIE IIEPHeHAUKYJIAPHI IIe-
peceratorca B Touxke M’'. Torma Toukum A, B u C jexar Ha
OKpy:kHOCTU c¢ guamerpom MM’'. CiuemosarenbHo, Touka M
JIeKUT Ha OMMCAHHON OKPY:KHOCTH Tpeyroabuuxa ABC.

IIpeamososkum Tenepsb, UTO TOUKa M JIEXKUT HA ONUCAHHON
OKPYsKHOCTU TpeyroJbHuUKa ABC 1 OTJIMYHA OT €ro BepIInH.
Torma ykasaHHBbIe IMEepPIEeHAUKYJISIPHI IIEPEeceKalTcsa B TOUKE
M', nuaMeTpaJIbHO IIPOTHUBOIOJIOMHON Touke M.

11 rkaacc
1. Ilycte ¢ = arctg x, @, =arctg y, @3 =arctg z. Ilo ycmo-
BUIO (1 + (3 + 3 < m. SIcHO Takske, uTo 0 < @1, P2, 3 < g, mo-
cxkoabKy 0 < x, y, z. CregoBaTesbHO, COS ¢, COS Ps, COS (3 > 0.
Tpebyerca goxkasaTb, uTo X + Yy + 2 — xyz >0, T. e.

tg o1 +1g o + 18 @3 —tg @1 tg 2 tg @3 > 0.
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ITocKoaBKY €OS ¢4, COS (g, COS 3 >0, 00e uacTu 3TOro HepaBeH-
CTBA MOXXHO JOMHOXHUTb Ha IPOU3BeJeHrne KOCUHYCOB. Takum
o0pas3om, HAIO0 JOKa3aTh, UTO

sin ¢; cos @z COs (3 + €OS ¢y sin @, cOS P3 +
+cos ¢ cos @, sin @3 —sin ¢; sin @, sin @3 > 0.
BocmnonbsoBasimuch opmymamu
sin ¢ sin ¢ = %(cos(<p— ) —cos(p+ 1)),
sin ¢ cos ) = %(sin(go— ) +sin(p+ $)),
IOJIyYHM, UTO
sin ¢; sin @, sin @3 = —i(sin(<p1 + @2+ @) +
+8in (@1 — P2 — @) +8in (= @1+ @2 — P5) +8in(—p1 — P2+ ¢s)) -

Amajgornuso moJsyuaem

sin ¢; cos @y cos @3 = i(sin((pl + o+ @3) +
+sin(pr — @2 + @s) +sin(pr + @2 — @s) +sin(@r — P2 — ¥s)),
II09TOMY
sin ¢; cos @; €Os @3 + €OS ¢y sin @, cos @3 +
+cos @ cos @, sin g3 = %(3 sin(@; + @2 + @3) +
+sin(—=@1 + @2 + ¢s) +8in(pr — P2 + @s) +sin(pr + @2 — @s)).
CiemoBaTebHO,
sin ¢; cos @y COS @3+CoS @1 sin @y COS P3+COS @Y1 COS Yo SIN Pz —
—sin ¢ sin @y sin @3 = sin(@; + @2 + @3).
Ocraérca sameTuThb, 4TO Sin(¢; + @2 + @3) > 0, mockoabKy 0 <

<1+ Pt p3<m.

2. Ilycts Bi, ..., Bss — KOHIIBI JaHHBIX OTPe3KoB. IIpen-
TIOJIOJKUM, UTO CYIIeCTBYyeT 3aMKHyTas 25-3BeHHas JIoMaHAas,
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BEKTOPHI 3BeHbEB KOTOPOI PaBHBI j:A_B;. Jisa 3aMKHYTOH! JiO-
MaHOII CyMMa BEKTOPOB 3BE€HBLEB JOJKHA OBITH paBHA HYJIIO.
IToxkasxxem, 4TO STOTO He MOXKET OBITH. PaccMOTpHM IIPOEK-
U BEKTOPOB 3BEHLEB HA MPAMYIO, IEPIEHAUKYJIAPHYIO IPA-
moit [. C ogHO#I CTOPOHEBI, CyMMa 3TUX IPOEKIINHA paBHA HYJIO.
C opyroi CTOPOHBI, 9TU IIPOEKIINY — ITapajljieibHbIe BEKTOPBI
paBHo# gauHBbI. CymMMa 25 TakMX BEKTOPOB HE MOKET OBLITh
paBHa HYJ0, IOTOMY 4YTO cyMMa 25 umces +1 HeuérHa, a Io-
TOMY He MOKeT OBITH paBHa HYJIIO.

4. Ilpu penenun Ha 9 a1000€ HATypaabHOE YKCJIO TAET Ta-
KOI Ke OCTaTOK, Kak u ero cymma mudp. Cymma 1+2+ ...
... +7=28 npu genenun Ha 9 HaéT ocTaToK 1, HOITOMY KaiK-
Joe paccMaTprBaeMoe YMCJIO IIPU JejeHuur Ha 9 JaéT ocTaTok
1. KosnuecTBO BCeX PA3IMUYHBIX CEMU3HAUHBIX UYMCE, VIO-
BJIETBOPAIOIIUX YCJIOBUIO 3amaun, pasHo 7!. IlycTts ux cymma
pasua S. IIpu genenun Ha 9 uucyo S gJaéT TaKoH ke OCTATOK,
kKak u 7!. Ho 7! genurcsa ma 9, mostomy S ToxKe genurcs Ha 9.

5. CHauaJia BBISICHUM, Ha CKOJBbKO UacTell pa3buBalOT TeT-
pasap IIJIOCKOCTU, MPOBeAEHHLIE uepe3 cepeduHbl pedep. Bcee-
ro TAKUX IIJIOCKOCTell ueThIpe M OHU Pa3bMBAIOT TeTpasAp Ha
IIATh YacTeii: YeThIpe TeTpasipa, TOMOTETUYHBIX MCXOTHOMY
(IeHTPBI TOMOTETUH HAXOAATCA B BEPIIMHAX TETPa’apa, a Ko-

1
9(PuIueHT roMOTeTNU pPaBeH E)’ M OKTadap, PaCIOJOXKeH-

HBIA MeXKIy HUMMU.
Temepr BepHEMCA K MCXOMHOM 3amauve. PaccmoTpmM 4eThI-
pe TeTpasapa, TOMOTETUYHBIX MCXOTHOMY TETPadApPy ¢ Koad-

2 ..
dumnueHTOM 3> TPUYEM IIEHTPLI TOMOTETHN HAXONATCH B Bep-

muHax. Kaxaele 1Ba M3 9TUX TETPAdAPOB IIEPECEeKAIOTCs II0
TeTPasapy, CTOPOHA KOTOPOTO BTPOE MEHBIIIE CTOPOHBI MCXOJ-
HOT'O TeTPasipa, M HUKAKNE TPU He MMEIT OOI[MX BHYTPEH-
HUX ToueK. KaK MBI yiKe BBIACHIIN, KAMKIBIA 13 HUX JeJINTCS
IJIOCKOCTAMU Ha b uacrteii, mosTomMy Bcero Oyzer 5-4 —4 =16
yacreii; cpequ HuX 4 okTasapa u 12 TeTpasgpos.
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Bropoii Typ

7 Kaacc

1. [Ina KasKaol UIPYHIKY AJIA KaKIbIX IBYX KPAaCHBIX IITa-
PUKOB BBIMUIIIEM YUCJIO CUHUX IIAPUKOB MEXKIYy HUMHU. B pe-
3yJabTaTe IOJYUYUM TPU YHCIA. 3aMETHUM, YTO ABE UTPYIIKU
OIWHAKOBBI TOTZIA U TOJBKO TOTa, KOTAA JIsl HUX COBIIAJAIOT
BBIMTMCAHHBIE HAOOPHI (C TOUHOCTHIO A0 MepecTaHoBKU). Takum
00pas3oM, ICKOMOE UKCJI0 PABHO YKMCJIY CIIOCOOOB IIPEACTABUTH
YMCJIO CEMb B BUJE CYMMBI TPEX cjlaraeMbIX. BBIITUIIIEM Bce
TaKkue IpeCTaBIeHUs:

T=740+0; 7=6+1+0; 7=5+2+0; 7T=5+1+1;
7=4+43+0; 7=4+2+1; 7T=3+3+1; 7T=3+2+2.

3. Ilycrs | — manHas npsamasi. Mbl OpegmogaraemM, 4To TOU-
Ka A JIe;KUT II0 OAHY CTOPOHY OT Ipsamoi [, a Touku B u C —
Mo Apyryio. PaccMoTpuM IPOEKIINI0 HAa MPAMYIO, IIepPIeHIU-
Kynapuyoo npamoii [. IIpamaa [ mpu sToll IPOEKIUU IIepe-
xoxuT B Touky O, nna koropoit OA] + OB + OC)| = 0, rme A,
B’ u C' — npoeKIuu BepllInH Tpeyrojabuuka. Eciu M — Tourka
nepeceuenus Meauad tpeyroabHuka ABC, a M’ — eé mpoek-
musi, o M'A'+M'B'+M'C' = 6, mosTomy Touka M’ coBmana-
eT ¢ Toukoii 0. 9TO O3HAUAET, UTO NpsaMas [ IPOXOIUT uepes
TOUKy M.

4. Eciu x+y=0 (mod 26) u y+2=0 (mod 26), To x=2
(mod 26). ITosTomy eciam BBIOpaHO OOJIbIIE ABYX UYKCEJI, TO
BCe OHU JAIOT OJMHAKOBBIE OCTATKM X IPU AejeHuu Ha 26.
Cunemosaresnbro, 2x =0 (mod 26), T.e. mu60 x=0 (mod 26),
anbo x =13 (mod 26). Yucao 1963 meaurcsa Ha 13, HO He me-
autcs Ha 26, I09TOMY KOJUUECTBO UKCeJ IepBOro THUIIAa PABHO

1963 1963
—5 |» @ BTOPOTO THmAa — | —o= + 1. Takum obpasom, HauU-
1963
0oJbIllee KOJMYECTBO BBIOPAHHBLIX UHCEJ PABHO {W} +1=

B [151

T]+1=76.
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5. CoeguHUM IIEPBYIO TOUKY CO BTOPOI, BTOPYIO C TPEThEId,
TPEThIO C YEeTBEPTOI, UeTBEPTYIO ¢ mATou. IIpm cTupanuu or-
peska, CoOefUHSIONeT0 TOUKY £ 1 £+ 1, 00pasyioTcs CBA3HBIE
cucTeMbl u3 Touek 1, ..., ku k+1, ..., 5, He cBsI3aHHbBIE APYT
C IPYyTroM.

8 Kaacc

1. CocraBuM amarpaMMy, KakK IIOKa3aHO HA PUCYHKe 77,
rfie B i-ii CTPOKe PacCIOJIOKeHO a; KBagpaToB. Torga b; — aTo
YMCJIO KBaApaToB B j-M cToJibme. C omHOI CTOPOHBI, 00IIEe
YMCJIO KBAAPATOB B 3TOH TabaMIle PABHO CyMMe KBaJIpaTOB B
CTPOKAX, T. €. OHO PaBHO Y  a;. C APYroi cTOPOHSI, 0bIIee Urc-
JIO KBaJpaToOB PaBHO CyMMe KBaJpaTOB B CTOJOIAX, T.€. OHO
paBHO ) b;. CiefoBarensHo, y, a; =) b;.

a

o |

as

33 1]

ag

b1 bz b3 b4 b5 bG b7 b8
Puc. 77

2. BribepeM ropusoHTAJBHYIO CTPOKY TabJUIBI, COmep:Ka-
Y0 YMCJ0 1, ¥ BepPTUKAJbHBIA CTOJIOEI], Comep:KalIlluii umc-
g0 64. [IBurasch cHauaja II0 BEIOPAHHOU CTPOKE, a IIOTOM IIO
BBIOPAHHOMY CTOJIOITY, MOYKHO IIPOHTH OT KJIETKH, B KOTOPOI
Hamucauo uucjo 1, K KJIeTKe, B KOTOPOM HaAIMCaHO uucyio 64.
ITOT ImyTh COCTOUT He Oojee ueM 13 14 mepexomoB M3 OMHOM
KJETKH B COCEIHIOI0 C Hell KJeTKy. B camom mese, nBuUTradch
110 TOPMBOHTAJIM, MBI AejlaeM He Oojee 7 XOIOB, W JKe camMoe
CIIPABEAJINBO AJISI BEPTUKAJIN.

IIpenmono:xuM, UTO PasHOCTL MEXKAY JIOOBIMU ABYMS CO-
CeIHUMM YUCJIaMU B TaOJIMIle MEHbIIe 5. ITO 03HAYAeT, 4TO
IpU KaskJIOM XOIe K IIPelbIAyIleMy UHNCIy IPuOaBIsSeTcsa He
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OosbItie, ueM 4, a 3a 14 uaM MeHbBINIee YHMCJIO XOA0B, KOTOPhIE
MBI cAejau Ipu mepexone oT 1 K 64, K ucxogHomy uucay 1
npubasuTcsa He Ooablie, uem 14 x 4 =56. Ho mpu mepexoze
or 1 k¥ 64 K umcay 1 momxuo nmpubaBuThesa 63. Ilomyuernnoe
IIPOTHBOPEUNEe IIOKA3hIBAET, UTO HANAYTCS ABa COCEIHUX UKC-
Jia, Pa3HOCTDh MEXKY KOTOPBIMH 00JIbIe 4, YTO ¥ TPeOOBAJIOCH
I0Ka3aTh.

3. Ilyetb O — IIeHTP OIMCAHHON OKPYKHOCTU TPEYTrOJb-
Huka ABC, R — paguyc OIMCaHHON OKpYysKHOCTH. M — TOUKa
nepeceuenus menuaH, H — Touka mepeceueHus BbICOT. Tou-
Ka M gexur Ha orpedke OH u [OeJIUT ero B OTHOIIEHUU
OM :MH =1:2 (cm. «OcHOBHBIE (PAKTHBI»).

B octpoyrosbHOM TpeyrosbHuUKE TOUuKa H JIe:KUT BHYTPU

1 R
Hero. Ilosromy OH < R, cnemoBatenabHo OM = 50H< 3" Ta-
Kum oO0pasoM, Bcé mckomoe I'MT comep:xuTcsa BHYTPU Kpyra

panuyca g ¢ mmeaTpoM B Touke O. JlokaskeM, UTO KaKaasd TOU-
Ka BHYTPU 3TOT'0 KPyra ABJISIETCS IEHTPOM TSMKECTH HEeKOTO-
POTro OCTPOYrOJIBHOTO TPEYIOJbHUKA, BIMCAHHOIO B JAHHYIO
OKpPY:KHOCTb. Eciu M coBmagaer ¢ O, TO MOKHO B3ATh IIpa-
BUJILHBIA TpeyroabHuk. Eciau ke M JeXKUT CTPOTO BHYTPU

R .
Kpyra pajgmyca 7 U He COBIIaJaer C O, TO BO3BMEM B Kaue-
CTBe BepIIMHLI A TOUKYy mepeceueHus Jjyda MO ¢ maHHOM

OKPY’KHOCTBIO, 3aTE€M IIOCTPOUM TOUKY A; Tak, 4TO A; JIEKUT
Ha IpPOJoJIKeHuu oTpe3ka AM 3a Touky M u MA; = %MA,
U TIPOBEIEM uepe3 TOUKy A; mpamyio BC, mepuneHIuKYJIAp-
Hyio AA;. Touka H, B KOTOpPO#l IepeceKaiTcs BBLICOTHI Tpe-
yroabHuKa ABC, JIe:KUT BHYTPHU MAaHHON OKPY:KHOCTH, IOTO-
my uto OH =30M < R. CnenmoBaTesbHO, TpeyroabHuUK ABC
OCTPOYTOJBbHBIN.

4. TlokaxkeM cHauaJjia, YTO U3 HAHHOTO Habopa MOYKHO BBI-
O0paTh TpebyeMbIM crocoboM 655 unces. BosbMéM umcia Buga
3k+1, rme k=0, 1, ..., 654. PaszHoCcTh JIOOBIX ABYX TaKUX
Ypces JeJIUTCA Ha 3, a CyMMa JIOOBIX IBYX M3 HUX Ja6T IpPHU
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menennu Ha 3 ocraTok 2. I[losToMy cymMMa HUKAKUX ABYX UHU-
ceJl U3 BHIOPAHHBIX HAMM He JEJUTCS Ha UX PAa3SHOCTD.
IToxasxem Temepb, UTO BHIOPATH TPEOYEeMBIM CIIOCOO0OM 00JIb-
e 655 uncesn Heabssda. IIpeamono:kuM, YTO BEIOPaHO OOJIbIIIE,
yem 655 uncen. Torma HaligyTcs ABa UuMcaa, OTJIUUYAIOIIUXCS
IpyrT oT Apyra Ha 1 miam Ha 2, TOCKOJLKY HMHaue PasHOCTh
MEXXKIY HAWOOJBIINMU ¥ HAUMEHBIIUMU YWCJIAMU JAHHOTO
Habopa OoJI:KHA OBITH He MeHbIe, ueM 3 X 6565 =1965, uro
HeBO3MOKHO. MTaxK, HJOMKHBI HAWTHUCHh ABA YICJIA, OTJIUUYAIO-
muecsa ApyT oT apyra Ha 1 uaum Ha 2. Ecau pasHOCTL MEXIy
IBYMsA BBIOpPAHHBIMU YUMCJIAMU paBHa 1, TO UX cyMMa IeJIUT-
cA Ha UX PasHOCThL. Ecau Ke PasHOCTh MeXKIYy BBHIOPAHHBIMU
YyucJIaMU paBHA 2, TO 00a 9TH Yucjaa UMEIOT OJUHAKOBYIO UET-
HOCTBH, IOITOMY MX CyMMa — YETHOE YHCJI0; B 9TOM CJIydae
cyMMa BBIOPAHHBIX YHMCEJI TAKiKe OEeJUTCA Ha UX PAa3HOCTh.

5. 3amMeTuM, UTO BpeMs IPOXOKIEHUA ajljiell B OJHY CTOPO-
HBI COCTABJISET COOTBETCTBEHHO 6, 3 u 2 MuHyTHI. IloKaxKeMm,
4yTO HAWAYTCA 3 MUHYTHI, KOT/Ja IIepPBbIe JBa UeJIOBEKa UILYT B
OJHOM HampaBJeHuu. PaccMoTpum 6 MUHYT, 3a KOTOPEIE IIep-
BBIII UeJIOBEK IIPOXOJUT aJIJIel0 OT Hauajia OO0 KOHIa. B sTu
6 MUHYT IeJUKOM YJIOMKATCSI 3 MHUHYTHI, 32 KOTOPBLIE BTOPOI
YyeJIOBeK IIPOXOAUT aJijieio. Eciu OHU IIPU 9TOM HUAYT B OJHOM
HaIIpaBJEeHWM, TO BCE JoKasaHo. Kcau :Ke OHM UIyT B Pa3HBIX
HaMpaBJIeHUSIX, TO POBHO uepe3d 6 MHUHYT OHU OyAyT HUATU B
OZHOM HaIpaBJEeHUU, IMOCKOJBbKY uepes 6 MUHYT IIepBBIA ue-
JOBEK MeHseT HalpaBJieHMWe, a BTOPOW HAET B IIPEe’KHEeM Ha-
TIpaBJeHUU.

Bymem cuuraTh Hauasio IPOME;KyTKAa BpPeMeHU, KOoraa mep-
Bble JBa UeJIOBeKa 3 MUHYTHI UAYT B OAHOM HaIlpaBJIeHUU, Ha-
YyaJIOoM OTCUéTa BpeMeHU. BTopoil uesioBeK pasBOpavyMBaETCA
yepes 3 MUHYTHI; IIEPBLII — Uepes a MUHYT, rae 3 < a < 6; Tpe-
T — uepe3d b mMuHyT. TperTuii yeJOoBEeK IIOBOpAUMBAET KaiK-
Ible 2 MUHYTBI, moaTomMy, b < 2. Eciiu b> 1, To y:xe B TeueHUN
TIePBBIX TPEX MUHYT HAUAETCS IIPOMEKYTOK BpeMeHu B 1 mMu-
HYTY, KOTJa Bce Tpoe UAYT B OJHOM HANPABJIEHUU: ITO JIOO
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rmepBas MUHYTAa, €CJW BHauajie BCe TPoe HAYT B OJHOM Ha-
[IpaBJIeHUHU, JUOO TPEThA MUHYTA, €CJAU BHAUAJE TPETUH UIET
B IPOTHUBOIIOJIOKHOM HAIIPABJIEHUN.

Paccmorpum Temeps cayuaii, korma 0 < b < 1. Ecom TpeTuit
YeJIOBEK BHaUaJIe UAET B IPOTUBOIIOJIOKHOM HAIIPABJIEHUH, TO
Imocje ero ImoBopoTa 2 MUHYTBI BCe Tpoe OyAyT UATHU B Ofn-
HOM HampaBjieHuHu. IIpeamoiosKuM Tellepb, UTO BHaUaJe BCe
TPoe UAYT B OJHOM HAIIpPaBJIeHUU. PAaCCMOTPUM MIPOMEIKYTOK
BpeMeHU OT @ MUHYT g0 6 MuHYT. B 9TO Bpems ImepBbie IBoe
UAYT B HAIPABJIEHHU, IPOTHUBOIIOJJOMKHOM II€PBOHAUYAJILHOMY,
a TPeTUil HauMHAeT UATH B HAIIPABJIEHUHU, IIPOTUBOIOIOHOM
[IePBOHAYAJIBLHOMY, B 4 + b MUHYT U 3aKaHuuBaer B 6 +b mMu-
uyTt. Takum obpasom, eciu a < 5, TO B IPOMEKYTOK BpPeMeH!
oT 5 MUHYT 10 6 MHHYT BCe TPOe HIYT B OJHOM HAaIlpaBJie-
HUMH.

OcTaércss paccMOTpeTh caydai, korga b <a < 6. Paccmor-
pum nepuog ¢ 9 MuHyT 10 6 +a MumyT. B 5TO Bpems mepsbie
IBOE UAYT B HAIIPABJEHUU, [IPOTUBOIIOJJOMKHOM I€PBOHAYAJb-
HOMY, a TPeTHUI TO}Ke MAET B 9TOM HAIpPABJIEHHUM, HAUMHAS C
8+ b munayT u 1o 10+ b munyr. Ilpu stom 6 +a > 10+ b, Tar
Kak a>5 u 1>b. Ilosromy ¢ 9 munyr mo 10+ b MuHyT BCe
TPOe UAYT B OLHOM HAIIPABJIEHHUMU.

9 kanacc

1. Ilycts O — TOUKa IepeceueHUsA MeAUaH TPEYroJbHUKA
ABC. Bmecto TpeyroabHUKOB XAM, XBN u XCQ MOXKHO
paccmoTrpetrs TpeyroabHuku XOA, XOB u XOC, Tak Kak

Sxoa= %SXAM u 1. 1. Tpeyroapauku X0OA, XOB u XOC ume-

10T o01ree ocaoBanue X0, MOSTOMY JOCTATOUHO JOKA3aTh, UTO
oHO U3 paccTosuuii oT Touek A, B u C go nmpamoii XO paBHO
cyMMe ABYX APYIuX; 0003HAUUM 5THU PACCTOAHUA Ny, hp, hc
(puc. 78). Bes3 orpannyeHusa OOIIHOCTH MOKHO CUMTATDL, UTO
TouKa A JeXUT 0 OOHY CTOPOHY oT mpamoii X0, a Touku B

u C mo apyryio. Touka M — cepeauua orpeska BC, mosTomy

o h h
paccrosane ot Touku M mo mpsamoit XO paBHO % C npy-
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Puc. 78

. AO
oM cTOPOHBI, OM = 5

. Takum obpaszom, hy =hg + hc, YTO U TPeGOBATIOCH.

, CJIiegoBaTeJIbHO, 9TO PpaCCTOAHUE PaB-

ha

HO2

2. 3 Ka)KIoli BepIINHBLI pacCMATPUBAEMOMN JIOMAHOI BbI-
XOISAT ONHO BEPTUKAJILHOE U OJHO MOPU30HTAJIbHOE 3BEHO, II0-
9TOMY yV Heé 7 TrOpM30OHTAJILHBLIX 1 7 BEePTUKAJbHBIX 3BEHbLEB.
3aHyMepyeM Tropu30HTaJbHbIE 3BEeHbs JOMAaHOI CBepXYy BHUS3
U BBISCHUM, KaKoe HaubOoJbIllee TOUEK caMOIlepeceueHus MOo-
JKeT OBITH Ha KasKIoM 3BeHe. Ha mepBOM U ceIbMOM 3BEHbAX
He MOKeT OBITh TOUEK caMoIllepeceueHmns, TaK KaK BBIIIe IIep-
BOTO WM HUKE CeIbMOT0 3BeHA HeT BEepPIINH JIOMaHOU. SIcHO
TaKsKe, UYTO Ha BTOPOM U IIIECTOM 3BEHbSIX MOKET ObITh He 00-
Jee IByX, a HA TPeThbeM U HMATOM 3BEHbSIX — He 00Jiee YeThIPEX
TOUEK camomepeceueHUs (IO YKCJIY BepPINNH JIOMAHOM, JiexKa-
IIUX CBEPXYy WM, COOTBETCTBEHHO, CHU3Y OT STHUX 3BEHbLEB.
IToxkasxxem, 4TO HA YeTBEPTOM 3BeHe He MOKeT ObITh OoJjee M-
T TOUEK caMoliepeceueHus. [leficTBUTEIHLHO, €Cau ObI UX OBI-
JIO IIEeCTh, TO IIPHU 3TOM KasKJIas BepIIrHA JIOMAHO, JeKalas
BBIIIIe UeTBEPTOTO 3BeHAa, OKasajach Obl COeJMHEHHOM C OMHOM
13 BePIUH, JeKallliuX HUKe 9TOT0 3BeHa, n Haobopor. Takum
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N O Ot~ W N

Puc. 79

00pas3oM, BepPIIMUHBI UETBEPTOTO 3BeHA He ¢ ueM ObIJIO OBI Co-
eIVHATL. MBI II0OKA3ajan, YTO paccMaTpuBaeMasi JOMAaHas He
MOJKeT UMeThb OoJibllie, ueM 2+ 4+ 5+4+ 2=17 Touek camo-
nepeceuenusi. IIpumep JTOMaHOM, ¥ KOTOPOI UMCJIO TOUEK CAa-
MoIepeceueHus: paBHo 17, ns3o0paskéH Ha puCyHKe 79.

3. JIrobass cTopoHa MIM AUATOHAJBL IPABUJIBHOIO IECATU-
yroabHuKa A1A, ... Ao IapajieJabHa OSHOM U3 IPAMBIX A;A,,
AiAz, ..., A1Aqy. YTJIBI MEKAY 9TUMU IIPAMBIMU KPATHBI 1—72)
TaxuMm o0pasoM, TPEYyrOJbHUKMN COOTBETCTBYIOT Pa30MeHNIO
uyncsa 10 Ha TpU ciaaraeMbIX, IIPUUYEM COOTBETCTBHE B3AMIMHO

OIHO3HAYHO, TaK KaK pasdouenuio a+ b+ ¢ =10 cooTBeTcTByeT

. ar br crm
pasbueHne ONMCAHHONE OKPYKHOCTH Ha IyTH —, —

5’ 5°
Pasbuenus uucaa 10 Ha Tpu caaraeMbIxX ciaenymoimue: 1+
+1+8,1+24+7,14+3+6,1+4+5,2+2+6,2+3+5,2+4+

+4 u 3+ 3+ 4; X KOIUUECTBO PaBHO 8.

4. Mb1 moxakeMm 0oJjiee CUJIbHOE 1 0ojiee 00Illee yTBEpIKIe-
HUe: eCJIu B TAOJUIE 71 X N IIPOU3BOJLHO PACCTABICHBI UMCJIA

1,2, ..., n?%, To HalifyTCA Ba COCeIHUX UNCJA, PASHOCTH MeXK-
Iy KOTOPBIMHU He MEHBIIIE 7.
IlycTs B TabunIle n X n paccTaBjeHs! yucaa 1, ..., n2. Boss-

MéM Kakoe-HUOyAb unciao m (1 <m < n?), oTMeTUM KJIeTKH,
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comepskarnue uuciaa 1, ..., m, 1 IOCTaBUM 3BE3JOUKU B OCTaB-
muecs KJETKH, COCeIHINEe C OTMeUEeHHBIMHU. EKcaum mpu sToM
3BE3IOUEK OKAXKEeTCA He MeHbBIIe 11, TO TpedyemMoe yTBep:Kae-
Hue Oymer mokasaHo. IleficTBUTENIBHO, BCE UMCJIa B KJETKAX
CO 3BE3MOYKaMMU OOJIBIIIE M, IMOITOMY HaAMOOJbINlee M3 HUX
a>m+ n. Kierka, comep:kaliias YncJio d, COCEJCTBYET C HeKO-
TOPOM OTMEUEHHOUN KJIETKOM, B KOTOPOM CTOUT YUCJIO b < m.
Tak kak a>m+nub<m, 7o a—b>n. MbI HallLIK JBa cocex-
HUX YHncJa @ U b, pa3HOCTh MEXKAY KOTOPLIMHU He MeHbIIIe 7.

Ocraérca JoKasaTh, 4To cymlecTByeT unciao m (1 < m < n?),
o0JiazaoIiee CAeAVIONIIM CBOMCTBOM: €CJAN OTMETUTh KJIETKIH,
B KOTOPBIX CTOSAT umciaa 1, ..., m, U IOCTaBUTH II0 3BE3JJ0UKE B
Te U3 OCTABIINXCS KJIETOK, KOTOPBLIE COCEACTBYIOT C OTMEUEH-
HBIMH, TO 3BE3M0UEK OKAa’yKeTcs He MeHbIe n. J[oKayKeM 9To.
O6osumauum uepes3 k HauMeHbIIIee UMCJIO, 00Jamarolee CIeny-
IOIIM CBOICTBOM: 8 Kax}O0U cmpoke u 6 Kaxcdom cmoaduye
umeemcs 4ucJao, He npegocxodsauiee k. Tak Kak k — HauMeHb-
IIee 4YMCJ0, O0Jamarolliee YKasaHHBIM CBOMCTBOM, TO UICJIO
k— 1 sTuMm cBoiicTBOM He obOjagaer. [IpyrumMu caoBaMu, Haii-
Iércs JIubo CTPoKa, J1bo cTobel], He coaeprKaliiiie Hi OSHOI0
us unces 1, ..., k— 1. PaccmoTpum Tpu ciyuas.

1. EcTh cTpoKa, He coaepskaliasi HU O4HOro m3 umcesa 1,
..., k—1, HO HeT cTOJOIIOB, HEe COAEPKAIINX STUX ULCE].

IToxasxxem, uto umcao m =k — 1 obaamaetr TpedOyeMbIM CBO-
ctBoM. OTMEeTUM KJETKHU, comepskalue uucaa 1, ...,m=k—1,
W IIOCTABUM 3BE3NOUYKM B T€ M3 OCTABIIMNXCS KJIETOK, KOTO-
pBle coceCTBYIOT C OTMEUEeHHBIMU. KasKIObIi cToabeI comep-
JKUT OTMeUeHHbIe KJeTKH. Kpome TOro, B KamIOM CTOJOIE
eCThb XOTs ObI OHA HeOTMeUeHHAas KJIETKAa, IIOCKOJbKY Ilesas
CTPOKA He COJEeP:KUT OTMEUEeHHBIX KJIeTOK. IlosToMy B Kaik-
IIOM CTOJIOIle eCcTh XOTsS OBl OJHA 3BE3J0uKa. Bcero croJionoB
n, IIO3TOMY 3BE30UYEK He MeHbIIe 7.

2. Ectbs crombel, He comep:;Kalliuii HU OJHOTO M3 UMCEJ
1, ..., k—1, HO HET CTPOK, He COAeP:KAINX STUX ULCE].

ATOT cayuail CBOAUTCS K CJIydaio 1: JOCTATOUHO OTPA3UTH
TaOJUIy OTHOCUTEJIBHO TJIABHOM AMAaroOHAJIN.
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3. EcTns cTpoka u crosbell, He coaepsKalliye HU OJHOTO 13
yucen 1, ..., k— 1. Kaxkgasa us TaKuxX CTPOK U KasKIbIN U3 Ta-
KHX CTOJOITOB JOJIKEH COJAep:KaTh UMCJIO E, IIOTOMY UTO IIO
IIPEAIIOJIOMKEHNI0O KaMIad CTPOKA M KaMIBLIN cTOJIOel] comep-

sKaT ogHo us umucena 1, ..., k. Takum o6pasoM, eCTb POBHO OJHA
CTPOKAa M POBHO OJWH CTOJIOEIl, He coAepsKallue HU OJHOTO U3
yucen 1, ..., k— 1; uncio k cTOUT HaA IIepeceueHun dTOi CTPO-
KM M 9TOTO CTOJIOIa, KaK UMCJI0 8 B caemyiolei Tadiuiie:

112|383 =

4|5 | %

6 | % %

% %* | 8| %

% | 7

IToxaxxem, uTo umcio m =k obsamaeT TpeOyeMbIM CBOMCT-
BoM. IlycTh umcno m =k cTOUT B KJIeTKe a;; Ha IlepecedeHUn
i-if cTPOKM u j-To crToybra. OTMeTuM KJIETKHU, COAepIsKalliue
ypeaa 1, ..., m. IIpoBepum, UTO B KaKJON CTPOKE NMEIOT-
csd KaK OTMeUYeHHbIe, TAK 1 HeoTMeueHHbIe KjeTKu. CoriacHo
OoIpeeJIeHNIO Yncaa k, B KayKJ0il CTPOKe eCTh UHCJIO, He IIpe-
BocxomsdAlee k. A Tak Kak m =k, B KaXXJ0ll CTPOKE eCTh OT-
MeueHHas KJeTKa. B i-ii cTpoke Bce KJIeTKH, KpoMe a;;, He OT-
meuenbl. HaobopoT, ipu [ #i B [-i1 CTPOKe He OTMeUeHa KJIEeT-
Ka a;. Arak, Kam1asa CTPOKA COJIePXKUT KaK OTMeUeHHbIe, TaK
1 HeOTMeUeHHbIe KJIeTKH, IIO9TOMY OHA COAEPIKUT XOTS OBI OJ-
HY 3Bé3nouky. CiiemoBaTe/IbHO, 3BE3J0UEK He MEHBIIIE 7.

Kommeunrapui. Yucna 1, 2, ..., n? MoxHO paccraBuTh B Tabaulie
n X n Tak, YTOOBI Pa3HOCTBb JIFOOBIX ABYX COCEeIHHUX He IIpeBOCXoauJjia 1n. HpI/I
n =5 yucia MOYKHO PacCTaBUTh, HAIIPUMEDP, TaK:
1 2 3 4 5
6 7 8 9 |10
1111213 |14 | 15
16 | 17 |18 | 19 | 20
21 122|123 |24 |25

,HJIH IIPOM3BOJIBHOI'O 71 UKCJIa PACCTaABJIAIOTCA aHAJOTUYHO.
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10 xaacc

1. Ilpu HeuéTHOM N cymma x" + y" meauTcda Ha X + Y, II0-
CKOJNBKY X" +y"=(x+y) (x" 1 —x"2y+x"3y2—...+y" V). Ilpex-
IMOJIOXKUM, uTO X" +y"=2", rme X, y U 2 — Iejble Ymcia, a
x 4+ y — upoctoe uucao. Torga z" neauTcsa Ha IPOCTOE UHCJIO
X +Y, MO3TOMY M CAMO YMCJIO Z OOJKHO HEeJWTHCSI HaA X+ Y.
CnemoBarenbHO, 2 > X + Y, moaTomy 2" > (x+y)", u MBI TOJY-
yaeM HepaBeHCTBO X" +y"=2"> (x+y)", 4ero He MOKeT ObIThb.

2. ITocKoNbKY OPAMBIX 271 1 3BEHLEB Y JIOMAHOH TOMKe 27,
TO HA KaMKI0N IPSIMOM JIEXKUT POBHO OJHO 3BEHO. 3aHyMepyeM
IIpsIMbIE KaXKIOr0 HampapieHusa HoMmepamu oT 1 mo n. Purcu-
pyeM peOpo JIOMAaHOI, Jexkalllee Ha IIePBON IrOPU30HTAIBHOI
npsamoii. Torma Kamgass joMaHasa 3amaéTCsA MOCJIeL0BaATEIbLHO-
CTHIO HOMEPOB OCTABIINXCS MOPUSOHTAJIBHBIX 3BEHbBEB 1 HOME-
POB BEPTHUKAJILHBIX 3BeHbEB. JlefICTBUTEILHO, €CJIM M3BECTHO,
C KAaKOM rOpM30HTAJLHOM MPAMOI HA KAKYI0 BEPTUKAJLHYIO
npaAMyoo (UIu HaoOOPOT) MBI IIEPEXOAUM, TO 3TO 3aAAET Bep-
MIUHY JIOMaHOM’.

Bceero rakux mociiegoBaTeIbHOCTEI HOMEPOB I'OPU30HTAJIb-
HBIX 3BEHLEB U HOMEPOB BEPTUKAJLHBIX 3BeHbeB (n — 1)!-nl,
HO MbI HE YUJIH, YTO OGHY U TY K€ JOMAHYI0 MOXXHO 00XOIUTh
B JBYX PAa3JUUYHBLIX HAIIPABJICHUSIX, [I09TOMY 5TO UKCJIO HAIO
pasmennTs Ha ABA.

3. Ilycts O — meHTp HpaBUJIBHOTO 25-yroibHuUKa. Bribe-
peM HeCKOJIbKO 13 HAaHHBIX 25 BEKTOPOB M PACCMOTPUM UX
CYyMMY OS. ITpoBeném uepes Tourky O mpamyio [, IeprIeHan-
Kyasapuyio mnpamoi OS.

IIpeamosioskuM cHaYajaa, YTO CPear BHIOPAHHBIX BEKTOPOB
€CTb XOTs Obl OAWH, KOTOPBIA JMOO JIeKUT HA IPAMOU [, Ju-
00 OH U BEKTOP OS nexar 1o pasHbIe CTOPOHBLI OT IPSAMOMI I.
VCKII0UYMM 9TOT BEKTOD M3 UMCJIA BHIOPAHHBIX, T.€. BBIUTEM
ero us cymmst OS. Toraa HOBas cyMMa GyAeT MMeThb GOIbIIYIO
nauny. leificTBUTE bHO, TPEeYyroabHUK OAS mpAMOYTOJIbHBIN
WJIY TYOOYTOJbHBIN, mosToMmy SA > OS, HO AS =08 - OA.



234 Pewenus. 1963 200

IIpenmoso:kuM Temepb, YTO CPEAN BLIOPAHHBIX BEKTOPOB
HeT KaKoro-aubo BEKTOpa, JIeKAIero mo Ty Ke CTOPOHY OT
npaMoi [, UTO U BEKTOP 0S. Hob6aBuUM BTOT BEKTOP K UYUC-
Jy BBIOPAHHBIX, T.e. IPUOABUM €ro K CyMMe O0S. Torga Ho-
Basd cymma oS Oyzmer mMeTh OOJIBINYIO0 AJANHY. JefCTBUTENb-
HO, TpeyroabHUK OS'S Tynoyroabusiii, mosromy OS’ >O0S, HO
0S'=0S +OB.

Taxum 06paszoM, YTOOBI IOJTYUNUTH CYMMY HAaOOJIBIIIEH qJIM-
HBI, HY’XKHO IOCTYIIUTEL cjaeayomiuM oopasom. IIposemém mps-
MYIO uepes3 IEeHTP MHOTOYTOJbHUKA U BbIOEpPEM BEKTOPLI, Jie-
JKalye II0 OAHY CTOPOHY OT HPAMOM, BKJIOYasA W BEKTOP,
JexaIuii Ha 9TOI IPSAMOM, eCJUu OH eCcTh. TaK MOXXHO OymeT
BbIOpaTh 12 maum 13 BeKTOpOB. [[Jig BceX MOJYUYEHHBIX TAKUM
00pasoM HAOOPOB BEKTOPOB CyMMa AJHWH OJHA U Ta Ke, IOTO-
My UTO CyMMa BceX 25 BEKTOPOB paBHAa HYJIIO.

4. Ilycte miuomans natuyroabHuka ABCDE pasua S, a
cyMMa ILIoIazei tpeyroabHukos ABC, BCD, CDE, DEA n
EAB pasua S’. Torga miomazns naruyroabauka A'B'C'D'E’

S
paBHa S — T TaxuMm o6pazomM, TpedbyemMoe HepaBeHCTBO IPUOO-
S S
peraet Bug S — — > 5» YTO PABHOCUJIBHO HEPABEHCTBY 28> S'.

4
Ilocientiee HepaBEHCTBO OUYEBUAHO, TaK KaK Kakgas BHYT-
peHHAA Touka matuyroJbHuka ABCDE mokpbiTa He 6oJjee
yeM AByMs u3 TpeyroabHukoB ABC, BCD, CDE, DEA u EAB.

5. Ilepsblii cnocob. JlokaskeM MHAYKIIUEHN IO 7, UTO @, =
=4a, 1—a, 3. lna as=3 u gna a, =11 370 paBEeHCTBO JIETKO
nposepsercs. IIpeamosro:xum Temnepsb, uTo N > 5 u s Bcex n,
YAOBJIETBOPAIONINX HepaBeHCTBAM 2 <n <N, moxasblBaeMoe
yTBep:KJIeHue BhIToJHAeTcsa. Torma

2 2 2
ay_1+2 day_2 —an—3)°+2 ay_3+2
ay = N1 = (day v-3) = 16(1]\772 — 8aN73 + &.
an_2 an-—2 aN-—2
af_s+2
Tark Kak ay_g=————, MOCJeJHee cJaraeMoe PAaBHO ay_4.

aN—4
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CiliegoBarTeJibHO,

ay = 16ay_; —8ay_s+ay_4 =
=4(4ay_s—ay_3) — (4ay_3 —ay_4) = 4ay_1 — ay_s,

YTO U TPebOoBaJIOCH.

Urak, npu Bcex HATYPAIbHBIX 1l BBIIIOJHEHO PABEHCTBO d, =
=4a,_1—a,_s, IO3TOMY BCE€ UHCJIA II0CJIEL0BATEJILHOCTH IIeJIbIe.

Bmopoti cnoco6. Ilycts mapa uucesn (xi, Y1) — OOHO U3 pe-
menuii ypasHeHus x? —4xy+y?+2=0 B HaTypaJbHBIX YMC-
gax. ITocTporM II0 9TOMY PEIIEeHHI0 HOBOE PEeIleHNE CJIemy-
oM obpasomM. PuUKCUPyeM y=Yy; U PACCMOTPUM JaHHOE
ypaBHEHNE KaK KBaJApaTHOE yPaBHEHMNE OTHOCUTEJILHO X. ITO
ypaBHeHue uMmeeT Buf x2 — (4y1)x + (y? +2) =0, u y Hero us-
BECTEH OIUH KOpeHb Xx;. IIo Teopeme Buera MOKHO HAlTH ero

2
o .. +2
BTOPOII KOPEHBb X3, IPUUEM IBYMSA CIIOCOOAMIH: X2:y1x—
1

xs =4y, — x;. IlepBoe mpeacTaBieHNEe IMOKA3bIBAET, UTO UWC-
JIO X2 TIOJIO}KUTEJBHOE, & BTOPOE MPEJCTaBJIeHNe TTIOKAa3bIBaeT,
YTO OHO IIEJIOE.

3ameruMm, uTo mapa (a;, @;) ABJsAETCA PeEIIeHWeM ypaBHe-
Hua x? —4xy +y? +2=0 B HaTypaJAbHBIX YUCJIAX, X HOCTPOUM
II0 9TOMY DPeIIleHUI0 HOBOE peIleHWe YKa3aHHBIM CIIOCOOOM.
B peayabTaTe mosyuum perrernue (asz, as), U3 HETO IMOJIYUUM
pemtenue (az, ay) u T. . IIpy 5TOM Bce MOJTydeHHBIE PEIIEeHUA
HaTypaJibHbBIE, T. €. BCE UUCJIA @, HATypaJbHEIE.

11 xaacc

1. IIpeamono:kuM, UTO TaKue UucJa HaOLIuch. IlycTs aasa
OIIpeZIeIEHHOCTY 2 — HauOoJbIllee 13 aTuX uucea. Torga x* +
+1y¥<2(z—1)>"1 <221, Kpome Toro, z > 2, moaromy 2z°~ ! <
<2z*<z®+t'. Takum obpasom, x*+ yY < 2z?+t', 4TO MPOTUBO-
peunt npexpmonoxkenno. CiemoBaTeIbHO, TAKUX YKCE]I HE CY-
II[eCTBYET.

2. PaccmoTpuM 1epBBIII 3HAK IIOCJIE 3aIlSTON y MaHHBIX
apobeii. Itux apodbeir 11, a pasmuuHbiX 3HaKoB (mudp) 10,
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IIO9TOMY corJiacHO IpuHNuny [lupuxie HalmeéTcsa mapa Ipo-
Oeii, y KOTOPBIX ITepBble 3HAKM IIOCJE 3alATON OAMHAKOBBIE.
AHaJOrMuyHO M A KasKIOro 3HAKAa IIOCJEe 3aldaTON HaWIeT-
ca mapa apobeii, Yy KOTOPBIX HA STOM MeECTE CTOAT OJMHAKO-
Bble ITu(Mpsl. OTMETHM TAKYIO mHapy HOocJaeq0BaTeIbHOCTEH I
KasKkoro 3Haka. Tak Kax Bcero BOBMOKHBIX map u3d 11 gpobeit
KOHEUHOe UHMCJIO, KaKasa-HuOyIb Iapa BCTPETUTCSI OECKOHEUHO
MHOTO pas, T.e. HalméTcsa mapa apobeii, mecATHYHBIE 3aIlu-
CU KOTOPBIX COBIIQAAIOT B 0ECKOHEUYHOM umcJie 3HAKOB. I[oKa-
JKeM, UTO 9Ta Imapa Apobeil ABJseTca MCKoMoii. PaccMoTpum
pasHOCThL 3TUX Apobeii. Ecau B HEKOTOPOM paspsaje AecAThU-
Hble 3alucU ApoOeli COBIIALAIOT, TO Y PA3HOCTH B 3TOM pas-
pAme HaxomuTcA JuUOO HYJIb (€CAW IPU BBEIUUTAHUU «B CTOJ-
OUK» W3 9TOTO paspAga He 3aHuUMaJn), Jubo meBATKa (ecau
danumainu). CiemoBaTelbHO, B JECATUUYHON 3aIllICU PA3HOCTU
J160 0eCKOHeUHOe YKMCJIO0 HyJIel, 100 0eCKOHeUHOoe UNCJIO Je-
BATOK.

3. Ina x=0 moayuaem 0=—-26P(0), t.e. P(0)=0. Huaa
x=1 monyuaem P(0)=—-25P(1), T.e. P(1) =0. Hanee mo.a-
raem x=2, 3, ..., 25 u mociaenoBaTeabHO mosydaem 2P (1) =
=-24P(2), ..., 25P(24) = —P(25). ITosTromy P(0)=P(1) =...
... =P(25) =0. CnemoBaTeybHO,

Px)=x(x—1)(x—2)...(x—25)Q(x),

rae @ (x) — HeKOTOpPBIA MHOTOUJeH. [Ipu sToM m3 TOKIecTBa
xP(x—1)=(x—26)P(x) cnenyer, uto Q(x — 1) =Q(x). IIycts
Xo — IPOM3BOJBbHOE umcio u @ (xy) =c. Torma y mMmHOTOUIEHA
®R(x) — c 6eckOHEUHO MHOTO KOPHeH: Xy, Xo £ 1, xo =2, ... ITo-
aTOMY @ (X) =cC — OZHO W TO Ke UHCJIO AJISI BCeX X.

5. IIpexnmoso:kumM, YTO HAILIWCH TPU TaKUe AYTU Wu, Wg
U Wc. Dosbllie OKPY:KHOCTH, coaepiKallue AYTU Wy U Wp,
IepeceKarnTcss B JUaMeTPaJIbHO IPOTUBOMOJIOMKHBIX TOUuKax C
u C'. AHaJIOrMYHO OIIpeAe/ MM AUaMEeTPAIBHO IIPOTHUBOIIOJIONK -
uole Touku B u B, A u A'. lyra w, 6oxabite 180°, mosrTomy
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xoTda 06! ogHa u3 Touek C u C' jgexur Ha Heit. O0e 5T TOUKU
He MOTYT JIe)KaTh Ha AYIe Wy, IIOTOMY UYTO OJHA M3 DTUX TO-
UyeK JIEKUT Ha AyTe Wg, U 9Ta TOUKA ObLiIa ObI 00Iell TOUKOM
Iy W4 U Wp. AHAJIOIMYHO JOKAa3bIBAETCH, YTO POBHO OJHA U3
ToueKk B u B’ jeXur Ha Ayre w,. s onpemeséHHOCTH MOMK-
HO CUMTAaTh, YTO Ha Ayre w, He je:xar Touku B u C. [lyra BC
JIeKUT BHE OYTU Wy, I09TOMY OHA MeHbIle 60°. Bue nyru wp
gexkut ayra B'’A mnnan gyra B'A’; nnsa onpemeséHHOCTH Oymem
CUNTaTh, YTO BHE AYIru wp Jexur ayra B'’A’. Torma BHe ny-
™ w, Jexut gyra AC'. 3amenus nyry BC Ha cuMMeTPUYHYIO
eé nyry B'C’, nonyuum, uro gyru AC', C'B’ u B'A’, Kaxknada
13 KOTOPBIX MeHbIle 60°, cCOeUHAIT IUaMETPaIbLHO IIPOTHU-
BomoJioskHBIe TouKu A u A’. IIoKakeM, 4TO TAKOro ObITHL He
MOJKET.

IIycte O — meutp cdepol. Torma LAOB' + /Z/B'OA =180°.
C ngpyroii croponsl, /B'OA’ < 60° u, Tak Kak J000H IIJIOCKUHA
YroJl TPEXTPAHHOI'O yIJia MEHbIIIe CYMMBI ABYX APYTHUX ILJIOC-
Kux yrios, ZAOB' < LAOC' + ZC'OB’' <120°.

1964 200 (XXVII onumnuada)

IlepBsIii TYp

7 Kaacc

1. IIyctse CH u AK — BbIcOTBI TpeyroabHuUKa ABC. Ilo
yenosuio CH > AB nu AK > BC. A Tak Kak NepPIeHIUKYJIIpP
Kopoue HaKJoHHOI, To AB> AK nu BC > CH. O6bequasasa Bce
9TU HepaBeHcTBa, moayudaem CH > AB> AK > BC >CH. Cie-
IoBaTeJNbHO, BCe DTH HepaBeHCTBa oOpallfaloTcs B PaBeHCTBA.
B uactaoctu, AB= BC, T.e. TpeyroJbHUK PaBHOOEIPEHHBIN.
Kpome Toro, paBenctBo AB = AK osHauaeT, uTo BbicoTa AK
coBIazaeT co croponoir AB, T.e. ZB=90°.

2. IIyects O u O; — cepenuHbl oTpe3koB AB u AM. fc-
HO, uTo AC 1. BM, mtosTomy Touka C JeKHUT HAa OKPYKHOCTHU
¢ nuamerpom AM. Crnemosarennuo, O, A=0;C. Kpome Toro,
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A H 0 H B
O,
G
M
Puc. 80

OA=0C. Ilostomy AO;AO=A0;CO (puc. 80). B uacruo-
cru, Z0;CO =90°. 9ro o3umauaer, uro O;C — KacarejabHas K
OKPY KHOCTH.

3. Ilyers cymma mudp uyucaa n pasHa 5. Cymma mudp Jro-
0oro umciia Ipu AeJeHuN Ha 3 JaéT TOT »Ke OCTATOK, UTO U ca-
Mo uywucJo. ClaemoBaTeIbHO, YMCIO 71 JaéT OCTATOK 2 IIpU Jeje-
Huu Ha 3. TouHBIN KBagpaT Ipu AeJeHUN Ha 3 MOXKET HaBaTh
TONBKO ocTaTKu 0 miam 1, MOSTOMY UMCJIO 7 HE MOXKET ObITh
TOYHBIM KBaJPaTOM.

4. NsmayajlbHO y3JbI, B KOTOPBLIX cXoauTcs 4 3BeHa, —
9TO TOUKM IepeceueHUsI 9 BHYTPEHHUX TOPU3OHTAJNBHBLIX 1 9
BHYTPEHHUX BEPTUKAJIbHBLIX IPAMBIX. KoJIMuecTBO TaKuUX y3-
JIOB paBHO 81, mMosTOMY HYKHO CTEpeTh IO KpaiiHeill mepe 41
3BEHO.

IToxaxxem, Kak sT0 cxemaThb. Co BTOPOU IIO AECATYIO T'O-
PUB30HTAJNbL COTPEM 3BEHBSA, COeIUHSIOINNE BTOPYIO U TPETHIO,
YeTBEePTYIO U IATYIO, IIeCTYI0 U CeIbMYIO0, BOCBMYIO W IeBA-
TYI0 BepTUKaIN. Temepb y3Jbl, B KOTOPBIX cxomauTcsa 4 3Be-
Ha, OCTAJINCh TOJIBKO HAa MeCATON BepTHUKaJaW. B Hell coTpém
3BeHbSI MKy BTOPBIM M TPETBLUM, UETBEPTHIM U IIATHIM, IIIe-
CTHIM M CeIbMbBIM, BOCbBMBIM M JE€BATHIM, JECATHLIM 1 ONUHHA-
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OIATBIM y3jaamu. Temeps B KayKIOM y3Jje CXOAATCA He OoJiee
TpéX 3BeHbeB. IIpu sTom ObLI0 cTEPTO 4-9 + 5 =41 3BeHbBEB.

5. Ocrarox mnpoumsBemeHUA (CYMMBI) 3aBUCHUT TOJBKO OT
OCTATKOB COMHO:KHUTeJel (cjaraeMbix). VcIoIb3ys 5TO CBOIi-
CTBO, BBIIUIIIEM IIOCJIEJOBATEJILHOCTh OCTATKOB IPHU AeJeHUUN
Ha 4 ywmcen a;: 1, 1, 2, 3, 3, 2, 3, 3, ... Hanpmie mocaeno-
BaTeJbHOCTh HMepuognuHa ¢ mepuonom 3. Hu ogun ugeH sToi
mocJiejoBaTesibHOCTU He paBeH 0, MOATOMY HM OOWH YJIEH TO-
CJIeIOBATEJbHOCTH a; He JeauTcd Ha 4.

8 kaacc

2. Ynciso n=1 He mogxoxnut, Tak Kak 0! =1 gemurcs Ha 12.

IIycte p — npocToe umcso. Torma Hu ogHO U3 yuces ot 1 10
p—1 me genurca Ha p, a cpeau uucea oT 1 70 2p — 1 TOJBKO
yucyao p geautcsa Ha p. ClemoBaTesibHO, UNCIA =P U n=2p
MMOAXOLAT AJISA JII0GOro IPOCTOrO P.

PaccmorpumMm Terneps Jir060e 4ncao BUuma n=1[»-m, rae uuciaa
[ 1 m B3amMHO TpocThie 1 He paBHBI 2. Cpeau uucesa ot 1 1o
n — 1 Berpeuarorcs uuciaa [, 21, m u 2m, Ipu4YéM BCe STHU UUC-
na pasauunbl. CiaenoBarenbHo, (n— 1)! genurca Ha n2, T.e.
TAKO€ YMCJIO He IIOAXOMIUT.

Ocraércs paccMoTpeTh uncaa Buga n=p" u n=2p*, roe p —
mpocToe umcyio u k> 2. B mepBoM ciyuae HamOOJIBIIAS CTe-
IeHb YKCJIa p, Ha KoTopylo Aenurcd (n—1)!, pasaa (p"1—1)+
+@"2-1)+...4(—-1). Ectup>5, 10 p" —1>4mpum>1,
nostomy (PF -1+ @ 2-1)+...+ (- 1) 4(k 1) > 2k.
CnegosarenbHo, (p* —1)! genurca Ha (p*)2 =p?*. flcHo Takxe,
uyro (2p* — 1)! nemurca va (p* —1)! u Ha 4, HosTOMy (2p* — 1)'
nenurca Ha (2p*)2. Urak, ecau p > 5, To uucaa suga n=p”* u
n = 2p* He moAXOIAT.

Ilna p=3 noxyuaem 8 — 1 < 4, mosromy (32 — 1)! mHe menur-
ca Ha (3%)2, T.e. uuciao 9 moAXOAUT. 3aTeM MBI HOJIyqaeM
(32 —-1)+(83—-1)>6 u Boobme (3*!—-1)+(3*2-1)+.
+(3—1) > 2k upu k> 3. Ilosromy uucna n=3* npu k> 3 He
noaxonaT. HamboabIlasd cTemeHb Ymciaa 3, Ha KOTOPYO JIe-
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aurca (2-8%—1)!, pasma (2-3*1-1)4+(2-3*2-1)+ ... +
+(2-3—1) > 2k, mosTomy unciaa n=2-3%, rae k> 2, He mox-
XOIAT.

Ilna p=2 Hy»XHO paccMOTpeTh uncjaa Buga n=2, rue k> 3.
flcno, uro (22—-1)+(2-1)<2-3um (21 -1)+(2¥2-1) +
+...4(2—1) > 2k upu k> 4. ITosaromy uncJyo n= 23 nogxogur,
a uncaa n = 2* npu k >4 He moAxXonAT.

3. O6o3HaUUM \/n +Vn+...4+n uepes A,(n). cro, uTo

x pas

n_i_Axil(n):n—k\/n—l— n+...+\/ﬁ:(Ax(n))2

x pas

Taxum obpasom, ecau Uumcio Aijges (1) =m Iiesoe, TO UUCJIO
Aige3(n) =m? — n ToMe ILesioe; HO TOTAA U YHUCIO Aqgg1(n) =
= (n? — n)? — n — ToxKe TesIoe, U, HAKOHeIl, yucio A;(n) =/n
mesoe. A M3 TOTO, UTO YMUCIO /I =a Iejoe, CJIeryeT, 4To
n=a?, rie a — LeJoe YUCJIIO.

HNrak, unciaa

Ai(n)=vVn=a

Ay(n) = Vn+vn=+Va+a= /a@+1)

TOJIKHBI ObITh IlesabiMu. Ho umcna a m a+ 1 B3aumMHO mpoO-
CcThle, TO3TOMY IIpousBenmeHue a(a+ 1) MokeT OBITH HMOJTHBIM
KBaJpaToOM, JIUIIE €CJIU U 4, U @+ 1 — IOJHbIe KBaJApaThI, T. €.
eciu a=0. A eciu a=0, To, oueBuguo, n=0u A,(n) =0 npu
aobom x. Takum obpasom, n=0 u m=0.

4. IIposemém uepes Touku A, C u E upawmsbie l;, [y u I3,
napaJjieiabHbie npaMeiM BC, DE u FA coorBercTBeHHO. 000-
3HAUUM TOUKHU II€PeCeUueHmus MPAMBIX [; 1 Iy, [p u I3, I3 u 4
yepes P, @, R. /I3 paBeHcTBa yIJIOB IIECTUYTOJbHUKA CJIEIY-
eT, UTO TpeyroJabHuk PQR mpaBuabHbA. C APYyroil CTOPOHEI,
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OJINHBI CTOPOH 3TOI'O TPEYroJIbHUKA PaBHBI A1 — A4, A5 —Ag U
a3 —dg NJIN a4 — A1, A3 — A5 U Ag — Ag3.

5. CymMma mudp umcaa Ipu JeJeHUW Ha IeBATH JAET TOT JKe
OCTATOK, 4TO M caMo uuciyo. CiaemoBaTeJbHO, €NUHHUIILI IIO0-
JydaimoTcsa u3 uncen Buma 9k + 1, a OIBOWKU — m3 UmHCEJ BU-
ma 9k + 2. Bee umcaa or 1 mo 999 999 pasOuBaroTcsa Ha ge-
BATKM IIOAPSS UAYINUX, B KAMKAOH M3 KOTOPBIX IO OJHOMY
yueay xammoro Bupa. Ocrasiieecsa uwmcio 1 000 000 umeer
Bug 9k + 1, a 3mauuT, U3 Hero moJydaercs eauHwuia. Mrak,
eIVHUI] Ha OAHY 0O0JIbIIle, YeM JBOEK.

9 kaacc

1. BameTuM cHauajga, YTO €CJU OMSHO M3 HEM3BECTHBIX UU-
ceJl PaBHO E€JUHUIE, TO OCTAJbHBLIE TOXKE PABHBLI €IUHUILE.
IeiictBuTenbHO, mycTh x=1. Torga z=1Y=1, y=2"=11=1.

IIpegmosiosum, 4TO CYIECTBYET ellé Kakoe-HuOyab perie-
uue, kpome (1, 1, 1). Ilycts cHavana x > 1. Torma z=xY > 1,
y=2z*>1. CregoBarenbHo, z=x'>x'=x, y=2*>z2' =z, x=
=y?* >yl =y, 4TO HEeBO3MOKHO. BHAUHUT, TOT CJIydail HEBO3-
mosken. Ciayuaii x <1 moayuaercs u3 caydas x> 1 3aMeHO
BCeX 3HAKOB > Ha 3HaAKW <.

2. IIpepmonoxum, utro n(n+1)=a™, rmem>2 (a, mun —
HaTypajgbHbIe ymcsaa). Yucaa n u n+ 1 He uMeioT o0IIUX Ie-
aurtenei, mostomy n=>b0" u n+1=c™. Ho sToro He MoOKeT
OBITH, IIOTOMY UTO PA3HOCTb MEMKAY ABYMS IIOCJIEJ0BATEIbHbI-
MU M-MU CTEeIIeHAMU’ CTPOro OoJbime 1.

3. 3ameTuM, UTO
a—K® a-27 273_K® a-27°

_ _ 2 2
27—K_27—K+ 27—-K _27—K+27 +27K + K°.
_ 9m3
CiemoBaTebHO, YHUCIIO 27—_; meJsioe ipu Jgwoom K £ 27, T. e.

ymeso a — 27 menmTca Ha JI000e IEJioe UUCIO, OTJINYHOE
OT HyJIf, a 3HAYUT, a = 275.
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4. Bocnoab3yemcs perieHueM 3agauu 4 ajasa 8 Kiaacca. Pas-
HOYTOJILHBIN IIIECTUYTOJbHUK OUEBUAHBIM 00PA30M CTPOUTCS
C IIOMOIILI0 BBEAEHHOI'O TAM BCIIOMOTAaTeJIbHOI'0 TPEYTOJbHI-
ka PQR, cTOpoHA KOTOPOTO PaBHA |a; — dy).

5. Ilyere O — Touka mepeceuenusa auaronaneii AC m BD.
Hna ompenmenénHocTm OymeM cuumTarthb, uto o= -/AOB < 90°
(ecmu a=90°, To UeTBIPEXYTOabHUK MNP BBIPOKIAETCS B
Touky). Torga OM =0OA cos @, ON =0B cos o, OP =0C cos «
u OQ=0D sin a. IlosToMy IIpU CHUMMETPUU OTHOCUTEJIHLHO
ouccexTpuckl yria AOB uerwhIipéxyroabHuk MNPE mepexo-
IUT B YETBIPEXYTOJbHUK, TOMOTETUUHBIN UYeTHLIPEXYTOJIbHUKY
ABCD c Ko3(p(puIiizeHToM COoS .

10-11 raacc

1. IlycTh @ — umcyI0, KBAAPaATOM KOTOPOTO SABJIAETCS YKC-
J0, TOoJydYeHHOe M3 umcjia N mocjie 3aYEPKMBAHUA y HETo
nByx nociaenaux nudp. Torga 100a? < N < 100a? + 100, oTky-
na v/ N>10a. o YCJIOBUIO, YHMCJIO V/N nenoe. CiemoBaTesbHO,
VN>10a+1, r.e. N> (10a+1)2=100a> + 20a + 1. Yuurs-
Bad, uro N < 100a? 4 100, nmonyuaem HepaBeHcTBO 20a + 1 <
<100, mosTomy a < 5. Takum ob6pasomM, HAMOOIBbIIIEE BO3ZMOMK-
HOe 3HauUeHHe a PABHO 4, T. e. ICKOMOe IucJIo uMeeT BUf (4x)2.
IIpu x=1 monyuaem N =412=1681, a npu x>2 moayua-
em N >422>1700, HO mepBble ABe IMUQPHI JOJKHBI 00paso-
BBIBATH umciio a? = 16. Mrak, HamboIbIIlee BO3MOKHOE 3HAUEe-
Hue N paBHO 1681.

3. 3ameTuM, UTO

a _K1964 a-— 271964 271964 _ K1964

27T-K =~ 27-K 27T—-K

1964 1964
27 K
Hpob6n ——57 g — BCeria ecTh IieJioe YHCJIO0, 0ITOMY Ipobb

a— 271964
27— K
£ 27, ciegoBaTesabHO, a = 27194,

TOYKe MOJIKHA OBITH IEJIBIM YHCJIOM mpu Jitobom K #
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5. Ecoiu us kyba ABCDA’'B'C’D’ Beipesats Terpasap A'BC'D,
TO OCTaBINAsCA YacTh Ky0a pacmagaeTrcs Ha 4 TeTpasapa, T.e.
Ky0 MO:KHO pasOUTL Ha 5 TeTpasapoB.

HoxaxeM, UTO Ha MEHBIIIEE YNCJIO TETPAdIPOB KyO pas3duTh
Heab3sd. I'panb ABCD He Mo:KeT OLITh TPaHBIO TeTpasapa, Ha
KOTOphIe pasouT Ky0, HOSTOMY K Hell IIpujeraeT II0 KpalHeil
Mepe ABa TeTpasapa. PaccMoTpuM Bce TeTpasAphbl, IPUJerai-
mue K rpaau ABCD. VX BBICOTHI, ONyIlleHHBLIE HA 5Ty I'PaHb,
He IPeBOCXOAAT a, rae a — pebpo Kyba, a cyMMa ILIOIAmeit
ux rpaHeii, geskamux Ha ABCD, paBHa a?. IloaTomy cymMma
nx 00'béMOB He IpeBocxoauT a’/3. Tak Kak IpaHU OJHOTO TeT-
pasapa He MOTYT pacIojaraTbCs Ha IIPOTHUBOIOJIOMKHBIX I'pa-
HAX Ky0a, K rpausavm ABCD u A’B'C’' D’ npujeraer 1o KpaiiHei
Mepe 4 TeTpasapa, IPUUEM CyMMa UX O00BEMOB He IIPEBOCXO-
out 2a®/3 < a®. CieqoBaTeIbHO, €CTh eIllé OAUH TeTpasap pas-
OueHUs.

Bropoii Typ
7 Kaacc

1. IIycts K, L 1 M — 11eHTpBl OKpysKHOCTEir O, Oy u Og.

HocraTouno moxkasaThb, uro KR=KS. [loka:kem, uro ALRK =

= AMKS. Jleficreurensio, KM=KB-BM=2_FC =22 R,
n KL=KA-AL="C_%€ = T8 _ 5M. Kpome moro, /RLK =

=/KMS=180°—-2a, rme o — yroa me:xxkay npameiMmu AB u PQ.

2. Eciu Bce mpuCyTCTBYIOIIHE 3HAKOMBI APYT C APYTOM,
TO MOYKHO BBIOPATH JIOOBIX UETBHIPEX UEJOBEK U MOCAAUTH UX
TIPOM3BOJIbHO. IIpeamoso:KuM Temepb, uTo A u B He 3HAKO-
MbI. IlycTh M3 ocTadbHBIX 2n — 2 coOpaBHIMXCS a u b Ueso-
BeK 3HAKOMBLI ¢ A 1 B COOTBETCTBEHHO U C UeJIOBEK 3HAKOMEI
¢ HumMu obouMu. Torma KOJIMUECTBO UEJIOBEK, 3HAKOMBIX ¢ A
niau B, paBuo a+b—c, mosromy a+b—c<2n— 2. Ilo ycio-
BUIO a>n u b>n, mosromy 2n —c<a-+b—c. CiremosarenbHo,
2n—c<2n—2, r.e. c > 2. Takum obpasom, y A u B ecTh a1Ba
o6mux 3sHakoMbIx C; m Cy, TO9TOMY MOKHO mocaguTh A u B
HAIPOTUB APYT ApPyra, a Mexay HuMu nocaiutb C; u C,.
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3. PaccMoTpuM HamMeHBIINI BBINYKJBIA MHOTOYTOJBHUK,
colepsKaIuil faHHbIe TOUKU. IIycTh o umeet k BepinuH. Pas-
pesKeM ero AuaroHaJ MU, BBIXOAAIIMMHU U3 OAHON TOUKM, HA
k — 2 TpeyroabHuKa. Bo3bMEM OAHY M3 OCTABIIUXCSA TOUEK U
COeIUHUM €€ C BepIIMHAMHU TOTO TPEyroJIbHUKA, B KOTOPOM
oHa JexxuT. Tak mociaegoBaTeJbHO OyIeM IIOCTYIIaTh CO BCEMU
OCTABINIMMUCSA TOUuKaMu. IIpm Ka'KIoM paspesaHuy TPEeyroJb-
HUKa 00Illee UMCJIO TPEYroJbHNKOB yBeJWUMUBaeTCsa Ha 2, Io-
9TOMY O0Illee YUMCJIO TPeyroabHuKoB He MeHbIme 100. Cymma
UX IJIolIageli MeHbIlle 1, II09TOMY ILJIOIIAAbL XOTS OLI OJHOTO
13 TpeyroabHuKOB MeHbIte 1/100.

4. IIycte O — 1meHTp OKpyKHOCTU, LADC=0a u LABC=
=f. Yersipéxyronpaunk DPOQ — pom6, nostomy DP ||QO u
/AQO = a. Tpeyronbaux AOR paBHOOEIPEHHLIN, IIO3TOMY
/ZQAO =a. Amanornusno mnonydaem: /DCO=a, /BCO=p,
/BAO = (3. Takum o6pasoM, B 4eTbIpéxyroabHuke ABCD cym-
Ma yrioB paBHa 3a-+ 38 =3860°, orkyna LABC+ ZADC = a+
+B=120°.

5. Cm. pemrenue s3agauu 3 s 9 Kjacca.

8 kaacc

1. Crauaja moxkaskeM, KaK IIepeJuTh BCIO BOAY B OAUH CTa-
kaH npu n = 2". Pazo6bpéM Bce cTaKkaHbI Ha Iapbl U B KaKI0I
W3 Iap IepesIbéM COAEePKUMOEe OJTHOTO 13 CTAKAHOB B IPYTOH.
B pesyaprare monyuum 2! crakaHOB, B KOTODPBIX HAJIUTO
TIOPOBHY BOABI. IIpousBens ommcamuyio omepariuio emfé k£ — 1
pas, MBI IIepeJIbEéM BCIO BOAY B OOWH CTaKaH.

IIpegmosno:xxum Temepb, UTO IPU AAHHOM 71 MOMKHO IIepe-
JIATH BCIO BOAY B OJMH CTakaH. JloKakeM, 4dTo Torga n = 2%,

Ilepebtii cnocob. Ilpumem 001ee KOJIMYECTBO BOABI 32 €U~
Huiy. Torga mociie Bcex IepesimBaHUN KOJUYECTBO BOABI B O~
HOM H3 CTaKaHOB paBHO 1, a B OCTAJbHBIX OHO PABHO HY-
ato. CiemoBaTesbHO, IIepes 9TUM B IBYX CTaKaHAX BOJBI OBLIO
mo 1/2, a B ocTaJbHBIX BOABI He ObLIO. IIycTh B HEKOTOPBIH
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m
MOMEHT KOJMYEeCTBO BOJBI B KAXKJOM CTAKaHEe MMeeT BUJ o,

rae m — 1ejoe yucio. JlokaskeMm, UTO TOTAA W HaA TPEIbIAY-
I1[eM I11are KOJMYEeCTBO BOABLI B KAXKIOM CTaKaHe MMeeT TaKoii
Buj. VI3MeHMB HyMepaIUi0 CTAKAHOB, MOXKHO CUHUTATh, UTO
IPU STOM IIepeJVBAHUU BOJA IepejuBajiach M3 MIEPBOr0 CTa-
KaHa BO BTopoii. IlycTh mocie mepeInBaHusa B 9TUX CTaKaHaX

mi ma
cTaJgIo % n % COOTBETCTBEHHO. Tor,ua Imepen 3THUM IIepeJin-
BaHIEM B cTaKaHax ObILIO ﬂ + ﬂ U - —= COOTBETCTBEHHO
L Qka+1 Qka+1 °

m
O0a sTu uucjaa MMEIT BUJ PTE CiiegoBaTesibHO, B CAMOM Ha-
yaJjie BO BCeX CTaKaHaX KOJIMUYECTBO BOJLI TOXKE MMEJO TAKOM
1
Buz. Ho KolmuecTBO BOABLI B KaXKIOM CTaKaHe ObLIO PABHO o

a 3HauuT, n = 2" npu HeKoTOpPOM kK.

Bmopoii cnoco6. IIpeArnosioKuM, 4TO YUCI0 N UMeeT HeUET-
HBIII TIPOCTOM AeauTesb p. BymeMm cumTaTh, UTO 0oOIee KOJIU-
YecTBO BOABI paBHO 7. IlycTh mociie mepejuBaHUA BOIALI U3
IIePBOT0 CTaKaHa BO BTOPOII KOJMUYECTBO BOJALI B IIEPBOM U BTO-
poM cTaKaHax paBHO X U Y COOTBeTCTBeHHO. Torga Ha mpeabl-

Y

OyIIeM Iare BOAbI B HUX OBLIO x+% M 5 COOTBETCTBEHHO.

IlosTOoMy eciiu Ha KakoOM-TO Iare KOJHYECTBO BOJILI B KaiK-
IOM CTaKaHe IpejcTaBJasgeT co00il HECOKPATUMYIO APO0b, UMC-
JUTEIb KOTOPOU IEeJIUTCSA Ha p, TO U HA MPEABIAYIINeM Iare
KOJHYECTBO BOABI B KaKJOM CTaKaHe MMeeT TaKOM »Ke BU/I.
Ha mocaemgmeM 1mmare ocraércsda OOWH CTaKaH, KOJIUYECTBO BO-
OBl B KOTOPOM paBHO 1, IpuuéM n peautrca Ha p. 1lostomy
Ha IIePBOM Ilare, KOTJa KOJMUYECTBO BOABI B KasKJIOM CTaKaHe
paBHO 1, 5TO KOJIMYECTBO TOXKE MOJIMKHO OLITh HECOKPATUMOM
IPOOBIO, YMCIAUTENb KOTOPOU AeanuTca Ha p. IlomyuenHoe mpo-
TUBOPEUNe IIOKA3bIBaeT, UTO 7 HEe MMeeT HEeUETHBIX MPOCTHIX
TeJINTeJIen.

2. Ilycts Ay, B; u C; — cepenunbnl otpeskoB OA, OB u OC;
9TH TOUYKM JIe)KaT Ha OJHOM IpAMoOu. SICHO TakiKe, UTO 9TU
TOUKHU SBJIAIOTCA OCHOBAHUAMMU IIE€PIEHINKYJISPOB, OIYIIEH-
HbIX 13 TouKM O Ha CTOPOHBI TpeyroabuHuka 0;0,03; uau Ha
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UX MPONOJIKeHusA. [JokasKkeM, UTO eC/ii OCHOBAHUS IIePIIeHIN-
KYJISIPOB, OIYINEHHBIX 13 TOYKK O Ha CTOPOHBI TPEYrOJbHIKA
0:0,05 nau Ha WX MPONOJIMKEHUA, JeXKaT Ha OJHOU HPSIMOH,
TO TouKa O JIEKUT HA ONMCAHHOM OKPYXHOCTU TPEYrOJbHIKA
0,0,05.

Yro6BI HE pacCMaTPUBATEL OTAEJIHLHO PAasHbIe BAPUAHTHI pac-
IIOJIOYKEHUSA TOYEK, BOCIOJIB3YEeMCS CBOMCTBAMH OPHUEHTHPO-
BaHHBIX yrioB. Touku A; u B; Je:XaT Ha OKPYKHOCTH C AUA-
merpoMm 0O;0, mostomy Z(0.0, OA) =/(0.B;, B1A;). Touxku
B; u C; npexaT Ha OKpyskHOCTU ¢ auameTpom O30, mMosTOMY
Z/(03By, B;C;) = Z(030, OC,). YuurnsiBas, 4To

Z£(01By, B1A,) = £(03By, B1Cy),

mosyuaem paseHctBo Z(0,0, OA)=/(030, OC,). Cnenosa-
TeJBbHO,

/(0,0, 003) = (0,0, OA;) + /(A,0, 00;) =
— /(050, OC,) + /(A;0, 00;) = /(A,0, OC,).

Touku A; u C; JexaTr Ha oKpyxHOCTH ¢ guamerpom 0O0,, 10-
9TOMY A(AlO, OCl) = 4(A102, OgCl) = 4(0102, 0203) . Takum
obpasom, £(0.0, 0O0;3) =2(0.0,, 0O;03), T.e. Touku O, O,,
O3 u O jexxaT Ha OTHOU OKPYIKHOCTH.

3. IlycTh mepBBbIfl UTPOK ZEJIaeT XOABI IO CIAeAYIOIeMY IIpa-
BIUJIY: €CJIM OH MOKeT 3aHATH YIJIOBYIO KJIETKY, TO 3aHHMA-
eT e€, a ecJii He MOKET, TO JIeJlaeT XOHI, CUMMETPUUYHBIN OT-
HOCUTEJILHO ITeHTPa AOCKHW XOJy BTOpPOTro urpoka. Torma mo-
cJie KasKIOr0 XO0Ja IIePBOr0 UI'POKA BTOPOUM HE MOKET 3aHATH
YTJIOBYIO KJIETKY, IIOTOMY UTO MHAaUe 9TO cAejaJ Obl IMepPBBIH
IPEeAbIAYIITUM XOIOM.

4. Tlo teopeme IIudaropa A, H2=A,0? - H,0%, ..., A;H2=
:A702—H702, II03TOMY AlH%+A2H§+...+A7H2:A102+ ces
ve. +A;0% — (H,0% +... + H;0%). Anamoruuno A;H3 + AzH?2 +
+ ... +A1H2:A102+ cee +A7O2 — (H102+... +H7O2). CJIe,lIO'



Pewenus. 1964 200 247

BaTeJbHO,
AyH? + AgH? + ...+ A7H? = A,H? + AgH2 + ...+ A H2.

Brrurem mpaByIo YacTh M3 JIEBOM M MPUMeHHM (DOPMY pPasHO-
CTU KBaJApPAaTOB:

(AiH, — AyH, ) (A1H, + AyHq )+
+ (AHy; — AsHj) (AsHy + AsHy) + ...+
+ (AH; - A H7)(ArH;+A;H7) = 0.

ITo ycnoBuio Bce mHOKuTenu A;H;+ A; 1H; = A;A; 1 paBHHI,
IIO9TOMY

A H, + AsHy 4.+ AgHy = Hi Ay + HyAg + ...+ H A,

YTO U TPebOoBaJIOCH.

5. PaccMOTpUM HaWMEHBIIUN BBINYKJIBIA MHOTOYTOJbHUK,
colepsKaIuil faHHble TOUKHU. IlycTh OoH umeet k BepiiuH. Pas-
pesKeM ero AuaroHaJ sIMH’, BBIXOAAIIMMHU U3 OAHON TOYKM, HA
k — 2 TpeyroabHuKa. Bo3bMEM OAHY M3 OCTABIIUXCSA TOUEK U
COeIUHUM €€ C BepIIMHAMHU TOTO TPEeyroJIbHUKA, B KOTOPOM
oHa JexxuT. Tak mocjaegoBaTeabHO OyIeM IIOCTYIIaTh CO BCEMU
OCTABINIMMUCSA TOUuKaMu. IIpm Ka'KIoM paspesaHuy TPEeyroJb-
HUKa 00Illee UMCJIO TPEYroJbHNKOB yBeJWUMUBaeTCsa Ha 2, Io-
9TOMY OOIllee UHMCJIO TPEeyroJbHUKOB He MeHbIne 99. Cymma
UX ILJIOIIAAel He IPEeBOCXOAUT 1, IOATOMY ILJIOMIIALb XOTSA OBI

OJHOTO M3 TPEYroJbHUKOB He 00JIbIIIe 99 < %.
9 kaacc

3. 3aHyMepyeM TOUKHU C IIeJBIMU HEOT-
punaTtelbHBIMU KoopauHaTtamu (X, y) B cje-
nyromem mopaake: (0, 1), (1, 0), (0, 2),
(1, 1), (2,0, (0,3), (1,2), (2,1), (3,0),
(0, 4) u r. . (puc. 81). JoxkaxkeM, 4YTO TOU-
Ka ¢ KoopauHaTtamu (X,Yy) WMeeT HOMEpP

2
x 3x "
n= @ty +3x+y ry JJia mepBOil TOUKHU BTO

OYEeBUIHO.
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IIpenmoso:xkum, 4To TpeOyemMoe yTBep:KIeHe JOKA3aHO JIsd
TOUKHU € HOMepoM n. IIycTh n-a TOUKA mMeeT KOODPAMHATHI
(x, y). PaccmoTpum nBa coayuas.

1. IIycts y #0. Torga (n+ 1)-a TouKa uMeeT KOOPAUHATHI
(x,y)=(x+1,y—1). fdcuo, uro

4y 32 +y x4y +3x4+34y—1
2 2

2. IIycte y=0. Torma (n+ 1)-a Touka mMeeT KOOPAUHATHI

(x',y)=(0, x+1). fdcHo, uTo

n+1.

R A )

4. ITycts I 1 O — 1eHTPHI BIMCAHHON U OIMCAHHON OKPYIK-
Hocreit, B’ u C' — cepenuusl ctopoH AB u AC. Touxku B’ u C’
JeXaT Ha oKpy:kHocTu ¢ auamerpom AO. Ilycts K u M —
TOYKM KAcCaHUA BIMCAHHON OKPYXKHOCTBbIO cTopoH AB m AC.
Torma AK =AM = W = %C, nockoabky AB+ AC =

AB AC
=2BC mno ycaosuio. flcuo, uro AB = - U AC = —~» 109TO"

MY, eIllé pas BOCIIOJIb30BAaBIINUChH paBencTBoM AB+ AC = 2BC,
nostyuum, uro B'K =|AK — AB'| = |AC' — AM|=C'M, noaromy
rpeyrosabaukyu IB'K u IC'M paBubl mo aByMm Kareram. Cire-
mosaresnbHo, /B'IC'=/KIM =180° — /A= /B'OC’, mosTomy
Touka I ToKe JIeKUT Ha OKPY:KHOCTU ¢ nuamerpom AO, T.e.
10 | Al, uro u TpeboBAaJIOCH.

5. Ilpeamono:xkuM, YTO CYIIeCTBYeT 3aMKHYyTasd JiOMaHasd
Aq...A, ¢ HEUYETHBIM UYHNCJIOM 3BEeHLEB PABHOMW AJWHLI, BCE
BEPIIIUHBI KOTOPOH JeXKaT B y3JjaX IeJIOUNCJIEHHON PeIeT-
ku. Ilycts a; n b; — KoopAWMHATHI IPOEKIMiT BeKTOpa A;A; 1
Ha TOPUBOHTAJBHYIO U BepTHUKaJbHYIO ocu. O003HAUUM AJIN-
HY 3BeHa JIoMaHoii uepes c. Torma ¢ =a? + b2, mostomy c? npu
menenmu Ha 4 maért ocratork 0, 1 mim 2. Ecau ¢® menurcsa
Ha 4, To a; u b; genarca Ha 4 (9TO MOKA3LIBAETCS ITPOCTHIM
mepebOpPOM BceX BO3MOIKHBIX OCTATKOB, KOTOPBIE @; 1 b; JaioT
npu geneHun Ha 4). IlosToMy mIpu roMOTeTUM C IEHTPOM A;
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u Koappumnumerntom 0,5 Halta JoMaHasd IEePEUAET B JOMaHYIO
C MeHbINe! AJNHOU 3BeHa, BEePHIMHBI KOTOPOM IIO-IIPEKHEMY
Jexkar B ysJyax pemieTku. Ilociie HECKOMBKUX TaKMX Omepa-
nuit IpuUAéM K JoMaHOI, y KoTopoii ¢? He meaurca Ha 4,
T. e. gaét ocratoxk 1 mau 2. Pasbepém sTu BapuaHTHI, IpeaBa-
puUTeNBHO 3aMETUB, UYTO Ay + ... +ap =01+ ... + b, =0.

1. ¢ npu genenuu Ha 4 gaér ocraroxk 2. Torma umciaa a;
u b; 00a HeUETHBI, IIO3TOMY YUCJIO d + ... + A, HEUETHO U HEe
MOJKeT PaBHATHCA HYJIIO.

2. ¢? npu pmenenun Ha 4 maér ocratoxk 1. Torza ommHO U3
yupcesJ a; U b; HEUETHO, a APYroe YETHO, MOITOMY UMCJIO (i +
+..4+a,+bi+...+b, HEUETHO U He MOKET PABHATLCA HYJIIO.

10 xaacc

1. IToaryuuM cHavaJjia PAaBHOMEPHYIO CMECh ABYX KHIKO-
creir, 3aTeM Tpéx u T. 1. Coenaem sTo Tak. CHauajia mepesbeéM
TIOJIOBUHY *KUIKOCTU M3 IIEPBOY MEH3YPKHU B ITYCTYIO MEH3YyP-
Ky, 3aTeM IIOJIOBUHY KHUJIKOCTU M3 BTOPON MEH3YPKHU IIepe-
JBEM B IIEPBYIO U BBLIBEM BO BTOPYIO MEH3YPKY BCE COIEPIKU-
Moe OBIBIIIEN IIYCTOI MeH3ypKU. B pes3yabTaTe B MepBOil 1 BTO-
poii MeH3ypKaxX ITOJYUYUTCA PABHOMEpPHAaA CMeCh IEPBBIX ABYX
sKugKocrtei. IlycTh Ha KAKOM-TO IITare B IePBBLIX B MEH3YPKaX
IoJIyueHa paBHOMEpPHAas CMeCh IIEePBBIX k MKUAKOCTell, IPUUEM
B KaXKIOU M3 9TUX MEH3YPOK COINEPIKUTCA ONMHAKOBOE KOJIU-

. 1
YeCTBO KUAKOCTU. IlepesslbéM B IyCTyI0 MEH3YPKY Bl CREA-

KOCTH KaKIOM M3 9TUX kK MEeH3YPOK, 3aTeM B KarKIyi us k

. 1 .
MEH3YPOK TePesbeM 7 JKUJKOCTH U3 (k+1)-7t MeH3YPKH 1
BbLIBEM B (k+ 1)-10 MEH3YPKY COMEep:KUMOe OBIBIIIEH IYyCTOM
MeH3ypKU. B pesyibrare B mepBhIX £+ 1 MeH3ypKax IoJyde-

HA PaBHOMEPHAs CMeCh IIePBBIX k + 1 :KuaKocTeii.

2. JIroboe gBU:KeHNEe, KOTOPOe IIEPEeBOAUT B ceds cucteMy
13 N TOYEeK, OCTaBJIAeT Ha mMecTe IeHTP Macc O 3TOM CHCTEeMBI
ToueK. JIBMiKeHMe IJIOCKOCTH, OCTaBjsAiollee Touky O Hero-
IBUXKHOM, — 5TO JINOO CUMMETPHUSA OTHOCHUTEJIBHO OCH, IIPOXO0-
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nsamet uepe3 Touky O, au6o moBoport ¢ meaTpoMm O (em. «Oc-
HOBHBIE (paKThI»). KaK cuMMeTpUs OTHOCUTEJIBHO OCH, IIPOXO0-
Isien yepes Touky O, TaK ¥ MOBOPOT ¢ eHTPoM O IepeBOIAT
JI00YI0 TOUKY A B TOUKY, JIeKAIIlyI0 Ha OKPYKHOCTU paguyca
OA c nentpom O. IlosToMy Bce TOUKH paccMaTPUBaeMOil CHU-
CTeMBI JIedKaT Ha OKPYsKHOCTU ¢ meHTpoM O u paguycom OA,
rge A — ogHa U3 TOYEK CHUCTEMBEI.

3. Cm. pemrenue 3agauu 4 aaa 9 KJjacca.

5. HaiiéM KOJIMUYeCcTBO KApTOUeK, Ha KOTOPBIX HAIIMCAHO
YucyIo n=p;'ps’...py*, TAE P1, ..., Pr — PABIUUHBIE IIPOCTHIE
IenuTeau dmcaa n. JJisg 9TOro cHavaJsia HAWAEM KOJIUYECTBO
KapToueK, Ha KOTOPBIX HANMCAHBI AEJUTENN YUCIa 1, MEeHb-
mue n. Kakaplii TaKoW meJIUTeNb SABIAETCA AeJUTEeNIeM Of-

n n
HOI'O M3 YMCeJI o o O6osumauum uepe3 A; MHOMKECTBO
1 k

KapToueK, Ha KOTOPBIX HAIMCAH OAWH M3 [eJUTeeil umciaa
n
—. 3amerum, uto A; NA;,N...NA, (IepeceueHre MHOXECTB

i

A;, ..., A))—BTO MHOXECTBO KapToueK, Ha KOTOPBIX HaIlu-
n
CaHBI JEJUTEJIN YHCIa e CiaemoBaTeIbHO, II0 YCJIOBUIO
iy o+ Pi
3amaumn,

|4, NA,N...NA| = —"—,
Piy -+ Pj
rze |A| — KoJIMUYeCTBO 9IeMEHTOB MHOKeCTBa A.

ITo popmysie BRItOUeHUiT 1 UcKIoueHuil (cM. «OCHOBHBIE
GdaKThBI») mOJIyuyaeM, UTO KOJMYECTBO KapTOUEK, Ha KOTOPBIX
HAIIMCAHBI JeJIUTEJU YUCJIA 7, MeHbIIINe 7, PABHO
k
U4

i=1

k

=> 1t > PR

=1 1<ir <...<iy<k

CiiemoBaTesIbHO, KOJIMUYECTBO KAPTOUEK, Ha KOTOPBIX HAIIKCA-
HO YICJIO 7, PABHO

k
4
i=1

n—

:n(1—pll)...(1—plk) = 9(n) > 0.
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B uacTHOCTH, KasKJ0e UMCJIO BCTPeUaeTcs XOTsa ObI Ha OJHOM
KapTouKe.

KommenTapuii. Ilonyuennaa QyHKNuA @(n) HaselBaeTca QYHKUU-
eli Jlsepa; MOXKHO TOKa3aTh, YTO OHA PaBHA KOJUUYECTBY UUCEJ, HE IIPEBOC-
XONAIUX N U B3AUMHO IIPOCTBIX C 7.

11 knacc

1. Beegém cuctemMy KoopauHAT ¢ HavajaoMm B Touke O Tak,
uyT0o0bI ocu Ox u Oy He ObLIU NapPAJLJIeIbHBI HA OJHOMY U3 IIPO-
BeIEHHBIX BeKTOPOB. CyMMa IJIWH HNPOEKITNI KasKIOT0 BEKTO-
pa Ha obe ocu KoopAuHAT OOJIbIIIEe IJIWNHBI BEKTOpPA, IIOTOMY
YTO CyMMa JJIMH KaTeTOB 0OJbIe AJNHBI TUIOTEHY3bI. Takum
o0pasoM, cymMMa OJUH HPOEKIINHA BCeX MPOBEAEHHBIX BEKTO-
poB Ha 00e ocu GoJibllie 4, TO3TOMY CyMMa IJIUH IPOEKIIUHA Ha
onHYy 13 oceil 6oJbimie 2. BeiOepem aTy och. IIpoekiiuu omgHOM
YacTU BEKTOPOB HA HEE MOJOKUTEJbHBI, a APYrod OTpPHILA-
TeJbHbI. CyMMa IJIWH OPOEKITNI OOHON M3 3TUX ABYX YacTeil
Ha BBIOpaHHYIO ochb Ooabire 1. Ho ecam mpoeKmuu BcexX BeK-
TOPOB HA HEKOTOPYIO IPAMYIO HAIpPaBJEHBI B OAHY CTOPOHY,
TO OJWHA CYMMbI 9TUX BEKTOPOB HE MEHbIIIe CYMMbI JJIUH WX
npoexnuii. CiemoBaTelbHO, AJHUHA CYMMBI BBIOPAHHBIX BEK-
TOpPOB GoubIrre 1.

KommenTapuii. B geficTBureabHOCTU cIpaBeanBa 0oJiee TOUHAS
OLIEHKa: MOJKHO BBIOPATh HECKOJbKO BEKTOPOB (MJiM, OBITH MOXKET, OIUH
BEKTOD), AJMHA CYMMBI KOTOPBIX He MeHbIne 4/7. Cm. «3amaum 1o IJIaHU-
MeTpuu», 3amaua 13.44.

3. M1 Bocmmosib3yeMcs TeM, UTO OBIIO MOJIyYeHO IIPU perre-
Huu 3agauu 4 aaa 8 kiaacca. HamoMEIM HeKoTOphble ob6o3HAUe-
Husi: [ — IeHTp BIMCAHHON OKpYysKHOCTH, B’ 1 C' — cepeauHbl
cropoa AB u AC. U3 pemenusa 3agauu 4 MbI 3HaeM, UTO TOU-
Ku A, B, C' u I nexar Ha OJHOM OKPYXHOCTH, T.e. TOUKa [
JIEKUT Ha TPOBENEHHON OKPYIKHOCTU.

IIycte AH — BBICOTaA, r — pPagnuyc BIIMCAHHON OKPY:KHO-

ctu. C ogHOM CTOPOHBI, ILIOMIaAb TpeyrodbuHuka ABC pas-
1 AH-BC r-(AB+BC+ AC)

—5 ,ac IPYroii CTOPOHLI OHA pPaBHA 5
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3r-BC AH
== Taxum obpasom, r = -5 ITo 03HAUAeT, UTO IpsaMas,
IIPOBeAEHHAA Uepe3 TOUKY IepeceueHus MeIuaH IIapajijiesb-
Ho BC, npoxoaut uepe3 Touky I. IIpsamas Al — O0ucceKkTpuca
yraa B’AC’, mostomy orpesku B'I u IC' paBHBI, KaK XOPJIbI,
cTaruBalomiue paBHble Ayru. CieqoBaTelbHO, TOUKA [ JIEKUT
HA CepeIuHHOM IIePHeHIUKYJApe K oTpe3ky B'C’, mosTomy
IPoOBedEHHAA IIpAMasa KacaeTcsd NPOBENEHHON OKPYIKHOCTU B

Touke /.

4. IIycts By, Bjy, ..., B, —cepenuHbl cCTOPoH A1A,, AyAs,
..., A A| maHHOTO MPABUJIBHOTO N-YrOJbHUKA, a HaApPes3bl —
aTo orpesku B:Ci, ..., B,C,. Paccmorpum yrael A;B:Cq, ...,

A,B,C, u BpiOepeM cpean HUX HAMOOJbLINMUN. Bes orpanuue-
HUA OOIIHOCTY MOYKHO CUUTATh, UTO yroa A;B;C; He MeHbIITe
OCTaJNbHBIX YIJIOB; B yacTHoctu, /ABCi > /A3B,C,. [loKa-
JKeM, uTo Torma orpe3xku B,C; u B,C, mepecekarorcsa (u Io-
ATOMY OTPE3al0T KYCOK IHPOTa).

Pacemorpum okpysKHOCTE ¢ fuameTpoM A,O, roe O — HeHTp
npaBUIbHOTO n-yroabuuka (puc. 82). Touxku B; u B, je-
JKaT Ha 9Toi okpy:kHocTu. Ilycts ayu B,C, mepecekaeTr aTy
OKPYKHOCTh B TOouke D,. Torma ByDy < AyDy= ByCy, 11039TO-

Puc. 82
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My Touka D, je:Xut Ha orpe3ke B,C,. Ilo mpeamoo:KeHmno
ZAlBlcl>4A23202:ZAlBlD2, IIO3TOMY JYy4Y BlCl mepece-
KaeT oTpes3ok ByC,. fcHO Tak:Ke, UTO TOUKA IepeceueHUs
JEeXKUT Ha oTpeske B;C;, IOTOMY YTO IJMHA BTOTO OTPE3Ka
paBHa guametpy A,O paccMaTpuBaeMoOil OKPY:KHOCTH.

5. Byzem HasbIBaTh APY3bAMU JIIOOBIX ABYX puIIIapeii, He
ABIAlomuxcsa BparamMu. CHauaja paccaguM BCeX phIlapei 3a
KPYTJBIM CTOJOM HPOM3BOJIbHO. IlycTh T'me-To 3a CTOJIOM CH-
OAT PSAAOM puIllapb A u ero Bpar B; I ompeae/IéHHOCTH Oy-
IeM cumTaTh, uTo B cugutr cupaBa ot A. Iloxkaxkem, uTo 3a
CTOJIOM €CTh MECTO, T'le PAAOM CumaT peinapu A — apyr A
u B’ — gpyr B, nupuuém B’ cumut cupasa ot A'. B camom nme-
Jie, PeIIIaph A UMeeT He MeHee N APY3eil; MecT cipaBa OT HUX
TaKk:Kke He MeHee 71, a BparoB y B me 6oJiee n — 1. ITosTomy Xo-
Ts OBI OTHO M3 MeCT cIpaBa OT apyra A’ puinapa A saHmMaeT
apyr B’ poinapsa B. Ilepecagum Temepb B 00pATHOM IIOPSAIKE
BCeX pBIapei, CUAAIIUX CIIpaBa OT A, HauuHAasd ¢ pbiapsa B
¥ BILIOTH 10 phinapsa A'. IIpu sToM u3MeHATCS JIUIID ITapbl COo-
cemeit A, Bu A’, B — oHU 3aMeHATCA Ha Iaphl apyseit A, A’
u B, B'. Takum 00pa3oM, YHCIO IIap CUSAIIUX PALOM BParos
YMEHBIIINUTCS IO KpaiHeir mepe Ha 1. IIpogoskas mepecasku-
BATh phIlapeil TaKUM JKe 00pasoM, MOKHO YHUUTOMKUTH BCE
mapsl CUAAIIUX PAIOM BParos.

1965 200 (XXVIII onumnuada)

IlepBroIii TYp

8 kaacc

1. ITyecte N — meHTp oKpy:kHOCcTH O. Torma cepequHBI OT-
PE3KOB CEKYIINX, 3aKJIOUEHHBIX BHYTPU OKpPY:KHOCcTH O 1
MIPOXOAAIINX Uepes TOUKYy M, sexar Ha OKpy:kHOcTH O C
nuamerpoMm MN. Vickomas cexkyIias b IPOXOAUT Yepes TOUKY
mmepeceyeHuA OPAMOU a M OKpPysKHocTH O, JeKaIllyio BHYT-
pu okpy:xkHocTu O. Ecim Takmx TOUEK IlepeceueHus HET, TO
WCKOMBIX CEKYIIIUX TOXKe HeT.
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2. [TokaskeMm, YTO IOJyUYeHHAs B YCJOBUM cyMMa S HaéeT
TOT K€ OCTATOK IPHU JAesieHn’ Ha 37, UTO U UCXOLHOE UKCJO 1.
Tark Kax umcao 999 menurca ma 37, ZOCTATOUHO TOKA34aTh,
4TO umcyaa S U 1 JaIT OJMHAKOBBINA OCTATOK IIPU LeJIeHUN Ha
999. ManbHeiilllee HOKa3aTeJIbCTBO AHAJOTUYHO IOKa3aTesb-
CTBY IIPM3HAKA AEJMMOCTH HA AEeBATH. A MMEHHO,

n—-S=a,...a0— S =
= ...+ Q312034103 * 103r‘ +...+asaqag -S =

= ...+ 0342034103, ° (103r — 1) + ... +asaqas -999 + asa10g -0.

Kaxxmoe caaraemoe B 9Toi cymMe gesautcsa Ha 999, mosTomy
BcA cymma geantcsa Ha 999. CiemoBaresbHo, uncaa n u S ga-
IOT OAUHAKOBBIN OCTATOK IIpu Aejenuu Ha 999.

3. Ilycts O — Touka mepeceuenusa npameix AB u CD. Ot-
Jgoxkum Ha Jjgyue OA orpesoxk OX, paBHblli AB, a Ha Jyue
OC — otpesok OY, paBubiii CD. [Iaa mio60oii Touku M 1L10-
maau TpeyroabHuKoB ABM u OXM paBHBI; IJIOIIAAU Tpe-
yronbHUKOB CDM u OYM toxxke paBHBI. MHOKECTBO TOUEK
P, nna KoTopwIxX Ijoinagu TpeyroabHukoB OXP u OYP pas-
HBI, COCTOUT U3 ABYX NPAMBIX: IPAMOM, IIPOXOIAIIell uepes
Touky O u cepequHy oTpedka XY, W IPAMOM, IPOXOAAIIE
yepes Touky O mapaJjienabHo npamoii XY . B xauecTBe Touku
M MOKHO B3STh TOUKY HepecedueHus IPAMOM a ¢ JI000H u3
9TUX TPAMBIX.

4. IIpeamosoKuM, 4TO BCe KOMAHABI CHITPAJI Pa3HOE UUC-
Jo Mmartueii. KoaumuecTBo MaTueii, CHITPAHHBIX HEKOTOPOU KO-
MaHI0Ii, MOKeT IpuHuMaTh oguo0 us 30 s3Hauenui (ot 0 mo 29).
ITo mpenmmosI0KEeHWIO BCe 9TU 3HAUEHUS Pa3HbIE, II09TOMY KasK-
Iloe TaKoe 3HaUeHUe JOJIPKHO BCTpeTuThesa. Ho aToro He MoKeT
OBITh, IOTOMY UYTO TOTZa €CTh KOMAaHIa, KOTopas He ChIrpa-
Jla HM OJHOT'O MaTdya, U eCTh KOMaHZAa, ChIrpaBIIasg CO BCEMU
OCTaJBLHBIMU KOMAaHaMMU.
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9 Kaacc

1. Ilycts azazasasa,a, — mamuoe uucao. Ilo moxkasamHOMY
B 3ajmaue 2 ojd 8 KJjacca IpPU3HAKY OeJINMOCTH Ha 37, MeHA
MecTaMU B 9TOM UHUCJe Iu(Pbl, HOMepa KOTOPBIX OTJINUAIOTCS
Ha 3, MBI CHOBA MHOJYYMM UYKCJ0, KOTOPOE TO:Ke OeJUTCS Ha
37. CiemoBaTeabHO, YNCJIO U5A4000301 03 TOXKe AeauTcsa Ha 37.

2. IIpexmoao:xum, uTo ncKkomasa Touka O mocrpoena. IlycTs
npambie AO u BO mepecexaoT ctopoHbl BC u CA B TOuKax
A1 nu Bl° Tor;[a ABl :31C:SAOB . SBOC =1:2 n CA1 :AlB:
=Scoa:Sisop=3:1. I3 aTOro BeITEKAET CJEAYIOIlee IOCTPOoe-
Hue. CHauaga cTpouM TOUKHU A; 1 By, a 3aT€M CTPOUM TOUKY
nepeceueHus npaMbix AA; u BB;.

3. ITo cBoiicTBy 6uccekTpuckl BM:MA=BC:CAu BK:KC=
=BA: AC. Ilostomy BM : MA<BK : KC, T.e.
AB BM BK CB
CraenoBaTeabHO, TouKa M GoJiee ygasena ot upsamoir AC, uem
rouxka K, r.e. ZAKM > /KAC=/KAM n /KMC < /MCA=
=/MCK. U3 Toro, utro LZAKM > /KAM, cnenyer, uro AM >
> MK (mpoTuB 0OJIBITIEH CTOPOHBI TPEYTOJbHUKA JIEKUT 60JIb-
i yroJ). AHaJoTUYHO JoKasbiBaeTcs, utro MK > KC.

4. Pelrrenne aHAJIOTUYHO peIleHUIo 3agauu 4 ajaa 8 Kjacca.

5. Bribepem cpenm BceX KYCKOB KOBPOBOII MTOPOMKKM, IIO-
KPBIBAIOIIIUX JIEBHIM KOHEIl KOPUAOpa, TOT, y KOTOPOTO IIpa-
BBIA KOHEI| caMbIii IpaBblii, M 0003HAYUM 3TOT Kycok I;. ITo-
cJe TOTO KaK BbIOpaH KyCcOoK [,, BbIOEpeM cpean BceX KYCKOB,
TMOKPBIBAIOIINX €r0 IIPaBbIA KOHEI], TOT, ¥ KOTOPOTO IpPaBBI
KOHeI caMbIii mpaBbIii. TakuM o0OpasoM BBIOEPEM HECKOJIb-
KO KYCKOB, HOJHOCTBHIO IMOKPBIBAIOIIUX Kopuxop. Kycok I,
He mMeeT OOIIMX TOuYeK C I, TaK Kak WHa4Ye BMeCTO [, 1 MBI
IOJI:KHBI ObLIN ObI BRIOPATH [) 2. IlosTOMY Kakmasa Touka Ko-
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pumopa IMOKpBITa He Oojsee ueM ABYMS KycKaMu I,, IpPUUEM
KaKas-TO YacThb JIEBOT'O KOHIIA KOPHUAOPA HOKPBITA TOJBKO
Kyckom I;. CiemoBaTesbHO, CyMMa JJIUH BBIOPAHHBIX KYCKOB
MeHbIIe YABOEHHON NJIWHBI KOPUAOpa.

10 xaacc

1. ITycTes okpy:kHOCTL O Kacaetrcsa ctopoH AC u AB Tpe-
yroabHuKa ABC, okpysKHOCTE Oy Kacaercs cropod BC u AB,
O — BmHcaHHAA OKPY:KHOCTLE. O003HAUNM PAgUyChl OKPYKHO-
creit O, O, u Oy uepesd r, r; u re. Illyete ABC; u A3BCy —
TPEeYyroJbHUKN, B KOTOPhIE IIepexoauT TpeyroabHuk ABC mpu
TOMOTETHUAX ¢ IHMeHTpaMu A u B u Kos(duiineHTaMu roMmore-
TUU '\ /T U I's/r cooTBeTcTBeHHO. Torma oxkpy:xuoct O u O,
SABJIAIOTCSA BIMCAHHBIMU IJIA TpeyroJabHUKOB AB{C; u Ay;BC,.
CiiemoBaTe/IbHO, 9TH TPEYTOJbHUKY IIEPECeKaIoTCs, TaK KaK
uHaue okpy:kHOCcTH O 1 Oy He uMean ObI 00ITUX TOUueK. Ilo-
atomy AB; + AsB>AB, T.e. ri+ry>r.

2. W3 mpusHaka geamMocTu Ha 37, TOKa3aHHOTO B 3ajaue 2
oas 8 Kiacca, ciaegyeTr, 4TO, MEHSs MecTaMu IU(pBI, HOMe-
pa KOTOPBIX PasIMYalOTCsA HA TPU, MBI CHOBA IIOJYYAEM YKC-
Jo, pensineecsa Ha 37. Ecam u3 gaHHOro umcia TAaKUMHU 3aMe-
HaMM HEBO3MOJKHO IIOJYUYHUTH APYroe 4YuCJIO, TO JaHHOE YNC-
70 umeer Bux abcabe =1001-abe. Tak xax umcaa 37 u 1001
B3AXMHO IIPOCTHI ¥ ZAHHOE YHCJIO AeJuTca Ha 37, unucio abe
troyke menurca Ha 37. CiemoBarenbHo, unucao 10-abec=abcO
nenutcs Ha 37. ITo mpusHAKY HeIMMOCTH Ha 37 uucio bea =
=a+bc0 menmurcs Ha 37, a s3Hauwmr, uucio abcbca memurcs
Ha 37. IIoCKOJIBKY B MCXOJZHOM UMCJIE €CTh XOTS ObI ABe pas-
JIMUYHBIEe IIU(PPHI, TOCTPOCHHOE UYMCJIO OTJIMYHO OT MCXOTHOTO,
4TO U TPeOOBAJIOCH NOKA3ATh.

3. IlycTh oTpes3ok BC MOCTOSIHHON AJINHEI CKOJIB3UT II0 CTO-
poHaM yriia ¢ BepmimHOu A. PaccMOTpUM ONMCAHHYIO OKPYIK-

.. BC
HOCTh TpeyroabHuka ABC. Eé paguyc R= 5 sin A4 TOCTOSHEH.
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PaccmaTpuBaeMbIii OTPE30K MEePHEeHAUKYJIApa OT ero OCHOBAa-
HUSA 0 TOUKU IIepecedyeHns ¢ OMCCeKTPUCON yrJja — 3TO OTpe-
30K, coefuHAINMUI cepenquny ayru BC c cepefunHON XOPAbI
BC. fcHo, 4TO OH MMeeT MOCTOSAHHYIO IJINHY.

4. Cm. pemtenue 3agaunm 1 naa 11 Kiacca.

5. Pemmum 3amauy B o0IeM cJjydae, KOoTga KBaapaT IpPo-
KOJIOT B 7 TOUKaX. IIyCTh UMCIIO MOJIyUYeHHBIX TPEYrOJbLHNKOB
pasHO x. C OZHOI CTOPOHBI, CYMMAa YIJIOB BCEX 3TUX TPEYIOJb-
HUKOB paBHa x-180°. C gpyroii cropoHsl, oHa paBHa 360° +
+n-360° (cymMa yriioB KBaapara u cymma yrios 360° npu n
Bepimuuax). CiegoBarenbHo, x = 2n + 2.

IIycts uwmcsio mpoBeAEHHBIX paspe3oB paBHO y. C oxmoOit
CTOPOHBI, YKCJIO CTOPOH IIOJYUYEHHBIX TPEYrOJbHHUKOB PABHO
3x. C mpyroii cTopoHbl, OHO paBHO 4 + 2y (KasKaadA CTOPOHA
KBaJIpaTa YYMTBIBAETCSA OAWH pas, a KaKIbIll paspes — IBa

x—4
3 =3n+1.

3
pasa). CaemoBaTenbHO, Y =

11 xaacc

1. Tpebyercsa morasaTb, YTO ecau |x|>2, TO PaBEHCTBO
xMtxm+,..+£x"=0, roge ny >ny>...>n, >0—1eare ync-
Ja, He MOKeT BbIIOoJHATbeA. IlyeTs g = |x|. Torza

qn2+1 -1

g =g tq" £...£q" 1

<gP+gn T g+l =

¢t -1
qg—1
HO, ¢212 > 2¢™+1 > 2¢™+! — 1, mosromy ¢"2F2 — gl > gt — 1,
IlogenuB obGe wacTu 5TOro HepaBeHCTBA Ha ¢ — 1, mosyuya-
em Tpebyemoe. Takum obpasom, g™ < g2t < ¢g™. IlosydeHHOE

IIPOTUBOPEUNEe MOKa3bIBaeT, uTo X" £+ x™ £ ...+ x™ #£0.

HokakeMm, 4TO ecau ¢ > 2, TO < q"t!, eiicTBUTEND-

2. Ilpeamosao:KuM, YTO MBI IIOCTPOMJIN OKPY:KHOCTH Si, S
u S3, TIIOIIAPHO Kacaloliuecs B JaHHBIX TOuKax: S; u S, Kaca-
forcsa B Touke C; S; u S;— B Touke B; S; u S; — B TouKe A.
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IIycts Oq, Oy 1 O3 — TeHTPBI OKPYIKHOCTEHN S1, Sy u S3. Torma
Touku A, B u C je:xar Ha cTopoHax TpeyroabHuka 0;0,0;
WJIN Ha MX OPOJoJ:KeHUsax, mpuuém O;B=0,C, 0,C=0,A
u O3A=03B. Ilostomy Touku A, B u C SBIAIOTCA TOUYKAMU
KacaHWsA BIIMCAHHOW WJIW BHEBONCAHHON OKPYXKHOCTU Tpe-
yroabHUKA 005,03 cO CTOpOHAMMU.

W3 sToro BeITEKaeT ciaenyioiiee moctpoenre. CTpouM Omu-
CaHHYIO OKPY:KHOCTH TpeyroabHuKka ABC 1 OpoBOAUM K Hei
KacaTenbHble B Toukax A, B u C. TouKu mepeceueHUsT 3TUX
KacaTeJbHBIX ABJIAITCA IIEHTPAMU NCKOMBIX OKPYsKHOCTEI.

3. 3aMeTuM cHauaJja, UTO JII00OH KOpeHb TAKOI'0 ypaBHe-
V541

5 HelicTBUTENBHO, €CIIU X > X,

HUA HE IIPEeBOCXOIAUT X —
TO

x> +px+e>—a—1=0.

Kpome Toro, 1100071 Takoil KOpeHb He IIpeBocxoauT —o. Ileii-
CTBUTEJILHO, €CIU X — KOpPeHb ypaBHeHus x> +px+c=0, 1o
—Xx — KOpeHb ypaBHeHUs x2 — px + ¢ =0, mosTromy —x < o.
HoxaxxeM Temepb, UTO JII0OOOE UKUCIO MEKAY —X U O MOYKET
OBITHh KOPHEM TaKOTO ypaBHeHUs. PaccMoTpuM cHauaja ypas-
HeHNA Bujga x2 —px —1=0, 0 <p < 1. Boapmuii KopeHb TaKO-

p+p?+4
2

x(1) = a, m000e umcio Mexay 1 m o ABIsSeTCA KOPHEM OJHO-
ro u3 Takux ypasHeHuii. CiaemoBaTesbHO, JI000€ UHCIO MEXK-
oy —au —1 aBisercsa KopHeM ypaBHeHHs Bujga x2 +px —1=0.
OcTasoch HOKasaTh, UTO JII00oe umeao Mmexxay —1 u 1 aBaser-
cA KOpHeM ypaBHeHHA Buaa x2+ px +c¢=0. Ho uucno x, as-
JIgeTca KopHeM ypaBHeHUS x2 + (—xo)x+0=0.

r'0 YypaBHEHUs paBeH x(p) = . ITockoabpry x(0) =1, a

4. IIycts C — Touka OKpy:KHOCTH O, muaMeTpaJbHO IIPO-
TUBOMIOJIOKHAA TouKe A, a K — oCHOBaHUe IePIeHINKYJIApa,
OIMyIIIEeHHOTO 13 TOUKu A Ha npamyio BC.

Bosbpmém mpousBosbHYI0 TOUuKY M Ha okpyskHOcTH O. IlycTs
H — ocHOBaHUe BBICOTHI, IPOBEIEHHOMN 13 TOUKU A K IIPAMOM
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BM. Bo-niepBuIX, Tak Kak yroa AHB npsamoii, Touka H JIeXKNUT
Ha cdepe, ITOCTPOEHHON Ha OoTpe3Ke AB Kak Ha AuaMerpe.

Bo-BToprix, AB | CM (upavas AB mepneHIUKYJIApPHA K
ILJIOCKOCTH OKPYsKHOCTH O, MOATOMY OHA IEPIEeHAUKYJIAPHA
u K mpamoit CM, jne:xarieit B aToi miaockoctu) u CM | AM,
mosTomy npamas CM mepneHIUKYIApPHA IaocKkocTu BAM, B
yactaHoctu, CM | AH. Kpome Toro, AH | BM, miosToMy mIps-
mMasa AH mnepneHgukyiaspHa miaockoctu CBM; B uacTHOCTH,
OHa mepHeHAUKYyJIapHa npavoi KH. Takum o6pasoM, TOUKa
H nexxut Ha cdepe, IOCTPOCHHON Ha oTpe3ke AK Kak Ha aua-
MeTpe.

IIBe mosyueHHbIe cephbl IepeceKarTcsd II0 OKPYIKHOCTH,
KOoTOopasd, 3a UCKJIUEHEeM TOUKU A, U eCTh MCKOMOe MHOKe-
CTBO.

5. [lomycTuM, YTO 3TO BOBMOKHO. ByaemM roBopuTh, 4TO Ia-
pa udp a u b obpasyer 6ecnopsdok, eciu KapTOUKU, Ha KO-
TOPBIX HAIMCAHBLI 9T HUMPPHLI UepemyioTcsd, T.e. UAYT Jubo
B mopsaake abab, nubo B mopsaake baba. 3ameTum, UTO UET-
HOCTBH UYMCJIa 0eCIOPSIAKOB, B KOTOPBIX ydacTByeT Iudpa a
COBIIaJIaeT C YETHOCTHIO caMoi 1udpsl a. [leiicTBuTEeILHO, BCE
KapTOuKM, JIe)Kalllie MeXKIy KapTouKaMH’, Ha KOTOPBIX Ha-
nucaHa mudpa a, pasduBaioTCcA Ha Te, C KOTOPBIMU Hudpa a
o0pasyeT OecIOpSAOK M Iapbl KapTOueK, Ha KOTOPBIX HAIIU-
caHBI oguHAaKOBEIe MudprI. CiregoBaTeIbHO, YETHOCTD 0OIIIET0
YucJaa yIacTUH KapToueK B OecropsAgKaxX COBHAgaeT ¢ UETHO-
ctbio uncya 1+ 2+... +9=45. C 1pyro#i CTOPoOHLI, 3TO YNCJIIO
IOJIXKHO OBITH B ABa pasa 00JbIle 00Iero uucja 6ecImopsagKoB
(TOCKOJIBbKY KaKAbIA OecrmopsmoK ObLT yuTEéH aBasknbl). Ilo-
JIyYeHHOe IIPOTUBOpeYre NOKA3bIBAeT, UTO OIMCAHHASA B YCJIO-
BUU CHUTyaIllsd HEBO3MOYKHA.

Bropoii Typ
8 xaacc
1. Ilyers a,=a,, npuuém n>m. PaccMoTpuM mocJieno-
BaTeJIbHOCTb b, =a, —a, m_ . JIETKO IIPOBEPUTH, YTO KaXK-
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OBIA YJIeH 5TOU IIOCJeNOBATEJbHOCTU TaKJyKe PaBeH YeTBep-
T CYMMBI ABYX COCeTHUX U, Kpome Toro, b,=b, =0. IToxa-
sxeM, 4To b, =0 pua goboro k. Ilpegmonoxxum, uto b, 1 > 0.
Torma bm+2 = 4bm+1 - bm = 4bm+1 > bm+1a bm+3 = 4bm+2 - bm+1 >
>3b,.2>by, 2 U T. ., T.€. HAUWHAA C 4JeHA b, IOCIERO-
BaTeJbHOCTh Bo3pacTaer. B wactuocTu, b, >0, uero me MoKer
oviTh. Coryuait, xorma b,,1 <0, paccmarpmBaeTcsa aHAJIOTUU-
HOo. Takum obpasom, b, =b,.1 =0, nmosromy b, =0 gua Bcex
k, T.e. ay=a, n_r BIA BCex k, mMOATOMY B IIOCJIEOBATEJb-
HOCTH eCTh OECKOHEUHOe UMCJO IIap PaBHBIX MEXIy CO0O0Ii
YuceJI.

2. IlycTe 3a OOHY CEKYHAY IIap cMelllaercsa Ha 1 IO ropu-
souTagu 1 Ha 1 mo Beprukaau. Torga Kaxasie 26 CeKYHJ I1ap
yIapseTcsi 0 TOPU30OHTAJLHYIO CTOPOHY OMIBAPLA, a KayKIble
1965 cexyng — o BepTukaabuyo. Illap momagaer B Jy3y, ec-
JI OH OJHOBPEMEHHO yHapsieTcs O BePTUKAJIBHYIO U O I'OPHU-
30HTAJBbHYIO CTOPOHEI. IlocKoMbKY uncia 26 u 1965 B3auMHO
IIPOCTHI, 9TO BIePBLIEe IPOU30UIET uepesd 26-1965 cexyHza. 9To
OymeT 4éTHOe CoyIapeHte C BePTUKAJIBHON CTOPOHOUN OUJIbSP-
Ia 1 HEeYETHOe COoyAapeHle ¢ TOPU30HTAJLHON CTOPOHOM, T. €.
IIap MOMaAET B BEPXHIOIO JIEBYIO JIY3Y.

3. Bospmém 1965 mgumckoB, pacKpallleHHBIX TaK Ke, Kak
MEHBLIIINA M3 HANIUX AWCKOB, M MOJOMHM X Ha OOJBLIINIA
IVCK TaK, 4YTOOBI OHM 3aHUMAaJd BCE BO3MOXKHBIE IIOJIOMKE-
Hus. Torga HaJ KaKILIM OKPAIIeHHBIM CEKTOPOM OOJIBIIIETO
nucka pacmogo:keno 200 oKpallleHHBIX CEKTOPOB, T.e€. Bce-
ro umeercsa 200? map coBmafarIUX OKpAIleHHBIX CEKTOPOB.
IlycTs nmMeeTCs n IOJIOMKEHUU MEHBIIIETro AUCKAa, IIPU KOTOPBIX
¢ OOJIBLIIMM AUCKOM COBIIaZaeT He MeHee 21 maphbl OKpallleH-
HBIX CeKTOpoB. Torma 4mciio COBHaJAeHUHN OKPAMIEHHBIX CEK-
TopoB He MeHbIIe 21n. Takum obpaszom 21n < 2002, mosTomy
n<1904,8. Tax xak n — 1eJjoe uucgo, To n < 1904. Cienosa-
TeJbHO, I0 KpaiiHeii mepe mpu 1965 — 1904 =61 mosmoxeHUAX
coBmazaet He Oojsiee 20 map OKpaIllleHHBIX CEKTOPOB.
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4. Beemém cucTeMy KOOPAMHAT BIOJb YJUI[, TaK UTO Me-
CTO, T/Zle IOSABJSETCS TaHTcTep, OyaeT mMeTh Koopamuaty 0,
KOOPAMHATHI BePTUKAJbHBIX TPAHUI] JOMOB OyayT 6n + 1; To-
rIa KOOPAMHATHI IMOJUIEHCKUX B HAYAJbHBIM MOMEHT OYAYT
18k, rme k — mennle uncia (puc. 83).

0 C 6 12
Puc. 83

Ecau ramrcrep Oymer gBurathbCcs B Ty K€ CTOPOHY, UTO U
IOJUIleICKEe, TO eT0 3aMEeTHUT IIOJINIEMCKUIN Ha IIyTHU U3 TOU-
Ku A B TouKy B. [leficTBUTEIHHO, BO BPEMS 9TOTO ABUKEHUA
nosuiiefickuii BuguT Touky C, IIOSTOMY TaHTCTEP HE MOIKET
npoiitu dyepes Touky C HesaMeueHHBIM. A 13 TOUKH B moju-
IeMCKUIl BUAUT BeCh OTPE30K OT Hauaja KOOPAWHAT A0 TOU-
Ku C.

IIpeamosioskuM Telepb, UTO TaHI'CTEP ABMUIYKETCA B HaIIpaB-
JIEHUU, IIPOTHBOMIOJIOMKHOM HAIIPABJIEHUIO IBUKEHUSA IIOJII-
IeMCKUX, CO CKOPOCThbIO ov. IlycTh B MOMEHT %, CTPOTO Ha-
IIPOTUB HEro HAXOAUTCA KaKOI-I100 M3 MOJUIEHCKUX. ITO

18k
osHauaeT, uTo (V+ av)to =18k, T.e. ty= T B »sToT Mo-
[0
MEHT raHI'cTep HAXOAUTCA HA PACCTOAHUN vty = —— - 18k or

1+«
HavaJia KoopAmHAaT. ICHO, UYTO B TAKOW MOMEHT ITOJIUIIEHCKUN

3aMETHUT IaHI'CTepa, €CJH OHU He pasiesieHbl qomoM. IlosTo-

MY, YTOOBI IOJIUIEICKIEe He 3aMeTHUIN MaHTICTepa, AJs JI060ro

L[eJIOTO UmeJIa kB JOJIXKHO HANTHCH TAKOE IIeJI0e YHCJO 1y, UTO
o

6nk—1<m18k<6nk+1,
T. €. 1 3 1
x
L E
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3a
1+«

1 1
TeJbHO, €CJU OHO PaBHO Ny + €, I'Ie 3 <eg % u €#0, To gisa

B rakom cayuae umcio IOJYKHO OBITH HeabIM. IleificTBu-

1
HEKOTOPOro I1eyioro k uucio |ke| 6ombiie > HO MeHbIIe 1.
3a
JIerKo mpoBepUTH, UTO YMCJIO 15, [eJI0e, TONBKO ecin

1
A= 5 WK A= 2.

ITokaskem, uTo ecau o= 2, TO IOJIUIEHCKNE HE 3aMETT
raurcrepa. Hamboabiiee paccrosuue (BEOJL YJIUIBI), Ha KO-
TOPOM IOJHUIIEMCKUNA MOXKeT YBUIETh TaHrcrepa paBHo 12

(puc. 84). ITosToMy B KasKIbIii MOMEHT BPeMEHM HAaC HHTe-

12
Puc. 84

pecyior He OoJiee AByX moauieiickux. Ho ama Kakmoro ms
9TUX ABYX IMOJUIEHCKUX B JIIO0OOM MOMEHT BPEMEHU OTPE30OK,
COEIUVHAIOIINN MOJHUIEHCKOT0 ¢ TAHICTePOM IIPOXOIUT Uepes
GUKCUPOBAHHYIO TOUKY — CepeIUHYy CTOPOHBI goMa (puc. 85).
ITOT AOM 3aropa’kMBaeT raHIcTepa OT IIOJUIEHCKOTO.

1
Hma a= 5 baccysxeHus aHANOTUYHBI, HYXKHO TOJBKO IIe-

PeBepHYTH PUCYHOK 85.
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9 kaacc

1. CHauaja mOJOKUM Ha MPABYI0 YaIlIKy BECOB IIO OJHOM
MOHETEe M3 IIEePBBIX MIATH MEIIKOB, 4 Ha JEeBYIO — II0 OJHOI
MOHETe 13 CJAeAVIOIUX MATH MEIIKOB. KcJM Bechbl HPUIILIN
B paBHOBecue, TO (paJbIIMBbIe MOHETHI B OLUHHALIIATOM MeIII-
Ke. EcJiz sKe 5TOro He CIyYmJjoch, TO PA3HOCTb MACC, KOTOPYIO
IIOKA3bIBAIOT BEChI,— 35TO PA3HOCTh MEJKAY MAacCOil HaCTOs-
el 1 (pasbIInBOI MOHET, 8 MOHETHI B OAUHHALIIATOM MEIIIKe
HacrosdAmre. B 9ToM ciyuae BTOPLIM B3BEIIINBAHMIEM IIOJIOMK M
HaA TPaByIO YaIIKy OAHY MOHETY M3 IIePBOr0 MEIKa, IBe MO-
HeTHI U3 BTOPOT'O MEIIKAa, ..., JeCATb MOHET U3 NeCATOr0 MeIll-
Ka, a Ha JeByio vamky — 1+...+10=55 Mmouer u3 oguHHAa-
IIIaTOro MeIrka. PasgeluB pasHOCTh, KOTOPYIO IIOKaXKyT Be-
ChbI, HA PA3HOCTb MAacCC, MOJYUYEHHYIO B IIePBOM B3BeIIMBAHUU,
MBI IIOJIYYUM HOMEP MeMIKa ¢ (GaJbIINBLIMA MOHETAMMU.

2. Byzem cuuTaTh, UTO IITapUK BBLIETEJT M3 JIEBOTO HIUMK-
Hero yrja OuiabApAa B HYJIEBOM MOMEHT BPeMeHHU U IIOIIaj
B cepeanHy TOPU3OHTAJbHOII CTOPOHBI. IlycTh ITapuk yna-
pAeTca 0 FOPU3OHTANLHYIO CTOPOHY OMIbApPAA KasKIble a ce-
KYHI, a 0 BePpTUKAJbHYIO CTOPOHY — KaKable b cekyuna. Torma
coymapeHune C CepeIruHON TOPU30HTAJLHON CTOPOHBI IIPOM30-
IIIJIO B MOMEHT BpeMeHU’, KOTOPBIi, C OOHOM CTOPOHEI, MEeT

o 1
Buf ka, a ¢ APyroii CTOPOHLI — BHJ, (l+ E)b’ rae k u [ — Hary-
panbHble ynchaa. IIpeamosoxum, 4To B KaKOM-TO APYIOi MO-

MEHT BPEMEeHU MIapUK IIOTAaJl B CEPEIUHY ITPOTUBOIIOJIOMKHOMN
CTOPOHBI OMIBAPLA. ITOT MOMEHT BPeMeHHU HMeeT Bun k'a =

= (l’ + E)b’ rae unciaa k u k' pasuoi yérHoctu. CiremoBareib-
HO, MEXIY 9TUMHU coObITHAMU mpounio (B —k)a= (I’ —1)b ce-

KyHI. Ilesnsa 3TO paBeHCTBO Ha PaBEeHCTBO k'a = <l’ + %)b, mo-
JydyaeMm

K-k U-—l

2k 2 +1°
Ho 5TO paBeHCTBO HEBO3MOJKHO, IMOCKOJBLKY uwmciaa k' —k u
2l' +1 HeuéTHEIE.
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5. UTo0bI He paccMaTpPUBATh PasjJWUYHBLIE BAPUAHTHI PACIIO-
JIOKEHUS TOUYeK, BOCIIOJb3yeMCsS CBOMCTBOM OpPUEHTHUPOBaH-
HbIX yriaoB. Ilycte mpamble FG, GE u EF mpoxomsar uepes
Touku A, B u C, npuuém TpeyroabHuK EFG paBHOCTOPOHHUI,
r.e. Z(GE, EF)=/(EF, FG) = Z(FG, GE) = +60° (3HaK 1.J10C
OepéTcsa B TOM caydae, Korga npaMmas EG mepexoauT B Ips-
myio EF mpu moBopoTe Ha 60° IpPOTHMB YacoBO# CTPEJIKHU, a
3HAK MUHYC — KOT/a 110 YacoBoii ctpenke). Torma /(BE, EC) =
=/(CF, FA) =/Z(AG, GB) = +60°. BribpaB oguH 13 3HAKOB,
MMOJIYYUM TPU OKPYKHOCTU Sg, Sp U Sg, Ha KOTOPBIX ITOJIMK-
HBI JeKaTh Touku E, F u G. JIo6as Touka E okpyXHOCTA Sg
OMHO3HAUHO OIpeaeaseT TpeyroabHuk EFG.

IIycts O — nierTp Tpeyroabauka EFG; P, R u @ — TOYKHU
nepeceuenus npamMbeix OE, OF u OG ¢ COOTBETCTBYIOIUMU
OKpy:KHOCTAMU Sz, Sy u S; (Ha pucyuke 86 nzobpakeHa Tou-
ka P). Hokaxkem, uTo P, @ 1 R— IeHTPhl IIPABUILHBIX Tpe-
YTOJIBHUKOB, IIOCTPOEHHBIX HA CTOPOHAX TpeyroiabHuka ABC
(o1 OMHOTO ceMeMCTBA OIMMCAHHBIX TPEYTOJbHUKOB 3TU TPe-
YTOJBHUKU OCTPOEHBI BHEIITHUM 00pPasoM, JIJis APYroro BHYT-
penHuM; Ha pUcCYHKe 86 1M300pakEH MPABUILHBIA TPEYIOJIb-
HUK, IIEHTPOM KOTOPOTO ABJIAeTcA ToOuKa P), a Touka O JeKuT

F
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Ha ONMHMCAHHOM OKPY:KHOCTH TpeyroiabHuka PQR. §lcHo, uTO
/(CB, BP)=/(CE, EP)=/(EF, EO)=7F30°, a Z(BP, CP) =
= /(BE, EC) = Z(GE, EF) = £60°. Ilostomy Z/(CB, CP) =
=/(CB, BP) + Z(BP, CP)=+30°. CnemoBaTenbHo, P — 1eHTD
MIPaBUJILHOTO TPEeyroJbHUKa co cropoHoit BC. [lna Touek @
u R moKasaTeJbCTBO aHAJOTUYHO.

Tpeyroapauk PQR paBHOCTOPOHHUII, IIPUUYEM €ro IeHTP
COBIIAZaeT C TOUKOI IepeceueHns Meanan TpeyroabHuka ABC.
YTo0BI JOKAa3aTh 9TO, CHAUAJA AOKaKeM CJIeAyiolllee BCIOMO-
ratejbHOe yTBepsKaeHue. Ilycts Ha croponax AB u AC Tpe-
yroabHUKa ABC BHEITHUM 00pasoM IIOCTPOEHBI IPAMOYTOJb-
Hble Tpeyroabuuku ABC; u ABC, upuuém /C,=/B;=90°,
ZABC; = LACB; = ¢; M — cepegura BC. Torga MB;=MC,
u ZB1MCy = 2¢. [lelicTBUTeNbHO, IyCTh By u Cy — cepeJUHEI
cropor AB u AC. Torga MB,=AC/2=CyB;, MCy=AB/2 =
== BgCl nu lclBgM == lclBgB + ABBgM == ABngC + ACC2M ==
=/BCyM. Cnemosarenbno, AMCy,B; =AC{BsM, a 3Hauur,
MC{=MB,. Kpome toro, /B,MC,+ /ZCoMB;=/CyB;M +
+ 402MBI == 180O - AMCgBl, a 4M0231:4A+400231:4A+
+(180°—2¢). CremoBarensro, LB MC1=/B;MCy+2¢9p—LA=
=2¢. (Cuyuaii, xorga /C1B;B+ ZBB;M >180°, pazbupaercsa
aHAJIOTUYHO.)

Temeps y:xke MOKHO [JOKasaTh TpedyeMoe yTBep:KIeHUe.
Bosbrmém ma cropomax AB m AC rtaxkue Ttouku B’ u C’, uto
AB :AB=AC': AC=2:3. Cepenguna M orpesxa B'C’ cosma-
IaeT ¢ TOUKOH IepeceueHus Menuan Tpeyroabuuka ABC. Ilo-
crpouMm Ha cropoHax AB’ m AC' BHemIHMM 00pa3oM MIPAMO-
yronbHble TpeyronbHuku AB'C; u AB;C’' ¢ yraom ¢=60°.
Torga B; u C, — IieHTPHl MPABUJBHBIX TPEYTOJbHUKOB, IIO-
CTPOeHHBIX Ha cTopoHax AB u AC; ¢ Ipyroil CTOPOHEBI, KaK
TOJIBKO 4YTO ObLIO mJokasamo, MB;=MC, u /B;MC;=120°.
(Bce yTBep:KAeHUS OCTAIOTCSA BEPHBIMH U AJS TPEYTrOJbHU-
KOB, IIOCTPOEHHBIX BHYTPEHHUM 00pasoM).

Jlerko mpoBeputh, uTo Z (PR, RQ) =F60°=~L(OE, OG) =
=/Z(0OP, 0OQ), T.e. Touka O JeKUT Ha ONNCAHHOU OKPYIKHO-
cTu Tpeyroabuuka PQR.
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10 xaacc

1. B sagaue 1 gns 9 KJjacca IMOKasaHO, KaK OIPEAEJUTH
MEIIIOK ¢ (paJbIINBLIMY MOHETAMM 34 JBA B3BEIIVBAHII.

3a ONHO B3BEIIMBAHNE STOT MEIIOK OIIPEIEeNNUTh HeJIb3d.
IelicTBUTEIbHO, IPU JIOOOM B3BEIIIMBAHUU MOKET CJIYUUTh-
cf, UTO IIepeBelllMBAeT YalllKa, Ha KOTOPOI UYMCJIO MOHET He
MeHbIIle, YeM Ha APYroil Jalllke, a TOrJa MbI HE CMOYKEM Ja-
JKe OIpeJesInThb, HAa KAKOH M3 ABYX UallleK eCTh (PAJbIINBLIE
MOHETEI.

2, IlpenmosioKuM, UTO 9TOT Tpoliecc OeckoHeueH. Torma
HaAWIyTCA TaKue HOMepa CJOEB i W j, UTO i-U CJIO coBmajmaeT
¢ j-M, a (i+1)-it caoit coBmamaer ¢ (j+ 1)-m, mpuuém i<j.
W3 ycaoBus yKJIaIKU KYOUKOB JIETKO 3aMETUTD, uTO (i — 1)-it
CJIO BOCCTaHABJIWBAETCA OJHO3HAUHO U, CJIEJOBATEJIbHO, COB-
nagaer ¢ (j—1)-m, (i—2)-ii ¢ (j—2)-m u T.1. B yacrHOCTH,
BTOPOWH cJIoii coBnazgaer ¢ (j—i+2)-M, a nepBblii — ¢ (j—i+1)-Mm.
CiemoBaTesbHO, Y KaxI0T0 Kyouka us (j—i+ 1)-ro ciosa HyX-
HOe YHCJIO coceeli APyTroro IiBera cpeau Kyoukos (j—i—+ 1)-To
u (j—i+ 2)-ro ci0éB, IMOCKOJIBKY Yy KaKJI0ro KyOomuKa 1u3 mep-
BOTO CJIOSA HYXKHOE UUCJIO COCellell cpein KyOMKOB IEPBOTO U
BTOPOTO CJIOEB. Kpome TOro, Mo MOCTPOEHUIO Yy KaMKJIOr0 Ky-
ouxa u3 (j—i+ 1)-ro ciog HYKHOe UYHCJIO coceleil APyroro
1mBera cpenu KyOomkoB (j—i)-ro, (j—i+1)-ro m (j—i+ 2)-To
cyoés. ITosTomy mox KaskabIM Kyoumkom us (j — i+ 1)-ro cios
HaxoauTcA KyOMK TOTO JKe caMoro IiBera, T.e. (j—i)-# caoi
coBmazgaer ¢ (j—i-+ 1)-m. Ho aTo o3Hauaer, 4To y KasI0TO Ky-
O0uka u3 (j —i)-ro cjiod HysKHOe UHMCJIO Cocelell APYyroro BeTa
cpenu KyOmkKoB (j —i)-ro u (j—i+ 1)-ro cioés, T.e. mporecc
IOJIsKeH OBLJIO OCTAaHOBUTHCA Ha (j —i)-M cJioe.

3. amenus, eciu Hazmo, eAUHUITY U3MEPEHUA JIUHBI, MOK-
HO CUMTATh, UTO UKCJA P U ¢ B3aUMHO IpoCThI. [lanee, mame-
HUB CKOPOCTH IITapuKa, MOKHO CUUTATDH, UTO ITAPUK 34 OLHY
CeKyHIy cMelllaeTcsa Ha 1 1o BepTUKaJW U Ha 1 IO TOPU30H-
rasu. Torga mapuk Kakible p CEKYH yAapsieTcsa O TOPU30H-
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TaJbHYIO CTOPOHY OMIBAPIA, a KaKJble ¢ CeKYHI ero abciiuc-
ca KpaTHa ¢. 3aMeTHM, YTO IIIapWK IIOIaJaeT B Jy3y TOT[a,
KOT/[la 9TU COOBITUS IIPOUCXOAAT OTHOBpPeMeHHO. IIoCKOJBKY
YucJa p U ¢ BBAUMHO IIPOCTHI, BIIePBbI€ 3TO IIPOMBOMIET uUe-
pe3 pq ceKyHJ Iocjie BhLIETA IMapuiKa u3 yriaa ouabapga. Ilo-
CKOJIBKY UMCJIO p HEUETHO, abcIiucca ImapuKa B 3TOT MOMEHT
OyzeT paBHA ¢, T.e. IIAPUK IIOTAJET B OAHY M3 CPETHUX JIY3.

4. ITycTh B CTPOUKY BBIOMCAHLI YKCJIA A1, A9, ..., Aa,. LIPE-
IIOJIOYKMM, UTO BCce umeiaa a; + 1, as + 2, ..., as, + 2n garwoT pas-
Hble ocTaTKu npu genenuu Ha 2n. Torga stm ocrarku pas-
el 1, 2, ..., 2n. Ilostomy uwmecna (a; +1)+ (as+2)+ ... +
+ (ag, +2n)=2(14+2+...42n) u 1+2+...4+2n maoT oxu-

HaKOBbBI€ OCTAaTKM IIPM OEJIEHNN Ha 2n. HpI/IXO/II/IM K IIPOTUBO-

peunio, IOCKOJbKY unciao 1 +2+...+2n= 2n@ntl) 2n%+n

2
IIpU JeJIeHNu’ Ha 21 JaéT OCTaTOK Il.

5. HazoBéM camblii OOJBIION AMUK AWUKOM PAH2A T, CJe-
OyIOIye II0 BeJIWYHWHEe ABa SAMUKA — swukamu panza n—1
U T.A. OO SIUKOB paHza 1, B KOTOPBIX J€KAT MOHETHI. Pas-
HOCTh UmMcJa repbOB U pellieK B KaKOM-HHOYAb AIUKe Haso-
BéM degpexmom dTOoro AunKa. ledekT camMoro 60JbIIIOr0 AIHA-
Ka obozHaumm d. [loKasKkeM, 4TO BceTaa HAWAETCA AMUK, IIPU
IIepeBoOpauMBaHUM KOTOPOrO0 MOAYJL gedeKTa camoro 00Jib-
IIOr0 AMNNMKA yYMEHbINIAaeTcs M0 KpaliHeil Mepe BABOe; TOraa
3ajaua Oymer peleHa, Tak Kak |d| < 2" u d Bcerga uéTHO, IO-
CKOJIbKY O0Illee YMCJI0 MOHET UETHO.

Bymem cuurath, uTo d >0 (MHaYe HAZO PacCcMOTPeTh pas-
HOCTH He rep0OB U pellleK, a pelieKk u repoos). IIpeamomoxum,
YTO NPU MepPeBOpPauYMBAHUU JIIOOOTO AIMUKA abCoJIOTHAA Be-

d
JuuyurHa AedeKTa caMoro OOJBIIIOTO SIMUKAa OyaeT 0oJbIie 5
IIpu mepeBopaumBaHMM BCeX MOHET B AIMUKe, AeeKT KOTO-
poro paseH d;, ged@eKT caMOT0 OOJBLIIIOTO AIUKA YMEHBIIIAeT-

ca Ha 2d;, T.e. craHoBUTCS paBHBIM d — 2d;. Ilo mpexmmoJio-
1 d 3d
keuwuio |d —2dq| > Ed’ T. e. aubo di < 1 aunbo di > < oxka-
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" 3d
JKeM MHAYKIIUEHN 0 paHTy SAIuKa, YTO HepaBeHCTBO di > vE

HE€ MOMET BBIIIOJIHATBHCA, T. €. OJIA JI000TO AIMXKA BBIIIOJIHA-

d
eTcsA HepaBeHCTBO d; < 1 HedexrT mroboro samuka padra 1 pa-
3d _ 3-2
BeH *1, I03TOMY OH MEHBLIIIEe vE > - = 1,5. CiemoBaTeiibHO,

d
medeKT J000ro AMuKa panra 1 MeHbIIe 1 Orcioma ciaenyer,
d
uTOo AeeKT JI00ro AInKa paura 2 He 60JbIlIe —, I03TOMY OH
d
MeHBIITe 7. IIpomomkass aT0 paccyxaeHne, IMOJIydaeM, UTO Je-

d
eKT JII000Tro ANUKA MeHbIle —. B YaCTHOCTHU, JE(PEKT AIUKA
4

d
paHra n MeHbINe -, XOTS OH PaBeH d n d > 0. IlonryueHo mpo-
THUBOpEUNeE.

11 xaacc

1. BameruMm cHauajga, 4To umcao P jgubo paBHO eIUHU-
e, aub6o uétHo. [elicTBUTENbHO, ecau uucao P> 1 HeuérHo,
to uncao P’ + 1> 2 uérHo, a 3HAUUT, HE IIPOCTOE.

3ameTuM, gajee, UTO €CJIU UYMCJ0 P mMeeT HEUETHBIN IIPO-
cToii menutenb (T.e. P=pr, rae p — HeUEéTHOE IIPOCTOE UUC-
710), To uneao PP +1= (P )P +1P = (P"+1)(P" ' =P 24+...+1)
meautrcsa Ha P"+1, a sHauur, He mpoctoe. CiemoBaTesbHO,
P =2, Eciu uucio k uMeeT HEUSTHBIN IPOCTOHN [eIUTeNb p
(T.e. E=ps), To umcamo PP +1=2F" 1 1= (22")? +1 gemurecs
ma 2°2' + 1. Takum obpasom, P =22,

Ecau =0, To P=2 u unucao P’ +1=5 npocroe. Eciu [=1,
1o P=4 u uncno P’ +1=257 npocroe. Eciu xe [>2, To P>16
u PP +1>PP>1616=26=(2196.24>1000°-10=10', r.e.
KOJIMYECTBO (P B JECATUYHON 3aIIMCHU TOTO YKCIa O0JIbIIIe
19.

2. MoxaskeM, uto uncaa n" u (n+ 20)"+ 20 oxamuusarorca
Ha OmHY U Ty sKe mudpy. Had sToro goxaskeM, 4TO OHU JAIOT
OIMHAKOBLIE OCTATKHU IIpU JAejieHnu Ha 2 1 Ha 5. Ilepsoe cie-
IyeT U3 TOro, YTO YETHOCTH umcia k¥ coBmazaer ¢ 4éTHOCTHIO
yuciua k.
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HokaskeM Telepb, UTO 9THU YKCJIA AAIOT OJUHAKOBLIE OCTAT-
KU IIpU JejeHnu Ha 5. 3amuchkiBasg OCTATKU IIPU AeJeHUr Ha D
B Buje 0, +1 u +2, serko nposepurs, uto n’ =n (mod 5). Cie-
IoBaTesabHO, n" =n"t* (mod 5), oTkyzna

n" =n"" = (n420)""*° (mod 5).

3. Ilycts A u B — maHHBIe TOUKHU, M — TOUKA IIepeceueHns
orpeska AB u mimockocTu P. PaccMoTpuM Ipous3BOJIbHYIO ce-
Py, IpPOXOmAINIyIio uepe3 Touku A 1 B; oHA BbICEKAeT Ha IIJI0C-
KocTu P oKpys:KHOCTh. IIpoBeném uepes Touky M guamerp CD
aTOl OKpY:KHOCTU. Hac nHTepecyer, Korga aiaunHa orpesxa CD
HauMeHnbInag. [Ipu srtom Bemuumna CM -MD =AM -MB mo-
cTossHHA, mosToMy BeauumHa CD=CM + M D wmaumeHbIasd,
Korga CM = MD. Takum o6pasoM, IeHTP UCKOMOU c(ephl Je-
JKUT Ha IMepHeHINKYJIApPe K MIOCKOCTU P, MPOXoAdaIieM uepes
TOYKY M; KpoMe TOrO, OH JIEXKUT B IIJIOCKOCTU, IIPOXOMAIIEeH
uyepes cepenuHy oTpeska AB MeprIeHAUuKYJIIPHO eMy.

4. JlokaxxeM MO MHAYKIIUU 0ojiee CUJIbHOE yTBEpKIeHUeE,
cocTosIlee M3 OBYX uacTeii: 1) ai00ble OABe TOUKU MHOMKe-
ctBa /I, MOJKHO COEIMHUTDL JOMAHHON, ITeJINKOM IpUHAaIIeKa-
mieit [1; 2) aob6ast cTOpoHA n-yroJbHUKA MMeeT OOIIYI0 TOUKY
¢ MHOKecTBoM [l. 9TO yTBep:KIaeHMe MBI OyJeM JOKa3bIBaTh
IJISI TIPOM3BOJBHOI'O NM-yrOJbHUKA, KOTOPBIA MOXKET OBITH M
BBIIIYKJIBIM, IIPUYEM 711 > 4.

ITpu n =4 gokasaTenbCcTBO oueBUAHO. IlycTh Temeps n > 5.
CyimecTByeT AUAroOHAJIb, IEJNKOM JIeXallas BHYTPU N-YIroJb-
HukKa (cm. «OcHOBHBIE (paKTHI»). PaspeskeM n-yroJbHUK BIOJb
oTou muaroHaau. K KasKmol M3 IMOJYYEHHBIX IPKU STOM Ha-
cTell MOYKHO NPUMEHUTH IIPEIIOJIOMeHNe NHAYKINU (B CIy-
yae, KOTJA OJHA M3 9THUX YacCTeill — TPEYroJbHUK, HOCTATOU-
HO IPUMEHUTHL HPELIIONOKeHNe MHIYKINNA K IPYroil JacTu).
W3 yrBep:aeHuil 1 u 2 a1 KaKI0H M3 MOJYUYEHHBIX YacTel
HEeIIOCPEeACTBEHHO CJIEAVIOT yTBep:KAeHus 1 u 2 aasa Bcero n-
YTOJBHUKA.
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5. Cpegu Bcex CTPOK M BCeX CTOJIOITOB TAOJMUIIBI BhIOepeM
CTPOKY MJIU CTOJOeIl ¢ HaumMeHbIen cyMmmMon umcea. Ilycrs
IJIs OIPEIEeJIEHHOCTH 9TO OyeT CTPOKA M CyMMa UKCesl B Hel
pasua k. Ecaiu k> M, To cymMa BcexX UuceJ B Tabauile He
MeHbIITe M2, moaToMy GyIeM CuuTaThb, uTo k< M.

B BbIOpanHO# CTpOKe He 00JbINe k OTJIUUYHBIX OT HYJIS UU-
ceJl, IIO9TOMY B Hell He meHbIe M — k Hymaeii. Cymma umcel
B Ka'KJIOM CTOJIOIle, COAepsKallleM OAWH W3 dTUX HyJei, He
MeHbIilie M — k, IOTOMY UTO CyMMa UKCEJ B 9TOM CTOJOIE U
B BBIOpaAHHOI CTpoKe He MmeubIiie M. HamoMHUM, UTO B KaK-
IOM IPYTOM CTOJOIle cyMMa Uuces He MeHbIIe k.

Bossmém M — k cTO0I1[0B, B KaXXJIOM 13 KOTOPBIX CyMMa
ypceJa He MeHbIne M — k; B KaXIOM U3 k OCTAJIbHBIX CTOJIO-
II0OB CyMMa uuces He MeHbIe k. [loaToMmy cymMa umces B Tab-
nune He Mesbire (M — k)2 4 k2. MuauMyM 3’1‘;)1‘0 BbIpasKeHUsA

M .
JIOCTUTAeTCS IpU k= ~ » TIPUYEM OH DaBeH —-.

1966 200 (XXIX onumnuada)

IlepBsoIii TYp
8 xaacc

1. ITycts Bepiuubl P u S npamoyroabHuka PQRS me:xar
Ha cTtopoHe AB, a BepmuHbl @ u R — Ha cropoHax AC u BC
COOTBETCTBEHHO; IMyCTh, majsee, O — cepeauHa BbicoTbl CH,
M — cepenuna orpeska AB, D u E — cepenunnl cTopoH RE
u PS cooTBeTCTBEHHO.

Touku D u E nexxar Ha npAMbix AO u BO cOOTBeTCTBEH-
Ho. Cepemuna orpeska DE aBIseTcsa IeHTPOM IPAMOYTOJIb-
Huka PQRS. fcuo, uTo oHa jJe:xuT Ha oTpesxe OM. ITosTomy
nckoMmbIM I'MT saBisercsa orpesok OM, 3a UCKJIIOUEHUEM €T0
KOHIIOB.

2. 3amMeTuM cHayaJia, 4TO Yncaa, gejdinuecd Ha 20, He mof-
xoxar. IlelicTBUTENBHO, IIOCJIe YMHOMKEHUs Ha J00oe Iiesoe
YKUCJ0 MbI IIOJIYUYUM UMCIIO, mesineeca Ha 20. CiemoBaTesb-
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HO, IocjaenHssd mudpa 9Toro umejaa OyIeT HyJIEM, a IPeIo-
caenHaAs OymeT UETHOM, a 3HAUUT, He MOKeT OLITh paBHA 5.

HoxaxxeM Temepb, UTO AJiA Jiroboro umciaa N, He AessIe-
roca Ha 20, cyIiecTByeT UMCJI0, IPU YMHOKEHUU Ha KOTOpOe
IIOJIyYaeTCsA YMCJIO, IIPeAIIocaeHssA udpa KOToporo pasua 5.
Iast aTOr0 OOKa)KeM, YTO MHOIKECTBO OCTATKOB OT IeJIeHUS
yyceJl BULa kn HAa M €CTh MHOMKECTBO OCTATKOB, NEJISAIIUXCS
Ha d =HOIl(m, n). HelictBuresbHo, u3 aaropurMa EBKiamma
Haxoxxkgenuda HOJl ciaexnyer, uto d =am + bn 01 HEKOTOPBIX
neasix @ u b (cm. «OcHOBHBIE (haKTHI»). JlJOKaKeM, UTO MBI
MOJKeM MOJIYUUTL JIF000H ocTaTOK Buma ld. YMHOMKUB 0b0e ua-
cTu paBeHcTBa Ha [, monyuuM ld =alm + bnl, a 3HaUUT, YNKC-
J0 bnl naér ocratok Id pu menmenuu Ha m. C Apyroii CTOPOHEI,
OCTaTKa, He JeJISAINerocs Ha d, MOJYUUTHLCA He MOJYKeT.

Termneps HAM OCTAJOCh PACCMOTPETH PA3JIUUYHBbIE 3HAUCHUA
d=HOMI(100, N). Eciu uuciao d paBHO ogHOMY u3 umces 1,
2, 5, 10, 25, 50, To cpeau uuces Buma Nk HAHAETCS YMUCIO,
okaHuuBawleecsa Ha 50. Ecau xxe d =4, To cpeau 5TUX UMCeJI
BCTPETUTCA YmuCao H2.

5. B menu Bce 1udpbl (3a HUCKJIOUYEHHEM, OBLITH MOJKET,
IBYX KpalfHMX) BCTPeUYalOTCA ITapaMu, a Y Hac OCTaJI0Ch HEUET-
HOe YMCJIO 9K3eMILIAPOB Kammoi mudpsl ot 0 mo 5.

9-11 raacc

1. PaccmoTrpuM cHauaJja ciaydail, KOTJa OJHO M3 YMCeJ
X, Yy, 2, t paBuo 1. Ecoim x=1, To z+t=y==2t—1, oTKyna
(z—=1)(t—-1)=z2t—z—t+1=2. CnemoBaTesbHO, OJJHO U3 UU-
cen z, t paBHO 2, a apyroe paBHo 3. MTak, B sTOM CJIy-
yae moJsiyuaem ciaepyioiue pemtenus: (1, 5, 2, 3), (5,1, 2, 3),
(1,5,3,2), 5,1, 3,2), (2,3,1,5), (2,3,5,1), (3,2,1,5),
3, 2,5,1).

IIycTs Tenmeps Bce umena x, y, 2, t 6oabmre 1. Torga

x-D@E-1) =1,

OTKRyZa Xy =>x-+y. AnHajmormuno zt>z+t. CxkiaagbpiBas 5TH
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HepaBeHCTBa, IojydaeMmM xy+z2t>x—+y+z+t. C gpyroit cro-
POHBI, CKJIQABLIBAsg ypaBHEHUSA NAaHHOU CHCTEMBI, IIOJIy4aeM
xy+zt=x+y+z+t. CremoBaresbHo, o6a HepaBeHCTBA XY >
>x+yuzt>z+1HacaMoM Jeje eCTb PABEHCTBA, T. €. X =l =
=z=t=2.

Biyi 19
B,  k+1

CJIeILOBaTe.HBHO B,.1>2B,uC, 1 >C,upu k<19

2. ITycTs Bk— I/ICk Tor,z[aAk—Bk—l—Ck,
Cry1 66

Ch k+1
u B, 1 <B, u C, 1 <Cj, mpu k> 65. IlosTomy MarcmumaibHOE

3HaueHue A; JocTuraercs npu TakoM k, uto 19 <k < 65.
3ameruM, uTo pu 19 < k < 64 BLITOJIHAIOTCA HEPAaBEHCTBA

Cri1 66 By, (19>k (1)19 1
> — e = —
¢ 265 2 ¢, ~\e6) “\3) <65

CienmoBaTebHO,
1
Apy1— A =Cp1 —Cp+Bpy1 — B > gck - B, > 0.

ITosTomy BenmumHa A, MaKcUMaJbHA Ipu k= 65.

3. IlpenmonokuM cHauajga, uTo MeHTP O OKPYIKHOCTH Jie-
JKUT BHYTPU JAHHOTO MATUYTOJAbHUKA A; Ay A3A4As. Pacemor-
pum yrael A;OA,, AyOAs, ..., AsOA,. B cymMe 5TH IATEH yI-
JIOB maioT 27, IMOSTOMY OAWH M3 HUX, Hampumep A;0A,, He
mpeBocxoauT 2m/5.

IIycrs ayunm OA; m OA, TepeceKaioT paccMaTPUBAEMYIO
OKPYKHOCTb B Toukax B; u By. Orpesok A;B; pacmojo:KeH
B TpeyroabHUuKe B{0OB,, I09TOMY OH He 00JIbIlle HanbOoJIbIITei
cTopoHbI Tpeyroabuuka B;OB; (cMm. «OcHOBHBIE (PAKTBI»). A
Tak Kak LA;0A, <2n/5, manboapIias CTOPOHA TPEYTOJbLHU-
Ka B;0OB; He 00JbIlle CTOPOHBI IPABUJIBHOTO NATUYTOJIbLHIKA,
BIIMCAHHOTO B PacCMAaTPUBAEMYI0 OKPYKHOCTb.

Eciu Touka O He npuHALIECKUT TaHHOMY MATUYTOJBHUKY,
1o yrael A;OA,, ..., AsOA; 1aoT B 00beIUHEHUN YTOJ MEHb-
e 71, IPUYEM KaKIas TOYKA 9TOr0 yIrJja IOKPBLITA MMM IBa-
skapl. IloaToMy B cyMMe 3THM HATH YIVIOB MAlOT MeEHBIe 2T,
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T.e. OOUH M3 HUX MeHbIIe 271/5. IlanbHelilllee ToKas3aTesb-
CTBO AHAJIOTMYHO IPEIBIAYIIEMY CIYYalo.

Eciz Trouka O JIe;KUT Ha CTOPOHE IATUYTOJbHIKA, TO OLUH
13 paccMaTpUBaeMbBIX YIJIOB He Oojbliie m/4, a ecJau OHA SB-
JsIeTcs eTo BePIIMHOM, TO OAWH M3 HUX He Oojbie n/3. fcHo,
uro n/4 < n/3<2m/5.

4. Bo-tiepBBIX, 3aMEeTHUM, 4YTO UnuCJa0 K HeuéTHOe, TaK Kak
naaue KX + 1 me genurca Ha 2. IIpu sTOM A8 I1000r0 HEUET-
Horo K unucno KX + 1 genurcsa Ha 2.

Bo-BTOpnIX, 3aMeTuM, uTo K HAéT OoCTAaTOK 2 IPU JeJIeHUU
Ha 3, TaK KaK TOJIbKO B aToM cayudae KX +1 gmenurca Ha 3.
IIpu sToMm, ecniu K HeUETHO 1 JAET OCTATOK 2 IPHU AeJeHUU Ha
3, To KX +1 penurca =a 3.

Haxomnern, samerum, uto K gaét octaToK 4 OpU [JeJIeHUU
Ha 5, TaK KaK HUKaKIUe JPYrue OCTATKU B HEUETHOI CTeIeHU
He MOTyT paBHATHCA 4, a KX momxHO GBITH cCpaBHEMO C 4 IO
Moxyato 5. IIpu aTom ocraTok or geaeHusa KX ma 5 Bcerga
paseH 4 pis HeuérHOoro K, paBHoro 4 mo MOAYJIO 5.

Taxum obpasom, OCTaJUCh TOJLKO uncjaa suga 29 + 30n, u
BCE OHU IIOAXOJISAT.

5. PaccMOTpUM HEKOTOPYIO PaCCTAHOBKY OaMOK, YIOBJe-
TBOPAIONIYIO YCJOBUIO 3amauu. JloKaskeM, UTO YUMCJIO TaMOK
He mpeBocxoauT 16. 3ameTuM cHauaJja, YTO JAMKY, CTOAIIYIO
Ha Kpamo JOCKM, He MOKeT OUTh HUKaKasd aApyras JamMKa, Io-
9TOMY BCe AAMKMN CTOST BO «BHYTPeHHeM» KBaapaTte 6 x 6.
Pasmenum sTor KBampar Ha 4 kBaapata 3 X 3 (puc. 87). Hu
B OHOM 13 3TUX KBaJAPATOB He MOKET ObITH 0OJIbIITe UeThIPEX
naMok. IleiicTBUTeNIbHO, IATH UEPHBIX II0JeH eCTh TOJBKO B
IBYX U3 9TUX KBAJAPATOB, 1 €CJIU B OJHOM M3 HUX IIATh JaMOK,
TO HA BCeX UEPHBIX IIOJISAX 9TOr0 KBaapara crtodaT mamiku. Ho
TOT[Ia TaMKY, CTOSAIIYIO B I[eHTPe KBajapaTa, He OLET HU OJHA
mamia. TakuMm oOpasoM, KOJIUUECTBO JAMOK HE IIPEBOCXOIUT
4-4—=16.

ITpumep paccraHoBKu 16 1aMOK ImpuBeNEéH Ha PUCYHKe 88.
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P ) 7, %Zé 2,
7 % 7, 7, 7,
7 9 % 55
7 Z Z >/ % ///
/7 /7 /7
P @// /%7/ . B B
47 47 / » 4% 7, 47/
P Z P /7 /% /% Z
Puc. 87 Puc. 88
Bropoii Typ
8 Kaacc

1. OGosuauumM gaHHBIN 0Tpe3oK AB. IIpoBenéM aBe OKPYIK-
HOCTH C IleHTpaMHu B TOUKax A m B, paguyc KaKI0u u3 KOTO-
prix paBed AB (puc. 89). Ilycts C u D — uX TOUKHU IIepeceue-
uus. [Iposeném mpamyio uepesd Touku C u D. OHa mepecekaer
oTtpe3ok AB B ero cepenune O. IIpoBegém mpaMyio uepes TOU-
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kKu B u C. IIpoBeméM OKPYsKHOCTh C IIeHTpoM B Touke O u
paguycom OB. Oma mepecekaeTr oTpe3ok BC B ero cepeaunme
M. IlpoBemém mpsamyio uepes Touku D u M. Oua mepecekaet
orpe3ok OA B Touke K, mpuuém OK =2BK, Tak Kak BO u
DM — meguansl TpeyroabHuKka BCD. Ocrasmoch IpoOBeCTH ABe
oKkpys:kHOCTHU c ImeuTpamu B O u paguycamu OK u BK, KoTo-
pble pa3gesaT OTPe30K Ha HYMKHBIE YACTH.

2. TloxaxeM, 4TO IIOCJIELOBATEJIbHOCTD 4, YCTPOEHA CJIEHY-
IOIUM o0pasoM: BHavaJe 4 pasa UneT 1, mMoToM UAYT IIOCIEN0-
BaTeJIbHO HATYPAJIbHBIE UMCJIA, IIPUYEM CTEHEeHH JBONKM IIO-
BTOPSAIOTCA IO 3 pasa, a ocTalbHLIe uncjaa mo 2 pasa.

HYCTI:» Sk =a,+as+...+ay. Tor;[a Sk+1 = Sk+ [\/S_k] uap1—
=8441 — Si. fAcHo, uTO S}, 3aBUCUT TOJBKO OT Sj.

Jlerko mpoBepuTh, UTO a; —as —as—=as—= 1. Takum obGpa-
oM, S, =4 =22,

IIpenmonosxuM, UTO KaKOM-TO uWjeH S, — IOJNHBLIA KBa-
par, T.e. S, =c?. Torga S,;1 =c?+c¢, Spia=c2+2c< (c+1)2
uS,3=c?+38c=(c+1)2+c—1. Takum 06pas3oM, a, =, 1 =
=Qpe=CcUua, 3=c+ 1.

Paccmorpum Temeps cayuaii, Korga S, — He MOJIHBIN KBaj-
par, IpuuéM a, >a,_1=b— 1. B aTom cayuae S,_; = (b—1)2 +
+d,rmed<2b—1,u8,=(b-1)2+d+b—1, npuuém (b—1)2+
+d+b—1>b% 1.e. d>b. fIcuo, uT0 S, =b>+d —-b< b’>+2b—
—1-b< (b+1)% mosromy a,=bu S, =b>+d<b’>+2b—-1<
< (b+1)2. CnenoBaTenbHO, @, 1 =bu S, s =b>+d+b>b%+2b,
II09TOMY @, 2 =b+ 1. Takum obpasom, a, 1=b—1,a,=a,,1=
=bu an+2:b+1.

Ob6paTuM BHUMaHWe Ha 4ieHbl S,=b%+ (d—b) u S, 3=
=(b+1)24+ (d—b—1): 10BeCOK K IOJHOMY KBaApaTy yMeHb-
muica posHo Ha 1. Takum ob6pasoMm, Iocie ujeHa S, = c>
MbI moxydaem S, 3=c?+38c=(c+1)2+c—1, zarem S, 5=
= (c+2)2 4+ ¢ — 2 1 IOCTelleHHO JOXOJUM /0 IOJHOTO KBajApa-
ta (c+c¢)2+c—c=(2¢)%. Iro o3HAUaeT, 4YTO B HAIIIEM CJIydae
KaKoii-HuOyAb uieH S, MoKeT ObITh paBeH ¢2 TOrAa U TOJIbKO
TOTAa, KOTJa ¢ — CTeIeHb NBONKMH.
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HNraxk, mociemoBaTeIbHOCTD ), AEHCTBUTEILHO YCTPOEHA TaK,
KaK OIMCAHO B Hauajie pemieHusaA. UToOBI BBIUMCIUTDL (1000,
paccmoTpuM 6oJiee IPOCTYIO MOCIeA0BATEeIbHOCTD by, 1 = by, =

=n,n=1, 2, ... Hecs0:XHO IPOBEPUTb, UTO G190 = Dggo = 495.
IleiictBuTenbHO, 28 <495 < 2°, mosToMy ecaum B IoOCJIe[OBa-
TeJIBHOCTE by, ..., bggg BCTaBUTHL 10 JOIIOJHUTEIbHBIX UJIEHOB

(mBe emfMHUIBI U 8 cTEeleHer MBOWKM), TO MBI IOJYYUM IOCJTe-
A0BaTEJIBbHOCTDb A1, «.., A1000-

3. Pemum cuauaja 6oJiee IIPOCTYIO 3amady: TpeOyeTcs BBI-
IeJUTh OOUH PaJMOaKTUBHBIN IIap U3 JAHHLIX 7 m1apos. Jler-
KO yKasaThb CII0c00, IIO3BOJIAIONINI 3a k IIPOBEPOK BBIAEIUTH
oquH u3 n = 2* mapos: BHaUaJse AeJuM Bce IIaphl HA JBe paB-
Hble KyuKu mo 2! mapoB B Ka)kAoii, mpoBepseM OAHY U3
HUX W TeM CAMBLIM OIIpeleJsisgeM, B KaKOoll M3 HUX HAXOIUTCH
pPaIuoOaKTUBHBIH IIIap, 3aTeM oTy Kyuky us 2! mapos cuo-
Ba OeJUM IIOIIOJIaM, IIPOBepseM OOHY M3 HOJIOBUH W T. J.—
IIpU KaKJI0W IPOBepKe UMCJIO ITapoB YMeHbIIIaeTcsA BABOE, U
mocjie k IPOBepPOK MBI HAWAEM pPagMOaKTHUBHBIN ImIap. SIcHO,
uro ecau n < 2%, To Toske mocTaTouHO k mpoBepoK. Pemrenuem
9TOl O60JIee IIPOCTOM 3aJaull MBI BOCIIOJIb3YEeMCS IIPU PEIIeHUN
MCXOOHOM 3aaum, K KOTOPOMY MBI cefiuac IepexoInM.

OnuH 13 BO3BMOMKHBIX CIIOCOO0OB BBIAEIUTEL 00a PaguoOaKTUB-
HBIX IITapa M3 HaHHBIX 19 1mapoB 3a 8 MpoBepoOK MOKa3aH Ha
pucyuake 90. CrHauama mMbl mpoBepsiem Imapel 1-6. Ecau cpe-
IV HUX eCTh PAAUOAKTUBHBIHA IIap, TO JAJbIIIe MBI UAEM IIO
CTpeJIKe C HAAMNCBIO «a», a eCJU CPeau HUX HeT paguoak-
TUBHOTO IIIapa, TO HUAEM II0 CTPeJIKe C HAJINChIo «HEeT». B
ImocJiefHEM CJIyyae BOSHMKAET HOBafA 3aJava: BBIIEJUTH IBa
PagnoaKTUBHBIX ITapa M3 JaHHBIX 13 mrapoB (mapoB 7—19)
3a 7 mpoBepoK. Pelllenue sToM 3amaum IIpuBeIeHO HiKe. Ec-
JIW TIOCJIe IPOBEPKHU MIapoB 6—11 BBIACHUTCSA, UTO CPeaUu HUX
HeT paJMoOaKTUBHBIX, TO HAM HYKHO BBIJEJIUTDL ABA PaguOaK-
TUBHBIX IHIapa m3 JaHHBLIX 13 mrapos (mapoB 1-5 m 12-19)
3a 6 TPOBEPOK, HO IPU AOMOJHUTEJIbHOM YCJIOBUHU, UTO CPEIU
mrapoB 1-5 ecTh pagmoaKTuBHBIN 1map. IIpeamaraemMulii HuMKe
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13 mapos (7—19)
3a 7 IPOBEPOK

13 mapoB (1—5 u 12—19)
3a 6 mpoBepok, mpuuem 1—5 «ga»

onuH 1ap us 18

3a 5 IPOBEPOK
p p HeT

onuH map u3 1—4
oxuH map u3 8—11
3a 4 IPOBEPKU

onuH map us 1—5
3a 3 IPOBEPKU

onuH map u3d 7—11
3a 3 IPOBEPKU

Puc. 90

cIoco0 BBIAEJIUTH JBa PAAMOAKTHUBHLIX ITapa M3 JAaHHBIX 13
I1apoB 3a 7 IPOBEPOK HAUMHAETCA KAK pas C IPOBEPKH IIa-
poB 1-5, mosToMy OH maéT TaK:Ke pellleHre W dTOU 3amaun. B
OCTAJIBHBIX CJAYyYasIX HYYKHO JIMINb BBIAEJUTH OLUH PagNOaAK-
THUBHBIN IIaP M3 HEKOTOPOI'0 HA0Opa IIIapoB, a 3TO AeJIaTh MbI
yoKe HaYUYMJINCh.

Cmoco6 BBIZENINUTHL 00a PaAMOAKTHUBHBIX Iapa M3 JAHHBIX
13 mapoB 3a 7 mpoBepoK mokasaH Ha pucyHke 91. IIpu sTom
BO3HMKAIOT TaKue 3aJaul: BBIAEJUTH [OBA PaSMOAKTUBHBIX
Iapa m3 JaHHBIX 8 ITapoB 3a 6 TPOBEPOK W BBIAEJIUTH ABa
PagoaKTUBHBIX IMTapa M3 HAHHBIX 8 IIapoB 3a 5 HPOBEPOK,
ecJii M3BECTHO, UTO cpenu IapoB 1—4 ecTh pagmMOaKTUBHBINA
map. AToO MOKHO CAeJaTh He TOJLKO IJsd 8 IapoB, HO Jake
nasa 10. IlpenmaraemMsblii HUKe CIIOCO0 HAUMHAETCS C IPOBEPKU
mapoB 1—4, mosToMy OH JaéT pereHne obenx 3agad.
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8 mapos (6—13)
3a 6 IpoBEpOK

8 mapos (1—4 u 10—13)
3a 5 IpoBepoK, mpuuem 1—4 «ga»

onuH map u3 1—4
u 6—13
3a 4 IPOBEPKU

onuH map u3 1—4
onuH map us 6—9
3a 4 IPOBEPKU

Puc. 91

6 mapos (5—10)
3a b IPOBEPOK

7 mapoB (1—3 u 7T—10)
3a 4 IpoBepKU, npuyem 1—3 «ga»

onuH 1map u3 5—6
onuH 1map u3 1—4
3a 3 IIPOBEPKU

onuH map u3 1—3
u 7—10
3a 3 IPOBEPKU

Puc. 92

Cmoco06 BBIZENINUTHL 00a PaAMOAKTHUBHBIX Iapa M3 JAHHBIX
10 mapoB 3a 6 mpoBepoK mokasaH Ha pucyHke 92. IIpu sTom
BOSHHUKAIOT TaKWe 3aJauyu: BBIAEJIUTH [BAa PAAUOAKTHUBHBIX
IIapa m3 JaHHBIX 6 IITapoB 3a 5 TPOBEPOK W BBIAEJIUTH ABa
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I00YePeHO
npoBepsaeM 4, 5 u 6

PasMoaKTUBHBLIX IIIapa M3 JaHHBIX 7 IIapoB 3a 4 IIPOBEPKH,
ecJIi M3BECTHO, UTO cpenu IIapoB 1—3 ecTh pagmMoaKTUBHBIHA
map.

Crioco0 BBIZEJAUTH 00a PaAMOAKTUBHBIX IIapa U3 JAaHHBIX 7
II1apoB 3a 5 MPOBEPOK IIOKa3aH Ha pucyHke 93. Ogua us crpe-
JIOK C HAJINCBI0 «HET» HUKYyIa He BeJET, IOTOMY UTO HUKA-
KUX JOIIOJHUTEILHBIX IPOBEPOK He Tpedyercs: pajgroaKTUB-
HbIe IIIapbl UMeIOT HoMepa 2 u 7.

4. Tlo ycmoBui0 Ha KayKAOW JUHUMN €CTh CTAHIIUA, HA KO-
TOPOM HeJb3s CIesaTh Iepecaaky. Haxonasch Ha Tako#l cTaH-
N1, Mbl HAXOZMMCS TOJBKO Ha gauuHoU Juuauu. CiemoBaresab-
HO, C¢ JI000¥ JMHUYM METPO MOKHO IIOIACTh Ha JII00YIo ApYy-
TyI0 JIMHUIO, cAejiaB He 0oJiee ABYX Iepecamok. Puxcupyem
KaKyo-HuOyabr JuHuio. C Heé MOMKHO IIOIacTh He 0oJjiee ueM
Ha TpU JUHUU, a ¢ KAaKIOU M3 HUX — eIlé He OoJjiee ueM Ha
nBe. CiemoBaTesbHO, Beero JuHuil He 6ojsee 1 +3+2-3=10.

Ha pucyuke 94 moxasaHa cxema mepecagok s 10 nuHwMii,
YAOBJIETBOPAIOIIAS YCJOBUIO (CTAHITMIM, C KOTOPBIX HEJIb3S
clesaTh Hepecagkii, He OTMeUYeHBI; TaKue CTAHIIUU MOXKHO
MIPOM3BOJILHO OTMETUTDL Ha KaKJI0W JUHUN).
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Puc. 94

9—-11 Kaacc

2. Ilycts S, =a; +as +...+a,. Torga S, =S, +[V/Sk] u
api1=Skpy1 — Si. Ilpu pemienun 3amaum 2 niia 8 KJacca ObLIO
ITOKa3aHo, YTO IOCJIEJOBATEJIbHOCTE () YCTPOEHA CJIELYIOIIM
obOpasoM: BHauayie uAET 1966, MOTOM HUAYT IIOCJIELOBATEJIb-
HO HaTypajbHBle uucia, paBHble [/S,], npuuém ecau S, —
TOYHBIA KBajpaT, TO UYMCJIO BCTpeuaeTcd 3 pasa IIOAPAnL, a
nHaue 2 pasa. HecaoyxkHo nposeputsb, a; = 1966, a, = a3 =44,
a,=a5=45, ..., ago=a¢; =73 u upu k<61 uucia S, He aB-
JISIOTCA IOJHBIMU KBaJpaTaMM; IIEePBLIM IIOJIHBIA KBagpaT —
aTO umcio Sg; = 742. Takum 06pasoM, IepBoe YHUCIO0, KOTOPOe
IIOBTOPUTCA 3 pasa B IIOCJIEL0BATEILHOCTH a; — 9TO 4. 3aTeM
3 pasa moBTopaATca uncaa 2-74 =148, 4-74 =296, 8-74 =592
W.T. JI.

YTo0BI BBEIUUCIUTDL (1966, PACCMOTPUM 0OJiee IIPOCTYIO TO-
CJeI0BaTeJbHOCTD by, 1 =by, =43 +n, n=1, 2, ... HecmoxxHo
IIPOBEPUTH, UTO Aq966 = D191 = 1024. IleiicTBuTensHO, 23 - T4 <
<1024 < 2*.74, noaroMy eciau B IOCIeOBATeJbHOCTD by, ...,
bigs1 BCTABUTH 5 MOIOMHUTENLHBIX uieHOB (1966, 74, 148,
296 u 592), To MBI TOJYyYMM HOCJIENOBATEIBHOCTH di, ...,

1966 -

3. 3a k mpoBEpPOK MBI MOJIyuaeM k OTBETOB «Ja» M <«HET»;
Bcero moJiydaerca 2 pasImuHBIX BApMAHTOB TAKUX OTBETOB.
ITosToMy eciu KOJUYECTBO PA3JUUYHBLIX BAPMAHTOB PACIIOJIO-
JKeHUSA PaquOaKTUBHBIX IIaPOB CPEIU JaHHBIX ITapOB 00JIbIIIe
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2% T0o MBI He CMOKeM BBIJIeJIUTh PaJAMOAKTHUBHBIC IIapHl 3a k
ITPOBEPOK.

TIpeamosoxkum, 4To 3a 6 MPOBEPOK MOXKHO BBIJEJUTDL ABA
pagmoaKTHUBHBIX Iapa cpeau mamubix 11 mapos. Ilycrs Ha
mmepBoM Im1are mpoBepserca 11 — g mapos. Eciu cpegu HUX HET
PaqMOaKTUBHLIX IITAPOB, TO 34 5 IIPOBEPOK MOYKHO BBIIEIUTH
IBa PagMOaKTHUBHBLIX Iapa CpeAu ¢ OCTABIIUXCs IrapoB. Ko-
JIMYECTBO PAa3JIUYHBIX CIOCOOOB BBIOpAThH 2 Iapa M3 ¢ PABHO
c2—14e-1)

q 2
IIIAPOB €CTh XOTA Obl OJWH PAJUOAKTHUBHBIN IIIap, TO KOJIMUYE-
CTBO Pa3JIMYHBLIX BAPMAHTOB PaCIpeAesieHIsA PaSuOaKTUBHBIX
mapos pasao C3; — Cg (Bo3MOsKHO JII060€ pacupeesieHue Ia-
POB 3a HMCKJIIOUEHHEM TeX CcJIydYaeB, Korga oba paauoaKTHB-
HBIX IlIapa HAXOLSATCS CPedy HellPOBEePeHHBIX Irapos). ITosTo-
my C3, —C2<32, r.e. C2>23. EfWHCTBEHHOE UHCIO ¢, AT
KOTOPOT'O BBITIOJIHAIOTCSA HepaBeHCTBa 23<C§ <32, pasuo 8.
ITO 03HaUaeT, UTO HA IEePBYIO IIPOBEPKY HEOOXOAMMO B3ATH 3
mapa. Kpome Toro, us Haiero mpeaioIOKeHNUs CIeTyeT, YTO
3a 5 IPOBEPOK MOJKHO BBIZEJUTH ABAa PAAMOAKTHBHBIX IIapa
cpenu TaHHBIX 8 IIAPOB.

IIpenmosokuM, UTO 3a 5 IPOBEPOK MOXKHO BBIZEJIUTH IBA
paIuoaKTUBHBIX IIapa cpeau TaHHBIX 8 mapos. Ilycrs Ha
TIlepBOM Iare mposepsercsa 8 — ¢ mapos. Torma C2 <16 u C§ —
— Cg <16, T.e. 12< Cg <16. Takum obpasom, ¢ =6. Kpome
TOr0, 3a 4 MPOBEPKM MOXKHO BBIZEJIUTH JBA PASUOAKTUBHBIX
IIapa cpeau JaHHBIX 6 I1apos.

TIpeamosoxkum, uTO 3a 4 MPOBEPKU MOYKHO BBIJEJIUTDH ABa
pPagMoaKTUBHBIX IIapa cpeau HaHHBIX 6 mapos. IlycTs Ha
TIepBOM Irare mposepsiercs 6 — ¢ mapos. Torma C2 <8 u C§ —
— Cg <8, m.e. 7K Cg < 8. TlosyueHO NPOTHUBOpEUUE, IOTOMY
YTO TAKOTO YKCJA ¢ He CYIIeCTBYET.

, TI09TOMY Cg < 32. Ecnu ke cpeau IPOBEPEHHBIX

4. Illects TUPHL MOKHO BBIOpPATH, HAIIPUMEDP, CJIEAYIOIIHIM
obpasom: 11, 19, 22, 24, 25, 26. Beca map sTux rupb 3aKJIiO-
yensl Mexxkay 30 m 51, Beca Tpoex — mexkay 52 m 75, a Bec
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YeTBhIPEX TUPDL He MeHbIe 76. [losToMy B KyuKax paBHOTO Be-
ca IOJIKHO OBITH PAaBHOE UMCJIO I'MpPb. JIErKO IIPOBEPUTH, UTO
Bce 15 cyMM map yKasaHHBIX UHCeJ PasJanuuHBI. SICHO TaK:Ke,
YTO YKA3aHHBIE TMPU HEJIb3s PasOuTh HA JBe TPOMKU PABHOI'O
Beca, IMOTOMY YTO CyMMa IIeCTH YKa3aHHBIX UMCEeJ HeuEéTHA.

Bribepem Temeph IPOM3BOJILHO CeMb I'MPb M3 JAHHOIO HAa-
0opa, M JOKa:KeM, UTO M3 HUX MOKHO BBLIOPATh BE KYUKU
pasHOro Beca. 13 ceMu rupb MOYKHO COCTABUTEL 7 Pa3JIMUYHBIX
Ha0O0pPOB, COCTOAINNX M3 OAHOUM rupu, 21 HAOOP U3 ABYX T'UPb,
35 HabopoB U3 TPEX rupb u 35 HAOOPOB U3 UETHLIPEX THUPb.
TaxuMm obpasom, cyimecTByeT 98 pasamuHbBIX HAOG0OPOB, COCTO-
AmuX He 0ojiee UeM U3 UEeTBIPEX I'UPb.

Hawubosnbmmuit Bec Habopa u3 4eTHIPEX TUPb paBeH 26 + 25 +
+ 24+ 23=98. Ho ecau cpeau BBIOPAHHBIX CEeMU T'UPL €CTh
BCe 4 rupu HauOOJILIIIEI0 Beca, TO MOYKHO BEIOPATH ABE KYUKU
paBHOTr0 Beca, IOCKOJBKY 26 + 23 =24 + 25. Eciu ke X0Ts ObI
OJIHOII M3 9TUX T'MPh HET, TO HAMOOJBLIINHA Bec Habopa, COCTO-
sIero He 0oJjiee 4yeM M3 YETHIPEX I'MpPb (13 BHIOPAHHBIX CEMU
Tupb), He mpeBocxonuT 97, a Bcero Takux Habopos 98. ITosTo-
My [Ba PasJMYHBLIX Habopa I'mpb MMEIOT OLUH M TOT K€ Bec.
MoKHO CUMTaTh, UTO OLHA U Ta JKe I'MpPs He BXOAUT B 00a HAa-
0opa, IOTOMY UTO MHAUe €€ MOMKHO yOpaTh 13 000X HaGOPOB.
A B TakoM ciayuae MBI IIOJy4aeM IBe KYYKH PaBHOI'O Beca.

5. PaccMoTpuM myTh, KOTOPBIN UAET U3 IPOU3BOJIBHON OT-
MEUeHHOH KJETKU A; B OTMEUeHHYIO KJIEeTKYy A, Ha Tou e
TOPUB0HTAJN; U3 KJIETKU Ay B OTMEUEHHYIO KJIETKY Az Ha TOM
JKe BepTUKAaJIU, UYTO U Ay; U3 KJIETKN A3z B OTMEUEHHYIO KJIeT-
Ky A, Ha TOUM ’Ke TOpU3OHTANM, uTo M Az, u T.n. Ha xax-
IOM BEePTUKAJM W HA KaKJIOW TOPM30HTAJIM OTMEUYEHO POBHO
2 KJeTKHU, IIO3TOMY IYyTh BEPHETCA MMEHHO B KJIETKY A;. ¥Y
ATOTO IYTHU BEPTUKAJIBHBIX 3BEHBEB CTOJBKO K€, CKOJIBKO T'0-
PUBOHTAJBHBIX, IIO3TOMY OH HPOXOAUT Yepe3 UETHOE UMCJIO
KJIETOK; fCHO TaKiKe, YTO IIyTh HNPOXOAWT HE MeHee UeM due-
pe3 4 rkieTku. Bece oTMeueHHBIE KJIETKU BXOAAT B OJUH U3 Ta-
KUX IyTel, IPUUYEM 3TU IIYTHU HEe MMEIOT O0IIUX OTMEUEeHHBIX
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KJgeTok. Takum 00pasoM, SJAHHOMY PACIIOJIOMKEHNI0 OTMEYeH-
HBIX KJIETOK MBI COIIOCTABWJIM IIPeJCTaBJIeHre uncja 22 B BU-
e CYMMBbI UYETHBIX CJIaraeMbIX, KasKJI0e M3 KOTOPBIX HEe MEHb-
e 4; 9TO TO Ke caMoe, UTO HpeacTaBjeHue uuciaa 11 B Buge
CYMMBI CJIAaraeMbIX, KaKIoe Wu3
KOTOPBIX He MeHbIe 2.

fcHo, UTO HSKBUBAJIEHTHBIM
PacIIOI0KEeHNSIM OTMEUYEHHBIX TO-
YeK COOTBETCTBYIOT OINHAKOBEIE
mpeacraBiaenusa uuciaa 11 B Bu- ML — —— — — —
e CyMMEBI caaraemMmbix. HecaoxxHO
ybenuThCs, UTO U JIIOObIE JBa pac- !
IMOJIOJKEHUS, KOTOPBIM COOTBET- !
CTBYIOT OAWHAKOBLIE IIpeJCTaBJe- }
Husg uwncyga 11, 5KBUBAJIEHTHBI. l
Hanpumep, 00ble O1Ba PacmoJio- Puc. 95
JKeHHUs, KOTOPBIM COOTBETCTBYET
npexcrasiaenne 11 =2+ 3+ 6, mepecTaHOBKaAMU BepTHUKAaJIeH
U TOPU3OHTAJIEll MOYKHO IPUBECTH K TAKOMY BHAY, KaK Ha
pucyuke 95.

KonnuecTBo pasnmuHbIX mpencraBieHuii umcaa 11 B Bu-
Je CYMMBLI cJjlaraeMbIX, KasKJoe M3 KOTOPBIX He MeHbIe 2,
paBEo 14: 2+9, 24247, 24+3+6, 2+4+5, 24+2+2+5,
24+2+3+4, 2+3+3+3, 24+2+2+2+3, 3+8, 3+3+5,
3+4+4,4+4+7,5+6, 11.

1967 200 (XXX onumnuada)

IlepBsoIii TYp
8 Kaacc
1. 3ameTuM cHauajia, YTO IIPU IIepeHOCe uepe3 paspdan B
4urclie, OKAHUYMBAIOIIEMCS POBHO HA kB IEBATOK, cyMMa Iudp
yMmenbItaercsa Ha 9k — 1. Ilyete N=a4...a, 9...9 — MeHbIIIee

k
Yu1cs0 B ucKomoii mape (a, #9). Torga uuciao 9k — 1 geaurcs
Ha 125. CiremoBarennsro, 92 =1 (mod 125). O6o3Hauum uepes
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$(X) cymmy mudpp umcaa X. Tark xax s(N)=0 (mod 125) u
3(9 .9)=1 (mod 125), to s(aj...a,) =s(N) — 3(9 .9)=124
k

(mod 125). Takum ob6pasom, eciau uncia s(N) u s(N + 1) mnenar-
ca ua 125, ro 9k=1 (mod 125) u s(a;y ...a,) =124 (mod 125).
3aMeTHM, UTO 3TH YCJIOBUSA ABJIAIOTCA TAKIKE W JOCTATOUHBIMMU.

Tax KakK ycioBus Ha 4Yucaa B U @;...Qa, HE3aBUCUMBI, TO
MOJKHO OTHeJIbHO MUHUMUSUPOBATL £ U @;...a,. IIOCKOJIBKY
14-9=126 u 14 B3aumuO mmpocTo ¢ 125, us Toro, uro 9k =1
(mod 125) ciemyer, uro 14-9k =14 (mod 125), wau, uTo TO
ke camoe, k=14 (mod 125), a 3HauuT, HauMeHbIlee BO3-
MOKHOe 3Hauenme k paBHo 14. Taxk Kak a;+...+a,=124

(mod 125), T0 a;+...+a,>124. YuursBad, uto a; <9, mo-

124
JydaeMm, 4TO 1 > 9

JudyecTBOM IHudpP Bcerga 0OJbINE UMCIA C MEHBIINM KOJHUYe-
cTBOM 1u(dp, B uckomoii mape n = 14. CienosaTejibHO, Cpeau
uudp aq, ..., A, JIU00 OAHA CeMEPKA, a OCTAJIbHBLIE — JEeBATKIH,
Jub0 IBe BOCBMEPKH, a OocTaJibHbIie — neBATKU. [{udpa a; He
MOJKeT OBITh CEMEPKOI, TaK KaK B 9TOM cCJydae d, =di4 = 9.
TaxuMm o0pasoM, MUHUMAaJILHOE 3HAUEHNE i PABHO 8. YUUTHI-
Bas, UTO B 3TOM cJyuae B UHCJIe d;...d, POBHO JBE BOCHMEP-
KM, OJHA M3 KOTOPBIX MOJYKHA CTOATH HA IIOCJIEeJHEM MecTe,
a Apyras— Ha IIepBOM, IIOJyuyaeM, UTO MUHHMAaJbLHOE 3HAaue-
HUEe a;...a, paBuo 89...98. Mrak, MUHIMAJILHOE 3HAUEHUE
——
12

yucaa N pasuo 89...989...9.

ST~

12 14

-‘ =14. IToCKOJBKY YHCJIIO C OOJBIINM KO-

2. Pagnycel omMCaHHBIX OKPYKHOCTEHN TpeyroabHuKoB ACM

AC BC
u BCM paBubL 5 & =nre W 5 o BMc
IIPOBepPUTh, uTo sin AMC =sin BMC. IloaTomy

AC BC _ AC+BC

2 sin AMC + 2 sin BMC 2 sin BMC"

ITocnenmee BuIpaskenue OyaeT HAMMEHBITNM, Korga sin BMC =
=1, r.e. CM 1 AB.

COOTBETCTBEHHO. JIerKo
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3. lokaskem, 4TO TaKOro crocoba He cyIecTByer. Pacemor-
pPUM Bce BO3MOXKHBIE CJIOBA, HAUMHAIONIMECA C OJHOU W TOU
JKe II0CJIeI0BaTeJIbHOCTH U3 BOCHMH TOUeK u Tupe. Takux pas-
JIMYHBIX CJIOB BCETO UETHIPE, IPUUEM OHU BCE NOJI’KHBI OBITH B
PasHBIX T'PYIIaX, YTO HEBO3MOYKHO, MMOCKOJBKY IO YCJIOBUIO
TPYIII TOJLKO ABE.

4. Cumavajia HaligéM MHOKECTBO Touek M, IJId KOTOPBIX
TpeyroabHuk ABM paBHOOempenubiii. OHO COCTOUT M3 cepe-
IUHHOTO MEePIeHINKYAapa K OTpe3ky AB U OKPYKHOCTEH ¢
nearpamMu A u B u paguycom AB (puc. 96). IIpu sTom 5 To-
YeK, JeKalux Ha npamMoir AB, B 9TO MHOYKECTBO He BXOLAT
(Ha pucyHke 96 3TM TOUKU BbIJeJEeHBI). AHAJOTUYHO CTPOUT-
csA MHOXKECTBO TOYEK, IJIs KOTOPBIX TpeyroabHuK BCM pas-
HOOeIPEeHHBIN.

Hcxomoe MHOKECTBO — IepeceueHre 9TUX IBYX MHOYKECTB
(uMeloTCA B BUAY TOUKU IIepeCeUueHUs NPAMOUN MU OKPYIKHO-
CTU U3 IEePBOTO MHOMKECTBA C IPAMOUN MJIN OKPYKHOCTHIO M3
BTOPOTO MHOKecTBa). PaccmaTpuBaeMble NMPSAMBIE U OKPYIK-
HOCTHU He BCerja IiepeceKalTcs 1, KpoMe TOT0, TOUKHU UX IIe-
peceuenusa MOTYT molagaTh Ha mpamyo AB uau npamyio BC.
O6GcyauM, Korga 9TO IIPOUCXOLUT.

CepefuHHBIE IIEPHEHAUKYJIAPHI IepPeceKarTcsa B IEHTpe
OMMCAHHOI OKPYKHOCTU Tpeyroiabuuka ABC. 9ra Touka Je-
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KuT Ha npamont AB niau npsamout BC, ecau oguH U3 yriioB A
u C IpsIMOH.

CepeIVHHBIN NEePIEHANUKYJIAP MOYKET He IIepeceKaTb OJAHY
uau obe oxkpy:kHocTu. Hampumep, Ha pucyuke 96, cepeaus-
HBIA HepHeHAUKYJIAP K oTpe3Ky BC He mepeceKkaeT OKPY:KHO-
ctu ¢ neHTpamu A u B paguyca AB.

CepenuHHBIN MEPIEHIUKYJAIP K oTpe3dky BC mepecekaet
OKPYsKHOCTH C IleHTpoM B pamuyca AB B TOUKe, JieKalllell Ha
npamoit AB, B nByx caydaax: 1) AB= AC; 2) paccTrosgHue OT
BTOPOI TOUKU TepeceueHud OKPYKHOCTH C IIeHTpoM B u pa-
nuycom AB c¢ npamoii AB mo Touku C paBHo AB (puc. 97).

Puc. 97 Puc. 98

CepenuHHBIA MOEePHEHAUKYIAP K OTpe3Ky BC 1 OKpPYyM«-
HOCTh pagmyca AB c meHTpoM A IepeceKaioTcs Ha TPAMOI
AB, eciu MenuaHa, MpoBeAéHHAass K cropoHe BC, paBHa AB
(puc. 98).

IBe okpy:xHOCTU pammycoB AB m BC ¢ IeHTPOM B TOY-
Ke B me mepecexaiorcsi, eciu AB# BC, m cOBHAmAOT, €CJIu
AB=BC.

IBe okpy:xHOCTH pasmycoB AB m BC c IieHTpaMu B TOY-
Kax A u C mepecekaroTcs B TOuKe B u B Apyroil Touke, He
Je:xartei Ha npaMbix AB u BC.

Oxkpy:kHOCTB ¢ eHTpoM C u paguycom BC mepecekaetcs ¢
OKPYIKHOCTBIO C ITeHTpoM B um pagmycom AB B IBYX TOUKAax.
Opza m3 3TUX TOUEK JEKHUT Ha npamoir AB B ABYX ciyua-
ax: 1) AC=BC; 2) paccTossHIEe OT BTOPOM TOUKM IIepeceueHu s
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OKPYsKHOCTHU C IeHTpoM B m pammycom AB c mpsamoit AB mo
Touku C paBuo BC.

5. Ilyers y O. Bengepa Bcero 0b110 N CJIOHOB, KamKIOMY
ujieHy IIPo(Ccor03a OH BBIZABAJ X CJIOHOB, a KaXKJOMYy He uJie-
Hy —y cyoHoB. Torma 28x+37y=N. Ecau x>37, To nipu
TOM Ke KojaudecTBe cjaoHOB O. Bergep mMor BeIZaBaTh KaXKIoO-
My wieHy mpodcoosa X — 37 CJI0HOB, a KaiKJIOMy He UJeHy —
y+ 28 caonoB. CiemoBaTesbHO, X < 37. AHAJIOTUYHO TOJIyYa-
eMm, uto y < 28. Takum obpasom, N =28x+3Ty<2-28-37=
=2072.

Hoxaxxem Temepb, uto npu N =2072 cylecTByeT JIUIIb
OOVH CHOCO0 paszaum CJIOHOB. PaccMOTpPUM IIPOM3BOJILHBIN
croco6 pasgaun 2072 CJIOHOB M JOKAXKeM, UTO IIPU 3TOM CIIO-
cobe x=37 u y=28. [eiicrBurenbHo, 28x+3Ty=2072=
=28-37+37-28, 1.e. 28(x—37)=37(28—y). Yucna 28 un
37 B3auMHO mpocThie, modToMy X —37=3Tk u 28 —y=28k
IUIsI HEKOTOpPOro meJyoro k. W3 sTux ypaBHEHHH IOJydaeMm:
x=37(k+1) m y=28(1 — k). Yucsia x u y MOJOKUTEJILHBIE,
mostomy —1<k<1, a sgauur, k=0. Takum obpasom, mpu
N =2072 cy1ecTByeT JUIIL OJUH CIIOCO0 pasfauu CJIOHOB.

9 kanacc

1. PaccMoTpuM TOT MOMEHT, KOT/Ja IIEepPBBLII UYeJOBEeK Ha-
yuHaeT 00X0J caMoil 0O0JIbIION OKpy:KHOCcTU. Eciu BTOPOH B
9TOT MOMEHT y:Ke HUIET MO caMoii OOJIbIIION OKPYIKHOCTH, TO
OHU 00s3aTeIbHO BCTpPeTATCA. Eciam Ke BTOPOH B 9TOT MO-
MEHT HaXOAUTCSA HA KAKOW-HUOYAb APYroil OKPYKHOCTH, TO,
TaK KaK IJIWHA caMoil O0JBIION OKPYKHOCTH OOJIbIIIE CYMMBI
IJIUH BCEX OCTAJbHBIX, BTOPOI yCIIEeT IIPOUTH BCE OCTABIIU-
ecd eMy OKPY:KHOCTU M 3aWTH HA caMyl0 OOJBIIYIO IO TOTO,
KaK IIePBBIN IPOMAET €€ MOJHOCThIO. B aTOM ciayuae OoHU TO-
JKe BCTPEeTATCSA HAa CAMOM OOJIBIIION OKPYKHOCTH.

2. Bygem cumTaTh, UTO CTOpPOHA KBaaparta paBua 1. IIpen-
TMOJIOJKMM, YTO MOXKHO BBIOpPATH OBE TOUYKH TpebyeMbIM 00-
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pasom. OTpesKu, COeUHSAIOIINE OAHY W3 9THUX TOUEK C Bep-
IMUHaAMHI KBajapara, pasOmBaioT KBaapaT Ha 4 TpeyroabHHKA.
IIpu sToM cymMa IJIOIaeil TPeyroJbHUKOB, IPUMBIKAOIITNX
K Ka'KIoli Iape IPOTHUBOIOJOMKHBIX CTOPOH KBajapaTra, pas-
Ha 1/2. OTpesku, coeAUHAIOININE BTOPYIO BLIOPAHHYIO TOUKY
C BepIIMHAMHU KBaapaTra, pasbuBaiOT OAHY W3 9THUX IIap Tpe-
YTOJbHUKOB Ha 4 uacTtu, a APyryro — Ha 5 udacreii. Paccmor-
puM, Hampumep, 4 vactu. C OgJHON CTOPOHBI, CyMMa UX ILJIO-
miageit paBHa 1/2, a ¢ Opyro# CTOPOHBI, OHA JOJKHA OBITH
pasHa 4/9. IIpuxoauM K IIPOTHUBOPEUUIO.

4. PaccMOoTpuM IBa HATYPAJIbHBIX UHCJA, PASHOCTH MEXKIY
KoTophIiMu OoJbIiie 13. Me Ay HUMU PACIIONOMKEHO He MeHee
13 HaTypaJabHBIX umces, uAyiux mnoapsazn. Cpeau oo0bix 13
HATYPAJbHBIX YKCEJ, UAYIMUX IIOAPST, XOTd Obl 7 YmCes Jie-
sKaT B ogHOM gecsATKe. CyMMBI mudp 3TUX CEMHU UYKHCE] — II0-
cJieloBaTeJIbHbIE HATYpPAJbHBLIE UYKCJIA, IOITOMY CPEIN HHUX
eCTh UmCJO, Aensiineecda Ha 7. CiaemoBaTelbHO, UCKOMAasA pas-
HOCTBH He Oosbire 13.

IoxaxkeM Tellepb, UTO MCKOMAas PasHOCTL He MeHbIe 13.
Me:xxny uuciaamu 993 u 1006, cyMMBI 1P KOTOPBIX PABHBI
21 u 7, HeT OApPYyrux Umcesa, cyMMa IUPP KOTOPBIX IEJIUTCS
Ha ceMb, a pasHocTb 1006 — 993 pasua 13. Wrak, uckomas
pasHocTh paBHa 13.

5. ITo ycooBuio 3ajaum KasKaoe cjaraeMoe mmeeT BUm A; =
=a;X, rae a; — 12-3aHaunoe uuciao, a X — 108-zgaunoe, mpu-
uyéMm umcao X OJHO U TO Ke IJIS BCcexX cyaraeMbix. IIpeoOpasy-
eM TaHHYI0 CYMMY.

120 120
Z A, = 120X +10'%® Z a,
i=1 i=1

120 —
T.e. ZOCTATOYHO AOKasaTh, uro ymciao 10'%° Y '@ pemwmr-

ca Ha 120. Ho 120=3-40, a umcno 10'°8 gemmrca ma 40.
120 —
Crief0BaTeNbHO, LOCTATOYHO HOKA3aTh, UTO » .-, G; LEJATCSH
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Ha 3. IlockoJBKY UMCIIa @; OTJIMYAIOTCS TOJHBKO IIepPecTaHOB-
KoM 1mu@dp, a OCTATOK OT JeJIeHUuS Uucjaa Ha 3 paBeH OCTATKY
OT JleJIeHUS Ha 3 ero CYMMBI ITU(MP, IOJIydaeM, UTO OCTATKU OT
IeJieHUs Ha 3 Y BCeX cjJaraeMbIX OAMHAKOBBI. Ho cymMa Kpart-
HOT'O TPEM UYMCJA CJIaraeMbIX, JAIONINX OOJWHAKOBBLIN OCTAaTOK
pu gejeHuU Ha 3, meautcda Ha 3. Uraxk, E:j‘l’ a; pjenuTtcsd Ha 3,
a 3HAUUT, UCXOOHAA cymMa geautcsa Ha 120.

10 kanacc

1. IIpeaBapuTeIbHO MOKaXKeM, UTO €CJU B TPEeyroJbHUKeE
pacmososxeno k Touek (k> 0), To ero MOKHO pas3dUTh Ha k Tpe-
YTOJIBHUKOB TakK, YTOOBLI B KAXKIOM 13 HUX HAXOAUJIOCH POBHO
0 OJHOM Touke. IIpmMenuM mMHAYKIHIO Ho k. Baza mHAYK-
nuu, Korga k=1, oueBUIHA: €IUHCTBEHHBLIM TPEYTOJbHUKOM
pasbuenus OymeT UCXOAHLIN TPeyroabHuK. IIpeamooxxum Te-
mnepb, UTO A4 Bcex k < K yTBep:kaeHUe BepHO. [lokamkeM ero
nasa k=K. Bepmuusl Tpeyroabauka ABC MOXXHO 0003HAUUTH
Tak, UTO He BCe OTMEUEHHBIe TOUKHU JeKAT Ha KaKou-1ubo
OpsaMoOl, mpoxonsalleil ueped BepiiuHy A. Torga uepes Bep-
IMUHY A MOKHO IIPOBECTH NPAMYIO [ TaK, UTO II0 KaKIYIO
CTOPOHY OT Heé eCTh XOTd ObI OfHA OTMeuUeHHasd TOYKa, a Ha
caMoli HmPsMOI HH OJHOI OTMEUEHHON TOUKM HeT. ITa Ips-
Mas pasbuBaer TpeyroabHuK ABC Ha gBa TpPeyroJibHUKA, B
KasKJIOM 13 KOTOPBIX Je:KuT He 6osee K — 1 Touxku. Ilo mpen-
IIOJIOYKEHUIO NHAYKIINN KAXKIBIM 9TUX TPEYTOJbHUKOB MOMHO
pasdéuTh Ha TPEYrOJbHUKM, B KaKJIOM M3 KOTOPBLIX OymeT Ha-
XOAUTHCS POBHO II0 OAHOM Touke. CymMMapHOe pas3dueHre 3TUuX
IBYX TPEYTOJLHUKOB MaéT TpeOyeMoe pas3dueHNe HCXOTHOTO
TpeyroabHuKa Ha K TpeyroibHUKOB.

Hoxaxxem cHauaja, uto mpu K > 1 KBagpaT MOKHO Pa3dUTh
TpedyeMbIM oOpasoM Ha K TpeyroabHuUKOB mam Ha K + 1 Tpe-
yroabHUK. [ 9TOTO 3aMeTHMM, YTO HAWAETCA XOTA ObI OTHA
13 BEPIINH KBajpaTa, AJS KOTOPOI He BCe TOUKM JIeXKaT Ha
KaKoi-aubo IIpsAMOoi, mpoxonasaineir uepes Heé. Ilycth aTo Oy-
met BepiuHa A KBagpata ABCD. Torga cyimectsyetr Touka P,
Je:xarlas Ha ctopoHe BC, njs KOTOpOU HU OOHA W3 MAaHHBIX
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TOUEeK He JIeKUT Ha oTpedkax AP u DP, a Tak:Ke He Bce JaH-
Hble TOUKH JIeXKaT B OJHOM U3 TPeyroabHuKoB ABP, APD n
DCP (t.e. He O0Jiee UeM B OJHOM U3 9TUX TPEYTOJIbHUKOB HET
ITaHHBIX TOUeK). Te M3 sTUX TPEX TPEeyroJbHUKOB, B KOTOPBIX
€CTh JaHHbIe TOUKM, PAa300LEM HA TPEYTOJbHUKM, B KarKIOM
13 KOTOPBIX HAaXOAUTCS POBHO OJHA JaHHAs TOUYKa. B pesyJib-
TaTe mMoJayunM pasouenue Ha K TpeyroJbHUKOB (€Cii JaHHbIe
TOUKHM €CTh B KasKJOM M3 TPEX TPEeyroJbHuUKoB) uiau Ha K + 1
TPEeYTroJbHUK (ecJu B OJHOM M3 TPEX TPEYTrOJbHUKOB HET JAaH-
HBIX TOYEK).

HoxaxeM Telepb, UTO pa3buTh KBagpaT TpeOyeMbIM oOpa-
30M Ha K TpeyroJbHUKOB He Bcerga Bo3MoOKHO. Ilycts O —
meHTp maHHoro ksazpara ABCD. Pacmosoxkum K Touek Ha
unTtepBase BO. IlpeAmoso:XuM, UTO CYIIeCTByeT pasOueHue
KBagpara Ha K TPeyroJbHUKOB, YAOBJIETBOPAIOINEE YCIOBUIO
damaun. Torga B KasKIOM TPEYroJbHUKE JIEXKUT POBHO OIHA
OTMeUeHHAas TOUKA W KasKIas OTMeUeHHAas TOUKAa JIeKUT POB-
HO B OJHOM TPEyroJibHUKe (T.e. TOUKa He MOYKeT JIeKaTh Ha
rpaHuile ABYX TPEYroJIbHUKOB). B sToM pasdueHUUM paccMoOT-
PUM BCe TPeyroJbHUKM C Beplinuoii D. Ecau TaKux TpeyroJib-
HUKOB HECKOJIbKO, TO XOTA ObI OAWMH M3 HUX JU0O0 He comep-
JKUT oTpedKka npamoit BD, mub6o Kaxkasa-HUOyAb U3 CTOPOH 3TO-
o TPEYroJbHUKA JeKUT Ha nupamoii BD. Hu B ogHOM M3 9TUX
CcJIy4YaeB B 9TOM TPEYTOJbHUKE He MOYKeT ObITb OTMEUeHHBIX
TOUEeK, UTO HPOTHUBOPEUUT Ipeamnogo:kennio. CiemoBaTenbHO,
TAKOM TPEYTOJbHUK €CJIU U MOKeT OBITh, TO TOJIbKO oguH. Ho
TOTZIa ABE er0o CTOPOHBI JexkaT Ha orpesdkax AD u CD, a 3Ha-
YUT, STOT TPEYTOJbHUK COHEeP:KUTCA B TpeyroabHuke ACD,
TeM CaMbIM HUM OJHA OTMeUEeHHAas TOUKAa He MOJKEeT JIeKaTh B
HEéM. [losryueHO ITpoTHMBOpEUME.

2. Ilpegmoyio:KuM, UTO BHYTPU Kpyra pagumyca 1 MOKHO
PaCIOJIOMKUTD IIIeCTh TOUEK TaK, UTOOBI PACCTOSHUE MEXKIY
JI00bIMU AByMs ObL1o Gosbille 1. Tak xax paccTosdHme OT
ImeHTpa Kpyra pagmyca 1 mo Jai000il ero TOUYKM He HPeBOC-
xoauT 1, HEM ogHA M3 ATUX IIECTH TOYEK He MOJKEeT COBIa-
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IaTh ¢ IMeHTpoM Kpyra. Ilycts Aq, ..., Ag — 9TO JaHHBIE TOU-
KM, 3aHyMEPOBaHHBIE II0 4acoBOil cTpenke, O — IEHTP KpPy-
ra. Ecau Touka O Je:XKUT BHYTPU MHOTOYTOJbHUKA A;...Aq,
0 LAOAs+ ...+ LAgOA; =360°, mosToMy OmHO M3 cJarae-
MbIX He mpeBocxonut 60°, T.e. LA,0A, 1 <60° nua Hexoro-
poro k. Ecau ke Touka O JIe:KUT BHE 9TOTO MHOTOYTOJIbHUKA,
:

To LA,OA, 1 < % < 60° gas HekoTOoporo k.

IIycrs nyum OA, m OA,, 1 IepeceKarT OKPYKHOCTb B TOU-
kKax B u C. Orpesok A A, ; JEXUT BHYTPU TPEyTOJbHUKA
BOC, HauboJiblliasg CTOPOHA KOTOPOro paBHA 1, mMosTOMY IJIM-
Ha 9TOoro orpeska He mpeBocxoauT 1 (cm. «OcHOBHBIE (aK-
ThI»). IloslyueHHOE IPOTHBOpeUre IIOKAa3bIBAeT, UTO BHYTPU
Kpyra paguyca 1 HeJIb3s PaCIIOJIOMKUTh IIIeCTh TOUEK TaK, UTO-
OBbI pacCTOSHIE MEXAY JIFOOBIMU ABYMS ObLIO OoJbIie 1.

3. Ilpu gmesmenuu Ha 9 umciao n® gaér ocratox 0 mmm +1.
ITosromy umcao 19x3 —17y3 =x3+y® (mod 9) nmpu menenun
Ha 9 maét ocratok 0, +1 mam +2. A 50 npu germenun Ha 9
IaéT OCTATOK D.

4. IlycTh JaH KOHEUHBLIN HA0Op IIJIOCKOCTEH B IIPOCTpPaH-
crBe. JlokaxeM, uTO nJa Jroboro umeaa R cylmecTByeT TOU-
Ka B IIPOCTPAHCTBE, PACCTOAHUNE OT KOTOPOM OO0 KaXKIOW U3
IIJIOCKOCTeH aToro Habopa Ooabiire R. ITons3ysach aTuM, JIETKO
IokasaTh Tpedyemoe. [leiicTBUTEILHO, CHaUAJa HANUJEM B IPO-
CTPaHCTBE TAKYI0 TOUKY P, 4TO paccTOAHME OT HEe A0 KasKI0n
U3 JaHHBIX mIockocteil Ooisbiite 100. Torma 1map ¢ meHTpoOM
B aToii Touke pazmyca 100 He mepecekaeT HU OAHY U3 AAH-
HBIX TJIOcKocTel. HepaspesaHHoU ABaAeTCA, HaAIIpUMeE]P, JIO-
0as MBIOMUHKA, IIEHTP KOTOPOM yAaJNEéH oT Touku P He 06oJee
yem zHa 90.

CHauaja [OOKasKeM CcJeAyiolllee BCIIOMOTaTeJIbHOE YTBEp-
JKIOeHMe: 00BbEM MHOKECTBA TOYEK IIPOCTPAHCTBA, YAAJIEH-
HBIX OT Kpyra paauyca r He Oojee ueM Ha paccrosHue d,
He npesBocxonutr 2rd(r + d)?. JleficTBUTEILHO, €CJIH PACCTOS-
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HUE OT HEKOTOPO# TouKu P 10 TaHHOTO Kpyra He IIPEBOCXOIUT
d, TO paccTossHME OT 9TO¥ TOUKHU OO ILIOCKOCTH, COAep Kalei
IaHHBIA KPYyT, He IPEeBOCXOAUT d, a 3HAUUT, TOUKA P JIe:KUT
B mojioce mupuHbl 2d. KpoMe TOro, paccTosHie OT IPOEKITNU
9TOUM TOUKHU A0 JAHHOTO KPyra He IIPeBOCXOAuT d, a 3HAUUT,
Touka P JeXuT B OecKoHeuHOM B 00e CTOPOHBI IMUJINHIpPE,
OCHOBaHHNEM KOTOPOTO ABJAETCA KPYr paguyca r + d, KOHIIeH-
TpUUYEeCKUN manHoMy Kpyry. CiemoBaTelbHO, TOUKA P JIeKUT
B IIUJIUHAPE C PagnuycoM OocHoBaHUsA r +d u BuIicoToil 2d. Ta-
KM 00pasoM, 00bEéM MHOKECTBA TOUEK, YAAJEHHBLIX OT AaH-
HOTr'O Kpyra He 0ojiee ueM Ha d He IPEBOCXOAUT 00BEMA STOTO
IUINHAPA, T.e. He npeBocxoaut 2nd(r +d)?, uto u Tpe6osa-
JIOCh.

BossMém mpousBoinbHyI0 TOUKY O 1 pacCMOTPUM JOBa KOH-
neHTpuueckux mapa D, u D, r ¢ eaTpom O, paguychl KOTO-
pBIX paBHBI a U a+ R. JlokaKeM, UTO IPU JOCTATOUYHO 0OJIb-
mioM a B miape D, Hanaérca mcKomas Touka P, paccrosHue
OT KOTOPOH [0 KasKIOU M3 IIJIOCKOCTEH JaHHOTo Habopa 00JIb-
mie R. PaccmoTpuM Kpyr, II0 KOTOPOMY OJHA M3 IIJOCKOCTe
maHHOTO Habopa mepecekaet map D, r. Ecau touka P, mpu-
Hamexainad mapy D,, yaajleHa OT 9TOH IJIOCKOCTH Ha pac-
CTOsSHUIE, He IIpeBocxogAliee R, To paccTosgHMre OT TOUKU P 1o
paccMaTpUBaeMOro Kpyra ToKe He IPeBOCXOAUT R. ITOT Kpyr
ABJISETCS ceueHMUeM Imapa pajuyca a+ R, mosTomy ero pagmyc
He mpeBocxoauT a -+ R. CoryiacHO BCIIOMOTATEJIBHOMY YTBEpP-
JKIEHUIO M3 9TOTO CIEeAYeT, UTO 00bEM MHOKECTBA BCEX TOUEK
mapa D,, yoaJdéHHBIX OT AAHHOM IIJIOCKOCTH He 0ojiee ueM
Ha R, me mpesocxomutr 27nR(a+ 2R)2. Takum o6pasoM, ecan
Ha00p COCTOUT M3 1 IIJIOCKOCTEH, TO 00BEM MHOKECTBA TOUEK
Bcex 1miapa D,, yIaJ€éHHBIX OT OJHOU M3 IIJIOCKOCTEH TaHHOTO
Habopa He Gojee ueM Ha R, He mpeBocxonutT 2nnR(a + 2R)2.
Ho pu gocTaTouHO OOJIBITNUX @ 3TOT 00'HEM MEHbIIIe, UeM 00b-

) .4 4
ém mapa D,, paBHBINA zma’.

5. Jlerko nmpoBeputhb, uto S+1=(2+1)(3+1)... (pr+1).
IIpu k> 1 raxgoe BeIpaskeHMe B CKOOKAX SBJISETCS UYETHBIM
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YKUCJIOM, IIOSTOMY OHO pasjaraercs II0 Kpalimeil mepe Ha 2
IIPOCTBIX MHOKUTeNsI. HecsoKHBbIe BBIUYMCJIEHUSA ITOKa3bIBa-
0T, 4TO Ipu k=25 uucyuo S+ 1 pasnaraercsa B IPOU3BeIeHUE
11 mpocteix mMHOo:kuTenei. [lostomy mpu k>5 umcmo S+ 1
TaKsKe pasjiaraeTcs B IIpousBegeHme 6ojiee 2k MPOCTBIX MHO-
JKUTeseli, IIOTOMY UTO IPU yBeJudeHun k Ha 1 g1ob0aBasd0TCA
Mo KpaliHell Mepe 2 IMPOCTHIX MHOMKUTEJIS.

Bropoii Typ

7 Kaacc

1. Tpeyroapuuxu ACB u ECM 1omo0HBI, IIOCKOJIBKY yroa C
y Hux o6muit u EC: AC=|cosC|=MC:BC. Ilosaromy /MEC=
=/BAC. C gpyroii cropoust, /MEC=/ABC, nockonbky EM||
| AB. Takum obpasom, /A= /B. AHaJOru4HO U3 TOrO, YTO
EP| AC, cnenyer, uto LA=/C. Iloaromy Tpeyroabuux ABC
PaBHOCTOPOHHMUI, a IJId PABHOCTOPOHHEI'O TPEYroJbHUKA Oue-
BuzAHO, uTo MP || BC.

2. ITlycTh cTOpoHa KBajgpaTra paBHa a. PaccMoTpuM ciaenyro-
e 5 ToueK: BEPIIMHBI KBaJpaTa U ero meuTp. Eciu guamerp
a o

Kpyra MeHbIIIe —, TO OH MOYKET COZep:KaTh He 0ojiee OmHOM

V2

a
13 9TUX ToueK. ITosTomy 4 Kpyra pagmyca MeHbIIIe 7 He MO-

YT IEeJIUKOM MMOKPBITH KBaApaT CO CTOPOHOM a.

Jlerko BumeTh, 4To 4 Kpyra, fuaMeTpaMu KOTOPBIX CIAYKAT
OTPe3KHU, COeIUHAOINNe IEeHTP KBajapaTa C ero BepIInHaMH,
MMOJIHOCTHIO MOKPHIBAIOT KBaapaT.

3. [lokaskeM, UTO CYIIIECTBYET UMCJIO, comepaKaliee n mudp,
B JECATUYHON 3aIMCH KOTOPOTO BCTPEUAIOTCA TOJNBKO IU(PHI
1 u 2 u Kotopoe menuTrca Ha 2". dcHO, UTO 9TO YMCJIO MMEEeT
BUL ¢,-2" U B €T0 MECATUYHOIN 3alIuCU HET HU OJHOTO HYJIA.
Wckomoe 4ucao ¢ — BTO G1990-

ITpumenum muaykiuoo o n. Ilpu n=1 uucmo 2 obraga-
eT TpeOyeMbIM cBoiicTBoM. IIpeamosokum Temepb, UTO IS
IaHHOTO N IIOCTPOEHO TpebyeMoe UUCJIO ¢, -2". Ilpunuiiem
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9TOMY UHCJay cyeBa mudpy 1 mam 2, T.e. pacCMOTPUM UMCJIA
10" +q,-2"=2"(5"+q,) u 2-10"+q,-2"=2"(2-5"+4q,). Ox-
HO M3 9THX 4YmceJI JeJnuTcsa Ha 2", MOCKOJIbKY OJHO U3 Yuce
5" +q, u 2-5"+ q, 4éTHO.

4. TIpeAmoa0KuM, YTO UMCJO Y IIOJYyUYaeTCs U3 HATypasb-
HOTO YmCJIa X HEKOTOPOH IIepecTaHOBKOW ero mnudp, mopu-
uéM x +y=9999...99 (1967 memBarok). Torma umcia x u y
COCTOSAAT M3 OAMHAKOBOro KoJymuecTBa mudp. Tax Kax x <
<x+y=9999...99 (1967 meBATOK), TO 9TO KOJUUECTBO HE
npeBocxoauT 1967. C apyroii CTOPOHBI, €CJIU OHO MEHBIIIE,
yem 1967, To

x4y <9999...99 + 9999...99 < 9999...99 .

1966 meBsaTOK 1966 meBsATOK 1967 neBsaATOK

CiaemoBaTeabHO, X = X1 ... X1967. HO TOTZA

Yy = 9999...99 —X1ee.X1967 — Y1+--Y1967>

1967 meBsaATOK

rae y, =9 — x;,. Takum o6pasom, B 3alUCU YMCJIA X YUCJIO HY-
Jlell paBHO UMCJY [IE€BATOK, YMCJO E€NUHIUIL— YKCJIYy BOCHME-
POK,..., UHCJIO YeTBEPOK — YUCIY IATEPOoK. Ho 5TO HEBO3MOMK-
HO, TaK KaK YMCJIO X COCTOUT M3 HEUETHOIO KOJUUYeCcTBa Iudp.

5. Cpenu maHHBIX TOUEK BbIOepeM OBe HamOoJiee ceBepHBIe
(ecsu ecTh HECKOJIBKO HamboJiee CeBEePHBIX TOUEK, TO BuIOMpA-
eM J00bIie nBe m3 Hux). OgHY M3 CTOPOH KaKIOTO IIPAMOTO
yrja B 3THUX TOUKAaX HAIPaBUM Ha OT, a APYyrue CTOPOHBI Ha-
[IpaBUM HaBCTPeUy APYT APYTy. B pesyabrare OymeT ocBeleHa
BCSI IIOJIYIIJIOCKOCTh, COCTOSINAA M3 TOUEK, PACIIOJIOKEHHBIX
I0KHEe 9THX OBYX IIPOKEKTOpoB. C MOMOIIBIO ABYX OCTaB-
IIUXCSA MIPOKEKTOPOB MOYKHO OCBETUTh MOJYIJIOCKOCTDH, Pac-
IMOJIOKEeHHYIO0 CceBepHee UX.

8 Kaacc
1. Cum. perrenue 3amaun 3 s 7 Kjacca.
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2. IlycTw N:p}l”1 ...p" — pasnoxenne uncaa N Ha mpocTbie
MHOKUTeJau. DBes3 orpannueHuUs OOIIHOCTHU MOMKHO CUHTATD,
uto P=p;. Tormpa d(N) = (k1 +1) (B2 +1) ... (Bs+1)

N _ P pk .
d(N) ~ k141 ket+1 " Ro+1 F1
B CUJIY YCJIOBUSA 3aJaum.

Ham momamo0saTcsa cienyoolire HepaBeHCTBa, KOTOPbIE JIU-
00 OuUeBUAHBI, JU0OO HOKA3BIBAIOTCA II0 MHAYKIIMU IIO TOH Ke
cxeMe, UTO U IIepBOe M3 HUX.

pk

k+1
MOKHO IlepenmcaTb B Buje p*~!>Ek+ 1, mosromy mocrarod-

HO pacCMOTpeTh ciaydaii, Korga p = 5. Basa magyKknum: 5> 2.
Illar uagyKkoun: ecan 51 >k + 1, To 5*>5(k+1) >k +2.

2) Ecmu p=3 u k=2, T0 . =p.

1) Ecntup>3u k>2, 10 > p. Tpebyemoe HepaBeHCTBO

k+1
o P
3) Ecmmu p=3 u k> 2, To —k+1ip.
4) Ecimm p>2 u k>1, 1O kp?QI, OpuuYéM ecam p > 2

wiau k> 1, To HEpaBEHCTBO CTPOroe.
k
P
= >
5) Ecnu p=2u k>4, T P}

PaccMoTpuM cHauaja ciydail, Korga umcio N [JeIuTcd
Ha p?, 1. e. ky > 2. Ecau npu stom p; > 3, TO

P Py pl
1 2 s
= . e ® >
P1= %1 ket 1 ko1 - PU
TaK KaK KasKAbIA W3 COMHOMKUTEJe He MEHbIIe eJUHUIILI,
a mepBuIl OoJbIlie p;. CaemoBaTenbHO, p; =3 uau p; = 2. Ecau
p1=3, T0o Bk =2. Tak KaKk B IIPOU3BEJEHUN YK€ €CTh COMHO-
SKUTEJb, PABHBIN Pi, TO BCE OCTAJbHBIE COMHOMKUTEJIN PABHBI
equuune. Caegosarenapno, auoo N =9, gubo N =2-9=18.
IIycts Tenmepws p; =2. Torma k; <3 (MHaAYe COOTBETCTBYIO-
U MHOKUTEJb Oyaer OoJibille 2, a 3HAUUT, WM BCE MPOU3Be-

k1 3
2
menue oynet 6oJbiiie 2). Ecau ki =3, To kpir I=71= 2, a 3Ha-
k1 2
2 4
yur, N =8. Eciu k=2, T0 P _ 2 . B 3mamenarese mo-

ki+1 3
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aBmwiochk ymcyao 3. CiemosareisibHO, uuciio N meauTcsa Ha 3.
3k

Yucao N =3-22 mogxonuT, U MOCKOIBKY P > 1,5 opu k>

> 1, To B OOJBIIEH CTEIIeHN MHOMKHUTEIL 3 B pasijioikeHue N

BXOAUTHh He Mo:KeT. VITak, mpu k; > 2 MOAXOAAT TOJbKO UHC-

aaN=8 N=9, N=12 u N=18.

Paccmorpum Temeps cayuaii, Korma k;=1. B stom ciy-
P1
2
OCTaJIbHBIX MHOKHUTeJell paBHO 2. Tak Kax Bce MHOMKHUTEU

He MeHbIle 1, To Bce oHm He Gosbiie 2. IfomycTum, UTO UmC-

Jo N ummeeT IIpPOCTOU AeauTesb He MeHbIe 5. Torga coorser-

CTBYIOIIIUHM eMy MHOMKUTEIb 00JbIlle 2, 4TO HeBo3MoKHO. Cie-
r

yae moJaydyaeM MHOKUTeIb — . CliemoBaTeibHO, IPOU3BeAeHIIE

moBaresbHO, N =p;-2°-3" u mpu atom r < 1 (6o mHAY

r+1

>2) u s<3 (unaue 32—1 > 2). IlepebpaB Bce 3TM BapUaHTHI,

mojyuaem, uTo moaxonar uucaa N =8p, N=12p u N =18p.

3. IIpoBeném cepegUHHBIE IIEPIEHAUKYIAPBE K CTOPOHAM
KBaJIpaToB, IIPOTHUBOJIEKAIINX CTOPOHAM TpeyrojgbHuka. C
OIHOU CTOPOHBI, OHUM HOJIYKHBI II€PECeKaThCA B IIEHTPE OIIU-
CcaHHOM OKpyskHOCTH. C IPYroil CTOPOHLI, OHU IIE€PECEKAIOTC
B CepelrHe I'UIIOTEeHY3bl. 1109TOMY HYKHO BBIICHUTH, B Ka-
KOM cJydYae PACCTOSAHHUSA OT CePeJWHBI T'MIOTEHY3BhI 10 Bep-
IIUH KBaAPAaTOB, JIEKAIUX HA OIMMCAHHON OKPYsKHOCTHU, PaB-
Hbl. Ecjim KaTeThl MPAMOYTOJbLHOIO TPEYTrOJbHUKA PaBHBI 2a
u 2b, To otu paccrosHua pasusl V5 (a%+b?), V(a+ 2b)2 + b?
u vV (2a+b)2 +a?. OHE paBHBI TOTZa U TOJBKO TOTAA, KOTZa
a=>b, T.e. TPEYroJbHUK PABHOOEIPEHHBINA.

4. TIpenmonoKuM, UTO JAaAbW XOAAT TaK, YTO KOPOJIO He
ymaéTcs BCTaTh Imof 0oil ogHOMW m3 HuX. IlepemBuHem 3a He-
CKOJIBKO XOZOB KOPOJIA Ha II0Jie, COCeHee II0 AUATOHAJN C Je-
BBIM HIMKHUM moJieM (Ha pucyuke 99 sTo mojie oTMeueHo 4ép-
HBIM KPYs:KKoM). Ilepen cieayomninM Xoq0M KOPOJIS BCe Jaabu
TOJIXKHBI HAaXOIUTHCS B 3AIITPUXOBAHHOM KBaJpaTe pasMepoM
997 x 997, moToMy UTO MHaUYe KOPOJb CMOKET BCTAThL HOJ 00
Jagbu, HaXOIAIIecsa BHe 9TOTO KBajpar.
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Puc. 99 Puc. 100

IIycTts Kopouib ABUIKETCS IO JUArOHAJM IIOKA He HOULET
IO TIOJIsI, COCeAHETO ¢ mpaBhIiM BepxHuM mojseM (puc. 100). Ha
aT0 emy norpedyercs 997 xomos. Ilocie caenyioiero xoma Bce
JagbU LOJIXKHBI HAXOJUTHCA B KBaJpare, 3allITPUXOBAHHOM HA
pucyake 100; ¢ yuéTroMm 3TOro Xoja 3a BpeMsdA ABUMKEHUS KO-
poiisa Mo gmaroHaJu Jagbu caesarT Toxke 997 xomxos. Ciuenmo-
BaTeJIbHO, OLHA M3 JIaLell BCE 5TO BpeMsdA OocTaBajaach 0O Ha
OIHOM I'OPU30HTAJIM, JIUOO Ha OJHOM BEPTHUKAJU, IIOTOMY UTO
nHaue JagbU NOJIXKHBI ObLIU ObI creaaTh 2-499 =998 xomos.
VuureiBas, rge HaxXoAATCA JIAAbU B Hayaje U B KOHIE, MBI
BUIUM, UTO KOPOJb AOJKEH Iepecedb 5Ty IOPU30HTAIbL HJIN
BEePTHUKAJb, T. €. OKaszarhca mox 0oem. IlonyueHo mporuBope-
yue.

5. IIpeArooKMM IIPOTUBHOE: IIYCTh B HEKOTOPOM KMHOTE-
aTpe Ha Ka'KJIOM ceaHce OBII XOTsS ObI OAWH M3 dTUX IIKOJb-
HuKOB. Torga Bo BpeMsi KayXI0T0 ceaHca ogHa u3 rpynn (ogmH
YeJIOBEK WJIM IIeCTh YeJOBEeK) CHejia B dTOM KHHOTearpe,
a Jgpyras rpyiia—B OZHOM M3 OCTaBInuxcs. Taxkmm obpa-
30M, BCEro B APYIMX KMHOTEATPax OHHU IIOCETHJIM He 0ojee
8 ceamcoB. C mpyroii CTOPOHBI, B KaKJAOM 13 KHHOTEATPOB
rpyiia IIKOJbHMKOB JOJYKHA IIOOBIBATH HE MeHee ABYX pas
(rak Kak 3a OAUWH pa3 BCe IIKOJbHUKMN IIOCETHUTh KMHOTEATP
He MOI'YT, a KasKAbIH MIKOJbHHUK IIOCETUJI B KaXKJIOM KHHO-
TeaTpe XOTs Obl oguH ceaHc). CiemoBaTenbHO, 00Iee UMCJIO
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TIOCeIeHNH APYTUX KMHOTeaTpPOB He MeHbIe, ueM 6-2=12.
ITonyueHnHOe IPOTHUBOPEULE JOKA3BbIBAET, UTO MPEAII0JI0KEeHIe
HEBEpPHO, 03TOMY B KaiKIOM KHHOTeaTpe OBLI ceamc, Ha KO-
TOPOM He MOOBLIBAJ HU ONUH M3 3TUX IITKOJbLHUKOB.

9 kaacc

1. IIycTh uucyio B moayuaeTcs M3 HATyPaIbHOI'O uucia A
mmepecTaHoBKou ero mudp, npuuém A+ B=1000...00 (zexo-
TOpOe umeao HyJieir). [Jokaskem, 4TO TOoTAa IMocaeaHue ITUu(PhI
yncen A u B omuuakoBble (1 paBubl gubo 0, a1u6o 5). fdcwo,
YTO eCJU Iocjenuas mudpa ogHoro us uuces pasuaa 0, To 1mo-
caenHsas nmu@dpa apyroro umciaa toxke pasua 0. Ilycers mocuen-
Hue 1udpsl yrucea A u B pasHbl a u b, npuuém a # 0. Torga
b=10 —a. fIcHo TaK:Ke, UTO ecau a, U b, — MUPpwI ynucea A u
B, crodmniue Ha OOJHOM U TOM K€ MeCTe, IIPUYEM dTO MECTO He
mocjenHee, To a, + b, =9. Beruepkuem B umciaax A u B mapsl
uudp (a;, b;) u (a;, b;), ecnu a;=b; u b;=a,;. Ilocie sTUX BHI-
YépKUBaHUN 00d3aTeIbHO OCTAHETCS ITapa MOoCJaeTHUX udp
(a, 10 — a). IIpeamnonoxkum, 4To a # 5. Torma mOJIKHBI OCTATh-
ca emré mapsl (a—1, 10 —a) u (a, 9 —a). Ho mocie Bcex BO3-
MOJKHBIX BBIUEPKUBAHUN HUKAKUX APYTUX IIap OCTAThCA He
moskeT. Takum ob6paszom, B uucjge A mudp a — 1 Gobiiie, ueMm
B uncJie B, uero He Mmo:keT ObITh. IloyueHHOE mpoTHBOpEULE
IOKa3bIBaeT, uTo a = H.

Ilepeiiném HemmocpenCTBEHHO K peIleHUI0 3amauu. Ecim
yucao X He geautcs Ha 50, To ogHAa 13 IBYX MOCIETHUX UMD
9TOr0 UMCJA OTJUYHA OT HYJs. Ecam mocaemuss mudpa yuc-
na X He paBHA HYJIO, TO OHA PaBHA 5, & 3HAYUT, U IOCTAEAHAS
nudpa uucna Y pasHa 5. CiregosaTenbHO, 0003HAUMB yepes X
u Y umcna, monydaromueca u3 X m Y orOpachlBaHHEM II0-
caenueir mudpel, moayunM X +Y =9...9, 4TO HEBO3MOIKHO

——
199 neBaATOK
corsacHO 3amaue 4 nisa 7 Kjaacca (KoTopas BepHa IJs JI000T0
HeUYETHOTO umcaa AeBATOK). CiaemoBaTesbHO, umciao X AeJUT-
ca Ha 10. [Ipumenasa JoKazaHHOE B HAYaJle YTBEPXKACHUE JIJIA
yucen X u Y, moayuaem, uro X genutcs Ha 50.
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2. OTBeT 3aBUCUT TOJBLKO OT IIeJOM JacTu yucyaa M, 1mosTo-
MY B JaJbHEHIeM, YTOObI He YCIOMKHATh 0003HaAUeHII, OyaeM
CcUuTaTh, uTo M — Iejoe 4HucCJo.

Haitiném camauana gauny L, (M) mociaenoBaTeaIbHOCTH, IJIs
Koropoit X; =1, Xy, =M. [lyna sToli mOCaeZ0BaTEIbHOCTH IO~
ayuaem Xs=M -1, X,=1, X5=M — 2, a suauur, L, (M) =
=Li(M—-2)+3 mpu M>3, Li(1)=2, L(2)=4. Takum 00-
pasom, Li(2n+1)=3n+2u L (2n) =3n+ 1.

Haiinem Teneps nAamHyY mocIief0BaTEIBHOCTHU, AJIA KOTOPOU
Xi=M-1, X,=M. [Ina sroii mociegoparembHocT X3=1,
X4,=M—-1, r.e. ora gnuna paBHa Ly(M — 1) +2=L(M) upn
M > 1. Ilonosxkum L(1)=2u L(M)=L; (M —1)+2 upu M >1,
T.e. L2n+1)=3n+3umpun>0wu L(2n)=3n+1.

Mgl MOCTPOUIN IIOCJIeL0BATEIbHOCTD, AJINHA KOTOPOM paB-
Ha L(M). JokaskeM Temnepb, UTO 0Ojiee AJIMHHOM IOCJIEOBA-
TEeJbHOCTH He CYIIeCTBYyeT, MHAYKIueir mo M. Basza mHIYK-
muu, Korma M <3, OOKas3bIBAeTCsS HECJIOMKHBIM IIepedopoM;
nmpu M =2 u npu M =3 camble IJIUHHBIE IIOCJIEI0BATEILHO-
ctu HaumHaorcs ¢ 1, 2 u 2, 3. Ilycrs Tenepr M >4. 3a-
MeTHM cHauaJja, uTo ecau X; <M um Xy, <M, TO Bce UJIeHBI
IIOCJeN0BATEJbHOCTH He IpeBocxomaT M — 1, a sHauuT, eé
nauHa He npeBocxoauT L(M —1) < L(M). Ecaiu X, =M =X,
TO IJWHA IIOCJIEeJ0BaTEeIhLHOCTH pPaBHA 2, a 3HAUUT, He 00JIb-
me L(M). Ecniu X, =M, Xo <M, 10 X3 <M, a 3HaAUUT, AJIUHA
mocJiegoBarenbHocT He mnpesocxomutr L(M —1) +1<L(M).
Takum o6pasom, ocrasnca cayuant X, <M, X, =M. IIpu X;=1
u X;=M—1 piuHa IOCIEIOBATEILHOCTH YK€ BBIUMCIEHA
paumee m He mpeBocxomuT L(M). Ecau ke 1<X; <M -1,
o Xg<M—-1uX,<M-—1, a 35aunT, AJIUHA II0CJIEI0BATEIb-
HOCcTHU He npeBocxoaut 2+ L(M —2) < L(M).

3. IlpeamososKkuM, UTO Ha cTOpoHaxXx TpeyroabHuKa ABC
BHEIITHUM 00pas3oM IIOCTpoeHbl KBaapaTbl ABB{A;, BCCyB,,
ACC3A3; u BepmiuHbl A;, By, By, Cy, C3, Az ne:xaT Ha of-
HOM okpy:kHOCTU S. CepefuHHBIE MEePIEHAUKYIAPLI K OTpes-
Kam A;B;, By,Cjy, A3Cs IPOXOIAT Uepes IeHTP OKPY:KHOCTHU S.
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fAcHo, uTO cepeaUHHBIE MEPIEHAUKYIAPHI K oTpeskam A;Bi,
B,C,, A3C3 coBIamaioT ¢ CepefUHHBIMU IIEPIeHINKYIIPaMU K
cTopoHaM TpeyroabHuKa ABC, T09TOMY IIEHTP OKPY:KHOCTH S
COBIIQJIAeT C IIEHTPOM OIIMCAHHON OKPYKHOCTU TPEYTOJbHU-
Ka.

0603HAaUUM IEHTP OMUCAHHON OKPYKHOCTHU TPEYTOJbHU-
Ka ABC uepe3 O. Paccrosaaue ot Touku O mo mpsamoit ByC,
paBHO R cos A+ 2R sin A, rme R — pagmyc OMUCAHHON OKPYK-
"HocTu Tpeyroabuuka ABC. IlosTomy

OB2 = (Rsin A)? 4 (Rcos A+ 2R sin A)? =
= R?(3+ 2(sin 24 — cos 24)) = R?(3 — 2V/2 cos(45° + 2/A)).

TpeyroabHUK 061amaeT Tpe6yeMbIM CBOMCTBOM TOTAA M TOJb-
Ko Torga, kora OB =0C%=0A3%, 1. e.

cos(45° +2/A) = cos(45° + 2/B) = cos(45° +2/C).

9To paBeHCTBO BhImoJsHsAeTcaA npu /A=/B=/C=60°. Ec-
au ke /A# /B, 1o (45°+2/A)+ (45°+2/B) =360°, T.e.
LA+ /B=135°. Torga /C=45° u LA=/C=45°, /B=90°
(unmu /B=45°, /A =90°). MBI BUOUM, UTO TPEYTOJbHUK TOJ-
JKeH OBITh JM0O0 PaBHOCTOPOHHUM, JKUOO PaBHOOEIPEHHBIM
MIPAMOYTOJBHBIM.

4. TIpexxge BCero 3aMeTHM, UTO UHCJIO A He OeJIUTCA HA
10. HeiictBurensno, ecau N =K -10' geaurca ma A, mpuuém
yucao K e geautcsa Ha 10, To, 10 YCIOBUIO 3aaul, YKUCIa N
u ]1\7:1{ meJsisaTcsa Ha A.

Beibepem umcio N =a;a,...a,_1a, Tak, 4TO OHO HEJIUTCS
Ha A u a,#0. Beruuras us N-10""2 uucio N «B CTOJIOUK »,
IIOJIYyYNM Pa3HOCTh

M=aia5...a,_1(a,—1)99(9—-a,)(9—a,_1)...(9—ay) (10—a,).
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Crao:xkuB Temepb M ¢ M, MOJIyUYUM UHCJIIO

Y =10999...99 989 00...00, mendamieeca ma A.
—_— —

n—1 n
Eciu 651 MBI IIpOeIan Te JKe AeliCTBUS, OTIPABIAACEH OT UHU-
ceax N-10""3 u N, To moay4man 6Bl UKUCJIO

X =10999...99 9989 00...000,
— N—

n—1 n—1

TaKXe OeJidineecda Ha A. C.He,I[OBaTeJIbHO, YucJjIo
X—-Y =9900...000
—_—

n—1

menuTca Ha A, mostomy uuciao (X —Y) =99 Toxke meaurcs
Ha A, 4TO U TPeOOBAJIOCH HOKA3aTh.

5. 3amymepyeM MHOPTPEThHI KOPOJIEH MO HOPAAKY HX Iap-
crBoBaHusa: 1, 2, ..., n. IlokasxkemM, Kaxk KOpPOJIIO u3 JII0OOOTO
MCXOJHOI'0 PAaCIIOJOMKEHUsI IIOPTPETOB MHOJYUUTH IIOPALOK 1,
2, ..., n (Ha30BEM TaKoOIi MOPANOK CTaHIAPTHBIM). [loArOHUM
CHavaJjia IEePBBIA IMOPTPET KO BTOPOMY (ABUTas IIEPBBIH IIPO-
TUB YacoBOIl cTpeiku). MbI cMoOKeM 9TO CIejaThb, TaK Kak
IIEePBBIA IMMOPTPET MOMKHO MEHSTH C JIIOOBIM IIOPTPETOM, KpOoMe
BToporo. Ilocie sToro OymemM ABUraTh IIPOTUB YACOBOI CTpEJI-
Ku moptpeThl 1 um 2 BMecTe (T.e. cHauajia MeHSeM MeCTaMU
TIOPTPET 2 U COCeTHUM C HUM, a 3aTeM dTOT COCEIHUM ¢ 2 MOPT-
peTr MeHseM MecTaMu C ImopTpeToMm 1, um T. 1), ITOKa He MOATO-
HUM UX K TPeTbeMy, U T. . B pesyJbTaTe MOJYYUM CTaHIAPT-
HBIN ITOPAIOK.

3aMeTuM, YTO MbI 3a0JHO HAYUYMJINCHL IIOJYUYATL U3 CTaH-
ITapTHOTO IOPAAKA JI000I IPyroil mopamok. lelicTBUTENIbHO,
IJIS 9TOTO AOCTATOUYHO IIPOMAEeJATh HMepeBelINnBaHNsI, TPUBOLA-
e KOHEeUHBIA MOPSAA0K K CTAHZAPTHOMY, HO B 00PaTHOM IIO-
panke. Temepsb y:ke HECJI0KHO IMOJYUUTDL U3 JIOOOTO IMOPAIKA
JI000M APYro¥: HAA0 cHauaJja M3 MCXOMHOTO IOPAAKA IIOJIY-
YUTH CTAHIAPTHBINA, a IIOTOM M3 HEeT0 MOJYUYUTh KOHEUHBIH I10-
PAIOK.
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10 xaacc

1. Bygem paccmaTpuBaTh He TabJIUIy, a YKasaHHbBIE IIPeod-
pasoBaHUA CcTPOK. [locTaTOUHO HOKA3aTh, UTO HUKAKOE UKCJIO
He MOJKEeT OKas3aThCA B TOM K€ CaMOM IIOJIOKEeHUU Ha CTPOKE
ImocJjie MeHee UueM 71 IIpeoOpasoBaHuii. [leicTBUTEIBLHO, TOTIA
MBI IIOJYYUM, UTO BO BCE€X N CTPOKAX TAOJUIIBI HU B OJHOM
cTOJIOIle He OyaeT IIOBTOPA, IIOITOMY B KasKIOM CTOJOIE Oy-
IyT 3alUCaHbI Bce ymcyaa oT 1 1o n.

HaszosBém HOMEpOM Imo3uIimu HOMEP YmCJia B CTpPoKe. Ecim
HOMEp MO3UIIUU YHCJIa B HEKOTOPOH CTPOKe HpUHUMAaeT 3HAa-
yeHue oT 1 1o k, To Ipu npeodpPaA30BAHUY K HOMEPY IO3UITUHU
9TOT0 UmMcJia mpubasiasercsa n— k, ecau or m+ 1 10 n, To u3
HOMepa MO3UIINU BEIUUTAETCS M, ecau oT k+ 1 10 m, To HOMED
MMO3UIIUY U3MEeHseTcA HAa n — k — m, T.e. K HEMy OJHOBpEeMeH-
HO IpubaByseTcsa 1 — k 1 BBIYUTAETCA M.

IIpeamono:xumM, UTO HEKOTOPOE UMCJIA IIOCTe HECKOIbKUX
mpeoOpasoBaHUl BEPHYJIOCHh HA TO K€ MECTO, Ha KOTOPOM OHO
OBLIIO pamHblIlle, IPUUYEM STO UKCJIO IIPeo0pa3oBaHUN HAUMEHb-
mree. Torma a- (n— k) =b-m, rme a u b — KOJIUUECTBO yBeJamye-
HUU ¥ YMEHBIIIeHUII HOMepa MO3UIIMU COOTBETCTBEHHO (ecau
HOMEp MO3UIUU IIPUHUMAET 3HaueHue oT K+ 1 mo m, TO MbI
O0yIeM CUYMTATD, YTO OJHOBPEMEHHO ITPOMU3O0IILIO U YBeJIUUEeHNe
U yMeHbIlleHVe HoMepa). Tak Kak uucyia n—k U m B3aUMHO
mpocTeie, To a>m u b> (n— k). Ho Bcero ecth pOBHO m IIO-
BUIMNIN, Ha KOTOPBHIX HPOWCXOIUT yBeJUUYeHUe HOMepa II03U-
uu, u n — k Mo3UINil, Ha KOTOPHIX MPOUCXOJUT YMEHBIIIEHIE
HOMEpa MIO3UINM, IPUUYEM UYKCJIO HE MOTJIO OKasaThCA IBa-
KBl Ha OAHOM M TOM ke moauiuu. CiemoBaTesIbHO, @ =M U
b=n—k, TO3TOMY YHCJIO BepPHYJOCH HA Ty K€ CaMy0 IIO3U-
IIUIO TIOCJie He MeHee UeM 71 IpeoO0pas3oBaHUIA.

3. Ilpemmosoxkum, uTo umciaa 1, 2...12 ymaigoch, paccra-
BUTH TpeOyeMbIM oOpasom. Torma mHmKaxue ABa m3 uwucern 1,
2, 3, 10, 11, 12 me crodaTr psgmoM. A Taxk KakK Bcero ecth 12
MMO3UIUHA, STU UYHUCJA CTOAT uepesd oaumH. [lelicTBUTEeNBHO, 6
OCTaBIINXCS YMCEJ 3aHUMAIOT 6 TPOMEKYTKOB MEXKAY dSTUMU
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YMCJIAMU, IIOITOMY €CJIH B OJHOM M3 IPOMEKYTKOB OKAMKYT-
cA IBA YMCJIA, TO HA KAKO-TO IPOMEKYTOK UHMCEeJ He XBATHUT.
TaxuMm o0paszoM, YMCJIO 4 CTOUT MEXKAY OAByMs 13 uucea 1, 2,
3, 10, 11, 12. ITonryueHO IPOTUBOPEUNE, TOCKOJILKY UMCIO 4
He MOXKeT CTOATh pAmoM ¢ uuciaamu 2, 3, 10, 11, 12.

4. BBeiém B mpocTpaHcTBe cucTteMy KoopauHaT OXyz U BBI-
OepeM M3 TaHHBIX TOUEK 4 TOUKHU C HanbOOJIbIITel KOOPAUHATONR
z. PaccmorpuM MpoeKIiny AAHHBIX TOUEK Ha ILJIOCKOCTb Oxy
U C IIOMOII[bIO IIPAMBIX YIVIOB B IIOJYUYEHHBIX TOUKAX OCBETHM
9Ty ILJIOCKOCTh (CM. pellleHme 3amauu b naa 7 Kjaacca). OxkraH-
ThI B MICXOJHBIX TOUKAX HAIIPABUM II0 CTOPOHAM STUX IPAMBIX
YIJIOB U B OTpUIlaTeJbHOM HampasjeHuum ocu Oz. [lia ocras-
IINXCS YETHIPEX TOUEK CAeJaeM TO JKe caMoe, TOJILKO Tellephb
HaIpaBUM OKTAHTHI B IIOJOXKUTEILHOM HampasieHuu ocu Oz.

5. IIpeAIioo:KuUM, YTO KO BCEM UHCJIaM, B 3alIMCU KOTOPBIX
y4acTBYeT JIUIIb OfHa eIUHUIA, IPUINCLIBACTCA He eIUHUIIA.
Paccmorpum (n — 1)-sHauHble uuciaa i, a u b, rme i COCTOUT
U3 ONHUX eIUHUIl, & @ U b COCTOAT W3 ABOEK M TPOEK, TaK
YTO HUKaKWe JABa pa3psma He coBHagaoT. PaccMoTpuM Tak:ke
IeBATh n-3HauHbIX ymcen: 1li, 2a, 3b, la, 2i, 3i, 1b, 2b, 3a.
IIycts B KOHIe uwmcya 1li mpunuchkiBaeTcs mudpa X, T.e. U3
ATOTO umca mosrydaercsa lix, uad yucnaa 2a moaydaercs 2ay, a
u3 yucya 3b — 3bz. Ilo ycaoBuio mudpsl X, Y 1 2 pasHbIE.

Paccmorpum umeao la. ¥V sToro umeiaa u uucaa 3b Bo Bcex
paspagax cToAT pasHble MU(PHI, TO3TOMY B KOHIe uuciaa la
MOXKeT ObITh mpumucana muppa x wiau nudpa y. Jlerko mpo-
BEPUTH, YTO IOCJIE TOTO KaK dTa nmudpa IpunucaHa, K oCTaab-
HBIM pacCMaTpPUBAE€MBIM YMCJIaM IMU(PPHI IPUINCHLIBAIOTCSI OX-
HO3HAYHO, W MBI IIOJIyUYaeM JBa BapuaHTAa:

1-#1 Bapuaunr. lix, 2ay, 3bz, lay, 2ix, 3ix, 1bz, 2bz, 3ay.

2-#1 Bapmanr. lix, 2ay, 3bz, lax, 2iy, 3iz, 1bx, 2by, 3ay.

O6paTuM BHMUMAaHME, UTO 34eCh MbI (DUKCHUPOBAIN TEePBBIN
paspazn, HO aHAJOTWUYHBIE [BAa BapWaHTA MBI HOJYYWJIU OBI,
¢durcupoBas Ji000# IPYTroH paspsaz.
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Ecau x#1, o y=1 uau z=1, mosToMy B 3aIUCH OIHO-
ro us uucena (la)y m (1b)z yuacTByeT JUIIL OAHA €IWHUIIA
U K HeMy MpuIlrcaHa efmHUIla. TakuM 00pasoM, B 3TOM CJIY-
yae MEPBbINI BapuaHT HEBO3MOYKEH, a BO BTOPOM BapuaHTe K
JII000MY UHCIY, COAEpPsKaIlleMy JUIIb OIHY eIWHUIY, B KOH-
e mpunuckiBaerca x. Ho umcna 3...31 u 12...2 He MMeIOT
O0IIUX PaspsoB, IOATOMY IIOJydYaeM IIPOTUBOPEUNe.

Ecau e x=1, To B 3anucu Ka:kmoro us uucea (la)x u
(1) x yuacTByeT JUIIL OOHA €IWHUIA U K HEeMy IIpUIIKCAHA
enuuuiia. TakuMm obpasoM, B 3TOM CJIyuyae BTOPOM BapHUaHT
HEeBO3MOJKEH, a B IIEPBOM BapuaHTe B JIIOOOM uUmcje, COCTO-
AIeM TOJBKO M3 OBOEK W TPOEK, JomuchiBaemas mudpa He
3aBUCUT OT (PUKCHUPOBAHHOIO HAMHU PaspsAga, IIOITOMY OHa He
3aBUCUT HU OT KaKOro paspsna, T.e. mocTrosdnua. Ho K uwuc-
gam 2...2 u 3...3 DOJKHBI ObITh IPUIIMCAHLI pa3Hble MU(PHI,
IIO3TOMY U B 3TOM CJyUYae IOJydYaeM IIPOTHUBOpPeUNe.

ITonyueHHOe TPOTHBOPEUNE TOKA3BIBAET, UTO HAWAETCA UUC-
JIO, B 3aIlICH KOTOPOTO yYacCTByeT JIUIIIb ONHA eIUHUIA U K
KOTOPOMY IIPUITMCHIBAETCA €IUHUIIA.



OcHno6Hble paxkmbl

B macroamuiit pasmen coOpaHbl MIOHATUA U T€OPEMBI, KOTO-
pble HamboJiee YacTO BCTPEUATIUCH B PEIIEHUAX 3aJa4 TaHHOM
KHUTH. OTU MOHATUA U TEOPEMbI MbI JJIA KPATKOCTH HAa3BAJIU
@paxmamu. Mbl cTapajauch He BKJIIOYATH (AKTHI, UMEIOIIUECT
B OOJIBIIIMHCTBE IITKOJbHBIX YUEOHUKOB.

ITOT pasnes He IPEeTEeHYeT Ha MOJHOTY U He 3aMEeHSeT CU-
CTeMaTUYeCKUX YUeOHBIX IMOCOoOuUii (CM. CIIMCOK JIUTEPATYPhI).

Komounatopuka

1°. Yncao koMOMHAIMIA

ITycTh HY:KHO BBIOpPATh £ IIpeIMeTOB, IPUUYEM IIePBLIA Ipe-
MeT MOXKHO BBIOPATh U3 11 IPEIMETOB dy, ..., A, , BTOPOI — U3
ny npegMmeTroB by, ..., b,,, k-l — U3 n;, OIPeAMETOB X1, ..., Xy,.
Torga obIriee UMCJI0 BCEX PA3HBIX CIIOCOOOB BLIOPATEL OTU IIPE.-
MeTBI PABHO NMs...Ny. [lefiCTBUTEIbHO, PACCMOTPUM CHAYaJIa
cayuaii k=2. CocraBuM 13 mmap BbIOPAHHBLIX 3JIEMEHTOB MIPSA-
MOYTOJIbHYIO TAOJUILY C 7 CTPOKAMHU U My CTOJOIAMU, PACIO-
JI0:KUB napy (a;, b;) Ha mepeceueHun i-if CTPOKU U j-TO CTOJO-
ma. Kaskgas mapa BcTpeuaeTcss B 9TOUM TaOJIMIle POBHO OOUH
pas, Mo3TOMY MBI IIOJyYaeM n;n, nap. Ilpu k=3 O6yzem pac-
cmaTpuBaThk napy (a;, b)) Kak siaemeHT HOBoro tuma. Torza
KaXAYI0 TPOHKY (a;, bj, ¢;) MOKHO paccMaTpuBaTh KakK Iapy,
COCTOAINYIO U3 dJeMeHTa (a;, b;) n snemenTa c;. CiregoBaress-
HO, KOJIMYECTBO BCEeX TPOEK PaBHO M Ngng. A IPOU3BOIBLHO-
ro k TpebyeMoe yTBep:KIAeHNE JOKA3bIBAETCS II0 MHAYKIIUU.

B sToit KHHUTe BecTpeuaeTcs TOJABKO TOT Cydaul, Korjaa 1y =
=Ny =...=n,=2, T.e. KOraa BeIOUpaeTcsa k mpesMeTOB, IIPU-
UéM KaKIbIM HpeaMeT BbIOMpPaeTcs M3 ABYX MIpPeaAMeToB. B
BTOM ciyudae mosydaercs 2F pasHBIX cIoco00B BHIOpATh IIPe]-
MeThl. JDKBUBAJIEHTHBIE (DOPMYJIUPOBKHU STOTO YTBEPIKIECHUSI
TaKoBBI: 1) cymecTByeT poBHO 2F Ha6OpOB AIUHEI k U3 HyJIeil
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u equHUI; 2) B OTBETOB C ABYMs HMcXojaMu jgaior 2F pasmmu-
HBIX BAPMAHTOB OTBETOB.

Sagaun: 62.2.9.5, 66.2.9—11.3.

2°, Yucmo coueTaHUM
IIycTh ecTh n pasHBIX MIPEIMETOB, M3 KOTOPBHIX HYKHO BbI-
OpaTh k IIpeaMeTOB, IPUUEM ABe BHIOOPKU CUHTAIOTCA Pa3HBI-
MU, €CJU OHU COCTOSAT U3 PAs3HBIX IIpeaMeToB (T.e. MOPAIOK,
B KOTOPOM BBIOMPAIOTCA 3JI€MEHTHI, He yuuThiBaercs). Torga
KOJIMYECTBO BCeX BO3MOJYKHBIX BHIOOPOK PaBHO
nn—1)(n—2)-...-(n—k+1) n!
1-2-...-(k— 1)k T (n—R)R"

JeicTBUTEILHO, €CJau MBI OyJeM BBIOMPATH IIPEeIMETHI C YUé-
TOM MOPAAKa, To moayuum n(n—1)(n—2)-...-(n—k+ 1) pas-
JIMYHBIX BBIOOPOK, MOCKOJIbKY IIEePBBLIN IpeaMeT BLIOHpaeTcs
U3 1 IIPeIMeTOB, BTOPOM — 13 ocTaBIIuXcA 1 — 1, TpeTuit — us
ocTaBIuxcAa n— 2 u T. 1. Eciiu Terrepb 3a0bITH PO TOPAIOK, B
KOTOPOM BBLIOMpAJINCh IPeaMeThl, TO Kakjaasa BLIOOpKa BCTpe-
Turca y Hac 1-2-...-(k— 1)k pas. [lelficTBUTeTbHO, TEPBBIH
BBIOPAHHBIA IIpeIMeT MOXKEeT OBLITh JIOBIM M3 k IpeaMeToB,
BTOPOU — JIIOOBIM M3 OCTaBIIUXCA k — 1 mpeaMeToB, TPeTUil —
JIIOOBIM M3 OCTaBIINXCS B — 2 IPeIMEeTOB U T. J.

KonmnuecTBo cmoco6oB BIOPATh k£ 5JIeMEHTOB M3 71 0003HA-

yaercs C”.

nn—1
HawuGousee uacto ucmoabsyercs ToT Gakt, uro C2 = %

OH ucmoab3yeTcs, HAIpUMep, Ipu pelrmenuu 3agau 60.2.10.3,
66.2.9—11.3.

Sagaun: 58.2.10.3, 60.2.10.3, 60.2.10.5, 66.2.9—11.3.

3°. Uuemo mepecTaHOBOK

Ilycts ecTh n pasdnamuHBIX IpeaMeToB. MIX HYKHO paccra-
BUTH IIO IIOPAAKY: KAKOI-TO HIpeaMeT IIOCTABUTHL IIEPBBIM,
KaKOM-TO BTOPBIM M T. I. BEIICHUM, CKOJIBKO BCETO BO3SMOXKHO
TaKMWX Pas3JNYHBIX IIePeCTAaHOBOK AAHHBLIX HpeaMeToB. B Ka-
yecTBe IIEPBOTO MOIKHO BbIOpaTh JI000I M3 1 IpeaMeTOB, B
KauecTBe BTOPOTo — JIit000# 13 n — 1 ocTaBIIuxcs, B KauecTBe
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TPEeThLEero — JIr000# 13 n — 2 ocTaBIIuXCA U T. A. Becero mosyua-
emn-(n—1)-(n—2)-...-2-1=n! pasanuubIX IIePECTAHOBOK.

Mo:kHO TaKiKe paccMaTPUBATL NEPecmMaHO8KU C nosmope-
HuaMu, KOrga He Bce JaHHbIe IpeIMeThl PasjnudYHBI, a Ccpe-
IU HUX MOT'YT ObITh OJHA WJIM HECKOJbKO IPYIIN OJMHAKOBBIX
mpeameToB. IlycTh cpeiu HAHHBIX N IIPEIMETOB €CTh TPYIIIbI,
cocrosIie us Ny, ..., N, OTUHAKOBBIX IpeameToB. Ilepecra-
HOBKM OQWHAKOBBLIX IIPEIMETOB He MEHSIOT IIePeCTaHOBKY, I10-
ATOMY KOJII/IT{eCYTBO Pa3IMYHBIX IIEPECTAHOBOK C IIOBTOPEHUS-

n.
MK PaBHO ﬁ HepeCTaHOBKI/I C IIOBTOPEHUAMM MCIIOJIb-

1! e g
3yroTca mpu pemrenuu 3amaum 60.2.10.5.

Sajaun: 58.2.10.3, 60.2.10.5, 63.1.11.4, 63.2.10.2.

4°, Bunom HeroTouna
Hna Beiuuciaenus (a+ b)", rome n— HaATypajJbHOE YHCJO,
MOJKHO BOCIOJIb30BaThCA (popMyJIoii 6uHomMa HrioToHA

(@+b)"=C"+Cla" 'b+ C2a" 2% + ... + C* lab" ! + C1b",

n!

rae Ck = kiR KOJHUECTBO cI10co00B BBHIOPATH R 9I€MeH-
TOB U3 n. JelicTBUTeNbHO, KaskJoe cijaraemoe a'b"* mouy-
Yaercs, KOTAAa IIPU PACKPBITUN CKOOOK MbI BbIOUpaeMm k u3 n
COMHOMKHUTEJIEN a +b u 6epéM B HUX @, a4 B OCTAJIbHBLIX COMHO-
SKUTEJAX 0epém b.

W3 popmysnsl 6uHoMma HeioToHA cienyert, uto (a+b)" >a" +
+b"upua,b>0un>1. 3TOT PaKT UCIOIL3YETCI IPU Pelle-

Hum 3azav 63.1.10.4 u 63.2.10.1.
3agmaun: 58.2.10.1, 59.1.10.1, 63.1.10.4, 63.2.10.1

5°. @opmyaa BKIOUEHUIN U MCKIIOUYEHUN

dopmyJia BKJIIOYEHUN W UCKJIIOUYEHUN IJIS IBYX MHOMKECTB
IIO3BOJIAET BBIUHCJIUTH KOJIMYECTBO 3JJIEMEHTOB MHOKECTBa
AUB, eciu M3BeCTHBI KOJIMYECTBAa 3JIEMEHTOB MHOMKECTB A,
B u ANB. JpyrumMm cjoBaMu, OHA TO3BOJIAET HAWUTU KOJIM-
YeCTBO MPEIMETOB, KOTOPhIe 00JIafaloT II0 KpaiiHeil mepe Ofn-
HUM 13 HEKOTOPBIX ABYX CBOMCTB, €CJIN M3BECTHO KOJMNYECTBO
IpeaMeTOB, 00JamaoIuX IIePBBIM CBOWCTBOM, BTOPBIM CBOIi-
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CTBOM U ABYMSA CBOMCTBAMU OJHOBpPeMeHHO. Eciin 0003HAUNTH
uyepes | X| KOJIMYECTBO BJIEMEHTOB B MHOKecTBe X, TO aTa (op-
MyJIa BBITJIALUT CIEAYIOIUM 00pPa3oM:

|AUB| = |A|+|B|-|ANB

IeficTBUTENIBLHO, ecayu MbI BO3bMEM cymmy |A|+ |B|, To Bce
9JIeMeHThI MHOKecTBa A N B mocyuTaeM IBaK[bI.

Ina n MHOXKeCTB A, ..., A, ToKe ecTb (hopMyJia BKIOUE-
HUH U UCKJIOUEeHUN:

n—1

|A1 U ...UAn| - Z (—1)k+1Nk,

k=1
rae N,=> |4, N...N4,|. 9Ta dopmyJa UCIOIb3yeTCA IPHU pe-
menuu 3agaun 64.2.10.5.

3amauu: 64.2.7.2, 64.2.10.5.
JIuteparypa: [6, ra. 14], 3amaua 14.35.

6°. Ilpuanun JJupuxie

B mpocreiiiiiem Bume ero BeIpaskaioT Tak: «Ecam mecaTrb
KPOJIMKOB CUJAT B JIEBATU KJIETKaX, TO B HEKOTOPOU KJeT-
Ke CHUIUT He MeHbIIIe [BYX KPOJUKOB». Bojee obiiaa ¢opma
npuHnuna Jupuxie: ecau paccadums 6onee yvem kd Kposrurxos
no k kaemxkam, mo 0643amenbHo HAUOEMca KAemKa, 6 KOMo-
poiil 6ydem no kpaiinei mepe d+ 1 kpoauk. [lya HeIpepbIBHBIX
BeJIMUWH NpUHOUN [{upuxie BBITIAAUT TaK: €CJIN Kalry 00b-
éMa U pasmeNuTb MEXAY 7 JIOAbMH, TO KTO-TO IIOJYYUT HeE
MeHBIIIe U/ W KTO-TO IMOJYUYUT He OOoJIbIle U/MN.

Sajaun: 63.2.11.2, 64.2.11.5,

Teopus uyuced

7°. [leammMocCTh

T'oBopsaT, uTO 1es0e umeao a desumcs HaA Iejgoe Yucio b
(unu kpamuo uucay b), eciu HAUAETCA TaKoe IIeJIoe YHCJO C,
yto a=bc. B aToM ciaydae TakiKe TOBOPAT, UTO b deaum a.
(Hampuwmep, «2 geaut 6» uau «6 meaurtcda Ha 2», «—1 geauT
—5».) O6osuauenwue: b |a.
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CsoiicTBa:

a) JIro6oe umcao genmrcsa Ha +1 u Ha cebs; 0 meaurcsa Ha
J1000€e UMCJI0, HO HUKaKoe HeHyJaeBoe U1co He aeauTtcsa Ha 0.

6) Eciiu d |a u d|b, T0 d|a+b; kpome TorO, d|ac gig maio-
6oro mesoro ¢; ecau ¢|b u b|a, To c|a.

B) Ecim b|a, to |b|<|a| umu a=0.

r) Ecnu d|a u d|b, k u | —nensle uucna, 1o d|ka+ lb;
0oJiee 001110, ecat KasKJoe 13 UYuceya di, ds, ..., A, SeJIUTCA Ha
d, a k; — nesble unciua, 1o d | kia; + keaz + ... + k,a,.

HawuGonbmmuit o61uii geauTenb dyucesa a u b Mbl 00o3HAUA-
em HOJI (a, b). Yucoa a u b Ha3bIBAIOTCA 83AUMHO NPOCMbLMU,
ecau HOJl(a, b) =1 (uHaue roBOps, YMCJIAa B3AUMHO IIPOCTHI,
ecau u3 Toro, uto d |a u d | b, cienyer, uro d =+1).

I BbIUYMCIEHUA HaAMOOJBINIEro OOIIero MeJuTesas IBYX
ypcesJ MOYKHO IIDUMEHUTL TaK Ha3bIBaeMbIll anzopumm Ee-
kauda. OH 3akJgouaerca B ciaenymoiieM. Ilyets ay U a; —
HaTypaJbHbBIe UYHCJIa, IIPUUYEM dg > a;. llomeauMm a, Ha a; C
OCTaTKOM: Qo = (1a; + Ag; 3aTEM TOJEJNUM (; Ha 3 C OCTATKOM
ay =Q20s+as, u T.q. B KOHIIe KOHIIOB MOJYYUM A;_1 = (pQy.
Bce uucaa ag, aq, ..., @, UMEIOT BUJ Mdg+ Naq, TAe M U 1 —
meakle umciaa. IlosToMy, B YACTHOCTH, @, MEJIUTCS Ha JIIO-
001 OOIUiI meJauTeJb UYHCeI Ay U ay. C APYyroi CTOPOHEI,
Ar_2=qp_1a_1+ ap=(qr_1qr +1)a,, 1 T. 1., TOdTOMY UHCIa
Ao U @y OeJATCs Ha a,. ITO 03HAUaeT, UTO d;, — HaMOOJIbIITNIA
OOIIIMI JeJuTelIb YHcel Gy U a;. B dacTHOCTH, HAMOOJIbIIINI
001Ul JesInTe]b YNCeI (g U 4 MOXKHO IIPEJCTABUTL B BHUIE
mag + na;, TO4e Mm U N — Iejble Yucjaa. ITOT (PAKT KMCIOJIb3Y-
eTcs mpu pelnenuu 3agaun 66.1.8.2.

3agaun: 66.1.8.2.
Jluteparypa: [1, ra. 1].

8°. [lesieHue ¢ 0OCTAaTKOM

IIycts a u b — 1meable uucia, npudém b # 0. Torga mangyT-
csl eqUHCTBEHHBIE IeJible ¢ U ', AJISA KOTOPBIX: a) a=¢qb+r;
0) 0<r < |b|. IIpu aTOoM g 1 r Ha3BIBAIOTCA YACMHbLM X OCAM-
KOM OT JIeJIeHUs a Ha b COOTBETCTBEHHO.
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IIyctes > 0. OcrarkamMu npu gejqeHUM HA b MOTyT OBITH
yucaa 0, 1, ..., b— 1. Hucmo gaét ocTaTok r mpu AeJIeHnuN Ha
b Torga u TOJIBKO TOT/A, KOrJa OHO mMeeT Bup qgb+r, rae q me-
jgoe. ITpu sToM Bce umciaa pasbuBaimTca Ha b (0ECKOHEUHBIX)
apudmMmeTnuyecKux mporpeccuii. Hampumep, mpu b = 2 3T0 mpo-
rpeccun 2n u 2n+ 1, npu b=3 — nporpeccuu 3n, 3n+1 u
3n+2 urT. 1.

Yucso geauTtcs Ha b Torga U TOJBKO TOTZA, KOTa €ro ocTa-
TOK OT JAeJieHus Ha b paBeH HYJIIO.

OctraTku cyMMbI (Ipou3BeleHNUs) OJHO3HAYHO OIIpeaessd-
IOTCS OCTaTKaMHU cJjaraeMbIx (coMmHo:kuTeseit). Hampuwmep,
ecau umcaa a U b maioT octaTku 3 u 6 mpu AejeHUHW Ha 7,
TO a +b maér ocratok 2=3+ 6 — 7, uncao a — b — ocTaToK 4 =
=3—-6+7, aab—ocratok 4=3-6 — 14 nupu memenuu Ha 7.

Tounoe YTBeEPXKAEeHNEe TAKOBO: €CJIM OCTATOK OT AeJIEHUA a1 Ha b paBeH
71, & OCTATOK OT JeJIeHUS ag Ha b paBeH Iz, TO OCTATOK OT JeJIeHUS a1 + a2

Ha b paBeH OCTATKy OT JeJeHUd r; + s Ha b, a OCTATOK OT JeJeHUA a1ag Ha
b paBeH oCTaTKy OT JIeJIeHUs 17 Ha b.

Ksagpar :060ro0 11eJ10ro uymceja Ipy JejleHuy Ha 3 WIu Ha
4 paér B ocrarke 0 mam 1. ATOT (PaKT MUCIOJL3YETCA IPU pe-
meHuu 3azad 64.1.7.3, 64.2.9.5.

PasernctBo (3n+1)2=27n®+27n%249n+1 nokxaswiBaer,
4TO Ky0 IeJIOro umcja mpu gejennn Ha 9 maét ocraTox 0 miam
+1. 9ToT paKkT UCIOIL3yeTcs IPU perreHuu s3axau 59.2.9.4,
67.1.10.3.

Sapmaum: 58.1.7.5, 59.2.9.4, 60.2.10.2, 61.1.10.1,
61.2.7.3, 63.2.7.4, 64.1.7.3, 64.1.7.5, 64.2.9.5,
65.1.8.2, 65.2.11.2, 66.1.9—11.4, 67.1.8.1,
67.1.9.5, 67.1.10.3.

Jlutreparypa: [1, ro. 1] u [3, §2].

9°. Pazmo:keHne HA MPOCThIe MHOKHUTEIN

Yucmao p > 1 Ha3bIBaeTCA NPOCMbLM, €CIN OHO AEJINTCS JIUIITh
Ha +p u £1. OcranbHble HATYPAJbHBIE UMCJIA, OOJBIINE €u-
HUIBI, HA3BIBAIOTCA cocmasHuimu. Kamoe cocTaBHOE UMCIIO
MOJKeT OBITh IIPEACTABJIEHO B BHE IPOU3BENEHUSA IIPOCTHIX.



OcHosHble paKkmbL 311

Wnorma 6n1BaeT yIo0HO CIPYyIINPOBATH OAUHAKOBLIE ITPOCTHIE
U 3aIlMCaTh 9TO IIPOUBBEIEHIE B BUE

n1 4,12 ng
IS LD

TO€ D1, P2s «++r Pr— PABJIHUYHBIE IPOCTBIE UUCIA, My, Mg, ...y
n, — HaTypaJbHbIE YKCJIA.

OcHoBHasa TeopeMa apudpmMeTuru. PasnoxcerHue yucaia Ha
npocmuie MHOMCUMEAU eOUHCMEeHHO (¢ mouHocmbio 00 nopso-
Ka MHoOMcumedJell).

3amauu: 67.1.10.5, 67.2.8.2.
JIuteparypa: [1, ra. 1], [3].

10°. IIpedcmasaenue wucaa 6 sude a+/'b, 20e wucaa a u b
payuoHanbHble, @ YUCL0 Vb uppayuoHaivHoe, eOUHCMEEeHHO.

oxasaTenabcTso. Ilpeanonoxum, 4To CyIIeCTBYIOT TaKue palu-
OHaJIbHBIE YUCIa A1, A2, b1 1 by, uTO a1 + /b1 =az+ /b2, a1 #az u uuc-

na /by u /by uppanumonansusl. Torma b1 =a+ bz, Tie a=as — a1 #0.

by —a® —b
CiemoBarensro, by =a® + 2av/bz + bz, T.e. /by = %az — paluoHab-

HOe uwucyo. ITosiyueHHOEe MPOTHMBOpEUNe OKa3bIBAET, UTO IIPeICcTaBJIEHIE
yupcjaa B BHUAE a—l—\/g, Tae umciaa a U b palnuoHaJIbHBIE, a YUCIO Vb up-
panuoHaJIbHOEe, eqUHCTBEHHO.

W3 1oxka3aHHOro yTBEP:;KAEHUS, B YACTHOCTH, CJIEAYET, UTO
yucso a+ b2, rae umcaa a u b uenble u b # (0, uppanuoHaIb-
HO. ITOT (aKT UCIOJb3yeTCsd HpHu pelneHun 3agauu 59.1.8.1.

Samaun: 58.1.8.2, 59.1.8.1.

T'eomerpus
11°. Cymma eexmopos, udyuwiux us mouKu nepeceieHus me-
JuaH mpeyzoavHUKA 8 €20 6ePULULHbL, PABHA HYJLIO.

HokasaTtenascTBo. IlycTs a=BC,b=CAnu C:E—BGKTOPLI cTO-
pou Tpeyroabuuxka ABC, AA;, BB; u CCy — mMenuaHbl TpeyroabHuka. To-

raa AA; = %(c—b), BB, — %(u—b) u CC; = %(b—a), nosromy AA; + BB +
+ C?f =0. CiemoBaTe ibHO,

MA + MB + MC = —§(AA1 +BB;+CC;) = 0.

3agaun: 63.2.7.3.
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12°. Touxa M, 6 Komopoil nepecexaromcs MeOUaAHbL mpe-
yzoavHUKa, aexcum Ha ompedke OH, 20e O — yenmp onucau-
HoU okpysxcrnocmu u H — mouka nepecewenus gvicom, npuiém
OM:MH=1:2.

HoxasareasbcTso. Ilycts A1, By u C; — cepenunsl cropoH BC, CA
u AB paunoro tpeyroabauka ABC. IIpu romoretuu ¢ meatpom M u Koap-

1
GuIeHTOM —3 TPeYyroNbHUK ABC nepexonut B TpeyroiabHuk A;BiCi, mo-

3TOMY IIPU 9TOM NOMOTETHUM TOUKA IIePECeUeHns BBICOT TpeyrojabHuka ABC
IepexXOoJuT B TOUKY IIepeceueHrs BBICOT TpeyroabHuka A1 BiCi, T.e. TOUKa
H uepexonut B Touky O. CienoBarenbHo, Touka M jexxut Ha orpeske OH
uOM:MH=1:2.

3amauun: 63.2.8.3.

13°. Ompesox M N, pacnonodxcernHnblii 6 mpeyzoavhuke ABC,
He npegocxo0um Hauboibliell CMOPOHbL 9M020 MPeY2oibHUKA.

HokxasaTtenasbcTBoO. Ilycts npamasa MN mepeceKaeT CTOPOHBI Tpe-
yrosbHUKA B Toukax M1 u Ni. fcuo, uro MN < M;N;. Ilycts Touka M; jne-
KUT Ha cTopoue AB, a Touka N; —ua BC. Tak xak ZAM1N1+ /BM1N1=
=180°, To oguH u3 3THX yrioB He MeHbine 90°. IlycTs Aas ompenenéHHO-
ctu LZAM1N1>90°. Torma AN1 > M1N1, TaKk Kak IPOTUB GOJBIIEro yIJja
JIEXKUT OOJIBIIASA CTOPOHA. AHAJIOTUYHO JOKAa3bIBaeTcst, uTo audo AN, < AB,
aunbo AN1 < AC. CiremoBaTenbHo, JinHaA oTpe3dka M N He IPEBOCXOMUT IJIM-
HBI OTPE3Ka ¢ KOHI[AMHU B BePIIMHAX TPEYyTroJbHUKA.

Sagaun: 66.1.9—11.3, 67.1.10.2.

14°. OpueHTUPOBAHHBIE YTJIBI

Besnunubl BOINCAHHBIX YIJIOB, OIUPAIOIIUXCA HA OJHY XOP-
Iy, MOTYT OBITH PaBHBI, a MOTYT COCTABJSATHL B cymme 180°.
Oass Toro 4yroObl He paccMaTpPUBATL Pa3JIUYHBIE BapPUAHTBI
pacmoJiosKeHus TOUeK Ha OKPYKHOCTH, BBEIEM IIOHATHE OPU-
€HTHUPOBAHHOIO yrjla MeXKIy NPSIMbIMHU. BeauuuHol opueH-
muposannozo yzaa medxrdy npawoimu AB u CD (o6o3HaUeHUE:
/(AB, CD)) 6yneM Ha3bIBATH BEJUUNHY yIJja, Ha KOTOPBIH
HYJKHO OBEPHYTH IIPOTUB YaCOBOI CTpeJKHU npamyio AB Tak,
yTOOBI OHA cTajia mapaJuieabHa npamoir CD. IIpu sTom yrisl,
orTnnualoiuecs Ha n-180°, cuurarorcsa paBasiMu. Ciaengyer or-
METHUTDb, UYTO OPUEHTUPOBAHHBIN yroa Me:xkay npsambeiMu CD u
AB He paBeH OPMEHTHUPOBAHHOMY YIJIY MEXKAY OpAMbIMU AB
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u CD (oHu cocraBasoT B cymMMme 180° mam, UTO IO HAIIEeMy
COoTJIAIlIeHUIO TO »Ke camoe, 0°).

Jlerko mpoBepuTH CJEOYIOIINE CBONCTBA OPHMEHTHPOBAH-
HBIX YTJIOB:

a) Z(AB, BC) =—-/(BC, AB);

06) Z/(AB, CD) + /(CD, EF) =/(AB, EF);

B) Touku A, B, C, D, He je:kalue Ha OTHON MPAMOIi, IpU-
HaJJIe;KaT OJHON OKPYKHOCTH TOTZA M TOJBKO TOTZAa, KOrnaa
/(AB, BC) =Z(AD, DC) (mnnsa moxasaTeJabCTBa 9TOTO CBOMCTBA
HYKHO PAcCMOTPEeTh ABa ciaydasi: Touku B u D jexaT mo OgHY
cropony oT AC; B u D jesxatT 1mo pasHble cTOpoHbl oT AC).

Samaun: 58.2.8.3, 59.2.7.1, 64.2.8.2, 65.2.9.5,
JIureparypa: [5, ra. 2].

15°. BeimykJaasa 000JI09Ka

ITepeceuenne ABYX BBIOYKJIBIX MHOTOYTOJBHUKOB SIBJISET-
CsA BBIOYKJILIM MHOTOYTOJBHUKOM, IIO3TOMY IJIA JIIOOGOTO KO-
HEeYHOro Habopa TOUYEK Ha IIJIOCKOCTH MOYKHO PAacCCMOTPETh
HAUMEHBIITUH BBITYKJLIN MHOTOYTOJbHUK, COAEPIKAIUNA 9TH
TouKu. Ero Ha3whIBAIOT 6biNYKA0U 000/104K0U JAaHHBIX TOUEK.

Sagaun: 61.1.9.5, 63.1.10.2, 64.2.7.3.

16°. HeBBIMyKJIbIe MHOTOYTOJIBHUKH

MuoroyronbHUK Ha MJIOCKOCTH — 3TO (pUrypa, COCTaBJIEH-
Hasd W3 3BEeHbEB 3aMKHYTOI HecaMoIllepeceKaloIlencsa Jioma-
HOM. MHOTOYTOJMbHUK pasOMBaeT MJIOCKOCTL Ha JABE YaCTH —
BHYTPEHHIOIO 1 BHEIITHIOIO.

OOGBIYHO B Kypce TeOMeTPUU CUUTAETCS, UTO yroJ He Ipe-
BocxoauT 180°. Ho mpu paboTe ¢ HeBLIMYKJIBLIMUA MHOTOYTOJIb-
HUKaM" yAoOHee CUNTATDh, UTO BEJIMYMHA yIJia MOYKET IIPUHU-
maTh 3HaueHus ot 0° mo 360°. Torga MOXKHO ONpPEIeUTh yI-
JIBI MHOTOYTOJIbHUKA KaK Te YIJbl, 00pa3soBaHHBIE CTOPOHAMU
MHOTOYTOJIbHIKA, JOCTATOUHO MAaJble YaCTU KOTOPBIX JIEXKAT
BO BHYTPEHHEI 00JIaCTH MHOTOYTOJbHUKA. Y BBITYKJIOTO MHO-
TOYTOJIbHUKA Bce yrJibl MeHbIle 180°, a y HeBBIITYKJIOTO MHO-
TOYTOJIbHUKA XOTsA ObI ogmH u3 yriioB Oosbime 180°. Ilpu rta-
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KOM OIIpeeIeHUX YIJIOB MHOTOYTOJbHHKA MOYKHO JOKasaTh,
YTO CyMMa YIJIOB HEBBIIYKJIOTO N-yrOJbHUKA pPaBHA CyMMe
YIJIOB BBIOYKJIOTrO n-yroiabHuka. (IIpu OOBIYHOM IITKOJBHOM
ompefeIeHNN yrja MOMKHO JHIINb CKa3aTh, YTO CYMMa YIJIOB
HEBBINYKJIOTO N-yrOJbHUKA MEHbBIIEe CYMMBbI YIJIOB BBIIYKJIO-
O N-yroJIbHUKA.)

Bce gmaroHasaum BBIITYKJIOTO MHOTOYTOJBHHUKA JIeKAT BHYT-
pu ero. [lokakeM, 4YTO y HEBBIIYKJIOT'O MHOTOYTOJIbHUKA HaM-
IETcsA quaroHalb, JesKalas BHyTpu ero. IlycTs yroJ mpu Bep-
ImuHe A HEeBBIIYKJOro MHOrOyroJbHuKa 6osbiite 180°. Torma
13 3TOI BEPINUHBLI BUAHBI YaCTHU IIO0 KpaliHeill Mepe ABYX CTO-
POH MHOTOYTOJbHUKA, IOTOMY UTO HHKaKasa CTOpPoHAa (Uau eé
YacTh) HEe MOKeT OBLITh BuUAHA Ioh yriom Ooxbiire 180°. Cie-
IOBaTEJIbHO, CYIIECTBYEeT XOTs Obl OAUH JIYY, BEIXOMAITUN U3
TOYKK A, Ha KOTOPOM MPOUCXOIUT CMEHA CTOPOH, KOTOpPhIE
BUAHBI U3 Touku A (Ha puc. 101 uzobpakeHBI Bce TaKkue JIy-
yn). Ha KamaoM um3 Takux Jydell paciojioyKeHa OUaroHAJb,
IeJIUKOM JIerKallasi BHYTPU MHOTOYTOJIbHUKA.

Puc. 101

CyMMa yrioB HEBBIIYKJIOTO Nn-yroJbHUKAa paBHa (n — 2) X
x 180°. 9To Jerko moxasaTh IO HUHAYKIINU, BOCIOJIH30BaB-
IIIACHh TeM, UTO HEBBIMYKJbII MHOTOYTOJbHUK MOKHO paspe-
3aTh HEKOTOPOI AMArOHAJBIO Ha JBAa MHOTOYTOJbHUKA.

Sagaun: 59.2.9.3, 60.2.7.3, 65.2.11.4.
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17°. IlenTp Mace

IlycTh Ha maOCKOCTM 3aJaHa CHCTEMa TOUEK C IIPUIIMCAH-
HBIMM WM MaccaM#, T.e. mmeerca Habop map (X;, m;), rae
X; — TouKa IJIOCKOCTH, & m; — IOJOKUTeJbHOe uucjio. [[eH-
mpom macc cuctembl Touek Xi, ..., X, C MaccamMu my, ..., M,
Ha3BIBAIOT TOUKY O, IJIsT KOTOPOU BBITTOJHAETCS PABEHCTBO

m10X1 + ... —i—mnOXn = 6.

ITenTp Mmacc J1ir060# CUCTEMBI TOUEK CYIIIECTBYET, IPUUEM TOJIb-
KO OJWH.

Baxueiiimum cBOMCTBOM IIeHTPa Macc, Ha KOTOPOM OCHOBA-
HBI IIOYTHU BCE €ro MPUMEHEHUs, ABJAETCA TeopeMa O I'pyIIu-
POBKe Macc: UeHmp MaACC CUCMeMbl. MOLeK 0OCMAHemcs npedic-
HUM, eCaU YaAcmb MoueK 3aMeHUumbs 00HOU MOYKOol, Komopas
pacnognoxcena 6 ux yenmpe macc U Komopou npunucaHa mac-
ca, pasHasa cymme ux macc.

3amaun: 59.2.10.2, 64.2.10.2.
Jluteparypa: [5, ra. 14].

18°. OTHoOIIIeHNe TIOIAdell MPOeKIIUii

Ilnomazss OpPTOrOHAJBLHON HIPOEKIUMU (PUIYyPLI paBHA ILIO-
AL UCXOLHOM (PUI'YPEI, YMHOMKEHHO! Ha KOCUHYC YIJIa MexX-
Iy ILIOCKOCTBIO, B KOTOPOI PACIIOJIOMKEHA (pUrypa, u IJIOCKO-
CTBIO IIPOEKIIUMH.

3agaun: 62.2.10.4.
Jlureparypa: [7, ra. 2].

19°. Ilnockuii yzon mpéxzpanHnozo Yzaa MeHbUle CYMMbL
08Yx 0CMANbHBLX €20 NJAOCKUX Y2J08.

3agaun: 63.2.11.5.
Jlutreparypa: [7, ra. 6, 3agaua 6.5].

20°. BekTopHO€E TIpON3BEIEHIE

Bexmopruvim npousdgedenuem ABYX BEKTOPOB a W b Ha3BI-
BalOT BEKTOP C, JAJIMHA KOTOPOTO PaBHA ILJIOMIAAU ITapaJiieso-
rpaMMa, HaTAHYTOTO Ha BEKTOPHI a U b, a HaIpaBJieH OH Iep-
MeHIUKYJIAPHO K @ U b, IPUUEM TakK, UTO BEKTODPHI 4, b u ¢ 00-
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* a pPasymoT IpaBylO0 TPOUKY, T.e. MMEIOT Ta-
KYIO Ke OpHMeHTaIlnio, KaK 0oJbIoi (a),

b yKasaTeJabHbIN (b) U cpeaHuii (¢) maabIlbl
-« . .
/\ npasoii pyku (puc. 102). O6Gosmauenue:
¢ 4 ) ‘ ’/ c=a X b; npyroe obosuauenue: ¢ = [a, b].
Bamaunm: 61.1.8.1.
Puc. 102 JIuteparypa: [7, ra. 11, §6].

I'eomeTpuueckue mpeodpasoBaHMI

21°. OceBasi cuMMeTpPHUS

Cummempueti omHnocumenvHo npamoi | (oboszunauenme: S;)
Ha3BIBAIOT IpeoOpasoBaHMe ILJIOCKOCTH, IIePEeBOIAINEEe TOUKY
X B Takymo Touky X', uTO [ — CepeuHHBINA MePIeHINKYIAD K
orpesky XX'. 9ro mpeobpasoBanme HA3bIBAIOT TaKyKe 0Ce80lU
cummempueii, a [ — ocbI0 CUMMETPHUU.

3agmaum: 64.2.10.2.
JIuteparypa: [5, ra. 17].

22°, TIoBopoT

ITosopom omrocumenvro moyku O Ha yroy @ — 9TO Ipeod-
pasoBamme IIJIOCKOCTH, MepeBosAinee TOUKy X B TaAKYIO TOUKY
X', uro:

a) OX' =0X;

6) yros moBopora oT BekTopa OX K BEKTOPY OX' paBen .

Bamaun: 64.2.10.2, 61.2.10.4 (moBoport za 60°).
JIutreparypa: [5, ra. 18].

23°. Jlsuicenue naockocmu, umenuiee Henod8UICHYO Mmou-
ky O, — ocesasn cummempus Uiy noGoOPom.

HokasaTenasbcTBO. Bribepem Touku A m B Tak, 4TOOBI TOUKU A,
B u O He nexanu Ha ofHOI npaMoii. O6pas A’ TOUKH A JeKHUT Ha OKPYK-
"HocTu paauyca OA. O6pas Touku B jekuT Ha oKpy:KHOCTU pamuyca OB c
menTpoM O 1 Ha OKpy:KHOCTH paguyca AB c meaTpom A’'. DTU OKPYKHOCTH
mepeceKaroTcs B ABYX TOUYKAaX, KOTOPBIE COOTBETCTBYET ABYM YKa3aHHBIM
IBUKEHUAM.

3agaun: 64.2.10.2.
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MHuoroujeHsbI

24°, Jlenenue MHOTOYJIEHOB U TeopeMma Besy

MHOTOYJIEHBI C PAIIMOHAIBHBIMU KO3(hGUIIUEHTaMU MOYKHO
IeJIUTHh C OCTATKOM, KaK U IleJible YMCJIa:

Teopema. [Tycmo f u g — mHozousenbl, npuuém g # 0. To-
20a Halldymcsa eOuHCcmMBEHHble MHOZ0UAEHbL ¢ U ', 018 KOmo-
pouix a) f =qg +r; 6) cmeneub r MeHbUWe cMeneHu g.

IIpu sTOM ¢ U r HA3BLIBAIOTCSA YACMHLIM U OCMAMKOM OT
meneHus [ Ha g COOTBETCTBEHHO. AHajloTMUHAas TeopeMa Bep-
Ha [/ MHOTOYJIEHOB C IeNCTBUTEJBLHBIMHU Koa(hduiiuenTa-
mu. MBI cunTaeM, 4TO CTEleHb HYJIEBOTO MHOT'OUJIeHA MeHbIIIe
CTeleHu JII0O00T0 HEHYJIEBOTO MHOTOUJIEHA.

Hanpumep, uacTHoe oT geimenusa x*+1 ma x%+x paBHO
x?2—x+1, a ocraTok paBeH 1 — x.

Teopema Besy. a) Ocmamokx om denenus mHozouaerna f(x)
Ha x —a paseH f(a).

0) mHozouneH f(x) denumca Ha X —a mozda U MOJbKO MO-
20a, Kozda a — KopeHb MHOozoYeHa f(x).

3amaun: 63.2.11.3 (Teopema Besy).
JIutepatypa: [8].

25°. KopHu MHOrOuYJIeHa

Teopema. MHozoulen cmenenu n umeem He 00Jiee . KOpHelL.
Jra TeopeMa MUCIOJIL3yeTcsa Impu perrenuu 3agaun 53.2.10.1.
JIutepatypa: [8].

26°. PanmoHaJbHbIe KOPHU MHOTOUYJIEHA

Teopema. ITycmov f(x) =a,x" +a, 1x" 1 +...+a1x+ay—
MHO20UJIeH CMENeHU N C UeablMU KOoIpPuuuenmamu, umer-
WUl payUoOHANLbHBLU KOPEeHb Xg =p/q, npuuém dpodbs p/q Heco-
kpamumas. Toz0a wucaumenv p amoii dpodbu deaum ag, @ 3HA-
MeHameav q deaum a,.

P ! p

HokxasarteasbcTBO. Ilo ycnoBuio anq—n +an,1F+...+a15 =0,
T.e. anp" +an_1p" g+ ...+ a1pg" ' + aog” =0. CiexoBaTenbHO, a,p" me-
JIUTCA Ha ¢, a aoq" OeJIUTCSA Ha p. ITo YCJIOBHUIO HHUCJA P U @ BBAMHO IIPO-
CTBIEe, IIO9TOMY @, HEJIUTCH Ha ¢, a Ao LeJUTCS Ha p.
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B uactHOCTH, ecau cTapiiuii Koa()(pUIeHT a, paBeH 1, To

Xy — IIeJIOe YMCJIO. ITOT (PaKT MCIIOJIL3yeTCA P PEIIeHn 3a-
maum 58.1.8.2.

27°. Ecau 6 npouseedenuu 08Yyx MHOZOYJEHO8 C UeJblMU
Koappuuyuenmamu Kaxovlli K0d(phpuuueHm 3ameHums Ha ezo
ocmamokx om OeseHus Ha 2, mo pes3yabmam 6ydem makxou
Jee, KK ecau Obl Mbl CHAYANLA 8 KAHOOM U3 08YX UCXOOHBLX
MHO20UJeHO08 3AMEeHULU KOIPPUUUEHMbL HA UX OCMAMKU Oom
JeseHus Ha 2, a 3amem 8 NOJLYLEeHHOM NPou3sedeHul CHO8a
3aMeHUNU KOI(PPUUUeHMmbL HA 0OcmamKu om O0eneHus Ha 2.

IleiicTBUTEIBLHO, KO3(D(UIMEHT NpU X° B IpousBegeHUN
MHOT'O4JIEHOB

AnX" + Ay 1 X" Vo Fag T bpx™+ by x4+ by

paBeH
akbo + ak,1b1 + ...+ aobk,

IIOTOMY AOCTATOYHO 3aMETUTb, UTO IIPU BBIUMCIEHUU OCTAT-
Ka OT JejieHUs Ha 2 KaK CyYMMBbI, TaK U IPOU3BENEHUS IBYX
(a 3HAUUT, U HECKOJIbKIX) IIEJbIX UNCEJT MOMKHO CJOKUTD WU
TIePEeMHOMKUTh UX OCTATKHU, a IIOTOM B3STh OCTATOK ITOJYUeH-
HOT'O YICJIa.

Pasnurie (paxTsl

28°. UHayKIMsA, IOJTHAA WHIYKITNSA

MaremaTnueckas MHAYKIIUSA — 9TO METOJ JOKAa3aTeJIbCTBA
yTBepsKIAeHU Tumna: «Ilaa Kaskaoro HaTypaJIbHOTO 7 BEpHO,
4TO0...». TaKkoe yTBep:KJIeHNEe MOKHO pPacCMaTpPUBATL KaK IIe-
MMOYKY yTBep:kAeHU: «ia n=1 BepHO, UTO...», «[ag n=2
BEPHO, UTO...» U T. 1.

IlepBoe yTBep:KIeHMe IMEIIOUKN Ha3bIBaeTca 0a30i (Uiu oc-
HoB8aHUeM) MHAYKIINK. ET0o OOBIYHO JIETKO IIPOBEPUTh. 3aTeM
IOKAa3bIBAeTCA UHOYKMUBHULU nepexold (Mam waz uHOYKUUU):
«Ecau BepHO yTBep:KAeHUE ¢ HOMEPOM 71, TO BEPHO YTBEPIKIe-
HUe ¢ HoMepoM 7+ 1». UHAYKTUBHBIN IePexXo] TaKkKe MOMKHO
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paccMaTprBaTh KaK IEIIOUKY IIepexooB: «Kciu BepHO yTBep-
JKaeHue 1, To BepHO yTBep:kIeHUe 2», «Ecam BepHO yTBep-
JKIaeHue 2, TO BepHO yTBep:KIeHue 3» 1 T. 1.

Ecau BepHa 0asza MHAYKIIUYM U BEePEH MHAYKTUBHBINA IIepe-
X0, TO BCe YTBEPKAEHUS BEPHBI (9TO U €CTh NPUHUUN Mame-
mamuyeckoii UHOYKYuUu).

WMuorma s qokasarebCTBA OUEPEIHOI0 YTBEPKACHUA IIe-
IIOYKKM HAMO ONHPATHCA HA 68Ce MNPENbIAYIINE YTBEP:KICHU.
Torma MHAYKTUBHBIN Iepexo]l 3BYyUUT TaK: «Eciiu BepHBI Bce
yTBEp)KAeHUsS ¢ HoMepaMu OT 1 0 7, TO BEPHO U YTBEpIKJIe-
HUe ¢ HoMepoM n + 1».

WNuorpa ynobeH uHOYyKmMu6HbL CNYCK, UIU 00PAMHASL UH-
JyKyus: eciv yTBePKIeHNe ¢ HOMEPOM 71 > 1 MOKHO CBECTHU K
OJHOMY MJIM HECKOJIbKUM YTBEPKIEHUAM C MEHBLIIMMU HOME-
paMu u yTBep)KIeHue 1 BepHO, TO BCe YTBEPYKJIEHUS BEPHBHI.

YacTo crnycKk opOpMJIsIETCs CIELYIOIUM 00pasoM: PacCysk-
JAlT OT IPOTHUBHOI'O, PAaCCMATPMUBAIOT HAWMEHbIIIee 1, IJIS
KOTOPOTO YTBEpJ)KJIeHMe ¢ HOMEPOM 71 HEeBEpPHO, U JOKasbIBa-
IOT, UTO HAWAETCA TaKkoe m < I, UYTO YTBEPIKACHIE C HOMEPOM
m HeBepHO.

MeTton MaTeMaTUUYeCKOH HMHAYKIIMKA IPUMEHSETCS B BeCh-
Ma PasIUYHBIX CUTyanuax. [Jig fokasaTeabCTBA HEPaBEHCTB
OH IIpuUMeHseTcsS B 3agade 67.2.8.2; mis moxasaTeabCTBa Je-
JauMmocTu — B 3agadax 61.1.10.1, 61.2.9.4. Merox marema-
TUYECKON WHAYKIMK NPHUMEHSEeTCA TaKyXe M B I'eOMEeTPHUM:
cMm. 3azaun 58.2.9.2, 61.1.7.3, 61.2.9.3, 62.2.8.1, 65.2.11.4,
67.1.10.1.

3agmaunm: 58.2.9.2, 60.1.9.1, 61.1.7.3, 61.1.7.5, 61.1.10.1,
61.2.9.3, 61.2.9.4, 61.2.10.5, 62.1.10.3,
62.2.8.1, 62.2.10.5, 63.2.10.5,
65.2.10.5, 65.2.11.4, 67.1.10.1, 67.2.8.2.
Jluteparypa: [4].

29°, IIpaBuso KpaiHero
IIpu pelreHrr HEKOTOPBIX 3a4a4 ObIBAET IMOJE€3HO PAcCMOT-
peTh HauboJIbIllee AN HaWMEHbIlee YKMCJI0, HanboabIllee UIN



320 OcHosHble paKkmbL

HauMeHbIllee paccTosgHre u T. 1. OCHOBAHHBIA Ha 9TOM CIIOCO0
pellieHus 3a7a4v 4acTO HA3BIBAIOT IIPABUJIOM KpaiHero.

Sagadu: 59.1.9.5, 59.2.10.3, 60.1.10.5, 61.1.7.4, 65.1.9.5.

30°. HepaBeHCTBO MeEKAy CPeIHUM apUPMETUUECKHUM U
CPeTHUM reOMeTPHUYECKHM
B Bamauax wvacTo MCHOJBL3YIOT HepaBeHCTBa 2ab < a® + b?

+
(BepHOe nas Bcex a u b), a TakKe va T (BepHOE nOJs
HeOTPHUIATeJbHBIX a 1 b). Horma mcmoab3yoT 6oJiee obIiee
HEepPaBeHCTBO, YTBEP:KAAIOIee UTO [IJisI HEeOTPUIATEJIbHBIX d1,

as, ..., A, BBIIIOJIHAETCA HEPaABEHCTBO:
ay+azs+...+a
Yaias...a, < - = ",

n
3agmaum: 62.2.9.5, 63.1.8.3.
JIluteparypa: [6].
31°. Jlaa nwb6ozo namypaaviozo n cymma 12+ 22 432 4
nn+1)(2n+1)
——

HoxaszarTeasbcTso. [Ipumenum ungyknuo no n. [Ipu n =1 Tpebdy-
emoe paBeHCTBO oueBUAHO. IIlar MHAYKIINM COCTOUT B JOKA3ATEIHCTBE TOMK-
ecTBa

.+ n? pasna

n(n+1)(2n+1)
6

_ (D) +2)@n+3)
6

+(n+1)°
ITO TOKIECTBO JIETKO IPOBEPAETCH.
3amaun: 58.1.7.3.
32°, ,ZIJzﬂ N100020 HAMYPALLHOZ0 N BbLNOJHACMCS HEPABEH-
cmaeo <1 + = ) < 3.

HokasaTteascTBo. Cornacuo popmyse 6unoma HroToHA

(1_’_’11) —1+n.t +n(n—1) l n(n—l)(n—2).L nn—1)-...-1 1

2 n2 2.3 W et T T

Bocmosbzosa: (¢ epaBeHCTBA: —n71<1 n-2_1
MOJIb30BABIIINChL HEePaBEHCTBAMU - -

p 2n 2’ 3n 2’ 4n 2
moJIyuaeM X

(1 n 1)" 11 1 1 1 <3
n 2 4 8 T oagn-1t 2n—1 ’
4TO U TPeOOBAJIOCH.

3amaun: 58.1.10.2.
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33°. IBonyHad 3amuUCh YUCIa
HOnsa 3amucu HATYPAJBHBIX UYNCEJ OOBIYHO WCIIOJB3YETCS
JeCATUYHASA 3aNuCh. [/ 9TOTO UMCJIO 1 3aNIUCHIBAIOT B BUE

n=ay+a;-10+ay-102+a;-10°+... +a,-10",

rae dag, ..., a; — Heasie yucaa ot 0 go 9, mpuuém a, # 0. Torga
JecATHYHAA 3alMCh YUCJIA 11 — 3TO (y...A305010g.

Ho unorgma 6niBaeT mosiedHa ABOMYHAS 3amuch uucaa. s
9TOT'0 UMCJIO 71 3aIHCHIBAIOT B BUJE

n:b0+b1-2—|—b2-22+b3-23—|—...+bl-21,

rae Kasmoe us uucena by, ..., by—oato 0 wianu 1, mpuuém b; # 0.
Torma aBomuHasa 3amuch ymcyia n— 310 b;...bsbyb1by. Hampu-
Mep, JBOMUYHASA 3amuch uncaa 6 =0+1-2+1-22—s10 110.

3amaun: 59.1.7.1.

34°. TIpemen mocjaegoBaTeILHOCTEH

T'oBopsaT, uro 6ecKoHeUHAasA IIOCJIEJOBATEILHOCTD A, UMEeT
npeden L (cmpemumcsa k L, Korga n cTpeMUTCS K OeCKOHeU-
HOCTHU), ecau AJdA Jjoboro >0 Haligérca Taxkoe k, 4TO IJd
BCSIKOTO 7 > k BBIIIOJHAETCS HEPaBeHCTBO |a, — L| < e. O6o3ua-

yenue: lim a, =L.
n—oo

ITo ompenenenne ecTb (POPMAIUBALUI YTBEPHKICHUI «d,
oueHb OJIM3KO K L, eClIum n OYEeHb BEJIUKO». PaBHOCHJILHOE
ompejesieHre: KayK bl NHTEPBAJI, coepKainuii L, cComepsKuT
BCE UJIEHBI IIOCJIEJOBATEJBLHOCTU d, 34 HCKJIOUEHHEM, OBIThb
MOJYKEeT, KOHEUHOI'0 YHCJa.

ITpu pemrenuu 3agaum 60.1.10.5 mcmosbayercsa ToT (akT,

uyro lim ¢"=0 npu |g| < 1. OTOT K€ mpejes MO3BOJIAET HAUTH
n—oo

CyMMy 6eCKOHEeUHOIi TeoMeTpIYecKoii mporpeccuu 1+ q+q? +
+q3+... mpu |q| < 1. [lelicTBUTENBHO,

1— n+1
1+g+F+¢+...+¢" = 173(1,

moaToMy mpu |g| <1 cymMma GecKOHEUHOII IeoMeTpHYEecKOit

IpOTPeccuy paBHa ;— .
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CyMmMa 0eCKOHEUHOM reoMeTPHUUEeCKON IPOTPECCUU UCIIOIb-
3yeTcs mpu peirernnu 3agaun 59.1.10.5.

3amaunm: 59.1.10.5, 60.1.10.5.
JIuteparypa: [2, ra. 3].
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