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IIpeducnosue

B sT0i#1 KHuUre cobpaHbl yCJIOBUS 3ajad, AaBaBIIMXCS Ha
MoCKOBCKUX MaTeMATHUYECKUX OJUMIIMAaX, HAUWHAaA C IIep-
BOM, mmpoxoauBIeir Becuoir 1935 roma, m KoHUas ABaAIlaATOI,
cocrosaBIieiica B 1957 rogy. B KHure mpuBOgATCA OTBETHI,
IAloTCs YKasaHWus, a B 3aKJIOUEHINEe IIPUBOLATCS IMOJHBIE U
IMOAPOOHEBIE PeIlleHns BCeX 3amad.

MocKoBcK1e MaTeMaTHUYeCKHe OJUMIINAAbl ABJSIOTCA Ua-
CThIO HAIlleH OTeUEeCTBEHHOM KYJIbTYPhI, KOTOPOI BCE MBI BIpAa-
Be ropauThesa. Ha IpoTsiKeHUN CeMUAEeCATH IATU JIeT SHTY3U-
acThbl, BAJOXHOBJIEHHBIE CTPEeMJIeHNeM HAWTH CPeau ITKOJILHI-
KOB TeX, KTO IIPeAPAaCIIONIOMKEH K NHTeIIeKTyaJbHOMY TBOP-
YeCTBY, M JKeJIaHMeM YBJIeub MX KPACcOTOM HaIllell HayKHU,
OPTaHU3YIOT KPYKKHN, UKJILI JEKIIUHA, M3TAI0T MIOATOTOBU-
TeJbHbIe COOPHUKHU 3a1au, HaKOHEI[, IPOBOAAT CAMH OJIHM-
nuagbl, KOTOPbIE BOWCTUHY CTAHOBATCA MaTeMATHUUYECKHMIU
npasgHuKaMU.

MocKoBcKUM MaTeMaTHUYeCKUM OJIMMIMNAAaM IIOCBSIIeHA
3HaunTeJbHadA JuTeparypa. Ilepsas kaura: « MocKoBCcKue Ma-
TemaTuueckue ogumnuanel 1935 u 1936 rr.» ObLIa HanucaHa
P. H. Bornukosckum (1905—1942), TanaHTIUBBEIM MaTeMAaTH-
KOM U IIOIIYJIIPU3aTOPOM HayKM, OCHOBABIIIUM IIEPBYIO CEPUIO
cOOpHUKOB « MaTeMaTuueckoe mpocselrnenue». P. H. BorHukos-
ckuii moru6 mox CraaumHrpazoM. B cepenmHe HIeCTUIECATHIX,
B IIePHOJ pacIiBeTa MOCKOBCKOW MaTeMaTHKN W HHTepeca K
HayKe cpelu IMKOJLHUKOB, BBIIJIA THUpaskoM 122 TbIC. 9K-
3eMILIIpoB KHUTa «COOPHUK 3aJaud MOCKOBCKHX MAaTeMAaTH-
YeCKUX OJUMOHuan» (CoCTaBUTENb, aBTOP YKasaHUHN U perre-
Hut A. A.Jleman, mox pemaxkuueir B.I'. Boaxramckoro. M. :
IIpocBertienue, 1965). B sToii KHUTe ecTh pasmesl, IIOCBAIIEH-
HBIA 3aJauyaM, B3STHLIM W3 HOATOTOBUTEJbHBIX COOPHUKOB K
oJIMMIMNAagaM; OPUBEAEHBI YCJIOBUSA 3amau IIePBLIX ABajIla-



4 IIpeducnosue

TH CeMH OJUMIIMAL UM JaHbl YKA3aHWS U PeIIeHUs HEeKOTO-
pBIX 3amau ogumnuan, HaumHas 1952 roma mo 1964. Yepes
IBa C JUIIKOM AecATKa JeT BbinLIa KHura . A. Taapnepuna
u A.K.Tomnmoeiro «MockoBcKHe MaTeMaTHUYeCKHe OJMMIIHA-
nel» (moxm pemakmueit A. H. Kommoroposa, M. : IIpocsemienue,
1986). B meit mpuBeeHbl YCIOBUA 3aaU, OTBETHI, YKA3aHUA U
perieHusa BCeX OJMMIINAL, BILIOTH A0 1985 roma. Kuura 6nlia
usgaHa HecabIXaHHBIM Tupakom 680 000 sxzemiisapon. 00
WCTOPUM 3aPOKIEHU OJUMIINAL, UX PA3BUTUN, OPraHU3AINNI
U TeX, KTO CTOSAJ ¥ UCTOKOB OJUMIMNAIHOTO ABUIKEHUS, UNTA-
TeJIb MOXKeT y3HaTh U3 3aMeuaTeabHOro ouepka B. I'. Boaran-
ckoro u U. M. fIrmoma «IIIKOIBHBIA MaTeMaTHUUYECKUU KpPY-
KoK 1mpum MI'Y m MOCKOBCKHME MaTeMaTUYecKUe OJMMITHA-
IBbI», OTKpBIBamInero coopuux A.A.Jlemama, u3 mpemmcio-
BUsS aBTOPOB K KHure lanbnepuua m Toameiro, m3 cTaTbu
aBTOpPa HACTOMAINEr0 IPEeANCIOBUS « PA3MBIIIIEHUSA O MEePBBIX
MOCKOBCKHMX MAaTeMaTUUYECKHX OJUMIUANAX», IIOMEIeHHOMN
BO BTOPOM BBIITYCKE TPeThell cepuu «MaTeMaTUUecKOro IIpo-
cBemenus» (M. : MITHMO, 1998). Coopuukr samau Jlemana,
kHura 'amboepuna u TOJIIBITO U BCe BBITYCKU TPEThEH cepuu
«MaTeMaTHUeCKOr0 MPOCBEIeHUS» coaep:karcsa B HMurepue-
Te. B oubaumorpaduu xumrum Ianpmepuua m Toumbiro umra-
TeJIb HalileT MHOKeCTBO KHUT U CTaTel, Tak UJIU WHaue CBA-
3aHHBIX ¢ MOCKOBCKMMM MAaTEMATHYECKIMH OJIMMIIATAMIH.
Xouy ckasaTh oTaesbHO 0 npeaucgoBuu A. H. Koamoropo-
Ba K KHure I'anbmepuna u Tosmsiro, Beileaineii B ceeT B 1986
roay. Augpeit HukomaeBuu ckoHuascsa 20 oxkTabpsa 1987 ro-
ra. B momenT, Korga emy HaZo OBLIO HMMUCATH IIPEAMCIOBUE, OH
OBLT cMepTeJbHO 0oJieH. B Ty mopy OH (paKTUUECKU JIUIITUIICS
3peHnsd 1 BO3MOKHOCTH TOBOPUTH. CBou TeKcThl Auapein Hu-
KOJIaeBUY JUKTOBAJ, U Ha IIPOM3HECEHIE OJHOr0 CJI0OBA Y HEr0
YXOMJIO HECKOJIBKO MYUYHNTEJbHEIX CeKyHa. [IpouTruTe ero mo-
pasuTeabHOE IIPEeAUCIOBHE, B KOTOPOM BeJIMKHUI yUEHBIN OJia-
TrOCJIOBJISET CBOMX YMUTATEJe!l K TBOPUYECKUM CBEPIICHIAM.
IIpencraBias KHHUTY, IIOCBAINEHHYIO IIE€PBLIM IBaIIIATH
OJIMMIIMAaM, MHE XOUeTCs BCIIOMHUTL BCEX IIpefceaaTeJiei
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OPTKOMUTETOB STUX TBOPUECKUX COCTA3aHuil. KasKIbIid us
HUX CBHITPaJ BBIZAIOIIYIOCA POJb W B OJUMIIMATHOM IBUIKE-
HUW, U B caMOM (POPMUPOBAHUY MOCKOBCKOI MaTeMaTHUKU, U
B JKU3HU MeXaHWKO-MaTeMaTHuecKoro ¢axyabrera MOCKOB-
ckoro yHuBepcurera. IIpencemarensaMy OPTKOMHUTETOB IIep-
BBIX ABaAnaTy MOCKOBCKMX MaTeMATHUYECKUX OJUMIMNAM ObI-
au: II. C. AnexcarampoB (omumnuaza 1935 r.), H. A.TI'maro-
aes (1936), A.H. Koamoropos (1937), A.T. Kypom (1938),
JI. A. JIroctepuuk (1939), JI. C. ITouarparux (1940), A. O. T'enb-
doux (1941), . M. l'enndang (1945), C. A. Tanbnepn (1946),
N.T. Ilerposckuii (1947), B. B. Hembirnkuii (1948), A. 1. Map-
kymresuu (1949), M. A. Kpeiiuec (1950), B. H. [lenoue (1951),
II. K. PameBckuii (1952), I.E. Mensmos (1953), C.B. Ba-
xBaJioB (1954), B. B. Hembinkuii (1955), E. B. Ieiakun (1956),
0. A. Oneitauk (1957).

Heckoabko ser Tomy Hasanx 8 MITHMO (MockoBcKOM IieH-
Tpe HeIIPePLIBHOIO MaTeMaTUYeCKOT0 00pa3oBaHusA) POAUIACE
uaes IIPUBECTU YCJIOBUA 3aJad, COIPOBOAUTH OTBETAMU, YKa-
3aHUAMHU W IIOAPOOHBLIMH peIleHuAMHU 3agauu Bcex MOCKOB-
CKUX MaTeMaTUYeCKUX OJIMMIIMAaJ OT CaMOIi mepBoii M IO Ha-
mux gHeii. B ocyiecTBieHre 9TOM UAen cAeJaHbl IepBbie 1Ba
mara: BbINIa KHuUra «MOCKOBCKHE MaTeMaTHUYeCKue OJIUM-
nuanasl 1993—2005» (aBropwsr P. M. @enopos, A. . Kanenb-
Benos, A.K.KoBanpmxu, W.B. fdmenko, mox pemaximei
B. M. Tuxomuposa. M. : MITHMO, 2006) u rHura, xKoropas
cefiuac HaxoAUTCA B pyKax uurareas. Ocraercsa caeiaTh aBa
mara, 4ToObl HOKPBITH paccrosHue oT 1958 mo 1992 rr. B
3aKJI0UeHNEe X0Uy I0KeJaTh HOBOMY IMOKOJIEHUIO TOTOBUTHCH
K BCTpeue cTojJeTHero oomuaesd MOCKOBCKUX MaTeMaTUUeCKUX
onuMmnuang. A tam, KaKk TOBOPUTCS, IIOCMOTPUM.

B.M. Tuxomupos






YcioBusa 3agau






1935 200 (I onumnuada)

IlepBsoIii TYp
1-ii sapuanm

1. OnpenmennTs OTHOIIEHUE ABYX UMCEJI, €CJU OTHOIIeHU’Ee
ux cpenHero apu(p)MeTHUECKOTO K CPeJHeMYy TeOMeTPUUYecKo-
My paBHO 25:24.

2. ITocTpouTh TPEeyroOJbLHUK IO JaHHBIM IBYM CTOPOHAM a4
u b u OuccekTpuce m yrja MeXAy HUMH.

3. Ilupamuzga, Bce 60KOBBIe PEOpPa KOTOPON HAKJIOHEHBI K
ILJIOCKOCTH OCHOBAHHUA IIOJ, YIJIOM (¢, ©IMeeT B OCHOBAHUU PaB-
HOOeIPEHHBIN TPEYTroJbHUK C YIJIOM (, 3aKJIOUEHHBIM MEXK-
Iy paBHBIMEU cTopoHamMu. OmpenesnuTs ABYT'PAHHBIN YTOJ HpHU
pebpe, COeIUHAIONIEM BEPIIMHY IMHUPAMHUALI C BEPIITWHOMN yrI-
Ja «.

2-1i sapuanm

1. Kee3HOMOPOIKHBIN TOE3 ] IIPOXOAUT MUMO HabJIomaTe-
JIs B TeueHUe f; CeKYH], IPU TOU Ke CKOPOCTU OH ITPOXOIUT
yepe3 MOCT IJMHON B @ METPOB B TeueHue ty ceKyHa. Haiitu
IJIUHY U CKOPOCTH IIOe3Ma.

2. ITocTpouTh KBaApaT, TPU BEPIIUHBI KOTOPOTO JeKaJIu
OBl Ha TPEX DAHHBIX MapaJlIeIbHBIX IPAMBIX.

3. HaiiTu 00b€éM HpaBUIbHOII YETBIPEXYTOJLHOM ITUPaAMU-
IBbI, CTOPOHBI OCHOBAHUS KOTOPOI PABHBI @, a IJIOCKUE YIJIBI
IIPU BepIIMHE PaBHBI yIjIaM HaKJOHa OOKOBBIX PEéOep K IIoc-
KOCTU OCHOBAaHUSI.

3-ii sapuanm

1. CocTaBuTh ABe Iporpeccum: apuGMeTUUecKyio U TIeo-
MEeTPUUYECKYI0, KAKAYI0 M3 UETBIPEX UJIEHOB; IIPU STOM €CJIU
CJOKUTHh OOJHOMMEHHBIE UJIEHBI 00€MX TPOTPECCUM, TO TOJIK-
HBI TIOJIYYUThCS caenyroinue yucaa: 27, 27, 39, 87.
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2. TorkasaTh, YTO €CJU CTOPOHBI TPEYTOJbHUKA 00Pa3yioT
apu(MeTuUecKy0 MPOrpeccuio, TO paguyc BIIMCAHHOTO Kpyra
paBen % OIHOM 13 BBICOT.

3. BricoTa yceuéHHOTO KOHyCa paBHA PagUycy €ro 00Jb-
IIIeT0 OCHOBAHUSA; MEePUMETP IIPABUJIBHOTO IIECTUYTOJbHUKA,
OIIMCAHHOTO OKOJIO MEHBIIIETO0 OCHOBAaHWSA, PABEH IIEPUMETPY
PaBHOCTOPOHHETO TPEYroJbHUKA, BIIMCAHHOTO B 0OJIbIIIEE OC-
HoBaHue. OmpenesuTh yroJ HaKJIOHA o0pasylolell KoHyca K
IIJIOCKOCTY OCHOBAHUA.

4-ii sapuanm
1. Pemuts cucreMy ypaBHEHUI:

x? +y? — 222 = 242,
x+y+2z=4(@*+1),
22— xy = a®.

2. B Tpeyronbauke ABC wu3 IIpOW3BOJILHOI TOUKHM D Ha
cropore AB mpoBe[eHbI ABe HPAMbBIe, IapajijieJbHbIe CTOPO-
Ham AC u BC, mepecexarinue BC u AC COOTBETCTBEHHO B
roukax F m G. [loxkasaTb, UTO cyMMa IJUH OKPYKHOCTEH,
OIMCAHHBIX OKOJIO TPeYyTrodbHUKOB ADG u BDF, paBHA IJIUHE
OKPY?KHOCTHU, OIIMCAHHOM 0K0JI0 Tpeyroabuuka ABC.

3. PasBépTka O0KOBOU ITOBEPXHOCTU KOHYyCa IIPeACTaBJIA-
eT coboii cexTop ¢ yrioMm B 120°; B KOHYC BIICAHA TPEYTOJb-
Hasd IUpPaMuga, YIJIbl OCHOBAHUSA KOTOPOII COCTABIAIOT apud-
MEeTUYECKYIO IIPOTPEeCcCHuio ¢ pasdHocThio 15°. OupeneauTs yroa
HAKJIOHA K IJIOCKOCTU OCHOBAaHUS HaWMEHbIel m3 O00KOBBIX
rpaHeii.

Bropoii Typ
Cepusa A
1. [lana OKpysKHOCTHL M Ha HeW Tpm Toukm M, N, P, B
KOTOPBIX IIePeCeKaioTCsa ¢ OKPYKHOCTBIO (IIPU IIPOIOIKEHN)
BbICOTA, OMCCEKTpHCcAa M MeJanaHa, BEIXOAAINNe M3 OOHOUN Bep-
IIMUHBI BOMCAHHOTO TPeyroJbHUKAa. [IoCTPOUTH 3TOT TPEYyroJib-
HUK.
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2. Ha moBepxHocTu Kyb6a HAWTHU TOUKM, M3 KOTOPBIX AUA-
roHa/ib BHUAHA IOJ HAWMEHLIIUM yrjoM. [okasaTh, 4TO U3
OCTAJIbHBIX TOYEK IIOBEPXHOCTU Ky0a AMaroHajb BUAHA IO
OOJIBIIINM YIJIOM, YeM U3 HANIeHHBIX.

3. B mByX pasimMyHBIX ILJIOCKOCTAX JIEKAT JBa TPEYTOJb-
Huka: ABC u AB:C,. Ilpamasa AB mepecekaeTcsa ¢ HIPAMOI
A.B,, ipamasa BC — ¢ npamoii B,C;, npamasa CA — ¢ mpaMoi
C.A,. okasatb, uro npsambie AA;, BB; u CC, uiu Bce Tpu
IepeceKaroTcsi B OAHOI TOUKe, UM HMapajjiebHbl IPYT APYTY.

Cepus B
1. CKOJBKO AEeMCTBUTEIBHBIX PEIIeHNI MMeeT CUCTeMA JBYX
ypaBHEHUI ¢ TpeMs HEN3BECTHBLIMU:

x+y=2,
xy—22 =12

2. PemuTs ! cucteMy ypaBHeHMIi:

x® —y® = 26,
x%y — xy? = 6.

3. Haiitu cymmy

134+33 453+ ...+ (2n—1)3.

Cepus C

1. Bui6bpanbl 6 pas3JIUUYHBIX IIBETOB; TpeOyeTcsa PacKpPACUTD
6 rpaHeii Kyb6a, KasKAyIO0 B OCOOLII I[BET M3 UKCJIa N30PAHHBIX.
CKOJIbKUMU I'€OMeTPUUYECKU PA3JIUYHBIMU CIIOCO0AMU MOXKHO
aTO caesaaTh? 'eoMeTpUUYeCKH PA3JIUUYHBIMU HAa3bIBAIOTCS OBE
TaKk’e pPacilBeTKU, KOTOPble HeJIb3sd COBMECTUTh OIHY C IPY-
oM IIpU IIOMOIIIM BpallleHuii Kyba BOKPYT ero IeHTpa.

Pemuts Ty Ke 3amauy aya caydas pacKpacKu I'paHel mpa-
BUJILHOTO JBeHAMIIATUTPAHHUKA B 12 Pa3IUUYHLIX IIBETOB.

! Hajitu Bce pellleHMs, BKIKOYAS KOMILIEKCHBIE. — IIpum. peo.
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2. CKOIbKUMHU PA3IMUYHBIMU CIIOCO0AMU MOYKHO PA3JIOKUTH
1eJI0e IOJIOMKUTEIbHOE UMCJIO 71 Ha CYMMY TPEX ITOJIOMKUTEb-
HBIX IeJibIX ciaaraembix? IIpm sToM aBa pasiaosKeHUs, OTJIU-
YaIoIeca TOJBKO IMMOPSATKOM CJIAraeMbIX, CUMTAIOTCS 3a Pas-
JUYHBIE.

3. Bymem obosHauath uepes M (a, b) — obIliee HauMeHbBIIIee
KpaTHoe AByX uwmces a u b, D(a, b) — obmiuii HauboJabIINi 1ge-
JIUTEJIb MBYX YUCeJ a u b.

Hoxazars popmyny M (a, b) - D(a, b) =ab.

Jlisa Tpéx umcesa JoKasaTh hopMYyTy

M(a, b, c)-D(a, b)-D(b, c)-D(c, a)

D@, b.0) = abc.

1936 200 (II onumnuada)
Bropoii Typ
1. PemuTh cucteMy ypaBHEHUIA:

xX+y=a,
{ x®+y® =0

2. Ha mocKocTu maH yroJi, 00pa3oBaHHBIN IBYMS JydaMU
a u b, u Hekoropasa Touxka M. IIpoBecTtu uepes Touky M mps-
MYIO ¢ TaK, YTOOBI TPEYTOJbHUK, 00PA30BAHHBIN MPAMBIMU @,
b u ¢, UMeJ TIepUMeTpP AAHHON BEJIUUYUHBI.

3. HokasaTh, YTO eCIW IJIUHBI CTOPOH IIPIMOYTOJLHOI'O
TPEeyroJbHUKA BBIPAYKAIOTCA IIEJBIMHU YHCJIaMU, TO IIPOU3BeE-
[IeHue Ynces, BhIpasKalolnX IJUHBI KaTeTOB, JeauTcd Ha 12.

4. CKOJIbKUMHU PAa3INYHBIMU CIIOCO0AMM MOKHO IIpeacTa-
BuTb 1 000 000 B Buje IpousBeleHUA TPEX HATypPaIbHBIX !
yuces? IIpousBegennsi, OTANYAIOIIAECS JUIIb HOPSIIKOM CO-
MHOKHUTEeJeH, CUNTAIOTCA TOMKIECTBEHHBIMMU.

5. B mpocTpaHCTBE PaCIOJIOMKEHBI TPU IIJIOCKOCTH U ITap.
CKOIBKUMHU Pa3IUUYHBIMU CcHOcOOaMH MOJKHO IIOMECTUTDL B

! B opuruHambHOH (POPMYIHPOBKE BMECTO HAMYPAIbHbLX TOBODPILIOCH
yesblx, HO UMeJINUCh B BULY MMEHHO HaTypasbHble uncia — [Ipum. ped.
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IIPOCTPAHCTBE BTOPOI IIap TaK, UTOOLI OH KacaJjcs TPEX maH-
HBIX ILJIOCKOCTeH 1 mepBoro mapa? !

1937 200 (111 onumnuada)
IlepBsIii TYp
1. Pemuts cucremy:

xX+y+z=a,
> +y*+2° =a’,
P +y’+2°=ad’.

2. Haupl mpsaMasd U ABe TOUKU A u B 1m0 OZHY CTOPOHY
or meé. HailiTu Ha mpamoii Takyio TOuKy M, UTOOBI cyMMa
MA + MB paBHsAJach 3aJaHHOMY OTPE3KY.

3. Ilo AByM CKpeIIuBaIOIMMCS IPAMBIM CKOJIB3AT ABa OT-

peska 2. JlokasaTk, 4TO 00BEM TeTpPaspa ¢ BePIIMHAMU B KOH-
IIaxX 9TUX OTPE3KOB HE 3aBUCHUT OT IIOJIOMKEHUSA IMOCJIETHUX.

Bropoii Typ

1. [lagbI TPU TOUKHU, He JieXKalllle Ha ONHOUN mpamoii. Ye-
pes KasKable ABe M3 HUX IIPOBECTU OKPYKHOCTH TAaK, UTOOBI
TPU IIPOBeJeHHbIe OKPYKHOCTY UMeJIN B TOUKAaX IIepeceueHus
B3aMHO IIePIEeHINKYJISPHbIe KacaTeJbHbIe.

2. B mpocTpaHCTBe PACIIOJIOMKEH IIPABUJIBHBIA TOLEKAadap.
CKOJIBKUMHU CIIOCO0AMU MOJKHO IIPOBECTH IJIOCKOCTL TaK, UTO-
ObI OHA BBICEKJIA Ha [OOAeKasJpe IPABUJIbHBIA IIIECTUYIOJIb-
HUK?

3. Ha ckoJbKO uacTeil pasfesdioT n-yroJbHUK® ero gua-
TOHAJIM, eCJU HUKaKue TPU AUaroHaJu He IIepeceKaloTcs B
OJHOM TOuKe?

1 B osroit 3ajaue peub (DAKTHUECKH HAET O KacaHuu cdep, T.e. He
IpeAIoJaraeTcsi, YTo IIapbl MOI'yT KAcaThCsA TOJHKO BHEIIHUM 00pasoM. —
ITpum. peo.

2 Ha xasxzoil mpamoit mo oTpesry. — IIpui. ped.

3 Bemmykasiit. — ITpum. ped.
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1938 200 (IV onrumnuada)
Bropoii Typ

1. B mpoctpaucTse gaubl Touku O, Oy, O3 u Touka A. Tou-
Ka A CHMMETPHUYHO OTPaMKaeTca OTHOCUTEIbHO Touku O, mo-
JydeHHad Touka A; — orHocuTenbHO Oy, MOJIyUeHHAA TOUKA
Ay — orHocurenbHo Oz. IToayuaeM HEKOTOPYIO TOUKY Az, KO-
TOPYIO TAKsKe II0CJeL0BATeJbHO OoTpaMkaeM OoTHocuTeJabHO Oq,
0,, O;. loxkasaTb, UTO IOJYYEHHAS TOUKA COBIALAeT ¢ A.

2. Ha ckosbKo uacTeil MoryT ! paszeinTh IPOCTPAHCTBO 1
IIJIOCKOCTEe ?

3. ITocTpouTh TPEyroJbHUK II0 OCHOBAHUIO, BHICOTE W Pa3-
HOCTH YTIJIOB IIPY OCHOBAHUMN.

4. CKOJIBKO CYILECTBYET HATYPAJIBHBIX ° UMCEJ, MEHBLIINX
TBICAYM, KOTOPLIE He OeJSATCS HU Ha 5, Hu HaA 77

2

1939 200 (V orumnuada)
IlepBsrii TYp
1. Pemuts ? cucremy ypaBHeHMii:

xyz —x® —y® —2° = b3,
X+y+2:2b,
x?+y?—22 =0

1 ITo-Bupumomy, B 3agaue TpeGOBaioOCh HAWTH HaAMOOJbIIee UMCJIO dYa-
creit. B ¢BsI3u ¢ 3TUM MBI IpeAIIoiaraeM, 4YTO Ha0OP IJIOCKOCTEH HEeBBIPOIK-
IeHHBI B TOM CMBICJIE, UTO JIIOObIe TPU ILJIOCKOCTH IIePeCceKarTCs B OTHOU
TOUKEe U HUKaKUe YeThIPe IJIOCKOCTU He UMEIOT 00Ieil Touku (a mpu n =2
HYKHO IIO0TPe00BaTh, UTOOBI ILJIOCKOCTH He ObLIV HapaJiielbHbl). Eciu ke
paccMaTpuBaTh BBHIPOKAEHHBIE HAOOPHI ILJIOCKOCTEI, TO BOSHUKAET MHOI'O
BapuaHTOB. Omucars BCe BO3MOYKHBIE OTBETHI B 9TOM CJydyae OUYeHb TPY.I-
HO. — IIpum. peo.

2 B opuruHambHOH (GOPMYIUPOBKE BMECTO HAMYPAIbHbLX TOBODILIOCH
uesavlx, HO UMeJIUCh B BUAY UMEHHO HaTypajbHble unciaa. — IIpum. ped.

3 Tpebyercss HaWTH BCe pEILIEHNs, B TOM UHCIe M KOMILJIEKCHBIE, —
ITpum. peo.
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2. [TokasaTb, 4TO COS %ﬂ + cos %ﬂ = —é.

3. Hawmwr Tpu Touxku A, B, C. Uepes TOUKy A mpoBecTHU mps-
MYIO Tak, YTOObI CyMMa paccToAHUM oT Touek B u C 10 9TO
mpaMoii ObLjIa paBHA 3aJaHHOMY OTPE3KY.

4. PemuTh ypaBHeHUE \/a —+\/a+Xx=Xx.

5. JorkasaTb, YTO BO BCAKOM TpPEYroJIbHUKE OMCCEKTpPHCA
JEKUT MEeXXIY MeIUaHOW M BBICOTOM, IPOBENEHHBIMU M3 TOU

JKe BepIIUHBI.
Bropoii Typ

1. PasimoXuTh Ha Iejsible paruoOHAJIbHBIE MHOYKUTENN BhI-
paskennue a'® +a’ + 1.

2. Manbl ABa MHOTOYJIEHA OT IIEPEMEHHOI X C IeJBIMHU KO-
a(ppurtmenramu. IIpousBemenre mx ecTh MHOTOUYJIEH OT IIepe-
MEHHOH X ¢ 4YéTHBIMU KO3((uIlmeHTaMM, He BCe 13 KOTOPBIX
menarcsa Ha 4. JlokasaTh, UTO B OJHOM M3 MHOTOYJIEHOB BCe
K02(h(PUIIMEeHTHI YETHBIE, 4 B IPYTI'OM — XOTh OJTH HEUETHBIM.

3. Hannr nBe Touku A u B 1 okpy:KHOCTH. HatiTu Ha OKpYy:XK-
HocTu TOUuKy X Tak, uToObl mpamble AX m BX orTcexjau Ha
OKpysKkHOCTHU X0opay CD, mapaieJbHYIO JaHHOUN mpamoit MN.

4. HaiTu ocTaToOK OT AeJIeHUs Ha ( Yuciia

101° + 10099 1 1000" 4 4+ 1010,

5. Jama mpaBuJbHasdA nupamMumga. V3 IPoOU3BOJLHON TOU-
KU P e€é 0CHOBAHUSA BOCCTABJIEH MEPIEHAUKYJIAP K IIJTOCKOCTHU
ocHOoBaHmuA. JloKasaTh, UTO CyMMa OTPE3KOB OT TOUKU P 10
TOYEK MepeceueHrsd MePIeHIUuKYaapa ¢ IJIOCKOCTIMEU I'paHel
IUPaMUIbI He 3aBUCUT OT BLIOOPA TOUKU P HAa OCHOBaHUU.

6. Ha xakoe camoe 00JbIllee YMCJIO YaCTe MOMKHO pasOouTh
IIPOCTPAHCTBO IATHIO chepamMu?

1940 200 (VI onumnuada)

IlepBsoIii TYp
7—8 Kaacc
1. Pasnoxurs Ha MEHOXKUTean: (b—)®+ (c —a)® + (a—b)°.
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2. Ilapoxox ot I'oppkoro 10 AcTpaxaHu UAET 5 CYTOK, a OT
Actpaxanu 10 'oppkoro 7 cyTok. CKOJIBKO AHEMN OYAYT MJIBITH
110 TeUeHUIo MJIOTEI OT I'ophrKoro m0o AcTpaxaHu?

3. CKOIBKUMU HYJAMHU OKaHUYMBAETCA ITPOU3BEIEHNE BCEX
neaslx urces or 1 go 100 BrirounTeabHO?

4. IlpoBecTH mAHHBIM PaAUyCOM OKPYKHOCTh, KacCaroIlly-
[ocsd JAHHOM HNPAMOII M JaHHON OKpPY:KHOCTH. CKOJIBLKO pelre-
HUI mMeeT 9Ta 3amada?

9—10 rkaacc
1. Pemuts ! cucremy ypaBHeHMIi:

® +y°) (2* +y%) = 20°,
x+y=>ab.

2. Bce 1eable umcja BRIIKCAHBI MOAPAL, HAUWHAS OT €IU-
Hunel. OnpenenuTs, Kakad nudpa crout Ha 206 788-Mm mecTe.

3. ITocTpouTs OKPYKHOCTb, PABHOYLAJEHHYIO OT UETBIPEX
TOUeK ILTOCKOCTH. CKOJIBKO PelleHui nMmeeT 3amavua?

4. B njockocTtu gaHbl ABe IpsaMble. HaliTu reomerpuue-
CKOe MEeCTO TOYEeK, PAa3HOCTh PACCTOSIHUI KOTOPBIX OT 3TUX
OIPSAMBIX PaBHA 3aJaHHOMY OTPE3KY.

5. daxTopUaJiOM UYMCIa NI Ha3bIBAETCS IIPOU3BEIEHIe BCeX
IeJbIX urces oT 1 1o n BKJIOUNUTEJIbHO. HaliTu Bce TpéxsHau-
HBbIEe YICJa, PaBHBIE cyMMe (DAKTOPHUAJIOB CBOUX ITU(PP.

Bropoii Typ

7—8 Kaacc

1. HafiTu 4deTbIpEX3HAUHOE YMCJIO, SBJIAIOIIEECS TOUHBIM
KBaJpaToM M TaKoe, UTO ABe HmepBbie MU(MPhl OAMHAKOBBI MEXK-
Iy co0OM M IBe IMOoCcJeAHUEe TaKiKe.

2. Touxku A, B, C — BepIIMHBI BOINCAHHOTO B OKPYsKHOCTH
PaBHOCTOPOHHEro TpeyroabHuKa. Touxa D JeXUT Ha MeHb-
et myre AB. JlokasaTtb, uto DC=AD + BD.

! TpeGyerca HaiiTu Bce DeIIeHHSA, B TOM UHCIE U KOMILIEKCHBIE. —
ITpum. peo.
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3. JaHHBIM YeTBHIPEXYTOJLHUKOM HENPAaBUJIBHON (HOPMBI
HACTJIATHL IIAPKEeT, T.e. IMOKPBITH BCIO IIJIOCKOCTh UETBIPEX-
YTOJIbHUKAMU, PABHBIMHU JaHHOMY, 0e3 IPOME:KYTKOB U IIepe-
KPBITUM.

4. CKOJIBKO CYIIlECTBYeT map IeJbIX YuceJa X, Y, 3aKJIO-
yéHHBIX Mekay 1 u 1000, Takux, uro x2 + y? gemurca ma 7?

9—10 raacc

1. Ha OeckoHeuHOM KOHYyCE, YI'OJI Pa3BEPTKU KOTOPOTO pa-
BeH o, B3ATa TouKa. M3 9TOIf TOUKM B 00€ CTOPOHBI IPOBO-
IUTCA JUHUSA MEePIeHANKYJIAPHO 00pasymoIleil TaK, 4TO I0Ce
PasBEPTKU OHAa IIpeBpalllaeTcs B OTpe3Ku npAMbIx. Ompexe-
JUTH YUCJIO €€ caMOIepeceue .

2. Yo 60oabme: 300! mau 1003%0?

3. Lentp O onucanHO# 0K0J0 TpeyroabHUKa ABC OKDPYX-
HOCTY OTPa’KaeTcd CUMMETPHUUYHO OTHOCUTEJIbHO KaMKION M3
cropoH. Ilo Tpém monyuenubiM ToukaM O;, Oy, O3 BoccTaHo-
BUTH TpeyroabHUK ABC, eciu Bce OCTaJIbHOE CTEPTO.

4. JlokazaTh HEPABEHCTBO:

P T R 2
(ai, az, ..., @, — TNOJIOKUTEJbHbIE UKCJTIA).
5. CKOJBKO CYII[ECTBYET IMOJOMKUTEJNBHBIX IEJbIX YUCENT X,

Menbmux 10 000, niasa KoTopbIx 2% — x2 menurca Ha 72

1941 200 (VII onumnuada)

IlepBroIii TYp

7—8 Kaacc

1. ITocTpouTh TPEYyroJbHUK IO BLICOTE W MeJuaHe, BBIXO-
OAITUM U3 OJHOI BEepINUHBI, ¥ PAANyCy OMMNCAHHOTO Kpyra.

2. Houwucatsh K 523... Tpu u@PPHI TaK, YTOOBI IOJTyUEHHOE
IIeCTU3HAYHOEe UYVCJIO JeJUJIoCh Ha (, 8 1 9.

3. Hau uerwipéxyroabHuk; A, B, C, D — mociaemoBaTesb-
Hble CepPeIrHBI ero CTOPOH, P, @ — cepeluMHbI AuUaroHaJeid.
HoxasaTk, uTo Tpeyroabuuk BCP paBeH TpeyroabHuky ADQ.
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4. Yepes TouKy P, je:Kaliyio BHE OKPYsKHOCTU, IIPOBOIST-
cs BCEBO3MOJKHBIE IPSIMBIE, IIePeceKaolnre 9Ty OKPYKHOCTD.
HaiiTu MHOKeCcTBO cepeuH X0P/, OTCEKAeMbIX OKPYKHOCTBIO
Ha 3TUX IPAMBIX.

5. [orkasaTh, UYTO IPOM3BEJAEHNE YETHIPEX IMOCJIETOBATEIb-
HBIX IIEJBIX YHWCEJ B CyMMe C eIUHUIIeN HAa€T IIOJHBIN KBa-
par.

9—10 raacc

1. CMm. 3agauy 2 auasa 7—8 KJaccos.

2. Ha croponax mapaJjuiejiorpaMMa BHe €ro IIOCTPOEHBI KBaj-
patbl. JIoKasaTh, UTO UX IIEHTPHI JeKaT B BePIINHAX HEKOTO-
poro KBajapara.

3. HokasaThb, YTO MHOTOUJIEH C IIeJbIMU KOoa(duimeHTaMu

~1
apx" +a1x"  +...+ta,_1x+a,,

npuHuMainuil npu x=0 u x=1 HeuéTHble 3HAUEHUA, He
HMeeT IeJILIX KOPHe.

4. Tloctpouts TpeyroabHuKk ABC mo Toukam M u N — oc-
HOBaHUAM BbICOT AM u BN — u npsAMOi, Ha KOTOPOI JIEIKUT
cropoHa AB.

5. Pemuts ypaBHeHUe:

lx+1|—|x|+3|x—1|—-2]|x—2]| =x+2.
6. CKOJIBKO KOPHEHN MMeeT ypaBHEHUE

sin x = —-?
100°
Bropoii Typ
7—8 Kaacc

1. IlokasaTb, YTO U3 5 MOMAPHO PA3JIUUYHBIX II0 BEJIUYWHE
KBaIPaToOB HEJIb3SA CJIOKUTHh IPAMOYTOJIbHUK.

2. Hau tpeyroasHuk ABC. Tpebyercsa paspesaTbh ero Ha
HamMeHbIllee YMCJI0 vacTeil Tak, 4TOObI, MepeBepPHYyB 9TU dYa-
CTH HA OPYTI'YI0O CTOPOHY, M3 HUX MOKHO OBLIO CJIOMKUTH TOT
sKe Tpeyroabuuk ABC.
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3. Ham tpeyromvuurk ABC. Tourka M, jiexxarias BHYTPHU
Hero, ABUIKETCA ITapajiieJbHo cTopoHe BC mo mepeceueHUs cO
cropouoit CA, 3aTeM mapajjielbHO cTopoHe AB 1Mo mepeceue-
HuA co cropoHout BC, 3aTreMm mapajiaenbuo ctoporne CA u T. 1.
HoxasaThb, 4TO uepe3 HEKOTOPOE UMCJIO0 TAKUX IIIaroB TOUYKA
BEPHETCSA B MCXOMHOE IIOJIOJKEHUEe, U HAWTH 9TO YUCJIO.

4. HaiiTu mesoe 4ucIo a, IPU KOTOPOM

(x—a)(x—10) +1

pasiaraerca B npousBenieHue (x+b) (x+c) AByX MHOXKUTeeH
c meJasIMu b u c.

5. ToxkasaTb, UTO KBaJpaT JIOOOTO IIPOCTOr0 YUCJIA p > 3
npu geaenuu Ha 12 maét B ocratke 1.

6. Iloctpouts TpeyroabHuk ABC mo Tpém Toukam H,, H,
u Hj3, KOTOpble SBJSIOTCSI CHUMMETPUUHBIMU OTPAKEHUIMU
TOUKHU IIepeceueHns BBICOT MCKOMOI'O TPEYroJbHUKA OTHOCHU-
TeJbHO ero CTOPOH.

9—10 rkaacc

1. JTokasaTb, YTO U3 IIIECTU IIOIAPHO PA3JIUUHBIX II0 BEJIH-
YMHe KBaJAPAaTOB HEJNb3s CJI0KUTH MIPIMOYTOJbLHUK.

2. HexoTopoe KOJMUYECTBO TOUYEK PACIIOJOMKEHO Ha ILJIOC-
KOCTHU TaK, UTO KasKIble 3 M3 HUX MOKHO 3aKJIOUUTH B KPYT
paguyca r =1. JlokasaTb, 4TO TOTJa 1 BCE TOUKU MOKHO 3a-
KJIIOUUTL B Kpyr paguyca 1.

3. HaiiTu Taxue oTIWYHBIE OT HYJS He PAaBHBIE MEXKIY CO-
001 Iesble ymcaa a, b, ¢, YTOOBI BhIpaKeHue

x(x—a)(x—b)(x—c)+1

pasJsarajoch B IpousdBeleHHEe ABYX MHOTOUJIEHOB C I[eJIBIMU
Koa(h(puneHTaMuU.
4. PemuTh B IIeJIBIX YHWCJIAX YPaBHEHUE
x+y=x*—xy+ys.

5. B mpocTpaHCTBe AaHBI ABe CKPEIUBAIOIIMECA IIE€PIIEH-
IUKYJISApHBbIe npsaMble. HaliTu MHOXKeCTBO cepequmH BCeX OT-
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Pe3KOB JaHHOW AJMHBI, KOHIIBI KOTOPBIX JIEXKAT HaA 3TUX IIPA-
MBIX.

6. IlocTpouTs MPSAMOYTOJBHBIA TPEYTOJbLHUK IO ABYM Me-
IuaHaM, IPOBeAEHHBIM K KaTeTaM.

1945 200 (VIII onumnuada)

IlepBroIii TYp
7—8 kaacc
1. Paznenuts a'?® — b'%8 ma

(a—l—b)(a2+b2)(a4—|—b4)(a8—|—b8)(a16+b16)(a32+b32)(a64+b64).

2. ToxkasaTb, YTO HPH JIIOOOM IIeJIOM 71 > 2 cyMMa

1 1

n+1 +n+2

1
+...+%

0oJIbIIIe %

3. lIBysHauHOE UMCJIO B CyMMeE C YHCJIOM, 3aIlMCAHHBIM
TeMHt Ke IudpaMu, HO B 00paTHOM IIOPAAKE, TAaET ITOJIHBIN
KkBagpar. HafiTu Bce Takme yucJa.

4. JlokazaTh, YTO PA3HOCTOPOHHUI TPEYTOJbHUK HEJIb3d
paspesaTh Ha JBa PaBHBLIX TPEYTOJbHUKA.

5. K IByM OKpPY:KHOCTAM, KacalIlUMCs W3BHE, IIpPOBeje-
HBI OOIl[Me BHEIIHINEe KacaTeJbHbIe, I TOUKU KaCaHWUA COemu-
HEeHBI MeXKay coboii. [lokasaTb, UTO B IIOJYUEHHOM YETHIPEX-
YTOJIbHUKE CYMMbI HIPOTHUBOIIOJOKHBIX CTOPOH PABHEI.

9—10 raacc
k k
1. Pasgenuts a® —b? Ha

(@+b)(@®+b?)(a*+bY)-...-(a®  +b2 ).

2. HatiTu TpéxsHauHOe UMCJIO, BCAKAS Iejlas CTeleHb KO-
TOPOTO OKaHUMBAaeTCSI HA TPU IMUQPHI, COCTABJISIOININE UCXOI-
HOe uucjo (B TOM Ke IIOPAIKE).
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3. Cucrema ypaBHEHUH BTOPOTO IMOPAIKA

-y =0,
x—a)’+y* =1

MMeeT, BOODIIle TOBOPs, YeThIpe pelneHus. IIpu Kakux sHaue-
HUAX @ YKWCJIO PEIlleHUIl CHCTEMBI YMEHBIIAETC I0 TPEX WU
I0 ABYyX?

4. TIpaMoyroabHbIi TpeyroabHuK ABC IBUKeTCA II0 IIJI0C-
KOCTH TaK, YTO KOHIIBI ero rurnoTeHy3bl BC CKOJIB3AT II0 CTO-
poHAM MAHHOI'O IPAMOro yria. JlokasaTh, UTO MHOYKECTBOM
TOUEK A SABJISETCS OTPE30K, M HAWTH ero IJUHY.

Bropoii Typ
7—8 Kaacc

1. Haus 6 mudp: 0, 1, 2, 3, 4, 5. HaiiTu cymMMy BCceX UeThI-
PEXBHAYHBIX UETHBIX YMCEJI, KOTOPhIE MOYKHO HAIKUCATL 9TU-
mu nmudppamMu (ogHaA U Ta Ke Iudpa B UNCIe MOYKET IOBTO-
paTbes).

2. W3 KapTOHA BBIPE3aJM ABA OAMHAKOBBIX MHOTOYTOJIbHI-
Ka, COBMECTUJMN UX W IMPOTKHYJIW B HEKOTOPOH TOUuKe OysaB-
Koii. IIpm moBOopOoTE OMHOTO M3 MHOTOYTOJBHUKOB OKOJIO 3TOM
«ocu» Ha 25°30' OH CHOBa COBMECTHJICSI CO BTOPBIM MHOIO-
yroabHUKOM. KaKoBO HamMeHbIlIee BO3MOYKHOE YHUCJIO CTOPOH
Y TAaKUX MHOTOYTOJbHUKOB?

3. Cropona AD mapannenorpamma ABCD pasgeneHa Ha n
paBHBIX 4yacreli. IlepBaa Touka nmeneHusa P coemmHeHa ¢ Bep-
muHo#i B. JlokasaTrs, uTo npamasa BP oTcekaeT Ha nuaroHaJIu

1
AC ugacthr AR, KoTopas paBHA ] yactu auaronanu (AQ =
AC

n+17"

4. Bepmunsr A, B, C Tpeyroabuuka ABC coeguHeHBI OT-
peskamu ¢ Toukamu A;, B;, C;, JexXammMu Ha IIPOTUBOIIO-
JIO}KHBIX CTOPOHAX TpeyrojJbHMKa. JloKasaTb, UTO cepeguHBI
oTrpe3koB AA;, BB, CC; He Je:KaT Ha OJHON HMPSIMOIi.
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9—10 raacc
1. PemuTs B IieJIBIX YHCIaX YPaBHEHNE

xy+3x — 5y = —3.

2. HexoTopsle u3 umcesa di, ds, ..., A, PAaBHBI +1, ocTaib-
Hble paBHBI —1. JlokasaThb, 4TO

. aiaz aiazas aijaz-...-an 7'E_
2s1n<a1—|— B + 1 ++T>Z
:al\/2+a2\/2+a3\/2—|—...+an\/§.
B uactrocTH, ipu a; =as=...=a, =1 umeem

. 1 1 1 \nr T
231n<1+§+1+...+p)1—ZCOSW_

— V2 V2T VR

3. OKpYyXHOCTh pagnyca, PaBHOTO BEICOTe HEKOTOPOTO IIpa-
BUJIBHOTO TPEYTOJbHUKA, KATUTCS IO CTOPOHE 3TOTO TPEYTOJIb-
Huka. [[oKkasaTh, YTO Ayra, BbICEKaeMas CTOPOHAMU TPEYTOJIb-
HUKa Ha OKPYKHOCTHU, BCE BpeMs paBHa 60°.

1946 200 (IX orumnuada)

IlepBsoIii TYp
7—8 Kaacc

1. Kakoe HamboJIbIlIee UYKMCJIO0 OCTPHIX YIJIOB MOJKET BCTpe-
TUTHCA B BBIMTYKJIOM MHOTOYTOJbHUKE?

2. Ha npawmoit nausl 3 Touku A, B, C. Ha orpeske AB 1mo-
CTPOEH PaBHOCTOPOHHUIU TpeyroabHuk ABC;, Ha oTpeske BC
TIOCTPOEH PaBHOCTOPOHHUII TpeyroabHUK BCA;. Touka M —
cepenquua orpeska AA;, Touka N — cepemuHa orpesxka CC;.
HoxasaTh, uTro TpeyroiabHuK BMN — paBHocTtopouHuwmii. (Tou-
Ka B mpexxur me:xay toukamu A u C; touku A; u C; pacmoJio-
JKeHBI IO OJHY CTOPOHY OT mpamoit AB.)
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3. HaiiTu yeThIpEX3HAUHOE YMCJIO, KOTOPOE IPU AEJIECHUU
Ha 131 maétr B ocratke 112, a mpu genenunm Ha 132 gaér B
ocraTtke 98.

4. PemuTs cuctemMy ypaBHEHMI:

X1+ x2+x3=6,
Xg+x3+x4=09,
X3+ X4+ X5 :3,

X4+ x5+ x6 = —3,
X5+ X6 +x7 = —9,
X¢ + X7+ x5 = —6,
X7+ x5 +x1 = -2,

Xg + X1+ X2 = 2.

5. [MokasaThb, UTO B IPOUBBEIEHUN
A—x+x2—x%+ ... =22+ A+x+x2+ 23 +... + 22+ x19)

IIOCJIE PACKPBITUA CKOOOK U IIPUBEIEHUS IIOLOOHBLIX UJIEHOB
He OCTAETCs UJIEHOB, COLEPKAIUX X B HEUETHOM CTEIIeHMU.

9—10 Kaacc

1. B mpocTpaHcTBe JaHBI ABe HMepeceKaroluecs MJI0CKOCTH
ou ,8 Ha jguaun ux nmepeceuenmsa mama touxa A. Jlokasarts,
YTO M3 BCEX IPAMBIX, JIEXKAIINX B IIJIOCKOCTH & W TPOXOMI-
X Yepe3 TOYKY A, HaUOGOJIBIINI Yyroj C ILIOCKOCThIO B 00-
pasyer Ta, KoTopas MePIeHINKYJAIAPHA K JUHUU IIepeceueHmns
mIocKocTeit o u f.

2. Yepes Touky A, Je:Kallyilo BHYTPH yIJia, IPOBeAeHAa
mpsaMasi, OTCeKamwIlas OT JTOr0 yrJjia HAWMEHBIIWH MO IJIO-
m1agu TpeyrojabHUK. [lokasaTh, YTO OTPe30K 9TON NpAMOii,
3aKJIOUEHHBLIA MEXKIy CTOPOHAMHU yTIJia, AEJIUTCS B TOUKe A
IIOIIOJIaM.

3. loxaszaTs, uto n?+3n+5 HE OPU KaKOM IeJOM 7. He
neaurcsa Ha 121.
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4. JlokazaTb, 4TO AJA JI00T0 HATYPAJIbHOTO 1 CIIPABEIJIN-
BO COOTHOIIIEHHE:
(2n)!
n!

=2".2n-1)N.
5. lokasaTs, uTO ecau o 1 3 — ocTpble YIJIbl U < f3, TO

tga  tgp
2 < 5

Bropoii Typ

7—8 Kkaacc

1. B maxmaTHOM TypHHpe ! yuacTBoBanu ABa yueHuka VII
KJlacca U HeKoTopoe umciio yueHukoB VIII kiacca. [IBa ce-
MUKJACCHMKA Ha0Opaaum BMecTe 8 OUKOB, a KaKIbIA M3 BOCh-
MUKJACCHUKOB HabpaJs OgHO M TO Ke Umcjo OYKOoB. CKOJIBKO
BOCBMUKJIACCHNKOB y4yacTBOBaJio B TypHupe? Hatitu Bce pe-
IIeHUA.

2. TokaKuTe, 4YTO BBIPAKEHUE

x° + 3x'y — 5x%y? — 15x%y% + 4xy* + 12y°

He paBHO 33 HU IIPU KaKUX IEJbIX 3HAUEHUSAX X U Y.

3. Ha croponax yrima AOB ot BepimnHbl O OTJOMKEHBI OT-
pe3xku OA u OB, npuuem OA > OB. Ha orpeske OA B3sTa TOY-
Ka M, Ha mpomo:keHnu orpesdxka OB 3a Touky B — Touka N
Tak, utro AM = BN = x. HaiiTu 3mauenue x, Ipu KOTOPOM OT-
pesok M N mMeeT HAMMEHBIITYIO IJINHY.

4. W3 tpuamatu nyHKTOB A, A, ..., A3p, PACIIONOKEHHBIX
Ha npamMoii M N Ha paBHBIX PAaCCTOAHUAX APYT OT APYyTa, BhI-
XOAAT TPUAIATH IPAMBIX JOPOT. OTH TOPOTU PACIIOJIATAIOTCS
0 OOHY CTOPOHY OoT mpamoii M N u obpasyior ¢ MN ciaenyio-
e yIJIbI 2:

! TIo mpaBmiaM MIAXMATHOTO TYPHUPA KAXKIBIH 18 YIACTHUKOB TYDPHU-
pa urpaer ¢ KaykIbIM 10 OGHOU maptuu. Ec/iu oAuH 13 UrPAOIUX BBIUTPHI-
BaeT MapTUIO, TO OH IMOJYyYaeT OJHO OYKO, a ero MPOTUBHUK MOJyUYaeT HYJIb
0YKOB. B ciayuae HMYbel urparolque moaydaoT mo 1/2 ouka.

2 Nmerorca B BUAY YIJIBI, OTCUUTHIBAEMBIE IIPOTHUB YACOBOM CTPEJIKH OT
npsmoit MN mo cooTBeTcTByIoMeir qoporu. — IIpum. peod.
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1 2 3 | 4 5 6 7 8 9 10
al 60° | 30° |15°|20°|155°|45°| 10° | 35° |140° | 50°
11 12 (13|14 | 15 | 16 | 17 18 19 | 20
a|125°| 65° |85°|86°| 80° |75°| 78° |115°| 95° | 25°
21 22 123|124 25 (26| 27 | 28 | 29 | 30
a| 28° |1568°|30°|25°| 5° |15°(160°|170°| 20° |158°

W3 Bcex TpUANATH IIYHKTOB BBIE3XKAIOT OJHOBPEMEHHO TPHJ-
IIATh aBTOMOOMJIEN, eyINUX, HUKY/AA He CBOPAUYNBAs, 110 STUM
JoporaM € OAMHAKOBOM CKOpocThio. Ha Kamgom u3 mepe-
KPECTKOB yCTaHOBJEHO Io maarbaymy. Kax Toibko mepBas
II0 BpeMEHH! MAIIlHAa IIPOe3’KaeT IePeKPECTOK, IIaroayMm 3a-
KPBIBAETCS U IIPErpakgaeT IIyTh 8CeM CIAEeAYIONINM MAIIHAM,
IMOIAJAOIINM HA 3TOT IepeKpécTok. Kaxkme m3 MaImiuH IIpo-
eIyT BCe IIEPEKPECTKM HA CBOEM IIYTH, a KAKUe 3aCTPAHYT?

5. ABTOoOyCcHAsI ceTh I'Opoja YCTpOeHa CJeAVIOIIUM obpa-
30M:

1°) c m1060%1 0OCTaHOBKYU HA JIIOOYIO IPYTYI0 OCTAHOBKY MOXK-
HO IIOIIACThL 0e3 IepecagKu;

2) nns m00o0# mapel! MapHIpYTOB HAiféTcs, W IPUTOM
eINHCTBEHHAs, OCTAHOBKA, HA KOTOPOIl MOYKHO IIEPECECTHb C
OJHOTO M3 9THUX MAapPIIPYTOB HA IPYIoii;

3) Ha KaKIOM MapIIpyTe POBHO TPU OCTAHOBKM.

CKOJIBKO aBTOOYCHBIX MapIIPyTOB B ropoje?

9—10 raacc

1. B mraxmaTHOM TypHHUPe ydacTBoBaiu yueHuKu IX m X
KJaccoB. llecaTukiiaccHuKoB 6b110 B 10 pas Ooabliile, uem Jme-
BATUKJIACCHUKOB, M OHU HaOpajau BMecTe B 4,5 pasa 0oJbIiie
O0UKOB, UeM BCe JeBATHUKJIacCHUKN. CKOIBKO OUKOB Habpau
meBaTukgaccuuku? HaliTu Bce pelreHus.

2. Han paxg umcen: 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55,
89, ..., B KOTOPOM KaKI0oe UNCJI0, HAaUMHASA C TPEThLEero, pas-

! TIpexmosnaraercsi, 4TO €CTh XOTs GBI ABA MAPIIPYTA. — ITpum. peod.
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HO CyMMe JIBYX HOpeabiayminx. Haimgérca i cpegd TepBBIX
cra MuaInoHoB oxHoro (108 4+ 1) ujeHOB 3TOrO pAma UHCIIO,
OKAHUYMBAIOIIEECS UeThIPbMSA HYJIIMU?

3. Ha croponax PR, QR, RP tpeyroabuuka PR oTio-
sKeHbl oTpesku AB, CD, EF. BuHyTpu TpeyroJbHHUKAa 3amaHa
Touka Sy. HaifiTu reoMmeTpruecKkoe MECTO TOUeK S, JerKalllux
BHYTPHU TpeyroiabHuka PQR, I KOTOPBHIX CyMMa ILIOIIAei
TpeyroabHuKoB SAB, SCD, SEF paBHa cymMMe ILIoIaneii Tpe-
yroabHUKOB SgAB, SoCD, SoEF. PaccMmoTpeTh 0COOBIH CIy-
yaii, Korga

AB CD EF
PQ ~ QR RP

4. B ropoze 57 aBToOyCHBIX MapIIpyToB. VI3BeCTHO, UTO:

1) ¢ 11000if OCTAaHOBKHU Ha JIIOOYIO IPYTYI0 OCTAHOBKY MOXK-
HO IIONAcCTh 0e3 IepecagKku;

2) st 1000 mapbl MAaPIIIPYTOB HAWAETCS, U IPUTOM TOJIb-
KO OJHa, OCTAHOBKA, HAa KOTOPOUM MOIKHO II€PECEeCTh C OJHOI'0
13 9TUX MapIIPYyTOB HA APYToii;

3) Ha KasKJIoM MapIIpyTe He MeHee TPEX OCTAaHOBOK.

CKOJBKO OCTAaHOBOK MMeEeT Ka KAl M3 57 MapIIpyToB?

5. Cum. samauy 4 aas 7—8 KJaccoB.

1947 200 (X onumnuada)

IlepBsoIii TYp
7—8 Kkaacc
1. OnpezmenuTs K02(DPUIMEHTH, KOTOPBIe OYAYT CTOATDH
mpu x'7 u x'® mocie pacKphITHS CKOGOK U NpUBefeHUs II0-
TOGHBIX UJEHOB B BHIPAKEHUN

(14 x° +x7)%.

2. Kaxoii ocraTok gaét x + x2 + x% + x27 4+ x8! + x?*3 npu ge-
geuuu Ha (x —1)?

3. Hoxaxkmure, 4TO KaKOBO OBl HU OBLIO I€J0€ UUCJIO 1,
cpenu umcea n, n+1, n+2, n+3, n+4 ectb XoTs O6bI OTHO
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YMCJIO, B3AMMHO IIPOCTOE C OCTAJbHBIMM UYETBIPbMS N3 JTUX
quceJI.

4. Jlan BeIDYKJBIA naTuyroabHuk ABCDE. Croponamu,
TIPOTUBOIIOJOKHBIMU BepinuaaMm A, B, C, D, E, Mbl Ha3bIBaeM
coorBeTcTBeHHO oTpedku CD, DE, EA, AB, BC. [Jorkaxure,
UTO ecJIM IIPOU3BOJIBHYIO ! TouKy M, jlekallyio BHYTPU IATHU-
YIOJBHUKA, COEUHUTL MPAMBIMI CO BCEMU €ro BepPIIMHAMU,
TO U3 dTUX IPAMBIX JIL0O POBHO OAHA, JI1OO POBHO TPH, JILOO
POBHO IISATH IIEPECEKAIOT CTOPOHBLI HATHUYIOJBHUKA, IIPOTUBO-
IIOJIOJKHEIE BepIINHAM, Yepe3 KOTOPbIe OHU IPOXOIIT.

5. Touxka O sBIsgeTCS TOUKOI IepeceueHu’s BBICOT OCTPO-
yroabHOro TpeyroibHuka ABC. [JoKa:XuUTe, UTO TPU OKPYIK-
HOCTH, IIPOXOIAIue: Iepsas— uepes Touku O, A, B, BTO-
pas — uepesd Touku O, B, C u Tperbs — uepe3 Touku O, C,
A, paBHBI MeXKIy COOOIA.

9—10 raacc
1. B KaKoM U3 BBIpAKEHUI:

(1 o x2 +x3)1000, (1 +x2 o x3)1000

Iocje PacKpPBITUSA CKOOOK M HPUBEAEHUS IIOAOOHBIX UJEHOB
6oabmuit Koaddunuest npu x2°?

2. BeruucauTh ¢ OATHIO AECATUYHBIMHU 3HaKaMu (T.e. C
TourocThio 10 0,00001) mpousBenenue:

(1-%)(1-%)(1-%)...(1—%).

oKaKuTe TOYHOCTD IIOJYUYEHHBIX 3HAKOB.

3. Hoxaxkure, UTO KAaKOBO OBbI HUM OBILIO IeJ0€ UYUCJIO 7,
cpeau uncen n, n+1, n+2, ..., n+9 ecTb uncio, XOTsI OBI Of-
HO, B3aMMHO IIPOCTOE C OCTAJIBHBIMHU JEBATHIO M3 3TUX UKCEJI.

4. Cwm. sagauy 4 nasa 7—8 KJaccos.

I'B IeACTBUTEJbHOCTH HYKHO MCKJIOUUTL TOUKHU AUaroHajeil, IoToMy
YTO B 9TOM CJIy4yae ITPOBeAEHHBIE IIPSAMbIE MOTYT ITPOXOAUTH He uepes BHYT-
peHHne TOYKHM CTOPOH, a uepes BeplnuHbl. Ho eciiu mpoBeaéHHBIE AUAroHa-
JI1 He pacCMaTPUBATh UJIHU CUUTATH UX ABAMKABI (IIOTOMY UTO OHU IMPOBOMIAT-
cs W3 ABYX BEPIIWH), TO YTBEP:KIeHUEe 0CTaéTcsi BepHBIM. — IIpum. ped.
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5. HaiitTu Bce mpsaMBIe B IPOCTPAHCTBE, MPOXOAAIIUE Ue-
pes mamHyl0 TOuKy M Ha HAHHOM pacCTOAHUU d OT JaHHON
npamoit AB.

Bropoii Typ
7—8 kaacc

1. Hexoropsie us 20 mMeTanaimyecKuxX KyOMKOB, OJAMHAKO-
BBIX II0 pasMepaM U BHEITHeMY BUIY, aJJIOMUHUEBbIE, OCTAJb-
Hble ! giopaseBble (6osee Taxkénnie). Kax mpu momomu 11
B3BeIIMBAHUII HA Becax C ABYMs dallleuKaMHu 0e3 Tupb OoIpe-
IEeJUTh YUCJIO JI0PaIeBbIX KyOuKoB?

2. TorkaKuTe, YTO BBIMYKJBIN 13-yTroJbHUK HEJNb3s paspe-
3aTh Ha IapajjieorpaMMBI.

3. Us gByxcor uwmcen: 1, 2, 3, 4, 5, 6, 7, ..., 199, 200
ITPOMB3BOJILHO BBIOpAIU CTO OAHO umcyao. [loKasaTh, 4TO cpeau
BBIOPAHHBIX UHMCEJ HaWIyTCA IBa, U3 KOTOPBIX ONHO MEJIUTCS
Ha Ipyroe.

4. Pacnonoxure? 4 Touky Tak, 4TOOBI IIpU H3MEpPeHUU
BCEeX IIOMAPHBIX PACCTOSHUN MEKIY HUMHU MOJYUATIOCh TOJIBKO
IBa Pas3IuYHBIX uyucaa. OTHIIINTEe BCe TaKHe PACIIOJOKEeHUd.

9—10 raacc

1. B TpeyroabpHOU nmupamMuie Bce 4 rpaHU MMEOT OAMHAKO-
BYIO ILTOMIaab. JlOKasKMTe, UTO OHU PaBHBI.

2. k TIPOBOJIOUHBIX TPEYTOJbHUKOB PACHOJIOMKEHBI B IIPO-
CTPaHCTBE TakK, UTO:

1) xa:xkaple 2 13 HUX UMEIOT POBHO OJHY OOIIYIO BEPIIUHY,

2) B KaXKOOIl BEpINMHE CXOAUTCA OJHO M TO K€ UUCJIO P
TPEeyTroOJIbLHUKOB.

Haiinure Bce 3maueHuss kK u p, Ipu KOTOPBIX YKa3aHHOE
pacroJjosKkeHre BO3MOKHO.

! IIpexmosnaraercs, UTo BCe KYGHKM MOTYT ObITh ATIOMAHUEBBLIMHI, HO
OHU He MOTYT OBITH BCe AIOPAJeBBIMU (€CJaU BCe KYOUKMU OKAMKYTCS OJHOTO
Beca, TO HeJIb3s BBIACHUTDH, AJIOMUHUEBbIe OHU WU Jiopasesbie). — IIpum.
peo.

2 Ha nmockoctu. — ITpum. peo.
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3. B umcioBOM TpeyroJabHUKE

1
1 1 1
1 2 3 2 1
1 3 6 7 6 3 1
1 4 10 16 19 16 10 4 1

KasKJg0e YMCJIO PABHO CYMMe UMCeJI, PACIIOJIOXKEHHBIX B IIPebI-
IyIel CTPOKe HaJ STHM YKCJIOM M HaJl ero COCeAsIMM CIIpaBa
U caeBa (ecyii He BCe TaKMe YMCJA IMPUCYTCTBYIOT, TO OHU CUM-
TaloTCA PAaBHBIMU HYJI0). [lOKasKuTe, UTO B KaKAOH CTPOKE,
HauYMHAasd C TpeThbell, HaayTCcsa YETHBIE YMCJIa.

4. U3 asyxcot umcea: 1, 2, 3, ..., 199, 200 Beibpaaum ogHO
YnCJIo, MeHbIllee 16, u emé 99 uucen. [Joxakure, 4TO cpeau
BBIOPAHHBIX UMCeJ HaHAETCAa XOTA Obl 2 TAKMX, UTO OJHO U3
HUX JeJNUTCS Ha Ipyroe.

5. Buytpu KBagpatra A;AsAzA, JeKUT BBIOYKJIBLIN UeThI-
péxyroabuuk AsAgA;As. Buyrtpu AsAqA;As BhIOpaHa TOUKA
Ag. [Joxaxure, 4TO U3 9TUX HAEBATU TOUEK MOYKHO BBIOPATH 5
TOUEK, PACIOJIOKEHHBLIX B BEePIINHAX BBIIYKJIOIO ISATUYIOJIb-
HHUKA. !

1948 200 (XI orumnuada)

IlepBroIii TYp
7—8 Kaacc

1. Cymma o00OpaTHBIX BEJIWYUH TPEX IIEJbIX MOJIOMKUTEIb-
HbIX umcen paBHa 1. Kaxoswl sTu umciaa? Hailitu Bce perre-
HUS.

2. Ckoubko mudp umeer gucjao 2190?

3. Ha miockocTu mpoBeneHo n IpaMbIX Junuii. [lokasaTs,
4TO 00JIaCTU, HA KOTOPbIE 3TU IPAMbIe Pa30UBAIOT IMJIOCKOCTD,
MOJKHO TaK 3aKPACUTh ABYMs KpacKamu (KaKgas o00JiacTb 3aKpa-
IIIMBAETCA TOJBKO OJHOM KPAacKoii), UTO HUKaKue ABe COCeIHIe

! IIpexmonaraercs, 4To HUKAKHMe TPH U3 JEBATH TOUEK He JeXKAT HA
omHOM mpsamoit. — ITpum. ped.
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obmactu (T.e. o0JacTH, COMPUKACAIOIINECA TOJbKO II0 OTpes-
Ky OpsaMoii) He OyAyT 3aKpallleHbl OJHON U TOM »Ke KPacCKOii.

9—10 raacc 1

1. Ecou umcno =—= — mesoe, TO M YMCIO0 —————— — IIe-
Jgoe. JlokasaTs.

2n —1
2. NokasaTh 6e3 mmomMoIu TabJIUI], YTO

1 1
logy, m  logs m

> 2.

3. ITaunl nBe Tpeyroabhbie mupamunbl ABCD u A'BCD c
obmuM ocHoBanmem BCD, mpuuém Touka A’ JIEKUT BHYTPU
nupamunasl ABCD. [lokasaTh, 4TO CyMMa IIJIOCKUX YTJIOB IIPU
Bepiuae A mupamugbl A’BCD 060Jbllle CYMMBI IJIOCKHUX yI'-
J0oB TIpu BepinuHe A ntupamunbl ABCD.

Bropoii Typ
7—8 Kaacc

1. Pemuth B HaTypaJbHBIX YHCIaX ypaBHeHUE XV =y~ (x #
#y). Haiitu Bce perrenus.

2. TorkasaTb, 4TO B JIOOOM TpPEYrOJbHUKE HNMEET MECTO
HepaBeHCcTBO: R>2r (R u r — paguychbl OIIMCAHHOTO U BIIH-
CaHHOTO KPYT'OB COOTBETCTBEHHO), IPUUEM paBeHCTBO R=2r
MMeeT MeCTO TOJIbKO [JIsl IPABUJIbHOTO TPEYyroJbHUKA.

3. Moxker nu ¢urypa mmers 6ojiee OZHOTO, HO KOHEUHOE
YHUCJIO IEHTPOB CUMMeTpUun?

9—10 raacc

1. Hafitu Bce pamnmoHaJbHBIE ITOJIOMKUTENbHEIE PeIIeHUs
ypaBHeHUusA x¥ =y* (x #y).

2. IlomecTuTh B Ky0 OKPY:KHOCTH HAMOOJIBLIIIETO BO3MOK-
HOTO paguyca.

3. CKOJBKO Pas3IMYHBIX IIEJIOUNCIEHHBIX PEIeHUN MMeeT
HepaBeHCTBO | x|+ |y|<100?

4. KaxoBo HamOoOJIbIlIee BO3MOIKHOE UMCJO Jydell B IIPO-
CTPAHCTBE, BBIXOIAIIUX M3 ONHON TOYKMW M OOpPaA3YIOIIUX IO-
TapHO TYIbIe YIJbI?
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1949 200 (XII onumnuada)

IlepBsIii TYp
7—8 Kkaacc
1. IToxasarb, uTO

27195% — 108878 + 101528

meauTca 0e3 ocraTka Ha 26460.
2. JlokasaTb, YTO €CJU MHOTOYTOJbLHUK MMEET HEeCKOJLKO
ocell CUMMETPUHU, TO BCE OHU IIEPECEKAIOTCA B OJHOM TOUKeE.
3. HokasaTb, YTO PaBEHCTBO

x® +yP 422 = 2xyz

[ TIeJIBIX X, J ¥ 2 BOBMOYKHO TOJIbKO pu x =y =2z=0.
4. Mana mjaockas 3aMKHyTas JomaHasa mepumerpa 1. Ilo-

KasaTh, UYTO MOKHO HAUEPTUTh KPYT PaguyCcoOM %, TIOKPBIBA-
IOIIUII BCIO JIOMAHYIO.

5. IMokasaTbh, 4TO AJA JIOOOTO TPEYroJbHUKA OTPE3OK, CO-
eIUHAIOINN IIeHTPhI BIIMCAHHON M BHEBIIMCAHHON OKPYsKHO-
CTel, NeJUTCSA ONNCAHHON OKPYYKHOCTBIO IOIIOJIaM.

9—10 raacc
1. Hatit; mensle uucia x, y, 2 1 U, TaKue, 4TO

x* 4+ y? + 22+ 0% = 2xyzv.

2. Kak pacmoJjiosKeHbl IIJIOCKOCTH CHUMMETPHUN OTPaHUYeH-
HOTO TeJjla, €CJIM OHO MMeEET ABe Pa3JUYHbIe OCU BpAIlleHU?
(Ocwi0 BpallleHUA Teja HasbIBAeTCsA IMPsSMAasi, IIOCJe IIOBOPOTA
BOKPYT KOTOPOI Ha JIO00I yT0oJ TeJO COBMEIIIAETCs CaMO C CO-
001i.)

3. Haiitu meficTBUTEeIbHBIE KOPHU YPaBHEHUA:

2 1 /2 _ 1 ( 1)
x+2ax—i—16— a++/a*+x 16 0<a<4 .

4. NmeeTcsas 4n MOJOMKUTEJBHBIX YHCEJ, TAKUX, UTO U3
JIIOOBIX YETBIPEX MOMAPHO PA3JINUYHBLIX MOYKHO COCTABUTH I'€0-
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MeTpHuUecKyIo mporpeccuio. [[oKasaTb, UYTO Cpequ dTUX UUCE]
HaugETca n OAMHAKOBBIX.

5. JokasaTb, YUTO €CaW Yy IIECTUYTOJbHUKA HIPOTUBOIIO-
JIOJKHBIE CTOPOHBI ITapaJljieIbHbl U AUATOHAJN, COeTUHAIOIIIE
TIPOTUBOIIOJI0KHbBI€ BEPIIUHBI, PABHBI, TO BOKPYT HET0 MOKHO
OmMMUcaTh OKPYsKHOCTD.

Bropoii Typ
7—8 Kaacc

1. 12 mojeli pacmoJIOXKeHBI MO KPYTy: Ha UYeTBHIPEX COoCen-
HUX IIOJAX CTOAT UYeThIpe PA3HOIIBETHBIX (GUINKU: KpacHasd,
JKeJaTasd, 3eJeHasd U CUHAd.

OmHUM XOZOM MOYKHO IepeIBUHYTH JIIO0YIO (DUIIIKY C II0JI,
Ha KOTOPOM OHAa CTOUT, UYepes3 YeThIpe II0JIsI Ha msaToe (eciu
OHO CcBOOOAHO) B JIFOOOM M3 ABYX BO3MOJKHBIX HAIIPaBJIEHUI.
ITocsie HECKOJBKUX XOI0B (DUINTKM CTaJX OISATH HA Te Ke ue-
TeIpe moJasA. Kax oHM MOTYT IIpU 9TOM IePecTaBUTHCA?

2. Hauer TpeyronbHuku ABC m DEF u Touxka O. Bepert-
ca mobas Touka X B Tpeyroabuuke ABC u jmo0as Touka Y
B Tpeyroabuuke DEF; tpeyroabauk OXY mocTpauBaeTcs 10
napaJjenorpamma OXZY .

a) Jloka)kuTe, UTO BCe MOJIyUeHHbIe TAKUM 00Pa30M TOUKU
00pas3yoT MHOTOYTOJbLHUK.

6) CKOJIBbKO CTOPOH OH MOXKET UMeTh?

B) [lokaKuTe, UTO €ro MepuMeTp PaBeH CyMMe IepUMeTPOB
WCXOIHBIX TPEYTOJbHUKOB.

3. Nmeercsa 13 rupb, KasKgasg M3 KOTOPBIX BECHUT IeJIOe
YUCJIO TPpaMMOB. V3BecTHO, UTO Ji00ble 12 13 HUX MOYKHO Tak
PasIoKUTL Ha 2 YalllKM BecoB, 0 6 rupb Ha KayKJoil, 4TO HAa-
CTYIUT paBHOBecue. [JoKaKuTe, UTO BCe TUPU UMEIOT OJUH U
TOT JKe Bec.

4. B nmpousBoJbHOM ! ITeCTHYTOILHUKE COeJUHEHBLI uepes
OIHY CepeauHbI CTOPOH. J[loKaKuTe, YTO TOUKU IIepecedeHms
MeauaH JBYX 00pas0oBaBIINXCSA TPEYTOJbHUKOB COBIIAAAIOT.

! Beimykiaom. — ITpu. ped.
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Puc. 1

5. Ecsiu umeercsa 100 m1100bIx ! unces1, To cpefiu HUX Bcerza
MOJKHO B3ATHb HECKOJIbKO (MM MOJKeT OLITh OJHO) TaK, UTO B
cyMMe OHU JanyT 4ducjo, geasaineecs Ha 100. [fokasaTsh.

6. Jama OKPY’KHOCTb M TOUKA BHE €€; M3 9TON TOUKU MBI
COBEpIIaeM IIyTh IO 3aMKHYTOM JIOMAHOM, COCTOAINEN M3 OT-
PE3KOB MPAMBIX, KacaTeJbHBIX K OKPYXHOCTH, M 3aKaHUU-
BaeM IIyTh B HAUAJIbHOM TOUKE. YUACTKU IYTHU, II0 KOTOPHLIM
MBI IPUOJIMKANNCEH K IEHTPY OKPYIKHOCTH, 0EPEM CO 3HAKOM
«ILIIOC» , & YYACTKH IIYTH, II0 KOTOPBIM MbI YAAIAINCH OT I[€H-
Tpa, — CcO 3HAaKOM «MuHyc» (puc. 1). JlokakuTe, UTO IJIs JIIO-
0oro Takoro ImyTH ajredpamuyeckas CyMMa IJUH YIACTKOB IIy-
TH, B3ATHIX C YKA3aHHBIMIU 3HAKAMM, PaBHA HYJIIO.

9—10 rkaacc

1. CMm. 3agauy 1 gma 7—8 KJaccos.

2. CI0XUTh U3 OAUHAKOBBIX KUPIUUYUKOB (PUC. 2) BHIOYK-
JILIFI MHOTOIPDAHHUK.

3. Cm. samauy 3 gasa 7—8 KJjiaccos.

4. B maHHBIA TPEYTOJbHUK IOMECTUTDH IEHTPAJIbHO-CHMMe-
TPUYHBIA MHOTOYTOJbHUK HAMOOJbINEH ILJIOIIaIN.

5. MokaKkuTe, UTO UKCIa BUga 2" IMIPU Pa3IUUYHBIX ITEJIBIX
MMOJIOKUTEJNbHBIX 71 MOTYT HAUMHATHCS Ha JI00Y0 Halepés 3a-
JTaHHYI0 KOMOMHAIINIO ITHUQDP.

! Iensix. — ITpum. ped.
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6. Hoxaxure, 4TO K KBaApaTy HEJb3s HNPUJIOKUTH 0ojee
8 He HajeramIuxX APYr Ha APyra KBaJApaToB TaKOro JKe pas-
Mepa.

1950 200 (XIII orumnuada)

IlepBroIii TYp
7—8 kaacc

1. meeTrcsa maxMaTHasa JOCKa ¢ OOBIYHOM pacKpackoii (rpa-
HUIIBI KBAAPATOB CUMTAIOTCA OKPAIIEHHBIMI B YEPHBIN I[BET).
HauepTuTs Ha Heli OKPY:KHOCTH HaAMOOJIBIIIETO pajgmyca, Iie-
JUKOM JIeKaIllylo Ha YEPHOM, U JOKAa3aTh, UTO OOJbIIEN Ha-
YEePTUTH HEJIb3sd.

2. Nmeerca 555 rups Becom: 11, 21,3 1,41, .. 555 .
PasioKuTh UX Ha TPU PaBHBIE IO BeCy KYUWH.

3. Hamsl Tpu oxkpyskHOCTH O, Oy, O3, IPOXOAAIINE UePE3
oxuy Touky O. Broprnie Touku nepeceuernus: O; ¢ Oy, Os ¢ O3 u
O3 ¢ O, 0603HAUNM COOTBETCTBEHHO uepes3 A, Ay u A;z. Ha O,
OepéM IMpom3BOJILHYIO TOUKY B;. Eciu B; He coBmazaeT ¢ Ay,
TO IPOBOAUM ueped B; 1 A; IpAMYIO J0 BTOPOTO IIepeceueHms
¢ O, B Touke B,. Ecau B, He coBmajger ¢ Ay, TO IPOBOLUM
uyeped By u Ay IpAMYIO 10 BTOpOro nepeceuernusa ¢ Oz B TOUKe
Bs. Ecaiu B3 He coBmazeT ¢ Az, To mpoBoguM uepesd Bz u Az
IPAMYIO 0 BTOporo nepeceuenus ¢ O B Touke B,. [Joxkaxkure,
yTto B, coBmazgaet ¢ Bj.

4. Ilycts a, b, ¢ — AJIUHBI CTOPOH TpeyroJabHUKa; A, B,
C — BeJIMYMHBI IIPOTUBOMOJIOMKHBIX YIJIOB. [lOKaKuTe, UTO

Aa+Bb+Cc > 5(Ab+Ba+ Ac+Ca + Be+Cb).

5. U3 nmyukTa A B Apyrue MOKHO IIOIIACTh ABYMSA CIIocoba-
MU:

1. BroriiTu cpasy U UATHU IEIITKOM.

2. BrIizBaB MalInHy ¥, MOMOKIAB €e OIpeJeIEHHOe BpeMs,
exaTh Ha Heil.

B kamxkmom cayuae mcmosibdyeTcsa cmoco0 IepeaBU:KeHUsd,
TPeOyIoMInii MEeHbIIIero BpeMeHu. IIpu sToM oKasbIiBaeTcs, YTO
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ecJii KOHEUHBIN MYHKT OTCTOUT HA | TO IIOHAAOOUTCA Ha AOPOTY
1 KM 10 muu
2 KM 15 mun
3 KM 17 % MUH

CropocTH IIelexofa M MAIIMHBLI, a TAKMKe BpeMs OMKKIA-
HUSI MAIIWHBI IPUHAMAOTCA HEeM3MEeHHBIMI.

CKOJBbKO ITOHAAOOUTCA BpeMeHH! IJIA JOCTHKEeHUS IMMyHKTAa,
oTcToAIero or A Ha 6 xm?

9—10 raacc
1. Ilycts A — mpou3BOJIBHBIN yroj, B u C — ocTpble yIJIbI.
Bcerga am cymectByer Takoi yroa X, 4To
sin B sin C 9
1—-cos Acos BcosC °

sin X =

(A3 «Boobpasxxaemoit reomerpun» H. N. JlobaueBckoro.)

2. Uz 1ByX TPEYrOJIbHBIX IUPaAMUL C OOIIUM OCHOBaHUEM
OHa JIEKUT BHYTPHU Apyroii. Mo:keT ju OBITH cymMa pEdep
BHYTPEHHe TUpaMuAbl 00JbIIIe CYMMbI PEOED BHEITHEeH ?

3. Umeerca 81 rupsa secom 121, 221, 3% 1, ..., 812 r. Pas-
JIOXKUTHh UX HA TPU PaBHBIE 110 BeCy KyUwH.

4. PemuTth ypaBHeHUe:

Vx+3—-4Vx—1+V/x+8-6Vx—1=1.

5. Hamo n oxpy:xuocreii: Oq, Oy, ..., O,, TPOXOAAIINX Uepes
oxuy Touky O. Bropbie Touku mepeceuenus O; ¢ Oy, O, ¢ Og,
..., O, ¢ O; 06003HAYUM COOTBETCTBEHHO uepesd A;, As, ..., A,.
Ha O; 6Gepém mpousBoabHYI0 TOUKY B;. Ecam B; He coBma-
maetr ¢ A;, To mpoBoauM uepes3 B; 1 A; IpAMYIO IO BTOPOTO
nepeceuenus ¢ O, B Touke B,. Ecau B, He coBmagaer ¢ A,
TO IPOBOAUM uepesd By u Ay IPAMYIO IO BTOPOTO IepeceueHus
¢ O3 B Touke B;. IIpomomxas TakuM o0pPasoM, MbI IIOJIYUUM
Touky B, Ha okpy:xHocTu O,. Eciu O, He coBmazaer ¢ A,, TO
IPOBOAUM uepes B, u A, IPAMYO J0 BTOPOTO IIepeceueHns C
O; B Touke B, ;. [Jokaxxure, uto B, 1 coBumagaer c B;.
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Bropoii Typ
7—8 Kaacc
1. B BeinykJaoM 13-yroabHuKe OPOBEIEHbI BCe AUATOHAJM.
Onu pa3buBaiOT ero Ha MHOTOYTOJbHUKYN. BO3bMEM cpenu HUX
MHOTOYTOJIbHUK C HanbOOJIBIIINM YHCJIOM CTOPOH. Kakoe camoe
0oJIbIlIee YMCJIO CTOPOH MOJKET OH MMeTh?
2. [TokaKkuTe, 4TO

1857 9 1
2 4 6 8°77100 10°

3. B TpeyronpHuUK BOmcaHa OKpPY:KHOCTH. OKOJIO HEé omu-
caH KBagpar. [[oKaKuTe, YTO BHE TPEYTOJbHUKA JIEKUT MEHb-
1I1e TTOJIOBUHBI IIepuUMeTpa KBajapara.

4. Ha oxpy:xkHOCTU pacuoyo:kerHbl 20 Touek. Itu 20 Touex
monapHo coequHsaoTca 10 xopaamu . CKOIBKUME criocobaMu
5TO MOXKHO CIeJaTh?

9—10 Kaacc

1. B Beinyxkaom 1950-yrosrbHuUKe IIPOBeeHbl Bce AuaroHa-
au. Ouu pasbMBaOT ero Ha MHOTOYTOJbHUKN. Bo3bMEM cpemu
HUX MHOTOYTOJbHUK C CAMBIM OOJIBIIIUM YKCJIOM CTOpPOH. Ka-
Koe HamboJbIllee UKMCJI0 CTOPOH OH MOKET MUMETh?

2. Yucmna 1, 2, 3, ..., 101 Hanucausl B psg B KAKOM-TO IIO-
panke. J[oKasKuTe, YTO M3 HUX MOYKHO BBIUYePKHYTH 90 Tak,
uyro ocTaBmiecsa 11 OYyAYT PACIOIOMKEHBLI II0 UX BeJUUYNHE
(160 Bo3pacTas, OO yObIBAT).

3. OKo0J10 cephl OIIMCAH MPOCTPAHCTBEHHBLIN YETHIPEXYTOIhb-
HUK. J[JOKayKuTe, UTO UeThIPe TOUKM KACAHUS JIeXKAT B OTHON
ILJIOCKOCTH.

4. Mosxkuo su mpoBecTu B ropoze 10 aBTOOYCHBIX MAapIII-
PYTOB U YCTaHOBUTH HA HUX OCTAHOBKH TaK, UTO KaKue ObI 8
MAapPIIPYTOB HU ObLIM B3ATHI, HAWAETCS OCTAHOBKA, He JexKa-
Ias HY Ha OJHOM U3 HUX, a JIo0ble 9 MapIIpyToOB MPOXOMAT
yepes3 BCe OCTAHOBKIU.

! Henepecexkatouumuca. — ITpum. ped.
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IlepBroIii TYp
7—8 Kaacc
1. JlokasKkuTe, 4TO MHOTOUYJIEH

22—t —x+1

IIPU BCeX 3HAYEHUAX X ITOJIOKUTEJICH.
2. V BBIOYKJBIX YeTBIPEXyroabHUKOB ABCD u A'B'C'D’
COOTBETCTBEHHBIE CTOPOHBI paBHBI. [loKasaTs, uTo ecau /A >
>/A", 0 /B< /B, /C>/C"u /D</D'.
3. Uro Gourbirre:

2,00000000004
(1,00000000004)2 + 2,00000000004

niain
2,00000000002

‘)
(1,00000000002)2 + 2,00000000002 °

4. Touka BHYTpU PaBHOOOUHOI TpAIEIIUU COCTUHIETCA CO
BceMU BepIinmuHamMu. J[0KasaTh, UTO M3 UETBIPEX ITOJYUEHHBIX
OTPE3KOB MOXKHO CJIOXKUTH UeThIPEXYTrOJIbHUK, BIUCAHHBIN | B
9Ty TpaIeruio.

5. Nmeercsa Kycok menu u3 60 3BeHbeB, KaXJoe U3 KOTO-
prix Becut 1 r. Kakoe HanMeHbIllee UMCJIO 3BEHLEB HAMO pac-
KOBaTbh, UTOOBI M3 00PA30BABIINXCS YacTel MOYKHO OBLIO CO-
cTaBuTh Bce BecaB 1r, 21,3 T, ..., 60 T (packoBanHOE 3BEHO
BecuT To:Ke 1 1)?

9—10 raacc

1. VI3 Bcex BBIOYKJIBIX MHOT'OYT'OJbHUKOB, ¥ KOTOPBIX O[-
Ha CTOPOHA paBHA @ ¥ CYMMAa BHEIIIHUX YIJIOB IPHU BepIINHAX,
He IPUJIerarinux K 9To cTopoHe, paBHa 120°, BEIOpAaTh MHO-
rOyroJbHUK HAUOOJIBIIeH IIJI0IaIN.

! Pagpernaercs, 4TOGHI BEPUINHBI U€THIPEXYTOIBHIKA KA HE TONb-
KO Ha CTOPOHAX TpAIeINU, HO M Ha WX MPOJOJIKeHUAX. — IIpum. ped.
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2. JIoKasKuTe, YTO IepBble TP IHU(PHLI YACTHOIO

0,1234567891011...4748495051
0,51504948...4321

cyts 0,239.

3. meroTca nBe KOHIIEHTPUUYECKMNE OKPYKHOCTU. BOKpyT
MeHbIITell U3 HUX OIMNCAH MHOTOYTOJbHUK, ITeJIUKOM HaXOId-
uiicss BHYyTpU 00JIbINIell OKPY KHOCTH. M3 00IIlero meHTpa Ha
CTOPOHBI MHOTOYTOJbHUKA ONYIIEHBLI IePIeHINKYIAPbI, KO-
TOPBIEe TPONOJMKEHBI IO IepeceueHus C OOJILIIeH OKPY:KHO-
CTBIO; KaKIas M3 MOJYUYEHHBIX TOUEK IepeceueH’s COoemuHe-
HA C KOHIIAMH COOTBETCTBYIOIIIEl CTOPOHBI MHOTOYTOJbLHUKA.
IIpu KaKoOM yCJIOBUU IIOCTPOEHHBIA TaK 3BE3AUATHII MHOTO-
YTOJIbHUK OyJeT PasBEPTKON HUPAMUIEI?

4. Nmeetrca Kycok menu u3 150 3BeHbEeB, Kammoe U3 KO-
TOpeIX BecuT 1 r. Kakoe HamMeHbIlee UMCJIO 3BEHLEB HAJIO0
packoBaTh, UTOOBI M3 O00PA30BABIINXCS YACTell MOMKHO OBLIO
cocTaBUTh Bce Beca B 11, 21, 3 1, ..., 150 r (packoBarmHoOe
3BEHO Becut Toxke 1 1)?

5. aupl Tpu mapaJiieabHbIE IPAMBIE HA PABHBIX PACCTOS-
HUAX Ipyr oT apyra. Kax Hago n3obpaskaTh TOUKAaMU COOTBET-
CTBYIOIIIUX MPAMBIX BeJINUYNHBI COTPOTUBJIEHUSA, HATIPAKEHU A
¥ CHUJILI TOKA B IPOBOAHUKE, UTOOBI, IPUKJIAAbIBASI JUHENKY K
TOUKaM, M300pakaioliuM 3HAUEHUS CONPOTuUBIeHus R u 3Ha-
YeHHUS CUJILI TOKa [, MOJNYyYNUTH Ha IIKAJe HANPAKeHUS TOou-
Ky, 1300pakaloliyio Belnunuy Hanps:kenus V =1 -R (Touka
KasK0H IMIKaJbl M300paskaeT OqJHO M TOJBKO OJHO YMCJO).

Bropoii Typ
7—8 kaacc
1. JlokasKuTe, UTO UHCJIIO

100...0500...01
—— Y—

49 99
He ABJIAeTCA KYGOM HUKAKOI'0 I1eJIOT'0 uucJjia.

! Tlocne samsroit. — ITpum. ped.
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2. Ha mmockoctu mambl Tpu Touku A, B, C u Tpu yria
/D, /E, /F, menpmiue 180° u B cymMe cocTaBisioniue 360°.
ITocTpouTh ¢ MOMOINBIO JUHEHKM U TpaHCIOpTHUpa TOuky O
IIJIOCKOCTH Takyio, uro LZAOB=/D, /BOC=/E, /COA=/F
(C IIOMOIIILIO TPAHCIIOPTHUPA MOYKHO M3MEPATH U OTKJIAALIBATD
YTJIBI).

3. Ha xomcysmbramuu 6b110 20 ITKOJIBLHUKOB W pasdupa-
gochk 20 s3amau. OKkasanioch, UYTO KaXKIbIN M3 MIKOJILHUKOB pe-
IIWJI ABe 3ajJaur W KasKAVIO 3a4a4y PelInmjyd ABa IITKOJbHIU-
Ka. JJokakuTe, YTO MOYKHO TaK OpraHm30BaTh pasdop 3amad,
YTOOBI KaKIBIN IITKOJBHIK PACCKa3al OqHY U3 PEIIEHHBIX MM
3a1a4 1 Bce 3aJauM ObLIN Pas3so0paHkI.

4. IIpoermueit Touku A m3 Touku O Ha ILJIOCKOCTHL P Ha-
3pIBaeTcsa Touka A’, B Koropoii npamasa OA mepecekaer ILJIOC-
KocTh P. IIpoekiueii TpeyroibHNKa HasbiBaeTcsa QuUrypa, co-
CTOsAIIasA M3 BCeX MPOeKIuii ero Touek. Kakumu durypamu
MOJKeT OBITH IIPOEKI[MSA TPeyroJbHUuKa, ecau Touka O He Je-
SKUT B €ro IJIOCKOCTI?

5. IIpu genenuu muEorousena x'%°!'—1 ma x*+x%4-2x%2+x+1
IIOJIYUYAeTCs YacTHOe U ocTaTok. HaiiTu B uacTHOM K03(ppuiiu-
eHT mpu x4,

9—10 rkaacc

1. Bce pébOpa TpeyrosbHOM mUpaMUALI PpaBHBI a. Halitu Hau-
OOJIBINIYIO IJIOIIA[b, KOTOPYIO MOKET MMETh OPTOTOHAJIbHAS
IIPOEKIINSA 9TOM MUPAMUIbI HA MJIOCKOCTb.

2. NlmeeTcss HECKOJIBbKO YKCEJ, KaKI0€ M3 KOTOPBIX MEHb-
e uem 1951. Haumensbimiee o01iee KpaTHOe JIOOBIX IBYX U3
Hux Oosbirte uem 1951. JoxasaTh, 4TO cymMMa OOpPaTHBIX Be-
JIUYUH dTUX YKWCeJ MeHbIme 2.

3. ABTOOyCHBIIT MapiipyT cozep:kuT 14 ocTaHOBOK (cuu-
Tasg OBe KOHeuHbIe). B aBTOOyce OAJHOBPEMEHHO MOTYT eXaThb
He Oosee 25 maccaskupoB. JloKasaTh, YTO BO BpeMsA ITOE3TKU
aBTOOyCa M3 OJHOr0 KOHIIA B APYTOM:

a) HaAyTCsS BOCEMb Pa3JNYHBIX OCTAHOBOK A;, B, As, Bs,
As, B3, Ay, By, TaKuX, UTO HU OAWH IIACCAKUP HE eneT OT
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A, 1o B, HU OAWH Tmaccaskup He emeT oT A, mo B,, Hu oguH
rmaccaskKup He ezneT oT Az 10 Bz ¥ HU OJUH HACCAXKUP HE eleT
oT A4 1o By;

0) MOKeT OKasaThCs, UTO IIacCaKUPBI eIyT TaKuM o0pa-
30M, UTO He cyimectByeT 10 pasjIMyHBIX OCTAaHOBOK A;, B,
Ay, By, A3, Bs, A4, By, A5, Bs, KoTOpbIe obJyiagaan ObI aHaJo-
TMYHBIMU CBOMCTBAMU.

4. OKpy:KHOCTH 00JaaeT TeM CBOWCTBOM, UTO BHYTPHU Heé
MOJKHO IBUIaTh IIPABUJILHBIA TPEYrOJbHUK TAaK, YTOOBI KaK-
Ias BepIInHA TPEeYyroJbHUKA OMIMNCHIBAJA 3Ty OKPYsKHOCTD.
HaiiTu 3aMKHYTYIO HeCaMOIIePeCceKaroIyiocs KPUBYIO, OTJINY-
HYIO OT OKPY’XHOCTH, BHYTPU KOTOPOII TaKiKe MOYKHO IBUTaTh
MPaBUILHBIN TPEYTOJbHUK TaK, UTOOBI KAXKAAsa ero BepIIIHa
OINUCKLIBAJIA OTY KPUBYIO.

1952 200 (XV oaumnuada)

IlepBroIii TYp
7 Kaacc
1. B Tpeyroapauk ABC BOmcana OKPYYKHOCTb, KOTOpas
KacaeTcsaA ero cTopoH B Toukax L, M u N. lokaxxure, 4TO
TpeyroabHUK LMN Bcerma oCTpPOYTOJIbHBIN (HE3aBUCUMO OT
Buma tpeyroiabauxa ABC).
2. JTokaKuUTe TOXKIECTBO

(ax +by +cz)® + (bx +cy +az)® + (cx +ay + bz)* =
= (cx+by+az)?+ (bx+ay+cz)? + (ax+cy + bz)?.

3. Eciuu Bce 6 rpaHeil mapaJjiesnienuiena — paBHBIE MEXKIY
€000 TTapaJjesorpaMMbI, TO OHU CYyTh poMObI. J[lokakure.

4. JlBa yemoBeka A u B moJ:KHBI OonacTb U3 MyHKTa M B
nyHKT N, pacmoso:keHHBIH B 15 kM ot M. IlemmKkom oHUM MoO-
TyT IepeaBUTaThCA CO CKOpocThio 6 KM/4u. Kpome Toro, B ux
pacmopsi:KeHUU eCTh BeJIOCUIIe], Ha KOTOPOM MOXKHO €XaTh CO
ckopocThio 15 KM/u. A oTmpaBiseTcs B IIyTh MHEIIKOM, a B
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BbIE3JKaeT OJHOBPEMEHHO ¢ A U eleT HA BeJIOCUIee 0 BCTpe-
ynu ¢ nemrexogom C, ugymum u3 N B M. [lanbiie B ugér merr-
KoM, a C efmeT Ha BeJIOCUIIee O BCTPeUu ¢ A u mepemaeT emy
BeJIOCHUIIEN, Ha KOTOPOM TOT U IIpues:kaeT B N.

Korma mon:xen BoiiiTu us N merrexon C, uToObl A u B mipu-
ObLTM B IYHKT N OJHOBPEMEHHO (ec/iM OH UAET MeIIKOM C TOI
JKe CKOpPOCThIio, uTo A u B)?

8 Kaacc

1. JToxasKuTe, UTO €CJI OPTOIEHTD HEJUT BBHICOTHI TPEYTOJIb-
HUKAa B OJHOM UM TOM K€ OTHOIIIEHUU, TO STOT TPEYTOJbHUK —
IPaBUJIbHBIN.

2. [Toka'KuTe TOXKIECTBO

(ax+by+cz +du)? + (bx +cy +dz +au)? +
+ (cx +dy +az+bu)? + (dx+ay + bz +cu)® =
= (dx+cy+bz+au)®+ (cx +by +az +du)® +
+ (bx +ay +dz +cu)® + (ax +dy + cz + bu)?.

3. Cm. samauy 3 guaa 7 KJacca.

4. JIBa yesoBeKa A u B JOJIXKHBI IIOTACTh KaK MOMKHO CKO-
pee u3 nyHKTa M B nyHKT N, PAcIOJIOMKEeHHBIH B 15 KM oT M.
ITemmkoM OHM MOTYT II€PEABUTATHCS CO CKOPOCTBIO 6 KM/dU.
Kpome Toro, B mX pacmopsi:KeHUU eCTh BeJOCHUIIeH, Ha KOTO-
POM MOKHO eXaThb CO CKOpocThi0 15 KM/4. A m B ormpaBis-
I0TCSA B IIYTh OJHOBPEMEHHO: A MIET IeIrKoM, a B exer Ha
BeJIocuIlenie 10 BcTpeuu ¢ meriexonom C, uaymium usd N u M.
Hanbmre B upér nemikoMm, a C egeT Ha BeJocuIleie 10 BCTPEUN
c A u epeaéT eMy BeJIOCUIEN, Ha KOTOPOM TOT U IPUE3:KAeT
B N.

Korma mom:xen BoitiTu ms N mernexon C, YToOBI BpeMsi, 3a-
TpauernHoe A u B Ha gopory B N, 0b1110 HauMeHbIIUM (C ugéT
TIEIIIKOM C TOI »Ke CKOPOCThIo, uTo A u B; BpeMms, 3aTpadueH-
HOe Ha JOpOTy, CUMTaeTcs OT MoMeHTa Bbixoma A u B us M
IO MOMEHTA MPUOBLITUA IOCJeAHEro us Hux B N).
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9 kaacc

1. ITana reoMmeTpuuecKas OIporpeccusi, 3HaMeHAaTeJb KOTO-
poit — nesnoe uncio (He paBuoe 0 m —1). [lokaskuTe, YTO CyM-
Ma J00T0 YueJia IPOM3BOJBHO BRIOPAHHBIX €€ UWJIEHOB HE MO-
JKeT PaBHATHCSI HUKAKOMY YJIEHY BTOI HIPOTPECCUU.

2. Maubl Tpu CKpelTuBaIOIIuecd OpAMbie. [JokakuTe, 4TO
OHU OYAyT OOIMMMU HEePHEeHAUKYIAPaMU K CBOMM OOIITUM IIep-
MIeHIUKYJIIPaM.

x—y
1—xy

4. Tpeyronpbauk ABC pasout mpamoit BD ma aBa Tpe-
yrojbHUKa. [OKasKuTe, 4TO CyMMa pPagUyCOB OKPYIKHOCTeH,
BOMCAHHLIX B Tpeyroabuuku ABD u DBC, Gonbilie pagumyca
OKPYsKHOCTU, BIUCAHHOI B Tpeyroabuuxk ABC.

5. JlaHa mocJie0BaTeJIbHOCTD I€JbIX UKCEJI, ITOCTPOEHHAA
CJeIVIONIUM 00pa3oM: @; — IPOUM3BOJILHOE TPEXBHAUHOE UWC-
JIO, @z — CyMMa KBaJpaToB ero nudp, as — cymMMa KBaJpaToB
nudp yucaa a; 1 T. . JJoKkaXuTe, 4TO B IIOCJIEJOBATEILHOCTHA
a, as, as, ... o0A3aTEILHO BCTpeTUuTCA Jnbo 1, gubo 4.

3. Hoxkakure, ‘ITO‘ ‘<1, ecau |x|<1lwu|y|<1.

10 xkaacc
1. HalizuTe COOTHOIIIEHNE MEMKIY

arcsin cos arcsin x u arccos sin arccos x.
2. Mokakure, uTo upu megom n>2 u |x| <1
2" > 1-x)"+A+x)".

3. B TpéxrpaHHBIA yroJy ¢ BepHIMHOU S BrmcaHa cdepa c
neHTpoM B Touke O. J[loKasKuTe, 4TO MJIOCKOCTh, ITPOXOAAIIAA
yepes TPU TOYKU KaCaHUA, IEePIEHANKYIAPHA K npamoi SO.

4. Ecau npu 060M TOJIOKUTETHHOM P BCe KOPHU ypaBHe-

HUSA
ax* +bx+c+p=0

eICTBUTEJIbHBI U IIOJIOKUTEIbHBI, TO KO9MOUIINEHT a PaBeH
Hyao. [Jokaskure.
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Bropoii Typ
7 Kaacc
1. Pemuts cucrteMy ISTHAAIIATH YPaBHEHWU C IISATHAAIA-
ThI0O HEU3BECTHBIMU:
(11— X1X9 = 0,
1—xyx3 =0,
1- X3X4 = 0,
1—x142%15 =0,
1- X15X1 = 0.

2. 11 BBIIYKJIOTO YeThIpEéXyroabHUKa ABCD co0omeHo
ycamoBue: AB+ CD=BC+ DA. JloKa:KXuTe, UTO OKPYKHOCTD,
BIIMCAaHHASA B TpeyroabHUK ABC, KacaeTcs OKPYKHOCTHU, BIIH-
CaHHOI B TpeyroabHuk ACD.

3. ITokaxkuTe, UYTO €CJIU KBaApPaT HEKOTOPOrO YMCJIa HAYML-
Haercsa ¢ 0,999...9 (100 meBATOK), TO U caMO YUHMCJIO HAUWHA-
erca ¢ 0,999...9 (100 geBaATOK).

4. Jlaun orpe3ok AB. HalimuTe reoMmeTpruuecKkoe MeCTO Bep-
muH C OCTPOYTOJNBHEIX Tpeyroabuukos ABC.

8 kaacce
1. BBIUNCANTE C IIECTBIOLECATHIO NeCATUUYHBIMU 3HAKAMU

v0,999...9.

60

2. U3 Touxku C nposenenbl KacaTeablblie CA 1 CB K OKPYK-
"HocTu O. W3 Mpom3BONBLHON TOUKKM N OKPYKHOCTH OIIYIIeHBI
nepueHAuKyJIaApbl ND, NE, NF coOTBETCTBEHHO Ha IIPSAMBIe
AB, CA u CB. Jlokaxure, uro ND ecThb cpefHee IPOIOPIINO-
HaabHOEe Mexxkay NE u NF.

3. NmeroTcss ceMb :KeToHOB ¢ nudppamu 1, 2, 3,4, 5, 6, 7.
Hoxakure, 4TO HU OJHO CEMH3HAUHOE YMCJO, COCTABJIECHHOE
IIOCPEACTBOM ITHUX JKETOHOB, HE JEJUTCA Ha APYTOe.

4. 99 nmpAMBIX PasdMBAIOT IMJIOCKOCTL Ha n yacrteii. Halignu-
Te BCe BO3MOYKHBIE 3HAYEHUS 1, Meubinue 199.
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9 kaacc
1. Pemuts cucreMy ypaBHEHUI:

1- X1X9 = 0,

1- XoX3g = 0,

1—x3x4 =0,

1- Xn—1Xp = 07
\ 1—x,x; =0.

2. IlomecTuTh B MOJIBIH Ky0 ¢ peOpoM a TpU MUINHAPA AUa-
MeTpa g ¥ BBICOTHI @ TaK, YTOOBI OHU HE MOTJIM MEHSTH CBOET0
MIOJIOJKEHUS BHYTPHU KyoOa.

3. Cm. samauy 3 muaa 8 KJacca.

4. B pasuobGeapennom TpeyroabHuke ABC yron LABC pa-
Beu 20°. Ha paBubIx cTopoHax CB u AB B3ATHI COOTBETCTBEH-
HO TouKu P m @ takume, uro /PAC=50° u /ZQCA=60°. [lo-
Kasxure, uro /PQC = 30°.

5. 200 y4eHUKOB BBICTPOEHLI IIPAMOYTOJbHUKOM 1o 10 ue-
JIOBEK B KaiKJIOM IIoIepeuHoM pAny u mo 20 ueioBeK B Kaik-
IOM IIPOJOJBHOM PAAY. B KasKIoM MPOIOJbHOM PANY BBIOpaH
caMbIil BBICOKUII VUEHHUK, a 3aTeM 13 oToOpaHHbIX 10 ue0oBeK
BbIOpan camblii Hu3Kuii. C Apyroii CTOPOHLI, B KaKJOM IIOIIe-
pevHoOM pAAY BBIOpPAH caMbIil HU3KHUI YUEHUK, a 3aTeM Cpeaun
otobpauHbIx 20 BRIOPaH caMblii BRICOKHUiII. KTO U3 mBOMX OKa-
JKeTcs BbIIne?

10 kaacc
1. JTokaskuTe, 4TO cymMMa

cos 32x + az; cos 31x + asy cos 30x + ... +aq cos x

IIPUHUMAET KaK IOJIOXKUTEJbHbIe, TAK M OTPUIATEeIbHbIE 3HA-
YeHUdd.

2. Cum. sagmauy 2 mnias 9 xiacca.

3. Hoxakmre, 4TO HM IPH KaKOM IIeJIOM A MHOTOYJIEH
3x2" + Ax™ + 2 He meaUTCH HA MHOTOUYJIEH 2x°™ + Ax™ + 3.
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4. Cwm. sagauy 4 naa 9 xiaacca.
5. Cum. samauy 5 mgaa 9 xiacca.

1953 200 (XVI onrumnuada)

IlepBsoIii TYp
7 Kaacc

1. JIokasaThb, UTO B Tpamellny CyMMa yIJIOB IIPU MEHbIIIEeM
OCHOBaHMUU 0OJIbIIE, UeM IIPU OOJILIIIEM.

2. HaiiTu HauMeHbIlIee YICJIO, 3alINChIBA€MOe OJHUMU €I1-
HUIIAMM, KOTOPOe OBbI AeJIMJIOCHL Ha YKCJIO, COCTABJIEHHOE M3
cta Tpoek (333...33).

3. PaszmenuTh OTPE3OK MOIOJAM C IIOMOIILIO YIOJBHUKA.
(C 1IOMOIIIBI0 YIOJBHIKA MOXKHO IIPOBOAUTEH IIPAMEBIE M BOCCTAB-
JISITh IIE€PIEHANKYJIAPEI, ONYCKATh IIE€PIeHANKYIAPELI HeJIb35. )

4. JlokaxxuTe, 4TO IPU JIOOOM IT€JIOM TOJIOKUTEILHOM 1
gnciao n? + 8n+ 15 He menurca Ha n + 4.

8 Kaacc

1. Tpu OKpPY:KHOCTH IIOIIAPHO KacaioTcs APYyr apyra. de-
pe3 Tpu TOUKU KaCaHWSA IPOBOIMM OKPYKHOCTh. JloKasaTs,
YTO 3Ta OKPY/KHOCTh IEePHEHIUKYJIAPHA K Ka'KIOU M3 TPEX
UCXOOHBIX. (YTJIOM MeXKIy IBYMSA OKPYsKHOCTAMU B TOUKE UX
mmepeceueHnsA Has3bIBaeTCA yroJi, 00pa3soBaHHBIN MX KacaTesb-
HBIMU B BTOHU TOUKE.)

2. Cum. 3agmauy 2 mjs 7 Kjacca.

3. Cm. samauy 3 guaa 7 KJacca.

4. JlokasaThb HepaBeHCTBO

n pas

2—\/2+\/2+...+x/§ 21
2—\/2+\/2+...+\/§ !

n—1 pas
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9 Kaacc

1. HafiTu reoMeTpruyecKoe MeCTO TOUEeK, KOOPAUHATHI KO-
TOPBIX (X, ) VAOBJIETBOPSAIOT cOOTHOIIeHMIO sin (x +y) =0.

2. AB u A;B; — nBa cKpemuBamInuxcs orpeska. O u O; —
COOTBETCTBEHHO WX cepenmHbl. JloKamkuTe, 4To oTpe3ok OO0,
MeHbIIIe TTOJYCYMMBI oTpe3koB AA; u BB;.

3. Ioxaxmure, uro mMHOroujseH Buza x2°°y?° {1 mennsa
IIPeJICTaBUTL B BUJEe NIPOU3BEAEHUS MHOTOUJIEHOB OT OJHOTO
TOJBKO X W OJHOTO TOJIBKO Y.

4. A — BepIlIMHA IPABUJIBHOIO 3BE3MUYATOr0 HATUYTOJLHU-
ka'. Jlomanas AA;BB;CC;DD,EE, saBisfeTca ero BHEITHUM
KoHTypoM. IIpsimblie AB u DE TIpOOJIMKeHbI 40 IepeceueHus
B Touke F. Jlokamkure, uro MHOroyroabuuk ABB;CC{DED,
PaBHOBEJIUK UeTBhIPEXYTroabHUKY AD{EF.

5. Cm. sagmauy 4 mjas 8 Kjacca.

200

10 xaacc

1. Cm. 3agauy 1 mgia 9 xiacca.

2. Jlan mpamoil Kpyrosoii koryc? u touka O. Haiitu reo-
MEeTPUUYECKOe MECTO BEepIIMH KOHYCOB, PABHBLIX JaHHOMY, C
OCAMMU, IIAaPAJJIEJbHLIMU OCH JaHHOI'O KOHYCA, U COAEPIKal[uX
BHYTPU AaHHYIO TOUKy O.

3. Cm. samauy 3 guasa 9 Kiacca.

4. Cwm. 3agauy 4 gasa 9 xKaacca.

5. Cm. 3agmauy 4 mjas 8 Kjacca.

Bropoii Typ
7 Kaacc
1. JlokasaTb, UTO HAWOOJBINUI OOIIUI HEeIUTENb CYMMBI
IBYX UMCEJ U MX HAMMEHBLIIIEero O0Iero KPaTHOTrO paBeH Hau-
OoJsIbIIIEMY OOIIEMY JEeIUTENI0 CAMUX UKCEJI.

! IIpaBuabHBIH 3BE3IUATHIH MSATHYTOJBHUK — 9TO (QUIYpPa, 06pasoBaH-
Has QUATOHAJAMU IPABUIBHOTO OATUYTOJbHUKA. — IIpum. ped.

2 lnsa ompemesnéHHOCTH GyJeM CUMTATD, UTO KOHYC GECKOHEUEH B OLHY
cropony. — ITpum. ped.
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2. OKO0JIO OKPYsKHOCTH OITMCAH YeTBIPEXYTOJIbHUK. KEro mua-
roHAJIN IIePeceKaloTCsi B IIeHTPe 9TOM OKpysKHOCTU. JloKaKu-
T€, UTO STOT YETBIPEXYTOJbHUK — POMO.

3. B miockocTu pacmososkerHo 11 3y6uaThIX KOJEC TAKUM
o0pas3oM, UTO IepBOe KOJIeCO CIIeIIJIEHO CBOMMH 3yOIlaMu CO
BTOPBIM, BTOPOE — C TPeThbUM Hu T.J. HaxomHel, mocJegHee,
ONVHHALIIATOE, KOJIECO CIIeILIEHO ¢ IIepBbIM. Moryr Jix Bpa-
mIaThbCA KOJEca TaKOM CHUCTeMbI?

4. Tpicsiua TOUYEK SABJSIOTCA BEPIINHAMU BBIIYKJOIO ThI-
CAYEYTOJbHNKA, BHYTPU KOTOPOTO PACIIOJOMKEHO eIlé IISaTh-
COT TOUEK TaK, uTOo HHMKaKume Tpu u3 atux 1500 Touek He Je-
JKaT Ha omHOU mpamoi. I[laHHBIN THICAYEYTOJBHUK pPas3pesaH
HA TPEeyroJbHUKHN TaKuUM oOpasoM, UTO Bce yKasaHHble 1500
TOYEK ABJIAIOTCA BePIIUHAMYU TPEYTOJIbLHUKOB U 9TU TPEYTOJb-
HUKU He MMEIT HUKAKUX APyrux BepiinH. CKOJBKO MOJy-
YUTCA TPEYTOJbHUKOB IIPU TAKOM paspesaHuu?

5. Pemuthb cucremy

X1+ 2x9 + 2x3 + 2x4 + 2x5 = 1,
X1+ 3xs +4x3+4x, +4x5 = 2,
X1+ 3x3 + dx3 + 6x4 + 6x5 = 3,
X1+ 3x3+ 5x3 + Txy + 8x5 = 4,
X1+ 3x3+ 5x3z + Txy + 9x5 = 5.

8 Kaacc
1. a, b, ¢c u d — AIUHBLI TOCJIeLOBATEIbLHBIX CTOPOH UETHhI-
péxyroabuuka. O6o3HaunMM uepe3 S ero mioimanb. Jlokasars,
qTo 1
S<;(a+b)(c+ad).

2. 1953 mu@psl BeIMMCAHLI MO0 KPyry. M3BecTHO, UTO ec-
JIX YUTATH 3TU MUMPHI II0 YaCOBOI CTpeJKe, HauWHAas C HeKO-
TOPOTO OIIPeAeJEHHOT0 MecTa, TO moaydeHHoe 1953-zHaunoe
yucyio gaeautca Ha 27. Jloxkamure, 4TO ecjii HA4YaTh UUTATh
[0 YaCOBOH CTpPeJIKe C JII0OOTO APYTroro MeCcTa, TO MOJyUYeHHOe
YKCJI0 TaKKe OyaeT meauThes Ha 27.
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3. Ha oxkpy:xHOCTH HaHBI TOUKU A, As, ..., Aig. IlocTpo-
MM BCE BO3MOXKXHBI€ BBINYKJIbIE MHOI'OYIOJbHUKM, BEPIINHBI
KOTOPBIX HAXOAATCSA cpeau Touek A;, As, ..., Aig. Pasobbém

9TU MHOTOYTOJILHUKM Ha JIBe I'pynnbl. B mepByio rpynmy 0y-
IyT BXOAWUTH BCE MHOTOYTOJBbHUKM, ¥ KOTOPBIX A; ABJISIETCA
BepIiuHO#. Bo BTOPYIO Ipynny BXOAAT BCe MHOTOYTOJHLHUKH,
Y KOTOPBIX A; B UHMCJIO BepPIINH He BXOAUT. B KaKo#l rpyiime
00JIBIIIe MHOTOYTOJBHUKOB?

4. B mI0CKOCTH PAacCIOJO:KeHO N 3yO0UaThIX KOJIEC TaKuUM
o0pasom, UTO IEPBOE KOJIECO CIIEIJIEHO CBOMMU 3yOIlaMu CO
BTOPBLIM, BTOPOE — C TPETbUM u T. I. Hakomerl, mociaentee Ko-
JIECO CIIETIJIEHO ¢ epBbIM. MOTyT Ji BpalaThCcsa KOJIEca TaKOM
CUCTEeMBI?

5. Pemuth cucremy

X1+ 2x9 + 2x3+ 2x4 + 2%5 + ... + 2x100 = 1,
X1+ 3xs +4x3+4x4+4x5+ ... +4x100 = 2,
X1+ 3x3 + B5x3+6x4 + 6x5+ ... +6x1090 = 3,
X1+ 3x2+5x3+ Ty +8x5+ ... +8x100 = 4,

X1+ 8x9+5x3+ Txy+9x5+ ... + 199x190 = 100.

9 kaacc

1. CMm. Bagmauy 2 misa 8 KJjacca.

2. B miockocTu gaH TpeyroabHuK A;A;As 1 npamas [ BHe
ero, oOpasyiolas ¢ IPOAOJIKeHHEM CTOPOH TPEeyroJbHUKA
AAy, AsAs, A3A; COOTBETCTBEHHO YTJIBI O3, O, Op. depes
Touku A, Ay, Az IIPoBOAATCA IpPsAMBIe, oOpasyroiue ¢ [ co-
orBeTcTBeHHO yribl 180° — oy, 180° — o, 180° — 3. oxazars,
YTO 9TU NPSIMbIe IepPeceKarTcAa B OOQHOU TOuKe. Bce yrawl or-
CUMTBIBAIOTCA OT HPSAMOIi [ B OMHOM HaIpaBJIeHUMN.

3. Hauwl ypaBHEHUA

ax?+bx+c=0 (1) u  —ax’+bx+c (2).

IHokasaTh, YTO €CJH X; U Xy — COOTBETCTBEHHO KaKue-JIudo
Kopuu ypasueHuut (1) m (2), To HAWAETCS TaKOil KOPEHDb X3
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a

2x2+bx+c:0, uTo 160 X1 < X3 < X9, JIUOO X1 >

ypaBHEHUS
Z X3 2 Xa.
4. Jlam gucT KJeTyaToii Oymaru
pasmepom 101 x 200 xmetox. Hauwm-
Has OT KaKoii-11b0 yryIOBOH KJETKH,
UAEM IO AWAroOHaJWM U KaKIbIN pas,
IOXOonsA OO0 TPpaHWIBI, MEHseM Ha-
paBJieHNe [OBU)KEHUA II0 IIPABUIY,
ykasaHHOMY Ha uepre:xxke (puc. 3).
ITomagém i MbI KOrga-HUOYAL B OOHY M3 YIVIOBBIX KJIETOK?
5. PaspesaTh Ky0 Ha TpuU paBHBIE ITUPAMULHI.

Puc. 3

10 xaacc
1. HafiTi KOpHU ypaBHEHUS

x , x(x—1) nx(x—1)...(x—n+1)
1_I+T_+(_1) ol =0

2. Cum. samauy 2 maias 9 xiacca.
xh_q+2
zxn—l

3. Ilyers x0=10°, x, =
—V2<107°.

4. Cwm. sagauy 5 naa 9 xiacca.

5. Ha GeckoHeuHOII MIaXMAaTHOHN JOCKe CTOUT KOHb. HaiiTu
BCE KJIETKM, KyJa OH MOXKET IOIIACThb 3a 271 XOLOB.

. lTokasarnb, uTo 0 < x35 —

1954 200 (XVII onumnuada)

IlepBsrii TYp
7 Kaacc
1. IIpaBuabHYIO IIeCTUKOHEUHYIO 3Be37y ! paspesaTh Ha 4
YaCcTU TaK, UTOOBI M3 HUX MOXKHO OBLIO CJIIOMKUTH BBITTYKJIBINA
MHOTOYTOJIbHUK.
2. Taubl ABa BHIIYKJBIX MHOTOYTOJbHUKA A1 AsA3Ay... A,
n BleB3B4...Bn. I/I3BeCTHO, qgTo A1A2 :BlBg, A2A3 :BgB3,

! IIpaBuibHAsA IIECTUKOHEUHAS 3BE3Ja — 9TO (PUIypa, KOTOPAsd MOIyYa-
eTcs B pesyJsbTaTe 00beIUHEHUS IPABUJIBLHOTO TPEYTOJbHUKA U TPEYTOJIb-
HUKAa, CHMMETPUUHOTO €My OTHOCUTEJIbHO ero IeHrtpa. — IIpum. ped.
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eee, AyA1=B,B; u n— 3 yrja OgHOTO MHOTOYTOJIbHUKA PaBHbI
COOTBETCTBEHHBIM yIJIaM APYroro. ByayT Jum MHOrOyIroJbHM-
KM paBHBI?

3. OmpenennuTh YeTHLIPEX3HAUHOE UNCJIO, €CJIN IeJIeHNe 3TOTO
YKcJia HA OJHO3HAYHOE IIPOM3BOAUTCS IO CIENVIOIIel cxeMe:

XX XX | X
XX X X X
X X
XX
0

a JejeHUe 3TOTO ’Ke YHcJa Ha APYroe OJAHO3HAUHOE IIPOM3BO-
IUTCS IO TaKOI cxXeMe:

XXX X | X
X X X X
X X
X
X X
XX
0

4. CyIiecTBYIOT JH IieJble 4YWCJa M U N, YAOBJIETBOPAIO-
mue ypaBHeHuio m? + 1954 = n??

5. Ompeneanth HamboJbIllee 3HAUEHHE OTHOIIEHUS TPEX-
3HAUYHOI'O YHMCJIa K YKUCJIY, PABHOMY CyMMe IU(p 5TOro umcia.

8 kaacc

1. Uz kBagpara pasmMepoMm 3 Ha 3 BuIpe3aTh OAHY (PUTYDPY,
KOoTopad MPeACTaBJIAEeT Pa3BEPTKY IIOJHON TOBEPXHOCTU KY-
0a, gauHa pedpa KoToporo paBHa 1.

2. VI3 mpous3BOJbHOM BHYTpPeHHell TOUuKMW O BBIOYKJOTO -
YTOJBHUKA OIYIEHBI IIePHeHANKYJIAPHI HA CTOPOHBI (MJIN UX
npopokeHusa). Ha KaskgoMm mepneHguKyasape oT Touku O 1mo
HaAIIPaBJEHUIO K CTOPOHE TOCTPOEH BEKTOP, AJIUHA KOTOPOTO
paBHA IIOJIOBUHE AJWHBI TOW CTOPOHBI, HAa KOTOPYIO OIIYIIEeH
nepueHAUKYyJaAAp. OmpeaesnTs CYMMY IIOCTPOEHHBIX BEKTOPOB.
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3. Cm. samauy 3 gaa 7 KJacca.

4. Cwm. sagauy 4 nasa 7 xkjaacca.

5. HaiiTu Bce peleHus cucTeMbl 0€CKOHEUHOT'O YKCJIa yPaB-
HEeHUH

(1= 5 ) +y(1- g ) +2(1- 55) =0,
rnen=1, 2, 3, 4, ...

9 Kaacc
1. lokasaTb, UTO ecau

Xo+ a1X + Az xg + asxo +ay = 0,
4x3 + 3a1x(2) + 2asx9+ a3z =0,

o x* + a1x® 4+ a»x? + asx + a4 genurca Ha (x — x0)2.
2. JlaHO ymcIO

123456789101112131415...99100.

BrruepxuyTs 100 mudp Tak, 4ToOBI OCTABIIIEECST UHCIO OBLIO
HanOOJIBIIINM.
3. Hamo 100 uucen a, as, a3, ..., A1gg, YAOBIETBOPAIOIIUX
YCIIOBUAM:
a; — 3(12 + 2(13 = 0,
as — 3(13 + 2(14 = 0,
as — 3(14 + 2(15 = 0,
Ag9 — 3100 +2a4 = 0,
Q100 — 3a; + 2a, > 0.

HoxasaTh, 4YTO BCe YMCJA @; PABHBI MEXKIY COOOM.

4. Jlau tpeyronbauk ABC. Ilycts Ay, By, C; — TOUKU mepe-
ceueHusa npambix AS, BS, CS coOTBEeTCTBEHHO CO CTOPOHAMU
BC, CA, AB TpeyrojbHUKa, TAe S — OPOU3BOJbHAS BHYTPEH-
Had TouKa TpeyroabHuKa ABC. [lokasaTh, U4TO II0 KpaiHen
Mepe B OJHOM M3 IIOJYyUYEHHBIX UeTBIPEXYToJabHUKOB AB;SC,
C1SA;B, A;SB,C yrael unpu Bepmuaax C;, B, uau C;, A,
uiu A;, B; — omHOBpeMeHHO 00a HeoCTphIe.
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5. CyI1ecTBYOT Jiu B IPOCTPAHCTBE UeThIpe Touku A, B, C,
D rakue, uro AB=CD=8 cm, AC=BD=10 ¢cm, AD=BC =
=13 cm?

10 xaacc
1. HaliT; BCce melicTBUTEIbHBIE PEIleHUs YPaBHEHU S

x? + 2x sin (xy) +1 = 0.

2. Cum. 3agmauy 2 maias 9 Kjacca.
3. Hawmo 100 ymcern a,, as, asz, ..., 190, YAOBIETBOPAIOIINX
YCIIOBUAM
a; — 402 + 303 > 0,
as — 4a3 + 3(14 = 0,
as — 4a4 + 3(15 > 0,

(g9 — 4aipo +3a; > 0,
a100 — 401 + 3a2 > 0.

WssecTHO, uTO a1 = 1, OIpeneanuTsb ds, ds, ..., A100-
4. Cwm. sagauy 4 naa 9 kiaacca.
5. Cum. samauy 5 mgasa 9 xiacca.

Bropoii Typ
7 Kaacc

1. Tau aucT KJjeruartoit Oymaru. Kaskabrii ysea ceTKu 060-
3HauaeTcs HEKOTOpoil OyKBoii. KakuM HaMMeHBIIINM UYHCJIOM
pasIuYHBIX OYKB HYKHO 0003HAUUTDL 9TU Y3Jbl, UTOOLI HA OT-
peske !, coequHAIONEM ABa y3Ja, 0003HAUEHHBLIX OJMHAKOBHI-
MUy OyKBaMM, HaXOAUJICA IO KpaliHell Mepe OLWH y3eJ, 000-
3HAUEHHLIN OOHON 13 APYTruX OYyKB?

2. Topox ycTpoeH 1o IjIaHy, M300paskéHHOMY Ha puc. 4.
W3 Touek A 1 B o4HOBPEeMEHHO BBIE3;KAIOT B OJHOM HaIpas-
JICHUW JBe MAIINHBI, KOTOPLIE ABUIAIOTCS C OSUHAKOBOMN CKO-
pocthio. JloexaB 0 IepeKpecTKa, KaskJasd MallliHa UJIXA IIPO-

! MgymeM 1o cTOPOHAM KJIETOK. — ITpum. peod.
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B
A 60°

Puc. 4 Puc. 5

JOJIKaeT NBUJKEHVE B TOM JKe HalpaBJIeHWM, WJIN ITOBOPAYU-
BaeT Ha 120° BOpaBO MJIM BJIEBO OT HANPABICHUSA NBUKEHUS
(cM. puc. 5). MoryT iy MaIInHbI BCTPETUTHC ?

3. Pemuth cucremy:

10x1 + 3X2 + 4JC3 + X4+ X5 = 0,
1].JC2 + 2.')C3 + 2.')C4 + 3JC5 + Xg = 0,

15JC3 + 4JC4 + 5JC5 + 4x6 + X7 = 0,

le + X9 — 3JC3+1ZJC4 — 3X5+ X6 + X7:0,

6x1 — 5X2 + 3JC3 — X4+ 17JC5 + Xg = 0,

3x;+ 2x3— 3x3+ 4x4+ x5 —16xs+ 2x;=0,

4x1 — 8.7C2+ X3+ X4 — 3.7C5 +19.7C7:0.
8 kaacc

1. s wkjaeruaToii Oymaru BbIpes3aH KBagpar 17 x17. B
KJIeTKaxX KBajJpaTa IPOU3BOJbHBIM 00pa3oM HaIMIMCAHBI YKCIA
1, 2, 3, ..., 70 Mo omHOMY ¥ TOJBKO OJHOMY YUHCJIY B KasKIOU
KJIeTKe.

HokasaTh, 4TO CYII[ECTBYIOT YeThIpPe Pa3IUUYHbIe KJIETKHU C
meaTpamu B Toukax A, B, C, D rakue, utro AB=CD, AD=BC
U cCyMMa YHCesl, CTOAIUX B KJeTKaxX ¢ meHtpamu B A u C,
PaBHa cyMMe 4YHceJI B KJIeTKax ¢ meHTpamu B u D.

2. JlaHbl ueThIpe MPSAMbBIE My, Mg, M3, My, TePECEKAIOIITEe-
csa B ogHOM Touke O. Uepes IPOU3BOILHYIO TOUKY A; IPAMOI
mq IPOBOAUM IIPAMYIO, IIapajelbHYIO My, N0 MEePECceUeHus C
IpAMOIl my B TOuKe Ay, Uuepes TOUKY A, IIPOBOAUM IIPAMYIO,
rnapaJjjieIbHyI0 M;, [0 IepeceueHnus ¢ Mz B TOUuKe As, uepes
A3z TIPOBOAUM IPAMYIO, IapaleJbHYIO Ms, OO IepecedeHus
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c mpsaMoii m, B ToukKe A4, 1 Uepes3 TOUKY A, IPOBOAUM IIPS-
MyI0, MMapajielbHyI0 M3, OO0 IIepeceueHus ¢ m, B TOUKe B.

OA
IokasaTs, uTo OB < ——

(cm. puc. 6).

2

3. Hamo umcio
H=2.3-5-7-11-13-17-19-23-29-31-37

(mpousBemenue mpocthbix uwmcen). Ilyers 1, 2, 3, 5, 6, 7, 10,
11, 13, 14, ..., H —Bce ero OeJUTeJU, BbIINCAHHLIE B IIO-
psankKe Bospacramus. Ilom psamoM JenuTesiell BBIIUIIEM P
u3 +1 u —1 mo cJienyrmoIineMy OpaBUJIy: IO efuHuIein +1,
O] YMCJIOM, KOTOPOEe pasJaraeTcs Ha YETHOE UHMCJIO IPOCTHIX
COMHOMKHUTeJel, +1, 1 Mo YMCcIoM, KOTOpoe pasjiaraeTcs Ha
HEUYETHOE YMCJIO IIPOCTHIX COMHOXKHUTeei, —1. [lokasaTs, 4To
cyMMa YuceJ HoJyueHHOTo pana pasua 0.

4. Cwm. 3agauy 3 gasa 7 KJjacca.

5. CKOJIBKO OCell CUMMETPUN MOMKET MMETh CEMUYTOJIbHUK ?

9 Kaacc
1. Ha aByx ayuax [, u [y, ucxogamux u3 Touku O, oTJo-

sKeubl otpesku OA; u OB, Ha ayue [; u OA, u OB, Ha ayue
0OA; OB

i Y et
TOueK S Hepe((l)eA‘feHI/IOJIBi'IpHMBIX AA, u BB, 1ipu BpallleHUU
ay4a l, okosio Touku O (Jy4 [; HeIOABUKEH).

2. JlaHbl ueTwhIpe MPSAMbBIE My, Mg, M3, My, TePECEKAIOIITE-
csa B ogHOM Touke O. Uepes IPOU3BOILHYIO TOUKY A; IPAMOI
m, MPOBOAUM MIPAMYIO, ITapaIeJbHYI0 IPAMOUN My, 4O Iepe-
CeueHUs C IPAMOUN my B TOUKe Ay, uepes A, IPOBOAUM IIPS-
MYI0, HIapaJlieJbHYI0 My, A0 IIepeceueHus ¢ mz B TOUKe As,

ly; mpu sTOM . OmpemennTh reOMETPUUECKOE MECTO
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yepes Az IPOBOAUM MHPAMYIO, IIapajjieIbHYIO Mg, OO0 IIepece-
YeHHUS C M4 B TOUKe A, U Uepe3 TOUKY A, IPOBOAUM IIPAMYIO,

napajjeabHyI0 mg3, OO IiepeceueHud ¢ m; B Touke B. Iloka-

3aThb, uTo OB < fl (cm. puc. 6).

3. Cro momoskurenbubix ynucesa Cq, Cy, ..., Cioo YAOBIETBO-
PAOT YyCIOBUAM

C2 4 C2 ...+ 2y > 10000,
C1 +Cz+ +Cl()() < 300.

JokasaTb, UTO cpeau HUX MOXKHO HaWTH TPU UHCJIA, CyMMa
KoTophwix OosbIie 100.
4. Ecnu gau pang us 15 uucen

ai, A2, ..., A15, (1)
TO MOXKHO HAIIMCATh BTOPOU PAL
b17 b27 ---7b157 (2)

rone b; (i=1, 2, 3, ..., 15) paBHO uncay uucesn pszga (1), meHb-
mux a;. CyiiecTByeT Ju P YUCeNI a;, €CJIU AAaH P Yuces b;:

1,0,3,6,9,4,7,2,5,8,8,5,10, 13, 13?

5. Han orpesok OA. W3 KoHIA OTpe3Ka A BBIXOAUT 5
orpeskoB AB;, AB,, AB3, AB,, AB5. I3 xa:Xmoii Touku B;
MOTYT BBIXOJUTE €Il€ IMATHh HOBBIX OTPE3KOB WJIW HU OJHOTO
HOBOTO OTPe3Ka U T. ., IPUUYEM KOHIIBI HUKAKUX JBYX OTpPe3-
KOB ITOCTPOEHHOM CHCTeMbI He coBmamaroT. MoKeT Ju YMCJIo
CBOOOMHBIX KOHIIOB IIOCTPOEHHBIX OTPE3KOB paBHATHCI 10017
ITox cBOOOAHBIM KOHIIOM OTpPe3Ka IIOHMMAaeM TOUKY, IIPUHAMI-
JeXKAaIyio TOIbKO OMHOMY OTPe3Ky (Kpome Touku O).

10 kanacc

1. CKOIBbKO TJIOCKOCTEH CHMMETPHUHN MOKeT MMeTh Tpe-
yroJibHAs nupamMumga?

2. Cum. sagmauy 2 maas 9 xiacca.

3. Cm. samauy 3 gaa 9 Kiacca.
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4. N3BecTHO, UTO MOAYJMN BCeX KOPHEH ypaBHEHUH

x’+Ax+B =0,
x*+Cx+D=0
MeHbIIle eAUHUIIHL.
IToxasaThb, YTO MOAYJIU KOPHell ! ypaBHeHUsA

TakKe MeHbIne eguHunbl. A, B, C, D — neiicTBUTEJbHbBIE UNC-
Ja.

5. PaccmarpuBaioTcss BCEBO3MOKHBIE MeCATU3HAYHbIE UHC-
Ja, 3amucbiBaemble mpu momoinu 2 u 1. PasbuTh ux Ha aBa
KJiacca TaK, UTOOBI IIPH CJAOMKEHUU JIIOOBIX ABYX UHCEJ KaiK-
JIOTO KJacca IIOJYYMJIOCH UKMCJIO, B HAIMCAHKKA KOTOPOI'O CO-
IEePIKUTCS HEe MeHee JBYX TPOEK.

x%+

1955 200 (XVIII onumnuada)

IlepBsoIii TYp
7 Kaacc
1. Yucaa 1, 2, ..., 49 pacrojiosxeHbl B KBaAPaTHYIO Ta0JIA-
oy
1, 2, 3, 4, 5, 6, 7
8, 9, 10, 11, 12, 13, 14

43, 44, 45, 46, 47, 48, 49.

ITpousBoabHOE UMCIO M3 TAOJUIILI BBITKCHIBAETCS, IIOCJIE
yero m3 TabJUITLI BLEIUEPKMBAETCS CTPOKA UM CTOJOEIl, comep-
JKarue 3To umceJio. To sKe caMoe IIPoJieIbIBaeTCs ¢ OCTaBIIIe-
csa Tabaurei u T. ., Bcero 7 pas. HaliTu cyMMy BBITTHCAHHBIX
yuceJ.

2. an mpAMOYTOJbHBIN TpeyroabHuK ABC. W3 BepIIuHBI
B npsamoro yria mpoBemena meamana BD. Ilyers K — TouKa

! NeiicrBurensusix. — ITpum. peod.
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Kacauus cTOpoHbI AD Tpeyroabuuka ABD ¢ OKPYXHOCTBIO,
BONCAHHOU B BTOT TPEeyroJibHUK. HaliTu yriasl TpeyroJbHUKA
ABC, ecau K penutr AD momosiam.

3. Ham paBHOCcTOpOoHHUI TpeyroabHuK ABC. Ha cToponax
AB u BC B3arsl Touku D u E coOTBETCTBEHHO TakK, 4yTo AE =
=CD. HaiiTu reoMmeTpuuecKoe MeCTO TOUEK IIepeceueHus OT-
pesxoB AE u CD.

4. CymecTByer Ju Takoe 1, uto n? +n + 1 geaurca Ha 19557

5. HaiitTu Bce mpAMOYTrOJbHUKMN, KOTOPBIE MOJYKHO paspe-
3aTh Ha 13 paBHBIX KBaJapaTOB.

8 Kaacc

1. Ilycts 2" =10a + b. JokasaTs, uTo ecau n >3, To ab me-
autcsa Ha 6. 3gechk n, a 1 b — HaTypaJabHBIe uncaa, b < 10.

2. Hau uyerbipéxyronbHuK ABCD. Ha cropone AB B3ATa
touka K, Ha cropoume BC — touka L, Ha cropoHe CD — Tou-
Ka M m uHa cropoume AD—rTouka N Tak, uto KB=BL=a,
MD=DN =b. Ilycte KL}f MN. HaiiTu reoMeTpudecKoe Me-
CcTO ToueK nepeceuenuda npaAMbIX KL m M N 1ipu usaMeHeHUU a
ub.

3. Keagparuasa tabaumna mus 49 KJIeTOK 3aloJiHeHa YMCJa-
Mu oT 1 10 7 Tak, 4TO B KasKJOM CTOJIOIe U B KaXKJAOM CTPOKE
BCTPEUAIOTCA BCe 9TU umcja. Ecam Tabauila CUMMETPUYHA OT-
HOCHUTEJLHO AUaroHAJIN, UAYIel 13 JIeBOr0 BEPXHEro yria B
IPaBbIil HUKHUI, TO HA 9TOH AUAroHaJl BCTPEUYAIOTCI BCE DTU
yucaa. [lokasars.

4. Kakxue BeITYKJIBIe (QUTYPHI | MOTYT COfep:KATDh NIPAMYIO?

5. Ha okpyskHOCTH HaHBI yeTbipe Touku A, B, C, D. Uepes
Ka)KIyI0 Iapy COCeNHMUX TOUEK IPOBEeIeHa OKPYKHOCTL. BTo-
pble TOUKM IIePeCeUueHmns COCeIHUX OKPYsKHOCTell 0003HAUUM
uyepes A;, By, C1, D;. (HekoTopble 13 HUX MOTYT COBIIAAaTh C
mpe:xxauMu.) loxkasars, uto Ay, By, Ci, D; Jexxar Ha OTHOUN
OKPYKHOCTH.

! IIpexgmonaraercs, uro Qurypa IIOcKas, He BBHIPOMKJAETCA B IPAMYIO
U 3aMKHYMaA, T.e. COOEPIKUT BCe CBOU I'DaHUYHbIE TOUKU. — [Ipum. ped.
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9 Kaacc
1. Yucna 1, 2, ..., k? pacrnosnoxeHsl B KBaJpaTHYIO TaOJIUILY
1, 2, e, k,
kE+1, k+2, eee, 2k,
E-DEk+1, (B—1DE+2, ..., K2

IIponsBoOIbHOE UMCJIO BBINKCHIBAETCS, IOCJTE UYero m3 TadJu-
IIbI BHIUEPKUBAETCS CTPOKA U CTOJIOEIl, coAep:KaIllie 9TO Uunc-
Jgo. To ke camoe TIpoJAeIbIBaeTCS C OCTaBIIIelicsa Tabauieii 13
(k—1)? yucen u T. f. k pas. HaiiTu cyMMy BBIIUCAHHBIX UH-
ceJ.

2. HaiiTu reoMeTpruyecKoe MECTO CEPeIUH OTPE3KOB C KOH-
maMy Ha ABYX pPas3JINYHBIX HEIepeceKaloIIUXCAd OKPYsKHO-
CTAX, JEyKaIlX OJHa BHE IPYTroOi.

3. HaiiTu Bce melicTBUTEJbHBIE PEIIEHUS CUCTEMBbI:

x3 +y3 — 1,
x4yt =1.
4. W3BeCTHO, YTO p HPOCTBIX 4YHUCeN a1, A3, ..., 4, O0Opa-

3YIOT BO3PACTAIOINYI0 apu(pMeTHUECKYI0 IPOTPECCUI0 U @1 > P.
HokasaTh, 4TO €CJIU p — IIPOCTOE YKCJO, TO PAZHOCTH IIporpec-
CUU OEeJUTCS Ha p.

5. Han tpeyroabuuk ABC u Touka D BHYTpPU HEro, mpu-
yém AC — DA >1u BC— BD > 1. Bepércsa nmpou3BoJbHAS TOY-
Ka E BuyTpu orpeska AB. [lokasatb, utro EC — ED > 1.

10 xaacc

1. KBagpaTrHasa Tabauma B n? KJeTOK 3aloJHeHa YUCJIaMU
oT 1 10 n TaK, 4TO B KaXKJ0¥ CTPOKE M KaKIOM CTOJIOIlE BCTpe-
YaroTCs BCe STU uucjaa. Ecam n HedéTHOoe W TadJaUIla CMMeT-
pUYHA OTHOCUTEJbHO AUWATOHAJJIMN, UAYIIEN 13 JeBOTO BepxHe-
ro yIJjia B IIPaBbIA HUIKHUM, TO HA 9TOU AMATOHAJIA BCTPETATCS
Bce 9T ymciaa 1, 2, 3, ..., n. [lokasaTs.

2. Cum. sagmauy 3 maiaa 9 xiacca.
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3. Ha miockocTu mgaHbl ABe IIPSAMBIe, IIepeceKaroriuecs
IIOJ, OCTPBLIM YIJIOM. B HaIpaB/ieHMM OJHON M3 IIPSAMBIX IIPO-
U3BOAMUTCA ckaTthe! ¢ koaddumuentom 1/2. JlokasaTsb, 4TO
HAHJeTCsaA TOUKA, PACCTOAHME OT KOTOPOI [0 TOUKH IIepecede-
HUS IPAMBIX YBEJIUUYUTCS.

4. Cwm. sagauy 5 maa 9 xiacca.

5. Iau TpéxrpaHHBIN yroJ ¢ BepiuHoi O. MoXHO Jin HaTi-
T Takoe 1jaockoe ceuenne ABC, urobwnr yrael OAB, OBA,
OBC, OCB, OAC, OCA 6bL11 OCTPBIMU?

Bropoii Typ
7 Kaacc
1. PemuTs B IieJIBIX YHCIaX yPaBHEHNE

x®—2y% —42® = 0.

2. Tpéxunen ax?+ bx + ¢ Ipu Bcex IMeJBIX X ABISETCS TOU-
HOI 4eTBEPTOH cTenmeHbi0. JloKasaTs, uTo Torma a=>b=0.

3. Hau tpeyroabHuk ABC. IleHTpbl BHEBIMCAHHBIX OKPYIK-
Hocreit O, O, 1 O3 coenuHEeHbI IPAMBIMU. [[0Ka3aTh, UTO Tpe-
yroabHUK 010503 — OCTPOYTOJILHBIM.

4. B typuupe cobuparoTCcs IPUHATL yuyacTre 25 IaxMaTH-
cToB. Bce oHU uUrpaioT B pasHyIo CHUJIY, U IIPU BCTpeue Bcerga
mobe)xkgaer cuabHelmuii. Kakoe HauMeHbIIlee YMCI0 IapTHUi
TpedyeTcs, YTOObI OIIPEIEIUTh JBYX CUJIbLHEHNIINX UIPOKOB?

5. PaspesarTh NIpAMOYroJbHUK Ha 18 MIpAMOYroJbHUKOB
Tak, 4YTOObl HUKAKNe ABa COCeIHUX IIPAMOYTOJbLHUKA He 00-
PasoBBLIBAIN IPAMOYTOJIbHUKA.

8 Kaacc
1. TpéxuneHn ax® + bx + ¢ IPHU BceX IEJBIX X ABJIAETCA TOU-
HBEIM KBagparoM. JlokasaTsb, 4To Torga ax? +bx +c= (dx +e)2.
2. IIBe OKPYsKHOCTH KacaloTcsa APYT Apyra BHEITHUM obOpa-
30M U Tperbell u3HyTpu. IIpOBOLATCS BHEIIHAS W BHYTPEH-

! 3pecs mmeercs B BUAY IpeoGpasoBaHUe, IPY KOTOPOM KajKAas TOUKA
mepeMelraeTcsa mapajieIbHO OJHON IPSIMOU TaK, UTO €€ PaCCTOSIHIE 0 BTO-
poii IPAMOI yMEHBIIAeTCs BABOE, IPUUEM OHA OCTAETCSA IO Ty Ke CaMyo
CTOPOHY OT BTOPO#M mpsimoit. — ITpum. peod.
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HssA 00IlMe KacaTeJbHble K IIePBBIM ABYM OKPYKHOCTAM. Jlo-
Kas3aTb, YTO BHYTPEHHA KacaTeJbHad HeJUT IIOIMoJIaM YTy,
OTCeKaeMyI0 BHENTHell KacaTe/JbHOI Ha TpeTbeill OKPYIKHOCTU.

3. Tourka O JeXUT BHYTPHU BBITYKJIOTO N-yTOJbHUKA A;... A,
1 coefUHEHAa oTpe3KkaMu ¢ BeprminHaMmMu. CTOPOHBI 7n-yTIOJbHU-
Ka HyMepYIOTCs YucjaaMu OoT 1 0 1, pasHble CTOPOHBI HyMepy-
I0TCS pasHbIMHU ynciaamMu. To 3xe camoe JeaeTcs ¢ OTPe3KaMu
OA4, ..., OA,.

a) Ilpu n =9 HaliTm HyMepaluio, IPU KOTOPOH cymMMa HO-
MEpOB CTOPOH [OJs BCeX TpeyroabHuKoB A;0A,, ..., A,0A,
OOMHAKOBA.

6) Hokasatb, uTo mpu n=10 Taxoii HyMepaluu OCYIIle-
CTBUTDH HEJIb3d.

4. HepaBeHCTBO

Aa(Bb+Cc) + Bb(Cc+ Aa) +Cc(Aa + Bb) >
> 5 (ABc? + BCa® + CAb?),

roe a>0, b>0, ¢>0— gaHHble YMNCJIA, BBLIIOJHSAETCS JIJISI
Bcex A>0, B>0, C>0. Mo:xxHo Ju U3 OTPE3KOB a, b, ¢ co-
CTaBUTh TPEYTOJbHUK?

5. Yucana [a], [2a], ..., [Na] pasnauuHbl MexKIy coboil, 1

1 2 M o o
YUCHA ||, | |5 «evs |- | TOMKE PABTUIHBI MEKTY coboii. Haii-

TN BCe TaKue a.

9 kaacc
1. Tau tpeyroabauk ABC. Ha croponax AB, BC, CA B3s-
TBI cooTBeTcTBeHHO Touku Cq{, A, B; Tak, 4To

AC; _BA; _CBi _ 1
ClB o A1C o BlA o n'
Ha croponax A;B;, B;C;, C;A; tpeyroabauka A;B;C; B3ATEI
cooTBeTcTBeHHO TOuku Cy, Ay, By Tak, 4To

Alcz o BlAz o Cle o

C:B1 ~ ACi— BiA;

I[OK&-?)&TI), qgTo Ang H AC, Cng ” CB, BgAg H BA.
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2. Pacmoso:XuTh Ha IPAMON CHCTeMY OTPE3KOB AJUHEBI 1,
He MMEeOINX OOIMX KOHIIOB X OOIIMX TOUYEK TaK, YTOOBI Oec-
KOHeuHas apudpMeTHdecKas IPOorpeccus ¢ J0o0ii ! pasHOCTHIO
U JTI00BIM HAYAJbHBIM UJEHOM HMeJa OOIIYI0 TOUKY C HEKOTO-
PBIM OTPE3KOM CHUCTEMBI.

3. Ilamo ypaBHeHUTE

2

X" —ax" P —ax"?—...—a, x—a, =0,

roe a; >0, a; >0, a,>0. Joxkaszars, 4TO 9TO ypaBHeHHE He
MOJKEeT MMEeThb ABYX ITOJIOKUTENbHBIX KOPHEe.

4. Cwm. 3agauy 2 nasa 8 KJjacca.

5. IIars, yeloBeK UrpaioT HECKOJLKO IIapPTHUN B JOMHHO
(mBa Ha OBa) TaK, UTO KaKIbIA WTPAIOIUNA MMeeT KaiKIOTo
OIVH pas3 IMapTHEPOM U JABa pasa NpoTUBHUKOM. HalTtu Ko-
JIMYECTBO CHLITPAHHLIX IIaPTUI U BCE CIIOCOOLI pacipemeseHus
UTPAOINX.

10 kaace
1. TokasaTs, 4TO ecjin g— HecoKpaTuMas paruoHaAIbLHAA

Ipo0b, ABIAIONIadACA KOPHEM IIOJMHOMA
f(x) = apx"+a1x" 1 +...+a,

¢ measIMu K03 (MUIMEeHTaMMu, TO P — k¢ €CTh IeJINTe b Yucia
f(k) npu aro6om 1esnom k.

2. Cum. samauy 2 maas 9 xiacca.

3. Ha mimockoctu P cTouT mpAMOM KPYyroBoil KoHYC. Pagu-
yc ocHOBaHus r, Bbicora — h. Ha paccrosuuu H OT IIJIOCKO-
ctu 1 1 OT BBICOTHI KOHYCA HaXOAUTCS HMCTOUHHUK cBeTa. Ka-
KYIO 4acThb OKPY:KHOCTU pamuyca R, jekalleil B IJIocKocTu P
1 KOHIIEHTPUUECKOI C OKPYIKHOCTBIO, JIeXKAlIl[ell B OCHOBAHUU
KOHYCA, OCBETUT STOT MCTOUHUK ?

4. Nmeetca 1955 Touek. Kakoe MakcuMaaIbHOE UMCJIO TPO-
€K MOJKHO M3 HHX BBIOpPATh TaK, UTOOBI KasKIble JBE TPONKU
UMeJI OSHY OOII[YI0O TOUKY?

! Henyuesoit. — ITpum. peo.



62 Yenosusa sadau. 1956 200

5. IHau tpeyroabHuK AgByCo. Ha ero croponax AyBy, BoCy,
CyAy B3aTer Touku C,, A;, B; coorBercTBenno. Ha cTopomax
AB¢, B;C,, C{A; Tpeyronbuuxka A;B;C; B3ITHI COOTBETCTBEH-
"o touku C,, A,, By, u BOOOIIE, Ha cropoHax A,B,, B,C,,
C,A,, tpeyronvauka A,B,C, B3arel Touku C, .1, A,11, Bhi1.
HNs3BecTHO, UTO

ABi _ BoCi _ CoAi _, AiBy _ BiCy _ Cids 1
B1Cy - Ci1Ay - A1By o BsCq - CrA; - AsBq TR
u, BOOOIIIE,
AuBuii  BuCupi  CuAnsy | B TpE uérHOM 12

Bn+lcn o Cn+1An o An+an o ﬁ npu He‘-IéTHOM n.

HoxasaTb, uTo TpeyroabHuk ABC, 00pa3oBaHHBIN Ilepeceue-
HUeM IPAMBIX AgA;, BoBi, CoCi, COOEP:KUTCA B TPEYTOJbHU-
ke A,B,C, npu aiobom n.

1956 200 (XIX onumnuada)

IlepBoIii TYp

7 Kaacc

1. JlokasKkuTe, YTO He CYIIECTBYeT Ha IJIOCKOCTU YETBHIPEX
Touek A, B, C u D Takux, uto Bce TpeyroabHuku ABC, BCD,
CDA, DAB ocTpoyroJbHBIE.

2. HaiiTu Bce ABy3HAUHBIE UHCJIA, cyMMa (PP KOTOPBIX
He MeHseTcsa IPU YMHOMeHU! uuciaa Ha 2, 3,4, 5,6, 7, 8 1 9.

3. NmeeTcsa 3aMKHyTas caMoIepeceKarolnasicad JoMaHasd.
WN3BecTHO, UTO OHA IepeceKaeT KayKkJoe CBOE 3BEHO POBHO
onuH pas. J[oKaKuTe, UTO YNCJIO 3B€HbEB UETHO.

4. HaiiTu Bce umcJia, Ha KOTOPBIE MOYKET OBITH COKpPaTIMa
51+ 6

81417
5. Kaxkoe HamMeHbIIlee YMCJIO TOUEK MOYKHO BBIOpPATh Ha

OKPYsKHOCTU IJAWHBLI 1956 Tak, 4TOOBI AJA KaKIOW U3 3TUX
TOUEK HaIIlJIach POBHO OJHAa BBLIOpAHHAS TOUYKA HA PACCTOS-
HUM 1 ¥ POBHO OAHA HaA paccTOAHUMN 2 (PacCTOSHUS M3MepPs-
IOTCS IO OKPYIKHOCTHU)?

IIpH IIeJIOM 3HaueHuu [ Apoln
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8 kaacc

1. Ha cropounax AB u CB Ttpeyroabauka ABC oTKjagbiBa-
IOTCS paBHBIE OTPE3KHU IIPousBOJabHON mauHbl AD u CE. Haii-
T T€eOMETPUUYECKOe MeCTO cepeanH oTpe3KkoB DE.

2. B mecaruyHOH 3amncy IIOJOMKUTEJILHOI'O UMCJIA O OT-
OpOIIIeHBI BCe MECATUYHLIE 3HAKM, HAUNHAA C TPEThEero 3HAKAa
mocJje 3amaTou (T.e. B3ATO HMPUOIMIKEHNEe o ¢ HeJOCTATKOM
¢ Tounoctbio m0 0,01). IlomyueHHOE UMCIIO OAEJIWTCA HA A, U
YacTHOE CHOBA OKPYIJISIETCA C HEJOCTATKOM C TOM K€ TOUHO-
cTbi0. Kaxwue umcsa mpu 9TOM MOTYT IOJYUYUTHCA (YKAasaThb
BCe 3HaUeHUs)?

3. Ha oxpysxHocTu AauHBI 15 BBIOPAHO 7 TOUEK, TAaK UTO
IO Ka'KIOM mMeeTcs POBHO OJHA BLIOPAaHHAS TOUYKA Ha pac-
crogHuU 1 ¥ POBHO OJHA Ha paccToAHUU 2 (paccTosHue m3Me-
psAeTca mo okpyskHOCTH). JloKaskuTe, uTo n meautca Ha 10.

4. Ilycts a, b, ¢, d, | — 1ienble yucaa. [lokaKuTe, 4TO €CaU

[+
Ipo0hb % coKkpaTumMa Ha umucio k, To ad — be genurcsa Ha k.

5. Ha xieruaroii 6ymare Hamucama TabauIla, IpuIeEM B Kask-
oIl KJEeTKe CTOUT UMCJ0, PABHOE CpefHeMy apu(MeTHUUeCKO-
MY YeTBIPEX UKCEJI, CTOAINX B COCEOHUX KJeTKaxX. M3 TabInIbl
BBIOpaH Kycok. J[OKa’sKuTe, UTO €CJIi HeKOTOpPOe UHMCJIO 00Jb-
IIIe BCceX OCTaJIbHBLIX Ha 9TOM KYCKe, TO OHO CTOMUT ¢ Kpasd (T. e.
110 KpaiiHeill Mepe OoOHA U3 COCETHUX KJIETOK OTCYTCTBYET).

9 kaacc

1. B BoImyKJIOM ueThIpexyroabHuKke ABCD B3AT ueThIpex-
yronbHUK KLMN, o0pasoBaHHBIA IeHTPAMU TSKECTU Tpe-
yronsHUKOB ABC, BCD, DBA n CDA. JlokasaTh, 4YTO OpH-
Mble, COENUHSIOIINE CEPEeIUHBbI ITPOTUBOIIOJOMKHBIX CTOPOH
yeTbIipexyroabuuka ABCD, mepeceKalmTca B TOH JKe TOUKe,
YTO U IPAMBIE, COEJUHSAIONINE CEPeIUHBI ITPOTUBOMOJIOMKHBIX
cTOPOH YeThIpexyroabHuKa KLMN.

2. B mecaTuuHON 3amMCU IIOJIOMKUTEIBLHOTO YIMCJa & OTOPO-
IIeHbI BCE AeCATUYHBIE 3HAKM, HAUMHAA C UETBEPTOTO 3HAKA
mocJje 3amaTou (T.e. B3ATO HMPUOIMIKEHNEe o ¢ HeJOCTATKOM
¢ touHocThio g0 0,001). ITonryueHHoe UmCIO AeIUTCSI HA !, U
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YAaCTHOE CHOBA OKPYIJISIETCS C HEJOCTATKOM C TOH K€ TOUHO-
cTbi0. Kakme dmciia mpu 5TOM MOT'YT IIOJYUYUTHCSA (YKa3aTh BCe
3HAUEHU)?

3. Cm. samauy 5 gia 8 Kiacca.

4. JlaHBI TOJIOMKUTEJbHBIE Ynucaa h, S;, S; U PACIOJIOKEH-
HBIA B mpocTpamcTBe TpeyroabHuK ABC. CKOJIBKUMU CIOCO-
0aMu MOKHO BBIOpaTh TOUKYy D Tak, 4ToOBI B TeTpasape ABCD
BBICOTA, OIYII[eHHAs U3 BepIlnuHbl D, Oblia paBHAa /i, a ILIOIA-
nu rpaueit ACD u BCD cooTBeTCTBEHHO S; U Sy (MCCIeg0BaTh
BCe BO3MOJKHEBIE caydam)?

5. Cm. 3agmauy 4 mjas 8 Kjacca.

10 xaacc

1. B TpeyrosbHuUK BOMCAH KBAApaT TaK, 4TO JBE €ro Bep-
IIIMHBI JIEJKAT HA OCHOBAHUM, a JBe IPYyrue BepIIUHLI — Ha 00-
KOBBIX CTOPOHAX TpeyroJbHuKa. [[0KasaTh, YTO CTOPOHA KBaj-
para MeHblIe 2r, HO Gosblie V27, The r — pajguyc OKPY’KHO-
CTH, BIMCAHHOMN B TPEYIrOJLHUK.

2. B mecaTuuHON 3amMCU IIOJIOMKUTEIBLHOTO YIMCIa & OTOPO-
IIIeHEI BCE JAeCATUYHBIC 3HAKM, HAUMHAS C IISATOT0 3HAKA IIOCJIe
3amATOH (T. €. B3ATO MPUOIMIKEHNE o C HeJOCTATKOM C TOUYHO-
ctbio 1o 0,0001). ITomryueHHOE YUMCIO AEJIUTCA HA o, M UaACT-
HOEe CHOBa OKPYIJISIETCSA C HEeJOCTATKOM C TOM K€ TOUHOCTBIO.
Kakue umcaa mpu 9TOM MOTYT IMOJYUYUTHCA (YKasaTh Bce 3HA-
yeHuA)?

3. Cm. samauy 4 gasa 8 Kiacca.

4. Jlana saMKHyTas IIPOCTPAaHCTBeHHAs JoMaHasd. Hekoro-
pasi IJIOCKOCThL IIepeceKaeT Bce e€ 3BeHbs: A;A,; B Touke B,
AyA; — B TouKe B,, ..., A,A; — B TouKe B,. [lokaxXure, 4To

A1B; . AsBy A,B, -1
B1A; ByA; " B,A T

5. okaxkuTe, 4TO cuCcTeMa ypaBHEHUI

X1 — X2 =a,
X3—X4:b,
X1+X9+ X3+ X4 = 1
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nMeeT XOTs Obl OHO IIOJOKUTEeIbHOe peleHue x; >0, x, >0,
x3 >0, x4 >0 rorga u TonbKO TOTAA, KOrza |a|+ |b| < 1.

Bropoii Typ
7 Kaacc

1. Touka O — eHTP KPyra, OIMMCAHHOTO OKOJIO TPEYyroJib-
Huka ABC. Touku A;, B; u C; cummerpuuHbl Touke O OT-
HOCUTEJILHO CTOPOH TpeyroiabHuKa ABC. [lokamkure, 4TO BCe
BBICOTHI ! TpeyronbHUKa A;B;C; IpoxogaTr uepes Touky O, a
BCe BBICOTHI TpeyroiabHuKa ABC mpoxoAT uepes IEHTP KPY-
ra, OIMCAHHOTO OKOJIO TpeyroabHuKka A;BC;.

2. Touxku A;, Ay, Az, Ay, A5, Ag OeIAT OKPYIKHOCTh pa-
nuyca 1 Ha 1recTh paBHBIX uacTeil. I3 A; mposeneH Jy4 [; B
HampaBJeHuu A,, us A, — ayu l, B manpasjaenuu As, ..., U3
Ag — n1yu lg B HampaBieHuu A;. I3 Touku B;, B3ATOH Ha JIyue
11, ommycKaeTcA MePIeHAUKYJIIp Ha Jy4 lg, 13 OCHOBAHUSA DTO-
r'o MEePIeHAUKYJIAPa ONyCKaeTCsa MePIeHIuKyaap Ha [5 u T. 1.
OcHoBaHUE IIECTOTO MePIeHAUKYJIapa coBmaao ¢ B;. Haiitu
oTpe3oK B;A;.

3. 100 umcesa, cpegu KOTOPHIX €CTh IIOJOMKUTEIbHELIE U OT-
puitaTeabHbIe, BBIMUCAHBI B Psan. IIoguépKHYTO, BO-IEePBHIX,
KasKaoe IIOJOKUTeJIbHOe UMCJIO0, a BO-BTOPBIX, KaKIOoe YIC-
JIO, cyMMa KOTOPOT'O CO CJEIYIOIINM IIOJIOKUTeabHa. Moiker
JIX CyMMa BCeX HMOAUEPKHYTHIX UMCEJ OKA3aThCA OTPUILATEIH-
Hoi? PaBHoii HyII0?

4. 64 HeoTpHUIATEJBbHBIX YMCJa, CyMMa KOTOPBLIX paBHA
1956, pacmosioskeHBI B (popMe KBaApaTHON TaOJIHUIILI: IO BO-
ceMb 4YHCeJ B KaXKJIOM CTpPOKe M B Kaskaom crosoie. Cym-
Ma 4MceJI, CTOAINUX Ha OJHOM M3 AuaroHajeir, pasma 112.
Yucsa, pacmojyioOKeHHbIe CUMMETPUYHO OTHOCHUTEJIBHO J3TOM
IraroHaid, paBHBI. [JoKakmuTe, UTO CyMMa YHCeJl B JHOOOM
croJione meubmie 1035.

5. Ha crose snexxar 15 »KypHaJOB, 3aKPBIBAIOINNX €T0 Iie-
aukoM. J[oKasKuTe, YTO MOKHO 3a0paTh CeMb JKypPHAJIOB TaK,

! Yinu ux npomomskenus. — ITpum. peo.
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yTOOBI OCTaBINIMECS KYypPHAJbl 3aKpPbIBAINM He MeHbIne 8/15
ILJIOIIAAY CTOJIA.

8 Kaacc

1. T'pys Becom 13,5 T ymakoBaH B ANUKK TaK, YTO BeC KaiK-
moro smuka He mpeBocxonuT 350 xr. Hoxamure, YTO 3TOT
Tpy3 MO:KHO IepeBe3Tu Ha 11 moayrtoparonkax. (Becom my-
CTOTO AMNINKA MOKHO IpeHeOdpeub.)

2. 64 HeoTpUIIATENLHBLIX UMCJA, CYMMa KOTOPBIX pPaBHA
1956, pacmoso)keHbl B (popMe KBaAPATHON TaOJUIILI IO BO-
ceMb UMcesJ B KaKJIOW CTPOKe U B KakaoMm croJoie. Cymma
ypceJl, CTOAINMX Ha ABYX AUArOHAJAX, paBHa 112. Ywucia,
pacmoosKeHHbIe CUMMETPUYHO OTHOCHUTEJIbHO JII000I auaro-
HaJau, paBHbI. JJoKaKuTe, YTO CyMMa UYHUCEeJ B JIIOOOIH CTPOKe
MeHbIle 518.

3. Bce Touku manHOrO OoTpeska AB IIPOEKTUPYIOTCSA Ha Bce-
BO3MOJKHBIE TpPAMBIE, IIPOXOAAIINE ueped AaHHYI0 TOUuKy O.
HatiTu reomeTpuuecKoe MECTO STUX IIPOEKIINA.

4. 100 umncesn, cpegr KOTOPBIX €CTh IIOJIOMKUTEJbHBIE U OT-
puiaTeabHbIe, BBIMUCAHBI B Psan. I[oguépKHYTO, BO-IEePBHIX,
KasKJoe II0JIOJKUTEJIbHOEe UMCJI0, BO-BTOPBIX, KaKIoe YUCJO,
CyMMa KOTOPOTO CO CJEAYIOIINM IIOJIOXKUTEIbHA, 1, B-TPEThUX,
KasKkJoe YMCJIO0, CyMMa KOTOPOI'O C ABYMSA CJIEAYIOIIUMU IIO-
JoxkuTeabHa. MoKeT i cyMMa BCeX IIOAUYEPKHYTBIX YMCEJ
OKasaTbcs oTpuilaTenbHoir? PaBHoii Hym0?

5. B npaMoOyroJapHUKE ILIOMIAABI0 D KB. €IUHUI][ PACIIOJIO-
JKEHBI eBATH IPAMOYIOJbHIKOB, ILIOMALb KA IOT0 13 KOTO-
prIxX paBHa exumHUIE. [loKaKMUTE, YTO IJIOMIAAEL OOIIEN UacTu
HEKOTOPBIX ABYX IIPAMOYTOJbHUKOB 00JIbIlle man paBHa 1/9.

9 kaacc

1. Cm. Bagmauy 1 mgisa 8 xjacca.

2. B kyb6e, pebpo Koroporo paBuHo 13, BriOpamno 1956 To-
yek. Bcerga Ju MOKHO B 9TOT Ky0 IIOMECTUTHL KYOHK C ped-
poMm 1 Tax, 4TOOBI BHYTPU HETro He OBLIO HU OJHOI BLIOPAHHOM
TOUKM?
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3. Bssauu Tpu umcia x, y, z. Beruucauau abcosrroTHBIE Be-
JIMYWHBI NONMAPHBIX pasHocTed X1 =|x—y|, y1=|y—2|, z21=
=|z—x|. Tem xe cmocoboM IO YHUCIaAM X1, Y, 21 LIOCTPOU-
JIU YUCTA Xg, Yz, 2o U T. . OKa3aI0oCch, YTO IPU HEKOTOPOM 71
X, =X, Y=Y, 2, =2. 3Had, yTo x =1, HaliTU Yy U 2.

4. YeTHIpEXYTOJBHUK OMUCAH OKOJIO OKPYsKHOCTH. [loKa-
JKHTE, UTO IIPSAMBIC, COeIUHAIOIINE COCeIHNE TOUKM KACAHUI
U He IIepeceKalnecs B OAHON U3 9TUX TOUEK, IIePeCeKaroTCs
HA IPOJOJIKEeHUN AUATOHAIMN WK MapaJliebHbI €.

5. Ha xkaeruartoii 6ymare BeiOpaunl Tpu Touku A, B, C, Ha-
XOOAIINECsa B BepHIMHAX KJEeTOK. JloKamKuTe, YTO eCJU Tpe-
yroabHUK ABC OCTPOYTOJIbHBIN, TO BHYTPHU WJIX Ha CTOPOHAX
ero ecThb IO KpaiiHell Mepe ellle OJHAa BepIInHA KJIETKH.

10 xaacc

1. TlogpsAn BBIIMCAHBI 11 YKUCEJ, CPeIU KOTOPBIX €CTh II0JIO-
JKUTeJIbHbIe U OTPUIlaTe/ibHbIe. IlomuépKuBaeTcsa Kamgoe Io-
JIO}KUTEJIbHOE UMCJIO0, a TaKyKe KaJIoe UYUCJIO, CyMMa KOTO-
PoTo ¢ HECKOJBbKUMHU HEIIOCPEICTBEHHO CIEAYIOITUMHU 3a HUM
YypcJaaMy IIOJIOMKUTeN bHA. J[OKakuTe, UTO CyMMa BCeX IIO-
YEPKHYTHIX YKCEJ IIOJOMKUTEIbHA.

2. [IeBATh MHOTOYTOJILHUKOB ILJIOMIaAM 1 PaCIIOJOMKEHBI
BHYTPU KBajapara momianu 5. [JokasKuTe, 4To HEKOTOPbIe 1Ba
13 HUX UMEIOT O0IIYI0 YacTh ILJIOIAAN, He MeHbITyo uem 1/9.

3. Cm. samauy 3 gaa 9 Kiacca.

4. JlokaxxuTe, 4YTO €CJAU B TPEYTOJbHOIN IMUpaMuie JioObie
IBa TPEXTPAHHBIX YIJIa PABHLI, TO BCEe I'PAHM STOM NHPAMUILI
paBHBI.

5. Ha mpogom:xkenusx ctopon A;A,, AsAs, ..., A,A; mpa-
BUJIBHOTO N-yroJbHUKa' A;A,...A, IOCTPOUTH TOUKHU Bi, B,
..., B, mak, uto6sl B;B; OBLLIO IEPIEHIUKYJIIPHO K A;A,,
By;B3 mepuneHIUKYJIAPHO K AyAs, ..., B,B; mepueHIUKYyJIap-
HO K A,A;.

' n>5.— Ipun. ped.
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IlepBsoIii TYp
7 Kaacc

1. Halitz Bce paBHOOOUHBIE Tpallelni, KOTOPLIe pas3douBa-
I0OTCSA AUATrOHAJIBLIO HA ABa PaBHOOEAPEHHBIX TPEYroJbHUKA.

2. UssectHo, uto ax®+bx?+cx+d, rae a, b, ¢, d— gan-
HBbIe IIeJIble YMciia, TP’ JII000M ItejioM X genutca Ha 5. Iloka-
3aThb, 4YTO BCe umcJa a, b, ¢, d gensarcsa Ha 5.

3. YIuTKa mOJIZET II0 CTOJIY C IIOCTOSIHHOM CKOpPOCThI0. Ue-
pes kamxanie 15 MuHYT oHA moBOopauuBaeT Ha 90° HaIeBO MJIU
HAIIpaBoO, a B IMPOMEXKYTKaX MEXKAY IIOBOPOTAMM IIOJIBET IIO
npamoii. [lokasarb, YTO OHA MOYKET BEPHYTBHCSA B MCXOMHBIN
IYHKT TOJBKO Uepes IiejI0e YHCJIO YaCOB.

4. B npsaMoyroabHO# TabauIle, COCTABIEHHON M3 IIOJIOMKU-
TeJbHBIX UNCeJ, IIPOU3BeAeHNe CYMMBbI UHCeJ JIF00OTO CTOJIO-
Ila Ha CYMMY YHCeJ JII000H CTPOKMN PABHO YUCIY, CTOSIIEMY
Ha mx mepeceueHuu. [[lokasaTrb, YTO cymMMa BCeX Ymcesl B Tal-
JUIle paBHA eIUHUIE.

5. Ot A 1o B 999 kM. Bgosb OpoTu CTOAT KUJIOMETPOBEIE
CTOJIOBI, Ha KOTOPBIX HANMNCAHBI paccToAHuA 10 A u mo B:

[999] 0 | [998] 1 | ...

CKOJIBKO Cpeliyt HUX TaKUX, HA KOTOPBIX UMEIOTCA TOJIBKO JBE
pasauunbie TuGPLI?

8 xaacc

1. HafiTu reoMeTpuuecKoe MeCTO YeTBEPTHIX BEPIIUH IPS-
MOYTOJIbHUKOB, TPU BEPIIMHBI KOTOPHIX JieXKAT HA ABYX JaH-
HBIX KOHIIEHTPUUYECKUX OKPYIKHOCTAX, & CTOPOHBI ITapajljieb-
HBI IBYM JAHHBIM IIPIMBIM.

2. Cum. Bagmauy 3 mysa 7 Kjacca.

3. s Bcex mapaJjiesorpaMMOB NAaHHOMW TJIOINAAN HANUTH
TOT, ¥ KOTOPOTO HAMOOJbINIAA TUaroHaJb MUHUMAaJIbHA.

4. B nmpaMoOyroJbHOH TabauIle IIPOou3BeAeHNe CYMMBbI Um-
ceJl JIF000TO CTOJIOIlA HA CYMMY YMCeJI JIF00OM CTPOKU PABHO



Yenosusa zadau. 1957 200 69

YHUCJYy, CTOAIEMY Ha UX mepeceuenuu. J[oKasaTb, 4TO cyMMa
BCeX uYrmces B TAOJHIle PAaBHA eJUHNIE MW BCE UMCJIA PABHBI
HYJIIO.

5. UssectHo, uto ax?+bx®+cx?+dx+e, rae a, b, c, d,
¢ — IaHHbIe IleJible YKrciia, IPU JI00M IeJI0M X OeJUTCA Ha 7.
HoxasaTh, 4TO Bce IleJible yucaa a, b, ¢, d, e menarcsa Ha 7.

9 kaacc

1. Cm. 3agmauy 1 mia 8 xjacca.

2. Pemuts ypaBHeHHUe x° — [x] =3, rae [x] osHauaer Hau-
0oJbIIIee IIeJI0e YKMCJI0, He IPEBOCXOAAINee X.

3. B BrimyKJioM ueThIpéxyroabHuKke ABCD touka M — ce-
penuna gumaronanu AC, touka N — cepenuHa guarouaau BD.
IIpamass MN mnepecexaer ctoporbl AB u CD B Toukax M’ u
N'. okasats, uto ectu MM’ =NN’, Tto BC| AD.

4. IIIxoJbHUK eneT Ha OJUMIINALY HAa METPO, ILJIATUT PyOJIb
u moJrydaet caavy. JloKkasaTsb, YTO ecJau OH O0OpaTHO IIOeeT Ha
TpaMBae, TO CMOKeT YILIATUThb 3a Ipoesf 0e3 caaun. !

5. IlmocKuit MHOrOyroJbHUK A;A,...A, coCTaBjJeH U3 N
TBEPABIX CTEP:KHEU, COeNMHEHHBIX MIapHupamu. lloxasarsb,
YTO ecau n >4, To ero MOKHO Ae(opMHPOBATH B TPEYIOJb-
HUK.

10 xaacc

1. ITpu xaxwux meawix n uwuciao 20"+ 16" — 3" — 1 genurcsa
Ha 323?

2. B mpocTpaHcTBe IOCTpOEHA 3aMKHyTas JIOMaHas Tak,
4TO BCE 3BEHbLA MMEIT OJMHAKOBYIO JJUHY M KaKIble TPHU
[I0CJIeIOBATEIbHLIX 3BE€HA IIOINAPHO IMEPHEeHAUKYJIAPHEBI. [lo-
Ka3aThb, YTO YMCJIO 3B€HbEB JeIUTCA Ha 6.

3. Cm. samauy 3 guasa 9 Kiacca.

4. IIIKoJbHUK eJeT Ha KPYsKOK HA TpaMBae, ILJIATUT PyOJIb
1 mojayuaer crmauy. I{okasaTh, UTO e€CJaM OH OOpPATHO TaKIKe

! TIpoesn B Merpo cromn 50 kom., B Tpamsae — 30 kom. B obpamenun
HaXOAWJINCh MOHETHI JOCTOMHCTBOM B 1, 2, 3, 5, 10, 15 u 20 xou. — IIpum.
peo.
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ImoeJleT B TpaMBae, TO CMOMKET YILJIAaTUTHL 3a IIpoe3n 0e3 cha-
un. !

5. Ilmockuit MHOTOYTrOJMbHUK A;A,...A, cocTaBjIeH U3 n
TBEPABIX CTeP:KHEH, COeAWHEHHBIX HIapHUpaMu. MOKHO Ju
ero meopMupPOBATH B TPEYTOJIHLHUK ?

Bropoii Typ
7 Kaacc

1. IIpavmeie OA u OB mnepneHIUKYIAPHBI. HaliTu reomer-
puueckoe MecTo KOHIIOB M Takux JomaHbix OM pauHbl 1,
KOTODBIE Kaskjaasa npAMad, napasienbnad OA unu OB, nepe-
cexaetr He 0ojiee UueM B OJHOM TOUKe.

2. PaguonmaMmiia uMeeT ceMb KOHTAKTOB, PACIIOJIOKEHHBIX
M0 KPYry W BKJIOYAaeMbIX B IITEICEeJ]b, UMEIOIUA CeMb OT-
BepcTuii. MOXHO M TaK 3aHyMepOoBaTh KOHTAKTHI JIAMIBI 1
OTBEPCTUS IIITEICeNsI, YTOOBI IPU JII000M BKJIIOUEHUU JIAMIIBI
X0Tsd ObI OAWH KOHTAKT IIOMAJI Ha cBoe MecTo (T.e. B OTBEp-
CTHe C TeM Ke HomMepoM)?

3. B TpeyronpHUKe M3BECTHBI ABE CTOPOHEI a u b. Kakoi
IOJI:KHA OBITH TPEThA CTOPOHA, UYTOOBI HAMOOJBIIINI YToJ Tpe-
YTOJIbHUKA MMeJ HAUMEHBIIYI0 BeJIUdnuHy ?

4. B TpeyroipbHUK BIICaHa OKPYKHOCTh, U TOUKM Kaca-
HUSA €€ CO CTOPOHAMHU TPEYTroJbHUKA COeNUHEHBI MEXKIY CO-
0oii. B mosyueHHBIII TAKMM 00pasoM TPEYTOJLHUK BIIHCAHA
HOBasl OKPY’KHOCTb, TOUKHM KacaHWs KOTOPOU CO CTOpOHAMU
SABJAIOTCA BePIIMHAMHU TPETHEr0 TPEeYroJbHUKA, NMEIOIero
Te JKe YIJIbl, UTO W IIePBOHAYAJbHBLIN TPeyroabHUK. HaiiTu
9TU YTJIBL.

5. Iaua mocsemoBaTenabHOCTD umcena 1, 2, 3, 5, 8, 13, 21, ...,
B KOTOPOUM KaiKIoe YMCJIO0 HauuHas C TPEThero PaBHO CyMMe
IBYX IPeNbIAyINUX. B 9TOH mocienoBaTeIbHOCTHA BBIOPAHO BO-
ceMb umces moapAxn. Joxkamure, 4ToO UX CyMMa He paBHA HU-
KaKOMy YMCJY pacCMaTpuUBaeMOIl IOCIeI0BaTeJIbHOCTH.

! IIpoesn B Tpameae cromn 30 xom. B 06palneHNN HAXOLUINCH MOHETHI
mocrouHcTBOM B 1, 2, 3, 5, 10, 15 u 20 xou. — ITpum. ped.
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8 Kaacc

1. B TpeyroabHUKe M3BECTHHI ABe CTOPOHEI a u b. Kaxoii
IOJI2KHA OBITH TPEThA CTOPOHA, YTOOBI HAMMEHBIIIUI yroJ Tpe-
YTOJIbHUKA UMeJ HauOOJIbIIYI0 BeIUUNHY ?

2. JloxasaTb, UTO YHCJIO0 BCexX (P B IIOCTIEIOBATEIbHOCTHU
1, 2, 3, ..., 10® paBHO umcay Bcex HyJell B IocjefoBaTeIbHO-
crm 1, 2, 3, ..., 10°.

3. BryTpu paBHOCTOpPOHHErO TpeyroabHuKa ABC HaxoquT-
ca Touka O. IIpamas OG, coeguusaomnias O ¢ IIeHTPOM TsKe-
ctu (TOUKOU IepeceueHus mMenuan) G TpeyrojibHHKa, Iepece-
KaeT CTOPOHBLI TPEYroJibHUKA (MIU UX IIPOMOJIMKEeHHUA) B TOU-
kax A’, B, C'. JokasaThk, 4TO

04’ OB  oC

GA’ + GB’ + GC' 3.

4. HaiiTu Bce gelicTBUTeJbHBIE PEIIeHNs CUCTEMbI YPaBHE-
HUN
2x2 2x3 2x3

1+ x2 — 42 1+x2 = 43 1+x2

= X1.

5. B HepaBHOCTOPOHHUI TPEYTrOJbHUK BIIMCAHA OKPYYKHOCTD,
TOYKU KacaHUS KOTOPOH CO CTOpPOHAMU NIPUHATHI 3a BepIIU-
HBI BTOPOT'O TPEYTOJbHUKA. B 9TOT BTOPO#A TPEYTrOJbHUK CHO-
Ba BOUCAHA OKPYIKHOCTbH, TOUKU KacaHMA KOTOPOU ABJIAIOTCA
BepIIMHAMY TPETHETO TPEYTOJbHUKA; B HETO BIIMCAHA TPETh
OKDPY*KHOCTB U T. . JloKasKuTe, 4TO B 00pas3oBaBImeiicsa mocie-
IOBATEJIbHOCTH TPEYTOJHLHUKOB HET ABYX ITOZOOHBIX.

9 Kaacc

1. JIBa mpsaAMOYTOJBHUKA IIOJOKEHBI HA IIJIOCKOCTHb TaK, UTO
WX TPAHUIBI UMEIOT BOCEMb TOUEK IIepeceueHns. ITU TOUKU
coefWHEHBI ueped onHY. JloKasaTh, YTO ILJIOMIALb IIOJYUYEH-
HOT'O YeTHIPEXYTOJbHUKA He M3MEeHUTCS IPU MOCTYIATeIHLHOM
mepeMenieHu OJHOTO U3 IIPAMOYTOJIbHUKOB.

2. HaiiTu Bce melicTBUTENbLHBIE PEIeHUS CHUCTEeMBbI

2 2 2 2
1—x]=x9, 1—x5 =23, ..., 1—xg5 =299, 1—2Xg9=27.
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3. lIBa paBHBIX AUWCKAa Haca’KeHBI HA OAHY och. Ha OKpyX-
HOCTH KaKJIOTO M3 HUX HO0 KPYry Ha OAWHAKOBBIX PACCTOS-
HUAX B IPOU3BOJIBHOM IIOPAIKE paccTaBieHbl umciaa 1, 2, 3,
..., 20. Bcerga au MOKHO IIOBEPHYTH OOUH AUCK OTHOCUTEJb-
HO APYroro Tak, 4TOObl HMKAKNEe JBa OAWHAKOBBLIX UICJIA He
CTOSJIN APYT HPOTHUB Apyra?

4. Pa3oures ymcao 1957 ma 12 mesblX IIOJOMKUTEJILHBIX
cjaraemMbix dp, ds, d3, ..., d13 TaK, YTOOLI IIPOM3BeAeHME d4! -
-as! -as! - ... -a;y! OBLLIIO MUHHUMAJIBLHO.

5. Tpu paBHBIE OKPYIKHOCTH KAcalTCA APYT aApyra. Vs mpo-
M3BOJBLHON TOUKM OKPYKHOCTH, Kacalolleics BHEIIHUM 00-
pasoM STHUX OKPYsKHOCTeIi, IMPOBeJeHbl KacaTeJbHble K HIIM.
HoxasaTh, 4TO cyMMa AJHUH OBYX KacaTeJbHBIX pPaBHAa AJUHE
TPEThEMN.

10 xaacc

1. Tau uerbipéxyroiabHuKk ABCD. Bnucath B HETO IPSIMO-
YrOJbHUK C 3aJaHHBIMU HAIIPaBJIEHUAMU CTOPOH.

2. HaiiTu BCce AeliCTBUTENILHEIE PEIeHUs CUCTEeMbI

2 2 2 2
1—x1:X2, 1—x2:x3, [EEX} 1_xn—1:x"’ 1_x":x1'

3. Tourka G — 1eHTp IIapa, BINCAHHOIO B IIPABUJIBHBIN Te-
tpasap ABCD. Ilpamasa OG, coemunsmomiasa G ¢ Ttoukoir O,
JIeXKalleil BHYTPU TeTpasapa, IIepeceKaeT ILIOCKOCTH I'paHell
B Toukax A’, B/, C', D'. [lokasaTrb, 4TO

0A’ OB’ oc’ oD’
A TaB Teo Tap

4. ITokasaTh, YTO YKCJO BCeX UMD B MOCIeI0BATEILHOCTHI
1, 2, 3, ..., 10* paBHO umcay Bcex HyJeil B ocjef0BaTeIbHO-
cru 1, 2, 3, ..., 10%+1,

5. ano n menwix uucesa a; =1, as, as, ..., a,, IPUUEM a; <
<a;1<2a; (i=1, 2, ..., n—1) u cymma Bcex uymces 4ETHA.
Mo:xHO JU 5TH Ymcjaa pasOUThL Ha ABe T'PYIINLI TaK, UTOOBI
CYMMBbI UICeJ B 9TUX IpyHnax OLLIN pPaBHBI?

=4.



OTBeThI






1935 200 (I onumnuada)

IlepBroIii TYp
ti1a
to — 11

2-ii sapuanm. 1. InwHa moesma paBHA [=

3
o M/e. 3. %\/1 V5.

3-ii sapuaum. 1. Apudpmeruueckas mporpeccusa: 24, 18,
12, 6; reomerpuueckas nporpeccus: 3, 9, 27, 81. 3. arctg 4.
4-u eapuanm. 1. (x,y,2)=(a*+ta+1,a>Fa+1,a?+1).

M, a ero

CKOPOCTh paBHA U =

3. arccos L
. TR )
Bropoii Typ

Cepus A. 2. BepmuHbl Kyb6a, OTJIUYHBIE OT KOHIIOB TaHHOM
JUAaTOHAaJIN.

Cepus B. 1. Ommo. 2. (x, y):(%(lii\/g), g(lii\@)),
(—1,-3), (3, 1), (g(—1ii\/§), %(—1ii\/§)). 3. n2(2n2—1).

Cepus C. 1. 30 packpacok Ky6a u 7 983 360 packpacok mpa-
2 (n—1)(n—2)

BUJIBHOTO JBeHAJAIlaTUTPAHHUKA. 3

1936 200 (II onumnuada)
Bropoii Typ

1. Ecim a=b=0, T0o x=c, y=—c, rie ¢ — J1000€e YUCJI0; ec-
au a=0, b#0 unmu a#0, b=0, To pemieruii Het; ecau a # 0 u

5 5 5 5
at/—a®+ 2/ aFy\/—a?+2/ L

3 , Y= 3 , 4 ecan

b#0, To x=
TOIYCKAIOTCA ¥ KOMILIEKCHEIE PEIlleHnsa, TO IoJIydaeM TaKiKe

ad+4b>

5a
peleHus x = , Y= 3 . 5.0t
0 mo 16 (B 3aBHCHUMOCTH OT PACIIOJOKEHUS TAHHBIX IIJOCKO-

cTeiil U 11apa).

a+4/—a? et aF\/—a?

%

w
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1937 200 (I1I onumnuada)
IlepBsrii TYp
1. (0, 0, a), (0, a, 0) u (a, 0, 0).

Bropoii Typ
2. 30 cmocobamu. 3. Yuciio yacreir paBHO

nn—1)(n—-2)(n—3)  n(n-—3) ~n* n®  23n° Tn
24 e tleg Tt o th

1938 200 (IV onumnuada)
Bropoii Typ
2. Ha (n® +5n+ 6)/6 gacreii. 4. 686 uuce..

1939 200 (V oaumnuada)
IlepBsoIii TYp

1. Ecimu b=0, T0 (x, ¥y, 2) = (0, a, —a) unu (a, 0, —a), roe
a — nawboe yucyao; ecau b0, To

(920 = (1 \/g)b <1$\/§>b, 0).

4. x=0 upu a=0; x:—%—l— a— Z npu a > 1; Her peleHui
IIPK BCeX APYIrUX 3HAUYEHUAX d.
Bropoii Typ
1. (@ +a+1)(@®—a"+a°—a*+a®—a+1).4.5.6.Ha 30
qacrei.
1940 200 (VI onumnuada)
IlepBsoIii TYp

7—8 raacc. 1. 3(b—c)(c—a)(a—0b). 2. 35. 3. 24. 4. oTr O
Io 8 pellleHnii, 3a UCKJIIOUEHUEM D PeIleHui.
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1+iV3 1¥iV3 1+.5/3
5 Y= s 0

y= 1¥2” 5/3 b; eciu b=0, To x=—y. 2. IIudppa 7. 3. 7 pere-
HUM (B HeBBIPOMKIEHHOM cJiydae). 5. 145.

9—10 rkaace. 1. x= bumm x=

Bropoii Typ
7—8 kaacc. 1. 7744. 4. 1422 =20164.
9—10 xaacce. 1. Yuciio caMoiiepeceueHnil paBHo n, Iae n —

HamOoJIbIllee HATYypadbHOE UHCJIO, IJs KoTroporo na< 180°
(eciu a>180°, To camomepeceuenuii Her). 2. 300! > 1003,

5. 2857.

1941 200 (VII oarumnuada)
IlepBsoIii TYp

7—8 raacce. 2. 523 152 uamu 523 656.
9—10 Kaacc. 5. x=—2 unu x > 2. 6. 63.

Bropoii Typ

7—8 Kkanacc. 4. a=8 i a=12.

9—10 kaacc. 3. Habop (a, b, c) paBeH ogHOMY 13 HaOOPOB
a,?2,3), (-1,-2,-38), (1, -2, —-1), (2, —1, 1) unu nmoayuen
u3 HuX mepecranoBkoii. 4. (0, 0), (0, 1), (1, 0), (1, 2), (2, 1),
2, 2).

1945 200 (VIII onumnuada)
IlepBroIii TYp

7—8 kaace. 1. a—0b. 3. 29, 38, 47, 56, 65, 74, 83, 92.

9—10 raacc. 1. a—>b. 2. 376 u 625. 3. Hucsno pemieHui
YMEHBIITaeTCA A0 TPEX IpU a = 1, Uncao pelreHuii yMeHbIa-
eTcs [0 ABYX mpu a=++/2. 4. [[IuHa 0Tpe3Ka paBHA PA3HOCTH
MKy IJIMHOIN TUIIOTEHY3bl W AJWHON HAWMEHBIIIETO KaTeTa
IPAMOYTOJIbHOTO Tpeyroabuuka ABC.

Bropoii Typ
7—8 kaace. 1. 1 769 580. 2. 240.
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9—10 wxaace. 1. (x,y)=(-13,-2), (-4, -1), (-1, 0),
(2a 3)a (3a 6)a (4a 15)) (6a _21)3 (7a _12)3 (8a _9)3 (11’ _6)3
(14, -5), (23, —4).

1946 200 (IX orumnuada)
IlepBsoIii TYp

7—8 kaacc. 1. 3. 3. 1946. 4. x1=—x3=1, x9=—x7;=2,
x3:—x6:3, X4:—X5:4.

Bropoii Typ
OA - OB

7—8 kaacc. 1. 7 unu 14. 3. x= . 4. Hurge me 0yayT

3alepsKaHbl MaIllnHBI ¢ HOMepamu 14, 23 u 24. 5. 7.
9—10 raacc. 1. 10 oukos. 2. [la, naiinérca. 4. 8.

1947 200 (X onumnuada)
IlepBroIii TYp

7—8 raacc. 1. Koadpdunuent npu x'” pasen 3420, a koad-
dunuent npu x'® pasen 0. 2. 6.

9—10 xaace. 1. B Bepaskenun (1 + x2 — x3)19°, 2, 0,89001.
5. IIpsimble, JiesKalque B ABYX ILJIOCKOCTSAX, KACAIOIUXCSA ITH-
JuHApa paguyca d ¢ ochbio AB U IPOXOAANIINX Uepe3 TOUKY
M, 3a uUCKJIIOUeHHEeM IIPAMOM, mapaJjjieiabHoit AB (eciu TOY-
Ka M pacmojso:keHa Ha paccToguuu d oT mpamonn AB, To Ka-
caTejbHas IJIOCKOCTh OyAeT OfHA W MPSAMYI0 MCKJIIYATDH IIPU
9TOM He HYKHO; eCJIi paccTosHue oT Touku M mo nmpamoit AB
MeHbIle d, TO ICKOMBIX IIPAMBIX HET).

Bropoii Typ
9—10 kaace. 2. (B, p)=(1, 1), (4, 2) uiu (7, 3).

1948 200 (XI onumnuada)
IlepBroIii TYp
7—8 rkaace. 1. (2, 4, 4), (2, 3, 6) wanu (3, 3, 3). 2. 31 mudpy.
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Bropoii Typ

7—8 kaace. 1. x=2, y=4 niu x=4, y=2. 3. Her, He mo-
JKeT. N
9—10 rkaace. 1. x= (%) u , TJle p — Ipo-
M3BOJIbHOE IIejioe umcjo, ortanuyuoe or 0 u —1. 3. 19 801. 4. 4.

p_|_1 p+1

1949 200 (XII onumnuada)
IlepBsoIii TYp

9—10 rkaacec. 1. x=y=z=v=0. 2. Ocu BpalleHus mepece-
KaioTcsa B ogHOM Touke O, U j00asi IJI0CKOCTh, TPOXOAAIIA
yepes Touky O, aBIAeTCS MJIOCKOCTHI0O CHUMMETPUU (IPyrux

. 1-2a 1-2a\2 1
IIJIOCKOCTell CUMMeTPHUH HeT). 3. X1 2 = 5 + 5 ~16°
Bropoii Typ

7—8 raacc. 1. KiK3C, C3KK, JKKC3, 3CiKK. 2. Ilomy-
YeHHBINI MHOTOYTOJBHUK MOXKET UMETh OT 3 A0 6 CTOPOH.
9—10 kanacc. 4. VickoMbIli MHOTOYTOJbHUK — BBITTYKJIBIHA
IIeCTUYTOJHLHUK C BEPIIMHAMU B TOUKAX, AEJAININX CTOPOHBI
TPeyroJbHUKA Ha TPU PaBHBIE YAaCTHU.
1950 200 (XIII onumnuada)
IlepBsoIii TYp

7—8 kaacc. 5. 25 MuH.
9—10 raacc. 1. da, Bcerga. 2. [Ia, mosxer. 4. 5 <x < 10.

Bropoii Typ

7—8 raacc. 1. 13. 4. 16796.
9—10 waacc. 1. 1949. 4. [Ta, MmoKHO.

1951 200 (XIV oaumnuada)
IlepBsoIii TYp

7—38 Kaacc. 3. Bropoe BuIpa:xkenue 6oJbIilie. 5. 3 3BeHA.
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9—10 kaacc. 1. PaBHOCTOPOHHUN TPEYTOJbHUK CO CTOPO-
"o a. 3. Ilpu yciosuu, uro R > 2r, rme R — paguyc 6oJbIIeit
OKPYsKHOCTH, I' — PagUyC MEHbBIIeH OKPYysKHOCTU. 4. 4 3BeHA.

Bropoii Typ

7—8 waacce. 5. —1.
9—10 raace. 1. a?/2.

1952 200 (XV oaumnuada)
IlepBroIii TYp

7 kaace. 4. 3a Y 10 TOro, KaKk A 1 B oTOpaBATCA B IyTh

11
us M.
. . . T
10 raacc. 1. arcsin cos arcsin x + arccos sin arccos x = 3
Bropoii Typ
7 kaace. 1. x1=x9=...=x15==%1.
8 kaacc. 4. 100 u 198.
9 knacc. 1. x;=x3=...=x,==+1 Ipu HEUETHOM 1, X1 = X3 =
1 ..
S T Xy 1 =0 M Xy =Xy ==X (a#0) npu yéTHOM n.

5. CaMbIii HUBKUH Ccpeau BLICOKUX BBIIIE (TOUHee IOBOPSA, He
HUKe) CaMOTr0 BBICOKOT'O CpPeau HUBKUX.

1953 200 (XVI orumnuada)
IlepBsoIii TYp
7 kaacc. 2. 11...1.
—

300
9 kaacc. 1. CeMecTBO NMPAMBIX, 3aJaHHLIX YPAaBHEHUIMU

BUia X + Y = kn, TAe K — MPOUBBOJILHOE IIEJIOe UKCJIO.

10 ranacc. 2. O6beguHeHNe OBYX KOHYCOB (¢ 00Imeii Bep-
muHo#i 0), OMUH U3 KOTOPBLIX MOJIyUaeTcs U3 JaHHOTO KOHyca
CIMMETPHEN OTHOCUTEJIbHO cepeAuHbI oTpedka OS, rae S —
BepIIXHA JaHHOTO KOHYyca, a APYroil — mapajjieJbHbIM Iepe-
HOCOM Ha BexTop SO.
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Bropoii Typ

7 knacc. 3. Her. 4. 1998. 5. x;=x3=x5=1, x9=x4=—1.

8 kaacc. 3. B nepsoii. 4. IIpu 4éTHOM n MOryT, IPU HEUET-
HOM n# 1 He MOTYT. 5. X1 =X3=...=Xg9=—1, Xo=X4= ... =
= X100 = 1.

9 kaacc. 4. [1a, momaném.

10 xkanace. 1.1, 2, ..., n.

1954 200 (XVII onumnuada)
IlepBsIii TYp

7 kaacc. 2. la, 6yayr. 3. 1014 (upu memeHuu Ha 2 u Ha 3)
uau 1035 (npu genenun Ha 5 u Ha 9). 4. Her, He cyIIecTBYIOT.
5. 100.

8 kaacce. 5. y=—3x, z=2x (x — IPOU3BOJILHOE UMCJIO).

9 raacc. 2. 9999978596061...99100. 5. Her, me cytre-
CTBYIOT.

10 rkaace. 1. x =41, y:—g—i-an. 3.a1=a3=...=aig0=1.

Bropoii Typ

7 knace. 1. Isymsa 6ykBamu. 2. HeT, He MOTyT. 3. X1 = X3 =
=...=x7=0.

8 kaace. 5.0, 1 unu 7.

9 knacc. 1. OKPYy»XHOCTD C IIEHTPOM HA HEIOABUMKHOM JIyUe
(3a UCKJIOUEHNEM TOYEK, JexKalnux Ha oToM Jayue). 4. Her, He
cymiectyer. 5. la, Moxker.

10 xaace. 1.0, 1, 2, 3 unu 6.

1955 200 (XVIII onumnuada)
IlepBsoIii TYp

7 kaace. 1. 175. 2. /BAC=60° u /BCA=30°. 3. BricoTa
(6e3 KOHIIOB OTpPe3Ka), IPOBeAEéHHAaA M3 BepHINHLI B, m ayra
(Tosxe 0e3 KOHIIOB) OKPYKHOCTU, U3 KOTOPOii croporna AC Bun-
Ha mox yraom 120°, mesxkaiasa BHyTpu Tpeyroabuuka. 4. Her,
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He cyiiecTByeT. 5. [IpAMOYroJbHUKM C OTHOIIIEHWEM CTOPOH
13:1.
8 Kaacc. 2. BHyTpeHHOCTS IapaJiejgorpamMma (cM. puc. 7).

Puc. 7

4. H.HOCROCTI:, IIOJIYIIJIOCKOCTh M IIOJIOCa, 3aKJIOUEHHAA

MeX Ay OABYMSA ITapaJijieJIbHBIMU IIPAMBIMM.
E(F2+1)

9 kaacc. 1. — 3. (x,y)=(, 0) uau (0, 1).

10 xaacc. 5. 1a, MOKHO.

Bropoii Typ
7 kaace. 1. x=y=2=0. 4. 28.

5. Cm. puc. 8. 18
8 kaacc. 4. He Bcerga. 5. NT_l < 14
<la|< 5 10
9 kaacc. 5. 5 maptuii; pacupesae- 6
JIeHVe UTPAaIoINX eIWHCTBEHHO (C 5 2 7111115
TOYHOCTBHIO 0 UX HyMepaIruu). 17/18/9 1 3
10 waace. 4. 1954/2 =977 tpo- 4
€K; HY:KHO BBIODPATh OAHY TOUYKY, 8
OCTaBIIIECS TOUKMU PasOuTh Ha Ima- 12
PBI ¥ COCTaBJATH TPOMKU U3 BBI- 16

OpaHHOII TOUKU U 9TUX IIap. Puc. 8
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1956 200 (XIX onumnuada)
IlepBroIii TYp
7 kaace. 2. 18, 45, 90 u 99. 4. 13. 5. 1304.

50 51 99
8 kaace. 2. 0, m, m, ceey m, 1.
500 501 999
9 kaace. 2. 0, 1000° 1000° *** 1000° 1.4.0, 2, 4 unu 8.
5000 5001 9999
10 rrace. 2. 0, 155667 160007 **** 10000

Bropoii Typ
7 kaacc. 2. BiA; = 2. 3. Her, He MmosKerT.
8 kaacc. 4. Het, He MosKerT.
9 kaacc. 2. a, moxkuo. 3. y=1, 2=0 wim y=0, z=1.
1957 200 (XX oaumnuada)
IlepBsIii TYp

7 kaacc. 1. Tpanenusa ¢ yraamu 271/5 mnpu 60JbIIeM OCHO-

Bauuu. 5. 40.

8 kaacc. 1. Ilycts R > r — paguychl

HCXONHBIX OKpy:kHOcTeil. Ecim 2r? <

puc. 9 (IpAMble HA 3TOM PHUCYHKE Ma-
paLenbHbBI JAHHBIM HPAMBIM; OAUH U3 )\ S———

< R?, 1o uckomoe I'MT cocrout us // \\
IBYX UCXOJHBIX OKPYKHOCTEHl U 4acTu / ,,\
KOHIIEHTPUYHON C HUMH OKPYKHOCTHU |

pamuyca +/2R2—r2, BbIfeJIeHHOM Ha \

IPAMOYTOJIBHUKOB M300PasKEH IIyHK-
tupom). Ecnm sxe 2r? > R%, To no6Gasis- Puc. 9
eTcs eIré 4acTh OKPYsKHOCTH Paauyca

v 2r?2 — R2, 3. KBazpar.

9 Kaace. 2. x = V4.
10 waacc. 1. IIpu uérHbix n. 5. Ecau n >4, To MOMKHO

Bcerga, a mpu n =4 MOKHO He)OpMHPOBATEL JIIOOOH UETHIPEX-
YTOJIbHUK, KpOMe IIapaJjejorpamMmma.
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Bropoii Typ

7 kaacc. 1. B cucreme xKoopauHart ¢ ocamu OA u OB ucko-
moe 'MT sagaércsa Hepasencrsamu | x|+ |y|>1 m x? +y2 < 1.
2. Jla, moxxkHO. 3. Tperba cTopoHa MOJIKHA OLITH PaBHA HAU-
OosbItieir u3 cTOpoH a u b. 4. Bece yrabr paBHBI 60°.

8 kaace. 1. Ecniu a >+/2b, To TPEeThs CTOPOHA MOJKHA ObITH
paBHa Va2 — b2, a eciz b <a < \/2b, TO TPETbS CTOPOHA LOJIK-
Ha OBITH paBHA b (O OHpemeJIEHHOCTH IIpeAroJaraeM, 4YTO
a>b). 4. (0,0,0) u (1,1, 1).

9 knace. 2. x1=Xy=...=Xg9= ————. 3. Bcerma. 4. 1957 =
=163+ ... +163 +164.
~—_——

11 ciaraembIx

N -1++5

10 rkaacc. 2. Ecan n HEYETHO, TO X1 —=Xg— ... = X, — 5
.. -1+5

Ecau n yérHo, TO 1100 X1 =X9=...= X, = 3 , 10O X1 =

=X3=..=Xp_1=0mx9=04=...=x,=1, 1100 X; =X3= ... =

=X, 1=1uxy=x4=...=x,=0. 5. Mo:xHo.
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1935 200 (I onumnuada)

IlepBsoIii TYp
1-ii sapuanm

1. CocraBbTe ypaBHeHUE AJA ¢ =+/X/Yy, Tlle X U Yy — OaH-
HbIEe YmcJa.

2. MocTpoiiTe UCXOAHBIN TPEYTOJBHUK, ITPOBEIA Uepe3 Of-
HY M3 eT0 BEepIINH NPAMYI0, NapajjeJbHYI0 JaHHON OMCCeK-
Tpuce.

3. IlycTs B ocHOBaHUM JIE€KUT PaBHOOEIPEHHBIN TPEYTOJb-
Huk ABC, npuuém AB = AC. Onyctute us Bepmua B u C mep-
MeHAUKYJIAPLI Ha pebpo mupaMuibl, IPOTHUBOJIEKAIIlee pedpy
BC.

2-1i sapuanm

1. BeiAcHUTE, KAKOE PACCTOAHUE IPOEET MOe3] C TOTO MO-
MeHTAa, KOT/a IIePBbIA BaroH BHeJeT Ha MOCT, IO TOI'O MOMEH-
Ta, KOTAa MOCJAeIHUM BaroH MOKUHET MOCT.

2. PaccmoTpuTe mOBOPOT AaHHBIX mNpaMbix Ha 90° c men-
TPOM B OJHOI M3 BEPIIXH MCKOMOTO KBajaparTa.

3. BrerpasuTe BBICOTY muUpaMuabl uepe3 00KOBoe pebpo u
yroJl HaKJIOHA OOKOBBIX pébep, a pedpo OCHOBaHUWSA — cHaua-
Ja Jepe3 00KoBoe pedpo M yros HakJoHa O0KOBBIX pEdep, a
3aTeM uepes3 OOKOBOe pPedpo U IJIOCKUI YroJ IIPU BepIIHe.

3-ii sapuanm

1. 3amnumniuTe yeThIpe YPaBHEHUA AJIA CYMM OJHOMMEHHBIX
YJIEHOB W BBLIUTHUTE M3 KaXKIOT0 ypaBHeHUs (KpoMe IIepPBOTO)
IpeabIAyIIee.

2. BrIpasure mioIianb TPEYroJbHUKA Uepe3 CPemHIO0 IO
BeJIMYNHE CTOPOHY W ONYIIEHHYIO Ha Heé BBICOTY W Uyepes pa-
INYyC BIIMCAHHOTO KPyra M HOJIYIIEPUMETD.

3. IlomryuuTe cooTHOIIEHNE MEKAY PagNycaMU OCHOBAHUHA
KOHycA.
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4-ii sapuanm

1. Joxaskure, uto 2 =a’+ 1.

2. BocmonnssyiiTech TeM, UTO PAagUyChl OIMIMCAHHBIX OKPYK-
HOCTeH MOJOOHBIX TPEYrOJbHUKOB ITPOIOPIIMOHAJIBHBI COOT-
BETCTBEHHBIM CTOPOHAM.

3. Ilycts ABC — TpeyroabHUK, JIEXKAIIUA B OCHOBAHUU
nupaMuabl, npuuéMm ctopoHa BC HaummeHbInasa; O — IeHTP
ero omucaHHOU oKpy:kKHOCcTU. Torma BOC — paBHOOeAPEHHBINH
IPAMOYTOJBHBIN TPEYTOJbHUK.

Bropoii Typ

Cepus A

1. IlycTh BhICOTa, OMCCEKTPUCA UM MeauaHa MPOBeIeHbI U3
BepmnHEbl A m O — IeHTP OIMMCAHHOM OKpyskHOocTH. Torma
npavmbie ON u AM mapajjiejbHBI.

2. PaccMoTpuTe MHOXKECTBO TOUEK, M3 KOTOPBLIX [IHaro-
HaJIb Ky0a BuAHA mox yriaom 90°.

3. PaccmoTpuTre mepeceueHue ILIOCKOCTEH, COmepPIKaIuX
napsl npameix AB u A;B;, BC u B;C,, AC u A,C;.

Cepus B

1. TokakuTe HepPaBEHCTBO XY > 1 M BOCIOJB3yHTECH Hepa-
BEHCTBOM X + Y > 2,/Xy.

2. CpoenaliTe 3aMeHy Y=KkX W peIIUTE CHUCTEMY OTHOCHU-
TeJLHO X U k.

3. Haiigure cHavana cymmy 13 +23 4 3% + ... + m3.

Cepusa C

1. Yucsio reoMeTpuUUYeCKy PasIUUYHBIX PaCKPaCOK PABHO UKC-
JY BCeX Pas3IMYHBLIX PacKpacok Kyba (momekasapa), DeJEHHO-
My Ha YKCJIO €T0 CAMOCOBMEIIeHU.

2. VickomMoe YmCJIO PaBHO KOJIMYECTBY CIIOCOO0OB BBIOpPATH
oBa moca B cymmvme n=1+1+ ...+ 1.

3. yia 1:060T0 IPOCTOTO YUCJIA P CTeIeHU, B KOTOPBIX OHO
BXOAUT B pasao:kenusa uucea M (a, b) u D(a, b), 3aBUCAT TOJb-
KO OT CTelleHeli, B KOTOPBIX OHO BXOJUT B PABJIOKEHUSA UKUCEJI
anb.
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1936 200 (II onumnuada)
Bropoii Typ

1. ITosryunre ypaBHeHUE IJiA ¢ = XY U PEIIIUTE €r0.

2. Bce mpsaMmble, OTCeKaloIie OT JAaHHOTO yIja TPeyroJib-
HUK JaHHOTO IIepuMeTpa, KacaiTcsa (PUKCUPOBAHHON OKPYK-
HOCTH.

3. Eciu cymma KBagpaToB [OBYX UYMCEJ — IOJHBIA KBa-
paT, TO OZHO M3 ITUX UUCEeJ AeJUTCS Ha 3. ITO BEePHO U AJsA
neJuMocTHu Ha 4.

4. Cumauajyia HaiguTe KOJUUYECTBO IIPeACTaBJICHII, KOTAa
TIPOU3BeNeHNs, OTINYAIOIINeCS IOPITKOM MHOMKUTEIeH, CUn-
TAIOTCSA PAasHBIMU, a 3aTeM YUTHTEe Te IpeJCTaBJIeHUs, KOTO-
pBble MbI IIPW 9TOM IIOCUHTAJJIN HECKOJIBKO Pas.

5. 3ameHuTe IIaP, KACAIOMINIACA TPEX JAHHBIX IIJIOCKOCTEH
W JTaHHOTO IMapa, Ha IMap C TeM Ke IIeHTPOM, IIPOXOIAIINI
yepes IeHTP JAaHHOTO IIapa.

1937 200 (I1I onumnuada)
IlepBsoIii TYp

1. Ioxrasxure, uro xyz = 0.

2. OKPY:KHOCTH C IeHTPOM B, paamyc KOTOPOH paBeH 3a-
ITaHHOMY OTPe3Ky, KacaeTcs OKPYKHOCTH C IieHTpoM M u pa-
nuycom MA, KoTopasi IIPOXOAUT uepes TOUKY A u Touky A,
CUMMETPUYHYIO TOUKe A OTHOCUTEJNHHO NJAHHOI IMPAMOIA.

3. PaccmoTrpure mapaJienenuriesi, 00pasoBaHHBIN IIJIOCKO-
CTAMU, TMPOXOAAINMMHU Yepe3 peébpa TeTpasapa mapalliebHO
IIPOTUBOIIOJJOKHBIM PEOpPaM.

Bropoii Typ

1. IIycte A, B, C — pauubie Touku, A, B', C' — meHTpHI
TpebyeMbIX OKpyskHOCTeil (A’ — IeHTp OKPYsKHOCTH, IIPOXO-
nsamein uepesd Touku B m C, u T.nx.). Halfigure ypaBHeHUS
JIJIsI YIJIOB IIPY OCHOBAHUAX PABHOOEIPEHHBIX TPEYTrOJbHIUKOB
BA'C, AB'C u AC'B.
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2. VickoMbIe IIJIOCKOCTU IEePIeHINKYISIPHBI OOJIBIITNM AUa-
TOHAJAM JOIeKasapa.

3. BrlscHuTe, CKOJBbKO YacTeil moOaBiseTcs IIPU HpPOBeje-
HUUW OOHOU TUATOHAJIN.

1938 200 (IV onumnuada)
Bropoii Typ

1. IlpencraBbTe paccMaTpUBAEMyI0 KOMIIO3UIUAIO IIIECTU IIpe-
00pasoBaHUl KaK KOMIIO3UIIMIO TPEX IpeoOpasoBaHUM, Kak-
o€ M3 KOTOPBLIX — KOMIO3UIIMA IBYX MCXOLHBIX IIPeodpaso-
BaHUMA.

2. IIlpumMeHUTE MHIYKINIO, BLEIACHUB IPEJBAPUTEIbHO, HA
CKOJIBKO YacTeil pa3sbuBaIOT IJIOCKOCTD 711 MIPAMBIX (TOXKe C I10-
MOIIBI0 UHIYKIVN).

3. PaccmoTpure TOUKY, CUMMETPUUYHYIO OJHOMN 13 BEPIINH
OCHOBAHUA OTHOCUTEIBLHO IIPAMOI, IIPOXOILAIIEll uepe3 Bep-
IIUHY IapajjieJbHO OCHOBAHUIO.

4. Eciu noguepKHYTh BCe YMCJIA, OeJAINecsd Ha 5, U Bce
yuesaa, geJsaifuecs Ha 7, TO Yucia, Aeasdiiuecs Ha 35, OyayT
IMOAUYEPKHYTHI IBAMKIEI.

1939 200 (V oaumnuada)
IlepBroIii TYp

1. Hoxasxure, uto eciau b#0, to z=0.

2. BocmonnssyiiTech TeM, UTO CyMMa BEKTOPOB, UAYIIUX 13
IeHTpPAa IIPABUJIBLHOTO MATUYTOJBHUKA B €T0 BEPIIUHBI, paBHA
HYJIIO.

3. Pazbepure oTmenbHO ABa caydasi: KOTJa MCKOMAas IIpsA-
Mas mepecekaeT orpe3ok BC u Korja oHa ero He ImepeceKaer.

4. Bripasure a uepes x.

5. Paccmorpure TOUKY, B KOTOPOU IPOAOJIKeHMNE OMCCeK-
TPUCHI TIepeceKaeT OMMMCAHHYI0 OKPYKHOCTD.
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Bropoii Typ
1. BocmoansyiiTech TeM, UTO
(@)° -1
ab—1

2. Eciz B 000X MHOTOUJIeHAX €CTh HeUETHbIe KOd(MUIIH-
€HTHI, TO BLIOEPUTE UJeHbl MUHUMAJIbHON CTeIIeH! C HEeUETHDI-
MU Koa(hpuimeHTaMu U PACCMOTPHUTE B IIPOUBBEIEHUU ITUX
MHOTOUYJIEHOB KO3((pUIUEHT IIPpU UJieHe, CTEeIeHb KOTOPOTO
paBHa cymMMe cTelleHell NBYX BLIOPAHHBIX UJIEHOB.

3. IlpenmoaokuB, uTO TOuKa X HaMIeHa, PACCMOTPUTE
TouKy K, B KOTOPOIi mIepeceKaeT NAHHYI0 OKPYKHOCTb MIpsA-
Masi, IPOXOAdAIIasa ueped TOUuKy D mapaJieabHO nmpamoit AB,
u TOuky P, B KoTopoii mepecexkatorcsa npambie KC u AB.

4. TIposepbre, uto 101 =10* (mod 7) upu k> 1.

5. okaKkuTe, 4TO IJs JII000I TouKM P, JesKallleil BHyTPHU
OIPaBUJIBHOTO MHOTOYTOJIBHUKA, CyMMa paccToAHUU oT P mo
CTOPOH MHOTOYTOJILHUKA OJHA U Ta JKe.

6. Ilycty a, — HamboJIbIIIEE YMCJIO YaCTell, Ha KOTOPBIE
pasbuBaioT chepy n OKpPy:KHOCTEH, b, — HAMOOJIbIIIee UUCITIO
yacTel, Ha KOTOPbIe pasdmBarOT mpocTpaHcTBo n cep. ITora-
JKUTe, 4T0 a4, < ad,_1+2(n—1) u b, <b,_1+a,_1.

a®+a°+1= n a®—1=(a®°-1.

1940 200 (VI onumnuada)

IlepBroIii TYp
7—8 kaacc

1. ITarHOe BhIpaskeHme obpaliaerca B HyJb IIpu b =c, npu
c=a u upu a=>b, MO3TOMY OHO IOJYKHO JEJIUTHCSA HA IIPOM3-
BeJleHre MHOMKuTejaein b—c, c—a u a—b.

2. Ilpu gBMIMKEHNM BHU3 II0 TEUEHUIO PEKU CKOPOCTH IIapo-
XOa CKJIAALIBAETCA CO CKOPOCTBIO TEUEHUS PEeKU, a IPU IBU-
JKEeHNMU BBEPX II0 TEUEHHUIO M3 CKOPOCTH IIAPOX0La BEIUMTAETCS
CKOPOCTh TE€UEHUS PEKU.

3. BrisgicuuTe, CKOJIBKO ecTh uucesa oT 1 go 100, mexamimx-
csd Ha 5, U CKOJBKO — JesdaInuxca Ha 25.
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4. IleHTp NCKOMOII OKPY:KHOCTHU yIaJEH Ha JaHHOE PAaCCTO-
SAHWE OT JaHHOU MPAMOM M OT HJAHHOW OKPYsKHOCTH.

9—10 kaacc

1. Haiigure ypaBHeHUE IJd t = XY.

2. Nurepecyioliasa HAC IUdpa IPUHAIIEIKNAT TATASHAYHO-
MYy YHUCIY.

3. PaccmoTrpure oTmenbHO caydau, KOTJa IO OOHY CTOPO-
HY OT UCKOMOII OKPYKHOCTH JieKaT: IBe JaHHbIe TOUKU; TPU
JTaHHbIE TOUKH.

4. PaccMOTpuTe TOUKHU II€PECeUeHUs NAHHBIX HPAMBIX C
MIPAMBIMHY, OTCTOAIIUMU OT JAHHBIX HNPAMBIX HA PacCTOSHUE,
paBHOe 3aJaHHOMY OTPE3KY.

5. CHauaja JOKaKuTe, UTO HU OfHA IMu(pa MCKOMOTO UHC-
Jla He IIPEeBOCXOJIUT 5, a 3aTeM TOKaKUTe, UTO y HCKOMOTO
yucjga ecTh POBHO OAHA Iudpa 5 m UTO ero mepsas nudpa
paBHa 1.

Bropoii Typ
7—8 Kaacc

1. Wckomoe umcao umeer Bun (11x)2, rme x — HaTypab-
HOe UMCJO0, 3aKJIOUEHHOe MeXKIy 4 u 9.

2. Ecau ma orpesxe DC BbIOpaTh TaKyio TOUKY L, uto DL =
=DA, 1o tpeyronbauku DAB u LAC O0yayT paBHBI.

3. CocTaBbTe U3 UYETHIPEX HKIEMILIAPOB HAHHOTO UETHIPEX-
YroJIbHUKA (PUIYyPYy TaK, UTOOBI IIapaJLIebHBIMU CHABUTAMU
9TOU (PUT'YPHI MOKHO OBLIO 3aMOCTHUTH IIJIOCKOCTD.

4. Yucno x?+ y? menutca Ha 7 TOrga U TOJBKO TOTAA, KO-
rpa oba uucaa X U Yy Jenarcsa Ha 7.

9—10 raacc

1. PaccmoTpuTe pasBEPTKY KOHycCa, KOTOpPaAs IIOJNydaeTcs
IpU paspesaHunu Mo o0pasyroleii, IPOTUBOIIOJ0KHON TOM, HA
KOTOPO¥ JIeXKUT BhIOPAHHAA TOUYKA.

1 n
2. JToxakure, 4TO <1 + ;) < 3 nas BCcexX n.

3. Tourka O saBIAETCA TOUKOI IEpPEeCeYeHUs BHICOT TPEYTOJIb-
HUKa 010203.
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4. TIpousBemenue paccMaTpuBaeMbIX aApobeii paBHO 1.
5. OcraTku OT JejleHud Ha 7 umcen 2° u x? MOBTOPAIOTCA
¢ mepuogaMu 3 U 7 COOTBETCTBEHHO.

1941 200 (VII onrumnuada)

IlepBsoIii TYp

7—8 kaacc

1. ITocTpoiiTe cHauaJjia TPEYroJbHUK, OOpPA30OBAHHBIN Me-
IUAaHOM U BBICOTOI.

2. ITogenute 523 000 Ha 7-8-9 =504 ¢ ocTaTKOM.

3. BocmosbayiiTech CBOMCTBOM CpenHe JUHUU TPEeYroJb-
HUKA.

4. VI3 UICKOMBIX TOUEK OTPE30K, COeAUHAIONINI TOUKy P ¢
IIEeHTPOM JAaHHOI OKPYXKHOCTHU, BUAEH IIOJ IPAMBIM YIJIOM.

5. IIpencraBbre MmHOTOUWIEH X (X + 1) (x+2)(x+3) + 1 B BU-
e KBagpaTa MHOTOUJIeHA C IIeJbIMU KO3 (UIIeHTaMU.

9—10 kaacc

2. ToxkaKuTe, YTO PaBHBI UeThIpe TPEYTOJbHUKA, OJHA U3
BEPINUH KaKIOro M3 KOTOPLIX — BepIIMHA IapaJlieorpaM-
Ma, a ABe APYrue BEepIINHBI — IeHTPHI KBaApPaTOB, IIOCTPO-
€HHBIX Ha CTOPOHAX MIapaJijiejIorpaMMa, BBIXOAAIINX W3 dTOHU
BEPIIIUHEI.

3. Hoxaxxure, 4TO IJis BCeX IEJBIX X umcao P(x) HeuéTHO.

4. Toukn M u N je:KaT Ha OKPYKHOCTU ¢ guameTrpom AB,
IIOATOMY MOYKHO IIOCTPOUTH IIEHTP STON OKPYKHOCTHU.

5. Bocmosb3yiiTech METOLOM MHTEPBAJOB.

6. Haiinure umciio ToueK IepeceueHuss rpa)mkoB (QyHK-
muii y=x/100 u y=sin x.

Bropoii Typ
7—8 Kaacc
1. lokasKkuTe, UYTO €CJaM M3 TOMAPHO PA3JIMUYHBIX KBaapa-
TOB CJIO}KEH MPAMOYTOJbHUK, TO CAMBI MaJeHbKUUA KBaapaT
CO BCEX CTOPOH OKPYKEH APYTUMU KBaApaTaMMu.
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2. OnycTuTe MEPIEHAUKYJIAPHI HA CTOPOHBI M3 IIEHTPA BIIN-
CaHHOM OKPYKHOCTH.

3. TpeyroambHUKHN, KOTOpPBIE TPAEKTOPUA TOUKHU OTCEKAEeT
OT YIJIOB MCXOIHOTO TPEYTOJbHUKA, IOJYUAIOTCA APYT U3 APY-
ra mmapaJjijaeJbHBIM IIePeHOCOM.

4. Ilonmoxure x = —b.

5. IIpocroe uucsao p > 3 umeer Bug 6n + 1.

6. Bepmunbl TpeyronbHuKa ABC ABIAIOTCSI TOUKAMHU IIe-
peceueHUs ONMCAHHON OKPYKHOCTHU TpeyroabHuka H{HyHs ¢
MIPOIOIMKEHUAMU er0 OMCCEeKTPUC WU OMCCeKTPUC BHEITHUX
YTJIOB.

9—10 raacc

1. JlokaskuTe, UYTO €CJaM M3 TOMAPHO PA3JIMUYHBIX KBaapa-
TOB CJIO}KEH IIPAMOYTOJBHUK, TO CAMBIA MaJIeHbKUHN KBaj-
paT co BceX CTOPOH OKPY/KEH UeTHIPhbMs KBaApaTaMu. 3aTeM
IIOCMOTPHUTE, KaK MOKET OBITH PACIIOJOKeH IIoCJemHui (Ire-
CTOI1) KBajapar.

2. PaccmoTpuTe Kpyr HAaMMEHBIIIETO pagnuyca, Conep Kalinii
BCe TaHHBIE TOUKU.

3. Hoxaxxure, 4TO B MICKOMOM IIPOMBBEEHUN ABYX MHOTO-
YJIEHOB 9TW MHOTOYJIEHBI PABHHI.

4. PaccMmoTpuTe naHHOe ypaBHeHHe KaK KBaApaTHOe ypaB-
HeHUe OTHOCUTEJILHO X U BBIICHUTE, JJIA KaKUX Y TUCKPUMU-
HAHT 9TOT0 YPAaBHEHUA MOJIOMKUTEJIEH.

5. Bocmoab3yiiTech METOJOM KOOPAUHAT, YIOOHO PaCIOJIO-
KB OCH.

6. BrIpasuTe IJIMHBI KaTEeTOB Uepes3 AJIUHBI MeIUaH.

1945 200 (VIII onumnuada)

IlepBsoIii TYp
7—8 Kaacc
1. YMHOKBTE paccMaTpuBaeMoe IIPousBeieHre Ha a — b.

1
2. Kaxgoe u3 n caaraeMbIX He MEHLIIIE o

3. CymMma mudp ncKkoMmoro ymciaa gaeautcda Ha 11.
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4. OTpes3oK, paspesaroluil TPEyroJbHUK HA ABAa TPEYTroJb-
HUKa PaBHOU MJIOMIAAM, ABJIAETCA MEIUAHON.

5. IIpoBeguTe KacaTeJbHYIO K OKPY'KHOCTAM Uepe3 TOUKY
UX KacaHUsA.

9—10 raacc

1. YMHOKBTE paccMaTpuBaeMoe IIpou3BeaeHne Ha a — b.

2. Ecau N — uckomoe uncyo, o N2 —N=N(N — 1) geaur-
ca ma 1000.

3. BrIpasus y u3 mepBoro ypaBHEHUs, MOCTaBbTe BO BTOPOE.

4. OnucanHas OKPYsKHOCTb TpeyroabHuKa ABC mpoxoauT
yepes BePINUHY HAHHOI'0 IPAMOTO yIJa.

Bropoii Typ

7—8 Kaacc

1. Beruucianure oTAeaIbHO CYMMY TBHICSY, COTEH, JECATKOB U
eIUHNII.

2. IlpencTaBbTe BeJIMUMHY yIJIa IOBOPOTA B BHUAE HECOKpAa-
TUMOM Apo0U, YMHOKeHHOoI Ha 360°.

3. BocmosbayiiTech momobuemM TpeyroabHUKOB AQP u CQB.

4. PaccmoTpuTe TPeyroJabHUK C BepIIMHAMU B CepPearHax
cTopoH Tpeyroabuuka ABC.

9—10 Kaacc

1. IlpeacraBbTe maHHOE ypaBHEeHUe B Buie (x —5) (y+3) =
=c¢, T7e ¢ — HEKOTOpPOe YUCJIO.

2. IIpumeHUTEe MHAYKIINIO II0 7 ¥ BOCIIOJb3yHTEeCh (POPMY-
Jo#t 2 sin g:j:\/2 — 2 cos a.

3. PaccmoTrpuTe Tak:ke Oyry, BbICEKAeMyH0 Ha OKPYIKHO-
CTH TMPOJOJIKEHUSIMU CTOPOH TPEYTrOJbHUKA.

1946 200 (IX orumnuada)

IlepBroIii TYp
7—8 Kaacc
1. Ka:xxkgomy ocTpoMy yIJIy MHOTOYTOJbHHKA COOTBETCTBY-
eT TYIOU BHEIITHUH yTroJI, a CyMMa BHEIITHUX yIJIoB paBHa 360°.
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2. PaccmorpuTe moBopot Ha yroJ 60° Bokpyr Touku B.

3. Uz paBencrBa 131k + 112=132]+ 98 BBITEeKaeT paBeH-
ctBo 131(k—1) =1—14. IToatomy ecau k+#1, To | 10JIKHO OBITH
IOCTATOYHO BEJIHWKO, a AJA UYeTHIPEX3HAUHOrO UHMCJIA OHO He
MOJKET OBITH BEJIUKO.

4. CroxXuTe cHauajla BCe ypaBHEHUS, a 3aTeM CJIOKUTe
IepBoe, YeTBEPTOE U CeIbMOEe ypPaBHEHUS.

5. PaccmarpuBaemoe Mpou3BeeHUE SBJIAETCS MHOTOUJIE-
HOM P (x), obmagmaromum cBoiictBoM P(—x) = P(x).

9—10 kaacc

1. Cunyc yria Mexay paccMaTpUBaeMOM mpsaMoii [ U 1maoc-
KOCTBIO 3 paBeH IIPOMBBEJEHHIO CHHYCa yIJIa MEXIY IPAMOM
| m mpAMOIi, 110 KOTOPOIl IlepeceKaloTcs ILIOCKOCTH o 1 3, Ha
CHHYC yTJIa MeXJY ILIOCKOCTAMHU o U [3.

2. PaspexeM HaHHBIA yTroJI II0 IIPSAMOM, OTPE30K KOTOPOM
IeJUTCA B TOUKe A IomojaM, U JI00W APYroi mpsaMoi, Ipo-
xomsiiei uepesd Touky A (u mepecekaroineii o6e CTOPOHBI yI-
aa). Ilpu cuMMeTpUM OTHOCUTENBHO TOUKH A OOWH U3 ABYX
TPEYyrOJIbHUKOB, KOTOPBLIEe IIPU dTOM OOPas3yioTCs, ITOIafaeT
BHYTPH APYT'OTO TPEYTOJbHUKA.

3. BocmosbayiiTech T€M, UTO

n®+3n+5=(n+T7)(n—4)+33.

4. BocmoJabayiiTech Tem, uto n! 2" = (2n)!l.
5. [TokakuTe reoMeTPUYECKM, CPaBHUBAA ILIOIAAU (Du-
ryp, uto B —a<cos a(tg B —tg o) u a>cos a-tg .

Bropoii Typ
7—8 Kaacc
1. CocraBbTe ypaBHEHHUE AJIS UNCJIA BOCBMHUKJIACCHUKOB U
yrcaa HaOPaAHHBIX UMH OYKOB, BBIUHCJIUB ABYMS CIIoco0amMu
CYMMYy OYKOB, HaOpPaHHBIX BCEMU yUACTHHUKAMHU TYypPHHUPA.
2. IlpencraBbTe HaHHOE BhIpasKeHNUe B BHUE

(x+2y) (x —y) (x + y) (x — 2y) (x + 3y).
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3. Orpesok MN uMeeT HAUMEHBIIYIO IJINHY, KOTJa OH
MepHeHINKYJIAPeH OucceKTpruce JaHHOTO yIJa.

4. [Toka)kuTe, 4YTO MAIllMHA @, IPOXOJUT Uepe3 Bce Iepe-
KPECTKHU TOr[a W TOJBKO TOT/Aa, KOTJa BCe MOPOru, ImepeceKa-
oIue a,, MeHee KpPyThl, 4eM Jopora d,, T.€e. COOTBETCTBYIO-
e UM yTJbl 0oJabiie oTKJI0OHAITCA oT 90°. (MbI o603HaUaeM
OHO#I OYKBOII MAIIIWHY U JTOPOTY, II0 KOTOPOM OHA eJeT.)

5. Hokakure, YTO uUeped KaMKAYIO OCTAHOBKY IIPOXOAAT
POBHO TpU MapIIpyTa.

9—10 waacc

1. KaKapiil IeBATUKJIACCHUK MOJIKEH ObIJ BBIUTPATHL BCE
[IapTUM, KOTOPbIE OH CHII'PAJI.

2. 3ameHure uncJa ocrarkaMmu ot gejnenus xa 10000 u go-
KasKkuTe, uTo cpenu nepsbix 102 +1 map cocegHMX OCTATKOB
HAUAYTCA IBE ONUHAKOBBIE IIaphl.

3. VYBeqnubTe IPOIOPIIMOHATIBHO CTOPOHBI TPEYTOJLHUKOB
SAB, SCD, SEF, nexxaljue Ha CTOPOHAX Tpeyroabuuka PQR,
TaK, YTOOBLI OJHA 13 YBEJIMUYEHHBIX CTOPOH COBIIAJA CO CTOPO-
HOI TpeyroiabHuKa PQR, a ABe Ipyrue JexKaJud Ha ero CTopo-
Hax. 3aTeM CABUHBLTE STU ABEe YBEJUUEHHLIE CTOPOHBI K IIEp-
BOM 13 YBEJMUYEHHBIX CTOPOH.

4. [ToKa)KuTe, YTO €CJM HAa KaKOM-TO MAapIIpPyTe 1 OCTa-
HOBOK, TO Ha JIIOOOM JPYrOM MAapIIPyTe TOXKE N OCTAHOBOK M
yepes3 KayKAyI0 OCTAHOBKY IIPOXOIHUT 71 MAPIIPYTOB.

1947 200 (X onumnuada)

IlepBsoIii TYp
7—8 Kaacc
1. IIpu pacKpbITUM CKOOOK IIOJIyUaeTcsa cyMMa OIHOUJe-
HOB BHUma x>+,
2. OcTaToK paBeH 3HAUYEHHIO MHOTOWIeHA X+ x° +x? + x27 +
+ x84+ %243 mpu x = 1.
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3. BribepuTe cpean maHHBIX UKCeJ HEUETHOE YMCIIO, He Je-
Jsdmieecd Ha 3.

4. PaccmoTrpure ob6siacTu, Ha KOTOpble pas3buBaIOT IISTH-
YTOJBHUK €ro JUaroHaJIu.

5. BocmoassyiiTech Tem, utro LAOB =180° — ZC.

9—10 raacc

1. BocnoasayiiTech TeM, uTO y MHOTOUWIEHOB f(x) u f(—x)
koaddunuest npu x2° oguH U TOT XKe.

2. OmennTre OTAEJLHO MIPOM3BEINEHME IEPBLIX MHATH MHO-
JKUTEJIeH U MIPOU3BeleHle BCeX OCTAJIbLHBIX MHOMKUTEIEH.

3. CHauajya BbIOEpHUTE Cpear AAHHBIX YMCEJ D HEeUETHBIX
YuCeJI, 3aTeM CPeAU HUX BLIOEPUTE TPU UMNCJIA, He HeJIAIIXCS
Ha 3, a IIOTOM BBIOEPUTE CPENH STUX TPEX UMCEJ YKCJIO, He
Ieinslieeca HU Ha 5, HU Ha 7.

5. Haiigure cHavuaJia IpsAMEBIe B IIPOCTPAHCTBE, YAAJIEHHBIE
Ha paccTosiuue d oT JaHHOH mpsamMoi AB.

Bropoii Typ
7—8 Kaacc

1. CHauaJia IMOJIOMKMM HA KaKIYyI0 YallleuKy BECOB IIO Of-
HOMY KyOuKy. Eciu sTu KyOMKH PasHOIr'o Beca, TO MbI IIOJY-
yaeM STAJOHHYIO IIapy, C KOTOPOIi cCpaBHUBaeM oCTaBIrecs 9
nap. Ecau st KyOMKM OOHOTO Beca, TO MbI IIOCJI€L0BATEIbHO
CpaBHUBAaeM C HMMH OCTaJbHBIE mapbl. Kak TOJIbKO KaKas-TO
mapa OKasKeTcs OPYroro Beca, Mbl CMOKeM COCTaBUTH dTAaJIOH-
HYIO Iapy U JaJibllle CPAaBHUBATH C HE.

2. Ecaiu MHOTOYTOJNBHUK MOKHO paspesaTh Ha IapaJiiesio-
rpaMMBbI, TO IJIS Ka)KJIOU ero CTOPOHBI HAWAETCA CTOPOHA, el
mapaJjjejabHasd.

3. Hoxaxxure, 4TO ABa M3 BBIOPAHHBLIX YMCEJI UMEIOT OJU-
HaKOBbIe HAMOOJIbIIIIEe HeUETHEIE JeJIUTeIN.

4. Pasbepure moouepEégHO caydamn, KOrga ecTh 1 OTPe3ok
OHO¥ AJUHBLI U 5 OTPE3KOB APYTOH IJIUHBI, 2 OTpPe3Ka OJHOM
IIUHBI 1 4 oTpesKa APYroi AJIWHBI, 3 OTPe3Ka OSHOM IJIMHBI
1 3 OTpe3Ka APYTrou MJIWHBI.



Yrasanusa 99

9—10 ranacc

1. JTokasKkuTe, UTO MPOEKIIMA DBTON NHUPAMHUILI HA IIJIOC-
KOCTb, IIapaJlIeJIbHYIO IIape IIPOTHUBOIIOJIOMKHLIX PEOEp, mpesn-
CTaBJIsIET cO0O0M MMapaJjjieorpaMM.

2. Hokakure, uTo p < 3.

3. BrimuiniuTe B KaKI0U CTPOKe, HAUMHAS C TPeTheii, ocTar-
KU OT JejieHusA Ha 2 IMepPBBhIX UYeTBhIPEX UMCeJ U CPaBHUTE Iep-
BYIO BBIIMCAHHYIO CTPOKY C IIATOM.

4. PaccmoTpuTe HAMOOJBININE HEUETHBLIE EJUTEIN BCeX
BBIOPAHHBIX YKCEJI.

5. IlpoBegure Jyun M3 TOUKU Ag B BEpPIIMHBI UYETHIPEX-
yroabHuKa AsAgArAs.

1948 200 (XI orumnuada)

IlepBsIii TYp
7—8 kaacc
1. PacmoioskuTe MCKOMEBIE UHCJIa B IOPAIKE BO3paCTAHUS
U TIOKAKUTe, UTO HAaUMeHbIIlee 13 HUX He IIPeBOCXOIUT 3.
2. BocmnoasayiiTech TeM, uto 21 =1024.
3. ITpuMeHUTE MHAYKIIUIO IIO 7.

9—10 Kaacc

22"71 9 2nm -1
1 n—1 2 2n -1 °
, To =10 > .
log, © * logy
3. Paccmorpure cHauana ciayuail, Korga Touka A’ JeKuT
Ha pebpe AB.

1. Eciu 2" —2=nm, ToO

2. Ecau x =

Bropoii Typ
7—8 kaacc
1. Mcoonb3ysi pasioKeHus Ha IIPOCThIE MHOXMKUTEJM, 0-
KasKuTe, UTO eCcau X <Y, TO I AEJUTCS Ha X.
2. PaccmorpuTe roMOTETHIO C IIEHTPOM B TOUKE Ilepeceude-

1
HUA MeJaH TPpeyIroJbHUKAa N ROB(I)(I)I/IIII/IGHTOM romMmoTreTnmn _E.
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3. Ilpu cuMMeTpuM OTHOCUTEJIHLHO OZHOTO ITEHTPA CHUMMET-
puu GUTypHI €€ IPYroil IeHTP CUMMETPUU NIEePEXOAUT B TPe-
TUUN IEHTP CUMMETPUN.

9—10 raacc

p/q (p+a9)/q
1. ToraskuTe, 4TO X = (%) uy= (%) , Tme p
U ¢ — B3aWMMHO IIPOCTHIE ITeJIbIe UHMCJIA.

2. PaccmoTrpuTe ceueHne Ky0a IIJIOCKOCTBIO, IIPOXOIAIIEH
yepes3 ero IeHTP MePHeHINKYJIAPHO OJHON M3 AuaroHajien.

3. HaiimuTe umciao mMe0YMCIeHHBIX PEIleHUN ypaBHEHUS
|x|+|y|=n gnan=0,1, ..., 99.

4. Bocmoab3yiiTech METOOOM KOOPAWHAT, CUMTAS, UTO IIEep-
BBIF JIyu 3amaércs BekTopom (1,0,0).

1949 200 (XII onumnuada)

IlepBsoIii TYp
7—8 Kaacc

1. Yucao 271958 — (108878 -101528) = (271958 —10887%) +
+101528 nenmrcsa Ha 572 u Ha 22.33.

2. Bce ocu cuMMeTpUM MHOI'OYTOJBHUKA IIPOXOLAT Uepes
ero IeHTp Macce.

3. Ilogenure obe uacTu paBeHCTBA Ha 2% Tak, YTOOBI OJHO
u3 uucen x2/2%, y?/2%, z%/2% cramo HEUSTHBIM.

4. Bo3pMuTe OTPE30K, KOHIIbI KOTOPOI'O OEJIAT IIOIIOJIaM
IepuMeTp JIOMaHOM, X PACCMOTPUTE KPYI' C IIEHTPOM B cepe-
IUHE 9TOr0 OTPe3Ka.

5. OTpesok, COeqUHAIONINI IeHTPhl BOINCAHHON 1 BHEBIIU-
CAHHOM OKPYIKHOCTEeil, BUAEH M3 ABYX BEPIIUH IO IPAMBIM
YIJIOM.

9—10 raacc

2. Ocu BpallleHHsS OTPAHMUYEHHOTO Teja IepPeceKarTcsa B
ero menTpe macc. Jlo6as mpAaMas, IPOXOIAIasa uepes MeHTP
MAacc 9TOTr0 TeJja, SIBJISeTCS ero OChbio BpaIl[eHUs.

3. JlaHHOe ypaBHeHHe MOKHO 3amucaTh B Buze f(x)=7"1(x).
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4. Cpenu JaHHBIX YHCEJ He MOXKET ObITh 0OJBIIIE UeTBIPEX
IIOIIAPHO Pas3JINYHBLIX UKCEJI.

5. IIpsamble, coeIUHAIONINE CePEeIUHbBl MPOTHUBOIOIOMKHBIX
CTOPOH JAHHOIO IIECTUYTOJbHIKA, IIePECEeKAIOTCA B OJHOI TOUKE.

Bropoii Typ
7—8 kaacc

1. CoempuHuTe KasKkaoe IIoje ¢ TeM: ABYMS MOJSIMU, HA KO-
TOpPbIe MOJKEeT MOMAacTh M3 Hero (puUinkKa. B pesyibTaTe Imoiy-
YUTCSA HEKOTOPBIN IIUKJ. PaccMOoTpuTe ABUMKEHME II0 STOMY
IUKJIY.

2. BbpiOepuTe oCh KOOPAUHAT M PACCMOTPUTE BCE TOUKU KaiK-
JIOTO TPEYyroJIbHUKA ¢ HamboJIbIllell KoopauuaToi. IlocmoTpu-
Te, KaKkasa (purypa moJiyuaeTcs U3 9TUX TOUEK.

3. Hoxaxkure, 4TO BCce TUPHU MMEIOT BeC ONHON U TOH Ke
yérHOoCcTH. KECam He Bce TMPH OJHOTO Beca, TO M3 KaxKJOW I'i-
PU MOXKHO BBIUECTh BEC HAMMEHBIIEH TI'MpPH; MOJYUYEHHLIN B
pesyibTaTe HabOp 00JIamaeT IPEKHUM CBOMCTBOM.

4. PaccmoTpuTe IIeHTP MacC IIeCTHYTOJbHUKA.

5. PaccmorpuTte octaTku oT geiaenusa Ha 100 uucea S;=aq,
Sz =a;+Aagy ...y S100 =a;+as—+...+a0-

6. B cooTBeTcTBUU C CcOIVIAIIIEHMEM O 3HaKax JJANHA Y4acT-
Ka OyTH MEXXJIY COCEeIHUMU BEepIIMHAMU BBLIPAMKAETCS uepes
IJINHBI KacaTeJbHBIX K OKPY/KHOCTH, IPOBEAEHHBIX M3 DTUX
BePIIUH.

9—10 raacc

2. VI3 9TX KUPOUUYUKOB MOKHO CJIOKUTh Ky0, OT KOTOPO-
ro oTpes3anbl peédpa MJIOCKOCTAMHU, MIaPALIeIbHBIMUA COOTBET-
CTBYIOIUM DPEOpPAM U MPOXOAAIIUMHI UepPes3 CEePeIUHbI CMeK-
HBIX C HUMU pPEGep.

4. Cpenu Bcex I€HTPAJIbHO-CUMMETPUUHBIX MHOT'OYT'OJIb-
HUKOB C JaHHBIM IeHTpoM cuMmMerpuu O, JeKalux B Tpe-
yrospuauKe T, HaMOOJBIIYIO ILJIOMIAAb HMMEeT IiepecedueHue
TpeyroabHuKa T ¥ TPeyroJbHUKA, CHMMETPUIHOTO TPEYTOJIb-
Hukry T oTHOcuTesbHO TouKU O.
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5. HorkakuTe, 4TO AJIA JIFOOOTO HATYPAJIBHOTO Uucia A cy-
IIeCTBYIOT HATypaJbHbBIE UKCIA M U N, AJA KOTOPBIX

lgA<nlg2-m<lg(A+1).

1950 200 (XIII orumnuada)

IlepBsoIii TYp
7—8 raacc

1. VckoMas OKPYsKHOCTb MOJYKET IepeceKaTh I'PaHuIly JIIo-
001 KJIETKU TOJHKO B BepIIUHE.

2. JlioOnle neBATHL T'UPb BecoM 1, n+1, ..., n+ 8 MOXHO
Pas3JIoKUTL HA TPU PaBHBIE IO BeCy KYUWM.

3. CpaBuure yrusl B A30 u B3 A;30.

4. IIpousBefeHne PasHOCTU MJUH ABYX CTOPOH TPEYIOJhb-
HUKa Ha PasHOCTDL ABYX IIPOTHUBOJIEKAIINX UM YIJIOB HEOTPU-
IATEeJIbHO.

5. Ecau 2 KM ObICTpee IPOMTU IIEIIKOM, TO 1 KM TOxKe
MOJKHO HpoiiTu meirkoMm. Ho Torga Ha myTh OJIUHON 2 KM Oy-
IeT 3aTpadveHO POBHO B ABa pasa OOJIbIlIe BpeMeHU, ueM Ha
IyTh AJUHOHK 1 KM.

9—10 raacc
1. BocmoabsyiiTech T€M, UTO

sin B sin C 4 cos B cos C = cos(B—C) < 1.

2. Eciu Bce ueThIpe BEPIMUHBI IHUPAMULBI PACIIOJIOKEHBI
BOJIM3W KOHIIOB OTpe3Ka AJMHBI 1 (HO He Bce BOJM3U OJHOTO
¥ TOTO JKe KOHIa), TO cymMMa pébep mpuOIM3UTEIbHO pPaBHA 3
uiu 4.

3. PasjokuTe cHauaja geBATH TUPb BecoM n?, (n+1)2, ...,
(n+8)? Ha Tpu Ky4u Tak, 4TOOBI ABe KyYM BECUJIU OJUHAKO-
BO, a BeC TpeThell Kyuu ObLI Ha 18 r MeHbIIIe.

4. TTogxopeHHBIe BHIPAKEHUS MOJKHO IPEACTABUTH B BUIE
MMOJIHBIX KBAaJPAaTOB.

5. Cpasuure yrael B,A,0 u B, _1A,_10.
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Bropoii Typ
7—8 kaacc
1. Iz KaKao#i BepIIMHBI MCXOAHOTO 13-yroJbHUKA BBIXO-
IUT He 0ojiee ABYX AUATOHAJIEH, KOTOPbIE ABJIAIOTCS CTOPOHA-
MU PacCMaTPUBAEMOI'0 MHOIOYTOJbHUKA.
2. PaccmoTrpuTe Ipous3BeieHMe

1 2 3 4 5 98 99 1

2°3°4°5°6°°°99 100 100"

3. Touku KacaHUsS ¢ BOMCAHHOU OKPYIKHOCTBHIO MEJIAT IIe-
puMeTp KBaJpaTa HA UYeThIpe YACTH; PACCMOTPUTE OTAEJIbHO
KasKIyIO U3 9TUX YacTeil.

4. IIycth a, — KOJMYECTBO CIIOCOOOB COENUHUTHL 271 TOUEK
HA OKPY’KHOCTU 71 HellepeCeKaIUMUCA XopaaMu. Beipasure
a, uepe3 a1, Ag,y «o.y Ap_1.

9—10 ranacc

1. VI3 HeKoTOpoO#i BepHIMHBI A; BBIXOIAT ABe AMArOHAJH,
OrPAHNUYMBAIOIINE IIOJYUYEHHBI MHOTMOYTOJbHUK, IMPUUYEM KX
KOHIIBI — COCeJHMe BepIIuHbl A, u A, ;. MoXHO cuuTaTh, 4TO
p<975. JIrobaa mumaroHanb, Kpome A;A, i, BBIXOOUT U3 O~
HOI M3 BEepPIIWH ¢ HOMepaMu OT 2 10 p.

2. ComocTaBuM UJIeHY (; HaHHOI MOCJIeN0BATEeIbLHOCTH JBa
yucaa Xp U Yi, Te X, — HamOOJbINIaA AJUHA BO3PACTAIOIIEH
IIOCJIeIOBATEIbHOCTY, HAUMHAIOIIEHCA C Ay, Y, — HaubOJIbIIad
IanHa yOBIBAIOIEN MOoCJaefOoBaTeIbHOCTH, HAUMHAIOIIEHCS C
ay. Ecan x, <10 u y, <10 pua Bcex k, TO KOJIMUECTBO BCEX
pasnuyHbIX nap (X, y;) He npeBocxoauT 100, HO TaKkue maphl
He MOT'YT COBIAIaTh.

3. Eciu ma croponax AB, BC, CA u AD BwIOpaHbl TOUKU
K, L, M u N cCOOTBeTCTBEHHO, TO 3T TOUYKU JIEKAT B OJHOM
IIJIOCKOCTH TOT/A U TOJBKO TOTJa, KOTga

AK BL CM DN

BK CL DM AN — '

4. Paccmorpure 10 momapHO IIepeceKarmninxcs OPAMBIX,
HUKaKWe TPU U3 KOTOPBHIX He IMePeceKarTcs B OJHOUN TOUKe.
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1951 200 (XIV oaumnuada)

IlepBroIii TYp
7—8 kaacc

1. Pacemorpure cayuan x <0, 0<x <1, x>1.

2. Ecau y TpeyroJbHuUKa (PUKCHUPOBAHBI ABE CTOPOHLI, TO
OIpU YBEJIWUYEHUU YyIJia MEXKAY HUMU TPEThs CTOPOHA YBEJIH-
YyyBaeTCsd.

1+0 1+a

3. Berumciure pasHOCTD 7 v 1rara

4. PaccmoTpuTe TOUYKY, KOTOpad IOJydaeTcsad u3 TOUYKU P
rmapaJjJjieJIbHBIM IIEPEHOCOM Ha BEKTOD CPEeJHEN JIMHUU Tpale-
UM U CUMMEeTpUuell OTHOCUTEJHHO CPeJHEN JUHUN.

5. Eciiu MBI packoBanu k 3BeHBEB, TO HauboJiee BHLITOJHA
CUTyaIus, KOrja IoJIyueHHbIe TIPU 9TOM k + 1 uacTeit cocToAT
us k+1, 2(k+1), 4(k+1), 8(k+1), ..., 2(k+1) sBennes
(packoBaHHBIEC 3B€HBbA 3/IeCh HE YUUTHIBAIOTCS).

9—10 ranacc

1. Ecau 4mciio CTOpOH MHOTOYTOJBHUKA OOJIbIIIE 3, TO €ro
MOKHO 3aMEHUTH Ha MHOTOYTOJBbHHUK (C MEHBIIINM YHCJIOM CTO-
poH) cTporo G6oJbIIell MIOIIALHU.

2. BocnoanayiiTech Tem, uto 0,5615<b< 0,516 u 0,1234 <
<a<0,1235.

3. CpaBHuTE yroJ IIpyu BepIIXHE 3BE34U4aTOr0 MHOI'OYIOJIb-
HUKAa, JesKallell Ha OOJbIIell OKPYKHOCTHU, C YIJIOM, IIOJ KO-
TOPBIM BHZHA COOTBETCTBYIOIIAsA CTOPOHA OIMCAHHOI'O MHOI'O-
YTOJIBHUKA U3 IEHTPA OKPYKHOCTHU.

4. Cm. yKasaHue K 3agaue b maiasa (—8 KJjacca.

5. CooTHomeHnne 2y = x + z MOKHO 3aIucaThb B Bufe 10% =
=10"-10%.

Bropoii Typ
7—8 Kaacc
1. 9To uMCca0 3aKJII0UEHO MeXKAYy Ky0aMu ABYX IIOCJIemOBa-
TeJIbHBIX UHCEeJI.
2. TloctpoiiTe Ha cTopoHax TpeyrojbHuKa ABC BHEITHUM
o0pasoM IMOL00HbBIE TPEYTOJIbHUKY ¢ yraamu 180°— /D, 180°—
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—/E un 180° — /F, a 3aTeM COeIUHNTE MX BEPIINHLI C BEPIIU-
Hamu Tpeyroabuuka ABC.

3. Paccmorpum rpad, pédpa KOTOPOro — 3ajauu, a KOHITBI
péGep — peltuBINIe WX MIKOJILHUKU. I'pad mpeacraBiaseT co-
001 o0'beIUHEHIEe HellepeceKamInxcs ITUKJI0B, 1 pasbop 3a-
Iad MOKHO OPraHM30BaTh IO ATUM IIUKJIAM.

4. BMecTO MPOEKIIU MOKHO PACCMOTPETh CedueHue IIJI0C-
KOCTbIO P (purypsnl, COCTOAMIEN M3 BCEX IIPAMBIX, IIPOXOI-
mux uepes Touky O U TOUKHU JaHHOTO TPEyroJbHUKA.

5. lenenne Ha x* + x% 4+ 2x% 4+ x + 1 — 5TO TO Ke camoe, UTO
nenenue Ha x'2—1 u ymaoxenue Ha (x—1) (x3+1) (x*—x%+1).

9—10 raacc

1. Hamn0oaplnyio ILIoIagb BMeeT IPOEKIUI Ha IIJIOCKOCTh,
napajaIeJbHYIO IBYM IIPOTHUBOIIOJJIOMHBEIM PEOpaM.

2. Yucio uieHoOB mocJjgenosaregbHocTu 1, 2, ..., 1951, ne-
JIAIAXCA XOTsI OBl HA OJHO M3 JAHHLIX YNUCEJ df, ..., 4,, PABHO
los1) | sy i

ai az an

3. a) JlocTaTouHO yYecTh TOJBKO TeX IIacCCa’KUPOB, KOTO-
pble HaxXo4sATCA B aBTOOyCe, KOTJa OH eIeT OT 7-ii OCTAHOBKU
o 8-1i.

0) PaccmoTrpuTe cayuaii, Korjga oT KasKIOH OCTAHOBKU C HO-
mepamu 1, 2, ..., 10 mo KasKIoil APYroi OCTAHOBKH C 9THU-
MU HOMEePaMM eIeT POBHO OAUH IIacCaXup, a JaJjbIlle aBTO0yC
efleT IIYCThIM.

4. IlpuMmenuTe BpallleHHe IPABUJIBHOIO TPEYIroJbHUKA BO-
KPYT OOHOI 13 ero BepIINH, YepPeAys STU BEePIINHEI.

1952 200 (XV oaumnuada)

IlepBroIii TYp
7 Kaacc
1. Beipasure yriabl TpeyroabHuka LMN uepes yribl Tpe-
yroabuuka ABC.
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2. O6a BbIpaKeHUs PaBHBI
(® +y%+2%) (a* + 1%+ c?) + 2(xy + yz + zx) (ab + be + ca).

3. JlioOvie nBa pebpa mapasiesenuilea PaBHBI, IIOTOMY
YTO OHU ABJSIOTCA CTOPOHAMM ABYX PaBHBIX ITapajljiesiorpam-
MOB C OOII[eli CTOPOHOI.

4. Bpems, xotopoe A u C enyT Ha BeJiocuIieqe, PaBHO Bpe-
MeHU, KOTOpoe B UAET ImeIrKoM.

8 kaacc

1. JIBe BepIIMHEBI JIIOOOTO TPEYTOJbHUKA U OCHOBAHUS BBI-
COT, ONYIIIEHHBLIX U3 9TUX BEPINUH, JIEXKAT HA OJHON OKPYIK-
HOCTH.

2. Ob6a BbIpasKeHUST PABHBI

(P Hy?+22+ud) @+ b2+t +d?) +
+2(xy+yz+zutux)(ab+bc+cd+da)+4(xz+yu) (ac+bd).

4. Yrobsl A m B 3aTpaTUIN Ha AOPOTY HanMeHbIIlee Bpe-
Ms, OHU JOJIKHBI IPUOBITE B N OJHOBPEMEHHO.

9 kaacc

1. Eciu cymMMa HEeCKOJbKUX UJIEHOB reOMETPUUYECKON IPOo-
rpeccuy paBHA OTHOMY W3 €€ UJIEeHOB, TO 00e YacTu 9TOro pa-
BEHCTBA MOXKHO TOIEJUTH Ha TEPBBLIN M3 BCTPEUAIOIINXCA B
9TOM PaBEHCTBE YJIEHOB T'e€OMETPUUYECKOU Iporpeccuu (mep-
BBIA — 5TO 3HAUUT C HAUMEHBIIIEHN CTeIIeHbI0 3HAMEHATe ).

2. Eciu npsamas b’ mepneHIMKYIAPHA HOPAMBIM 4 U C, a
npsaMasi ¢ MepuneHAUKYJAPHA IPAMBIM @ U €, TO IpAMas a
MePIeHANKYJIAPHA IPpAMBIM b’ 1 ¢’.

3. BocmosbayiiTech T€M, UTO

1-x)1+y) >0 u (1+x)(1—y) >0.

4. Bocmoab3yiTech TeM, UTO ILJIOMIaAb TPEYTrOJbHUKA PaB-
Ha IIPOMBBEJIEHNIO PAaAUyca BIMCAHHON OKPYKHOCTU HA TOJIY-
mepuMeTp.

5. Horakure, uto jgubo as, 1udo ay, aub0 as meusbire 100.
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10 xaacc
1. cos arcsin cos arcsin x = +x u sin arccos sin arccos x =
=+x.
2. BocmonbsyiiTech UHAYKI[UEH II0 7.
3. IIpoekmum Touek KacaHus Ha npamMyio SO coBIamaioT.
4. PaccmoTpuTe oTmenabHO caydai a >0 u cayuait a < 0.

Bropoii Typ
7 Kaacc

1. VI3 mepBOTO U BTOPOI'0 YPaBHEHUU MMOJIyUYaeM X; = X3.

2. BrIpasuTe paccTOAHMWSA OT BEePHIMHBI A IO TOUeK Kaca-
HUS Yepes3 AJUHBI CTOPOH YeTBIPEXYTOJbHUKA W AUATOHAIHU
AC.

3. Ecrm 0<a<1l,T00<a’<a<]l.

4. PaccMoTpuTe OKPY:KHOCTH C AuaMeTpoM AB u mepleH-
OIUKYJIAPBI K OTPe3Ky AB, BoccTaBJeHHBIE U3 €r0 KOHI[OB.

8 kaacc

1. Ecmm0<a<1l,m00<a<ya<1.

2. Tpeyroabauku NBD u NAE, NBF u NAD 1nogo0HEI.

3. Eciiu a u b— paccmarpuBaeMble 4ucja, IPUUYEM @ Te-
JuTCA Ha b, TO YUCJIIO af;b nenurtcd Ha 9, a ¢ APYroil CTOPOHHI,
OHO He TIPEBOCXOIUT 7.

4. Eciau cpeiy m OpAMBIX €CTh TPU IIPSAMBIE, IIepeceKaro-
Iecsd B TPEX Pas3MUUYHBIX TOUKAaX, TO 3TU M MPAMBIX pasdou-
BAIOT ILJIOCKOCTD II0 KpaliHneil mepe Ha 2m + 1 yacreii.

9 Kaacc

1. VI3 mepBOT0o M BTOPOTO YPaBHEHUH MOJyUaeM X = X3.

2. Ocu MUINHIPOB MOJIKHBI OBITh B3aMMHO MIEePIEeHIUKY-
JISPHBI.

4. Brioepem Ha ctopoHe BC Ttouky R Tak, uro ZCAR=60°.
IIycts S — Touka mepeceuenus npamMbix CQ u AR. [Jlokaxkure,
uyto QP — 6uccekTpuca yriaa SQR.

5. PaccmoTpuTe yueHUKA, CTOAINETO Ha IepeceueHuu Ipo-
IOJIBHOTO PAJla, B KOTOPOM CTOMWT CaMbI HU3KWI CPEIU BBICO-
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KUX, U IIOIIEePEeYHOro PsAna, B KOTOPOM CTOUT CaAMBIA BBICOKHM
cpenu HUBKUX.

10 xaacc

1. Croure yKasaHHYIO CYMMY C TAKOH Ke CyMMOIi, 3aMe-
HUB X Ha X + T, 3aTeM 3aMeHHuB X Ha X + 1/2, u T. 1.

3. AGcosoTHBIE BeJIUYNHBI KOPHEN KasKA0ro 13 3TUX MHO-
rOYJIEHOB IPUHMMAIOT TOJLKO IBA 3HAUEHUS, IPUUEM IIPOU3-
BeJleHMe 9TUX 3HAUEHUH IJIA OJHOTO MHOrouJeHa GoJbiie 1, a
IJIs IPYyroro MeHbIe 1.

1953 200 (XVI orumnuada)

IlepBsIii TYp
7 Kaacc
1. PaspexbTe Tpalenuio Ha IapalieJorpaMM U TPEYIroJib-
HUK.
3. BoccraBbTe HEepHeHUKYIAPhl B KOHIIAX OTPE3KA U C UX
IIOMOII[BIO IIOCTPONTE CePeIUHHLIN MEePHEeHIUKYIIADP K OTPE3KY.
4. Tlogenute n?>+8n+ 15 Ha n+4 ¢ ocTaTKOM.

8 Kaacc

1. PaccmaTpuBaeMass OKPYKHOCTL BIucaHa (UJIU BHEBIIU-
caHAa) B TPEYTOJbHUK, BePIIUHBI KOTOPOT'O — ITEHTPBLI JaHHBIX
OKPYIKHOCTEI.

4. BrIipasure paccMaTpuBaeMyio ApoOnL uepes

a:\/2+\/2+...+\/§

n—1

U JOKAKHUTE, U4TO a < 2.

9 kaacc

1. Cunyc obpaiiaercsa B HYJIb B TOUKax km, rae k — 1mejoe
YHCJIO.

2. Ookaskure, uro O0; = %(AAI + BB;).
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3. Ecau f(x)g(y) = x2°°y2°° 41, To MOKHO HOJOKUTH CHA-
yajga x =0, a sarem y=0.
4. Bocmoab3yiTech TeM, UTO Sgra = S ack-

10 rkaacc
2. PaccmoTpuTe CUMMETPHUIO OTHOCHUTEJIHLHO CEPEeNUHBI OT-
peska, coegumHARINEro TOUKy O ¢ BEPIINHON JaHHOI'O KOHYCA.

Bropoii Typ
7 Kaacc

1. JTocTaTOYHO IIPOCJIEAUTDH 3a CTEIEHBIO KaKIOr0 IPOCTO-
r0 MHOMKUTEJS OTHEJIbHO.

2. Eciu guaroHasib 4eTBIPEXYTOJbLHUKA MIPOXOIUT Uepes
IIeHTP BIUCAHHON OKPYKHOCTHU, TO 9TA AUATOHAb SBJIAETCS
OCBIO CUMMETPHUH YeThIPEXYTOJbHUKA.

3. Cocemnue KoJiéca MOJI’KHBI BpaIlaTbCs B IIPOTHBOIIO-
JIO}KHBIX HAIpPaBJICHUAX.

4. BprumcianTre ABYMS CIIOCO0AMM CYMMY BCEX YIVIOB IIOJIY-
YeHHBIX TPEYTrOJbLHUKOB.

5. BeruTuTe 13 BTOPOTO ypaBHEHHUS [E€PBOE, U3 TPETHLEro
BTOpPOE U T. II.

8 Kaacc

1. HepasernctBo 2S < ad + bc oueBugHo. YToOBI HOKAa3aTh
HepaBeHCTBO 2S < ac + bd, paspeKbTe UeTBIPEXYTOJIBLHUK II0
IUAarOHAJIU U CJOKUTE HOBBIN UeThIPEXYTOJbHUK, IIePEBEPHYB
OIUH U3 TPEYroJbHUKOB.

2. 1953 Mo:xXHO 3aMEHUTH Ha IIPOM3BOJIHLHOE HATYpPAaJIbHOE
Yucyao n, gensiieecsa Ha 3. JJokasaTeabCTBO AOCTATOUYHO IIPO-
BECTHU [JIA YHCJIa, KOTOPOe II0JIy4aeTcs, eCJau HadaTh YUTATh
C COCeIHEero MecrTa.

3. HobaBuTh BepinHy A; MOMKHO BCerma, a OTOPOCUTH He
BCerpa.

4. CMm. yKasaHue K 3agaue 3 OJjsa 7 Kjacca.

5. CMm. yrkasaHue K 3ajmaue 5 aja 7 KJacca.
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9 kaacc

2. BocmonnayiiTech METOAOM KOOPAMHAT, BEIOPAB HPAMYIO
| B KauecTBe OJHOM M3 OCeI.

3. Ilpu x=x, u Ipu x = X, TPEXUJIEH
MaeT 3HAUYEeHUS Pa3HOTO 3HAKA.

4. Ha nucre xjgetuaToil OyMaru, BePIIMHAMUN KJIETOK KO-
TOPOTO CAYKAT MEHTPHI KJIETOK MCXOMHOTO0 JINCTA, OTPaKeHre
IIPOUCXOIUT M0 IPABUIY OTPAKEHU Jyua CBeTa.

5. OcHOBaHMAMU NUPAMUJ CIYyKaT TPU IpaHU Kyda, ume-
IOII[e OOIIYIO BEPIIUHY.

a

5 x% +bx + ¢ npuHN-

10 xaacc

1. Yucnaa 1, 2, ..., n SBIAOTCA KOPHIMU JaHHOTO YpaBHe-
HUA.

3. [orkaxxure HepaBeHCTBA

xnfl_\/§ (xnfl_\/z)z
V< YR g e VR

5. Cayuait n=1 Hago pasobpaTh OTAeJIbLHO, a mpu n > 1
TpedyeMble HAOOPHI KJIETOK YCTPOEHBI OJUHAKOBO.

1954 200 (XVII onumnuada)

IlepBroIii TYp
7 Kaacc
1. Orpe:xbTe 3 Jayda 3BEe3JbI U CJIOKUTE TPAIEIUIO.
2. ITokasKuTe paBEHCTBO MHOTOYTOJbHUKOB MHAYKIIVEH 110 7.
3. CorsacHO BTOpPOII cxeMe MAeJIeHWS IepPBble ABe ITU(PPBI
MCcKOMOTro uucya paBHBI 10.
4. Yucno n? — m? mubo HeudTHO, MO0 HenruTca Ha 4.

5. Ilna tpéxsHauHoro uwmcia abc=100a + 10b+ ¢ BbIIOJ-
100a + 106 + ¢ <100

HAeTCA HEPABEHCTBO
p a+b+c

8 kaacc

1. PaspexbTe IOBEPXHOCTHL Kyba IO AMATrOHAJIAM OIHOM
ero rpaHu u peébpaM, MepIeHAUKYIAPHLIM 9TO I'PDaHMN.

2. TloBepHuTEe yKasaHHble BeKTOPHI Ha 90°.
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5. PaccmarpuBaemasi 6eCKOHeUHAsA CUCTEMa YPAaBHEHUH 9K-
BUBAJIEHTHA CHCTEeME IBYX ypaBHeHUU: x +y+2=0, 4x+ 2y +
+2=0.

9 kaacc

1. Ecau f(xo) =1 (x9) =0, TO X¢— ABYKPATHBII KOPEHb
mHorouseHa f(x).

2. IlepBble U@ PHI OCTABIIErOCH YKMCJIA JOJMKHBI ObITHL HAM-
OOJBIINMY BO3MOMKHBIMMU.

3. CiosxuTe Bce JaHHBIC HEPaBEHCTBA.

4. TIpenmoso:KuTe IPOTHBHOE M IIOCMOTPHTE, KAaK TOrIa
TOJIKHBI PACIIOJIAraThbCs IIPOBEAEHHLIE OTPE3KH II0 OTHOIIE-
HUIO K BBICOTAM TPEyroJIbHUKA.

5. Ecau Bce rpanu terpasapa ABCD paBHBI, TO TPEYIroJib-
HUK ABC moi:keH OLITH OCTPOYTOJBLHBIM.

10 kanacc
1. BeigennTe mMOJIHBINA KBaApar.
3. CiokuTe JaHHbIe HEPABEHCTBA.

Bropoii Typ

7 Kaacc

1. PaccraBbTe OYKBBI B IIAXMATHOM IIOPSAIKE.

2. Ha xamoit yaulle HampaBJ/ieHIe OBU:KEHUS MAIIIUH OIIpe-
JeJIeHO OSHO3HAUYHO.

3. Ecnu x4, ..., X; — TaKoe pellleHNe paccMaTpUBaeMO# cu-
CTeMBbI, YTO XOTSA OBI OHO M3 YUCEJT X1, ..., X7 OTJIUYHO OT HY-
Jd, TO BbIOEepeM X, — HauboJbIllee IO a0COJIOTHON BeIUYNHE

u3 srux yucen. Torpa |apx,|> | anx;
iZk

8 xaacc

1. CylrecTByIOT ABe Iapbl KJIETOK, CUMMETPUUYHBIX OTHO-
CUTEJIbHO IIeHTPa KBajpaTa, ¢ PaBHBIMH CyMMaM{ HAIHCaH-
HBIX YHCeJI.

2. PaccmoTrpuTe BeKTOPBI, UAyInue u3 TOuku O B OCTaJIb-
HbIe paccMaTpuBaeMble TOYKM, W SalUIIUTE COOTHOIIEHU
MeKIy HUMU.
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3. Hoxaxxure, 4TO IpPOM3BEJeHNE MEPBBLIX k IIPOCTHIX UU-
cen umeer 2F~! nenmuTeseit, passaramomuxcsa Ha Y6THOe UYHUCIO
IPOCTBIX COMHOXKHUTeJel, u 2F~! nenureneii, pasmaraomuxcs
Ha HEYETHOE YMCJIO IPOCTHIX COMHOMKHUTEJIEN.

5. Eciu y ceMuyroipbHUKA €CTh ABEe OCU CUMMETPUHU, TO OH
IPaBUJIbHBIN.

9 kaacc
1. PaccmoTrputre Ha ayue [; Takyio Touky C, I KOTOPOI

CA; || B1B;y, u upoBepbTe, uTo A1 S=AA;- 1211301 .

2. CM. yrasaHue K 3ajmaue 2 ajs 8 KJacca.

3. Ilyets C1 >Cy > ... > Cigp > 0. MoxHO cuuTaTth, uTo C; <
< 100. BocmoassyiiTtecb HepaBencrBamu 100 —C; >0, 100 —
—C3>0,Cy—C3>20uC;—C5=>0.

4. PacmoJioxure 4ducia a; B IOPSAKE BO3PACTAHUS W BOC-
IIOJIL3YHATECh TEM, UTO IIPU IIEPECTAHOBKE UMCeJI a; ymcja b;
IIePEeCTaABIAIOTCI TOYHO TaK JKe.

5. Eciim mATEPKU OTPE3KOB IPOBeAeHBI k£ pas, TO YMCJIO
CBOOOSHBIX KOHIIOB paBHO 4k + 1.

10 xaacc

1. BocmoabsyiiTech Te€M, UTO IIJIOCKOCTh CHUMMETPUU Tpe-
YTOJIbHOM MUPaMUABI IIPOXOJUT Uepes3 ABe €€ BePIINUHEI.

4. PaccMmoTpuTe CyMMY HAHHBIX YPaBHEHMNIHA.

5. Pas0OeiiTe umcia Ha KJacChl B COOTBETCTBHUHU C UETHO-
CTBIO UMCJIA BCTPEUAIOIUXCA B HUX JBOEK.

1955 200 (XVIII onumnuada)

IlepBroIii TYp
7 Kaacc
1. IIpexcraBbTe Kaxoe YMCIO TAOJIUILI B Buae 7a+ b, rae
0<a<6ul<b<7, u mpocyMMuUpPyiTe OTAEIBLHO caaraemMbie
Ta u ciaaraemsbie b.
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2. Norakure, uro AB=BD =DC = DA.

3. Paccmorpure moBopoT Ha 120° ¢ 1eHTPOM B IIeHTPE Tpe-
yroabauka ABC.

4. Yucno n?+n+ 1 He menurca Ha 5.

5. IIpamoyronbHUK 00s3aTEeIBHO MOJMKEH OBITH paspe3aH
CTaHIAPTHBIM 00pa30oM: pPaspesbl MPOXOIAT MapajjieIbHO CTO-
poHAM HA PaBHBIX PACCTOSTHUIX.

8 Kaacc

1. Pasbepure oTAeabHO ciayuaii, Korga n geautcsa Ha 4. B
cayuae, Korja n He OeJUTcd Ha 4, HYKHO IPOBEPUTDH, UTO
24k _ 1 pgesnurcsa Ha 3.

2. Bce npambeie KL 3amMeTaioT IOJIOCY, OTPAHUYEHHYIO IBY-
Ms IIapaIeIbHBIMUA IPAMBIMU.

3. JIroboe umciio ot 1 1o 7 BCcTpeuaercsa B TaOJIUIlEe POBHO 7
pas, IpuuyéM BHe AUATOHAJN OHO BCTPEUaeTcs UETHOE UKCJIO
pas. Hucao 7 HeUETHO, MOATOMY KaKIOe UHCJIO BCTPEUAETCS
Ha AuaroHajJu HeuETHOe UMCJIO pas.

4. Ecnau BuIOyKJasg GUrypa COAEPKUT IPAMYIO [ I TOUKY
A, TO OHA COIEPIKUT U II0JOCY, 3aKJIOUEHHYIO MEKIY IIPAMOI
| u mpsaAMOIi, IPOXOoAsAIlell uepes TOUKY A ImapajjieabHO IPs-
moii [.

5. ITosnb3ysich CBOMCTBAMM BIIMCAHHOTO YIJIa, CPDABHUTE CyM-
My yrJjioB mpu BepinmuHax A; um C; ¢ cyMMOIi yIJIOB IPU BeEp-
muHaxX B u D.

9 Kaacc

1. IlpexcraBbTe Ka)moe Ymcao TaOJIUIBI B Buie ka + b, rae
0<a<k—-1ul1<b<k, u IpoCyMMUDPYHTE OTHEILHO cJarae-
MbIe ka u ciaraemblie b.

2. TlapaneabHBIA IIEPEHOC IIO3BOJISET CBECTU CUTYAITHIO K
cayYaio KOHIIEHTPUUECKUX OKPYKHOCTEMH.

3. Pemrennii, 1ias KOTOpBIX 00a UMCa X W Y OTJIUYHBI OT
HYyJd, HeT. [lJIa moKasaTesbcTBa pasbepuTe OTAEIBHO CIydaid,
KOT[la ymeJja X U Yy OOHOTO 3HaKa, U CIAydal, Korjaa dyuciaa X U
Y PasHBIX 3HAKOB.
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4. OcTaTKu OT AeJieHUs Ha p AJIA ABYX U3 UUCEJ Ay, dg, ...,
a, coBmagaioT. PaccMoTpuTe pasHOCTh BTUX UuCeJ.

5. Eciim orpesok CE mepecekaer orpe3ok AD, To DA+
+EC>AC+ED.

10 kanacc

1. JIro60e umcyo or 1 10 n BcTpeuaeTcsa B TaOJIUIlE POBHO N
pas, IpUYEM BHE AMATrOHAJM OHO BCTPEUYAETCS YETHOE YMCJIO
pas. Hucio n HeYETHO, IMOATOMY KasKAoe UMCJIO BCTPEUAeTCA
Ha AuaroHajy HeYETHOE YMCJIO Pas.

3. PaccmoTpuTe TOUKM HepIeHAUKYJIApPa K IIPAMOIi, ma-
pajaerbHO KOTOPOI ITPOM3BOAUTCA CiKATHUE.

5. Bribepure Touku A, B, C Ha OJHOM PAcCTOSIHUU OT TOU-
Ku O.

Bropoii Typ
7 Kaacc

1. Eciu ecth HeHyJeBoe perieHue (X, Yy, Z), TO X YETHO,
TI09TOMY Y TOKE€ UETHO, ITIO9TOMY 2 TOXKE UETHO.

2. IlycTh x IpuHHMAaET Bce Iejblie 3HaueHus oT 1 10 n. BbI-
SCHUTe, B KAKUX IIpejieaX U3MeHsAeTCs IIPU 3ToM ax? +bx+c
M CKOJIbKO €CTh TOUHLIX UeTBEPTHIX CTEIeHel, 3aKJIIOUEHHbBIX
B 9TUX IIpefesax.

3. Brerpasure yrasr TpeyroabHuka 00,03 uepes yIiabl Tpe-
yroabuuka ABC.

4. TTo oMMMINNCKON CUCTEME BBIABUM I100eLUTeNs 3a 2D —
—1=24 naprunu. I[lo6eguresb Ipu 5TOM UTPaAJ He OoJee ueM ¢
5 mraxmaTucTaMu, IPUUEM OH 00s3aTEJIbHO UTPAJI CO BTOPHIM
o cuie. IlobemuTesns cpeau 5 MaXMaTHUCTOB MOYKHO BBIIBUTD
3a 4 mapTumn.

5. Okpy:kuTe TPAMOYTOJbHUK UETBIPbMS IIPAMOYTOJIbHU-
KaMU II0 CIIMPAaJIM, 3aTeM IMOJYUeHHBIN IPAMOYTOJbHUK CHOBA
OKPYsKUTE UETBIPbMSA IPAMOYTOJIbHUKAMU U T. A. TaK MOMKHO
MOJIYUYUTL IPAMOYTOJIbHUK, PaspesaHHblil HA 17 IPAMOYTOJIb-
HUKOB. 18-i1 mIpaMOYTOJIbHUK MOKHO K HEMY IIPUJIOKUTD.
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8 kaacc

1. Ecau f(x) =+vax?+bx+ ¢, To pasmocts f(x+ 1) — f(x)
IIOCTOAHHA IPU TOCTATOYHO OOJBIIUX X.

2. Ilyete O; u Oy — IEeHTPHI IEPBBIX ABYX OKPY:KHOCTEH,
R — Touka nx KacaHus, P — cepenmHa Iyru, OTCEKAaeMOM BHEIII-
Hell KacaTeJbHOII Ha TpeThbell OKpy:KHOCTHU. [{oKasKurte, 4TO
PO? — PO% = RO? — RO3.

3. na n-yroibHUKa CpegHAsS CyMMa HOMEPOB CTOPOH Tpe-

3(n+1)

YTONbHUKOB PaBHA ——5— . ITpu n =10 sT0 umMcyIO He IeI0e.

4. Ilomoxure a=b=1, c=2.

5. Eciim 0<a< NT_I, To cpenu uwmcen [a], [2a], ..., [Na]
€CTh COBIIAJAIOIIIHE.

9 kaacc

1. BeIpasuTe BEKTOPHI CTOPOH TpeyroabHuUKa AsB,C, ue-
pes3 BEKTOPHI CTOPOH TpeyroabHuka ABC.

2. PacmiosioskuTe Ha MOJIOKUTEJBHOM IIOJTyOCU OTPE3KHU TaK,
YTOOBI MPOMEKYTKM MeXKAy HUMU umenu aauny 1/2, 1/4,
1/8, ...; HA OTPUITATEJNILHON OCU OTPE3KU PACHOJIOKUTE CUM-
MEeTPHUYHO.

3. IlomesnuTe manHOe ypaBHeHWEe Ha X" W IIEPEHECUTE BCe
YJIeHbI, KpOMe IIePBOT0, B IPaBYIO UACTh.

5. IIpocienuTe, ¢ KeM urpaJj IepBBIA YeJOBEK; pacipese-
JIeHWe UTPAIONINX eJUHCTBeHHO (C TOYHOCTBHIO IO UX HyMepa-
un).

10 xaacc
1. Torakure, uTo f(x) =g(x) (x — g) , IPUUYEM MHOTOUJIEH

q" 'g(x) umeeT mesble KOd(PPUIEHTHI.

3. UrobOBI BBIACHUTH, KaK yCTpPOeHa TeHb OT KOHYyca, pac-
CMOTPUTE TOUKY IepeceueHns IJIOCKOCTH OCHOBAHUSA KOHYycCa
C IPSAMOM, MPOXOAAINEe uepe3d BepHINHY KOHYCA WM MCTOYHUK
cBeTa.

4. OO01asa ToYKa IJId BCeX Iap MO0J:KHA OBITH OSHOU U TOI
JKe.
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5. Touxku Ay, By, Cy ABISIOTCS TOUKAMU IIepPECeUeHns CTO-
poH TpeyroabHuka A;B;C; ¢ npaMbeiMu AgA;, ByBi, CoC;.

1956 200 (XIX onumnuada)

IlepBsoIii TYp

7 Kaacc

1. PaccmoTrpure mBa cayuas: 1) TOUKK pPaACIIOJIOMKEHBI B
BEPIIUHAX BBIMTYKJOr0 YeTHIPEXYTOJIbHUKA; 2) OJHA U3 TOUEK
JIEJKUT BHYTPHU TPEYTOJbHUKA C BEPIIMHAMHU B TPEX APYTUX
TOUKAX.

2. Hckomoe unciio geaurcsa Ha 9.

3. Kaxxmoii Touke camoliepeceueHUsI COOTBETCTBYET Iapa
3BEHDBEB.

4. Borumcinure HanOOJIBIINI OOINUI AeaIuTeasb yncea 5l + 6
u8l+7.

5. Touku, ymanéHHbIe OT JAHHON TOUKU A Ha PACCTOSHUS
1 u 2, pacmoJioKeH bl II0 Pa3HbIe CTOPOHEI OT Heé. Pacmoiosxke-
HUe TOYeK, YIAJEHHBIX OT HUX Ha paccTodaHus 1 u 2, ompeme-
JIEHO OJHO3HAYHO U T. 1.

8 Kaacc
1. IIposenuTe uepes cepenuny orpeska DE orpesku, pas-

Hble U mapaJuienbHble oTpeskam DA u EC.

n 1
2. Ilyetp a= 100 + oq, Tme n —1esoe yncyo u 0 < oy < 100"

Hac unTepecyeT oKpyTIEHHOE C HeLOCTATKOM 3HaAUEHIE JP0o0u
n

n+1000
aubo 3akjaoueHa Mexay 1/2 u 1.

3. Toukwu, ymaméHHbIe OT JaHHOW TOUKU A HA PacCCTOSHUSI
1 u 2, pacmoyIo:KeHsI 110 pas3Hbie CTOPOHBI OT Heé. Pacmomosxke-
HUe TOueK, YOaJEHHBIX OT HUX Ha paccTodaHuda 1 m 2, ompeze-
JIEHO ONHO3HAYHO U T. I.

4. Uz paBenctB al+b=Fkm u cl+d=Fkn ciexnyetr paBeHCTBO
ad —bc=Fk(na—mc).

. ITokaxxure, uto sTa Apods aubo pasua 0 (mpu n=0),
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5. Hucmo, paBHOEe cpegHeMy apu(pMETHUECKOMY UETHIPEX
YuceJ, He MOYKET OBITHL OOJIBIIIE BCEeX TUX UMCeJI.

9 kaacc
1. PaccmarpuBaeMble IpsAMbIe II€PECEKAIOTCS B IEHTPE Mace
yeTbIipéxyroabuuka ABCD.

n 1
" — < -
To00 T %> TA€ 1 — IleJioe YUCIIO U 0<oy < 1000°
Hac mnuTepecyeT OKPYIJIEHHOE C HEZOCTATKOM 3HAUYEHIUE IPO-

n
T
n=0), 1ubo 3akgoueHa Mmexkay 1/2 u 1.

4. BocnoassyiiTecs meTogom I'MT.

2. Ilycts a=

. ITorkaxxure, uto sTta Apobhb aubo pasHa 0 (mpu

10 kaacc

1. PaccMoTpuTe BIMCAHHYIO U OIMCAHHYIO OKPYXHOCTHU
KBaJpaTa; PaCCMOTPUTE TAK)Ke TPEeYrOoJbHUKU, AJISI KOTOPBIX
9TU OKPYIKHOCTHU SBJIAIOTCS BIMCAHHBIMH U CTOPOHBI KOTO-
PBIX mapajiejbHBI CTOPOHAM JAaHHOTO TPEYTOJbLHUKA.
2. Ilyetp o= ﬁ + oy, Tome n—aeaoe unucao u 0 <oy <

< Hac unTepecyeT oKpyIJIEHHOE C HELOCTATKOM 3Haue-

1
10000

HUe apobu . ITorkaxuTe, uTo sTa APOOHL JIMOO paBHA

n

n+ 100000y
0 (mpu n=0), 160 3axkaoueHa mexay 1/2 u 1.

4. PaccMoTpuTe IPOEKIIUI0 HA HPAMYIO, OPTOrOHAILHYIO
IIJIOCKOCTH CeUeHUs.

5. Tlocne 3aMeHBI IIEePEMEHHLIX MOMKHO CUMTATEL, UTO X; =
=xs+|a| u x3=x,4+|b|. Torma 1=1x;+ x2+ x3+ x4 =2x5 +
+2x4+|al+|b|>|a|+|b

Bropoii Typ
7 Kaacc
1. ¥V tpeyronbaukoB ABC u A;B;C; coOTBeTCTBEHHbBIE CTO-
POHBI PAaBHBI U IapaJIIeJIbHbI.
2. CocraBbTe ypaBHeHue aaa x = B A,.
3. CyMMa KaK[I0ro IMOJUEPKHYTOTO OTPUIATEIBHOTO UMCIa
U CTOSIIET0 32 HUM IIOJIOMKUTEIbHOTO YKMCJA MOJOMKUTENbHA.
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4. Bo3bMuTEe CTPOKY, CUMMETPHUUYHYIO NTAHHOMY CTOJIOILY
OT-HOCUTEJIbHO BBIJEJEeHHON AUAaTrOHAJIN, U BBIUYUCIUTE CYMMY
BCEX 3JIEMEHTOB CTPOKHU U CTOJIOIIA.

5. Eciim n »XypHAaJIOB HOKPBIBAIOT ILJIOIIAAL S, TO MOXKHO
yOpaTh OAUH JKYypPHAJ TaK, YTOOBI OCTABIIMNECS KYPHAJbI II0-
KpBIBAJIM IJOINIaAb He MeHee (n— 1)S/n.

8 Kaacc

1. 3arpysuM IOJHOCTHIO 8 MaIllMH. BhI3LIBalolue Imepe-
rpys AIAKN MOMKHO YBE3TH HA IBYX MAIIMHAX, 4 BCE OCTAJIb-
HBIEe — Ha OJHOM.

2. Ina KaXIOW CTPOKM PacCMOTPHUTE OBa CTOJIOIIA, CHUM-
METPHUYHBLIX 9TOM CTPOKE OTHOCHUTEJNLHO ABYX AUArOHAJIel, u
IPYI'yIO CTPOKY, CUMMETPUUYHYIO 9TUM CTOJIOIAM.

3. Ilpoeknuu Touku X Ha BCe MPAMbBIE, IIPOXOIAIINE YePes
TouKy O, JeKaT Ha OKpYy:KHOoCcTU ¢ guamerpom OX.

4. BoigenuTre cHauvajia TPOMKM 4YKCEJ, B KOTOPBIX IIE€PBLIE
IBa YMCJA — IMOOUEPKHYThIE OTPHUIlATENbHBIE UMCJA; CPEeIU
OCTaBIIIMXCSA YKCEJ BBIAEJNUTE IIapbl, B KOTOPHLIX IIEPBOE UKC-
JIO — MOAUEPKHYTOE OTPUIATEIHLHOE UUCJIIO.

5. Eciu niomanb obireil 4acTu J00BIX ABYX IIPIMOYTOJIb-
HUKOB MeHbIe 1/9, To ABa OIPAMOYroJbHUKA 3aHUMAIOT ILJIO-
maab oosbie 1+ 8/9, Tpu IPAMOYrolbHHUKA 3aHUMAIOT ILJIO-
magb 6oabite 14+8/9+7/9 u T. 1.

9 kaacc

2. PaspesxbTe maHHBI Ky06 Ha 132 ky6umkoB c pebpom 1.
BHyTpu omHOTO M3 3THX KYOMKOB HET BHIOPAHHBIX TOUEK.

3. Uucna x, y, z HEOTPUIATEJIbHBI, CPeAU HUX €CTh IO
KpaliHell Mepe OAWH HYJIb, M IO KpaliHe!l Mepe ABa M3 dTUX
Yuces PaBHBI.

4. BripasuTe OTHOIIIEHUWE IJIUH OTPE3KOB, COEIUHSIOIINX
KOHIIBI AMATOHAJNM C TOUKON TepeceueHUs AUATOHAJIU U TPA-
MO, COEIUHAIONIEeN TOUKU KacaHWs, Yepe3 OTHOINEeHUA JIJITH
OTPE3KOB, Ha KOTOPHIE MEJIAT CTOPOHBI UETHIPEXYTOJBHUKA 9TH
IBe TOUKU KacaHUs.
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5. BribepeM IpPAMOYTOJIBHUK TaK, UTOOBI €70 CTOPOHBI OBI-
JU TapajejbHbl JUHUAM KJIeTYATOM OyMaru W BepIIUHBI
TpeyroabHuKka ABC ne:xanu Ha ero croponax. OgHa 13 TOUEK
A, B, C J1e:XUT Ha CTOPOHE NPSAMOYTOJbHUKA (He B BepIIIHHE).
COBUHYBIITKCH U3 9TOI BePIINHBI BHYTPh MPSIMOYTOJbHUKA Ha
eIMHUYHBIN BEKTOD, IIOJYUYUM TPeOyeMyio TOUKY.

10 kanacc

1. Beigenure cHauaJja HaAOOPHI UMCeJ HAMOOJbBINEH JINHbBI
m, B KOTOPBLIX IepBhie m — 1 unces — DOgUEPKHYThIE OTPUILA-
TeJIbHBIE UMCJIA; CPeI OCTABIINXCS YKCEJ BBLIJEJINTE HaOOPLI
OIUHBI M — 1, B KOTOPBIX IIE€PBLIE M — 2 UKCeJ — IOSUEPKHY-
ThIE OTPUIlATEJbHEIE YKUCJIA, U T. J.

2. Ecau miaomanb o0Iel 4acTu JIOOBIX JBYX MHOIOYI'OJIb-
HUKOB MeHbIe 1/9, To 1Ba MHOrOYTroJbHUKA 3aHUMAIOT ILIO-
maas 6oJbine 1+ 8/9, Tpu MHOrOyroJbHMKA 3aHUMAIOT ILJIO-
maas 6oJbine 1 +8/9+7/9 u . 1.

4. Pas3BépTKa JaHHON IMpPaMUALI IPEACTABJISIET CO00H Tpe-
VIOJIBHUK, B KOTOPOM IIPOBEIEHLI CPeSHYe JIMHIN.

5. CocraBbTe ypaBHEeHUA IJIA X = Ay 1By.

1957 200 (XX onumnuada)

IlepBsoIii TYp

7 Kaacc

1. B paBHOGEeIpPEHHOM TPEyTrOJbHUKE, CTOPOHON KOTOPOTO
CAY:KUT OOJbIllee OCHOBaHMWE, AUATOHAJb ABJIsSETCA OOKOBOI
CTOPOHOI1, a B paBHOOEIPEHHOM TPEYroJbHUKE, CTOPOHOMN KO-
TOPOTO CIYKUT MeHbIlIee OCHOBAHNe, JUAaroOHAJb SIBJISIETCSI OC-
HOBaHMEM.

2. TTomoxure x=0, x=+1 u x=2.

3. B xaxxkaoM um3 ueThHIPEX HAIIpaBJeHUi (BIepEénm, Hasam,
HaIpaBo, HaJIeBO) YJIUTKA OJIKHA MPOIIOJ3THA OJHO U TO Ke
paccTossHUe.
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4. PaccMoTpuTe CyMMYy YMCEJ B HEKOTOPOU CTPOKe, Ipes-
CTABUB KaiKJ0Oe UYMCJO B 3TOH CTPOKE B BUAE IPOU3BEIHEHUS
CYMMBI UHCEJI CTOJIOIAa HA CYMMY YHCEJ CTPOKH.

5. Ecisim B sammcu OZHOTO YMCJIa BCTPEUAIOTCA ABE PasHBIE
mu@pbl, TO UX CyMMa JOJ:KHAa ObITH paBHa 9.

8 Kaacc

1. Eciu ABCD — npaMOYTOJbHUK, TO AJsA Ji000# Touku O
BBITIOJIHAEeTCA paBeHCcTBO OB? — 0A% =0C? — OD?.

3. Ilycty d — Hambosbplnasg AUAroOHAJL IapaJiesiorpaMMa
co cropoHamu a u b. Torma d?>a?+b%>2ab>2S, roge S—
IJIOIAAEL HapaJjjeaorpaMmMa.

4. PaccMoTpuTe CyMMY UYMCEJ B HEKOTOPOU CTPOKe, Ipej-
CTaBUB Ka’KJ0€ UMCJIO B DTON CTPOKE B BHUIAE IIPOU3BEEHUSI
CYMMBbI UICEJ CTOJIOIlA HA CYMMY UMCEJI CTPOKH.

5. ITomoxure x=0, x=+1 u x ==+2.

9 kaacc

2. Moraxkure, uro —1 < x < 2.

3. IIyecte M” u N” — cepegunnl cropou AB u CD. Torga
BEKTOPBI CTOPOH TPeyroabHukos MM'M"” u NN'N" paBubI 110
BeJIMUMHE U IIPOTUBOIIOJJIOKHO HAIIPABJIEHLI.

4. Eciu ecth sr00ass cymMMa JeHer PasHbLIMU MOHETaMH, Je-
JAIAasacsa Ha 5, TO, MEHSAs MOHETHI JOCTOMHCTBOM 1, 2 m 3
KOII. Ha MOHeTHI JocTomHCTBOM B 5, 10 m 15 xKom., Bcerma
MOKHO NOOUTHCSA, 4TOOBI MOHeT 1, 2 1 3 KOII. He OCTAJIOCh.

5. Paccmorpure yacTh MHOTOYTOJBHUKA, KOTOPaA OCTAET-
cs TocJie BhIOpachIBAHUS HAMOOJIBIEI CTOPOHBI @, W BHIOEPH-
Te TOUKY, KOTOpasA AEJUT MIOII0JaM IIepUMeTP 9TOM YacTH.

10 xaacc

1. Yucao 20" — 3" geaurca wa 17, a uuciao 16" — 3" meaur-
ca ua 19.

2. V3 Toro, UTO KasKJable TPU MOCJIeqOBaTeIbHBIX 3BeHA II0-
MapHO IEePIeHINKYJSPHbBI, CJIedyeT, UTO YMNCJIO0 3BEeHbEB Je-
JuTcA Ha 3, a U3 TOTO, UTO JIOMaHAas 3aMKHYTa, CJIeqyeT, UTO
YHCJIO 3BEHLEB UETHO.



Yrkasanus 121

4. Eciu ects jgiobasg cymMMa JeHer pPasHLIMHI MOHETAMH,
gendmiasica Ha 5, To, MEHAA MOHETHI JOCTOMHCTBOM 1, 2 u
3 KoII. Ha MOHeThI jocrouHcTBOM B 5, 10 u 15 xom., Bcerga
MOXKHO NOOUTHCSA, 4TOOBI MOHeT 1, 2 1 3 KOII. He OCTAJIOCh.

5. CMm. yrkasaHnue K 3ajmaue b5 giaa 9 Kiacca.

Bropoii Typ
7 Kaacc

1. Beegém cucremy roopamuat ¢ ocamu OA u OB. Iloka-
JKUTE, YTO IJs TOuKu M B IepBOM KBaJpPaHTe KOOPAUHATHI
BCeX BEKTOPOB 3BeHLEB JAHHOM JIOMAHON IIOJIOKUTEILHBI.

2. 3anyMepyiiTe KOHTAKTBI JJAMIbBI II0 MOPSIAKY, a OTBEP-
CTUS IITEICEJSI — B IIPOTUBOIIOJIOMKHOM IIOPALKE.

3. PaccmoTpuTre paBHOOEAPEHHBIN TPEyroJbHUK, OCHOBA-
HUe KOTOPOT0 — HAMMEHBIIINHA U3 OTPEe3KOB a U b, a O0KoBas
CTOPOHA — HAMOOJBIITII.

4. Ha xaxaoM I1are yribl TPEeyroJbHUKA 3aMEHAIOTCS Ha
IMOJIYyCYMMBI IIap YIJVIOB MCXOJHOI'O TPEYTOJbHUKA, IIOITOMY
HanOOJIBIIINKI YO He YBeJINUNBAETCs.

5. Cymma a1+ api2+ ... +ap g BOCBMHU UIAYITUX TOAPAL
YJIEHOB TOCJIEOBATEJLHOCTH 3aKJIOUYEHA CTPOTO MEXKIY Opig
u Api10-

8 kaacc

1. Ilycts mnsa ompenenéHHOCTH a >b. PUKCHUpPyeM CTOPO-
Hy BC; Torma Touxka A aBMKeTcAa IO OKpy:KHocTu. IlycTnh
BA; — KacaTeJbHass K 9TOW OKpPYsKHoOcTH. PaccMmorpure OT-
IeJbHO ciayuaii, korma BA; > CA, u xorma BA; <CA,.

2. 3ammcas IocJie HEKOTOPOU Mu(phl YKCIa U3 IIePBOH II0-
CJIETOBATEJIBHOCTH HYJIb, MBI IIOJIy4aeM YMCJIO M3 BTOPOI IO-
CJIeTOBATEIHHOCTH.

3. 3aMeHHUTe paccMaTpUBaeMble OTHOIIEHUS Ha OTHOIIe-
HuA paccToaHuil oT ToueK O m G 10 CTOPOH TPEyroJbHUKA.
3areM IOKaKHUTE, UYTO CyMMa PACCTOAHUI OT JII000I TOUKU
BHYTPU IPABUJILHOTO TPEYTOJBLHUKA A0 €Tr0 CTOPOH ITOCTOSH-
Ha, IByMsA cIIoco0aMu BBIPA3UB ILJIOIIAAL TPEYTOJbHUKA.
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4. Eciu xoTs OBI OJHO M3 UKCET X1, X, X3 HE PABHO HY.JIIO,
TO U3 JAHHOU CHCTEMBbI YPAaBHEHUH CJedyeT, UTO

(1-2) +(1-2) +(1-5) -

5. Ha xaKkmoM I1are yribl TPeyroJbHUKA 3aMEHAITCSI Ha
HOJIYyCYMMBI Iap YIJIOB MCXOJIHOTO TPEYroJIbHHKA, IIOITOMY
Pa3HOCTh MesKAY HanOOJABIINM 1 HAMMEHBIIINM YIJIOM Ha KaiK-
JIOM IlIare yMeHBIIIaeTCA BIIBOE.

9 kaacc

1. ITocTaTOYHO PacCMOTPETh CJaydYail, KOTAA IIPSIMOYTOJIb-
HUK IIepeMeIllaeTcs BIOJIb OJHOUN 13 CBOMX CTOPOH.

2. Ilycte oy u oy — KOpHU ypaBHeHusd f(x) =x, rae f(x) =
=1—x2. JlokasKuTe, YTO HU HA OJHOM M3 MHTEPBAJIOB (—00, ),
(01, 0), (0, @), (a2, 1), (1, +00) ypaBHenue f™ (x) = x He uMe-
eT pelleHnn.

3. Ilyctys mpotuB umcaa i crouT uymceao o(i). Beraucamre

20
oByMs crocobamu cymmy » (i — o(i)) (mod 20).

i=1
4. BocmooJsassyiiTecs, TeM, uTO ecau b>a+ 2, To

ald! > (@a+ 1)1 (b - 1)L

5. Bripasure mJguHYy KacaTeJbHOU UYepe3 PACCTOAHUE OT
TOUKU OOJIbIIIENl OKPYKHOCTH IO TOUYKM KacaHUA OOJIbIIEH
OKPYKHOCTH M MEHbIel (1 paguychl OKPYKHOCTE).

10 xaacc

1. Ecau Tpu BepHIMHBI IPAMOYTOJBHUKA C 3aJaHHBIMU Ha-
IIPABJIEHUSIMU CTOPOH IEPEeMeIaloTcsa II0 TPEM CTOPOHAM dUe-
TeIpéxyroabHuKka ABCD, TO ueTBEépTas BepIIMHA IepeMerlra-
eTcdA 10 HEKOTOPOMY OTPE3KY.

2. CM. yrasaHnue K 3agaue 2 njaa 9 Kiacca.

3. 3aMeHHUTe paccMaTpUBaeMble OTHOIIIEHUS Ha OTHOIIE-
HUA paccToaHui oT Touek O u G 10 rpaHeil TeTpasapa. 3aTeM
IOKAKNTEe, YTO CyMMa PACCTOSAHUHN OT JIO00W TOYKH BHYT-
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P¥ IpaBUJIBHOTO TETPAadApa A0 ero IrpaHeil MOCTOAHHA, ABYMS
crmocob0aMu BBEIPa3uUB 00BEM TeTpasapa.

4. 3amucaB mocjie HeKOTOPOi ITu(PLI YKncaa U3 IepBoii 1Io-
CJIETOBATEJIBLHOCTH HYJIb, MBI IIOJIy4aeM YMCJIO M3 BTOPOI IO-
CJIeTOBATEIHHOCTH.

5. OTHecéM K OAHOII rpymnme caMmoe OOJIBIIIOE UHCJIO0, a K
IPYyToi — cjenyioliee 3a HUM o BeamuuHe. Ilocyie aToro Oy-
IeM OTHOCHUTBH K ABYM I'PYHIIaM YHKCJIA B IMOPAIKe YOLIBAHWUA,
I00aBJIAA YUCJIO B Ty TPYINY, B KOTOPOII CyMMa YMCeJ MEeHBIIIe.






Pernienuga






1935 200 (I onumnuada)

IlepBsoIii TYp
1-ii sapuanm

1. Ilycts x 1 y — uckomsbie umcia. Ilo yCJIOBI/IIO Wxy=
=25:24, T.e. \/>+\/; . Monoxxum q=+/x/y. Tor;[a q-+
—I- - = 12, T.e. g% — q+ 1=0. Pemras sTo KBagpaTHOE ypaB-

HeHI/Ie, HaxXOIUM (¢ —4/3 u q;=3/4. Takum obpasom, x:y=
=16:9 nau 9:16.

2. Ilycte ABC — uckowmblii TpeyroabHuk, CD —ero Owuc-
cexTpuca. Bospmém Ha npamoit AC toukry E Tak, uro BE ||CD
(puc. 10). Torma yrael OpU CTO-
poue BE rtpeyroabauka BCE pas-
Hbl, mosToMy EC=CB=a. Kpowme
Toro, EB:CD=EA:CA, nosromy

EB =10t
b
B Tpeyroabauke BCE MBI 3HaeM 4 D B
IJWHBI BCEX CTOPOH, IIOATOMY MO- Puc. 10

JHKeM ero IIOCTPOUTH. Tenepb oI
IIOCTPOEHUA TPEYroJbHUKA ABC JOCTATOYHO OTJIOMKHUTH OTpPE-

30K b Ha npogo/nxennn ctopoHsl EC 3a Touky C.

b
Sazaya mMeeT pellleHHe, eCJIu m@tb) g,

3. Ilycts ABC — ocHOBaHUe SAHHOW NMUPAMULBI, IIPUUYEM
A — BepminHa paBHOOeApeHHOro Tpeyroabuuka ABC, T.e.
/BAC = a; S — BepmuHa nmupaMuibl. BOKOBbIe pébpa HaKJIO-
HEHBI [OJ PAaBHBIMHU yTJIaMU, II09TOMY OHU paBHbI. V3 paBeH-
cTtBa TpeyroabHuKkoB ASB u ASC ciemyer, UTO OCHOBAHUS
MePHeHIUKYJISAPOB, ONYIeHHbIX u3 ToueK B u C Ha IpAMYIO
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AS, cosmagaror. IIycts D — ocHOBaHUME 9THUX ABYX HepPHEeHIU-
Kynsapos, E — cepenuna orpeska BC. Torma yron 9= /CDB
ucKoMmelii. flcuo, uro DE = AE sin ¢ (LADE =90°, mockos-

Ky npamas AD mepuneHAuKyaapHa miaockoctu BDC) u EC =
B o 9 EC _ tg(a/2)
=AE tg 5 ITosTomy tg 2~ DE~ sing '
2-1i sapuanm

1. Ilycts gauHa moesga paBHa [ M. UToOBI mpoexaTh uepes
MOCT, IIepeJHUII BaroH JOJI’KEeH BbheXaTh HA MOCT, IPOeXaThb 110
HEeMY a M, a IIOTOM ITPOoeXaTh eIré [ M JJId TOr0, YTOOBI IToCe-

HUII Barod IOKMHYJI MOCT. B pesyjbTaTe IIOJyuyaeM CHUCTEMY
tia

ta— 11

ypaBHeuui [ =t,v, [+ a=1tyv. Pemasa e€, maxomgum [ =
M/cC.

MU=
2. IlyecTh a, b, ¢ — maHHble IpAMbIe, IPUUYEM IpaAMad b Je-

KUT Mexxay a u c. Ilpeamonoxum, uto Bepinuubl A, B, C

KBagpara ABCD je)xaT Ha OIPSIMBIX @, b, ¢ COOTBETCTBEHHO.

Ilepswiii cnoco6. BospMéM Ha TPAMOU b TPOU3BOJBHYIO
TOYKY B W OImycTUM u3 Heé IMeplueHIuKyaap BA; Ha mp4-
MYI0 a U nepuneHIuKyaap BC; ma npamyio c. I[IpamoyroabHbIe
paBuble yrubl (puc. 11), mostomy
OHU pPaBHBI. M3 3TOro BBEITEKAaeT
caenyroiee mocrpoeHue. Ha mps- b
MOUM a CTpouM OTpe3oK A;A, pas- B
HBIA oTpesky BC;. Ml mocTpouau
Bepminuay A. Bepmmua C crpoutces
aHaJOTUYHO (Tak, YTOOBI TOUKHU A C, C
u C Jgexxajau IO OJHY CTOPOHY OT Puc. 11
npamoit A;C).

Bmopoii cnoco6. U3 Toro, uto LABC=90° u AB=BC, BbI-
TeKaeT cleayolee mocTpoenre. Bo3abMEM Ha mpaMoil b mpo-
M3BOJIBHYI0 TOUKY B W IIOBEepHEM NIPAMYIO @ OTHOCUTEJIHLHO
Touku B Ha 90° (B ogHY M1 B APyryioo cropony). Touxa C —
9TO TOUKA IIepeceueHUs HPSIMOU ¢ m oOpasa HpAMOIl a mpu
YKas3saHHOM II0OBOPOTE.

Ay A
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3. Ilycrs pgnuua 6oxkoBOoro pebpa paBHa b, a BbICOTa IUpa-
MuzAbl paBHa h. VckoMblil 06béMm V paser a?h/3. Ilycrs mioc-
Kue yIJbl OPU BePIINHEe U YIJIbl HaKJOHA OOKOBBIX PEOep K
IIJIOCKOCTH OCHOBaHHUSA paBHBI . Torma b sin a=h, bcos a=

2 . o
zéa u b sin g:%. ITosTomy m3 1-ro m 3-ro ypaBHeHUI

IIojryyaeMm

h—bsina—w—acosg
B T 2sin(a/2) 2’

1 a
a sHauuT, V = -a® cos -

3 3 Kpowme Toro, us 2-ro u 3-ro ypaBHe-

A IO ae sinz—icosaﬂc cos 2 = x. Torna
HUU moJIyuaeM =5 . Ilycthb 5 = x. Torz
1
— 1, 1
\/E<x< (1)
TaKk Kak a< 90°, u
Vi = %2(2x2 —1). (2)

ITocsie BosBemeHusa obemx UacTell B KBaJpaT HOBBIX KOpHeH
He TOABUTCH, Tak Kak 2x2 — 1> 0 coriacHo HepaBeHcTBY (1).
ITosTomy ypaBHeHHe (2) MOKHO Ipeodpa3oBaTh K BUAY 4x* —
—2x% —1=0. 9ro ypaBHeHUe ABIAETCA KBAaJAPATHLIM ypaBHe-
1+V5

. Hu

4
YHMCJI0 xz, HI YMCJIO X HEe MOIryT OBITH oTpunaTeJbHbIMM, II0-

2TOMY x:%\/ 1+5.

3-ii sapuanm

1. Ilycts a, a+d, a+ 2d, a + 3d — uckomasa apudmerunue-
ckasa mporpeccus; b, bq, bqg?, bqg® — uckomas reomeTpudecKkas
nporpeccusi. Ilo ycaoBuio

HHeM oTHocuTelabHO x2. Pemad ero, nmoayuaem x2 =

a+b=27,
a+d+bg=2T7,
a+2d+bg* = 39,
a+3d+bg® = 87.
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BriuTem 13 BTOpPOTO ypaBHEHHUA IIEPBOE, U3 TPETHETO BTOPOE,
W3 YETBEPTOT'O TPETHE:

d+b(g—1) =0,
d+bg(g—1) =12,
d+bg?(qg—1) = 48.

W3 mepBoro ypaBHeHua moJsydaeMm b(q — 1) = —d; moacraBum
aTO BhIpasKeHue AJiA b(q — 1) Bo BTOpoe U TpeThe yPaBHEHUA:
d—dqg=12,
d—dqg® = 48.
IlomenuB mocjientee ypaBHeHUE Ha IIPEANOC/IeNHee, MOJyInM
1+qg=4, r.e. ¢g=3. CnemoBareabHo, d = 11—_2(1 =—-6,b= li—q =

=3 u a=27—-—b=24. Takum o00pasoM, HNCKOMBIe IIPOT'PEC-
cuu — oro 24, 18, 12, 6; 3,9, 27, 81.

2. Ilyects a —d, a, a +d — CTOPOHBI TPEYTrOJbHUKA, I — BBI-
cora, OmyIleHHas Ha CTOPOHY a. Iljoianb TpeyrojbHHKA, C
o ah .
OHO# CTODOHEI, PaBHA —-, & C APYTOil CTOPOHEI, OHA PaBHA
IIPOU3BEAEHUIO IIOJOBUHLI IepUMeTpa Ha PaguyC BINCAHHO-

L (a—d)+a+(a+d)
ro Kpyra: 5 r. IlpupaBHUBasA 3TU BBIPpAXKEHUS,

moJIyyaem ah _ %, T.e. 1= lh.
2 2 3
3. Ilycts R — paguyc OKPYKHOCTH OOJBIIIEr0 OCHOBAHUI,
r — paguyc OKPYKHOCTHU MEHBLIIIEro OCHOBaHHA. llepumertp
MIPaBUILHOTO IIIECTUYTIOJbHUKA, OIIU-
- g R CAHHOTO OKOJIO MEHBLIIIET'0 OCHOBAHUSI,

12r
paBeH 7 Ilepumerp npaBUIBLHOTO

TPEYroJbHUKA, BIIMCAHHOTO B 0OJIbIITee

h=R ocHoBaHue, paser 3Rv/3. Ilo ycioBuio
¢ 12r _ _3 _
_ 7 =3RV3, T.e. r—4R. Ecmu ¢
HCKOMBIN yroJ HaKJOHAa, TO tg ¢=
Puc. 12 — B _ 4 (puc. 12).

R—r
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4-ii sapuanm
1. 3anurieM 5Tu ypaBHEHHUS CIEAYIOIIIUM 00pasoM:
x?+y? = 22% + 24°,
x+y=4(@*+1) -2z,
—xy = a® - 2%
Bropoe ypaBHeHMe BO3BeJEM B KBaapar, IpubaBUM K HEMY
TpPeThe ypaBHEHUNE, YMHOMKEHHOE Ha 2, U BHIUTEM II€PBOE ypaB-
HeHUe. B pesynbrare moayuum

0=16(a?+1)2-16(a*+1)z,

T.e. z=a?+ 1 (37ech IpeAIoIaraeTcs, UTo YKUCJIO @ BeIleCTBeH-
Hoe, moaTomy a’+1+#0 u Ha a? + 1 MoxxHO ofenuTs). Teneps
BTOPOE U TPeThe YPABHEHUS 3alUCHLIBAIOTCSA TaK:

x+y=2@*+1),
xy=a*+a®+1.

Peirrenue sToii cucTeMbl CBOAUTCSA K PEIIeHHUIO KBAaAPaTHOTO
YPaBHEHUS; pellas ero, HaXoauM

x=a’+a+1, y=a’Fa+1.

2. Pagunycel Ry, Ry n1 R onucamHBIX OKPYYKHOCTEI II0m00-
HBIX TPeyroJbHuKoB ADG, DBF u ABC mpomopIiioHAaJIbHBI
COOTBETCTBEHHBIM CTOPOHAM:

B _ R R
AD DB AR’
Ri+R: R _
IIO9TOMY AD+ DB~ AB’ a 3gauut, R; + Ry = R. YMHOMXas 3TO
paBeHcTBO Ha 27, ITOJIyd4aeM TpedyeMoe.

3. Ilycrts | — pauna obpasyioiieir Konyca. [JmHA OKPYIKHO-
CTU OCHOBAHUS PaBHA [IJUHE AYTU PAsBEPTKU, II0ITOMY PaIu-
yC OKPYsKHOCTU OCHOBaHUs paBeH [/3. IlycTh yIibl TpeyroJb-
HUKa, JeKalllero B OCHOBAHUY NUPAMUIBI, PABHBI ¢ — 15°, a u
a+ 15°. YuuTeiBasg, 4TO CyMMa YIJIOB JIIOOOTO TPEYTOJbHUKA
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pasua 180°, moayuaem, uto o= 60°. ITosToMmy ocHOBaHuUe mHU-
pamuasl — Tpeyroabuuk ABC ¢ yraamu 45°, 60°, 75°. Ilycth
BC — menbIliasg cTopoHa, O — IeHTP OIMCAHHON OKPY:KHO-
ctu tpeyroabHuka ABC. Torga Z/BOC =2-45°=90°, mosTomy
BOC — paBHOOeAPEHHBIN MPAMOYTOJbHBIA TPEYTOJbLHUK C Ka-
reramu 1/3. Buaunr, BC =1v/2/3. Ilycrs D — cepenuHa oTpes-

kKa BC, S — BepmuHa xkouyca. Torma OD = DB = 3—\1/5 u SD=
? 1T .
_ 2 _ 2_./12_ Y _ . — ,
vSB2 — DB l 18~ 303 Ecnu ¢ — ncKoMmselil yroi, To
¥=% VITS

Bropoii Typ
Cepusa A

1. IIyctse ABC — UCXOHBIA TPEYroOJbHUK, HpuuéMm A —
BepiuHa Tpeyroabuuka ABC, M3 KOTOPOII HpPOBemeHbI Me-
nuaHa, oucceKkrpuca u Boicora. Ilo Toukam M, N u P MOXXHO
IIOCTPOUTH OIMHUCAHHYIO OKPYIKHOCTD.
IIyctes O — eé mentp. IIpamas ON
napaJjeabHa IpaMoii AM, IIOCKOJIb-
Ky obe OHU MepPIeHIUKYJISIPHBI CTO-
poue BC (puc. 13). W3 sToro BbITE-
Kaer cjenyroiee mocrpoenue. Yepes
TOUKY M TMPOBOAMM MPAMYIO, IIa-
pannaensuyio npamoit ON. Bepiiuua
A —3TO TOUKA IepeceueHus MOCTPO-
€HHOM IIPAMOU C OIIMCAHHOUN OKPYK-
HOCTBIO. UTOOBI IMOCTPOUTH OCTAJb-
Puc. 13 Hble BepIINHBI, HAWAEM TOUKY IIepe-
ceueHusa npaMbix AP u ON; us sToi
TOUKHM BOCCTABUM IEPIEHAUKYJIP K mpsamoii ON. OH mepece-

KaeT OKPYKHOCTb B MCKOMBIX TOUKAaX.

2. MHOKecTBO TOUEK, M3 KOTOpPBhIX amaroHannr AC; Kyba
ABCDA,BC.D; Bugnaa mon yraom 90°, mpeacraBiaseT coboit
OMMMCAHHYI0 BOKPYT Kyba cdepy (KOHIbI AUATOHAIN HUCKJIIOUEe-
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HbI). [leficTBUTEIBHO, MOKAMKEM, HAIPUMED, UYTO U3 BEPIITNHBI

B puaromanb AC, BugHa mon yraom 90°. Ilpamas AB mep-

neugukyasapua rpauu BCC,B;, mostomy ABIBC; (puc. 14),

T.e. ZABC,=90°. [Ina ocTambHBIX

BepIINH AOKAa3aTelbCTBO AaHAJOTUU- Dy

HO. A C1
IlepeceueHue sTOTO MHOKECTBA C /

TIOBEPXHOCThIO Kyba COCTOUT W3 IIe-

CTH TOYEK — BEepIIUH Ky0a, OTJINY-

HBIX OT KOHIIOB JAaHHOI AUaroHajwu.

Bce ocTasbHBIE TOUKU IIOBEPXHOCTHU C

A
Ky0a JieskaT CTPOro BHYTPU OIMCAH-
HOU c(epbl, IIO3TOMY M3 HUX JIHAro0-
Puc. 14

HaJIb BUJHA II0J TYIIBIM YyIJIOM.

3. Ilo ycaoBuio Kakgas mapa npameix AB u A1B;, BC u
B,;C{, AC u A;C{ 71eXUT B OAHOHN IIJIOCKOCTH, IIOITOMY MBI
MOJKeM paccMoTpeTrh miaockoctu ABA;B;, BCB{C; u ACA,C;.
IlepeceuenreM MepPBBIX OBYX IIJIOCKOCTEHM CJIAYKUT IIpsaMast
BB, (Hu oxHa W3 IIap paccMaTPUBAeMbIX IIJIOCKOCTEH He MO-
JKeT COBIIafaTh, nHaue TpeyroJabHuKu ABC u A{BC; nexanu
ObI B OgHOM mJocKocTu). Eciu TpeTbs IIJIOCKOCThH IIepeceKa-
eT upaMyio BB; B HEKOTOpPO#l TOUKE, TO 9Ta TOUKA SABJIAETCS
KaK TOUYKOI IlepeceyeHms TPEX YKal3aHHBIX IIJIOCKOCTEel, Tak
U TOYKOHU mepeceueHmsa npambix AA;, BB; u CC,. [eiicTBu-
TeJbHO, mpaMbie AA; u CC; ABISIOTCS IEPECeUueHusAMU IIap
IIJIOCKOCTEM, MOITOMY TOUYKAa HepPeceueHusi TPEX IIJOCKOCTel
UM TpUHALIEKUT. EciIu ke TpeTbs ILIOCKOCTH IIapaslieib-
Ha mpamoit BB, To npamble AA;, BB; u CC, napaJjieJbHbI
IpyT apyry. lelcTBUTEIHHO, B 3TOM CJyUae MepeceuyeHns map
IIJIOCKOCTEH SIBJIAIOTCSA TPEeMs IIapalieIbHBIMU IIPAMBIMHU.

KommMmenTapuii. I3 aToro yrBep:KaeHuns JIETKO BBIBOAUTCS TeopeMa
Iesapra: ecau Tpeyroabuukn ABC u A’B'C’ pacmnonoskeHBI Ha IJIOCKOCTH
TaK, YTO TOUKU Iepecedenus npameix ABu A'B’, BCu B'C', CAu C'A’ ne-
SKaT Ha OJHOI IpaMoii, To mpamele AA’, BB’ u CC’ mepeceKaioTcs B OLHOM
TOYKEe MJIU IapajlieJbHBI APYT APYTY.
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Cepus B

1. Ilepsuviii cnoco6. VI3 BTOPOro ypaBHEHUS CJIEAYET, UTO
xy>1. Yucna x m y He MOTYT OBITH 00a OTPHUITATEJbHBI, IO~
CKOJIbKY MX CyMMa paBHA 2. S3HAUUT, YUCJA X U Y IIOJIOKHU-
TeJbHBI, 1 COTJIACHO HEPABEHCTBY ME:KIy CpegHuUM apudme-
TUYECKUM M CPEIHUM TeOMETPUUYECKHM JBYX YHCENI X+ Y >
> 2,/Xy > 2, npu4éM PaBeHCTBO X + Y = 2 BO3MOKHO JIMIIL B
TOM cayuae, Korga x =y = 1. B Trakom cayuae z=0.

Bmopoii cnoco6. IlogcraBuM BBIpasKeHUE Y =2 — X BO BTO-
poe ypaBHeHue. B pesynbrare moayumm zZ=x(2-x) - 1=
= —(x—1)2. CanegoBarenbHo, 2=0, x=1uny=2—-x=1.

2, Ilycts y=kx. Cpasy ormeTuM, uto k# 1. VI3 ypaBHEeHU

22— k3x® = 26,
kx® —E?x® =6
mosyuaem x° = maxd=_9 CiieqoBaTeIbHO
1— k&3 k— k2 ’
26 6

1-k  kE_k2"

ITockoabky k# 1, obe dacTu 5TOTO yYpaBHEHUS MOKHO YMHO-
KUTh Ha 1 — k. B pesyabTaTe ImMONyduM 5KBUBAJIEHTHOE ypaB-

HeHUe
26 6
1+E+k2 K

T. e. 6k%2 — 20k + 6 = 0. Pemasa 5To KBaJgpaTHOe ypaBHeHNUe, II0-

lHoao aBEHCTBO Xx° =
3" TOMY PaBEHCTB =1

BaeT, uTo x° = —1 uau x3=27. B urore, UCHOIb3ys COOTHOIIIE-
HIe y = kx, TIOJIydaeM pellleHHsd, IepeuylncIeHHbIe B OTBeTe.

aydyaeM k=3 unu TIOKAa3bI-

3. Unaykmnueii mo m Jerko JoKasaTh, uro 13 +23 433 4 ...

3 (m(m+1)
oo tM° = (72

BUAHA: Opu m =1 Kak JieBas, TaK U IIpaBas YacTh PaBHBI 1.
ITosToMy HYKHO JHIIIb AOKAa3aTh Iar MHAYKIIUU, T. €. IPOBe-

2
) . HeficTBuTeIbHO, 0a3a MHAYKIIUU OUe-
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PUTH PAaBEHCTBO

m?(m+1)?2 (m+1)2(m+2)?
4 4 :
ITocse coxpamenus Ha (m + 1)? u yMHOKeHus Ha 4 molyuaeMm
ouyeBHAHOE paBeHCTBO M2+ 4(m+ 1) = (m + 2)2.
Taxkum ob6pasom,

13+23+33+...+(2n—1)3+(2n)3:<

+(m+1)° =

2n(2n+1)>2
2 b
T. €.

134+33 453+ ... +@n—-1)3+23(134+23+... +n?) =
~ (2n(2n+1)\?2
- (5

IIpeoGpasyem mocjeaHee PaBEHCTBO, BOCIIOJIb30BABIINUCH TEM,

uTo 13+23+...+n3:(M

2
3 ) . B pesyabTare moayuum

134+33+53+...+(2n—-1)%=

- (BRCnEDY (DY oy

Cepusa C

1. CuauaJia pemum 3ajzauy AJsd Kyoa.

Ilepebtii cnoco6. Kyb MOKHO ITOBEPHYTH TakK, YTOOBI I'PaHb,
OKpallleHHas MePBLIM I[BETOM, 3aHAJNA 3aJaHHOE ITOJIOXKEHUE.
Hna OKpacKu IPOTHBOIIOJOMKHON €Wl I'paHU €CTh D pasimd-
HBIX BapMaHTOB; Pa3HbIe PACKPACKM IPOTUBOIIOJOMKHON TIpa-
HU JalOT TeOMEeTPUUYEeCKN pasIMuHbIe pacKkpacku Kyba. Cpemu
OCTaBIINXCS UETBIPEX T'paHell MOYKHO BHIOpATh I'paHb, OKpa-
IIeHHYIO0 JaHHBIM IBEeTOM (OAHUM M3 UYETHIPEX OCTABIIMXCS
I[BETOB), U IIEPEBECTU €€ B JaHHOe MOoJIOKeHue (He MeHSas Ipu
9TOM MOJIOJKeHUe IIePBBIX ABYX rpaHeii). Pasublie packpacku
TPEX OCTABIINXCSA T'PAaHEH Tal0T TeOMeTPUYECKU Pal3INUYHbIEe
packpacku Kyba. OgHy U3 3TUX I'PaHeld MOYKHO OKPACHUTh Tpe-
Ms cmocobaMu, ONHY M3 OCTaBIIMXCA — ABYMs. Bcero moury-
yaeM 5-3-2 =30 reomMeTpruyecKu pPasMUYHBLIX PACKPACOK.



136 Pewenus. 1935 200

Bmopoii cnoco6. CHauana HaAEM UHCIIO PA3HBIX Pac-KPaCoOK
KybOa 6e3 yuéra ero caMOCOBMEII[eHUA, T. €. Mbl CUUTAEM, UTO
rpanm Ky0a 3aHyMepPOBaHBI, IIPUUEM €CJIM I[BETA XOTSA OBl Of-
HOH I'paHM pasHbIe, TO TAKNEe PACKPACKU CUMTAIOTCA PA3HBI-
mu. IlepByIo IrpaHb MOXHO IHOKPACHUTh B 6 I[BETOB, BTOPYIO B
5, Tpersio B 4 u T.n. Becero moayuaem 6!=1-2-...-6="720
PasHBIX pacKpacok. M3 Kakaoi TaKOW pacKpacKu MOYKHO ITO-
JYUYUTHh CTOJBKO PAa3HBIX PACKPACOK, CKOJBKO €CTh PAa3HBIX
caMOCOBMeIlNeHn#l Ky0a; IpU 3TOM BCe 9TH PACKPACKHU OyAyT
reoMeTpUUYEeCKN OAWHAKOBBIMU. TakuM ob6pasoM, UUCJIO Teo-
MeTPUUECKH! Pa3INUYHBIX pacKpacok Kyba pasmo 720/N, rme
N — unciyio camocoBMelrleHu# Kyba. JIroOyro 1m3 6 rpaHeii Ky-
0a caMocoBMeIlleHEeM MOJKHO IIePeBeCTH B JIOOYIO APYIVIo.
ITocyie 9TOTO MOYKHO cHejaTh Ji000if 13 4 TOBOPOTOB (BKJIIO-
yasd TOMKIECTBEHHBIN), COXPAHAIONINX NAaHHYIO I'paHb. Bcero
noJsyuaercs 6 -4 =24 camocoBMmerlieHusa. I1osToMy KOJIHMUECTBO
reoMeTPUUYECKH! Pa3JINUYHBIX PacKpacok KyoOa paBHo 720/24 =
=30.

Permmtum temeps 3agauy aasa 12-rpanHuKa (Dogexasapa); mpu
9TOM MBI OyZeM Paccy:KIaTh Tak *Ke, KaK BO BTOPOM PeIlleHUN
damaun A Kyba. KomruecTBO BceX BO3MOYKHBIX PACKPACOK
momexasapa pasuo 12!=1-2.... .12, YTo0ObI HANTU YKCJTIO I'eO-
MeTPUUeCKH! PasJNUYHBIX PAaCKPACOK, HYKHO momeauTh 12! ma
YKMCJI0 CAMOCOBMeEIIeHUN moaexasapa. JIrooyio u3 12 rpameit
MOJKHO IIepeBecTH B JI0Oyio Apyryio. Kpome Toro, ecth 5 mo-
BOPOTOB (BKJIOYASA TOMKAECTBEHHBIN), COXPAHAOINX TaHHYIO
rpaub. Beero moayuaercsas 60 camocoBmelrienuii. IlosTomy Ko-
JIMUECTBO I'eOMETPUUYECKH PA3JINUYHBLIX PACKPACOK IOAEKasapa
pasuo 12!/60 =17 983 360.

2. Ilepswiii cnoco6. Ilyets n=x+y+ 2. Yucmo x MoXKeT
ObITh paBHO 1, 2, 3, ..., n— 2. IIpy PpUKCUPOBAHHOM X UHC-
JIO y MOMKeT HPWHUMATL ONHO m3 n — X — 1 3HaueHuii. Bcero
nmonydaeM (n—2)+ (n—3)+...+1= W BapUAaHTOB.
Bmopoii cnoco6. 3anurieM n Kak CyMMy eguHUIl: n=1+

+ ...+ 1. IIpeactaBuTh n B BUAE CYMMBI IEJIBIX IIOJOMKUTEhb"
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HBIX YHWCEJ N =X+ I+ 2 — 3TO TO JKe caMoe, YTO BBIOpaTh cpe-
Im n — 1 3HAKOB IIJIIOC KaKue-TO ABa. JleficTBUTEIbHO, MBI MO-
’KeM CUHuTaTbh, YTO IIepeJ HMePBbIM II0 IMOPAAKY BBHIOPAHHBIM

3HAKOM IIJIIOC CTOUT X €AUWHMNII, a IIOCJI€ BTOPOI'0 3HaAKa IIJII0C
n—l) _ (n—-1)(n—-2)
o 2

9 Bapu-

CTOUT 2z efuHUIl. Beero mosyuaem <
AHTOB.

3. Iokaskem cHavasa (GopMyJay AAA ABYX umcest. IlycTs
a=p..p;u b:pf1 ...pf’“. Torga

D(a, b) = pPniovhu | printepi
M (a, b) = pretovhu | praxienhu

rae min{o, B} o6o3HauUaeT HaMMeHbIlee U3 ABYX uncesx a u f3,
a max{a, f} — maubonsiree. IIpuBenémM KOKa3aTENbBCTBO IJIA
KasKJIOT0 IPOCTOTO MHOMKUTEIA OTAeNbHOo. IIyeTh a=p* u b=
=p?, npuuém a< 3. Torga D(a, b) =p* u M (a, b) =p”. Ilosro-
My M (a, b) -D(a, b) = p*p? = ab.

Anajoruuso goraskem (GopMyJaIy I TpEX uucesa. [Hocra-
TOYHO PaccMOTpeTh cayuaii, korga a =p%, b=pP, c=p", npu-
gém o< 3 < y. B aToM ciyuae

M(a, b, ¢)D(a, b)D(b, ¢)D(c,a) _ p"p°p’p”

D(a. b, o) e = abc.

1936 200 (II onumnuada)
Bropoii Typ
1. Ilycte xy =t. Hecyio:KHO TPOBEPUTH, YUTO
X +y° = (x+y)° —5(x+y)*xy+5(x+y)x*y® = a® —5a’t +5at’.

Ilpu a#0 gaa t moaydaeM KBaApaTHOe ypaBHeHHe t2 —

5 5 5 5
—b 1 4b
—a?t+ 2 —0. Pemras ero, maxogum t = = (a2 +4/ 222 + .
5a 2 5a
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B pesyabTaTe mosrygyaem cucteMy ypaBHEHUN

x+y=a,
xy = t.

Permrenue aTo# cucTeMbI TOKE CBOAWTCS K PEIIEHUIO KBaapar-
HOTO YpaBHEHNS; ero KOPHU yKasaHbI B OTBETE.

2. Ilyctp A, B, C — TOUKHN TepeceueHUs IPAMBIX b u c,
cua, aunb. PaccMoTpuM BHEBIHCAHHYIO OKPYsKHOCTH Tpe-
yronbHUuKa ABC, KoTopas KacaeTcs CTOPOHBI AB B HEKOTO-
poit Touke M u mpopmoskenuit ctopoH CA u CB B HEKOTO-
poix Toukax K u L (puc. 15). Torma CK +CL= (CA+ AK) +
+(CB+BL)=(CA+AM)+ (CB+BM)=CA+CB+ AB. fIcuo
rakxe, uro CK =CL, mosTomy
CK =CL=p, rae p — moJymnepu-
MeTp.

W3 sTOro BBITEKAET CJIedylo-
mee nmoctpoenue. ITocTpoum Ha
PasHBIX CTOPOHAX YIJa TOUKU
K u L rak, utro CK =CL=p. 3a-
TeM IIOCTPOMM OKPYXHOCTEL S,
KacamwInyoca OPpAMBIX b 1 a B

Puc. 15 ToukaXx K m L. Haxomnen, mpo-

BemeéM u3 Toukm M KacareJb-

HbIe K oKpy:xkHOCcTH S. Te KacareabHbIe, 15 KOTOPBIX OKPYIK-

HOCTh S sBJIsIeTCA BHEBIIMCAHHON OKPYKHOCTHIO TPEyTroJbHU-
Ka ABC, OyOyT MCKOMBIMHU IIPAMBIMU C.

3. Ilycts @ m b — KaTeTH JAaHHOTO TPEYTOJBHUKA, C — €ro
runotenysa. Torga a? + b? = c?. Jlerko IpOBepUTH, YTO IPH Je-
JeHUM Ha 3 KBajpaT Iejioro umcjga gaét ocratok 0 mam 1.
ITosTomy ecau a?+ b? — kBajgpar IeJoro umcia, TO OJHO U3
yuces a u b genurca Ha 3. To Ke camMoe cIpaBeAUBO U IJIs
OCTATKOB OT JeJIeHus Ha 4, I09TOMY OAHO M3 UMces a u b Je-
aurca Ha 4. CiegosareinbHo, ab menurcsa Ha 12.
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4. TIycTs MHOMKHUTeJH HMeIOT Bug 2457, 2%5b: i 2935bs,
Torma a; +as+ a3 =6 u by + by + bz =6. Ilpu saTom uucua a; u
b; MoryT OBITH paBHBI HyJI0. Eciu a; =k, TO AJIs pas3ioKeHUs
as + a3 =6 — k momryuaem 7 — k BapuautoB. IlosTomy mnsa pas-
JIOMKEHUS A + as +as =6 monryuaem 7T+6+5+4+3+2+1=28
BapuaHToB. Beero monyuaem (28)2 = 784 cmocoba.

Ho moka uTo MBI He y4JaM TOMKIECTBEHHOCTH PA3JIOKEHUM,
OTJIMYAIOITUXCSA JIUIITH IIOPAAKOM MHOMKHTeJelr. EcTb poBHO
OIHO PAa3JIOJKeHMe, He 3aBUCAINEee OT IIOPAIKA MHOMKUTEJIEH,
B KoTOpoM Bce MHOXuTeaum pasHbl 100. Te pasiosxeHus, B
KOTOPBIX €CTh JBA PABHBLIX MHOMKUTEJS, MbI IIOCUMTAJN TPHU-
SKOBI. B KasKObIf M3 PaBHBIX MHOMKHTEJIEH 2 MOYKEeT BXOAUTh
B cremenu 0,1, 2 uam 3, T.e. BCEro UeTHIPbMS PAa3JIUUYHBI-
MU CIOoCcO0aMU; CTOJBKUMHU 2Ke CIIOCO0aMu MOXKeT BXOIUTH 5.
Bcero monyuaem 16 pasio:keHuii Takoro BHUAA, HO OOHO U3
HIX — PACCMOTPEHHOE BBIIIEe PA3JIOKEHNE C TPeMsl PaBHBIMU
muokuTenamu. Ocraérca 15 pasiorkeHuii, Kaxjgoe U3 KOTO-
PBIX MBI IIOCUMTAJIHN TPUKIAbI. KOJIMUECTBO Pas3io:KeHUul ¢ II0-
IIapHO Pa3JUYHBIMU MHOMKHUTEIAMU paBHo 784 — 1 —45="T38.
Kaxkmoe m3 HMX MbI mocuMTag ud 6 pas, IMOSTOMY Cpemy HHUX
oymer 738/6 =123 pasiuuHBIX pasJoKeHus. Bcero moJyua-
em 1+ 15+ 123 =139 pasimoxeHuii.

5. IIycts O u R — 1nieHTp u paguyc ganHoi cheps S. IIpea-
TIOJIOXKUM, uTO cepa S; ¢ meHTpom O; KacaeTcs HAaHHOU cde-
PpBI 1 TPEX mAaHHBIX IIOocKocTed. ComocTaBuM chhepe S; chepy
S| ¢ menrpom O; u pagmycom O,0. Cdhepa S| mpoxoxut ue-
pes maHHy0 TouKy O M KacaeTcsd TPEX IIJIOCKOCTeli, yaajEH-
HBIX OT [aHHBIX IIJIOCKOCTell Ha paccrodHue R. [Ind rammoi
IIJIOCKOCTH €CTh POBHO ABEe IIJIOCKOCTH, YAAJEHHBIX OT HEE Ha
paccroauue R. Ilosromy chepa S| mpoxoauT uepes JaHHYIO
tTouky O U KacaeTcs TPOHKHU ILJIOCKOcTeil, IpuuéM ecTh 22 =8
Pas3JIMYHBIX TaKUX TPOEK.

Jlerko mpoBepuUTH, UTO CYIIEeCTBYeT He Oojsee AOBYX cdep,
MIPOXOAAININX Ueped HaHHYIO TOuKy O M Kacalolluxca TPExX
ITaHHBIX ILJIOCKOCTel. B ciryuae, Korma Tpu AaHHBIE ILJIOCKO-
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CTU IIepeceKaroTcsi B OJHOU TOUKE, 9TO JOKA3BIBAETCS CJENY-
oM oopasoM. fcHo, uTo McKoMas cepa SOJIMKHA OBITHL pac-
TIOJIOJKEHA B TOM TPEXTPAHHOM yTJie, KOTOPBIA o0pasoBaH AaH-
HBIMHU ILJIOCKOCTAMHU W cOmep:KuT TouKy O. Bruimem B aTOT
TPEXTPAHHBIA yIroJI IPOM3BOJBHYIO BCIIOMOTATeJIbHYIO chepy.
IIpoBeném mpAMYIO, COeTUHSAIONIYI0 TOUKY O U TOUKY mepece-
YeHUA JTaHHBIX IJIOCKOcTel. MickoMble chephbl COOTBETCTBYIOT
TOUKAM IIepeceueHus dTOW MNPSIMOM C BCIOMOTaTeJIbHOU cde-
poii, a TaKUX TOUeK He 0ojee ABYX. ITO COOTBETCTBUE CIEeIYIO-
Iee: nCKoMasda cepa moJiyuyaeTcsa U3 BCIOMOTaTeJILHOM chephl
TOMOTETHEeH, IePeBOAAIell TOUKY IIepeceueHuss B TOUKy O.

OTmenbHO paccMaTpUBaeTCA caydail, Korga Touka O JeKuT
Ha OJHOW M3 MAaHHBIX MJIOCKOCTed. B sTOoM ciaydae mpamas,
coequHAINAA TOuKy O ¢ TOUKOU IepeceueHnsl TaHHBIX ILJIOC-
KoCTell, mepeceKaeT BCIoMOraTeJbHYy0 cepy He 6oJiee ueM B
OOHOM TOUYKe, HO 3aTO Temepb y HAaC eCTh He OAUWH TPEXT'PaH-
HBII yroJ, comepskarmiuii Touky O, a aBa. (Ecau Ttouka O je-
JKUT Ha IIepeceueHun IBYX MaHHBIX IJIOCKOCTEH, TO MCKOMOM
cepsl He CYIIIECTBYET.)

Kpowme Toro, Hy:XHO paccMOTpPeTh JBa 00Jiee TPOCTHIX CJIY-
yada: 1) ecTh ABe mapajiesibHbIE IIJIOCKOCTH W UX IIepeceKaeT
TPeThbs IIJIOCKOCTH; 2) HMpAMBIEe IepeceueHus IIJIOCKOCTeH ma-
pannenbubl. B o6oux cayuasx Mbl CHOBa CTPOMM BCIIOMOTa-
TeJbHYIO chepy, KacamIlyocsa TPEX AAaHHBIX IIJIOCKOCTEH, HO
Telmepb MBI IPOBOAUM uepeld TOUKY O IpAMYI0, HapaIeIbHYIO
OPAMBIM IlepeceueHmus IIocKocTeli. Mickomas cdepa mosyua-
eTcsA W3 BCIIOMOTAaTEeJbHOI cephl mapasielbHLIM IePEeHOCOM,
TIePeBOAAINUM TOUKY mepeceuenus B Touky O. (JIerko Buzers,
YTO eCJIM BCe TPHU ILJIOCKOCTH ITapajljieIbHBI UJIU IePeceKaroT-
csd O OJHOU IIPAMOI, TO chepa He MOXKET KacaTbCA TPEX Ta-
KX ILIOCKOCTEH. )

B urore mbI mosryuaem, 4TO cyiecTByeT He 0ojee 16 chep

|- Ha nepBeIit B3ry1ax, cepa S; BoccranasimBaercda 1o cde-
pe S} He ogHO3HAYHO. [leICTBUTEJIHLHO, UTOOBI €€ BOCCTAHO-
BUTH, HY’KHO B3ATHL TOUKy O', B KoTopoil nmpamasa 00, mepe-
cexkaet cepy S; chepa S; — aTo chepa ¢ mnearTpom O u pagu-
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ycom 0,0 (puc. 16). Touer mepeceuenus cdepsbl C IPIMOII,
IPOXOIAINEl uepes3 e€ MeHTpP, ABe, II0TOMY MBI IIOJIyYaeM IBe
cepsl, a He oxHy. Ho B IelicTBUTEIHLHOCTHY JUIIH OJHA 13 HUX
MOJKeT KacaTbCsA TPEX MAHHBIX IIJIOCKOCTell (gBe KOHIeHTPHU-
yeckue c(epbl He MOTYT KacaThCs OJHOU M TOM Ke ILJIOCKO-
ctu). ITosTomy cyiecTByer He Oojsee 16 chep, Kacaromuxcs
ITaHHON c(ephbl U TPEX JAaHHBIX ILJIOCKOCTEN.

Puc. 16

ITokaskem Temepb, UYTO NPU PABIUUYHBIX PACIIOJOMKEHUIX
TaHHBIX IIJIOCKOCTEH 1 MaHHOM chephl KOJMUECTBO chep, Ka-
CaIOIUXCA UX, MOKET ObITH JIOOBIM IeJbIM uucjaoMm oT 0 mo
16. Byzem cuuraTh, YTO JaHHBIE IJIOCKOCTH II€PECeKAI0OTCS II0
TPEM IMMapalIeJbHBIM NPAMBIM, IPUUYEM PACCTOIAHUA MEKIY
9TUMHU MPAMBIMEU IoHapHO pasauuHbl. Chepbl, KacawIluecs
TPEX MAHHBIX ILJIOCKOCTEN, 3aMeTalT YeThIpe IMUJIMHIpPAa, CO-
OTBETCTBYIOIINX BIIMCAHHON UM TPEM BHEBINCAHHBIM OKPYIK-
HOCTAM TPEyroJibHUKA, KOTOPBIM oOpasyeTcsa HpU Iepecede-
HUM OAaHHBIX IIJIOCKOCTEH IMJIOCKOCTBHIO, OPTOTOHAJBLHOM BCEM
TPEM AAaHHBIM IJIOCKOCTAM (puc. 17). 9T MUINHAPLI HEe 1MMe-
IOT OOIIUX TOYEK, B TOM UMCJIe ¥ TOUEK KaCaHUA.

Paccmorpum muamHAP M TOUYKY BHe ero. Paccmorpum ce-
MeiicTBO cep Sy ¢ IeHTPOM B BhIOpamHoOil Touke. Hac mmTe-
pecyioT chepbl, BIUCAHHBIE B MUJINHAP U Kacarmiueca che-
pet Sg. Ecau paguyc R chepsl Sp Man, To Takux cep HeT
(puc. 18, a). Byaem yBenmuuBaTh paguyc R 10 Tex mop, mokKa
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chepa Sr He KOCHETCA MUINHAPA. B 9TOM ciaydyae KOJIHUYECTBO
nCKOMBIX cep paBHO 1 (puc. 18, 6). Bymem cHoBa yBeImn4u-
BaTh pazuyc R. Korma chepa Syp mepeceuér IUIMHAP, KOJIU-
YeCTBO MCKOMBIX cep cramer paBHOo 2 (pumc. 18, B). 3arem
chepa Sp OymeT mepeceKaTh IUJIMHAP U €Il¢é KacaThbCs ero B
OMHOM TOUKe. B 3TOM ciryuae KOJIMUeCTBO MCKOMBIX cep paB-
HO 3 (puc. 18, r). Eciu xe pagmnyc R yBeIUUUTH eIré 6oJIbIie,
TO KOJHNYECTBO UCKOMBIX cpep Oymer pasuo 4 (puc. 18, m).

Puc. 18

9Ty 3aMeYaHunsA IIOKA3LIBAIOT, YTO €CJIM MbI BBIOEPEM TOUKY
BHE JAHHBIX YETBIPEX HWJIMHAPOB M PACCMOTPUM CEMENCTBO
chep Sk C IEeHTPOM B BLIOPAHHON TOYKE, TO IPU IIOCTEIEH-
HOM yBeJIWUYEHHM pajuyca R Mbl HOJyYNM KOH(DUTYpPAI[UU,
IJIsI KOTOPBIX UYMCJIO MCKOMBIX c(ep MOCJIeI0BATEJIbHO HM3Me-
Haercsa ot 0 7o 16. Hy:xHo JUIIb T03a00TUTHCSI O TOM, UTOOBI
He MMOSBJISJINCH OJHOBPEMEHHO JBE TOUKM KacaHusa cheprl Sy
C IMJIMHIPAMUA.
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1937 200 (I11 onumnuada)
IlepBsorii TYp
1. ToxnmecTBoO
(x+y+2)?2— (P+y*+2%) = 2(xy +yz+x2)

TIOKAa3bIBaeT, YTO
xy+yz+xz=0. (1)

ToaxgectBo (x +y+2)3 — (X3 +y? +23)=8(x+y)(y+2)(z+x)
mokassrBaeT, 4To (x+y)(y+2)(2+x) =0. YuureiBag paBeH-
ctBO (1), mosTyuaem

xyz = (xy+yz+x2)(x+y+2)—(x+y)(y+2)(z+x) =0.

Ecau x =0, to paBeHcTBo (1) mokaswiBaer, uto yz = (. ITosTo-
my aubo y=0wu z=a, 1u6o z=0 u y=a. AHanornyHo pasdu-
paroTcs ocTaNbHBIE BAPUAHTEI. B UTOre MoJiyuaeM CleAyIolue
pemenusa: (0, 0, a), (0, a, 0) u (a, 0, 0).

2. IlycTs | — manHas npsaMmas, @ — JaHHBIN oTpe3ok. IIpen-
MMOJIOXKUM, UTO ToukKa M Ha mpamoii [ obiamaer TpedyeMbIM
cBoiictBoM. IlycThb S — OKPYKHOCTDH
paguyca a ¢ meHTpom B, S’ — OKpyx-
HOCTb pammyca AM c mentpom M,
A’ — Touka, cuMMeTpUUYHAA TOuKe A
OTHOCUTEeJbHO mpamoii [ (puc. 19).

Torma okpysKHOCTL S’ Kacaercs
OKpy:KHOCTH S, a Touka A’ Jexxur
Ha OKpy:KHOCTU S’. YKakeM Telepb
CcIoco0 IIOCTPOeHUSA TpedyeMoH Tou-
ku M. JlocTaTOuHO IIPOBECTU Uepes
JTaHHBIE TOUKM A m A’ OKPYKHOCTH
S’, KacaloImlyicsi TaHHON OKPYIKHO- Puc. 19
ctu S, 1 HaliTH eé meuTp M.

OxpyxHOCTE S’ cTpouTCsA ciaenyiomum obpasoMm. BosbMém
MIPOUBBOJIbHYIO TOUKY C OKPYKHOCTH S, He JIesKAIyI0 Ha Ips-
Mot AA’, ¥ MOCTPOUM OIMCAHHYIO OKPY/KHOCTb TPEYyTOJbHUKA
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AA'C; ona mepecekaert S B HekoTopoii Touke D. Eciu AA' ||CD
TO IIOCTPOEHME OUEeBHUIHO: MCKOMAs OKPYKHOCTH IPOXOIUT
yepesd Touku A m A’ W ONHY U3 TOUEK IIepeceueHus cepe-
OIUHHOTO MEepPIeHINKYJdpa K OTpe3Ky AA' ¢ OKPYKHOCTBHIO
S. Ilpegmonoxxkum temepb, uto AA'JfCD. Ilycts X — Touka
nepeceuennd upambeix AA’ u CD. IIpoBeném K OKPYsKHOCTH S
Kacarenbuble XP u X@. Torma onmcanuble OKPY:KHOCTH Tpe-
yroapHnKoB AA'P u AA'Q uckomble, Tak Kak XP?=XQ?=
=XC-XD=XA-XA' (puc. 20).

Puc. 20

B zaBucumocTu oT mauHBI oTpeska a samaua umeetr 0, 1
WU 2 perreHuns.

3. IToxaskeMm, 4TO O0'BEM TAKOI'O Te-
Tpasapa paBeH

1 .
5 abd sin ¢,

rme a u b— OIIuHBI OTPE3KOoB, d —
paccTogHue MeXKIY CKPEeITMBAIOIITIMU-
cA NPAMBIMH, () — YToJ MeXJy HHUMH. Puc. 21
Paccmorpum mapasienenure];, o6paso-

BAHHBINA MJIOCKOCTAMH, IIPOXOAAIIINIMU Uepes pedpa TeTpasapa
mapaJjjieJbHO IIPOTUBOIIOJOMKHLIM pédopam (puc. 21). ILzocko-
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CTHU T'paHeil MCXOIHOTO TeTPasapa OTCeKaloT OT IapaJsijieseniu-
mena 4 terpasapa, 00BEM KasKIOTO M3 KOTOPBIX COCTABIISET
1/6 o0béma mapasiaenenunena. Ilosromy 00bEM TeTpasapa co-
craBiaser 1/3 o0béma mapaJienenuiena. A o60bEM mapasie-
Jieruieia JIeTKO BBIUUCJIAETCS, MOCKOJIbKY ero Ipatb SBJIAET-
cA IapaJjaeorpaMMOM € JUArOHANAMU @ U b U yIJoM ¢ MexX-
Iy HUMU, a BbICOTA, OMYyIeHHAaA Ha 9Ty I'paHb, paBHa d.

Bropoii Typ

1. IIycte A, B, C — gauubie Touku, A, B', C' — meHTpHI
TpebyeMbIX OKpyskHOCTel (A’ — IeHTp OKPYsKHOCTH, IIPOXO-
namein yepesd Touku B u C u T.px.). Tpeyroapuuku BA'C,
AB'C, AC'B pasuobexnpennsie. IlycTs X, Yy, 2 — yIJbl IPUA UX
OCHOBAaHUAX, MPUYEM STH YIJbl OPUEHTUPOBAHHBIE: X — 9TO
yros moBopoTa oT BekTopa CB K BexTopy CA/, Y — yTOJI II0-
BopoTa or BekTopa AC K BekTOpy AB', Z — YroJI MOBOPOTA OT
BEeKTOpAa BA x BEKTOPY BC' (puc. 22). Ilycrs, mamee, a, [3,
y — yrusl tpeyroabHuKa ABC, OpmeHTWPOBaHHBIE TaK, KaK

A
)

i)

)

!&1‘:&,
A L]

Puc. 22
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mokasamo Ha puc. 22. Torga

y+z+a=190°
z4+x+p ==490°,
x+y+y==x90°.

Ira cucrteMa ypaBHEHUH JIETKO pelaeTrcs. Hampumep, 4TOObI
HafiTH X, HYKHO CJIOKUTH IBA MOCJEIHUX YPABHEHUS U BBI-
YecTh M3 HUX IEepBOe ypaBHeHUe. Eciu Ke MBI 3HAEM YTIJIbI
X, Y, 2, TO TpebyeMble OKPYIKHOCTH CTPOATCS OUEBUIHBIM 00-
pasom: Ha cTopoHax TpeyroiabHuKa ABC cTposaTcsa paBHOOEI-
peHHbIe TPeYTroOJbHUKU ¢ (OPUEHTUPOBAHHBIMU) YIJIaMU IPU
OCHOBaHUAX X, Y, 2; BEPIIMHBI ITUX TPEYTOJbHUKOB — Il€H-
TPBI UCKOMBIX OKPYsKHOCTel. IIOCKOJIBbKY B KayKJIOM 13 TPEX
ypaBHEHUII MBI MOYKEM He3aBUCUMO BLIOMPATDH 3HAK IIJIIOC MU
MUHYC, UCXOQHAS 3aJjaua HA IMOCTPOEHNEe BCerma mMeeT POBHO
8 pereHuii.

2. V nmopexasgapa 20 sepmiuH, mostomy y Hero 10 60Jib-
mux auaroHasen. IIpexkmge Bcero saaMeTHM, YTO IJIA KaKIOM
u3 9Tux 10 00JbINUX AUATOHAJEH JoJeKasapa eCTb POBHO TPU
PasINYHBIX IMJIOCKOCTH, MEPIeHAUKYIAPHLIX dTOH JUaroHan
¥ BBICEKAIOIIUX ITPABUJILHBIA IIECTUYTOJIbHUK. [[eficTBUTEIb-
HO, OyJeM IBUTATh ILJIOCKOCTD, MEePIEeHANKYIAPHYIO AuaroHa-
JU, OT OOHOII BEePINUHBI K Apyroi. CHauasa B ceueHUU OymeT
IPAaBUJBHBIA TPEYTOJbHUK, & IOTOM IIeCTUYTOJBLHUK C yI-
agamMu 120°, cTOPOHBI KOTOPOTO IIOOUEPETHO MPUHUMAIOT IBa
sHauenus (puc. 23). ITOT IIECTUYTOJbHUK NPABUILHBIN TO-
rIa W TOJBKO TOTZa, KOTZAa 9TH ABa 3HaUeHUA paBHBI. OmHO
u3 9TUX 3HaAUeHuUu Boapactaer or 0 mo d, a aApyroe yoObIBa-
eT oT d 10 a, TAe a— aauHa pedpa momexasapa, d — OJIUHA
auaroHaau rpauu (scHo, uTo d > a). CiemoBaTeabHO, B OIIpe-
IeJEHHBIT MOMEHT IeCTUYTOJbHUK cTaHeT npaBuabHbIM. Ilo-
TOM MBI CHOBA ITOJIy4aeM HeIPaBUJIBHBIN IIECTUYTOJbHUK, KO-
TOPBIA CTaHET NPaBUJIBHBIM, KOTJa MBI AOWAEM O IIEHTPA OO-
Iekasapa (puc. 24); mociie 5TOT0 BCE ITOBTOPUTCSA B 00PATHOM
MopsgKe.
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Puc. 23 Puc. 24

OcTaércsi IPOBEPUTDH, UTO ILJIOCKOCTH, He MePIeHIUuKYJIap-
Had OOJIBINIMM MUATOHAJAM JNOoJeKasnpa, He MOMKET BBICEKATh
MIPaBUJIBHBIN ITECTUYTOJbHUK. [IpelIIosoKuM, YTO ILJIOCKOCTD
ImepeceKaeT IOJeKasAp IO IIPABUJILHOMY IIECTUYTOJbHUKY.
IBe rpaHu momeKasapa MOTYT OBITh: 1) cMeKHBIMU; 2) HeCcMeK-
HBIMHU, HO TPAHUYAIIMMU C OSHON UM TOU JKe I'PaHbIO; 3) IIPO-
TUBOIIOJIOMKHBIMHU. 1103TOMY MOCTATOYHO PACCMOTPETH CJIENY-
Olue CcJyyau pACIOJIOMKeHUs IapajijielbHbIX CTOPOH IIpa-
BUJILHOTO INIECTUYTOJbHUKA: 1) OHU JIeKaT Ha IBYX CMEIKHBIX
rpaHax; 2) OHU JIeKAT Ha ABYX HECME)KHBIX I'pPaHAX, I'PaHU-
Jaiux ¢ OOHOW M TOH Ke IpaHbio; 3) OHM JeKaT Ha OABYX
TIPOTUBOIIOJOKHBIX T'PAHAX.

B mepBomM ciyuae CTOpPOHBI HIECTHYTOJBHUKA ITapajljiesb-
HBI 0o0mIemMy pebpy. ¥ momekasapa HeT TPEx peédep, mapaJi-
JIEIbHBIX TPEM Pa3HBIM HAIIPABJEHUAM CTOPOH IPABUJIBHOTO
mecTuyroabHUKa. IloaToMy xX0Ts ObI AJIA OOHOU ITapbl mapaJi-
JIeJIbHBIX CTOPOH MMEET MECTO BTOPOM MJIM TPETUM CJIydai.

Pasbepém BTOpOi ciayuaii. B aTom ciaydae maHHbIe T'pPaHU
rpaHmyaT ¢ AByMA OOIIMMHU TPaHAMU U IJIOCKOCTH ABYX TaH-
HBIX I'PaHe’ IIepeceKaroTCcs II0 IPAMO, IIapaJjjie;IbHON A1uaro-
HAJAM JAaHHBIX I'PaHEH, COeIMHAMIOIIUX BEPIIUHBI O0ITUX I'pa-
Heli. VI3 5TOT0 MBI BaKJI0YaEM, UTO AJA ABYX APYTrUX map Ipo-
TUBOIOJIOKHBIX CTOPOH INIECTUYTOJbHUKA TOKE MMEeT MEeCTO
BTOPOH cayuail pacroJioskeHusa. IlosTomy MBI mMeeM TaKyIO
CUTYyaIlnio, KaK Ha puc. 23: IJOCKOCTh CeUeHN IapaJieabHa
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IIJIOCKOCTH, B KOTOPOI JIesKaT KOHITLI TPEX peédep momexasapa,
BBIXOIAIIUX M3 OSHOU BEPIIUHBI.

Haxomern, pasbepém Tperuit cayuaii. B saTom ciayuae mias
OCTaJIbHBIX ABYX Map IIapaljieJIbHBIX CTOPOH IIeCTUYTOJIbLHU-
Ka 3aBeOMO He MOMKEeT MMeTh MEeCTO IEepPBBIHA ciiyuai, 1, Kak
BUIHO 13 IPUBEIEHHOTO BBIIIE pasdopa BTOPOTO caydas, OH
TOJKEe He MOKeT BCTpeTuThcA. TakuM obpasom, Bce TpH IIa-
PpBI mapaijaelbHBIX CTOPOH MIECTUYTOJbLHUKA JeKaT Ha IPo-
TUBOIIOJIOJKHBIX TPaHAX AoAeKasapa. HeciaoxHas mpoBepka
MMOKAa3bIBaET, UTO TOTMA IIJIOCKOCTh I He MOMKeT IlepeceKaThb
rpadb II0 OTPE3KYy, COeIUHSIONIeMYy CMe:KHble pébpa, a To-
rIa OHa JOJIKHA IepeceKaTh MMEHHO TaKoii Habop TIpaHeii,
Kak Ha puc. 24. ITokaxkeM, UTO B 9TOM cJydae ILJIOCKOCTH I]
IIPOXOAUT Uepes BepInuHbl miectuyroabHuka ABCDEF (cepe-
IuHbl pédep). Ilpenmoso:kumM, UTO 9TO He Tak. Torma maii-
IyTCA TPU IIOCTIeNOBATeJIbHbIE BEPIINHBI IIECTUYTOJbHUKA
ABCDEF, nexalliue IO OOHY CTOPOHY OT ImockocTu II (BO3-
MOJKHO, OJIHA M3 9TUX BEPIINH JIEXKUT B IJ0oCcKocTu 11, HO nBe
apyrue He Jje:xxar). CieqoBaTelbHO, B CEUEHUU IIOJIYUAETCS
MIECTUYTOJBbHUK, YV KOTOPOTO OHA CTOPOHA MEHBIIIE CTOPOHBI
mectuyronbHuka ABCDEF, a apyraa 6oJbiiie. ITpuxogum K
IIPOTHUBOPEUUIO.

3. ByzmeMm moouepéaHOo HMPOBOAUTHL AMaroHaau. Korma MbI
TIPOBOAUM HOBYIO AMATOHAJb, YMCJO YacTell, Ha KOTOPhIe IPOo-
BeIEHHBIe paHee AUATOHAJIHN MEJIST MHOTOYTOJbHUK, YBEJIUYN-
BaeTcsa Ha m-+ 1, roe m — UMCJIO TOYEK IlepeceueHus HOBOM
IUaroHaJIU C paHee IIPOBENEHHLIMU, T. €. KayKJaasd HOBasd Aua-
roHAJIb U KakJas HOBAs TOUKA IepeceueHns JuaroHajieil yse-
JUYUBAIOT uncyao yacteil Ha 1. [losTomy obIIiee UMCIO YacTei,
Ha KOTOpbIe AMATOHAJU AEJAT Nn-yroabHUK, paBHo D+ P+1,
rae D —uuncao auaroHasieii, P — YMCJI0 TOYEK IlepeceueHm’sd
nuaroHaseii. dcuo, uro D=n(n — 3)/2. OcTaércsa BLIYUCIUTH
P. Jlioboii TouKe mepeceueHUs AUATOHAJEH COOTBETCTBYIOT
IBe AUuaroHajal, KOHIIbI KOTOPBIX 3a4al0T YeThIPe BEPIIUHBI 71~
yroabHUKAa. Hao0opoT, ueThIpe BEPIIUHBI N-yTrOJbHUKA OIIpe-
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IeJAT OOHY TOUKY IiepeceueHus aumarouaseir. Ilosromy P
PaBHO KOJWYECTBY CIIOCOOOB BBIOOpPa UETHIPEX TOUEK U3 N,

T €. n(n—1)y(n—2)(n—3)

p= 24

1938 200 (IV onumnuada)
Bropoii Typ

1. KoMmosumus oTpakKeHUi OTHOCUTEJLHO TOueK X um Y
ABJIAETCS IIePEeHOCOM Ha BEKTOP 2XY. JlefiCTBUTENBHO, ITYCTh
IIPU OTPAKEHUU OTHOCUTEIHLHO TOUKM X TOUKa A IepexomuT
B TOUKY B, a Ipu OTpakKeHUM OTHOCUTEJILHO TOUKU Y TOUYKA
B nepexogut B Touky C. Torma XY — cpegusas JUHUS Tpe-
yronbHuKa ABC (ciyuaii, korga Touku A, B, C jexaT Ha 0Of-
HOII IPAMOIi, pa3bepuTe CAMOCTOATENHHO).

Taxum odbpasom,

AAg = 20102, A2A4 = 20301 nu A4A6 = 20203.

CunemoBarenbuo, AAg=0, T.e. A= Ag.

2. TokakeM cHavaJia, UTO N IPAMBIX, HUKAKNe ABE U3 KO-
TOPBIX He MapaljieJbHbl W HUKAKNEe TPU He IPOXOIAT uepes
OJHY TOUKY, pasbuBaioT IJIocKocTh Ha (n?+n+ 2)/2 gacreii.
HoxasaTeabCTBO IPOBENEM MHAYKIMEH o n. [aa n=0 yrsep-
sKaeHme oueBuAHO. IIpeamosiosKumM, 4YTO OHO JOKA3aHO IJd N
IPAMBIX, U JOKaKeM ero aAnd n -+ 1 npavmeix. Beigenum cpenu
HUX ofgHy npamyo. OcTajbHbIe IPAMEBIE AeJdAT eé Ha n+ 1 ya-
cTell, Ka)kaasda M3 KOTOPBIX AEJUT Ha ABe YaCTU KaKYIo-JIubo
W3 TeX yacTell, Ha KOTOPBIE MEeJAT IJOCKOCTh 1 mpAMbIX. Ilo-
9TOMY IIOCJIE€ ITPOBEAEHUS OJHOM IIPAMOM YMCJIO YacTel yBe-
aunuyusBaetrcsa Ha n+ 1. Ocraércsa 3aMeTHUTDb, UTO

n+1)2+@m+1)+2 n?+n+2

3 = 5 +n+1.

Jia miockocTell [OKa3aTeJbCTBO IIPOBOAUTCA IOUTHU TaK
JKe, Kak U I IpAMbIX. HyXHO JIMIITh BOCIOJIB30BaThCA TEM,
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UTO 7 ILJIOCKOCTEN IIePeceKaroT BHIAEJEeHHYIO IIJIOCKOCTh II0 7
OpAMBIM, T.e. OHH pasbuBaioT eé Ha (n?+n+ 2)/2 ugacreii.
s n =0 yTBep:KAeHNe OUEBUIHO; PABEHCTBO

(n+1)?+5(n+1)+6 n®+5n+6 n’+n+2
6 - 6 2

IIpoBepdaeTCA IIPOCTBIMU BBIYMCICHUAMMN.

3. IlycTs HAmO IMOCTPOUTH TPEYTrOJIb-
HuK ABC 110 OCHOBaHUIO ¢, BBICOTE K,
u pasumoctu yriaoB A um B. IlpexmoJo-
JKUM, UTO TpeyroabHuKk ABC mOCTpPOeH.
0O6os3uauum uepe3 C' TOUKY, CHMMeTPHUY-
HyI0 C OTHOCUTEJIbHO CEePeIMHHOr0 IIep-
MeHAUKYJIsApa K cropoHe AB, uepes B’ — A€ B
TOUKY, CAMMETPUYHYIO B OTHOCUTEJIHLHO Puc. 25
npsamoit CC’' (puc. 25).

Hna oupemenéumuocTu Oymem cumtath, uro AC < BC. To-
roa LACB' = /ZACC' + ZC'CB'=/ZACC'+ ZC'CB=180° — LA+
+ /ZC'CB=180° — (LA — 4ZB), T.e. yron ACB' ussecreH.

W3 sToro BeITEKAaeT cienyioiee mocTpoernre. CHavaia cTpo-
UM TpeyroabHuK ABB’' mo cropomam AB=c¢ u BB =2h, un
yrany LABB' =90°. Touka C sABJseTCA TOUKOI IepecedeHms
CepeIMHHOr0 MeprIeHguKyasaIpa K orpesky BB’ u nyru okpyx-
HOCTH, M3 KOTOPOH orpesok AB’' Bumen mox yriaom 180° —
— (LA - /B).

4. Cumauajyia BbIUepKHeM u3 Habopa umcea 1, 2, ..., 999

999
qucaa, KpaTHbIE D; UX KOJUUECTBO PABHO [T} =199. 3arem

n3 TOTOo Ke Habopa umcea 1, 2, ..., 999 BrIuepKHeM umcIia,
999
KpaTHbIe 7; UX KOJUUECTBO PABHO —|= 142. IIpu sToM umc-

Ja, KpaTHble 35, OYAYT BBIUEPKHYTHI ABaKAbI. VIX Kojuue-

999

CTBO PaBHO [g} = 28. 3HauuT, BCero MuI BbIuepKHYyJIU 199 +

+ 142 — 28 = 313 umces, a ocraymocs 999 — 313 = 686 uuce.t.
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1939 200 (V oaumnuada)
IlepBsoIii TYp

1. Paccmorpum cHauanga cayuaii, korga b=0. B saTom cay-
yae mocjefHNe [BA YPABHEHUS MMEIOT BUJ 2= —X — Y U 22 =
=x? 4 y%. BosBe[a mepBoe U3 HUX B KBaJAparT, moayuum xy = 0.
3uaunr, x=0, z=—y wiu y=0, z=—x. [lepBoe ypaBHeHUE
MCXOQHOM CHCTEMBI IIPX 9TOM BBIIIOJIHIETCS.

Paccvorpum Temeph ciayuaii, korga b 0. Bocmoabsyemes
TOKIECTBOM

xyz—x® —yP -2 = (x +y+2)(xy +yz +xz—x*—y* - 2%).
W3 mepBOTO 1 BTOPOTO YPaBHEHUH CJIEAyeT, UTO
b2
E .
BosBensa B KBagpaT ypaBHEHUE X + Y + 2 = 2b, moayuum

xy+yzt+xz—xt—y?-2% =

X+ y?+ 22+ 2xy + 2yz + 2xz = 4b°.
CiliegoBarTeJibHO,
4yl 4+22=0® u xy+yz+xz= gb2.
CpaBHUBas IIepBoe M3 3TUX YPABHEHUH C IIOCJEIHUM ypaBHe-
HUeM HUCXOIHOI cucteMbl, moaydaeM z = 0. Takum ob6pasom,

ryP=0 uw xy= g b2,
CiiegoBarTeJibHO,
(x—y)? =x*—2xy +y* = —2b%.

Kpome Toro, yuntsiBasi, uto z =0, 13 BTOPOTO YPaBHEHUS HC-
XOIHOU CUCTEMBI ToJiyuaeM X + y = 2b. Pemasa cucremy ypas-
HeHU#A x —y=++/—2bu x+ y=2b, HaXOQUM

x = (11@)17, y:<1q:\/§)b.

2. Ilycte ABCDE — npaBUJIbHBINA IISTUYTOJbHUK, BINCAH-
HBIA B OKPY:KHOCTEL paguyca 1 ¢ mearpom O. Cymma BEKTOPOB,
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uaymux n3 Toukyu O B BEPIIUHBI 9TOTO NATUYTOJbLHUKA, PaB-

Ha HYJI, MMOCKOJBbKY IIPU IIOBOPOTE Ha YIroJ %ﬂ aTa cymMma
nepexoAut cama B ce6s. IloaToMy cyMMa IpoeKuuii BEKTOPOB
OB, OC, OD, OE na npamyoo OA, Ha KOTOPOH B KauecTBe II0-
JIOXKUTEJbHOTO HAIIpaBJIeHUs BhIOpaHo HampasjieHue oT O K

A, paBHa —1. C n1pyroii CTOPOHEI, 3Ta CyMMa IIPOeKInil paBHA

2 cos 2—”—1—2 cos .
5 5

3. Ilpenmosoxxum, uTo Tpebyemasda mpAMas [ IIOCTpoeHA.
PaccmorpuMm aBa caydas.

Ilepsuviii cayuaii. llpamasna | mepecekaet orpe3ok BC.

IIpoBeneém 13 Touku B meprneHIUKYJAAP K IpAMOi [, a u3s
rouku C mpoBenéM IpAMYI0, mapajienbHyoo [. Ilycte A’ —
TOUKa IIepeceueHus OBYX IIPOBEAEHHBIX IPAMBIX (puc. 26).
Tpeyroapuuk A’BC npsaMoyrojbHbIM. B HEM M3BECTHBI I'MIIO-
reny3a BC u rarer A’'B. W3 5TOro BLITEKAaeT CJEAYIOIIee II0-
crpoenne. ITocrpoum Tpeyroabuuk A'BC, a 3aTeM IIPOBemEM
npamyoo [, nepuenaukyaapuyoo BA'. Ecin npamas [ mepece-
KaeT oTpe3ok BC, To 3Ta mpsaMasd UCKOMAasd.

B
A /7
—0

A H I

c A’ A’
Puc. 26 Puc. 27

Bmopoii cayuaii. Ilpamas | He mepecekaet oTpe3ok BC.

Hoctpoum Tpeyroabuuk ABC mo mapaJienorpammva ABA'C
(puc. 27). N3 paseHcTBa AA'=AB + AC BugHO, 4TO cyMMa
paccrosguuit ot Touek B u C mo mpsAMOU [ paBHA PACCTOSIHUIO
ot Touku A’ 10 npamoii [. VI3 aToro BeITEKaeT cJeayiollee mo-
crpoenne. IlocTpouM HpAMOYroJIbHBEIN TpeyroabHuk AA'H ¢
3agaHHOM rumorenys3oii AA’ m Karerom A'H, mjimHa KOTOPO-
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ro paBHa AJIMHE JAaHHOTO oTpesKa. Eciau mpsamasa [=AH me
nepecexaer oTpe3ox BC, To aTa mpsMas MCKoMasd.

4. N36aBasasachk OT paguKajioB, IPUXOAUM K YPABHEHUIO
x*—2ax*—x+a*—a=0.

OTHOCUTEJIBLHO 4 3TO YpaBHE€HUE KBaapaTHOe. Pemasa ero, Iio-
JIydyaeM [1Ba PeEIleHnd:

a=x2+x+1;
a=x?—x.

W3 ucxommoro ypaBHeHus BUAHO, uTo X > (0. ITosTomy perrie-
HUe a =X — X TOAXOAUT TOIbKO Ipu a =0 (3T0 ImpoBepAeTcsA
HEeIIOCPEeCTBEHHOM ITOJCTAHOBKOW B MCXOJHOE YpaBHEHUE), a
pemterne a = x2+ x + 1 nmogxonut mpu Bcex a > 1. Pemas mo-
cjefHee KBaJpaTHOEe ypaBHEHUE, HAXOOUM pellleHue, YKa3aH-
HOe B OTBeTe.

5. Ilycts AD, AM u AH — OucceKkTpuca, MeuaHa U BLICO-
ta TpeyroabHuKka ABC. Ilycth, nanee, D' — Touka mepeceue-
HUsA npamMoit AD ¢ OIHMCAHHON OKPYsKHOCTHIO TOT0 TPEYIoJib-
Huka. Torga D' — cepegquna ayru BC, nostomy MD' || AH. U3
9TOTO CJIeAyeT, UTO Touka D JieKuUT Ha orpeske M H. 3tu pac-
CYKIEeHUS CIIPABEIJIUBLI U [IJIs TYIIOYTOJbLHOTO TPEYToJIbHIKA
(puc. 28).
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Bropoii Typ
1. fcuo, uro

(a5)3_1 - a15_1 -

10 5 _

a"t+a’+1= ap—-1 ~ a’-1
- @®® -1 (@ -1@?+d°+a®+a*+1)
T (@a-1D(@*+ad+at+a+1l) " (a-1(a*+ad+a+a+l)

_(@+a+1)(@?®+a®+a%+a*+1)
o at+ad3+a+a+1
HenocpecTBeHHOe NejeHNe IOKA3hIBAET, UTO

12 9 6 3
a“+a +a +a -|-]._ 8 7 5 4 3
i adtarl 4 @ ta—a +ta a+1.

CiiegoBaTeJibHO,

a®+a°+1=(@*+a+1)(@—-a"+d°—a*+a®>—a+1).

2. V3 Toro, 4TO He Bce KO3(PUIMEHTHl IPOU3BEAeHU Je-
Jasarcs Ha 4, ciaedyeT, UTO Y OJHOT'O MHOTI'OUJIEHA €CTh HeueT-
HBIA Koa(uimeHT. [locTaTouHO M0OKas3aTb, YTO y APYroro
MHOTOUJIeHA HeT HeUETHBIX KoadduiueHToB. IIpeamomoxum,
YTO y 000MX MHOTOUJEHOB €CTh HEUETHBIE KO03(P(PUIIMEHTHI.
3aMeHUM KasKIbII KO3(P(UIMEeHT Ha ero OCTaTOK OT [eJeHUs
Ha 2. B pesysbTraTre moJiyuuM MHOTOYJIEHBI a,X" + a, 1x" 1+
+ e+ X" T bpx™ + by x™ N+ ...+ X% 30€CH ' M S — MUHH-
MaJIbHBIE CTeIIeHU YJIEHOB, KOd((PUIIMEeHTHI IIPU KOTOPBIX He-
YETHBI, a Kammoe u3 uwncen a; u b; pasuo 0 uau 1. Eciu B
MIPOM3BeNeHN JaHHBIX MHOTOUJEHOB MBI 3aMEHUM KaiKIbIHA
K05 (PUIMeHT Ha eTr0 OCTATOK OT AeJeHus Ha 2, TO IOJYUUM
MHOTOUJICH @,b,x" ™ + ...+ x" 7%, Takum o6pasoM, B IPOU3Be-
JEeHNN JAaHHBIX MHOTOWIEHOB Koa(pdumumeHT mpu x ™° Heué-
Te€H, UYTO HPOTHUBOPEUUT YCIOBUIO.

3. IlpuBemém pelrieHue 3a4aYy TOJbKO AJISI OJHOTO CIydas
B3aMMHOTO PACIIOJIOKEeHUS TOueK A m B, mJaHHOW OKPY:KHO-
ctu u npamoit MN (puc. 29). B apyrux ciaydasx IocTpoe-
Hue OyxerT aHaJaOrMuYHO. [IpeamosiosKmmM, YTO MBI ITOCTPOUIN
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Tpedyemyio Touky X. IIycts mpamas AX mepecekaeT JaHHYIO
OKpysKHOCTH S B Touke C, a mpamas BX — B Touke D. Ilpo-
BeléM uepesd TOUKy D mpaAMYyio, ImapajjieJbHyi0 npsamoii AB;
OHAa TIepeceKaeT OKPYKHOCTL S B HeKoTopoii Touke K. Ilycts
npamasa KC mepecexkaer npamyio AB B Touke P. Tpeyroabuu-
Ku APC u AXB nono0HBI, ITOCKOJBKY YyToal A y HUX OOIIuii
u LZAPC=/CKD=/CXD. W3 togobus sTUX TPEyroJbHUKOB
caenyer, uto AP-AB=AC-AX.

M N
X
S

K

C D

Ap

B

Puc. 29

W3 aToro BeITEKaeT cienyioiee nocrpoeHmue. IIpoBeném ue-
pes TOUKy A mpaMYyio, IIepeceKaIlyio OKPYKHOCTL S B HEKO-
ropeix Toukax C' m X'. Torma AP-AB=AC-AX =AC'-AX,
IIO9TOMY MBI MOJKEM IIOCTPOuTh TOUuKy P. [lajiee, Ham u3Be-
crex yroa CDK (ou paBeH yriy Mexay npambiMu AB u MN).
ITosTomy MBI 3HaeM nauHy Xopabkl KC, a 3HAUUT, MBI MOYKEM
IIOCTPOUTH OKPYKHOCTD S’, KOTOpas MMeeT TOT JKe IeHTP, UTO
U OKPYKHOCTBL S, 1 Kacaercsa xopasl KC. IIposensa u3 Touku
P kacarenbHyio K okpykHOCTH S’, Haxomum Touky C.

4. Crauana sameruMm, uto 105=1 (mod 7). IeiicTBuTeH-
HO0, 10% + 1 menurca Ha 7, T.e. 103=—1 (mod 7). Kpome To-
ro, 10 =4 (mod 6) npu k> 1, nockoasky umucsao 99...96 uér-
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HO ¥ menurcs Ha 3. CiemosarensHo, 101 =10* (mod 7) mpu
k> 1. ITosTomy TpeOyeMbIli OCTATOK paBeH OCTATKY OT mOeJje-
Hudg uncaa 10-10* =10° ga 7. DToT ocTaTOK paBeH 5, MOCKOIb-
xy 10° = 3° =243 (mod 7).

5. IlycTp II — ILJIOCKOCTH OCHOBAHUS IMUPAMULbI, @ — TOU-
Ka IepeceueHUs MepHeHAUKYJIApa K maockoctu II, BoccTas-
JIEHHOTO M3 TOYKM P, ¢ IIJIOCKOCTBIO T'PaHMW IIUpaMuabl, R —
OCHOBaHNe IMepIeHANKYJISIpa, ONyIeHHOoTo Ha pebpo aToii rpa-
HHU, Jexaiee B miaockoctu II. Torga PQ = PR tg ¢, rae ¢p=
=/PRQ. Yrox ¢—23TO yrojl HAaKJOHA ILIOCKOCTH IDPaHU K
IIJIOCKOCTHU OCHOBaHUA. [/ Bcex rpaHeil MUpPaMUIbI OH OOUH
1 TOT ke. IIoaToMy JOCTAaTOUHO AOKA3aTh, UTO JJSA IPABUJIb-
HOIO MHOTOYTOJBHHKA, JIeXKAI[ero B OCHOBAHUU IIHUPAMUILI,
MMeeT MeCTO cjeayiolnee yTBep:KAeHme: «Ilasa 000 TOUKHU
P, nexaineil BHYTPH HPABUJILHOTO MHOIOYTOJbHUKA, CyMMa
paccTosgHUi oT P 10 CTOPOH MHOTOYTIOJbHUKA OJHA W Ta Ke».
Yro0BI JOKa3aTh 9TO YTBEP:KIAEHNE, Pas3perkeM IPaBUJILHBIN
MHOTOYTOJIbHUK HA TPEYTOJbHUKN, IIPOBEAs OTPE3KU N3 TOU-
Ku P B Bepmuubl. C OOHOI CTOPOHBI, CyMMa IIJIOIIageii 9TuX
TPEeyTroJbHUKOB IIOCTOSIHHA (0OHa paBHA IJIOIAANM MHOTOYTOJb-
Huka). C apyroil CTOpOHBI, 3Ta CyMMa pPaBHA IIOJIOBUHE IIPO-
U3BEeJeHUS CYMMBI PACCTOAHUMN OT TOUKU P [0 CTOPOH MHO-
TOYTOJIbHUKA Ha IJIUHY CTOPOHBI MPABUIBLHOTO MHOTOYTOJIb-
HUKA.

6. Ilycts a, — HamboJIbIlIee YMCJIO YACTEW, HA KOTOPHIE
pasbuBaioT chepy n OKpPy:KHOCTEH, b, — HAMOOJIbIIIee UUCJTIO
yacTel, Ha KOTOPbIe pasObmMBAIOT IPOCTpPaHCTBO n cdep. fc-
HO, uTO a; =2 u b; = 2. Ilorkamxem, uto a,<a,_1+2(n—1) n
b,<b,_1+a,_,. Ilycts Ha chepe gJaHO N OKPYyKHOCTEH. PUK-
cupyeM onHy u3 HuX. OcTaBIIrecs OKPYKHOCTU PasOMBAIOT
cepy He OoJiee ueM Ha a,_; dacTeii. PUKCUpPOBaHHAA OKPYIK-
HOCTBH IIepeceKaeT OCTaJbHBbIE OKPYsKHOCTH He 6GoJjiee ueM B
2n — 2 rouxkax. Touku mepeceueHnss pasOMBAIOT (PUKCUPOBAH-
HYI0O OKPYsKHOCTh He Oojiee ueM Ha 2n — 2 UacTel; KasKgas
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UX DTUX YacTell OKPYsKHOCTH N00aBJISIeT OSHY HOBYIO UacTh
pasbuenus coepswi. IlosTomy a,<a,_;+2(n—1). Hepasen-
cTtBO b,<b,_;+a, ; IoxkaspiBaeTca aHajgorudHo. HeTpyaHo
IIOCTPOUTEL IIPUMEPLI, KOTa JOKa3aHHBIE HepaBeHCTBA oOpa-
mfaioTcsa B paBeHcTBa. Takum obpasoMm, as =4, a3 =8, a, =14
uby,=4, b5=8, by =16, b; = 30.

KomMmenTapuii. Hecmo:kHO moayduTh U 00IIme (HOPMYJIBI: An =
3
n® +8n 2

=n’—n+2ub,=

1940 200 (VI onumnuada)

IlepBsoIii TYp

7—8 Kaacc

1. ITarHOoe BhIpaskeHme obpaliaerca B HyJb IIpu b =c, npu
c=a u upu a =b, I03TOMY BO3HUKAaET €CTeCTBEHHOE IIPEIII0JI0-
JKeHH’e, UTO OHO JOJIKHO JeJUTHCS Ha IIPOM3BeleHre MHOMKI-
Tegeir b—c, c—a u a—b. PackpriBasg CKOOKHM B BbIPAKEHUAX
b-c)d+(c—a) +(a—b)2u (b—c)(c—a)(a—>b) ucpaBHUBaAA
MMOJIyYeHHbIe BbIPAMKEHU, IPUXOIAUM K TOMKIECTBY

b-c)P+(c—a)+@-b*=30b-c)(c—a)(a—D).

2. IIycTh v — CKOPOCTH TEUEHUS PEeKU, U — CKOPOCTDH Iapo-
xoma, | — paccrosguue ot I'opbkoro mo Acrpaxamu. Ilo ycio-

u+v:5 u u—v
ypaBHeHuii [ =5u + 5v, [=Tu— Tv vHaxonum [/v=35.

BUIO =17; Tpebyercsa HauTu [/v. I3 cucTeMbl

3. Cpenu umcea or 1 go 100 ects 20 umcesn, meaAnIUXCs
Ha 5, u 4 umcja, Jeadiuxca Ha 25, a uuces, AedAIUXcsa Ha
125, cpenu Hux Her. IlosTOoMy paccMaTpuBaeMoe IIPOU3BEJE-
Hue meamrtcd Ha 52* u He menmtca Ha 52°. fcHO TakiKe, UTO
OHO meauTcs Ha 224,

4. IIycts r — mamublii paguyc, R u O —paguyc U IIeHTP
IaHHOM OKpPYKHOCTHU. IleHTDp MCKOMOM OKPYIKHOCTH JIEXKUT Ha
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okpy:kHOCTH S paguyca |R+r| ¢ mearpom O (puc. 30). C apy-
TOIi CTOPOHBI, €€ IEHTP JEeKUT Ha IPAMOH [, mapajiebHOK’
ITaHHOW NPAMON M yAAJEHHOM OT HEE Ha pacCTosSHUE r; Ta-
KHuX IPAMBIX ABe. Jlto0as Touka mepeceueHus OKPY:KHOCTU S
U OIPSAMOI [ MOKET CAYKUTH IEHTPOM HMCKOMOU OKPYKHOCTIH.
3agaua mo:xeT umeTs oT 0 70 8 pellenuii, 3a UCKJIIOUEHUEM D
pelleHuii.

Puc. 30

HelicTBUTENIbHO, AJA KOoH(purypamnuu Ha puc. 30 mosmyua-
erca 6 permrenuii. Ecau MBI OygeM IIOCTEIIeHHO IMPUOJIMMKATH
MaHHYI0 NPAMY0 K Touke O, TO cCHadajga IMOJy4YuUTcA 7 pe-
eHu# (KoTga «BHEITHASA» OpaMas [ KOCHETCS «BHYTPeHHEeH»
OKpys:KHOCTHU S), a 3aTeM 8 pemrenunii. Haobopor, mpu ymaie-
HUU JaHHOUW mpaAMOM oT Toukmu O mociyie 6 pellleHuii cHauaJja
MMOJIYYUTCS 4 pPelleHnsi, IOTOMY UTO 00e MyHKTUPHBIE IPAMbIe
OSHOBPEMEHHO KOCHYTCSA NMYyHKTHUPHBIX OKPYsKHOCTeil, 3aTeM
00e TOYKM KacaHUsA OJHOBPEMEHHO MCUE3HYT, U MbI IIOJYIUM
2 perrenus. 3atem OyaeT oqHa TOUKa KacaHus (OOHO peilie-
HMe), a TOoCJe ITOT0 IepeceueHuil y:ke He OymeT (pelleHui
HeT).

Mu1 pakTruecku pasobpasu ciydait, korma R>r. B cuy-
yae, Korma R<r, MOMHO IMOJNYy4YuUTh 3 pemreHus (puc. 31),
HO 5 pellleHU#l HeJb3s IOJYUYUTh U B 9TOM CJIydae, IIOTOMY
YTO CHOBA 00€ IMYHKTUPHBIE IPAMbIe OJHOBPEMEHHO KOCHYTCS
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TYHKTUPHBIX OKPY:KHOCcTeli. B ciayuae, xorma R=r, 5 pere-
HUU TOKE HEJNb3s MOJIyUYUTh.

9—10 raacc

1. Iycrs xy=t. Torma x® +y?=b%— 2t m x® +y* =b(b? - 3t).
IToastomy b(b% — 2t) (b? — 38t) = 2b°. Ecau b=0, To moayuaem
pemtiteue x =—y. Ecau b#0, To ana ¢ moaydaemM KBajapar-
Hoe ypaBHeHue (b2 — 2t) (b? — 3t) = 2b*. Pemus ero, HaX0qUM
t, =b2%, ty=—b%/6. fIcHO, UTO X U Yy ABAAIOTCA KOPHAMU KBaJ-
parHOro ypaBHeHua X2 —bX +t=0, MOCKOIBKY X +y=>b u
xy=t.

1*;“519, y= 12“/5 b.

1++/5/3 _1F+/5/3
Y, y=—2b.

Ilna t =b? monyuaem x =

Ina t = —b?%/6 monyuaem x =

2. Nmeercsa poBHO 9 omgHO3HAUHBIX uncea, 99 — 9=90 aBy-
sHauYHBIX, 999 — 90 — 9 =900 Tpéxsmaunbrix, 9000 ueThIPEx-
3HAUHBIX M T.J. B BBIIMCAHHOM pPAAY IepBble 9 MecT 3aii-
MyT oOJHO3HAuHbIe umciaa, 90-2=180 wmecT — ABy3HauHBbIE,
900-3=2700 mect — Tpéxsuaunbie, 9000-4 =36 000 mecT —
yerbipéx3uHaunbie, 90000-5=450 000 mecT — mATH3HAUHELIE.
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ITosTomy wmHTepecyoIias Hac Iudppa IPUHAAJIECKUT IIATUH-
3HAUYHOMY YHCJIY.

IMudps!, npuHagIe:Kalire He 60J€e UeM YeThIPEX3HAUHBIM
yucaam, uMeoT HoMmepa or 1 mo 94 180+ 2700+ 36 000 =
=38 889. Pasmocts 206 788 — 38 889 =167 899 my:xkHO pas-
menuTh Ha 5 ¢ ocrarkom: 167 899=5-33 579 + 4. NUurepecy-
omaa Hac nudpa npuHagiae:xRuTr 33 580-My IaTH3HAUYHOMY
YUCTY, T.e. unuciay 43 579 (mepBoe mATU3HAYHOE UUCTO — 3TO
yucao 10 000). B sTom umcsie muTepecyoiias Hac mudpa cro-
UT Ha 4-M MecTe.

3. Paccmorpum cHauasa ciayuaii, Korga HUKaKue TPU TOU-
Ku mu3 Habopa A, B, C, D He jekaT Ha OSHOM IPAMON M HU
oxua m3 map upambeix AB u CD, AC u BD, AD u BC ue ss-
JsieTcs Imapoil mapaJjiedabHbIX npsambix. Ilyers A, B, C, D —
ITaHHBIE TOUYKHU, S — HCKOMAas OKPYKHOCTL. Ilo omHY cTOpO-
HY OT S JeXUT k HaHHBIX TOUEK, IO APYT'YI0 CTOPOHY JIEKUT
4 — k mpaHHBIX TOueK. MBI OymeM IIpeamoJiaraTh, UYTO JaHHBIE
TOYKHU He JIeKaT Ha OOHOI OKpY:KHOCTU (MHaUYe B KauecTse S
MOJKHO B3SATh JIIOOYVIO OKPYKHOCTBH C TeM Ke IIEHTPOM; IOJIY-
yaeTcss 0OECKOHEUHO MHOTO pelieHuii). VI3 9Toro cienyer, 4To
kE#0 u k#4. Takum obpaszom, 1< k< 3. MblI nmosnyuaem nBa
CYIIIECTBEHHO PA3JMYHBLIX PACIOJOKEHUSA TOUeK II0 OTHOIIIe-
HUIO K S: 2+ 2 (110 00e CTOPOHBI OT S JEKUT II0 JBe JTaHHBIe
Touku) u 1+ 3 (I0 OZHY CTOPOHY OT S JIEKUT OJHA JaHHAT
TOUYKAa, a M0 APYTYyI0 TPH).

Ilycts cHauama Touku A m B Je:XaT IO OZHY CTOPOHY
oT OKpy:kKHOCTH S, a Touku C u D —mo apyryo. lleaTpom
OKpYysKHOCTU S sABaseTca Touka O mepeceueHUs CepPeIUHHBIX
MepHneHguKyaapoB K orpedkam AB u CD (puc. 32). Paguyc
OKPYsKHOCTH S paBeH cpegHeMy apuGMeTUYeCKOMY AJHUH OT-
pesxoB OA u OC. YeTwhIpe TOYKMN MOKHO Pas0UTh Ha IIapbl
TpeMs crmocobaMu, IMTOITOMY MBI IIOJIyUYaeM 3 perieHunsd.

IIycts Temeps Toukm A, B um C je:kaT 1m0 OOHY CTOPOHY
OT OKpYysKHOCTU S, a Touka D — mo apyryio. IIposemém uepes
Touku A, B u C oxkpy:xHOCTE. IIycTs O 1 R— €€ IeHTp U pa-
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muyc. Touxka O saBasgeTcs IEHTPOM HCKOMOUN OKPYXKHOCTH, a
paguyc MCKOMOII OKPY)KHOCTH paBeH cpenHeMy apudmermue-
ckomy R 1 OD. OgHy TOUKY 13 YeTBhIPEX MOYKHO BBRIOpAThL ue-
TBIPbMS CIIOCOOaMM, MOSTOMY MBI moJyiyuaem 4 perrenusi. Ilo-
CTPOEHHBIE 7 OKPYsKHOCTEI Pas3NUHbI, IIOCKOJbKY UX I[eHTPLI
IIOMAPHO PA3JIUUHEIL.

Ecan xxe xaxkue-To Tpu Touku us Habopa A, B, C, D jgexxar
HA OJHOM IIPSAMOI MJIM KaKas-To mapa npambeix AB u CD, AC
u BD, AD un BC sBasieTcs mapoi mapasliejbHbIX HPAMBIX, TO
YMCJI0 PellleHnil OyaeT MeHbIlle 7 — HEeKOTOpPhIe U3 OKPYIKHO-
cTell BeIpo:KIaioTcsA B npamble. Ecaiu ABCD — tpamnenusi, He
ABJIAIOITAsICS PABHOOOKOM, TO 3amaua ummeeT 6 perrmenuii. Ec-
au ABCD — mapaJjiieyiorpaMM, He SBJISIONIUNACA IPAMOYTO0JIb-
HUKOM, TO perennuii 5. Eciu Touku A, B u C je:xaT Ha OGHOK
npAMOii, a Touka D Ha Hel He JeXXUT, To pemrenuii 6. Haxo-
Hell, ecau Touku A, B, C u D jne:xaT Ha OOHOU IPSAMOU B
yKasaHHOM mopsake, mpuuém AB#CD, To 3amada He mMeeT
pemtenuii, a eciu AB=CD, TO 4MCJI0 PeIleHnii 0eCKOHEUHO.

4. Ilycts a — 3amauubIii 0Tpes3okK. IlycTs, majiee, TOUKH IIe-
peceueHus HAHHBIX OPAMBIX [; U l; ¢ IPAMBIMU, Mapajieib-
HbIMU [; U [, 1 yHAJIEHHBIMU OT HUX Ha paccTosgHWe a, obpa-
3YIOT MPAMOYToabHUK M MyMsM ,. Cnyuaii, korga a =0 uanu
I || 13, oueBugen. Ilokasxem, uto uckomoe I'MT — aro mpozmou-
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JKeHUSI CTOPOH IIOJIYUEeHHOTO IMpAMOyrojdbHHKA. OmycTum m3
Touku X nmepneHaukyaapbl XA; u XA, Ha maHHble OpaMbIe [;
u l,. Ilycts, Hanpumep, XA; — XA, =
=a. Bospmém ma ayue A;X Takyio
Touky B, uro A;B=a. Torna BX =
=XA,. Ilyctb M — TOouKa Iepeceue-
HUSA TPAMOHR [, M TpPSMOIi, IPOXO-
OAIed yepe3 TOUKY B mapaJjiesibHO
npamoii [; (M —»3To ogHa M3 TOUEK
Ml, Mg, M3, M4). Tor;[a MX — Guc-
Puc. 33 cexrpuca yriaa BM A, (puc. 33).

5. ITycts N =100x + 10y + z — mcKkomMoe 4uCI0, NI KOTO-
poro N =x!+ y! + z!. HYucso 7!=5040 ueThIipéx3HayHOE, TI09TO-
My HU omHa mudpa uncaa N He mpeBocxogut 6. 3Hauur, 4uc-
go N menbine 700. Ho Torma Hu ogHa mugpa uucaa N He IIpe-
BOCXOIUT 5, mocKoabKy 6!="720. Hepasenctso 3-4!=72 <100
IIOKAa3bIBaeT, 4TO XOTsA ObI ofHA mu@dpa unuciaa N pasHa 5. Ilpu
aTOM X # 5, mocKoJbKY 3-5!=360 < 500. PaBerncrtro 3-5!=360
IIOKAa3bIBaeT TakKxe, uTo x < 3. BoJsee Toro, x <2, mIOCKOJb-
Ky 3!+ 2-5!=246 < 300. Yucsuo 255 He ymoBIeTBOPAET yCJIO-
BUIO 3aJa4ull, a €CJIM JUIIL OJHa Mudpa MCKOMOI'O UMCIA PaB-
Ha 5, To x <1, mockoabky 2!+ 5!+ 4!=146 < 200. Tak Kak
114 5!+4!1=145 <150, monyuaem y < 4. CiregoBatesbHo, 2 =D5.
YunrsiBada, uto x =1 u 0 <y <4, HaXO0AUM eJUHCTBEHHOE pe-
miegue N = 145.

Bropoii Typ

7—8 Kaacc

1. Ilycth a — mepBas u BTopas mudpbl, b — TpeThbd U UYeT-
Béprasa. Torga mammoe uwmcyo pasao 11(b+ 100a), mosTomy
b+100a =11x? g1a HeKOTOPOro HATYPAJIbLHOIO uncaa x. Kpo-
me Toro, 100 <b+ 100a <909, a sagauur, 3 <x<9. Beruncias
KBazpaTel uucen 44, 55, ..., 99, moaydyaeM, 4YTO POBHO OJHO
13 HUX uMeeT TpebyeMblii Bua: 882 = 7744.
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2. Ilpexxnge Bcero samerum, uto LADC=/ABC =60°, mo-
CKOJIBKY 9THM YTJIbI OHNUPAIOTCA HAa OAHY U Ty sKe ayry. Or-
JoxkuM Ha orpedke CD Toury L Tax, 4TOOBI TPEyTrOJbHUK
ADL 0v11 npaBunbHBIM. Tpeyroabauku DAB u LAC paBHBI
II0 IBYM CTOpPOHAM M yIJay Me:xXAay Humu (puc. 34). HeiicTBu-
TeabHo, /DAB=/LAC, mOoCKOJIbLKY 00a 5THU yTIJja JOIOJHSIIOT
1o 60° oguH u TOT Ke yroa LBAL. Ilostomy CL=DB, a 3Ha-
yut, DC=DL+ LC=AD + BD.

Puc. 34 Puc. 35

3. CocTaBUM 13 YETHIPEX HKIEMILIIPOB JaHHOTO UETHIPEX-
yroabHUKa (QUTypy, KaK IokKasamo Ha puc 35. Ilpu stom
ABCD — napaJjjieaorpaMM M IIPH CABUTaX HA BEKTOPHI AB
u BC onHa mapa CTOPOH (DUTYPHI IEPEXOAUT B APYIYIO HADPY
CTOPOH.

OueBUAHO, YTO IIAPAJJIEJIOrPAMMAMU MOYKHO 3aMOCTHUTDH
BCIO ILJIOCKOCTD, II09TOMY IIOJIYYEHHBIMU (PUIyPAME TOYKE MOXK-
HO 3aMOCTUTH BCIO ILJIOCKOCTH. [[aHHOE peleHure IPOXOIUT U
JIJISI HEBBIIYKJIOI'O UYeThIPEXYTIOJILHUKA.

4. Yucmao x?+ y? genurcsa Ha 7 TOrga M TOALKO TOTAA, KO-
rma oba ymesa X m y genAarcsa Ha (. JleficTBUTENIbHO, KBaJapaT
IeJIOTO YHcJa Ipu AejaeHuu Ha 7 mgaét ocratku 0, 1, 2 u 4.
KommuecTBo 1eabIX umncesa, 3aKJI0UEHHBIX Mexay 1 u 1000 u

mensimuxcs Ha 7, paBHO 142. [TosToMy MCKOMOE UMCJI0 PABHO
1422 =20164.
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9—10 raacc

1. PaspexeM KOHyC IO 00pasyIoOIeil, IPOTUBOIIOJIOMKHOM
TOM, Ha KOTOPOIi JIEXKUT BbhIOPpaHHASA TOUKA, U PA3BEPHEM ero
Ha IIJIOCKOCTh. PaccMOTpUM Ha IIJIOCKOCTH TOUKU S 1 A, COOT-
BETCTBYIOIIIE BePIIUHE KOHYCa M BBHIOPAHHOUN TOYKEe IPHU pas-
BEPTKe KOHyca Ha 5Ty IIJIOCKOCTh. Ecam o> 180°, To camo-
nepeceuenuii Her (puc. 36). B mambHeiirem OygeM CUHTATD,

a/2 a/2

—-——

Puc. 36

yro ¢ < 180°. BoccraBuM m3 TOUKU A HMePHEHIUKYJIAP K OpA-
Moit SA 1 BO3bMEM Ha 5TOM MHEePHEeHAUKYJsSIpe IO OAHY CTOPO-
HY OoT mpsamoi SA Takue Touku Bi, ..., B,, uto LASB, :kg
(puc. 37). AHaJgornuHO IO APYIYI0 CTOPOHY OT mpaAmMon SA
Bo3bMEéM Taxkue Touxku Cq, ..., C,, uro LASC, :kg. Ha xonyce
Touka B, coBmagaer ¢ Toukoii C,; APYruxX TOUEK camolepece-
YeHUA MPOBEIEHHON JIMHUU HET.
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1 n
2. Cmauana goxaskeM, 4TO (1 + ;) < 3 nmnsa aroboro HaATy-
paigbHOTO Nn. JlelicTBUTEIBHO,

n(n—l)_l n(n—l)(n—2)_l

(1—|—l)n—1—|—n-l—|— +
n) n 2 n? 2.3 nd
nn—-1)...(n—(n—1)) 1
-t 2.3...n nn <
1 1 1 1

<1+l+5+7+g+t57 <3,
IIOCKOJIBKY IIPU 1 > 1 uMmeroT MecTO HepaBEHCTBa
1n-1_1 1n-2_1 1n-3_1 111

2 n 2’ 3 n 2’ 4 n 22 """ n n 2°

s AOKa3aHHOI'O HepaBeHCTBa CJjeayeT, 4TO

n+1\"t /a\"  /n+1\" n+1
() 5 = () 25

o n\"
IlosTOoMy MHAYKIIMEN IIO I TOJy4YaeM HepaBEeHCTBO <§> <nl.

HelicTBUTEIBLHO, IPU 71 =1 9TO HEPaBEHCTBO OUEBUIHO, a U3

n n
HepaBeHCTBa (—) < n! ciexyer, 4To

3
n+1 n
(”;1) < (n+1) (g) < (m+1!.
IToacraBiasasa n =300 B HepaBeHCTBO (g) < n!, mosyuaem Tpe-
oyemoe.

3. Ilycrs Tourkm O, Oy u Oj B
cuMMeTpuYHBl TOoukKe O OTHOCH- A
TeabHO cTopoH BC, CA u AB co- Os 01
orBeTcTBeHHO. IlycTh, mamee, Aq, C1 1
B; u C; — cepenunsl cropoH BC, 0 !

CA u AB (puc. 38). Torza BC || B

” BlCl H 0203 u OA1 1 BC. Ilo- A C
aromy 0O, 1. 0,05. Amamoruuao

00, 1. 0,03 1 003 1. 0,0,. Takum 02

obpasomM, O — TOUKAa IIepeceueHmns Puc. 38
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BbIcOT TpeyroabHuKa 0,0,03. IToctpouB Touky O, IPOBOIUM
cepeqUHHBIE IEPIeHANKYJIIpPbl K orpedkam 00, O0,, O0;.
Itu npamMbie 00pasyoT Tpeyroabuux ABC.

4. Yucna b;=aqi/as, by=as/as, ..., b,=a,/a; momoxu-
TeJbHBI M WX IIpoumsdBeseHre paBHo 1. Ilosromy mx cpemmee
reomerpuueckoe pasao 1. CorsiacHo HepaBeHCTBY MEXKIY Cpej-
HUM apu(pPMETHUYECKNM M CPEeJHUM I'e€OMEeTPUUYECKUM CpeaHee
apudMeTnUeCKOe dTUX UYKMCeJI He MeHbIIIe 1, T. e. UX cyMMa He
MEHBIIIE 7.

5. OcraTku OT JejeHUd Ha 7 umcea 2% u x? MOBTOPAIOTCA
¢ mepuogamMu 3 U 7, IOITOMY OCTATKU OT JeJIeHWs Ha 7 4Juc-
na 2% — x? moBropsaAloTca ¢ mepuomoM 21. Bamumem TabIHILY
OCTaTKOB IJd unrcesg oT 1 mo 21:

x 1 (2|3 4|56 | 7]8|9 1011
21214124 |12, 4|1]|2
x| 1 (42|24 |1|0]1|4|2]2

x |12 13|14 15|16 |17 |18 |19 | 20| 21
221112 4|12 |41 2|41
x4 | 1]0|1]|4|2|2]4|1]|0

ITocMoTpuM, IpU KaKMX X unuciaa 2° u x? JailoT OZUHAKO-
BbIe OCTATKM OT AejieHusA Ha (. W3 TabauIlbl BUAHO, YTO Cpe-
au ymces oT 1 mo 21 sTOMy YCJIOBUIO YIOBJIETBOPSAIOT POBHO
mrectb. IlosTomy cpeam uwmcen or 1 mo 9996 =21-476 ectnb
476 -6 = 2856 TpebyembIx umces. HemocpencTBeHHAsT IPOBEP-
Ka IIOKa3bIBaeT, uTo u3 ocrasmuxcs urcesx 9997, 9998 u 9999
ToabKO umcsao 9998 obsmamaer TpebyembIM cBoiicTBOM. [leii-
CTBUTEJBbHO, IPU JejieHnr Ha 21 3TM umcaa JaloT COOTBET-
crBeHHO ocTtaTKu 1, 2 u 3, a mia 1 <x <3, Kak IIOKa3bIBaeT
IpuBeIéHHAasd BbIllle TabINUIA, TOJBKO X = 2 umnciaa 2° u x? ga-
IOT paBHBIE OCTATKHU IPU AeJeHuu Ha 7.
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1941 200 (VII onrumnuada)

IlepBroIii TYp

7—8 Kaacc

1. IIycte ABC — uUCKOMBIN TpeyroJbHuk, AH — BBICOTA,
AM — menuana, R — paguyc OImucamHoro kpyra, O — ero 1meHTp.
ITocTpouM HOPAMOYTrOJbHBIA TpeyroabHuKk AHM 1mo KaTery
AH u runorenyse AM. BoccraBuM u3 Touku M HeprIeHIUKY-
aap | K apamoit M H. Touka O siBlIseTCSA TOUKOI IIepeceueHmns
nopaMon [ ¢ OKpPYy:KHOCTBhIO paguyca R ¢ meHTpom A. Bepimnu-
Hbl B u C ABJSAIOTCS TOUKaMHU Iepeceuenusa npsamoin MH c
OKPYsKHOCTBIO paguyca R ¢ mmeatpom O.

3agzaua umeet 0, 1 nau 2 pelreHus B 3aBUCUMOCTH OT AJIUH
TPEX JTaHHBIX OTPE3KOB.

2. ITosyuyeHHOE IIIECTU3HAUHOE UMCJIO HOJMKHO JEeIUTHCS
Ha 7-8-9=504. ITogeaum 523 000 ua 504 ¢ ocraTxoMm:

523 000 = 1037-504 + 352.

ITockonsky 504 — 352=152, na 504 genarca uyucaa 523 152 u
523 152+ 504 =523 656. [Ipyrux uuces, geasaimuxca Ha 504,
cpenu uncea ot 523 000 mo 523 999 wHer.

3. Bocmonbayemes TeM, UTO CPeAHSS JUHUS TPEyTOJbHU-
Ka mapajijiejlbHa CTOPOHE TPeyroJbHINKA U PaBHA MOJIOBUHE €€
nanEbl. PaccMaTpuBas ABa TPeyroJbHUKA, Ha KOTOpPbIE AuAa-
ToHaAJb paspes3aeT UeThIPEXYTOJbHUK, IIOJydaeM, UTO OTpes-
Ku AD u CB mapaijielbHBI OJHON M3 AUAroHaJjeil, a uxX AJIu-
Ha paBHA TOJIOBUHE €€ AJUHBI. AHAJIOTHMYHO OTpe3ku D u
BP napaienbHBI OOHOU 13 CTOPOH YETHIPEXYTOJbHUKA, a UX
IanHa paBHA moJsioBuHe eé anuHbl. OTpesku AR um CP Toxxe
mapaJjieJbHbI CTOPOHE UeThIPEXYIOJAbHNKA U UX AJNHA PaBHA
IIOJIOBMHE AJIMHBI 3TOM CTOPOHLI. Takum oOpasom, TPeyroJib-
HuK BCP paBeH TPeyroabHUKY ADQ® 1m0 TPEM CTOPOHAM.

4. IIycts O — 1eHTp HAHHOM OKPY:KHOCTH, M — cepemnHa
XOPAbI, OTCEKAEMOM OKPYKHOCTBIO OT IIPAMOM, IIPOXOAAIeH
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yepes Touky P. Torma ZPMO =90°. IlosToMy MCKOMOE MHO-
JKEeCTBO — YacTh OKPYsKHOCTH c numamerpom OP, jesxarmias
BHYTPHY JAHHOU OKPY KHOCTH.

5. Iloupobyem momob6paTs MHOTOWIEH f(X) TaK, YTOOBI BbI-
MMOJIHAJIOCH TOYKIECTBO

x(x+1D)(x+2)(x+3)+1 = (f(x) +1)2,

x(x+1)(x+2)(x+3) = f(x)(f(x) + 2).

IMockombKy x(x+38)=x2+3x u (x+1)(x+2)=x243x+2,
MOXKHO ITOJOXKUTD f(x) =x(x+ 3). Takum obpasom, Ay J1060-
ro 1eJsioro uuciya n uyucio n(n+1)(n+ 2) (n+ 3) + 1 apuasaerca
KBagpatoMm uuciya n(n+ 3) + 1.

9—10 ranacc
1. CMm. permrenne 3amaum 2 A (—8 KJIaccoB.

2. Cunyuaii, Korga yIJibl IIapajijiejiorpaMMa IpsSMble, oue-
BUEH, IIOTOMY OyaeM CUHMTaThb, YTO y IapajiejorpamMmma
ecTb ocTphiii yroa. Ilyets P, @ m R— IIeHTPHI KBaJpaTos,
IIOCTPOEHHBIX Ha cTopoHax DA, AB
u BC mapaJiiesorpaMMa C OCTPBIM
yriaom « npu BepmiuHe A (puc. 39).
Torga

/PAQ = /PAD+ /DAB+ /BAQ =
=45°4+ a+45°=90°+ «
u
/RBQ = 360°—
— /RBC - /CBA — /ZABQ =
= 360° —45° — (180° — o) —45° =
=90° + a.
CruemoBarensHo, /PAQ=/RBQ, a 3umauur, ANPAQ =/ ARBQ®.

Puc. 39
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Croponbl AQ u BR 3TUX TPEYTrOJbHUKOB MEePHEeHINKYIAPHEI,
mosTomMy PR 1 QR. I3 paBeHCTBA YKa3aHHBIX TPEYTOJIbLHUKOB
ciaenyer Tak:ke, uTo PR =QR. AHalormuHO MOKAa3bIBaeTcCsd,
YTO BCE CTOPOHBI UETHLIPEXYTOJbHUKA C BePIIINHAMHA B IEHTPaxX
rmapaJjijieJIorpaMMOB PaBHBI, a BCE YIJILI IIPSAMBIE.

3. Ilycts P(x) =apx" +a1x" 1 +...+a,_1x+a,. Ilo ycio-
Buio uncia a,=P(0) uap+a,+... +a,=P(1) Heuérusl. Ecau
X — 4éTHoe uncio, 1o P(x) =a, (mod 2). Eciu x — HeuéTHOE
yucyio, o P(x) =ag+a; +... +a, (mod 2). B oboux ciyuaax
mojgydyaeM, 4To yucyjo P(x) HeUETHO, IOOTOMY OHO HE MOYKET
OLITh PABHO HY.JIIO.

4. Touku M u N jexKaT Ha OKPYKHOCTU ¢ guamerpom AB.
ITleutp O 5TOii OKPYKHOCTU ABJIAETCA TOUKOI IepecedeHms
npamMoit AB 1 cepeIUHHOTO MePHeHANKYJIApa K oTpesky NM,
IIO3TOMY MBI MOJKEM €ero IOCTPOuUTh. Toukum A u B ABISIOT-
cA TOUKaMU IepeceueHus IpsaMoit AB 1 OKPYKHOCTU C IIeH-
Tpom O, mpoxopsaieii uepes Touky M. ITostomy Touku A u B
MOJKHO ITOCTPOouTh. Touka C mocje 3TOT0 CTPOUTCA KaK TOUKA
nepeceuenusda npambix AN u BM.

5. Ecau x > 2, mojydyaeM TOXKJIECTBO.

Ecim 1 <x< 2, monmyuaem ypaBHeHUe 4x =8, KOTOpOe He
nMeeT KOpHeHN Ha JaHHOM HHTepBaJe.

Ecin 0 <x <1, monyuaem ypaBHeHUEe —2X = 2, KOTOPOE He
nMeeT KOpHeH Ha JaHHOM HWHTepBaJe.

Eciau —1 <x <0, monryuaem 0 =2, uero He MOKeT OBITh.

Ecin x < —1, monyuyaem ypaBHeHUe —2x =4, KOTOpOe mMMe-
eT KOpeHb x = —2.

6. IIpe:xge BCero OTMETHUM, UTO UYHCJIO IMOJOMKHUTEIbHBIX
KOpPHEeM pPaBHO YWCJIy OTPHUIIATEJbHBIX KOPHEN U eIré ecTh KO-
peab 0. ITosTomMy mocTaToyHO yOEAUTHCS, UTO UHCJIO IOJIO-
JKUTeJbHBIX KOpHeil paBHO 31. Eciu sin x =x/100, Tto |x|=
=100 |sin x| < 100. Pacecmorpum rpadurmu dpyuxnuit y=x/100
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u y=sin x. [{enaa gacte uncaa 100/27r=15,915... paBHa 15,
moaTomy yuacTok ocu Ox ot 0 1o 100 comep:xut 15 oTpesxos
OIJIWHON 2T M OAWH OTPE30K AJNHOI MeHbIne 21. Paccmarpu-
Bas yKasaHHbIe rpauKu, Jerko yoeguThCs, YTO HA IIEPBOM
OTpe3Ke AJUHOM 271 eCTh OJWH KOPEHb JAHHOIO yPaBHEHU,
a Ha Ka'KJIOM M3 OCTaJbHBIX 14 OTPE3KOB IJIUHOMN 27T €CTh II0
IBa KOpHA. [leficTBUTENBbHO, HA KaXXJOM K3 dTUX OTPE3KOB
dyurIIMA y =sin x cHauasga Bo3pacraer ot 0 g0 1, moTom yOBI-
BaeT or 1 mo 0, a 3aTrem cTaHOBUTCA oTpuIaTeabHoi. [loaTo-
My U3 COOOpaKeHUI HEeNPEPLIBHOCTU CJIEAYEeT, UTO JOJMKHBI
OBITHL XOTsI OBI JBe TOUKM IlepeceueHus rpadukos. BoJblie
IBYX TOUEK IlepeceueHuns OLITh He MOJKET, TaK KaK Ha IIepBOH
TIOJIOBUHE OTpe3Ka (PYHKIUA Y = Sin X BBINYKJA BBEPX, U IO-
9TOMY He MOJKeT UMeTh 0oJiee ABYX OOIIMX TOUEK C IIPAMOii, a
Ha BTOPOH IIOJIOBHHE 9Ta (PYHKI[UA OTPHUIATEJbHA. BhIumcie-
Hus nmokassiBaioT, uTo 100 — 307> 5,752 > . Takum ob6pasom,
IJINHA IIOCJIeJHEro oTpeska 00JbIe T, II0O9TOMY Ha HEM TOMKe
eCTh IBa KOpHA. [lelicTBUTENIbLHO, IIepeceueHnss paccMaTpuBa-
eMbIX rpaduKOB HaA oTpeskoM oT 2km no (2k+ 1) ana Hary-
panbHOTO0 £ IPOUCXOAAT TOJABKO HaJ IIePBOM IMOJOBUHON 9TOTO
OTpe3Ka, IMMOCKOJbKY Ha BTOPOU IOJIOBUMHE OTPe3Ka CHUHYC OT-
puiaresen. Becero moayuaem 31 moI0KUTEIbLHBIN KOPEHD.

Bropoii Typ

7—8 raacc

1. Ilpeamoso:KuM, YTO M3 HECKOJBbKUX MOIAPHO Pal3JIny-
HBIX TI0 BeJIMYMHE KBaJIpPaTOB CJIOMKEH IIPIMOYTroJbHHK. Pac-
CMOTPUM CAMBIA MaJIeHbKUH KBaapaT @. C omHOII U3 ero cro-
POH mMeeT OOIIYI0 YacTh CTOPOHA HEKOTOPOTO 0OJIBIIIEeT0 KBaj-
para A. Cropona KBagpata A BBEIXOAUT 3a IIpPeAesbl CTOPOHBI
KBajzpara . O0pas3oBaBIIUiicsa yroJl MOJ:KeH ObITh 3aIll0JHEeH
HEKOTOPBIM KBaapaToM B, CTOPOHA KOTOPOTO CHOBa OOJIbIIIE
CTOPOHBLI KBajapara @. Ilomyuaem elé ogmH yroJi, KOTOPBIH
IoJ:KeH ObITh 3amosiHeH KBaapaTtom C, a 3aTeM eIlé onuH
yTroJI, KOTOPBIN AOJIKeH ObITh 3amojHeH KBagpatom D. Ilpm
9TOM MeXKIy KBampatamMu A m D He MOKeT ObIThH «KOJIOAIIA»
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(T.e. kBagpaTsl A u D JOJKHBI UMETh OOIIYI0 TPAHUILY), II0-
CKOJIbKY MHAYe [JIA 3aIO0JHEHUsS «KOJIOAIla» II0TPe0oBaICS
OBl KBaApaT, KOTOPBLIN MEHBIIIE CAMOI0 MAJEHLKOIO KBaapa-
Ta Q.

Wrak, ecaum wu3 mATHM IIOIAPHO PA3JIH4-
HBIX II0 BeJIMUYMHE KBaJPATOB MOXKXHO CJIO-
JKUTHh IIPAMOYTIOJBLHUK, TO MbI 3HAEM, Kak
OHM JOJIKHBI OBITH CJIOKEHBI: CAMBIA Ma- Q
JIEHBKMH KBaJpaT HAXOAUTCS B IEHTpe, a B
K HeMy IIPUMBIKAIOT YeThIpe APYTUX KBal- c
pata, o6pa3ysa KOH(QPUTIypaIlnio, CXeMaTUIHO
n3o0pakéHnyo Ha puc. 40 (uam cumMmerT- Puc. 40
puunyio eit). Ilycrs ¢, a, b, ¢, d — nauHBI
CTOPOH ONHOMMEHHBIX KBajpatoB. Torma a=b+q, b=c+q,
c=d+q, d=a+q. CioxuB st paBeHcTBa, noayuum 4q = 0.
ITo 03HauyaeT, UTO y HaC He b KBaApaTos, a 4, IpuUEéM BCe OHU
paBubI. [IpuxoauM K IPOTHUBOPEUHIO.

KommMmenTapuii. OkaspiBaeTcs, UTO IPAMOYTOJbHUK HEJIb3A paspe-
3aTh Ha 8 momapHO Pa3IMYHBIX KBAJpPaTOB, HO MOYKHO pas3pesaTh Ha 9 mo-
MapHO Pa3IWYHBIX KBaApaToB. VI3BEeCTHO TaKKe, UTO KBagpaT MOKHO Pas-
pesaTs Ha 24 OapHO PAa3JINYHBIX KBagpaTa. [[okasaTesbCcTBO 3TUX (PAKTOB
MOXKHO HaiiTu B KHure [12].

2. Paspexxem TpeyroabHuk ABC Ha Tpu
YeTBIPEXYTOJbHUKA, OIIYCTUB IIEePIeHIUKY-
JISPHI U3 IeHTPa BIIMCAHHON OKPYIKHOCTH Ha
CTOPOHBI. OTHU YETBHIPEXYTOJbHUKU CUMMET-
PUYHBI OTHOCUTEJNHLHO AUATroOHAJeli, m3obpa-
JKEHHBIX TYHKTUpPOM Ha puc. 41. ITosTomy,
ImepeBopavmBasa UeThIPEXYTOJLHUKU BOKPYT
9TUX AuaroHaJiell, MoJyuaeM UCXOMHBIN Tpe-
yronsHUK ABC. Puc. 41

KomMmenTapuii. PaBHOOEAPEHHBII TPEYTOJIBHUK paspes3aTh BOOOIIE
He HYKHO; IIPSAMOYTOJBHBIN TPEyroJbHUK MOYKHO paspesaTh Ha JBe JacTH,
mpoBeAs MeAWAaHy W3 BEPIIUHBI IpAMOro yria. JloKa)keM, UTO TPEyroJib-
HUK, BOOOIlle TOBODPsA, HEJIb3A paspes3aTh Ha JBe YacCTU, IIEPEBEPHYB KOTO-
pble, MOYKHO CJIOKUTH UCXOAHBIN TPEYTOJbHUK.
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IIpenBapuTenbHO IPUBENEM MPUMEPHI, TOKA3LIBAIOIIME, UTO TAK paspe-
3aTh MOYKHO He TOJBKO IPSAMOYIOJIbHBIE TPEyroJbHuUKU. PucyHox 42, a,
MOKas3bhIBaeT, KaK MOYKHO paspe3aTh TpeOyeMbIM 06pasoM TPEYroJbHUK C
yraamu ne, (n+2)au 71— (2n+ 2)a, a pucyHok 42, 0, moKasbIBaeT, KaK
MOKHO paspes3aTh TpedyeMbIM 00pa3oM TPEYTOJbHUK C YIJIaMU T— o, T— N
u (n+ 1)ax— 7. B 06oux ciydyadax OT TPEYroJbHUKA OTPE3aeTCsA BHIMYKJIBIH
(n+ 2)-yroabHuk (9T0 ciaenyer u3 POPMYJbI s CYMMBI YIJIOB BBIIIYKJIOTO
MHOTOYTOJIbHUKA).

a)
Puc. 42

IToxaxeM, 4TO ecIu ABa yria « U  TPeyroJbHUKA U YHCIO T IHHEHHO
HEe3aBUCHMBI HaJi PALMOHAIBHBIMY YNCJIAMY, T. €. PABEHCTBO ax+ bB +cn=
=0 He MOJKeT BBIMOJHATHCA HU A KaKUX IeJbIX Yucea d, b U ¢, XOTsd
ObI OJJHO M3 KOTOPBIX OTJIMUHO OT HYJI, TO MCKOMOTO pa3pesa He CyIIe-
crByer. IIpenmosoxuM OT IIPOTHUBHOTO, uTO JomMaHaa X1Xga...X, paspe-
zaer TpeyroabHuk ABC Ha nBe uactu P um @ TpedbyembiM oOpasom. To-
ra IO YCJIOBUIO CYII[ECTBYIOT ABE TaKWe CKOJIb3AINE CUMMETPUU P U ¢,
uytro ABC =pP UqQ, npuuém pP m ¢@ mepecekaioTCs TOJIBKO II0 I'DaHUILE.
PaccmarpuBasa masibie oKkpecTHOCTH ToueK JiomaHou Xi1Xj...X,, HeTPyd-
HO IOKasaTh, 4TO 0e3 OrpaHuYeHUs OOIHOCTH MOYKHO CUUTATBH, UTO JIU-
00 p(Xle Xn) :Xn ...X2X1, 1100 p(X1X2 Xn) :Xn+1Xn ...Xz, roe
Xp4+1— BepUIMHA OJHOTO M3 yryoB TpeyronbHuka ABC. W3 aTOro MOMXK-
HO chejaTh BBIBOZA, 4TO Jubo poq(Xi1Xz...X,) =X2Xs3...XnXn41, aub0
poq(X1X2...X,)=X3...XnXnt1Xn42, TOe TOUKA X,42 JIEIKUT HA OJHOUI
U3 CTOPOH TPEYTOoJbHUKA JIN00 Ha €€ mpojokeHun. Ho p o ¢ — 3T0 mOBOPOT
Ha HEKOTOpHI# yroa ¢. IIpomomxuM paccMaTpuBaeMylo JOMaHYIO, 100aBUB
K Hett Touku X, 2 =poq(X,), Xo=poq(X2), X_1=poq(Xi). ITocrpoenunas
JIOMaHasA COIEPyKUT 3BEHbS WU JUaroHasu, IapaJjiejbHble BCEM TPEM CTO-
pouam Ttpeyroabauka ABC. W3 aToro cienayer, 4To BCe YIJIbI TPEyroJbHUKA
ABC BBIpa:KaioTcs B BUJle PallMOHAJIbHON JMHeHHON! KOMOMHAIIAN YMCeJl (¢
u 7. Buacraoctu, a=myp+niwu B=map+ngn. Ipu orom my #0 u ma #0,
TOCKOJIbKY MHAaue MbI Cpa3y IOJYYUIU Obl parMoOHAJBLHYIO JUHENHYIO 3a-
BucuMOCTE. CiieloBaTeIbHO, MBI MOKEM BBIPA3HUTH (¢ U3 IIEPBOTO PaBEHCTBA
U TOACTABUTH 9TO BBhIpasKeHUE BO BTOPOE PaBEHCTBO. B pesyjbTaTe CHOBaA
MoJIyyaeM PaIlMOHAJIbHYIO 3aBUCUMOCTD, UTO IPUBOAUT K MPOTUBOPEUHIO.
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3. Ilyers Ay, By, By, Cy, C3, Az, Ay, By, ...— mocaeno-
BaTeJIbHBbIE TOUKM TPAGKTOPUH, JieKalllie Ha CTOPOHAX Tpe-
yroapHuka ABC (puc. 43). Tak kak A1 B; || ABy, B1By||CA; u
B,C|| B3Cy, To TpeyroapHuk AB,C,
moJiyuaeTcs us TpeyroiabHuka A;B,C B
rnmapaJjjiebHBIM IIepeHocoM. AHAaJo- As
TUYHO TpeyroabHuUK AsBCs; mosyua-
erca u3 AB,C, mapaJieJbHBIM IIepe-
HOCcOM, a TpeyroabHuk A B,C— us
TpeyroabauKka A3BCz;. Ho Tpeyroun-
Huk A;B;C Toxxe mosyuex u3 Tpe- A C: A C
yrojbuuKa Az BCs mapaielbHBIM IIe- Puc. 43
pesocom. ITosTomy A; = A4, T.e. IO-
cJe ceMU IaroB TpaeKkTopudA saMKHETcA. (Eciu Touka M je-
JKUT Ha OJHOM M3 CPpeIHUX JUHUN TpeyroabHuKka ABC, TO Tpa-
eKTOpUA 3aMKHETCS II0CJe UeThIPEX IIaros.)

Cs

B; B,

4. Ilyctsb (x —a)(x—10) + 1= (x+b) (x+c). [lomoxus x =
=—b, monyuum (b+a)(b+10)=—1. Yucaa a u b menasie, mo-
aromy uncaa b+ a u b+ 10 Toxxe mesabie. Yueao —1 npexacras-
JISIeTCSA B BHUJe IIPOM3BENEHUS ABYX MHOMKHUTEJEH ABYMS CIIO-
cobamu. CoOTBETCTBEHHO IIOJyuaeM aBa Bapuaurta: 1) b+ 10=
=lub+a=-1; 2) b+10=—-1 u b+a=1. IlosTomy a=28
nin a=12. B nepBoMm caydae (x —8)(x —10)+1=(x—9)?, a
BO BTOpOM ciaydae (x —12)(x —10) +1= (x —11)2.

5. IlocmoTpuM, KaKue OCTaTKU MOJKET JaBaTh IIPOCTOE UKC-
Jo p > 3 upu peneHuu Ha 6. OHO He MOMKeT JaBaTh OCTATOK 2
nau 4, TOCKOJBKY MHAaUe OHO ObII0 ObI uéTHO. OHO HEe MOKET
IaBaTh OCTATOK 3, IMMOCKOJBbKY MHauYe OHO AeJNJ0Ch Obl Ha 3.
3HAYUT, IIPOCTOE YKCJO p > 3 IpU AeJeHUN Ha 6 TaéT OCTAaTOK
1 uau 5, T.e. oHO UMeeT Buf 67 + 1; ero KBagpaT MMeeT B
36n2+12n+1.

6. Ilyctys Touku H,, Hy, u H3 cuMMeTPUYHBI TOUKE IIepe-
ceueHusa BbIicOT H oTHOcuTeabHO cTopoH BC, CA u AB. Ilo-
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CTPOEeHUeEe JIETKO BBITEKAeT M3 CJeAyoIiero axkrTa: ecjaud Tpe-
yroabHUK ABC OCTPOYTOJIBHBIM, TO €r0 BEPIIUHBI SBISAIOTCS
TOUKaAMHU IIepPeceueHus OIMCAaH-
HOW OKPY'KHOCTH TPEyroJIbHU-
Ka HiHy,H3; ¢ npomoIKeHUIMA
ero OMCCEeKTpucC, a ecju, HAIpPHU-
Mep, yroa A Tymoii, TO u3 TOu-
Ku H; HYXHO CHOBa IIPOBECTH
OumcceKTpuUCy, a u3 ToueKk H,
u Hj; — GuCCEeKTPUCHI BHEIITHUX
yriaoB (puc. 44).

Mzr orpanuummMcs pasdbopom
cJIydas OCTPOYTOJBLHOTO TPEYTOJIhb-
nuka ABC. Yraslt BHC u CAB
UMEIOT IIePHeHIUKYJIAPHbIE CTO-
POHBI, II0O3TOMY OHHU JuOO pasB- Puc. 44
HBI, JILOO COCTABJIAIOT B CyMMe
180°. I OCTPOYTOJIBHOTO TPEYTOJbHUKA OHU COCTABJSAIOT B
cymme 180°, moromy uto yroa BHC tynoii. 3uauut, /BHC +
+ /BAC=180°, T. e. Touka H; JIeXKUT HA OMMUCAHHON OKPYIK-
HocTu TpeyroabHuKa ABC. AHaJIOTMYHO HOKA3BIBAETCS, UTO
Touku H, m Hjz TOXKe JeKaT Ha OINCAHHOM OKPYIXHOCTHU
Tpeyroabanka ABC, M03TOMY ONMCAHHBLIE OKPYKHOCTU Tpe-
yronsHUKOB ABC n H{H,H3 coBunagator. Hanee, JAH H;,=
=/ACH,=/ACH3;=/AH H3, mostromy H;A — GuccexTpuca
TpeyronbHuKa H HHs. na H;A u H3A 10oKasaTesrbcTBO
aHAJIOTUYHO.

Cayuaii TymoyroiabHOro TpeyroabHuka ABC pasbupaercs
AHAJIOTUYHO, a MPAMOYTOJbHBIM S5TOT TPEYTrOJbHUK OBLITH HE
MOJKET, IIOTOMY YTO TOTJa aBe m3 TPeEx Touek H,, Hy, H3 coB-
magaror.

B

9—10 ranacc

1. ITpomomxum perieHue 3agaun 1 aasd 7—8 KJaccoB, IOJb-
3ysdCh TEM, YTO TaM ysKe OoKasaHo. MbI yiKe 3HaeM, Kak
TOJIKHBI OBITH PACIIOJIOMKEHBI CAMBIA MAJEHbKUI KBaapaT
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mpuaeraiomnyue K HeMy KBaapaTbl. IlosTomy
ecJii W3 IIeCTH IIOMapHO PasJUYHbIX KBaapa- E
TOB MOJKHO CJIOYKUTH IPAMOYTOJIbHUK, TO OHU
IOJI’KHBI OBITh PACIIOJIOMKEHBI TaK, KaK cXe-
MaTUYHO n3obpaskeHo Ha puc. 45. Ho Torma y Q

KBazpaTtoB D u E ecTh 00II1as CTOPOHA, TTOITO- B c
MYy OHU PaBHBI. A 0O YCJIOBUIO BCe KBaJapaThl
TIOMIAPHO PA3JIUUHEI. Puc. 45

2. PaccMoTpuM KpyTr, COAEp:KAIlUii Bce MOAaHHBIE TOUYKU.
Byzem yMeHBIIATHL pagmyc TAKOro Kpyra OO TeX MIop, IIO-
Ka 9TO BO3MOKHO. IlycTh R — pagmyc HOJYUYEeHHOTO Kpyra.
Ha rpammuiie sToro xpyra Je)kaT IO KpaiiHell Mepe ABe AaH-
Hble TOUKU. PaccMOTpUM cHauajaa caydai, Korja Ha I'paHule
JexxaT POBHO aBe TOuKu A um B. flcHO, UTO OHU SABJISAIOTCS
IUaMeTPaIbHO MHPOTHUBOIIOJIOKHBIMU TOUKAMMH Kpyra. Bosb-
MEM TpeThbio HAaHHYI0 TOUKYy C. MUHMMAJbHBIA paguyc Kpy-
ra, comepskaiero touku A, B u C, pasen R, mostomy R<1.
PaccMoTpuMm Temeps cayuaii, KOrja Ha I'paHUIE JeKaT POBHO
Tpu mauuble ToukKu A, B u C. Torma tpeyroabuuk ABC ocrt-
POYTOJBHBIN WU MPAMOYTOJbHBINA, IIOCKOJbKY MHAUE MOYKHO
ObLIO OBl YMEHBIIUTh PAANYyC KPyra, comepsKallero Bce AaH-
Hble TOUuKHU. IlosTOMYy CHOBa MHHHMAJBLHBIN paguMyc Kpyra,
comepskarnero Touku A, B u C, paBen R. Paccmorpum, Ha-
KOHeIl, cJydyail, Korja Ha IpaHUIle JieKaT [0 KpanHelr mepe
yeThIpe AaHHBIe TOUKu. IlyeTh o, oo, ..., &, — YTJIOBBIE Be-
JUYUHBI IOCJEeA0BATEJIbHBIX IYyT, Ha KOTOPbIe HJaHHbIE TOUKU
pasbuBaT TpaHUIy Kpyra. Ecam cymMMa yIJIOBBIX BeJIWUUUH
IBYX TOCJeZOoBaTeJIbHBIX AyT He Oosabine 180°, To coTpém mx
ob6mryo Touky. Ilokaskem, uTo mpu n >4 Taxkas mapa mocje-
IOBaTeJbHBIX NyT Bcerga Haumercsa. Ilpeamonmoxum, 4To o +
+ oy > 180°, oy + a3 > 180°, ..., a,+ g >180°. Craoxus sTH;
HepaBeHCTBa, moiayuumM 2(oq + o+ ...+ a,) >n-180°, a 3Ha-
yut, 4-180°>n-180°. Iloryueno mporuBopeune. Takum 006-
pasom, Ha rpaHUIE IIOJYUEHHOTO Kpyra Jie:xar Jubo aBe mua-
MeTpPaJIbHO IIPOTUBOIIOJIOMKHEIE JaHHBIe TOUKU, J10O TPU AaH-
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HbIe TOUKHU, SBJAIOIIHECS BEPIIMHAMHU OCTPOYTOJBHOTO Tpe-
YTOJIbHUKA. OTU CIyUYaud MBI yiKe pasoupain.

3. Ilyems x(x —a)(x—b)(x—c) +1=P(x)Q(x), rme P(x)
u @(x) — MHOTOUJIEHBI C IeJbIMu Koapdunuenramu. ScuHo,
yro P(x) m @(x) — MHOTOUJIEHBI CO CTApPIIUM KOo3(duiimeH-
oM 1. IIpu x=0, x=a, x=b u x =c UMeeT MeCTO PABEHCTBO
P(x)Q(x)=1, r.e. mubo P(x) =1 u Q(x) =1, mudo P(x) =—1
u Q(x) =—1. B oboux cayuaax P(x) — Q(x) =0. Crenesnp MHO-
rousena P(x) —Q(x), umelomiero mo KpaiHell Mepe UYeThIpe
pasauunbsix Kopua (0, a, b, ¢), CTPOro MeHbIIIe UeThIPEX, II0-
aromy P(x) =Q(x) mnna Bcex x. Takum obpasom,

x(x—a)(x—b)(x—c) =P%(x) —1= (P(x) +1)(P(x) —1).

ITostomy P(x) t1=x(x—a) u P(x) F1=(x—b)(x—c), T.e.
x(x—a)—(x—b)(x—c)=+2 (MBI He pasauyaeM pelIeHusd,
OTJIMYAIONINecs JUIIb IepecTaHOBKOI uucesa a, b, c¢). Ciaeno-
BaTeJbHO, a=b+c u bc=F2. B pesyabrTare mosydyaem cJe-
nyroiue Habopsl 3Havenuii (a, b, ¢): (3, 1, 2), (-3, —1, —2),
(-1,1,-2), (1, 2, —1). IMm cOOTBETCTBYIOT CJIeAYIOIIIHE Pas-
J0KeHuA MHorounesa x(x —a) (x —b) (x—c¢) +1: (x2 —3x+1)2,
(x®+38x+1)2, (x2+x—1)2, (x2—x—1)2,

4. Ilepsvlii cnoco6. PaccMoTpuM OaHHOEe ypaBHEHUWE Kak
KBaJpaTHOE YpaBHEHWE OTHOCUTEJIHLHO X:

- y+Dx+y*—y=0.

JIuCKPpUMUHAHT DTOTO ypaBHeHus paseH —3y2 + 6y + 1. O oT-
punatenen npu y >3 u upu y < —1. Ilosaromy mnisa y mosnygaem
TpU BO3MOKHBIX 3HaueHus: 0, 1, 2. ima KaKIgoro ms sTmUX
3HAUYEHUI MOJyuaeM KBaApaTHOe ypaBHEHUE, KOTOPOe JIeTKO
peritaercs.

Bmopoii cnoco6. Ecmma x +y = x? — xy +y?, To

@y’ + -+ (-1 =20 —xy+y’ —x—y) = 2.

CymMma KBagpaToB IeJbIX ymces X —Yy, x —1, y— 1 paBHa 2,
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IM09TOMY OMHO m3 3TuX uwucesg paBuo 0. Ecau x =y, To moiay-
yaem perrrenus (2, 2) u (0, 0); eciu x =1, To moayuaem perre-
"Husa (1, 0) u (1, 2); ecau y =1, To moayuaem pemtenus (0, 1)
u (2, 1).

5. IlycTs a — paccrossHme MeKAy HJAaHHBIMU OPAMBIMU, d —
IJIVNHA pPacCcMaTpUMBAEeMBIX OTPE3KOB. BwiOepeM cucremy KO-
OPAMHAT TaK, UTOOBI TOUKM HEPBOM MPAMON MMEJIN KOOPIU-
HaTel (x, 0,0), a TOUKM BTOPOU MHPAMOII MMeJIN KOOPAMUHA-
1 (0, y, a). Hac mHTepecyoT mapbl TOUEK, IJA KOTOPBIX
x*+a’+y?=d?, r.e. x2 +y>?=d? —a®. CepeguHa OoTpesKa c
KOHIIaMH B TOUKaX ¢ Koopauuaramu (x, 0, 0) u (0, y, a) umeer
KoopauHaTh (x/2,y/2,a/2), mI03TOMYy UCKOMOE MHOKECTBO —
OKPYIKHOCTL paguyca v/ d2 —a?/2 ¢ nearpom (0, 0, a/2), pac-
IIOJIOYKeHHAs B IIJIOCKOCTH 2 =a/2.

6. IIycts @ m b — AAWHBI MeouaH, X W Y — IJWUHBI KaTe-
1662 — 442 -
15

. Takum o6pasom, X — 9TO KaTeT MPSIMOYTOJIbHO-

2 2
toB. Torma % +y’=a’ux®+ yz =b2. ITosTomy x2 =
9 16a% —4b®
¥ =715
0 TPeyroJbHUKA ¢ Tunotenysou 4b/v/ 15 u xarerom 2a/v'15,

a y —9TO KaTeT IPAMOYTOJbHOTO TPEYTrOJbHUKA C TUIIOTEHY-
3oit 4a/v/15 u rarerom 2b/v/15. Orpesok miuuoit 4b/v/15 u
OCTaJIbHBbIE OTPE3KH MOJKHO IIOCTPOUTH, BHIOPAB €IUHUILY W3-
MepeHHsA U IIOCTPOUB OTPe3OK AanHOM \/15.

1945 200 (VIII onumnuada)

IlepBroIii TYp
7—8 Kaacc
1. Ecau mb1 ymuO®RUM (a+b) (a2 +b2) ... (a®* +b%) maa b,
TO TIOJTYUUM
(@a—b)(a+Db)(a®+b%)... (@ +b%) =
— (@ —b) (@ +b%) ... (@ + DY) = ...

L= (a64 o b64) (a64 4 b64) — a128 o b128.
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2. CaoxxuMm n— 1 HepaBeHCTB —— > 1 ! 1

) : 1 pl X n+1" 2n’ n+27 2n> 7
m > ﬂ 1 PaBE€HCTBO % = ﬂ. B pes3yJsbTare IIOJydYuM Tpe-
oyemoe.

3. Ilycts 10a + b — uckomoe uuciyo. Ilo ycioBuio umcio
(10a+b) + (10b+a) =11(a+b) aBageTca KBaApaToM HEKO-
Toporo uuciaa k. Torma k meaurca ma 11, a smauut, a + b To-
sKe gmesaurcsa Ha 11. Ho a+b <18, mostomy a+b=11. dAcuo
Takske, uro ecau a+b=11, to (10a+b) + (10b+a) =112 —
KBaJIpaT I[eJIOr0 YKCJIa.

4. fcHo, UYTO OTHUM M3 KOHIIOB OTPe3Ka JOJKHA OLITh Bep-
ImunHa TpeyroabHuKa. Ilpeamonoxxum, uTo orpe3ok CD pas-
pesaetr pasHoOCTOpPOHHUI TpeyroabHuK ABC Ha ABa PaBHBIX
rpeyroabHuKka ACD um BCD. 9Tu TpeyroJbHUKU HMEIOT, B
YaCTHOCTH, PaBHLIE IIoIaau, mosromy AD = BD. Kpome To-
ro, cropora CD y uux obmiaa. CiemoBaTebHO, OCTABIIHECS
CTOPOHEBI paBHEI, T. e. AC = BC. IIpuxoaumM K IPOTHUBOPEUUIO.

5. IIycts O — TouKa KacaHUA OKpPYysKHOCTEl, A u D — Tou-
KM KacaHHUsA C OKPYKHOCTSIMHU OOHOUM KacareiabHOU, B u C—
TOUKW KacCaHUsA OPYyrodl KacaTeJIbHOU
(Touxku A u B JekaT Ha OJHOI OKPYK-
"HocTtu, C mu D ma gpyroii: puc. 46).
ITpoBeném uepes Touky O 00OIIyIO0 Ka-
caTelbHYI0 K OKpysKHocTAM. IlycTh
oHa mepecekaeT mpambie BC u AD B
Toukax P u @. [IBe KacaresbHBIE, ITPO-
BEIEHHBIE U3 OJHOU TOUKU K OKPYIK-
HOCTU, PaBHBI, TosTOMy PB=P0O = PC
u QA=Q0=QD. N3 »sToro cuexyer,
uro: 1) oTpe3ok PQR ABIsgeTcA cpegHen
aunuen tpamenuu ABCD; 2) pauna
orpesdka PQ@ paBHa HOJyCyMMe IJIUH
Puc. 46 ctopor BC u AD. Ocraércsa 3aMeTUTh,
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uTO AJWHA cpedHell suHuM Tpamnenuu ABCD pasHa ImoycyM-
Me mInH eé ocHoBaHul AB u CD.

9—10 raacc
1. Jlerxo MpoBepUTH, UTO eCJIU YMHOXKUTH (a + b) - (a® +b?) -
.-(@® +0b? ) maa-b, o moryunm a? —b?.

2. Ilycts N —uckomoe umcno. Torga N2—N=N(N —1)
menutca Ha 1000. Yucna N u N — 1 B3aUMHO IIPOCThBIE, IIOITO-
My OJHO M3 HUX AeJuTCsS Ha 8, a Apyroe Ha 125. IlycTs cHaua-
aga N =125k. Torga k< 7. Cpegu uucen 125k -1, k=1, ..., 7,
TOJBKO uucyio 624 menurca Ha 8 (IPU BBIYUCICHUAX YAOOHO
BOCIIOJIB30BAThCA TeM, 4uTO umucjo 125k — 1 upu mensenun Ha
8 maéTr TakKoi#l :Ke OCTATOK, Kak u uwucgo 5k —1). Ilycts Te-
mnepb N —1=125k. Torga N =125k + 1, mostomy k< 7. Cpenu
yucea 125k+1, k=1, ..., 7, ToabKo unucuao 376 meaurca Ha 8.

Eciu N2 - N=N(N —1) genurca ma 1000, To N* — N =
=N(N*!—-1) rome genutrca Ha 1000, mockoapxky N1 -1
meaurcss Ha N — 1.

KomMmenTapui#. Jua gob60ro HaTypaJbHOTO YMCIA N CYIIECTBYIOT
POBHO [Ba HATYPAJbHBIX UMCJA, OTJIUYHBIX OT 1, KOTOPbIE He IMPEBOCXOAAT
10" — 1 u nmbasa UX CTelleHb OKAHUMBAETCA Ha N IUQPP, COCTABISIONIUX
MCXOJHOE YUCJIIO.

3. 3 mepBoro ypaBHeHuA moJsydaem y=+x. [logcraBuB
9TO BBIpaKeHUe BO BTOPOE ypaBHEHUE, IIOJYUUM

(x—a)+x*=1. (1)

Yuciio pemnieHniI CUCTEMBI YMEHBIIIAETCS 10 TPEX, TOJBKO ec-
JU OOHO M3 perieHud ypaBHeHus (1) oOpaimaercs B HYJIb.
IToxcraBus B ypaBHeHue (1) x=0, monyuum a’=1, T.e. a=+1.
Torga ypaBuenue (1) umeer aBa Kopusa: 0 u a, mosTomy cu-
cTeMa MMeeT TPU pellneHudA. UMcJI0 PelnieHni CuCTeMbl YMEHb-
I1aeTcss OO OBYX, ecau ypaBHeHme (1) mMmeeT eIUHCTBEHHBIN
KOpeHb (T. e. Ba COBOAMAIONINX KOPH:A). [IpupaBHUBasA HYJIIO
ANCKPUMUHAHT ypaBHeHus (1), mosyuaem a = +v/2.
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4. IIycts O — BepmimHa gaHHOTO IpsaMoro yrjaa. Touku

O u A jexxaT Ha OKpPYsKHocTH c auamerpoMm BC, mosTtomy

/AOB=/ACB=/C (puc. 47). I3 sToro ciemyer, 4TO TOUKA

A gBU:KeTCS O IPAMOM, 00pas3yIoIieil cO CTOPOHON JaHHOTO

IPAMOTO yrJja yroj, paBubiii /C. B KpallHUX IOJOMKEHUIX

paccTogHusA OT TOuKM A mo Toukm O

Cc paBHBI runorteny3e BC u HaumMeHbIIIe-

my Karery BA. IeiicrBurensHo, OA =

=BCsin ¢, roe ¢=/0CA. §fcuo, 4uTO

4 £OCA = Z0CB + ZBCA = ZOCB + ZC.

Yron ZOCB usmeunserca or 0° mo 90°,

I09TOMY yroa ¢ uamenserca or ZC mo

0 B 90° + ZC=180° — /B. CuemgoBaTeabHO,

HanboJibIllee 3HaUEHHe Sin ¢ paBHO 1, a

HauMeHbIllee 3HAUeHe PAaBHO HAUMEHb-

memy u3 unces sin C u sin B. Takum o0pasoM, AJHUHA OTPE3-

Ka, 10 KOTOPOMY ABUIKETCS TOUKa A, paBHA Pa3HOCTU MEXKIY

IJIVUHOU TUIOTEHY3bl U NJIWHON HAWMEHBIIIET0 KaTeTa IPAMO-
yroabHOro tpeyroabauka ABC.

Puc. 47

Bropoii Typ

7—8 kaacc

1. Bygem oTaenbHO IOACUYUTBIBATH CYMMY TBICAY, COTEH,
IEeCATKOB U eIWHUIL IJid paccMaTpuBaeMbIXx umces. Ha mep-
BOM MECTe MOJKeT CTOSATh Jobasa us martu nudpp 1, 2, 3, 4, 5.
KomnuecTBO Bcex umcesa ¢ (PUKCHUPOBAHHOW IIEePBOU ITU(PpPOI
paBHO 6-6-3 =108, TOCKOJBKY Ha BTOPOM U TPETheM MeCTe
MOJKeT CTOSITh Ji00asa us mectu udp, a Ha YeTBEPTOM MecTe
MOJKEeT CTOATHL Jiobasa us Tpéx nmudpp 0, 2, 4 (MBI paccMaTpu-
BaeM TOJIbKO 4€THBIe umcja). [losTomMy cymMMa ThICSY paBHA
1+2+3+4+5)-108-1000=1 620 000. KonuuecTBO UMCeg
¢ pUKCUPOBAHHON BTOPOH I1udpoi paBHO 5-6-3 =90 (Ha mmep-
BOM MeCTe CTOUT Jirobas u3 mnaTtu mudp). ITostomy cymma co-
TeH paBHa (1+2+3+4+415)-90-100=135 000. Anasoruuso
cymma gecatxkoB paBHa (1+2+3+4+5):90-10=13 500, a
cymma exuHUI paBHa (2+4)-5-6-6=1080.



Pewenus. 1945 200 181

1 1 17 .
2. Tlpexxge Bcero saMeTHM, UTO %-25§—m, IPUUEM

yucya 17 u 240 B3auMHO IIpocThie. PaccMOTpUM JIyY, UAYIITHI
13 «OCH» B BEpPIIMHY [IE€PBOr0 MHOIOyroJbHHKAa. II0BOPOTHI
9TOr0 Jyua BOKPYI «ocu» Ha yriael k-25°30', rme k=1, 2,
..., 240, pasauunbl. [[efiCTBUTEJIbHO, €CJIU IIOBOPOTHI Jyua Ha
(k1 —k2)17
240
mmeJioe, a 3HAYUT, k; — ky geaurcsa Ha 240. Ha xakgoM u3 3THUX

240 mydeil ecTh BepIIMHA MHOTOYTOJLHUKA, IIOATOMY UHCJIIO
CTOPOH MHOTOYTOJNbHIKA He MeHbIlle 240. C Apyroil cTOpoHEI,
mpu 1moBopoTre mpasuiabHOro 240-yrogpHuka Ha yroa 25°30/
BOKPYT II€HTPA OH COBMeEII[aeTCsI caM C COBOI.

yrasl ky-25°30" u ky-25°30" coBmazaroT, TO YMCIIO

3. Ilepswiii cnocoo. Tpeyronvauku AQP n CQB 1momo6HBI,
TI0TOMY 49 _ AP 1. CiregoBaTeJibHO A4 __ 49 1 .
QC BC n > AC AQ+QC n+1

Bmopoii cnoco6. Pasgenum cTopo-
Hy BC Ha n paBHBIX YacTelli um IIpo-
BeIEM uepe3 TOUKU JeJIeHUA IPIMbIe,
napaJjiaenabHble mpamoit BP. OHu pas-
nesar guaroHaab AC Ha n+ 1 paBHBIX

vacreit (puc. 48).

4. Ilycrs A’, B, C' — cepenuunl ctopod BC, CA, AB. Cepe-
IuHa oTpe3ka AA; jexur Ha orpe3ke B'C’'. AHajormuHo 10-
KasbIBaeTcs, UTO cepeAuHbl OoTpe3KoB AA;, BB;, CC, ne:xart
Ha cTopoHax Tpeyroabuuka A'B'C’.

KomMmMmenTapuii. YrBep:kiIeHre O TOM, YTO TOYKHU, JIeKAIUe Ha
TPEX CTOPOHAX TPEYTrOJbHUKA, He MOTYT JEXXKaTh HA OMHON IPAMOM, SABJI-
eTcs OJJHOUM M3 aKCMOM I'eOMeTpUU, HasdbiBaeMou axcuomoii Ilarma.

9—10 ranacc

1. PaccmarpuBaemMoe ypaBHEHNE MOXMKHO IIePeIINCATh B BU-
me (x —5)(y+ 3) =—18. Ero pemieHus B IIeJBIX YUCJIAX COOT-
BETCTBYIOT IIPECTABJIEHUIM YKCcJIa — 18 B Bue IpousBeqe s
IBYX IleJbIxX uuces. Hanpumep, ecim x —5=—-18u y+3=1,
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o x=—13 u y=—2. [Ilna ocTaJbHBIX PAlJIOKEHUN X U J Ha-
XOJATCS aHAJOTUYHO.

2. IlpumenuM mMHAYKIUIO Mo n. IIpu n=1 momydaem oue-
BUIHOE TOMKIECTBO 2 sin <i 4> ++/2. IMeeT MeCTO PAaBEHCTBO

2(a1+‘“”‘2 +%++wg =

a aza an s
_a12+a1<ag+ : 3+...+”7,1“)Z:

T azas asas An+1\ 7T
:i§i<a2—|— +...+7,1+)1,

rjge 3HAK ILJIIOC COOTBETCTBYET d — +1, a 3HAK MHUHYC COOTBET-
CTBYeT a; = —1. 3TO paBeHCTBO IIOKA3bLIBAET, UTO

cos 2 (a1 +

a1a2 a1a2a3 aias-... -anan+1)

R s r

asas azag ... Apy1 \ T
)L

x

2=

= — Sin(ag + 2 271—1

Bocmonbp30BaBIINCh 9TOM (POPMYJIOH M TOMKIECTBOM 2 sin
=+v2— 2 cos o, TOIYUUM

a1a2 a1a2a3 aiaz-... -anan+1) T

+ +.ot o i

2 sin <a1 +

= ial\/2+2 sm(az + a2a3 +... +W>g.

(MbI 3mech mOIHMCATIU (1, BOCIOJIB30BABIIHCH TE€M, UTO G =
=+1.) HerpyaHo Tak:ke y0eIUTHCA, UYTO B AEHCTBUTEIHLHOCTHU

B IOJIVIeHHOH (popMyJie Bcerna 6epéTca 3HAK ILIIOC, IIOCKOJIb-
a1a2 a1a2a3 aiag ... Anlpy1
Ky BHAK 4uCia a; + +———+ ...+ T"” coBmazja-
eT CO 3HAKOM YMCcJa al. Tenepb, BOCIIOJIB30BABIINCH IIPEAIIO-

JIO}KEHVEM WHAYKIIUU, IToJydYaeM TpedyeMoe TOMKIECTBO.

3. O603HAUMM YTJIOBYIO BEJIMYWHY AYTH, BHICEKAEMOI CTO-
poHaMM JaHHOTO IPaBUJIBHOrO Tpeyroabuuka ABC, uepes o.
Byzmem mpenmoJsiarats, 4TO OKPY:KHOCTL KacaeTcs cTOopoHbl BC.
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Paccmorpum ayry, BhICeKaeMyo IIpo-
IOJIKeHUSIMH CTOPOH TPEYroJIbHU-
Ka ABC Ha OKpy:KHOCTH, 1 000O3HA-
YuM €€ YIJIOBYI0 BEeJIUUYHHY uepe3 o
(puc. 49). Torma mo Teopeme 00 yrie
MesKAy IByMsa xopzamu (a+a')/2=
=/BAC=60°. Ho ¢= o/, Tak Kax st
OIYyTd CHUMMETPUYHBI OTHOCUTEJIHHO
OPSAMOM, IIPOXONAIIEN uepes3 IIEHTP
OKPY’KHOCTH IIapajijieibHO CTOpPOHE
BC. Tlosromy a= o' =60°.

1946 200 (IX orumnuada)

IlepBsrii TYp

7—8 Kaacc

1. CymmMa BCeX BHEIIHMX YIJIOB BBINYKJIOTO MHOTOYTOJIb-
Huka pasuHa 360°. ITosToMy BBIOYKJBIA MHOTOYTOJLHUK He
MOJKET MMeTh 0oJiee TPEX TYNbIX BHEIIHUX YIJIOB, T.€. OH
He MOJKeT MMeThb 0oJiee TPEX OCTPBLIX BHYTPEHHUX yrioB. Tpu
OCTPBIX yIJia MOT'YT OBITh, HAIIPHU-
Mep, B TPEYTrOoJbHUKE.

2. IIpu moBopoTe Ha yroa 60°
BOKPYTI TOUKM B, IepeBomsAIieM
Touky C B Touky A;, Touka C;
nmepexoauT B Touky A (puc. 50),
mosTomMy oTpe3ok CC; mepexoguT
B oTpe3ok A;A. CiemoBaTesbHO,
Touka N mepexoquT B TOUKy M.

3. Ilycts N — uckomoe uwmciao. Ilo ycmoBuito N =131k +
+112=1321+98, raoe k u |— HaTypanbHble ymnciaa. Kpome

_ 1 _
toro, N <10 000, mosTtomy [ = N13§8 0 0;)3?2 98 < 76. Hamee,

131k +112=1321+ 98, nmoaromy 131(k —1) =1 — 14. Caenosa-
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TeJIbHO, ecu k#1, To |l —14|>131. Ho < 76, moaTomy k=11
{—14=0. Tagkum ob6pasom, N=131-14+112=132.-14+98=
=1946.

4. C10:XUB BCce YPaBHEHUS, IOJIYUUM
3(x1 + X2+ ... —l—xg) =0.

3areM CJIIOKUM TepBOe ypaBHeHUe, UeTBEPTOoe 1 ceabmoe. B
pesyJyibTaTe mony4uM 2x; +Xg + X3+ ... +xg=1, a 3HAUUT, X1 =
= 1. OcranbHble HeM3BECTHLIE HAXOAATCSA aHAJOTHUYHO.

5. Ilycts
Qx) = A +x+x®+x34 ...+ x% 4 x109),
Torma
Q(—x) = (1—x+x2—x3+...— 2 +x19),

ITosToMmy paccmaTpuBaeMoe IPOV3BENEHUE ABJIAETCA MHOTO-
yiaeHoM P(x) =Q(x)Q(—x). Takoit mHOTOUJIEH 00JamaeT cJjie-
IyromuM cBoiictBoM: P(—x) =P(x).

IIycts
P(x) = Z a,x*" + Z b,x?ntt,

P(—x) = Z a,x>" — Z b,xtt,

ITosTomy P(x)—P(—x)=2) b,x*"*!, Mbl BEIACHWJIN, YTO MHO-
rouwneH P(x) — P(—Xx) TO:XIeCTBeHHO paBeH HYJIIO IIPU BCEX X,
mostomy b,=0 gasa Bcex n>0. ITo o3HAUAET, UTO Y MHOTO-
uyjneHa P(x) HeT 4JIeHOB, COAeP;KAIUX X B HEUETHOU CTEIeHM!.

Torga

9—10 ranacc

1. Ilycts [— mpamasi, JesKalmasd B ILIOCKOCTHM ® W TIPO-
xomdAmiasg uepes Touky A. OriaokuM Ha IpPAMOUN [ OTPe3oK
AB pgnuubr 1. Ilyers B’ — npoeknusa TOUYKM B Ha IIJIOCKOCTh
B, O — mpoekiua ToOYKM B Ha JIMHUIO IepecedeHHus ILIOCKO-
creit « u 3. Torga sin BAB' = BB'=O0B sin BOB'. IIpu stom
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sin BOB' — cuHycC yria MeXAy IJIOCKocTAMU o 1 3 (9TOT yroJ
¢purcuponan), u OB < AB, mpuuéM pPaBEHCTBO AOCTUTAETCS
JUIIbL B TOM cjay4dae, korga Touka O coBmagaer ¢ A. ITostomy
sin BAB' makcuMaJjieH, KOrja OpAMas [ IeplueHIuKyJIApHa
JIUHUU IIepeceueHnsl JaHHbIX ILJIOCKOCTel.

2. Ilycte PQ — OTPE30K, KOTOPBIA AENIUTCS TOUKON A IIo-
monam, P'@ — Apyroi OTpe3OK, IPOXOLAINNI UYepes TOUKY
A. TTokakem, uTo OTpe30K P'Q’ oTceKaeT TPeyroJbHUK 0O0JIb-
el ImIoIagu, uyeM oTpe3ok PQ. Ilycts myas ompeneaéHHO-
ctu PPA> Q' A. Oryoxxum Ha orpeske AP’ orpesox AP = AR’
(puc. 51). Tpeyroasuauku APP” u AQQ’
paBHBI, a TpeyroabHUK APP’ comep:KuT
TpeyroabHuK APP”. 3HauuT, MIOMIALb
TpeyroabHruKa APP’ 6oJibllle ILJIOIagN
TpeyroabHnKa AQQ’'. PasHocTs MexIy
ILIOIIAAAMY TPEYroJbHUKOB, OTCEKae-
MbBIX oTpeskamu P'Q" um PQ, paBHa pas-
HOCTH ILIOIMIaJell TpeyroaibHuKos APP’
u AQQ'. Puc. 51

KomMmenTapuii. HecnmoxkHO moxasaTh, UTO OTPe30K PQ®, KOTOPBIM
IeJUTCA TOYKOI A momoJiaM, Bcerga cyiiectTByeT. Bojee Toro, aToT oTpe3ox
JIETKO IIOCTPOUTD. [IJIsT STOr0 HYMKHO CHAUYaja MOCTPOUTH YIOJI, CUMMETPUY-
HBIH HAHHOMY yIJIy OTHOCUTEJbHO TouKu A. Torma P u @ — TOuKHU Iepece-
YeHUA CTOPOH MCXOJHOrO yrja X CUMMETPUYHOTO eMy yrIJa.

3. Bamerum, uro n?+3n+5=(n+7)(n—4)+33. Ecinm
yucao n?+3n+5 genurca Ha 121, To umeno (n+7)(n—4)
menutca Ha 11. Ho (n+7) — (n—4) =11, mosTomy oba MHO-
JKUTENSA IeJIaTcsa WX He gensaTcsa Ha 11 ogHoBpemenno. Cie-
IoBaTeNbHO, ecau unucyao (n+ 7)(n—4) neaurcda Ha 11, To oHO
menutca Ha 121. Ho torga umcao (n+ 7) (n —4) + 33 He MmoxkeT
meautbed Ha 121.

4. fcuo, uto n! 2"=2-4.6-. ... -2n. IlosTomy
nl2"2n-1NN=(2-4-6-...-2n)-1-3-5-...-(2n—1) = (2n)!.
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5. BospMéM Ha OKpy:KHOCTHU paguyca 1 ¢ meHTpoM O TOUKU
K, Au B rak, uro ZAOK =au Z/BOK =f3 (puc. 52). Onyctum
u3 TOUKU A mepueHIuKyasap AH
Ha npamyio OK. ITycts C — Touka
mepeceveHuss 9TOr0 IEePIeHIUKY-
asapa u upamonn OB. CpaBHeHUe
miomageii cekropa OAB u Tpe-
yroabHuKa OAC moKas3bIBaeT, UTO
B —a<OH?-(tg B —tg o). CpaBHe-
Hue maomiazein cekropa OAK u
Tpeyroabauka OAH moKasbIBaer,
uro o> OH? -tg a. 3 aByX mouy-
YeHHBIX HEPABEHCTB CJeayeT, UTO

ﬁ—a<tgﬁ—tga B _tgB

P tg a ,T.e.&<—tga.

Puc. 52

Bropoii Typ
7—8 kaacc
1. IlycTh X — YKMCJIO BOCBMUKJIACCHUKOB, I — UHCJIO OU-
KOB, HAOPaHHBIX KAaXKIbIM BOCbMI/IKJIaCCHI/IKO%VI. ]13) maxmar-
nn-—

HOM TYpPHHpPEe C n YyYaCTHHKaMU HUI'DaeTcd — 9 nap’rnﬁ.

ITosTomMy, mOACUNTHIBAS ABYMsSI CIIOCO0AMM CYMMY OUKOB, HAa-
OpaHHBIX BCEMH yUYaCTHHUKAMU TYPHUPA, IPUXOIUM K ypaB-
HEHU
x+2)(x+1
xy+8= EFDEED

_ (x+2)(x+1)—16 :x+3_£.
x x

2y

ITosTomy x mpumHMMaeT omgHO u3 3HaueHuu 1, 2, 7, 14. 3Ha-
yenusa 1 um 2 OTIAmalmT, IMOCKOJBKY B 9THUX CJAYYAAX UUCIO
y Oyzer oTpuilaTeJbHBIM. 3ajada MMeeT ABa OTBeTa: X =17 u
x=14. B xa:Xa0M us caydaeB X =7 u X = 14 HeTPyAHO IOCTPO-
UTHL IIPUMEP TYPHUPHOM TAOJMUIBI, YAOBJIETBOPSIOINEH yCJIO-
BHUIO.
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2. TlpegcrTaBuM HaHHOE BbIpaskeHUe B BHUE

(x+2y) (x —y) (x + y) (x — 2y) (x + 3y).

IIpu y+#0 Bce mATH COMHOKUTEJEH STOTO MPOU3BENEHUS II0-
IMapHO PAal3JUUYHBI, a YMCJ0 33 HeJIb3s IIPEICTAaBUTH B BUIE
MIPOU3BENeHUSA IATU IEJbIX IIOMAaPHO PA3JUUYHBIX COMHOMKI-
Teseil (XOTsT M MOJKHO IIPEeICTaBUTh B BUe IIPOU3BEIEHU Ue-
THIPEX IIOMAPHO PA3JIUUYHBIX COMHOKUTEeH, 1Ba 13 KOTOPBIX
paBubl 1 m —1). IIpu y =0 paccmaTpuBaemMoe BbIPasKeHUE IIpe-
Bpamaerca B x°. Hu mpu KakoM IeJoM X YHCJIO X° He paB-
HO 33.

3. Ilycrs AJW:BN’:% (rorgza OM’'=ON’). Bo3sb-
MEM TIPOUM3BOJILHYIO M3 paccMaTpuBaeMbIx ToueKk M #=M' u
nokasxkem, uro MN > M'N’. Ilycrs P — Touka IepeceueHus
npambeix M'N’' u MN. IIpogoaxum orpesoxk M’'N' 3a Toury M’
¥ OTJIOMKUM Ha IIPOJOJIKeHuU oTpe3ok M'Q = N'P. fdcuo, uro
IMM'Q=/ZNN'P, nosromy TpeyronbHuku MM'Q u NN'P
pasubl. Ciemosarenbuo, MN =MP+ PN =MP + MQ > PQ =
=M'N'.

4. Ilyctb a, — mopora, BBIXOAAINAS W3 IyHKTa A,, o, —
yroJi, KOTOPBI obpasyer gopora a, ¢ npamoir MN, P,,, — me-
PEKPECTOK OOPOT @, U Q..

1. Eciu mamwuHy a, 3afep:kKaT Ha IepeKpécTtke P,,, TO
yron «, ommxke k 90°, uem yroa «, (mopora a, Kpyue, ueMm
Jopora a,).

2. Ilycts m <n. Torma goporu a,, u a, IepeceKaTcs, ecIu
Ay < Ay, U HE TIePeceKaroTCs, eCIU K, => &,.

3. Ecsnu Bce moporu, mepecekaromiue a,, MeHee KPYThI, UeM
Jopora a,, TO MAaIIWUHY 4, HUTAE He 3aJep:KaT. ITO CJedyeT
us m. 1.

4. IlycTh a,, — camas KpyTasa U3 JOpOT, IIepeceKaroniux a,.
Ecanu a,, Kpyue a,, To MaInuy a,, He MOTYT 3aJep:KaTh PaHb-
e nepekpéctka P,,. llefcTBUTeJIbHO, IPEANOJIOKUM, YTO
MAaIlluHYy 4, 3aJep:KaT Ha IepeKpécTtke P,,, JexaliemM Ha OT-
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peske A, P,,. Torga cornacuo m.1 mopora a, Kpyde JOpOru
a,, a 3HAUNUT, II0 YCJIOBUIO OHA He MOJKET Iiepecekarhb a,. Ilo-
KasKeM, 4TO 3TO HEBO3MOKHO. PaccmoTpum cHavajia ciaydam,
Korja Touka A, JeXur BHe oTpeska A,A,. Ilpamas a, me-
pecekaer cropony A,P,, TpeyroabHuxka A,P,,A, 1 He 1e-
pecexaer cTOpoHY A, A,, IIOTOMY OHA IIE€PECEKAET CTOPOHY
P,,A,, a aTOr0 He MO:KeT ObITh. PaccMoTpuM Telephb caydaii,
Korja Toyka A, JeXuT BHyTpu oTpeska A,A,. Ilycts cua-
yaja n<qg<m. Joporu a, u a,, a, 4 a, IepeceKamTcsd, a
Joporu a, u a, He Iepecekatorcs. Iloaromy us m. 2 caexyer,
uTO oy < Ay < 0. YTOI o, Onmsxe K 90°, uem yros «,, I03TO-
My HepaBeHCTBO «, < (), BO3MOJKHO JHIIL Ipu &, <90°. Ho
TOTJa U3 HepaBeHCTBA Q, < @, CJeLyeT, YTo jopora a, He 0o-
Jlee KpyTa, UeM OOopora a,, I03TOMY OHa MeHee KpPyTa, ueM
Iopora a,. ITO IPOTHUBOPEUYHUT TOMY, UTO MAIIUHY 4, 3a1Iep-
aT Ha nepexkpéctke P,,. Cayuaii n > g >m paccmaTrpuBaeTcsa
aHAJIOTUYHO.

5. Ecou maImiuHa a, IPOXOIUT Uepes BCe MePeKPECTKU, TO
BCe IOpPOTHU, IIepeceKamlnue a,, MeHee KPyThl, UeM J0pora d,;
oTo caenayer u3 m. 4 u 1.

WUrak, us . 3 u 5 caemyeT, 4TO MAaIlIHA @, IPOXOIUT Uepes
BCe MEePeKpPECTKU TOorJga U TOJBKO TOr[a, KOTZa BCe IOPOTH,
mmepecekaroliue a,, MeHee KPpyThl, UeM Jopora d,. Temeps y:xe
JIETKO IIOJIYYUTH TPEeOyeMbIii Pe3yJIbTarT.

KommenTapuun. 1°. IIpuBeéHHble BEIIIE PACCYKIEHUA IOKA3bIBA-
10T, UTO OTBET He 3aBMCUT OT PACCTOSAHUN MeXKIy mMyHKTamu Ai, Ag, ..., Aso
(aTU paccToAHUA He 0043aTeJbHO JOJIXKHBI ObITh PABHBIMI).

2°. HecMoTpsa Ha TO 4TO (POPMYJMPOBKA 9TOM 3akaull KaKeTCs JOBOJIb-
HO MCKYCCTBEHHOIT, OHA CBA3aHa C MPAKTUYECKUMU BOIPOCAMHU KPUCTAJIIO-
rpauu, Korga TOHKWE KPUCTAJJILI PACTYT B CIAYyJYAWHBIX HAIIPABIEHUSX.
BrIpociiuit KpucTaa 3amupaeT IIyTh BCEM YIUPAMOIIUMCA B HETO KPUCTAJI-
JIaM.

5. JokaskemM, UTO €CJU BBIIOJHAIOTCA YKa3aHHBIE YCJIO-
BUs, TO UMCJIO OCTAHOBOK 7 Ha Ka'KJOM MAapIIPyTe W YUC-
Jo mapupyToB N cBssambl coorHoinenuem N =n(n—1) + 1.
Ilycts a —ommH m3 MapiipyToB, B — ocTaHOBKa, 4yepe3 KO-
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TOPYIO MapIIpyT @ He mpoxonuT. KasKaplii MapIipyT, IpoOXo-
namuii ueped B, mepecekaet mapmipyT a. IlosTomy uepes B
IIPOXOAUT POBHO 71 MapPIIPYTOB. AHAJOTMYHO NOKa3bIBaeTCHd,
YTO uepe3d KaKAYI0 OCTAHOBKY MAapIIPyTa @ IPOXomguT n — 1
MapIIIPyTOB, OTJIWYHBIX OT a. Bcero moayuaem n(n— 1) pas-
HBIX MapIIPyTOB U €IIé caM MapIIpyT a.

KommenTapuu. 1°. Ilpumep aBTOOyCHOI ce-
T, 00JIaaolell TpedyeMbIMU CBOMCTBAMU, IPUBEIEH
Ha puc. 53; aBTOOYCHBIE MAapUIPYTHI — IPAMOJJIUHEH-
HbI€ OTPE3KU U MyHKTUPHAS KPUBasd.

2°. Ecam paccMaTpuBaTh aBTOOYCHEIE OCTAHOBKU
KaK TOYKHU, a aBTOOYCHBIE MAapIIPYThl KaK IpPAMEIe,
TO MBI IIOJIy4aeM aKCHOMBI IIPOEKTHUBHOHM TeOMETDPUU.
IIpoeKTUBHBIE T€OMETPUN C KOHEUHBIM YHCJIOM TOUYEK
OCTATOYHO IOAPOOHO M3yUeHbl; CM., Hampumep, [11].

9—10 ranacc
1. IIycte B TypHHpE y4YaCTBOBAJIO X OEeBATHUKJIACCHUKOB.
11x(11x—1)
Torga Bcero 6n1y10 11X yUaCTHUKOB M OHU HAOpaJIn —
0uKOB. 1o yCJ/IOBMIO OTHOIIIEHHNE YKMCJIa OUKOB, HAaOpAHHBIX Je-
BATUKJACCHUKAMHU, K YHCJIY OUKOB, HAOPAHHBIX JeCATUKJIACC-
HUKamu, pasuo 1:4,5. ITosToMy AeBATUKJIACCHUKU HaOpaIu
x(11x — 1) oukoB, a 3BHAUUT, KAKILIN U3 NeBATUKJIACCHUKOB
Beiurpas Bce 11x — 1 maptuii, KoTopble OH chirpas. Ho eciu
OBl cpeay YYACTHHUKOB TYPHUPA OBLIO JBa AEeBATHUKJIACCHUKA,
TO MAPTHUIO MEKAY CO00M OHM MOJIKHBLI ObLIM 00a BBIUTPATD,
YTO HEBO3MOKHO. IlosTOMYy B TypHHpPE y4YaCTBOBAJ OLUH [e-
BATUKJIACCHUK; OH Habpaa 10 oukoB.

2. 3aMeHuM KasKkIoe M3 JAaHHBIX YHCeJI ero0 OCTATKOM OT
menenns ma 10000. ITycrs a; =0, ay, ... — IOIydYeHHBIE B pe-
gyJbTaTe ynciaa. Ecim HaM M3BECTHBI UUCTA 4y, U Ay 1, TO HAM
M3BECTHO W dj_1, IIOCKOJBbKY B MCXOJHOM IIOCJI€ZOBATEJIHHO-
cru (k— 1)-i1 unen pasen pasuoctu (k+ 1)-ro u k-ro. Cueno-
BaTeJbHO, €CJIN AJIS HEKOTOPBIX k U 1 UMEIOT MeCTO PaBeHCTBa
Ap =0Qpyn A Q41 = Agqnt1, TO TOTAA Ap—1 = Apyn—15> Ap—2 = Ap4n—2>
ees; @1 =0y,,1. Ho a; =0, mosromy a,.; =0, T.e. B ucxogHo#
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mocJaen0BaTeJIbHOCTH urcea Ha (n+ 1)-M MecTe CTOUT YHCIIO,
OKAHYMBAIOIIEECs YeThLIPbMSA HYJIAMMN.

OcTaércsa mokasaTb, uTo cpenu map (a;, as), (as, as), ...,
(@108, @10811)> (@10841, Q10512) HAUAYTCA ABe ONWHAKOBHIE IIa-
pei. Ho u3 umcen 0, 1, 2, ..., 9999 Henns3s cocTaBUThL 6oJjee
108 pasauuHbBIX 1ap, a MBI paccmarpuBaem 102 + 1 map.

3. Byaem cuuraTth, 4TO
AB CD EF
7@~ QR RP
OrnosxkuMm Ha cropoHax QR m PR orpesrku QD' =CD- P
PE'=FE-*2 Torza

Q

CD
Sascp = oD Sasep = PQ S AsqD's
EF AB
SAsEr = 5P Sasep = PQ SAsE P
IIO3TOMY
AB
Sasa +Sascp +Saser = PQ (Sasrqg +Sasep +Sasep) =
AB

- m (SPQD’E’ :l:SASD’E’)-

B mociemHeM BBIpasKeHUHU 3HAK ILIIOC OepETCA, eclid TOUKa S
JIKUT BHE UeThIpExXyroabHuKa PQD'E’, a 3HaK MUHYC — eCJIu
BHyTpu. W3 mosrydeHHON (DOPMYJBI CJIENyeT, YTO IJA TOUEK
S MCKOMOT'0 reOMEeTPHUUYECKOT'0 MecTa ILIOIaLgb TPEeyroJbHUKA
SD'E’ posxHa ObITHL mocToAHHOM. ITosTomy mckomoe I'MT —
OTPEe30K IPAMOM, mapaJuienbHoil D'E’ u mpoxopaineil yepes
TOUKY Sj.

B oco6om cayuae Touku D' u E’ coBmagaioT ¢ BepIInHOi R,
IIOTOMY CyMMa ILIoI[azeil Tpeyroabuukos SAB, SCD, SEF
OoHA U Ta JKe IJd Bcex ToueK S. Takum oOpasoM, MCKOMOE
I'MT — Bech Tpeyroabuuk PQR.

4. ITpeamosoKuM, YTO Ha KaKOM-TO MapIIpyTe @ €CTh 711 OCTa-
HOBOK. Bo3bMéM ocTaHOBKY B, Uuepe3 KOTOPYIO He NPOXOIUT
mapmipyT a. I3 B ecTh MapIipyT B KaKAYI0 U3 71 OCTAHOBOK
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MapHaipyra a, Ipuu4éM TaKOW MapIIPyT POBHO OAMH, TMOCKOJb-
Ky IBa Pa3HBIX MapIIPyTa He MOTYT MMETh ABYX OOIIIUX OCTa-
HOBOK. KaKIbIfi MapIIpyT, MPOXOASAIUA uepe3 B, mepeceka-
et MapmpyT a. IlosTomy depes B mpoOXOoauUT POBHO 71 MapIIl-
pyToB. Temeps sicHO, UTO J1000¥ MaPIIPYT €, HEe MPOXOMSIIITUANA
yepes OCTaHOBKY B, mMeeT poBHO 1 ocTaHOBOK. [lelicTBUTEb-
HO, ueped B mpoxoauT POBHO 71 MapPIIPYTOB, KaXKILIA 13 KO-
TOPBIX TepeceKaeT ¢ B OOHOU TOUKe, IBa MapIIPyTa HE MOTYT
mmepeceKaTh ¢ B OOHOM U TOH JKe TOUKe, U yepe3 KasKAyIo ocTa-
HOBKY MapHipyTa ¢ IIPOXOAUT OJAWH U3 d3TUX MapIIPYyTOB.
Ilycts A — omHa M3 ocTaHOBOK Mapiipyrta a. Ha mapimpy-
Te, IPOXOAAIIEeM Uepe3 OCTAHOBKU A u B, 1o ycJIOBUIO eCThb
emé omma ocraHoBka C. PaccMoTpuM MapIipyT ¢, IPOXOIs-
Uil yepes octaHoBKY C M KaKyoO-HUOYAb OCTAHOBKY MapIil-
pyTa a, OTJIUYHYIO OT OoCTaHOBKM A. MapHipyT ¢ He IPOXO-
IUT Yepes OCTAaHOBKY B, mosToMy Ha HEM POBHO 71 OCTAHOBOK.
Map1ipyT ¢ He IPOXOAUT uUepe3 OCTAaHOBKY A, ciaemoBaTesb-
HO, Uepe3 OCTAaHOBKY A IPoXoauT n MapuipytoB. Takum 00-
pasoM, uepes3 KasKIyIo OCTAHOBKY MapIIpyTa @ IPOXoauT n — 1
MAapPIIPYTOB, OTJIMYHBIX OT CAMOTO a. SICHO TaKiKe, UTO JII000i
MAapPIIPYT IPOXOIUT XOTs ObI Uepes3 OAHY OCTAHOBKY MapIIIpy-
Ta a. Bcero mosnyuaem n(n — 1) pasHbIX MapIIPYTOB U €IIE caM
MapmipyT a. B Hamem cayuae n(n—1) +1=57, mostomy n=S8.

5. Cum. pemrenune 3amauu 4 s 7—8 KJIaccos.

1947 200 (X onumnuada)

IlepBroIii TYp

7—8 kaacc

1. ITpu pacKpeITUM CKOOOK IIOJIlyUYaeTcsa CcyMMa OIHOUJIe-
HOB BuAa x°™t7", Unucmo 18 Helb3s MpeNCTABUTHL B BUJE CyM-
MbI UmceJ 5 u 7, T. e. B BUuge bm + 7n, mosToMy KoapduiineHT
npu x'® 6ymer paBeH HyIIIO.

Yucao 17 mpeacraBiaseTcs B BUIe CYMMBbI umncesa b u 7 cie-
nyroomniuM oopasoM: 17=7+ 54 5; ¢ TOUHOCTHIO 4O IePECTAHOB-
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KU cJaraeMbIX 9TO IIPeACTaBJeHNEe eIUHCTBEHHO. B omgHoM u3
20 Beipaskenuii 1+ x® + x7 MBI JOJKHBI BEIOPATh X', a B ABYX
u3 19 ocTraBIMINXCA TAKUX BBIPAKEHUN MBI JOJIKHBI BHIOpPATH

19;8 — 3420.

x°. TIoatomy Koaddumnuent npu x'’ pasen 20 -

2. Ilycrb x+x3 +x% + 2"+ 28 + x243 =P (x) (x — 1) +r. IIpu
x =1 B IpaBoO#l YacTHu MMOJIYUYAEM 7", a B JIEBOI UACTU IIOJyUaeM
6. Takum obpaszom, r = 6.

3. Ecau |k—1|<4 u k#1, To HaubosbIIuil 00Ul Kesu-
TeJb uncea k u | He mpesocxoauT 4. IlosTomMy HAMOOIBIITMIA
00IIIMIi JeIuTeN b JII00OU Imaphl BRIOPAHHBIX UMCEJ He IPeBoC-
xoauT 4. VI3 maTu mocjaenoBaTeIbHBIX UNCEJ MOYKHO BBIOPATh
Iapy mocJieloBaTeJIbHBIX HEUETHBIX umces. M3 AByX IIOCemno-
BaTeJbHBIX HEUETHBIX YMCEJI 10 KPallHell Mepe OJHO He IEeJIUT-
cda Ha 3. 9TO YMCJIO BBAUMHO IIPOCTO C OCTAJIHLHBIMHU UYETHLIPbMS
YHCJIaAMMU.

4. IIpoBeném pamaroHajam AAHHOTO OATUYroJdbHUKa. OHU
pasouBaioT ero Ha 11 obsacTeii: OAUH TATUYTOJLHUK, 5 BHYT-
PEeHHUX TPEYTroJbHUKOB (CTOPOHAMHU KOTOPBIX CJIAY:KAT YACTHU
IuaroHasieil) M 5 BHENIHHWX TPEYroJbHUKOB (OQHOW M3 CTO-
POH KaiKJI0ro M3 KOTOPBIX CJAYKHUT CTOPOHA MATUYTOJbHUKA).
Ecau touxka M TpUHAIIEKUT BHEIIHEMY TPEyroJbHUKY, TO
Yuca0 TpedyeMbIX HpPaMBIX paBHO 1 (puc. 54, a), ecaiu M
MPUHALIEKUT BHYTPEHHEMY TPEYTOJbHUKY, TO UHCIO IIPS-
MbIX paBHO 3 (puc. 54, 6), a ecau TATAUYTOJIBHUKY, TO UKCJIO
IPAMBIX paBHO b (puc. 54, B).

0
i LN
. A/

a)
Puc. 54
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5. Iloxaxxkem, utro LAOB=180° — ZC. BwIcOTBI, OIYIIEeH-
Hble U3 BepimuH A u B, orcexaioT oT yriaa C 4eThIPEXYTroJib-
HUK C OIBYMSA OPAMBIMHU yriamMu (puc. 55), IMosTOMy UeTBEP-
TeIii yroa paseH 180° — ZC. Ho sToT ueTBEPTHIII yroJ paBeH
yrary ZAOB.

Taxum obpasom, sin LZAOB=sin ZC, B
II09TOMY PaAWyC OMUCAHHON OKPYIKHO-
ctu Tpeyroabauka AOB paBeH

AB AB
Zsin ZA0B — ZsmZC v
rae R—paamyc ONNCAHHON OKPYK- 0
HocTu Tpeyroabuuka ABC. Pamuycsl
OCTAJIbHBIX PACCMATPUBAEMBIX OKpPYK- 4 c
HOCTel To:Ke paBHBI R. Puc. 55

9—10 raacc
1. IlycTb

P(x) = (1 — 22+ %) 5 Q(x) = (1 + x% — x%)1000,

Koadpopumnuent npu x2° y mEOrounena P(x) Takoii e, KaK y
mHorounena P(—x) = (1 —x2 —x3)190 a y muorounena @ (x)
TaKoH ke, Kak y MHorowreHa Q(—x) = (1 + x2+ x3)190, dc-
HO, uTo y MHorouwaeHa (1 + x2+ x3)1%% xospdpunuent npu x2°
6osbiie, uem y MHorounena (1 — x2 — x3)1000, JlefictBuTensHo,
y IIepBOTO MHOTOUJIEHA UJIeH PgoX2’ paBeH cyMMe HEeCKOIbKUX
unenoB Buja (x2)"(x®)™, rae 2n+3m =20, a y BTOPOro MHOT'O-
yjeHa 4IeH ¢yx2’ paBeH CyMMe TeX e CaMbIX UJEeHOB, HO CO
sHakoM (—1)""™. Bo BTOpOM ciydae BCTPEUAIOTCS UJIEHBI CO
3HAKOM MUHYC, HanpuMep npu n=1, m=6 wiu n="7, m = 2.

2. Ilycts

a:(l_l_lo)(l_%)'“(l_%)’
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HeHOCpeI[CTBeHHbIe BbIUMCJICEHUA IIOKa3bIBAKOT, UYTO

1 2
0,89001 + 105 < @< 0,89001 + 105"

1—36. Kpowme Toro, eciu 0 < x, y<1, To
A1-x)1-y)>1—x—y.

HpI/IMeHHH HECKOJIBKO pa3 9TO HEPAaBE€HCTBO, IIOJIydyaeM

fAcuo, uro b< 1 —

CiiegoBaTeJibHO,

ab < 0,890012-0,999999 < 0,890012,
ab > 0,890011-0,999998 > 0,890009.

3. Cpenu mamHBIX UMCEJ €CTh D HEeUETHBIX uncea. PaccmMoT-
PUM OCTaTKH OT AeJIeHUS dTUX IATU unces Ha 3, b u 7. Cpexu
OCTATKOB OT JeJIeH!UsS Ha 3 HeT TPEX OAMHAKOBBIX. llelicTBu-
TeJbHO, 3TO JOCTATOUHO IMPOBEPUTH AJIS JIOOBIX IIATH IOCJe-
IOBaTEeNbHBIX HATYPAJbHBIX UMCEJI, HAaIpuMep AJd umcesa 1,
3, 5, 7, 9. B arom cayuae moamyuarorcs ocratku 1, 0, 2, 1, 0,
cpenu KOTOPBIX HET TPEX OAMHAKOBBIX. AHAJOTMYHO JOKAa3bI-
BaeTcs, UTO CPEIM OCTATKOB OT JAeJeHUs Ha 5 1 Ha 7 HeT ABYyX
OIMHAaKOBLIX. Il0sTOMY cpenn YKasaHHBIX HATH YKUCET MOMKHO
BBIOPATh TPHU UHNCJA, HEe AENANIUXCS Ha 3, a cpelu HUX BBI-
OpaTh UHMCIIO, He Aessdlneecsd Ha D 1 Ha 7. ITO YMCJIO B3aNMHO
IIPOCTO C OCTAJNBHBIMHU AEBATHIO UMCIAMU.

4. Cwm. permieHue 3agauu 4 nas 7—8 KJjaccos.

5. Ilpsamble, yoanéHuble Ha paccTosgHue d OT mpamoit AB, —
9TO B TOYHOCTH IIPSIMbIE, Kacaroluecs YKasaHHOI'0 ITHJIMH-
npa. Eciu s aTuX OpAMBIX BbIOpATH Te, KOTOPHIE IMIPOXOIAT
yepes TOUKy M, TO MOJAYUYUM YKasaHHOE B OTBETE MHOKECTBO.

Bropoii Typ
7—8 Kaacc
1. ITonmo:kuM Ha UaIlleUKM BECOB II0 OOHOMY KyOuky. Bos-
MOKHBI JBa cJIydas.
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Ilepeuiii cayuati. Ilpy iepBoM B3BeIIMBAHUM OAWH U3 KY-
OMKOB OKasaJics TsKeJee.

B sToM cayuae oguH BBIOPAHHBIN KYOUK aJllOMUHUEBBIN, a
Ipyroi mropaJjesbiii. [logo:KuM BBIOpaHHBIE KYOUKU HAa OHY
yalreuky u OyJeM CpaBHUBATH C HUMU OCTaJIbHbBIE KyOumKu. A
MMEeHHO, ocTaBInecs 18 KyOMKoB pasouBaemM Ha 9 map u mo-
OUepENHO KJIAAEM MX Ha APYryIo ualleuky. KasKablii pas Mbl
y3HaéM, CKOJILKO B Iape AIOPaJIEBBIX KyOmKOB. [leficTBUTE b-
HO, eCJU 3TaJIOHHAs Ilapa Jierde, TO MbI IOJIOKUJIN ABa IIO-
paieBbIX KyOMKa; eClii 9TAJOHHAS ITapa UMeeT TOT JKe CaMBIi
BeC, TO MbI IIOJOKUJIU ONUH aJIOMUHUEBLIN M OOUH mIopaJie-
BBIII KYOUK; €CJIU 9TaJIOHHAsA IIapa TsKejee, TO MbI ITOJOMKUIN
IBa aJIOMUHUEBBLIX KyOuKa. Takum oOpasoM, B IIEPBOM CJIY-
yae gocrarouno 10 B3BemIuBaHMUMA.

Bmopoii cayuaii. Ilpn nepBoM B3BeIIMBAHUU KYOMKU OKa-
3aJINCh PABHOTO Beca.

B sTom ciyuae gmbo o0a BBIOPAHHBIX KyOMKa aJlOMHHIE-
BbIe, 10O 00a gropaJieBkie. I1lomoKuM BHIOpaHHBIE KYOUKM HA
OOHY UAaIlleuKy U OyJeM IIocjJedoBaTeJbHO CPaBHUBATL C HU-
MU OocTajbHbIe Kyouku. [IycTh mepBhie £ map OKasaJuch TOTO
JKe camoro Beca, a (k+ 1)-a mapa okasajiach APYroro Beca.
(Eciz E=9, To Bce KyOMKU OJHOTO Beca, IIO9TOMY IiopaJie-
BBIX KyOuKoOB HerT.) IlycTs misa oupemenéuuoctu (k+ 1)-a ma-
pa okasajach OGoJiee Ts:kénoii. Torma mepBble ABa KyOMKa U
KyOMKHU IMepBLIX k map amoMuHUeBbIe. I10/I0KUM Ha KaKIyio
YaIlreuyky BecoB II0 ogHOMY KyOoukry (k -+ 1)-i mapsel. Ecau atu
KyOMKM OJHOTO Beca, TO OHU oba AiopasieBble. Ecam KyOuKu
PasHOTo Beca, TO OJMH aJIOMUHMEBBIN, a APYTOd AIOpaJieBbIN.
B o0oux ciyuasx Mbl MOKEM COCTABUTHL IMapy KyOMKOB, OAUH
13 KOTOPBLIX aJIIOMHUHUEBBIN, a APYrou aiopaieBbiii. OcTaBIIImM-
ecs mapsl KyOMKOB MBI MOKeM CPaBHUBATH C OTOU IIapoil, KakK
u B mepBoM ciyuae. OOIlee YMCJIO B3BEITMBAHUUA BO BTOPOM
caydae paBHo 11.

2. V BBIDYKJOTO MHOTOYTOJBHUKA C HEYETHBIM YKUCJIOM
CTOPOH €CTh CTOPOHA, He mapaJuiejibHasA HU OJHON M3 OCTaJb-
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HBIX €r0 CTOPOH, IIOCKOJIbKY HapaJljieIbHbIe CTOPOHBI BBITYK-
JIOTO MHOTOYTOJIbHMKA pas30mBaroTCsS Ha mapbl. A ecju MHO-
TOYTOJBHUK MOXKHO paspes3aTrh Ha IapajeiorpaMMBbl, TO IJIA
KaKJI0W ero CTOPOHBI HAWAETCA CTOPOHA, €l mapaJiiejbHasd.
HelicTBUTENIBbHO, K KayKJ0N CTOPOHE MHOTOYT'OJIbHUKA IPUMBbI-
KaeT mapaJijiesiorpaMM, Y KOTOPOTO eCTh CTOPOHA, Iapajjiesb-
Hasa 9Toii cTopoHe. K 3TOH cTOpoHEe MpHMMBIKAeT APYroM IIa-
paiesorpaMM, Y KOTOPOTO TOK€ €CTh CTOPOHA, HapaJLieib-
Hasd BTOU CTOpPOHe, U T. A. Iloc/ie KOHeUHOT0 YKcja MIaroB MbI
momnajaeM Ha CTOPOHY MHOTOYTOJILHUKA, IapaJijIeIbHYIO0 HC-
XOJIHOM CTOPOHE.

3. Paccmorpum HauboJbIIIe HEUETHLIE HEJIUTENN BhIOpPaH-
HBIX ymces. ¥ uucea oT 1 1o 200 ects poBHO 100 pasmmuHBIX
HaAMOOJBININX HEUETHBIX menurtenaein (umciaa 1, 3, ..., 199).
WUrak, nBa um3 BLIOPAHHBIX YMCEJ HUMEIOT OSUHAKOBBLIE HAU-
0OJIBIIIVIE HEUETHBIE AeJNTeIN. JTO O3HAuaeT, UTO ABA BBI-
OpaHHBIX YHCJIa OTJIUYAIOTCA TOJBKO TE€M, UTO IIPOCTON MHO-
JKUTEJNb 2 BXOAWUT B HUX B Pas3HBIX CTEINEHSX. Bojbliiee us
HUX JTeJUTCA Ha MeHbIIee.

4. Tpebyemble pacIojiOyKeHUs u300pakeHbl Ha puc. 5H6.
Bcero moayuaem 6 pasnnYHBIX BapuaHTOB. UTOOLI HAWTU BCe
9TH BapHaHTBI, OyJAeM HOOUePEIHO pasdupaTh ciaydau, Korma
ecTb 1 OTPe30OK OAHOU AJIWHBLI X 5 OTPE3KOB APYTOM AJIUHEI,
2 oTpesKa OOHOU AJWMHLI U 4 OTpe3Ka APYroil AJIWHBI, 3 OT-
peska ogHOUW AJIWHBLI U 3 OTpe3Ka APYroi IJIuHbl. B mepBoM

|
|
|
|
| =~
|
|
|
|
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cJiyyae MBI IIOJy4aeM ABa MPABUJIbHBIX TPEyroJbHUKA, IIPHU-
CTaBJIEHHBLIX APYT K apyry (puc. 56, a). Bo BTopom ciayuae
OTPEe3KU PABHOM AJIUHBI MOTYT JU0OO MMETDH OOIIYI0 BEPIIUHY
(puc. 56, 6 u B), 10O He UMeTh OOIMX BepIinuH (puc. 56, r).
B TpeTbeMm cayuae OoTpe3KU PaBHOU AJUHBI MOTYT JIOO obOpa-
30BBLIBATh INIPABUJBHBIN TPEeyroJabHUK (puc. 56, mx), 1ubo He
00pas30BHIBATh HPABUJIBHBLIN TPEYyroJbHUK (puc. 56, e). Haa
BapuaHTa €) HeCJOKHble BbIUMCJIEHUSA C YIIaMU MOKa3bIBaioOT,
YTO MCKOMBIE TOUKHU — 9TO UETHhIPe U3 IIATU BEPIIUH IPaBUIb-
HOTO IIATUYTOJbHUKA.

9—10 kaacc

1. Ilycte ABCD — pnanHas TpeyrojbHas nupamuzga. IIpo-
BeIEéM uepes MpaMyio AB ILJIOCKOCTD, IapajjiebHYI0 IPAMOMI
CD. Ilycte C' u D' — npoeknuu Touek C m D Ha 9Ty 1joc-
KocTh. Iloxkaxkem, uto npamasa AB geaut orpesox C'D’ mormo-
gam. IleficTBUTEeIbHO, HIPOoeKIiusa Terpasapa ABCD ma 1mjoc-
KOCTb, MEePIeHAUKYJIIPHYI0 IpaAMoil AB, mpeicTaBiseT CO-
001i paBHOOEAPEHHBIA TPEYTOJbHUK, IIOCKOJBKY JIBE €ro CTo-
POHBI paBHBI BbICOTaM (PaBHOBEJINKHNX) TPeyroabHUKOB ACB
u ADC, onymenubix u3 Bepmiud C u D Ha cropouy AB. AHa-
JIOTUYHO JOKA3bIBAETCs, UTO IpamMasa CD mequT momoJaM mpo-
exkmuio pebpa AB Ha ILJIOCKOCTD, IIPOXOAAIIYIO Uepes MPAMYIO
CD mnapasnensao upamoit AB. Takum obpasom, AC’BD’ — ma-
pannenorpamm. W3 pasencrsa BC' = AD’ ciemyer paBeHCTBO
BC=AD. PaBeHcTBa AJUH OCTAJbHBIX Map IIPOTHBOIOJIOMK-
HBIX PEOEp MOKa3bIBAIOTCS aHAJOTUYHO.

2. Cmauaia mokaskem, urto p < 3. Ilpeamonosxum, uTo p > 4.
Bosbpmém Tpeyroabuuk /. K ero sepmnne A npuMbIKaeT Tpe-
yroabpHuK A,. K Bepmiutae B # A TpeyrojabHuKa /\; IPUMBIKA-
0T TpeyroabHuKU Az, A4, As; BCe OHM OTJIHUYHBI OT /\{, IO-
CKOJIbKY MHAaue TPeyroJbHuku /A\; u A\, uMeaun Obl JBe 00IIue
BepiuHbI. 10 yCIOBUIO KasKABIA M3 TPEYIOJBHUKOB Ajg, /4,
A5 TMeeT O0IIYI0 BEPIINHY C TPEYTrOJbHUKOM A\, IPUUYEM dTa
BepmiuHa orsimuua ot A. Ho us aToro ciexyer, 4To ABa U3 Tpe-
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YTOJAbHUKOB As, Ay, /A5 IMEIOT OOIIYIO0 BEPIINHY, OTJIUUHYIO
or B.

Eciu p=1, to k=1 (ecnau 651 ObLIO XOTs OBl 2 TPEYTOJb-
HUKAa, TO OHU uUMeJu OBl O0IIyI0 BEPIINHY, a Torma p > 2).

IIycTs B KA 1011 BepIIMHE CXOAATCA P > 2 TPEYTOJbHUKOB.
durcupyeM OAWH U3 TPEYyroJbHUKOB. K Kammol ero Bep-
IIUHe MMPUMBIKaeT p — 1 TPeyroJbHUKOB, T.e€. BCEro K HeEMY
npumbiKaeT 3(p — 1) TpeyroabHUKOB. Bece aTu TpeyrosbHUKMT
PasIUYHBI, U APYTUX TPEYTOJbHUKOB HET, IOCKOJbKY JII00bIe
IBa TPEYTroJbHUKA MHOJYKHBI UMETh OOIYIO BePIIUHY. SHAUUT,
Bcero nosy4yaeMm 3(p — 1) + 1 =3p — 2 TpeyroJbHUKOB.

Yr0o0BbI TOCTPOUTH KOH(MUTypaIluio, njsd KoTtopout (k, p) =
= (4, 2), MOXXHO B3ATb OKTadApP U BLIOPOCUTH IOJIOBUHY €r0
rpameii, OCTaBUB TOJbKO TPEYroJbHUKU, HE HMeIollue 00-
IUX CTOPOH. HUTOOBLI IMOCTPOUTH KOHMUIYpPAIIUIO, OIS KOTO-
poit (k, p) = (7, 3), MOXKHO B3ATH TeTPasApP, IOMECTUTH BHYTPD
Hero TpeyroabHUK ABC U IJisg KaKIOW BepPIIUHBI TPEYToJb-
Huka ABC B3ATH JBa TPEYroOJbHUKA, KaXKABIA M3 KOTOPBIX
00pas30BaH 9TOH BEPIIMHONU W OJHUM U3 JBYX HECMEyKHBIX PE-
O0ep TeTpasapa (AJaA KayKION BepIIMHBLI Tpeyroabuumka ABC
O0epéTcs cBOA Imapa HeCMEeXKHBIX PEOep TeTpasapa).

3. Brimuiiem B KaKIOH CTPOKe, HAUMHAS C TPeThbeil, mep-
Bble UeThIpe UMCJIa, 3aMEHUB Kaxkjgoe uyérHoe umcio Ha 0, a
HeuéTHOe — Ha 1:

1 0 1 O
1 1 0 1
1 0 0 O
1 1 1 0
1 0 1 O

Ilarasa BeINMCaHHAs CTPOKA COBIIAJia C IIEPBOI, IIOATOMY B
IagbHeHIeM IIepBble UeThIpe Uucja OyAyT MepUoguUecKU II0-
BTOPATHCA. OcTaércss 3aMeTUTh, UTO B KaMKAOM W3 IIEePBBIX
MATH BLIMTHMCAHHBIX CTPOK €CTh YETHBIE YMCJA.
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4. IIpenmomoxum, uto us umcea 1, 2, 3, ..., 199, 200 mbl
BeIOpasim 100 umces Tak, UYTO HU OAHO M3 HUX He AEJUTCA HA
apyroe. JlocTaTOYHO IOKAa3aTh, YTO CPEAN BBIOPAHHBIX UHCEJ]
HeT uuces, MeHbIIUX 16. PaccMoTpuM HanbOIbINIe HEUETHEIE
IeJINTeJIN BCeX BLIOPAHHBIX umces. Ecjy HanOOJbIINE HEUYET-
HbIe JeJINTeJIN ABYX UMCeJI COBIIALA0T, TO OJHO 13 HUX JEJINT-
ca Ha apyroe. Ilosromy HamboJIbIIE HEUETHRIE JEJIUTEIN BhI-
OpaHHBIX UMCEJI — 5TO B TOYHOCTHU Bce umciaa 1, 3, 5, ..., 199.
B uacTHOCTH, Cpeau BHIOPAHHBIX UMCEJI €CTh YMCJIa C HAan0OJIb-
IMMU HEYETHBIMU fgejutenamu 1, 3, 9, 27 u 81. Hu oxgHo us
BBIOpPAHHBIX YMCeJ He JeJUTCA Ha APYyroe, IIO3TOMY BBLIOpaH-
HOE€ UMCJIO ¢ HAMOOJBIIINM HEUETHBIM AeauTejieM 27 Ie/INTCs
Ha 2, ¢ HauOOJIBIINM HEUSTHBIM feauTeseM 9 genurcs Ha 22, ¢
HamOOJIbIINM HEUYETHBIM JejnTeleM 3 meaurcsa Ha 22, ¢ Hau-
O0IBIINM HEUYETHBIM AesaureineMm 1 menurca Ha 2¢. Ciemosa-
TeJbHO, CPeAu BLIOPAHHBIX umces] HeT uwmcea 1, 2, 3, 4, 6, 8,
9 u 12, TOCKOJIBKY JII000€e U3 9TUX UNCE] JEeJUT XOTS ObI OJHO
u3 umuces 81, 54=27-2, 36=9-4, 24=3-8, 16. PaccmaTpuBasa
BBIOpAHHBIE YKCJA ¢ HANOOJBIINMY HEUYETHBIMU AEJIATEIAMUI
5, 15 u 45, ybesxmaeMcsi, UTO CpeAu BBIOPAHHBIX UMCEJI HET
ypces 5, 10 u 15, MOCKOJBKY JII000€ M3 STUX UYHCE] JEeJUT XO-
Ts1 ObI ofHO 13 uncea 45, 30=15-2, 20=5.4. PaccmaTpuBasa
BBIOpAHHBIE YKMCJA ¢ HANOOJBIINMU HEUYETHBIMU AEJIATEIAMUI
7, 21 u 63, ybe:xmaemMcsi, UTO CPeAu BBIOPAHHBIX UHCEJ HET
yuces 7 1 14, MOCKOJBKY KamKIoe M3 9TUX UUNCEJ AeJUT XOTs
ObI omHO U3 uncea 63, 42=21-2, 28="7-.4. PaccmaTpuBas BbI-
OpaHHBIe UKCia ¢ HanOOJABIINMU HEUETHBIMU AenuTteasamvu 11
u 33, yOe:xmaeMcs, UTO CpeAu BLIOPAHHBIX UMCEJI HEeT UMCJa
11. PaccmarpuBas BbIOpaHHBIE UHCIa C HANOOJIBIINMU HEUET-
HbIMU genutensamvu 13 u 39, ybe:xmaemcs, uTo HeT ymceaa 13.

5. IIpeamosoKumM, 4TO TPEOYEeMOTO BBIITYKJIOTO IIATAYTOJIb-
Huka Her. IIpoBemém 13 Touku Ag Jyun uepes TOUKU Ay, Ag,
A7, Ag. OTt; qyum pasdbMBAOT MJIOCKOCTL Ha 4 yria, Kak-
OBl 13 KOTOPBIX MeHbIle 180°. Eciiu BHyTpH OOHOTO M3 3TUX
YTJIOB JIesKaT aBe U3 Touek A;, Ay, Az, A4, TO MBI HeMeIJIeH-
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HO IIOJIy4aeM TpeOyeMblil MATUYTroJbHUK. IloaTOMYy BHYTPH
KasKJIOr0 M3 DTUX YIJIOB JIEXKHUT POBHO OHA M3 YKAa3aHHBIX
rouek. Ho Torga BHyTpH KasKZoOro M3 ABYX yIJIOB, 00pa30BaH-
HBIX JyuamMu AgAs u AgAy, Je:KaT ABe M3 YKasaHHBIX TOYEK.
PaccmoTpeB TOT M3 yriaoB, KOTOPbIA MeHbIme 180°, cHoBa mo-
JydyaeM TPeOyeMbIH IIATUYTOJbHUK.

1948 200 (XI orumnuada)

IlepBrIii TYp

7—8 kaacc L1 1
1. Ilycts x <y < z— HaTypaJbHBIE UUCJA U - + J + 5= 1.
1 1 1 3
Torga x < 4, MOCKOJBbKY MHaAUE X, Y, 2 >4 u p + y + 3 < 1< 1.
1 1 1
Ecau x=2, To y + =3 3HauuT, y <4 U MBI HAXOJIUM JBa

pemenus: (2, 4, 4) u (2, 3, 6).

. 3HauuT, Yy <3 U MBI HAXOIUM pe-

Wl

Ecin x=3, To 1+%:
menue (3, 3, 3).

2. fcuo, uro 210 = (1024)'° > 1000'°, nosromy umcmao 2%
umMmeeT He MeHee 31 nmudpsl. C Apyroi CTOPOHEI,

1024'° (1025)10 _ <ﬂ)10 o 41 40 39 32 _ 41 _ .
1000 1000/ — \40 40 39 38 7T 31 31 ’
MBI BOCIIOJIB30BAJINCh T€M, UTO IIPU 71 > 1 umeeT mecTO Hepa-

n+1

_n_ 2 2 _
BEHCTBO —— > , MTOCKOJBKY n° >n®— 1. Takum ob6pasom,

2100 - (1024)1° < 10-1000°, mosTomy uucao 2% umeer menee
32 mmudp.

3. Ilpumenum wmuAyKIuio mo n. Ilpu n=1 yrBep:xKaenme
oueBuAHO. IIpeAmosIoKUM, UTO yTBEP:KIEHUE MOKA3AaHO IJIA
JI000M KOH(MUTypanuyu U3 n IpaIMbIX. PaccMOTpUM KOH(MUTY-
pamuio u3 n+ 1 OpAMBIX, BEIOPOCUM OIHY IPAMYIO M PacKpa-
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cuM TPedyeMbIM CIIOCOOOM ILIOCKOCTh, Pa3sOUTYI0 OCTABIINMI-
ca n npambeiMu. [Io ogHY CTOPOHY OT BBIOPOIIEHHON HPAMOI
ATy PACKpPacKy MBI COXPAHUM, a IIO0 APYT'YI0 CTOPOHY — 3aMe-
HUM Ha IIPOTUBOIIOJJIOMKHYIO.

9—10 raacc
1. IIycts 2" — 2=nm. Torma
22"71_2 _222"72_1 - 2nm_1
o2n—1 on_1 — T on_1
= 2(2”(’"*1) 4omm=2) L 4 ony 1).

2. Ilepeuwiii cnoco6. YuutsiBasg, uto 10 > 12, moaydaem

1
log, #  logs m

=log, 2 +log, 5 =log, 10 > log, n* = 2.

Bmopoii cnoco6. Ilycts log, t=a u log, n=»5. Tormga 2°=r
ub=m r.e /=2 u r/*=5. osromy /¢t =2.5=10.
Yuureiad, uto 12 < 10, moiydaem TpeGyemoe.

3. Hoxakem cHauasja TpebyemMoe yTBep:KIeHHUE B CJydae,
Korga Touka A’ jgexur Ha pebpe AB. fcmo, uro /BA'C=
=/BAC+ /ZACA' u /BA'D=/BAD+ LADA’. Tloatomy Tpe-
OyeMoe HepaBeHCTBO MOKHO IIPeo0pasoBaTh K BUAY

LACA'+ /CA'D+ ZADA' > ZCAD.

VYuureiBag, uro LCA'D=180°—- LZA'CD - /A'DC u /CAD=
=180°— LZACD — ZADC, tiepexoquM K HepPaBEHCTBY

L/ACA'+ /ACD+ /ADC+ /ADA' > L/A'CD+ ZA'DC.

9TO HEPABEHCTBO CJEeAyeT U3 XOPOII0 M3BECTHBIX HepPaBEeHCTB
IJIst TpéxrpaHubixX yrios: LACA '+ /ACD > /A'CD u Z/ADC +
+ /ADA > /A'DC.

Temepsr TpebyeMoe HEPABEHCTBO JIETKO [OKAa3bIBAaeTCA U B
obmieM cayuae. I aTOTO cCHavYaJsia paCCMOTPUM TOUKY A;, B
KoTopoii miaockocts A'CD mepecexkaer pedbpo AB. 3arem pac-
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CMOTPUM TOUYKY Ay, B Koropoil mpamas CA’ mepecekaer or-
pesox A;D. IIlpuMeHUB AOKasaHHOEe HEePaBEHCTBO IIOCJIEmOBAa-
TEJBLHO K TouKam A;, Ay u A’, moayuum Tpedyemoe.

Bropoii Typ

7—8 kaacc

1. Ilpexxne Bcero 3ameTum, uTo ecau x =1, To y=1 (u Ha-
000pOT), HO IO YCJIOBUIO X # Y. B manbHeiiriiem O0yaeM CUUTATD,
uto x # 1, y+# 1. W3 paBercrBa x¥ =y* cjeayer, 4TO IIPOCTHIE
IeJUTeNN YKCeJ X U Y ORHU U Te JKe, T.e. X =p{'py®...p% u
y:plflpgz...pﬁ", rge umcyaa di, ..., 4, 1 by, ..., b, HaTypajab-
wrie. To ke camoe paBeHCTBO IOKAa3bIBAaEeT, YTO a1y =bix, ...,
a,y=>b,x. Illycts nnsa oupenenéunnoctu x <y. Torma us 3anu-
CaHHBIX PaBEHCTB CJIeYyeT, UTo a1 < by, ..., a, <b,, T.e. y=kx,
roe k= pl{‘_“l Z"*“" — 1ejioe unciio. Ilogcrasiisis paBeHCTBO
y=Fkx B uMCXOAHOE pPaBeHCTBO XxY=y*, mouaydaem x* = (kx)~.
H3Biexkad KOpeHb CTeIeHNU X, mojaydaeM x* =kx, T.e. x" 1 =k.
Ilo mpeamoJsioskeHUIo y > x, mosromy k>1, a s3uauur, x> 1.
SlcHo, uto 227! = 2. Jlerko Takske IIPOBEPUTH, UTO €CJIHU X > 2
nm k>2, to x"1>k. IlokaxkeM cHadajJa IO HHAYKIIHUU,
uTO ecau k> 2 — HaTypasibHOe umcio, To 21 > k. IIpu k=3
mosiyuaeM HepaBeHCTBO 4 >3, a ecau 281>k m k>2, 1o
28 =2.21> 2k >k + 1. IIycts Temepb x >2 u k>2. Torma
xF-1> 21> E npuuém ecam x>2, TO IepBoe HepPaBEHCTBO
cTporoe, a ecau k> 2, To BTOpoe HEPABEHCTBO CTPOTOE.

2. Ilyetsp Ay, By u C; — cepenunnl cropon BC, AC u AB
cooTBeTcTBeHHO. IIpu romoTeTuu C IEHTPOM B TOUKe IIepece-
YeHUsS MeAUaH TPeyroJbHUKA U KOdMPUIMEHTOM I'OMOTETUU
—1/2 ommcanHas OKPY:KHOCTL S Tpeyrombuuxa ABC mepe-
XOOUT B OMMCAHHYIO OKPYsKHOCTBH S; TpeyroabHuUka A;B:C;.
Tak KaK OKPY/KHOCTb S; IlepeceKaeT BC€ CTOPOHBI TPEYTOJIb-
Hnka ABC, MoxXHO mocTpouThb TpeyroabHuk A'B'C’ co cro-
poHaMu, mapaJlieJbHBIMHU CTOPOHAM TpeyroabHuka ABC, mis
KoToporo S; 0yzeT BOIMCAHHOM OKPYKHOCTBIO. IlyeTrs r 1 r’ —
paguychl BOMCAHHBIX OKPY:KHOCTEH TpeyroabHuKoB ABC u
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A'B'C'; R u Ry — paguycel oKkpy:kHOcTeir S u S;. fcuo, uro
r<r'=R;=R/2. PaBeHCTBO [JOCTHUIaeTCsd, €CJIH TPEYyTroJbHIU-
ku A'B'C’ u ABC coBmajgaimoT, T.e. S; — BINCAHHAA OKPYXK-
HOCTh TpeyroabHuka ABC. B stom cayuae AB; = AC;, 1103TO-
my AB= AC. Aunanoruuno AB= BC.

3. Ilpe:xme Bcero samerum, uTo ecaum O; u Oy — IEHTPHI
cummeTpun Gurypsl, To rouxka Oz =Sp,(0;) (T.e. Touka, cuM-
MeTpuuHas Touke O; OTHOCUTEJABHO TOUuKU O,) TOXKe SABJS-
eTcd LIEeHTPOM CHUMMeTpHuu. 9TO clefyeT U3 paBeHCTBA Sp, =
=S80, 080, °80,, KOTOpoe Jerko mnposepsercdA. [lefCTBUTEND-
HO, nycTb A; =Sp,(A), Az =So, (44),
A3 = S02 (Ag) . TOI"I[a AA2A1A3 — II1a-
pannenorpaMm c¢ tmeuTpom O, (puc.
57). Touxka O; aBIsAETCS CcepegUHOI
CTOPOHEBI A1 Ay, mosTOMY TOouKa O3 sAB-
Jsercsa cepefuHoil oTpeska AAsz, UTO
1 TpeboBaJIOCh.

IIpeamonoxxum, uTo (urypa ume-
eT 6oJiee OOHOT'0, HO KOHEUHOE UMCJIO
IIeHTPOB cuMMeTpuu. BribepeM NpAMYIO TakK, YTOOLI IIPU IIPO-
eKIIMU Ha He€ He Bce IEeHTPLI CUMMETPUU OTOOpaKajich B
onHy TouKy. IIycts O; u Oy — LIEHTPBI CUMMETPUHU, ITPOEKITUN
KOTOPBIX SBJSIOTCA KPAMHMMU TOUYKaMU (BCe OCTAJBHBIE IIPO-
eKINU IIeHTPOB CUMMETPUN 3aKJIIUYeHbl Mekay Humu). Torma
Touka Oz, cuMMeTpuuHas Touke O; OTHOCUTEIbHO TOUKU O,
He MOJKeT OBITh IeHTPOM cuMMerpuu. IIpuxogmm K IPOTHBO-
peumnio.

9—10 raacc
1. Paccmorpum cHauasa cayudaii, korga x <y. Ilycts y=kx.
Torma x" = (kx)*. I3BleKass KOpeHb CTEIIEHW X, a 3aTeM Je-
1
s Ha X, moaydaem x*~!=k. Takum o6pasom, x =Fk+1 u y=
1 _k_
=kk*~1 =Fk#1, fcHo, uTo k> 1, Tak Kak x <y. Yucyuo k paiuo-

1
HAJIbHO; MYCTh +— :g — HeCOKpaTumMas Ipo0b, YNCIUTENDb 1
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3HAMeHATeJb KOTOPOUM IOJIOMKUTENbHBI. IlofcTaBiasaa 9TO BBI-
paxenme B GOPMYJBI IJd X U Y, MOJIydaeM

X = (p+q>3 u y= (p+q)T )
p p

Yucaa p U ¢ BBAUMHO IIPOCTHI, IOITOMY YKCJIA X U Y MOLYT
OBITh PAIMOHAJBHBIMHK JIKIIL B TOM CJIyYae, KOTJa KOPeHb
CTeNeH! (¢ W3 IEeJbIX YWCeJ p U p+ q aBiaderca meabiM. Ho
ecau ¢ =2 u p=ni, T0o

n’<p+gq< (n+1)? :nq+qnq’l+%nq’2+

ITosToMy KOpeHb CTeNeHW ¢ W3 YWUCJaa p + ¢ He SBJISETCA Ie-
asiMm yncyaom. CiemoBaTenbHo, ¢ =1, a 3HAUUT,

+1\? +1\P+1
X = <p_) u y= <p_) ;
p p
37leChb p — IIPOU3BOJIbHOE HATYypPaJbHOE UMUCJIO.
B cinyuae, korma x >y, MBI aHAJIOTUYHO IOJIyUaeM

- r+1 r . v r+1 r+1
b= r - r ’
rje r — IPOU3BOJbHOE HATYPAJbHOE YUCJIO0. II0JI0MKUB p=—1 —
— 1, MBI OJIy4yaeM IpeKHNe BhIPAKEHUA

1\? 1\p,+1
‘e <IL) u oy <IL) ,
p p

HO Temepsb p < —2.

2. Ilycte a — pauna pebpa ryoOa. Ceue-
HUe Ky0a ILIOCKOCTBhIO, IPOXOAAINell uepes P
€ro IEeHTpP MEePIeHAUKYJIIPHO OTHOU M3 Ira- w
TOHAJIell, SABJIAETCA NIPAaBUJIbHBIM IIIECTH-

yroabHUKOM (puc. 58). Pagmyc BImcamuoi

OKPY¥HHOCTH 9TOI'O IIECTUYTIOJIBHUKA PaBe€H

a6
—4 > T0dTOMY B Ky0 MOXKHO IIOMECTHUTD

6
OKPYIKHOCTH Pajuyca aT. IToxaxkem, 4uTO Puc. 58
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OKPYKHOCTH OOJIBIIIETO paAuyca B Ky0 IIOMECTUTh HEIb3sd.
IIpesxme Bcero 3aMeTMM, YTO MOCTATOYHO OTPAHUYUTHCS pac-
CMOTpPEeHUEeM OKPYKHOCTeIl C IIeHTPOM B IleHTpe KyoOa. Ileii-
CTBUTEJILHO, €CJIM OKPY:KHOCTb paxmyca R comep:Kurcsa B Ky-
0e, TO OKPY’KHOCTb, CUMMETPUYHASA el OTHOCUTEJIHHO IEHTPA
Ky0a, To:ke comep:xkuTcA B Kybe. Ho Torma 13 BRIDYKJIOCTH K-
0a cjemyer, UTO OKPYKHOCTh paguyca R, IeHTP KOTOPOH COB-
majaeT ¢ IeHTPOM Kyba, jJerkalrnas B MJIOCKOCTH, ITapajjiesb-
HOWM TJIOCKOCTU MCXOJAHOW OKPYIKHOCTH, TOKE COIEPIKUTCA B
KyoOe.

Paccmorpum oKpy:KHOCTE pammyca R ¢ IleHTpoM B IIeHTpe
Kyba U IItap TOTO Ke paguyca U ¢ TeM Ke IleHTpoMm. Hac uH-
TepecyeT JHUINL cay4daii, Korga R>a/2 u paccMaTpuBaeMasi
OKPY’KHOCTDH JIEJKUT BHYTpPH KybOa. B sTom ciayuae BHe Kyba
HAXOAATCS IIEeCTh IApPOBBIX CETMEHTOB. Pammychbl OKPY:KHO-
CTel, JIeKaIluX B MX OCHOBAHUAX, PaBHBI I =+/R2 — (a/2)2,
IIO3TOMY F BO3pacTaeT mpu BodpacTanuu R. PaccmMoTpum Ko-
HYCBI, BEPIINHBI KOTOPBLIX HaXOIATCA B IIeHTPe KyOa, a oc-
HOBAHUAMHU CJYIKAT OKPYIKHOCTH OCHOBAHUII ITapOBBIX Cer-
MeHTOB. Eciu miockocTs I1, comep:kalias pacCMaTPUBAEMYIO
OKPY’KHOCTDb, IIepeceKaeT OOUWH 13 9TUX KOHYCOB, TO YaCTh
OKPY’KHOCTU IPOXOIUT IO IIIAPOBOMY CETMEHTY, a II0OTOMY Ya-
CTUYHO JIeKUT BHe Kyba. Takum obpasoMm, HYKHO ZOKa3aThb,

uyro ecau R > ﬂ, TO ILJIOCKOCTh Il IepeceKaeT OAMH M3 KO-
HycoB. IlmockocTs II pasbuBaeT JIyud, BBIXOIAIINE U3 I[€H-
Tpa Ky0a 1 HaAIlpaBJeHHLIE B I[eHTPLI I'paHeil, Ha IBe TPONKU
(Kaskmas TpoOHMKA JIEKUT II0 OOHY CTOPOHY OT ILTocKocTu IT).
Paccmorpum miockocTs I1', KoTopas HPOXOLUT depes LeHTP
Ky0a IeprIeHIUKYJISIPHO OJHOM M3 AuaroHajleil um pasbuBaer
9TU JIYUM HA Te JKe caMble JBe TPOUKU. N

B niockoctu I1' eCcTh OKPYXRHOCTDL PASUAYCA (14—6, IeTNKOM
JeXKalnas BHyTpu Kyba. PaccMoTpuM KOHYCBI, COOTBETCTBYIO-

a
IIe OKPY:KHOCTU TAaKoro pazumyca. s HUX = 23 I109TO-

My, KakK JIeTKO IPOBEPUTH, ILIOCKOCThL II' KacaeTca TPEx Ko-
HYCOB (COOTBETCTBYIOIIIUX TPOMKE Jyuell, KOTOPbIe ABJISIOTCS
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0CAMU 9TUX KOHYCOB) o TpéMm gyuam OX, OY, OZ (ua puc. 59

n300paXKeHo CedeHre OJHOM M3 I'PaHell IJIOCKOCTBIO II' 1 Ko-
a

HyCOM; ceueHMe KOHYCOM — OKPY’KHOCTBH paamyca r = Wi)'

Jyuu OX, OY, OZ nexar CTPOTO BHYT-
P KOHYCOB, COOTBETCTBYIOIIIUX OKPYKHO-

aVvé

ctu paguyca R> YRt 3HAUUT, STU JIyUHn
JIeXKAT MO OAHY CTOPOHY OT ILITockKocTu I1,
IIOCKOJIbLKY OCH COOTBETCTBYIOIIUX KOHYCOB
Jie;KaT 10 OZHY CTOPOHY OT 3TOU IIJIOCKOCTH.
Ilnockoctu II n II' mmeroT OOILYI0O TOUKY
Puc. 59 (eHTp Ky6a), IOSTOMY OHU IIePeCeKaroTCs

o HeKoTopou mpamoi. Jlyuu OX, OY u OZ

o0pasyioT aApyr ¢ apyromM yriasl B 120°, mosToMy HUKaKas Ips-
Mas He MOYKeT PasAe/IuTh ILIOCKOCTD [I' Tak, 4TOOBI 3T YUK
JeKaJau B OSHOM MOJYIJIOCKOoCcTH. TakuM 00pas3oM, ILJIOCKOCTh

a\/_

r IIepecexKaeT OguH M3 KOHYCOB, €CJIN R>—

3. ¥YpaBuenusa |x|+ |y|=0, |x|+|y|=1, \x\+\y|:2, ooy

| x|+ |y| =99 umeror coorBercrBenso 1, 4, 4-2,4-3, ..., 4-99
IMeJIOUNCJeHHBIX perneHuii. [loaTomMy mcKkomoe UMCIO pPaBHO
1+4(1+2+3+...+99)=1+4271% —19801.

KomMmenTapuii. Hucio pelieHU MOMKHO TaKiKe HAWTU, BOCIIOJb-
3oBasinuck GopmyJroit Iluka st kBagpara | x|+ |y| < 100.

4. Bymem paccMaTpuBaTh BMECTO JIyueil BeKTOPBI. MOKHO
CUMUTATH, UTO IEPBBLIII BeKTOp mmeeT KoopauuaThl (1, 0, 0).
Torzpa ocTasbHBIE BEKTOPHI UMEIOT KOOPAUHATHI (X;, Y;, 2;), THAE
x; < 0. MoXHO cumTaTh, UTO BTOPOII BEKTOP MMeeT KOOpArHA-
Tl (X2, 1, 0). Torma ocrajabHBIe BEKTOPHI MMEIOT KOOPAMHA-
™ol (X, Ui, 2i1), THEe Xa2X; +y; <0. Yucna x; m Xx; oTpuiareiab-
HBbIEe, MO3TOMY XoX; >0, a s3umauur, y; <0. Ilpu i, j > 2 umeer
MeCTO HEePaBeHCTBO X;X; + Yy, +2;2; < 0. Ho x;x; >0 u y;y; >0,
noaToMy 2;2; <0, T. e. uncia z; u z; pasHoro sHaxka. Takux 4u-
ceJl He MOKeT OBITh 00JIbIlle ABYX. II09TOMYy MOMIMO BEKTOPOB
(1,0, 0) u (x2, 1, 0) mo:xeT OBITH €ITl€é TOIBLKO ABA BEKTOpA.
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IIpumep ueTBEPKU JyUell, BBIXOAAINNX U3 OJHOU TOUKU U
00pas3yonux IoNapHO TYyHOble YIJIbI, JAIOT JIy4W, UAYIIUE U3
IeHTPAa IPAaBUJIBLHOTO TETPasapa B €r0 BEPIIIUHEI.

1949 200 (XII onumnuada)

IlepBsoIii TYp
7—8 Kaacc
1. Bamerum, uro 26460 =22.3%.5.72, IIpegcTaBUM YUCIIO
A=27195% —10887% + 101528 B BuUAe

271958 — (108878 — 10152%).
910 uncso genurcd Ha 5-72. JleficTBUTeIbHO,
27195 =3-5-72.37,
a pasHocTh 108878 — 101528 nenurca Ha
10887 — 10152 = 735 = 3-5- 7%
C npyroii CTOPOHBI, IIPeACTaBICHUE
A= (27195% —10887°%) + 101528

IIOKAa3bIBaeT, 4To uuciao A geaurca Ha 22-33. JleficTBUTEIHHO,
271958 — 108878 menuTca Ha

27195 — 10887 = 16308 = 2%.3%.151,

a 10152=22.3%.47. Takum ob6pasoM, umciao A JeJuTcsa Ha
5.72 u Ha 22.-33, mosToMy oHO AenuTca Ha 26460=22.33.5.72,

2. JIiobasa och CUMMETPHUN MHOTOYTOJbLHUKA IIPOXOLUT ue-
pes ero 1meHTp Macc (IIEHTP MacC BEPIINH MHOTOYTOJbHUKA,
B KOTOpbIE IIOMEIIeHbl OAUHAKOBBIe Macchl). JleficTBUTENBHO,
IpU CUMMETPUN OTHOCUTEJIHBHO OCH CHMMETPUHU IIEHTP Macc
IepexonuT caM B cels.

3. IIpeAmonoKuM, uTo x =2™x, y = 2"y, z= 2%z, rae uyuc-
Ja Xi, Yy, 21 He4éTHBI. MOYKHO cumMTaTh, uTo m < n < k. Torma
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obe "acTH ypaBHEHHUS MOXKHO COKpaTuTh Ha (2™)2. B pesyisn-
TaTe MOJYyUnM

x% + 22(n—m)y% + 22(k—m)2% _ 2n+k—m+1x1y121’

rnen+k—m+1>1.

Eciu m =n=k, To B IeBOI1 YaCTU CTOUT HEUETHOE YUICJO, a
B mIpaBoit uéruoe. IIpeamoaoxXum Tenepsb, uto k> m. KBagpar
HEeUYETHOTO UKCcja IPU AeJeHuu Ha 4 HaéT ocTaTok 1, mosToMy
Ipu JeJIeHUuUW Ha 4 YMCJ0 B JEeBOM YacTU JaEéT OCTATOK 1 mMiau
2, a umciyo B mpaBoit yactu — octaTok 0. IToayueHo mpoTuBoO-
peuue.

4. Bo3pMEM Ha JoOMaHOII aBe TouKu A m B, gmenaimime eé
nepumerp momosaam. Tormga AB < 1/2. JlokaxkeM, 4YTO BCe TOU-
KM JJOMaHO# JiesKaT BHYTPHU Kpyra paguyca 1/4 B IeHTPOM B
Touke O — cepenuue orpesdrka AB. Ilycts M — npous3BoJIibHASA

TOUKA JIOMaHOM, a Touka M, cuMMeTprUYHa eii OTHOCUTEJIbHO

MM M{A+AM BM + AM 1
touku O. Torma MO = ; <= 2+ = er <Z’ TaK

Kax BM + AM He IPeBOCXOIUT IIOJOBUHBI JJINHEI JOMAHOM.

5. IIycth mpomoJikeHue OUCCEK-
Tpuckl yriaa B TpeyroabHuka ABC
ImepeceKaeT OMMMCAHHYI0 OKPYKHOCTh
B Touke M; O — IIeHTp BOMCAHHON
OKpysKHOCTU, O, — IIeHTP BHEBOU-
CAaHHOM OKPY/KHOCTH, Kacalollemcs
croporbl AC (puc. 60). ITocTaTouno
IokKasatb, utro MO =MQO,. Tak Kax

/AOM = /BAO + /ABO = 2128
n
/OAM = /OAC + /CAM =

=2y szeBm =414,

0o MA=MO. JIlyunu AO u AO, saB- Puc. 60
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JSIOTCA OMCCeKTPUCAME YIJIOB, COCTABIAIOMINX B cymme 180°,
mosTomMy TpeyroabHuk OAQ, mpamoyroiabHbIli. Kpome Toro,
KaK MBI TOJBKO 4TO mokaszanmu, LAOM =/MAO = ¢. Cneno-
BaTenbHo, LMAO, = /ZMO,A=90° — ¢, a saauur, MA=MO,.

9—10 ranacc

1. Yucno x2+y?+ 22 +0v? uérHO, HO’TOMY Cpelu uHce.
X, Y, 2, V YETHOE UUCJO0 HEUETHBIX 4ymceJ. JIerko IpoBepuTsh,
YTO KBaApaT HEUETHOTO UMCJa IIPU JejieHnu Ha 4 maéT ocra-
TOK 1.

Ecnu Bce uucna x, y, z, 0 HeudTHHI, To x2 +y2 +22 +0v2 =0
(mod 4), HO TpU sTOM 2XY2V He menuTtcA Ha 4.

Ecsu poBHO aBa u3 uucena x, y, 2, U HEUETHHI, TO x? +y2 +
+ 2% +v? He genuTca Ha 4, a 2xyzv JenuTca Ha 4.

ITosTomy Bce umciaa x, y, 2, U UETHBI, T. €. X = 2X1, Y =2y,
z=2z;, v=2v,. MBI mosyuaem ypaBHeHUe X2+ y?+ 22 + v =
=8x1y1210;. Temeps 3amerum, uto (2k+1)2=4k(k+1)+1=1
(mod 8). ITosTomy ecsi Bce umcaa Xi, Yy, 21, U1 HEUETHBI, TO
x2+y?+ 22+ v? "e menurca Ha 8. A ecoiu POBHO JBa M3 DTHUX
ymces HEUETHBI, TO X2 +y>+ 22 +0v? He meaurca naxke Ha 4.
3Hauur, x; = 2x3, Y1 = 2Ys, 21 = 223, U; = 2V, U MBI TIOJIyYaEM
ypaBHeHUe X2 + y2 + 22 4+ v2 = 32x3y2250;. CHOBA TIOBTOPUB Te
JKe caMble PacCyKAeHUs, MOJYUUM, UTO X, Y, 2, U JeJIATCA Ha
2" nmpu Bcex n. CiegoBarenbHo, x=y=z2=v=0.

2. Ocu BpallleHHsS OTPAHMUYEHHOTO Teja IepPeceKarTcsa B
ero meHtTpe macc. [fokakem, YTO eCJIM TEJI0O UMeeT IBE OCHU
BpallleHus, IepeceKarirecsa B Touke O, u Touka A mpuHan-
JIEKUT TeJy, TO TeJly MpUHAAJe:KUT BcA chepa paguyca OA c
neaTpom O. IIpeanosoxkum IpPoTUBHOE, T. €. UTO cdpepa comep-
JKUT KaK TOYKU, IpUHAIIeKAIIUe TeJy, TaK U TOUYKU, He IIPU-
Hame:xkaiue emy. Torma Ha aToi chepe eCcTh TaKKe I'PaHUY-
HBIe TOUYKU Teja, T.€e. TaKue TOYKM, YTO B JIIOOOM IIape C IieH-
TPOM B BTOU TOUKE €CTh KaK TOUYKM, IIPUHAIJIEKAIINUE TeJy,
TaK W He OmpuHaIIe:xkaIiue emy. Ilycts M — (HemycToe) MHO-
JKeCTBO I'PAaHMYHBIX TOUEK Ha cepe W X — IMIPOU3BOJIHLHAST TOU-
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Ka 9Toro MHO:KecTBa. IIpoBeném uepes3 TOUKY X ABE OKPY:KHO-
cTu, Jekalue Ha cepe: OIHY C IEHTPOM Ha MePBOI OCHU Bpa-
IeHUA U JIEXKAIYI0 B IJIOCKOCTHY, NEePIEHAWKYJISIPHON mep-
BOW Ocu BpaIlleHHusd, a APYryl ¢ IMEeHTPOM Ha BTOPOM OCH Bpa-
IIeHUA 1 JIeXKAIIYIO B IIJIOCKOCTH, IIePHEeHINKYJIAPHON BTOPOH
ocu. HecoxkHO yOequTHCSA, UTO €CJIU 9THU ABE OKPYIKHOCTHU HE
KacamwTcs APYT Apyra B TOUKE X, TO X He MOKET OLITH IPaHUY-
HOUM TOouKoOH. [losTOMY TOUKA X MPUHAMJIEKUT ILJIOCKOCTH, CO-
Iep:kaineit obe ocu BpamieHusa. Torga MHOMKeCTBO M ITeTUKOM
COZIEPIKUTCSA B dTOM miockoctu. Ho MmHOMKecTBO M mepexoauT
B ceba mmpu J1000M IIOBOPOTE BOKPYT Ji060i 13 oceii. Ilomyue-
HO OPOTHBOpeYme, MO3TOMY MHOXKecTBo M mycTo, a 3HAYWUT,
BcA cepa IPUHALIECKUT JaHHOMY TeJy.

Taxkum 00pa3oM, MJIOCKOCTHI0O CUMMETPUU ABJIAETCA JII00asa
ILJIOCKOCTD, IIPOXondAImiasa uepe3d Touky O. fcHo Takike, UTO
JI100ad MJIOCKOCTH CHMMETPHY OIPAaHUUYEHHOTO TeJIa IIPOXOIUT
yepes ero IeHTp Macc.

3. Ilycers f(x) =x%+2ax+ %6 =(x+a)®—a®+ 1—16 — JeBad
YacTh HAHHOTO ypaBHeHus. I'padur pyurmuu y=f(x) upex-
craBysgeT coboit mapabosy. Eciu 0 <a<1/4, to f(x) > 0. Ilo-
9TOMY MCXOAHOE YpaBHEHUE 9KBUBAJIEHTHO YPABHEHUIO

2 1 / 2 _ 1
x+2ax+16— aty/a’?+x 6 (1)

IIpaBas uacts ypaBHeHus (1) mpeacrasiaseT co00M o0paTHYIO
dyaxouio f-!(x). B camom gene, eciu y?+ 2ay + 1_16 =X, TO

y=—at/a®+x— li

HokaskeM, 4TO MCXOQHOE ypaBHEHNE PAaBHOCUJIBHO ypaBHEe-
uumo f(x) = x. fcuo, uTo a1000€ perrenue ypaBHeHusa f(x) = x
SIBJISIETCSI PellleHreM HCXOILHOTO YpPaBHEHU’S, IIOCKOJbKY HC-
XO/lHOe ypaBHeHIe MOKHO IepemnucaTth B Buje f(x) =f"1(x).
IlycTs Temeph Xy — pelleHre UCXOAHOTO ypaBHeHusA. VI3 moJo-
JKUTEJHLHOCTU IIPaBOM YacTH IOJydaem, uto Xq > 0. Ho Ha un-
tepBaJje [0, +o0) mpu a >0 pyaKIUA ¥y = f(X) MOHOTOHHO BO3-
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pacraer. IToatomy ecan f(xo) # Xo, TO [(x0) > xo>f1(x0), uTO
IIPOTUBOPEUNUT HNCXOSHOMY ypaBHeHHIO. 3HaAuuT, [(xo)=X,.
TaxuMm o6pasom, AefiCTBUTENbHBIE KOPHU JAHHOTO YPaBHEHUS
SABJSAIOTCA B TOYHOCTU AEHCTBUTEJNBLHBIMU KOPHSIMM! ypaBHE-
HUSA

P 1
x —I—Zax—l—ﬁ—x.

Pemus sto YpaBHE€HUE, HAXOAUM

N et (1—2a>2_l
L2— g 2 16"

HenocpezncTBeHHasa IpOBEpKa IIOKa3bIBaeT, UTO X o >0 mpwm
0<a<1/4, mosromy HalileHHbIe KOPHU OYAYT PEIIeHUAMU
MCXOJHOI'0 YPaBHEHMUS.

4. TToxka)xeM, UTO cpelu AAHHBIX UYMCEJ He MOMKET OBbITh
00JbIlle UEeTHLIPEX IIOMAPHO pPa3JAUUYHBLIX uuceid. O0beIuHUM
paBHBIe UmMCJia B I'PYHILI, BbIOEpEeM B Ka’KAOI T'PYIIIEe II0 Of-
HOMY YHCJy W PAaCIIOJOMKUM BBLIOPDAHHBIE UYKCJA B IOPSAIKE
yonIBaHuA: a>b>c>d>e> ... Hucna a, b, ¢, d 110 yCJIOBUIO
00pas3yioT reoMeTpUUECKyI0 IIporpeccuio. IlosTomy mpousse-
IeHue ABYX W3 HUX PaBHO IIPOMU3BEAEHUIO IBYX APYTHUX, T.e.
ab=cd, ac=bd unu ad =bc. Ho ab>cd u ac > bd, mostomy
ad=bc, T.e. d=bc/a. Te :Ke caMble pacCcy:;KIeHUs IIOKa3bIBa-
0T, uTO e =bc/a.

Taxum o0pasoM, ecTh He 0ojiee UETHIPEX TPYIII, COCTOA-
X 13 PABHBIX YMCEJ, IO9TOMY II0 KpaliHe! Mepe B OJHY U3
ATUX T'PYNII BXOJUT HE MEHee 1 UMCeJl.

5. Ilycte ABCDEF — 11eCTUYTOJBHUK, YIOBJIETBOPIIONTNHA
ycaoBuio 3amaun. Yerwipéxyroabuuk FBCE saBisercs paBHO-
00KoO#1 Tpamenuei (MU IPAMOYTOJbBHUKOM), IIO3TOMY IPAMAasd
MM, coemuHANNIASA CepPeNHbI €€ OCHOBAHUM, MEPIEeHANKY-
JSIpHA K HUM ¥ CJIY:KUT OMCCEKTPHCOM yrja MeXKAY Auaro-
"HajnaMu BE u FC. TouHo Tak e IOKa3bIBAIOTCA AHAJIOIMU-
HbIe cBolicTBa MPAMBIX NN u LL, COEIUHAIOINMNX CepeanHbI
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ITPOTHUBOIIOJOKHBIX CTOPOH IMECTUYTOJbHUKA. ITU TPU IIPS-
Mble (B HEBBIPOKIEHHOM CJydae) SBJISIOTCA OMCCEeKTPUCAMU
YIJIOB TPEYTOJbHUKA, 00PAa30BAHHOI'0 MATOHAJISIMU, IIOITOMY
OHU TepecekalTca B omHoi Touke O. Touxka O paBHOymaje-
Ha OT BCeX BEPINHUH IIeCTUYTOJbHUKA, TOCKOJIbKY OHA JIEIKUT
Ha BCeX CePeNUHHBIX MePIeHANKYJIApax K CTOPOHAM IIIeCTH-
YTrOJIbHUKA. 3HAUUT, BOKPYT IMECTUYTOJbHUKA MOYKHO OIIU-
caTh OKPYsKHOCTD C IeuHTpoM O.

Bropoii Typ
7—8 Kaacc
1. Caoenaem kKomum 12 mosieit 1 PacIoOKUM UX IO KPYTy
B ciaenymolleMm mopsaake: 1, 6, 11, 4,9, 2, 7, 12, 5, 10, 3, 8.
Puc. 61 morkasniBaeT, YTO Ha HOBOM Kpyre (PUIIIKU IIepexo-

12

1
11 “!A“""‘
ﬂ’;{’ 4 10
\AE

9 A'A CHjBR
7 C3KIK
Puc. 61 Puc. 62

IAT IIPOCTO Ha cocemHee moJie (cmpaBa umau cjesa). IlosTomy
Ja000e mepeIBUiKeHNe, IPU KOTOPOM (PHUIIKKU MEHSIOTCS Me-
cTamMu, IpeACTaBIAeT cOO0U mepeMellleHre IO HOBOMY KPYTy
B OJHOM HampapjeHuu. Ha Kpyre ¢ 4eThIpbMs IIOJSIMU C HO-
mepamu 1, 4, 2, 3 (puc. 62) IPOUCXOAUT IMUKJINUECKad mIepe-
CTaHOBKa, moaTomMy u3 Habopa KCIK3 MbI momyuyaeM HabOPHI
CiK3K, JK3KC, BKCiK. BepuyBiiuch K HCXOTHOW HyMepa-
muu 1, 2, 3, 4, moryuum Habopel C3KK, IKKC3, 3CiHKEK.

2. Pemmum 3amauy B 6oJiee 00IeM BUe, KOTIa BMECTO ABYX
TPEYrOJbHUKOB B3ATHI BBIIIYKJILIE 711-YIOJBLHUK U g-YIOJb-
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Hrk. CHauasa JOKasKeM, 4TO IMoJyuyeHHas (PUIypa BBIIYKJIA.
IIycts A; u Ay — Toukm sToi (urypbl. Torma cyIiiecTBYOT
napaJjaeaorpaMmmbl OB;A;C; u OB3;A,C, ¢ Bepmiuaamu B u
By, mpuHAaAIeKAITUMU N1-yTOJAbHUKY, u Bepmuuaamu C; u C,,
MPUHALJIEIKAIIMA Ng-YIOJAbHUKY. IIoKaMeM, 4TO €CIH MbI
IIOCTPOMM COOTBETCTBYIOI[ME TOUKM IJIs
Bcex map Touek oTpe3koB BiBs; u CC,,
TO B pe3yJbTaTe IIOJYUYUM IIapajlieso-
rpaMM CO CTOPOHAMMU, IIapaJIeIbHbIMUI
BB, u CiCy, nu ¢ guaroHajibio A;A,.
s moxkasaTeabCcTBa yooOHee paccMar-
puBaTh He BepIIWHBI IIapaJjesorpaM-
MOB, a WX IIEHTPHI, T.€. BMECTO TOUKU
A mbI Oymem Opath Toury A’ (puc. 63); B
IIpu 9TOM (PUTypa 3aMeHseTcs Ha TOMO- Gy
TeTUYHYIO el ¢ meuTpoMm B Touke O. Ha

puc. 64 1eHTPHI IapajeorPpaMMOB CO-

OTBETCTBYIOT CepeguHaM OTPEe3KOB, CO-

eIUHAIOINX TOYKM oOTpe3dka BBy, c¢ C,
roukamu orpe3dra C{C,y; OHU 3aMeTAIOT

Ay
3aIITPUXOBAHHBIA TapeJejgorpaMmm. B
YacTHOCTU, MBI IIOJIy4aeM, UTO OTPE30K B
A1 A, IPUHAIIEKUT IMOJyYEeHHON (Pury- Puc. 64

pe, T09TOMY OHA BBIMTYKJIA.

BosbpMEéM HaA IIJIOCKOCTU IIPOM3BOJILHYIO OCh KoopauHaTt Ox.
OnopHvLmM MHOMCeCmME0M MHOTOYTOJbHUKA, COOTBETCTBYIOIITM
ocu Ox, HA30BEM MHOJKECTBO TOUEK MHOTOYTOJbHUKA, IPOEK-
MY KOTOPBIX Ha ochk Ox mMeloT HauboJIbIllee 3HaUeHne (omop-
HOe MHOKECTBO — 9TO BEPIIMHA WJIN CTOPOHA MHOTOYTOJBHU-
Ka). BeITYKJIBIN MHOTOYTOJIBLHUK 3a1a6TCA CBOMMU OMOPHBIMU
MHOJKeCTBaMHU [IJIS BCeX BO3MOXKHBIX oceli Ox. Ecau omopHBI-
MU MHOJKECTBAMU HCXOMHBIX 711-YIOJbHUKA U Ny-yTrOJbHUKA
SIBJISTIOTCSA OTPE3KU IJIUHBI 41 U (g, TO OIOPHBIM MHOYKECTBOM
MOJIYUeHHON (PUTYyphl OyAeT OTPe30K AJUHBI a; + ay. Tem ca-
MBIM, YTBEpP:KIEHUE IIPO IepUMEeTpP AOKa3aHo. UMCJIO CTOPOH
MMOJIYYeHHOTO MHOTOYTOJIbHUKA MOYKET OBITH JIFOOBIM YMCJIOM,
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B3aKJIOUEHHBIM MEXKIY 71 + Ny M HAaUOOJBIIINM M3 UNCEJ 1, U
ny. OHO paBHO N + ny JUIIL B TOM CJydae, KOoTga AJs J000i
ocu Ox OOHO M3 OIIOPHBIX MHOMECTB MCXOJHBIX MHOI'OYI'OJIb-
HMUKOB M€EEeT HYJIEBYIO INJINHY, T. €. BC€ BEKTOPHI €AMHNYHBIX
BHEIITHUX HOpMaJIefI OJIdA JaHHBIX MHOTOYI'OJIBHMKOB Pa3Jjiny-
HbI. Ecam KaKkme-TO BEKTOPHI BHEINTHUX HOPMAaJiel y JaHHBIX
MHOTI'OYT'OJIBHUKOB COBIIaQaIOT, TO YMCJIO CTOPOH IIOJIYUYEHHOI'O
MHOTI'OYT'OJIbHUKA YMEHBbIIIaeTCdA.

KomMmMmenTapuii. MHOrOyroJbHIUK, KOTOPBLI 3aMeTAOT CepeIuHBI
OTPE3KOB, COEAUHAIINX TOYUKHN ABYX JaHHBIX MHOI'OYT'OJIBHUKOB, Ha3bIBa-

10T cymmol MuHnK08CK020 9TUX MHOTOYronbHUKOB. Cymma MMHKOBCKOIO
UrpaeT BaXXHYIO POJIb B T€OMETPUU BBIMTYKJBIX (QUTYD.

3. CHauama moKa’)KeM, UTO BCe THPU BecAaT Jub0 UYETHOe,
Janbo HeuéTHOe umcyo rpaMMoB. IlycTs 12 ruphb pasiiosKeHbI
Ha [OBe YAIllKU BECOB 0 6 I'Mphb TaK, YTO HACTYIHJO PaBHO-
Becue. IIpeamoIos UM, UYTO OTJIOKEHA TUPSA BeCcoM a T', a OgHa
13 TUPb, JIeKAIUX Ha YalllKaX, BeCUT b I, IPUUEM UucIa @
u b pasHOil YETHOCTHU. 3aMeHUM THUPIO a Tupeil b 1 CHOBa pas-
JIOXKUM TUPM TaK, YTOOBI HACTYIHMJIO paBHOBecue. Eciu Bec
OCTAJIbHBIX THDPHh PaBeH X, TO CHAUaja BeC T'UPb Ha KamKI0H

x+b x+a
yainke ObLI PaBeEH T’ a 3aTeM OH CTaJl paBe€H T Taxum

00pas3oM, BeCc rmpb Ha KaXKIOI uUalllKe BECOB M3MEHUJICA Ha
%|a—b|, a COIVIACHO IIPEAIIOJIOMKEHHIO 5TO UYMCJIO He IIeJIoe.
ITonyueHo mpoTHMBOpEYUE, IIOITOMY YHCIO |a — b| YETHO.
IIpeamososkum, 4TO HE BCe TUPU OAMHAKOBBIE. Berurem ma
KaKJa0¥ rupuy Bec HamMeHbIel rupu. B pe3ysbraTe ImoJydmnM
HaOOp r'Upb, KOTOPBIA CHOBA YIOBJIETBOPSIOT YCIOBUIO 3a4aUun
(mo xpaiiHell Mepe ogHA 13 MOJYUYEHHBIX TUPh UMeeT HYJIeBOH
Bec). Bce HOBbIe TMpU MMEIOT YETHBIN BeC, CTPOTO MEHBIITHI
Beca IIepBOHAUYAJBbHBIX Tupb. IlomesnnB Bec KaKIOW THMPU MO-
mojaM (B TOM 4YmcCJe W T'MPU C HYJEBBIM BECOM), MBI CHOBA
MONyYuM HaOGOp THPb, YAOBJIETBOPAMOIIUNA YCJIOBUIO 3aJadmM.
Ecom mpu sTOM MBI He MOJYYWJIN THUPU HEUETHOTO BeEca, TO
CHOBA IIOJIeJINM Beca BCeX T'Mpb IOI0JIaM U T. . B KOHIle KOH-
IIOB ITOJIYYUM Ha0Op I'Mpb, KOTOPBIN YIOBJIETBOPAET YCIOBUIO



Pewenus. 1949 200 215

3a7laud 1 B KOTOPOM €CTh KaK THPU UYETHOro (HYJIeBOTO) Be-
ca, TaKk U I'Mpu HeYETHOro Beca. Ho MBI yiKe mOKasayd, 4TO
TAKOT'0 OBITH HEe MOJKET.

KomMmMmenTapuii. YTBep:KIAeHHe 3aJaul OCTAETCS BEPHBIM u 0e3
IPEAIIOJIOKEHUA O TOM, YTO KaKIasd T'MpPS BECUT I[eJIoe YMCJIO TPaMMOB.
B Ttakom Bumie sTa 3amaua CBOAUTCA K HPEABIAYIIEN CAeAVIOIMUM 00pasoM.
PaccmoTpuM JimHelHOe MPOCTPAHCTBO HAJ IIOJEM PallMOHAJBHBIX YHCEJI,
HOPOKIEHHOE MTaHHBIMU YHCJIaMU, U BbIOepeM B HEM Oasuc. Pasimosxum maH-
HbIe YmcIa 1Mo sTomy 6asucy. Torma aasa Kaskaoii KOOPAWHATEI MbI ITOJIYyYUM
IPebIAYIONIYIO 3amauy (ITocje JOMHOMKEeHUA PAIMOHATBHBIX KOOPAUHAT HA
HauMeHbIIlee 00IIlee KpaTHOe UX 3HAMeHaTeJel).

4. Toukoil mepeceueHUsT MeAUMAH KaKIOTO M3 paccMaTpu-
BAeMBIX TPEYTOJbHUKOB CJIYKHUT IIEeHTP MACC IIeCTUYTOJb-
HuUKAa (T.e. IEHTP MacC IIMeCTH BEePIIWH IIeCTUYroJbLHUKA, B
KOTOphIe MOMeEINeHbl OAMHAKOBBIe Macchl). IleiicTBUTENBHO,
CTPYHIIUPYEM MacChl, PACIIOJIOYKEHHBIE B BePIIMHAX IIIECTU-
yroabuuka ABCDEF. CHauajla pacCMOTPUM I[€HTPBI Macc
nia map Touek (A, B), (C, D) u (E, F). 9Tu 1eHTPBI Macc —
BEPIIUHLI IIEPBOT0 TPEYTrOJbHUKA, IIOITOMY IIEHTP Macc Iie-
CTUYTOJIbHUKA COBIIAZAeT C IIEHTPOM MacC IIEPBOTO TPEYToJib-
HUKa. 3aTeM pPacCMOTPUM IIeHTPHI Macc s map touek (B, C),
(D, E) u (F, A). 9Tu IeHTPLI Macc — BePIINHBLI BTOPOTO Tpe-
yroabHUKAa. [loaTOMY IIEHTP MaccC IIIeCTUYroJbHHKAa COBIIazma-
€T C IIEHTPOM MacC BTOPOTO TPEYTrOoJbHUKA.

5. Ilycets aq, ..., @190 — OAAaHHBIE Yumcjaa. PaccMOTpUM CyM-
MBI Sl =aq, Sg =a;+as, ..., SIOO =a;+az+...+a0. Ecian ka-
Kasa-nmubo cymma S, meautca Ha 100, To sTa cymMa mcKoMas.
Ecnu ke HU omHa u3 5TuX cymMM He genutcsa Ha 100, To ume-
aa Sq, ..., Sigo maroT He Oosee 99 pasIMUYHBIX OCTATKOB IIPU
menennu Ha 100. Ilosromy HaligyTca uucaa S, u S, (n>m),
Iarolue ofUHAKOBBIe ocTaTKu mpu aeaennu Ha 100. Ho Torga
yuciao S, — S, =ani1+ Anie+ ... +a, neaurca va 100.

6. Ilyctes ABCD...YZ — yxasaHHasaA 3aMKHyTasd JoMaHasd,
ta, tBy «eey 7z — OJIUHBI KacCcaTeJbHBIX K OKPY)XXHOCTU, IIPOBe-
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A B OEHHBIX W3 BEPINHWH JioMaHO#. JIerko mpose-
PHUTh, YTO B COOTBETCTBUU C COTJIAIIIEHUEM O
3HaKax aJjrebpamueckasd AJMHA yJacTKa IIy-
™ oTr A K B paBHa t, — tg. A aTOTO HYKHO
paccMOTpeTh ABa caydasd: TOUKu A u B MoTyT
OBITH PACIIOJIOMKEHBI II0 OJHY CTOPOHY OT TOU-
A + -B Ku xacaHusd (puc. 65, a) 1 Mo pasHbIe CTOPO-
HBI OT TOUKHU Kacauusg (puc. 65, 6). Takum o00-
pasom, ajrebpamueckas CyMMa AJUH y4acT-
KOB IIyTH C YKa3aHHBIMIU 3HaKaMU PaBHA

0) (ta—tp) + (tz—tc) + ...
Puc. 65 ceet+ (ty —tz) + (t7—ta) = 0.

9—10 ranacc
1. CwMm. pemrenue 3amaum 1 gias 7—8 KjaccosB.

2. Paspexxem Ky0 Ha 8 KyOMKOB. Bo3bMEM OAMH M3 5TUX
KyOMKOB M NPUJIOKUM K HEeMy TPH cocefHUX Kyoura. Ky0
MOYKHO COCTABUTh U3 IBYX TAKUX (HEBBIYKJBIX) QUTYD, KaMK-
Iasi 13 KOTOPBIX COCTABJIEHA M3 YETHIPEX KyOuKos (puc. 66).
BosbMéM omHY 13 3TUX (PUTYP U OTpeKeM OT Heé Tpu peo-
pa uMCXogHOro Ky0a, IIPOBEAs TPHU IIJIOCKOCTH, IPOXOMASAIINE
yepes AUAroHaJM IpaHeill MaJIeHbKUX KYOMKOB IIapaJLIebHO

Puc. 66
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pébpamM mcxomHOTO Ky0Oa; Ha puc. 66 sTu muaromaam msobpa-
JKEeHBI CILIOMHBIMY JuHuaMHu. (BMmecte ¢ pédpaMu MBI oTpesa-
€M TPHU TPeyroJibHbIe IIPU3MbI; dTU IIPU3MBbI IIepeceKaioTcs.) B
pesyibTaTe MOJYUYUM HEBBIIYKJIYIO QUTYPY, KOTOPYIO JEeTKO
MOJKHO paspesaTh Ha TPU KUPIUUYNKA; Paspesbl HYKHO IIPO-
BECTHU 0 MyHKTUPHBLIM JUHUAM Ha puc. 66. I3 1Byx Takmx
¢uryp cocrasisieTcsa BBIOYKJaA (PuUrypa, Koropas MMoJydaerT-
cs TIIPU OTPE3aHr’ OT MCXOAHOTO Kyba ImecTu pedep (TouHee
roBOPS, IIECTU MePECceKAOINXCs IIPU3M).

3. Cm. perrenue 3afgauu 3 s 7—8 KJIAcCOB.

4. Ilyctb O — IEeHTP CUMMETPUU MHOTOYToJbHUKA M, pac-
MMOJIOXKeHHOTo BHyTpu Tpeyroabauka T, S(T) — obpas Tpe-
yroapHUKa T 1Ipu cuMMeTpuu oTHocuTeabHO Touku O. Torma
M nexxur u B T, u B S(T). ITosTomy cpeau Bcex IeHTPAJIbHO-
CUMMETPUYHBIX MHOTOYTOJbHUKOB C JAaHHBIM II€HTPOM CHUM-
MeTpuu, Jexxkaimux B T, HauOOJBIIYIO IIJIOMIaAb MMeeT Iiepe-
ceuernue T u S(T). Touxka O JeXUT BHYTpU TpeyroabHurKa T,
Tak Kak mepeceueHueM 1T u S(T) aBaseTcs BBIMYKJIBLIN MHO-
TOYTOJbHUK, & BBIMTYKJBLIH MHOTOYTOJLHUK BCETr[a CONEPIKUT
CBOM IIEHTP CUMMETPHUMN.

IIycrs Ay, By u C; — cepenunbl ctopon BC, CA u AB Tpe-
yroabauka T = ABC. Ilpeamosio:XuM cHauajsa, 4To Touka O
JeXKUT BHYTpHU TpeyroabHuka A;B;C,. Torma mepeceuenuem
T u S(T) aBnserca IecTUyroJdbHUK. IlycTh cropona AB ne-
JUTCSA ABYMS CTOpOoHaMmu TpeyrojbHHKa S(7T) B OTHOIIEHUU
x:y:z, rie x+y+z=1. Torga oTHOIIeHWe CyMMBbI IIJIOIIIA-
Iell TpeyroJbHUKOB, Ipujerammux K BepmuHam A, B, C,
K Iromanau Tpeyronbauka ABC pasao x? + y? + 2% (mockoub-
KY Ka)KIBIH M3 9TUX TPEYroJbHUKOB II0J00EH TPeyroJbHMU-
Ky ABC); Hy:XHO MUHUMI3UPOBATHL 9TO BhIpaskeHme. Tak Kak
l=(x+y+2)?2=3(x"+y*+2) - (x—p* - W —-2)*— (z—x)?
To x2 +y?+22>1/3, IpuuéM paBeHCTBO [JOCTUTAETCS TOJILKO
IIpU X = Y = 2; IOCJIefiHee PaBeHCTBO o3HauaeT, 4ro O — TouKa
mepeceuenus Mmeauan Tpeyroabuuka ABC.
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PaccmoTrpum Temeps Apyroii cayuaii: Touka O JIeKUT BHYT-
pu oxHoro u3 Tpeyroaruukos AB.C;, A;BC,, AB:C, Haupu-
mep BHYTPU AB{C;. B saToM cayuae mepeceuenuem T u S(T)
SIBJISIETCS ITapaJlieiorpaMM, IPUUYEM eCJIU MbI 3aMEHUM TOUKY
O Toukoi mepeceueHusd npambix AO u B;C;, To maoImangb 3TO-
ro mapaJjiejorpaMMa MOMKeT TOJbKO YBeJIWUYUThCS. Eciau ke
Touka O JexuT Ha ctopoHe B;C;, To 3TOT caydan y:ke Pax-
TUYEeCKU ObIJI HAMM PACCMOTPEeH (HY:KHO MOJIOMKUTEL X = 0).

VcKOMBIM MHOTOYTOJbHUKOM SBJISETCS IITECTUYTOJBHUK C
BEPIIMHAMEU B TOUKAX, MEJIAIIUX CTOPOHBLI TPEYyroJbHHKA Ha
TpU paBHBLIe YacTu. Ero miomaab paBHa 2/3 IJIoOIIagu Tpe-
YTOJIBHUKA.

5. Ilycts A — maHHOE HaTypaJibHOe uncjo. IlokaxkeM, UTO
HaTypaJabHOE UMCJO 7 MOMKHO BBIOpaTh Tak, uro 10™A < 2" <
<10™(A+1) paa HEKOTOpPOro HATYpPaJbLHOTO M, T.e. M+
+lgA<nlg2<m+1g(A+1). OKBUBaAJEHTHOE YCJIOBUE Ta-
KOBO: CYIIIECTBYIOT HATypaJbHbIe YWCJA M U N, AJA KOTO-
prixlg A<nlg 2—-m<lg(A+1). Hucmo lg 2 uppamuonaabHo.
JelicTBUTEIBHO, MPEAIIOJOXKUM, UuTO 1g 2=p/q, Tme p u q —
HaTypanabHble uncaa. Torga 1079 =2, t.e. 10?7 =29, Jroro He
MOJKET OBITh.

Iycts a=1g 2, a=1g Aub=I1g(A+1). IHomoxxkum A=b—a.
Jlerko mposeputs, uto 0 < A < a< 1. [I1s KasKJ0T0 HATYPaJlb-
HOI'0 YMCJa 7 MOYKHO BbIOpPATh HATYPaJbHOE YMCJIO M TaK,
yuro O <na—m<1. ma n=1, 2, ... moaydyaem uucja o — my,
20— my, ... Pagmenum otrpesox [0, 1] Ha paBHBIE OTpPE3KH,
IJIMHA KaKJ0ro u3 KoTopblx MeHblre A. IlycTh KoJImdecTBo
9TUX OTPE3KOB paBHO k. Torma cpemu Yuces o — mq, 20— My, ...,
(B+1)a— my,; ecTh ABa ymcia, IPUHAJIEKAIUX OTJHOMY U
TOMY K€ OTpe3Ky. BbluTeM u3 OOJIBIIEro YKCJIA MeHbIIIee:
pa—m,— (qa—m,) =t. fIcro, uro 0 <t < A. Boaee Toro, t#0,

mp — My
? — panmmoHaJIbHOE 4YMCJIO. Acuo

q
TaKyKe, 4To t =S —r, rae S U r — mejble uncia. Ilpenmoso-
KM CHA4YaJja, YTO YKCJIO S HATypaJbHOE; TOTHa YMCJO I TO-

IIOCKOJIBKY HHa4dYe d—
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JKe HaTypajabHoe (JefiCTBUTEJIbHO, M3 HEPaBEHCTBA SA— I < !
caenyetr, uto r > (s— 1)a>0). Paccmorpum uwmciaa Buma Ni,
rae N — HaTypaJjibHOe umcjo. Kaskmgoe M3 3TUX YMCeJ MMeeT
BUJ NQ— m, TIe 4ncjia N U M HaTypajabHbIE. A 13 TOro, 4TO
0<t< A, ciaemyer, 4TO XOTs OBl OJHO M3 ITHUX YMCEI PACIIO-
JIOXKEHO CTPOTO MeXKAy a u b.

IIpeamosiosum Temepb, YTO MbI HOJIYUYMJIN YKUCJIO t =SA— T,
rge S M r — OTPHUIlATEJbHEIE Yncjaa. Te ke caMble paccyixie-
HHUSI, YTO U PAHBIIE, IIOKA3LIBAIOT, YTO CYIIECTBYET TAKOE UMC-
Jo t;y=sia—ry, uro 0 < t; < t, OpUUEM S$; U Iy — IieJble YMCJa;
0oJiee TOro, TaKuX umnceJ 0eCKOHeUHO MHOro. Eciu XoTsa ObI
IJIS OOHOTO M3 3THUX umces S; >0, To mJOKasaTelbCTBO 3aBep-
mieHo. B mpoTuBHOM ciiyuae HaWIETCA YUCO0 1y = S; A — 'y, OJIS
KoToporo $; < s< 0. Pacemorpum uucio t' =t —t;=s'a—r’. fde-
HO, uTO 8’ >8—8; >0 u 0 <t' <t. IlosTOMy MBI IOJIy4aeM UKC-
J0, obsamaroliee TpeOyeMbIMI CBOMCTBAMMU.

KommenTapuii. Bosee mogpo6HO 0 pelreHny 9TOH 3afadYy MOXKHO
npoumuTaTh B crarhbe [1].

6. Ilyctes ABCD — ucxonusiii KBagpar, A;B{C{D; — kBaj-
pat ¢ TeM ke IIEHTPOM, CTOPOHBI KOTOPOTO MapaJiielbHbI CTO-
poHaM MCXOIHOTO KBaApaTa U MMEIOT BABOE OOJILIITYIO AJIUHY.
s ompemesiEHHOCTH OyIeM CUYHTATh, UTO CTOPOHA MCXOIHO-
ro kBagpaTta paBHa 2. Torma mepumerp kKBaapata A;B;CiD;
pasen 16. ITosToMy mOCTATOYHO AOKAa3aTh, UTO AJHUHA YACTHU
nepumerpa kKBagpara A;B;C{D;, BbICeKaeMOH MPUI0KEHHBIM
KBaJapaToM, He MO:KeT ObIThb MeHbIme 2. Eciam cTopoma mpu-
JIO}KEHHOTO KBajapaTa MMeeT OOIIUII OTPEe30K CO CTOPOHOI HmC-
XOOHOTO KBaJpaTa, TO OH BbICeKaeT Ju0OO OTPE30K MIJIUHBI 2,
Jaubo ABa OTpesKa AJUHBI 1, 00pasyoiux IPAMOMH yroj, u
eIré KaKOW-TO OTPE30K Ha IPOMOJKEHWU OJHOTO M3 BTUX OT-
pesxoB. B manbHeiiniem OygeM cUMTATb, UTO V HPUIOKEHHO-
ro KBaJpaTa M HCXOOHOTO HeT OOIMX OTPe3KOB (OHU MMEIOT
TOJBKO OJHY OOIIYyI0 TOUKY). PaccMOTpuMM [ABa BO3MOYKHBIX
caydas pPacmoJIO:KeHus McXomHoro KBaapata ABCD u mpuio-
JKeHHOT'O K HeMYy KBajparta: 1) BepImmHa IPUJIOKEeHHOTO KBaj-



220 Pewenus. 1949 200

para momagaer Ha rpaHuIy mcxomuoro; II) BepmimHa MCXOn-
HOTO KBajpara JIe:KUT BHYTPU CTOPOHBI MPUJIOKEeHHOTo. Pas-
Oepém cuHauasga caydau I. PaccmoTrpuMm aBa BO3MOYKHBIX Ba-
puaHTa pacmoisoxkeHusa kBaapara A,B,C; D 1 IPUI0KEHHOTO
KBajspara.

1. Hu oxma BepmmHa kBaapata A;B.C;D; He momagaer
BHYTPL NPUJIOMKEHHOTO KBajpara. B sToM ciaydae paccMmar-
puBaemMas 4acThb IIepUMeTpa ABJISIETCS HEKOTOPBIM OTPE3KOM
PQR. Ilycts 00— yroa Me:xay CTOPOHOI MCXOAHOTO KBagpaTa
Y CTOPOHOII IPUJIOKEeHHOro KBaapara. Eciau 30° < < 60°, To
BHYTpu KBazapata A;B;C{D; JIeXUT TOJBKO OJHA BepIIMHA
MIPUJIOMKEHHOTO KBajpaTa (Ta, KOTopas IPUMBIKAeT K MCXOJH-
HOMY KBaJApaTy); B 9TOM cJjyuae IJuHaA oTpeska P@ paBHa
tga+1/tg a>2. Ecaun a< 30° uau a>60°, To BHyTpu KBaapa-
ta A;B;C{D; nexaT IBe BepIINHLI IIPUJIOKEHHOT0 KBaaparTa;
B 9TOM cJy4dae OTpe3oK PQ SBIsSeTCS THUIOTEHY30W MIPAMO-
YTOJBHOT'O TPEYTOJbHUKA C KaTeTOM 2.

2. Oxgua BepminHa KBagpara A;B;C,D; momamaeT BHYTPb
MIPUJIOMKEHHOTO0 KBazpara. Torga aJamHA paccMaTpUBaeMOM
YyacTu HepuMeTpa paBHa a+tg a-+
+1—atg o (puc. 67). Tpebyerca

ale JIOKasaTh, yTo a+tg a+1—atg a>
>2, 1.e. (a—1)tga<(a—1). Ho
& a>1ntga<l.

Tem cambiM, cayuar 1 mosHO-
cTbl0 pasobpaH. Paccmorpum Te-
nepb cayuai II. 3mech BO3MOMKHBI

Puc. 67 cJenyIoOIe ABa BapuaHTa paciio-
JIOXKEHUA.

3. CTopoHa MPUI0KEHHOT0 KBaapaTa, coaep:Kalas BepIu-
HY HCXOIHOTO, He IepecekaeT rpauuily kBaapara A;B;C.D;.
B aTom ciryuae paccMaTpuBaeMasi 4acTh IIepUMeTpPa IpecTaB-
JseT co0oii JIOMaHyI0, COeIMHAIONITYIO IIPOTUBOIIOJIOKHBIE CTO-
POHBI IIPUJIOKEHHOTO KBajapara. Eé nimHa He MeHbIle, 4eM
paccrogHue MeKIy STHUMH IIPOTHUBOIOJIOMKHBIMUA CTOPOHAMU,
T. €. He MeHbIIe 2.
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4. CropoHa HTPUIOKEHHOTO KBaLI-
para, comep:xaiiias BepIIUHY HCXOI-
HOTO, TepPeceKaeT TaKiKe U TPaHUILY
KkBagpara A;B;C;D;. B sTom cayuae
MIPUJIOKEHHbBIN KBaApaT MOYKHO CIBHU-
HYTh HapaJlieJbHO dTOH CTOPOHE TakK,
4TOOBI BepIIUHA ITPUI0KEHHOr0 KBa-
para coBmajia ¢ BepIIMHOM HMCXOIHO-
ro, a paccMarpuBaeMasi 4acTb IIepHu-
MeTpa He yBeauuuaach (puc. 68). Tem
CaMbIM, 3TOT CJIyUYall CBOAUTCA K YiKe Puc. 68
pasobpamuomy cayuaio 1.

1950 200 (XIII orumnuada)

IlepBsrii TYp

7—8 kaacc

1. Ecyu oKpYyXHOCTH He IepeceKaeT IPaHuIlbl KJIETOK (T. e.
Jaubo0 He MMeeT C HUMHU OOIUX TOoUeK, JM0O KacaeTrcsa uX),
TO 9Ta OKPYKHOCTDH IIEJIUKOM JIXKUT BHYTPU OTHOI KJETKH,
mosToMy €€ pammyc He mpeBocxoauT 1/2. Huike OyayT mpu-
BeleHbl IIPUMEPBLI OKPYIKHOCTell OO0JIbIIIero pamuyca, Iesu-
KOM JIexKalux Ha uépuHoM. IlosToMy B ganbHelleM OyaeMm
IIpeAIioyaraTb, YTO paccMaTpuBaeMas OKPYsKHOCTH IIepeceKa-
eT TPaHUILY XOTs ObI OMHOM KJIeTKU. OKPYIKHOCTD S, IeJINKOM
Je)Karmas Ha YEPHOM, MOMKET IIepeceKaTh TI'PaHUIly KJIETKU
TOJBLKO B BeplinmHe (MHaUe OHA YAaCTHUYHO Je:Kaja Obl Ha Oe-
aom). ITycTs OKPY:KHOCTH S NPOXOAUT UepPe3 ABE BEPIIUHBI
A u B uépHOi KJeTKH. PaccMOTpUM cHauaja cjaydail, Koraa
BepiminHbl A u B coceguue. BosbMéM BepHinHy A M paccMoOT-
PUM APYTYIO UEPHYIO KJIETKY ¢ BepimuHOi A. OKPY:KHOCTDH S
MIPOXOAUT JIMOO Uepes3 CcOoceqHIon (a MMEHHO, Ty, KOTopas He
JeXKUT Ha mpaMoinl AB), 1u00 yepes IPOTUBOIOJIOMKHYIO Bep-
IITHY BTOU KJETKH. B IepBoOM ciydae pagmyc OKPYIKHOCTHU
S paBen V2/2, a Bo Bropom — \/10/2. PaccmoTpuM Temeps
caydab, Korma BepInuHbI A m B mporuBomoso:xkubie. CHOBaA
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BO3bMEM BepIINHY A M PaccCMOTPUM APYTYI0 YEPHYIO KJIET-
Ky ¢ BepimuHoii A. Temeps oKpy:KHOCTH S 00A3aTEeIbLHO IPO-
XOOUT Uepe3 COCeOHIO C A BepINuHY APYroil KJIeTKu (ecau
ObI OHa IPOXOAMJIA Uepe3 IIPOTUBOMOJIOMKHYIO BEPIIUHY, TO
MBI HOJYUYUIU ObI TPAMYIO, & HE OKPYK-
Z HOCTB). Pagunyc Takoil OKPYsKHOCTH pa-
BeH v/10/2. B wmrore mosyuaem, dUTO
HaAuOOJBIIUNA pPagUyC HMeeT CJIeayIo-
V masg OKPYsKHOCTH S. BosdbMéM U4E€pHYIO
KJIETKY ¥ PACCMOTPUM IIPUJETaoIe
K Hell Oesble KaeTKU. OKPYIKHOCTBH S
MPOXOIUT uepesd 8 BepIIuH 3TUX OeJIbIX
KJIETOK, OTJIUYHBLIX OT BEPIIUH HCXOJH-
Puc. 69 HOI uépHOIi KJeTKu (puc. 69).

2. eBars rupb Becom n, n+1, ..., n+8 MOXKHO pasJio-
JKUTH HA TPU PaBHBIE 110 Becy Kyuu: 1) n, n+4,n+8; 2) n+1,
n+5 n+6;3)n+2,n+3, n+ 7. 9T0 MO3BOJAET PABIOKUTD
Ha TPpU paBHBIE IO BeCcy Kyuu rupu Becom 1, 2, ..., 549=61-9.
Ocrasiiuecs I1ecTsb Tupb Becom 550, 551, ..., 555 moxkHO pas-
JIOXKUTh Ha TPHU PaBHBIE II0 BECYy Ky4U CJIEAVIOIIMM O0pasoM:
1) 550 u 555; 2) 551 u 554; 3) 552 u 553.

3. Urobbl He pasOupaTh pasHble BapUaHTHI PAaCIIOJIOMKe-
HUS OKPYIKHOCTeI, BOCIIOJIb3yeMCs CBOMCTBAMU OPUEHTUPO-
BAHHOTO yIJIa MEXKAy IPAMBIMU. Bymem o6o3HauaTh uepes
/(AB, CD) opueHTUPOBAHHLIN yroJ MeXIy IpAMbIMU AB u
CD. TOP,I[a 4(A30, A3Bl) + A(Ang, A30) = A(AIO, AlBl) +
+ /(A3B3, A20) = Z(A;10, A1By) + Z(A3Bs, A;0) =0°, mosro-
My Touku As, B; m B3 Je:kaT Ha OJHOW IPAMOM. 3HAUUT,
B4 - Bl .

4. B TpeyroJbHUKE IIPOTUB OOJIBIIIEH CTOPOHBI JEKUT 00JIb-
I yroJi, II03TOMY
(A-B)(a—-b) >0, (B-C)(b—c) >0, (C-A)(c—a)=0.

C0:KUB 5TU HEepaBEeHCTBA, IIOJIydaeM TpedyeMoe.
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5. Ilycts v — cKOpOCTH IIerexoma, V — CKOPOCTh MaAIIlu-
HbI, T — Bpemsa oxkumgaHus mMaimruHbl. (CKOpocTh OyaeM mame-
pPaTh B KM/4Yac, a BpeMs — B uacax.) Ecam HATH IIEITKOM,
TO Ha gopory B 1, 2 m 3 KM HOHamoOMTCS COOTBETCTBEH-

HO %, % u % YacoB, a ecJu exXaTh Ha MAaIllHe, TO T—|—%,
T—i—é u T—|—§ yacoB. IIpeamoyioskumM, 4To 2 KM He MeIJIeH-
Hee IIPOUTHU IIEIITKOM, YeM exXaTh Ha MaIlliHe, T. €. T+% = %
Torma T + % = g + % > %, T.e. 1 KM TeM 6oJjiee MOKHO TPOIi-

T mermkoM. Ho eciu MOKHO mpoiiTu memkoM 1 KM u 2
KM, TO TOTZa 3aTpaueHHOe Ha 2 KM BpeMd POBHO B 2 pasa

0oJbIlle, UeM 3aTpadyeHHoe Ha 1 KM, a II0 YCJIOBHUIO 9TO He

2 2 3 3 2 3
rak. IlosTomy T+7<5, a 3HAYUT, T+7<§(T+7) <, "

T—|—§<3(T+%) <3-%:g. ITosTomy 6 KM (Tak Ke, Kak 1 2

KM, 1 3 KM) ObICTpee MOKHO ImpoexaTh Ha maliuHe. Torga Ha
IOPOry IIOHALOOUTCS

T+ :4(T+§)—3(T+§) —4.17} 3.15 = 25 M.

9—10 raacc
1. Ilo ycmoBuio cos B cos C > 0. Kpome Toro,

sin Bsin C+cos Bcos C =cos(B—-C) <1
u cos A< 1. ITosTomy
sin BsinC<1—-cosBcosC<1-—cos AcosBcosC

1, TAK KakK 10 ycjoBuio sin B sin C >0,

sin B sin C <
1—cos Acos BcosC

0<

2. PaccmoTpuM OPaBUJIBHYIO TPEYTOJbHYI0 HUPAMULY C
ocuoBaunueM BCD u BeprunHoit A. IlycTh mJnHA CTOPOHBI OC-
HOBaHUA pPaBHA €, a NJauHA 00KOBOrO pebpa paBHaA 1. BosdbMéM
Ha cropoue AD rtakyio Touky D', utro AD' =¢. Ecau ¢ majo,
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TO cymMMa IJuH pébep nmupamunabl ABCD 601uska K 3, a cymMa
nanH pédep nmupamunbsl ABCD' 6iunska K 4. OcuHoBaunue ABC
Yy 9THX ABYX ONHpaMupi obImee.

KommenTapuii. MokHO JOKasaTh, UYTO cyMMa pébep BHYTpeHHeI

nupaMuasl He mpeBocxonuT 4/3 cyMMBI pébep BHemrHeil mupamupbl. 00-
CysKJeHUe Pa3HBbIX JOKA3aTeJbCTB 9TOro (hakTta comepskuTcsa B crarbe [10].

3. Pasnosxum meBaTh rupb Becom n?, (n+1)2, ..., (n+8)?2
Ha TPU Ky4u ciemyiomumM obpaszom: 1) n?, (n+5)2, (n+7)2%; 2)
(n+1)2, (n+3)2, (n+8)%;3) (n+2)2, (n+4)2, (n+6)2. Ilep-
Bble JIBe KYyUYHM BECAT OJMHAKOBO, a BeC TpeThed Kyum Ha 18 T
meHbIe. IlosTomy 27 rups Becom n?, (n+1)2, ..., (n+26)2
MOJKHO PasjoKUTh Ha 9 KyU cjaemyioliero Beca: x, x, x — 18,
Y, Yy, y—18, z, 2z, z— 18. I3 aTuX OeBATU KyY MOYKHO CJIOKUTH
Tpu Kyuu BecoM X + Yy + 2 — 18. Takum obpasom, 27k ruphb Be-
com 12, 22, 32, ..., (27k)? M0:XHO pPa3JIOKUTH HA TPU PaBHBIE
mo Becy Kyuu. IIpu k=3 moayuaem TpebyeMoe yTBep:KICHUE.

4. 3ameTuM, 4TO
x+3—-4Vx—1=(x—1-2)2,
x+8—-6Vx—1=(V/x—1-3)%
ITosToMy mCXOnHOE ypaBHEHVE MOKHO 3allMCaTh B BUJE
IVx—1-2|+[Vx—-1-3|=1

(Bce KBagpaTHBIE KOPHH MBI CUNTAEM IIOJIOMKUTEJIbHBIMMN).
PaccmoTpuM 10 ouepeny BCe BO3MOXKHBIEC CIAYUAU.

1.vVx—1-2>20u+vx—1-8>0, T.e. x>10. B sTom ciy-
yae ypaBHeHIEe UMeeT eIUHCTBeHHoe pelrnenue x = 10.

2.Vx—1-220um vVx—-—1-3<0, r.e. 5<x<10. B sTrom
caydae IOJydaeM TOXKAeCTBO, T.e. ecau b <x <10, To x aB-
JIsIeTCs KOPHEM JAaHHOI'O YPaBHEHU.

3. Vx—1-2<0u vx—1-3<0, T.e. x<5. YpaBHeHue
MMeeT eIUHCTBEHHOe pellleHne X = 5.

Cayuaii, korga vx—1—-2<0 u vx—1-32>0, oueBugHo,
HEeBO3MOKEH.
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5. Urobbsr He pa3bupaTh pasHbIE CAyUYayd B3aMMHOTO PACIIO-
JOKEHUA OKPYIKHOCTEHM, BOCIIOJIbB3YyeMCSA CBOMCTBAMU OPUEH-
TUPYyeMbIX yrJioB. Bymem obosHauath uepes Z(AB, CD) opu-
€HTUPOBAHHBINA yToJ Me:xKay npambiMu AB u CD (oH usMeps-
eTcs ¢ TouHocTbio 7o 180°). Torga

4(BnAna Ano) = A(BnAnfla Anflo) = 4(Bn71An71a Anflo)'

Amajgornuso moJyuaem

A(Bn—lAn—ly An—IO) — A(Bn—2An—2, An—20) = e
cee — A(BlAl, AlO).

Haxowmen, £ (B1A;, A10) =Z(B14,, A,0). B urore nmoayuaem
Z(B,A,, A,0)=/(B{A,, A,0). 910 o3HaUaeT, UTO TOYKHU A,,
B; u B, ne:xar Ha oxHo# npamoii. CienoBarensvHo, B, .1 =B,.

Bropoii Typ

7—8 kaacc

1. 13 KaKa0ii BepIIMHBI MCXOAHOTO 13-yroJibHMKA BBIXO-
IUT He 0ojiee IBYX AUATOHAJIEH, KOTOPbIe ABJIAIOTCSI CTOPOHA-
MU paccMaTpUBAeMOro MHOTOYroJbHHKa. Kaykmoii auaroHa-
JIX COOTBETCTBYIOT JBE BEPIIUHBI, IIO9TOMY UYMCJIO CTOPOH pac-
CMaTPUBAE€MOr0 MHOTOYTOJbHUKA He mpeBocxomut 13. Ilpu-
Mep IpaBUIbHOrO 13-yroJbHUKAa MOKA3bIBAeT, UTO UHCJIO CTO-
POH IOJIYUYEHHOTO NMPU paspe3aHUU MHOTOYTOJbHUKA MOIKET
OBITH paBHO 13.

KomMmMmMeHnTapuii. AHAJIOTMYHO MOYKHO JOKas3aThb, UTO MIJIA JIIOOOTO
HEUETHOro n > 5 HambOoJbIllee YMCJI0 CTOPOH, KOTOPOe MOJKET MMEeTh MHOTO-
YTOJIbHUK, IIOJYUYEHHBIM IIPU paspe3aHuy BBLINYKJIOrO N-yroJbHUKA HA 4Ya-
CTU ero AuaroHaJiaMu, PaBHO 1.

1 3 5 99 2 4 6 98
2. HyCTBA_E'Z'E"”'_looHB_§'5'7"”‘®' HCHO,
qTog>l é>§ §>§ %>% 1>£ CilegoBareibHO
3 2’ 5 4’7 6> °""” 99 98’ 100° A >

1 1

B> A. §IcHo TakKe, uTo AB = 100" ITosTomy A% < AB = 100"
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3. Eciu cTopoHa TpeyroibHUKA COAEP:KUT CTOPOHY KBaj-
paTta uiu eé 4acTtb, TO TpebyeMoe yTBep:KAEHUE JEeTKO IIPOBe-
paerca. IlosTomy B manbHelirnemM OyAeM CUUTAThb, UTO TOUKU
KacaHUs OKPYsKHOCTH CO CTOPOHAMHU TPEYrOJbHUKA M CO CTO-
poHaMm KBaapaTa pasaudyHbl. TPeyrolbHUK KacaeTcs BIUCAH-
HOW OKPYKHOCTHU B TPEX TOUYKAX, a KBaJApPaT KacaeTcs eé B Ue-
THIPEX TOUKax. IloaToMy MeKAy HEKOTOPBIMU ABYMA TOUYKA-
MU KacaHUA TPEYrOJbHUKA C OKPYKHOCTBIO JIEJKAT ABE TOUKU
KacaHUs KBajapaTa ¢ OKpysKHocThIo. CiiemoBaTesibHO, BHYTPU
TPEeyroJbHUKA JEeKUT 10 KpaiiHell Mepe OAUH «yTrOJOK» KBaj-
pata (T.e. BepIliMHa KBaapaTa BMECTe C IIOJOBUHAMU BBIXO-
IANINX U3 Heé CTOPOH KBaapara). Eciu TaKuUX yroJKoB Oyaer
IBa, TO MBI Cpa3y IIOJydYaeM, UTO BHYTPU TPEYyroJbHUKA Jie-
JKUT II0 KpaliHell Mepe mOJIOBUHA IIepuMeTpa KBazapara. Ilpen-
MIOJIOYKUM, UTO TAKOM YTI'OJIOK TOJBKO ONUH, T.€. TPU OCTaJb-
HBIX YTOJIKA XOTA ObI YACTUYHO JieKaT BHe TpeyroJbHUKa (To-
rIa COOTBETCTBYIOIIIME BePIINMHBI KBaApaTa TOXKe JIeKaT BHE
TpeyroabHuKa). Ilokaskem, 4TO He MeHee TPETU IIepuMeTpa
KasKJIOT0 U3 9TUX TPEX YTrOJKOB JIEXKUT BHYTPU TPEYTOJbHU-
Ka. BHe TpeyroipHWKa JIEKUT YaCTh YrOJIKa, IPEACTaBJIAIO-
mias co00i IPSIMOYTOJAbHBIN TPEYroJbHUK C KaTeTaMu a U b u
TUIOTEHY301 ¢. BHyTpu TpeyroabHuKa JIeKaT oTpesku 1 —a u
1 —b (MBI TIpegmosiaraeM, 4TO AJIMHA CTOPOHBLI KBaapaTa paB-
Ha 2). fdcHo, uto (1 —a)+ (1 —-06)=c, a<c u b<c. IloaTomy
a+b<2c=4—-2(a+0b), r.e. a+b<4/3. 3ro o3HaUaer, 4TO
BHe TPeyroJbHUKAa JIeXKUT He Oojiee 2/3 mepumMeTpa yroaka.
WUrak, BHYyTpU TPEYyroJbHUKA JIEKUT (PUrypa, mnepuMeTp KOTO-

poii menbIre 2+ 3- 3= 4, a mepuMeTp Bcero KBaapara paBeH 8.

4. IIycth a, — KOJIMYECTBO CIIOCOO0OB COEOUHUTH 271 TOUEK
HA OKPYIKHOCTH 71 HellepeceKawIuMuca xopaamu. flcHo, 4To
a; =1 u ay, = 2. Ilokaxxem, 4TO

a,=Qa,_1+a,_2a1+a,_3as+...+a1a,_o+a,_1.

durcupyeM OIHY M3 JaHHBIX 21 TOUEK. XOPAa, BbIXOAAITAS
W3 Heeé, HeJIUT OKPYKHOCTh Ha JIBe AYTHW, IIPUYEM HA Kark-
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IOl Iyre PAacIOJIOMKEHO UETHOe UHCIO AaHHBIX ToueK oT 0
mo 2n— 2. Ecau Ha ogHOUW Ayre paciojo:keHo 2k TOUeK, TO
Ha OIpyro# ayre pacmoJoxkesHo 2(n —k— 1) Touek; sTU TOUKU
MOJKHO COeIUWHUTL HellepeceKaloluMucsa xopgamu (He mepe-
CeKaINIMI XOPAY, BBIXOIAMNIYIO M3 (DUKCUPOBAHHON TOUKMN)
a,_,_10;, cIocobaMu.

Takum o6pasom, az =das + a3 +as =5, ay=14, a5 =42, ag=
=132, a; =429, as=1430, ag=4862 1 a,,=16796.

KomMmenTapuii. MOXHO IOKa3aTh, YTO

_o@emt 1 (241
" - ( n )

nl(n+ 1)! 2n+1

9T Ymcia HasbIBalOT unciaaMu KaraigaHa.

9—10 kaacc

1. IIpenmosiosxuM cHaudajia, UTO W3 BEPIIUHBI A; BBIXO-
nar ase auaroHaau A;A, u A;A,, orpaHMYHMBaIOIINe IIOJY-
yeHHBINI MHoOroyroJapHuk. Torga A, u A, — coceHUe BepIIu-
HBI, IIOCKOJBKY HMHaue BHyTpu yriaa A,A;A, Oblna Obl guaro-
HaJb, UCXOIAINIAas U3 BEPIINHBI A;, paspesarolas IIOJyYeH-
HBIII MHOTOYTOJIbHUK. VI3MEeHUB Npu He0OXOIMMOCTHU HAIIPaB-
JIeHVe HyMepaluu BepPIINH, MOMKHO CUUTATh, UYTO =p+ 1 u
p<1950/2=975. Eciu HCKIOUUTL AuaroHanb A;A, i, TO
gobasi apyras AuaroHajb, OTPAaHMUYMBAIOIIAS ITOJYyUYeHHBIN
MHOTOYTOJIbHUK, COeNUHSAET ONHY W3 BEPIIUH C HOMEPOM OT
2 110 p ¢ HEKOTOPOII BepIINHON. BepmmuH ¢ HoMepamMu OT 2 10
p He 6osee 974, mpmuéM M3 KaKI0W M3 HUX BBIXOAUT He 00-
Jiee OIBYX AUAaroHaJei, OrpaHNUYMBAIOIINX IMOJYUYEHHBI MHO-
royroJbHUK. I10aTOMY BCEro y mOJIy4IeHHOTO MHOTOYTOJbHUKA
Mo:KeT ObITEH He 6oyee 1+ 974-2=1949 cropoH.

Yro6sl moayuuTh npumep 1950-yrompumka, mpu paspe-
3aHUN KOTOporo moayuaercsa 1949-yroabHUK, MOKHO B3SATbH
npaBuUIabHBIN 1949-yrolbHUK 1 OTPE3aTh OT HEr0 MaJIeHbKUHA
TPEYroJbHUK, T.€. BMECTO BepIIuHBI A; B3ATH OBe BepIIu-
HBI A| 1 Aj950, PACIIOJIOXKEHHBIE Ha CTOPOHAX A1 Ay 1 AjAjgqg
BOJIM3YW BEePIIUHBI A;.
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Ecau xe us Kakmoii BepHInHLI ucxoguoro 1950-yroabHu-
Ka BBIXOAUT He 0ojiee OMHOII AMAroHANN, OTPAaHUUYUBAIOIIEH
MOJYUYEHHBII MHOTOYTOJBHUK, TO IOJYYEHHBIA MHOTOYTOJb-
HUK MOKeT uMeTh He 0ojsee 1950/2 =975 cropoH.

KomMMenTapuii. AHAJOTMYHO MOYKHO AOKAas3aTh, UTO [IJd JIFOOOTO
yeTHOTO N >4 HaumboJbIllee YKCJIO CTOPOH, KOTOPOE MOYKET MMETh MHOI'O-

YTOJILHUK, IMOJYYEHHBIH IIPW paspe3saHUM BBIMYKJOTO N-yroJbHUKA Ha Ya-
CTHU ero AuaroHasiMu, paBHO 1 — 1.

2. Norakem, uTo Jirob6asA TOCJIENOBATEIBHOCTh U3 mn + 1
TIOMAPHO PAa3JIHNYHBIX UKCEJI COAEPIKUT JIMOO BO3PACTAIOIIYIO
IOoCJae0BaTebHOCTh U3 m + 1 umces, Jub0 yOBIBAIOIIYIO IIO-
caenoBaTeJbHOCTh U3 11 + 1 uncesn. ComocTaBuUM UJIeHY a; AAaH-
HOI TOCJIeJOBATEJBHOCTH JABA UYUCJIa X, U Y, TAE€ X, — HaU-
OoJsbIlIasi AJIMHA BO3pacTalolleil mocaeqoBaTeIbHOCTH, HAUU-
HaloIenca ¢ ap, Y, — HamboJsbIlladg AJIMHA YOBIBAIOIIEN IO-
cJeIoBaTeJbHOCTH, HaUMHAIOMIECcA ¢ a,. IIpegmosoxkum, 4To
xp,<m u y,<n paa Bcex k. Torma KoimuecTBO BCeX pas3jimu-
HBIX map (xj, Yyr) He mpeBocxoauT mn. IlosTomy x,=x; u
Yr=Y; O HEKOTOPBHIX HOMEpPOB k#[. Ho sToro He MOKeT
ObITh. JleficTBUTENBHO, IIYCTh AJA ompenenénunoctu k <l[. To-
rga ecam ap < a;, TO Xp > X;, a eCJInu a; > a;, TO Y, > Y.

3. Ilycrs cipepa xacaercsa cropoa AB, BC, CA u AD B Tou-
Kax K, L, M u N coorBerctBernno. Torga AN = AK, BK =BL,
CL=CM u DM = DN. IlosTomy

AK BL CM DN
3% CL DM AN =

Toukm A m D JjexxaT MO pasHbIe CTOPOHBI OT ILJIOCKOCTH
KLM, tnockoabKy Touku A u B, Bu C, C u D jexxaT 1o pas-
HbI€ CTOPOHBI OT BTOM MJIOCKOCTH.

Pacemorpum Toury N’, B KoTopoil miaockocts KLM mepe-
cexkaet npamyoo DA. ITokaskem, 4TO

AK BL CM DN'_ 4
BK CL DM AN’ :
[ aTOro paccMOTPUM HPOEKIIUI0 Ha MPAMYIO, MEePIeHIUKY-

1. 1)
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asgpuyoo miaockoctu KLM. Touku K, L, M u N’ npu sTom
IPoeUPYIOTCA B OOHY U Ty Ke Touky X. Ilyers A;, Bi, Ci,
D, — npoeknunu Touek A, B, C, D. OTHOIIIeHUS OTPE3KOB, Jie-
JKaIuX Ha OJHOU HMPAMOI, IPM IIPOEKIIUM COXPAHAIOTCS, MO-
9TOMY
AK BL CM DN’ A1 X B X Ci1X DX
BK CL DM AN ~— BiX CiX DiX 41X
W3 pasencts (1) u (2) caemyer, uro DN : AN =DN’':AN'.
Kpome Toro, o6e Touku N m N’ jmexar Ha orpesxke AD: misa
TOouKM N 9TO CcJIeAyeT HeIlOCPeACTBEHHO M3 €€ OIIPeleIeHuA, a
Iast Touku N/ — 13 Toro, 4ro TOUuKu A m D jexxar 1o pasHbie
cropoHsbl oT miaockoctu KLM. ITostomy N =N'.

—1. 2)

4. TIpoemém 10 momapHO IIepeCceKalIUXCSa IPAMbBIX, HU-
Kakue TPU M3 KOTOPHIX HE IIEPEeCEeKaloTCs B OJHON TOUKE.
IIycTs MapIIpyThl IPOXOAAT IO STUM IIPAMBIM, a OCTaHOB-
KaMU CJIYKaT TOUKHU IepeceueHuns MPAMbIX. JIioObie 9 mapii-
PYTOB IIPOXOIAT Yepes3 BCe OCTAHOBKU, IIOCKOJBKY Uepes Kask-
IVI0O OCTAHOBKY, JIEXKAIIyI0 Ha OCTABIIEHCSA IPAMOI, IIPOXO-
IUT OfHA U3 9 IPAMBIX, COOTBETCTBYIOIUX STUM MaPIIIPyTaM.
JItoObie 8 MapIIPyTOB He IPOXOAAT UYepe3 OCTaHOBKY, KOoTopas
SIBJISIETCSI TOUKOM IepeceveHmusl OCTABIIUXCS ABYX MapIIpy-
TOB.

1951 200 (XIV oaumnuada)

IlepBsoIii TYp
7—8 kaacc
1. Ecoim x<0, to x'2, —x°, x*, —x>0. Eciim O0<x<1,
o x24+x*(1—x°)+(1—x)>0. Ecau x>1, to x°(x®—1) +
Fx(x®—1)+1>0.

2. TIo Teopeme KocuHycoB ¢? = a?+ b% — 2ab cos ¥, mosTOMY
ecJid IJIMHBI CTOPOH @ U b ()PMKCUPOBAHBI, TO JJIHUHA CTOPOHBI
¢ YBeJIMUMBAETCA IPU YBEJIUUEHUU yTIJja Y.

Pacemorpum tpeyroabuuku BAD u B'A’D’. Ilo ycioBuio
BA=B'A', AD=A'D' u /A>/A'. I3 sToro cuenyer, 4To
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BD>B'D’. PaccmotrpeB Temneps Tpeyroabauku BCD u B'C'D' u
BOCITOJIb30BABININCh HepaBeHcTsoM BD > B'D’, monyuum /C >
>/C'.

Paccmorpum Temeps Apyrue OBe IIaphl TPEYrOJbHUKOB:
ABCu A'B'C', ADC nu A’D'C’. Eciiu ObI IM€JIO MECTO HEePaBEH-
ctBOo AC > A’C’, 1o MBI mosyunu Obl HepaBeucTBa /B> /B’ n
/D> /D’'. A Torma oKasajgoch ObI, YTO CyMMAa YI'JIOB YETHIPEX-
yroabHuKa ABCD 060JbIlle CYMMBI YIJIOB YETHIPEXYTOJbHUKA
A'B'C'D’, uero 6wmiTh He Mosxer. CaemomarennpHo, AC < A'C/,
mostomy /B< /B u /D< /D'.

3. Ilyers a=1,00000000004 u b=1,00000000002. Torga
l+a 1+0

Ttata® * Trb102

paccMaTpuBaeMble BBIPAMKEHUS PaBHBI
npuuéMm a > b. Ocraércsa 3aMeTUTh, UTO

1+6 _ l1+a  (a—Db)(a+b+abd) >0
1+b+0b2 1+a+a2 (1+a+a2)(1+b+52) ’

4. IIycts ABCD — nauuasa tpamnenus (AB u CD — eé ocHo-
BaHUuA), P — gmammasa touka. Ilpumoxxkum K Tpamenuu ABCD
pasuyio eii Tpanenuio A'B'C’'D’ tak, uro0sl Bepimuna C’ cos-
MeCTHJIaCh C BepIinuHou A, a BepmimHa B’ — ¢ BepmiunHo# D
(puc. 70). OgHa m3 9TUX TpAIEIU# IIOJyUYaeTcs U3 APYroi
mapaJijieJbHBIM IIEPEeHOCOM Ha BEKTOP CpeIHEeHN JUHUU U CUM-
MeTpueil OTHOCUTEJIbHO cpemHeir auHuu. Ilycts P’ — Touka
rpanenuu A'B'C’D’, coorBercrBymomiasa touke P. Torga uers-
péxyroabauk PAP'D MCKOMBI: OH BIMCAH B TPAIICI[AIO, OLHA
0oKOBasA CTOPOHA KOTOPOU IIPOXOAUT Uepes3 TOUKYy P mapaJi-

A D=B C

P
\
B

—
—
-
o
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JgeabHo BC, a gpyras — depes Touky P’ nmapamiaensno AD. 9ra
Tpamelusa paBHa MCXOAHOU Tpamenuu. I[leificTBUTENIbHO, KOM-
MMO3UIIUS MTapaJlIeJbHOTO IIepeHOca HA BEKTOP CpeaHel JUHUN
U CUMMETPHUU OTHOCUTEJIBHO CPeIHEeN JUHUU IIePEeBOAUT TOU-
Ky P B Tourky P’, m0oSTOMY OHA IIEPEBOAUT OAHY HYHKTHUPHYIO
JuHuio Ha puc. 70 B Apyryio.

5. BoisicHuM, IpM KaKOM HauOOJBIIIEM 7 JOCTATOYHO pac-
KOBaTh k 3B€HLEB N-3BEHHON Ienu, UTOOBI M3 00pa30BaBIIINIX-
Cs yacTell MOYKHO OBIJIO COCTAaBUThL BCe Beca oT 1 0 n. A nmen-
HO, JoKasKeM, uTo n =21 (k+ 1) — 1. [lokaxem cHadaaa, Kak
HYKHO PACKOBBLIBATH LEeNOUYKy AJuHBI n=21(k+1) — 1. Eé
HY)XHO PasfeJUTh HA YAaCTU, COCTOSIIE COOTBETCTBEHHO W3
k+1,2(k+1), ..., 2%(k+ 1) 3BenbeB (caMu pacKOBaHHBIE 3Be-
Hbs 3eCh He YUMTHIBAIOTCS). Torma, oueBUAHO, MOYKHO IOJIY-
4YUTh JI000# Bec m oT 1 10 n: AJIs 5TOTO AOCTATOUYHO IPEACTAa-
BUTE ero B Buge m= (2faq+2ta; +...4+a,)(B+1) +r, rae
a;=0wumu 1 u 0<r<k. [Jokaxxkem Temepb, YTO IIEIIOUKY IJIU-
Bl n=2F1(k+1) Henb3sa packoBaThb TpeOyeMBIM 0O0OPa3OM.
JefiCTBUTENIBHO, IIPEAIOJNIOMKUM, UYTO MBI PaCcKOBaJIMU 3Ty Iie-
IIOUKY, packoBaB k 3BeumbeB. Torga MblI moayuuM He 0oJiee
k+1 uactu u k oTnesbHBIX 3BeHbeB. IlocunraeMm, KaKoe MakK-
cUMAaJbHOE UYMCJIO0 BECOB MBI MOJYKEM IIOJYUYUTL. Karayio us
yacTell IMeNoUYKY MOYKHO J1100o 6paTsh B cymMMYy, JiuOo He OpaTh,
a KpoMe TOT0, MOXHO B3daTh OT 0 m0o k£ OTAeIbHBIX 3BEHLEB.
Bcero monyuaem 2¥t1(k+ 1) — 1 BapumaHTOB, IIOTOMY YTO MBI
00s13aHBI B3SATh XOTsS OBI OJHO 3BEHO MJM OZHY YacTb. A Bce-
ro PasHBIX BecoB oT 1 g0 n momyuaerca 2¥t1(k+ 1), moaromy
MBI MOXKEM IIOJIYYMUTH 3aBefoMO He Bce Beca. CiemoBaTelb-
HO, MaKcuMaJgbHoe n pasHo 2Ft1(k+1). B uwacTHOCTH, ecian
n=060, To k=3. IlycTh moJIyUYeHHbIE IIPU PACKOBKE UeThIpe
yactu nenu cocrodar us 4, 8, 16 u 29 zsennes. Torma ¢ mo-
MOIIbIo uacTeit u3 4, 8, 16 3BeHbeB 1 PACKOBAHHBIX 3BEHBLEB
MOKHO COCTaBUTL Bce Beca oT 1 go 31, a eciu MCIIOJIB30BATH
mocJenHee 3B€HO, TO MOYKHO COCTABUTL Bce Beca oT 29 mo 60.
ITosTOMYy JOCTATOYHO PACKOBATH 3 3BEHA.
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9—10 raacc

1. PaccMoTpuM BBINYKJIBIHA n-yroabHuK A;...A, co cro-
pouoii A;A,=a, obiamaroiuii yKasaHHBIM cBo¥cTBOM. Ec-
Jau n >4, TO dTOT N-yrOJbHUK MOKHO 3aMeHHuTh Ha (n—1)-
yronsHUK A;...A, 3A, A, ., tone A, =A, u A, ,—TO0U-
Ka mepeceueHus Jgayuenn A, 3A, o u A,A,_, (pTu Jdyuu me-
pecekaroTcs, IMOTOMY UTO CyMMa BHEIIHMUX YIJIOB IPHU Bep-
muHax A,_ o u A,_; menbine 180°). HoBblil MHOTOYTOJMBHUK
MMeeT CTPOro OOJIBIIYIO ILIOMAaAb. II03TOMY JOCTATOUHO pac-
CMOTpPEeTh CJydYail TpeyroJbHHKAa. ¥ paccMaTpuUBaeMBIX Tpe-
YTOJIBHUKOB (pUKCUpOBaHa cTtopoHa BC=a u mpoTuUBOJEKA-
it yroan /A (ou paBeH 60°). Touka A pacmojoskeHa Ha qyre
OKPYsKHOCTHU, U3 KOTOpPOu oTpe3ok BC Bumen mox yriaom 60°.
ITosToMy maoIIaAb HAIIET0 MHOTOYTOJbHUKA HE IIPEBOCXOIUT
ILJIONIAAM MIPAaBUJIBHOTO TPEYTroJbHUKA.

2. Ilyets a=0,1234...5051 u b=0,5150...321. TpebyerT-
ca pokasarh, uro 0,239 <a<0,24b. Ho 0,515<b6<0,516,
II03TOMY

0,239 < 0,239-0,516 = 0,123324 < a

0,246 > 0,24-0,515 = 0,1236 > a.

3. Urobnl moayumiach pas3BEPTKa MUPaAMUIbI, HEOOXOOU-
MO, UTOOBI BBITOJIHSJINCH ABa YCJIOBUA: 1) IJIUHBI ABYX CTOPOH
3BE3QYATOr0 MHOTOYTOJbHUKA, BEIXOAAIIUX U3 OJHOI BepPIIU-
HBI OIIMCAHHOTO MHOTOYTOJBHUKA, PaBHBI; 2) CyMMa YIJIOB
3BE3QYATOr0 MHOTOYTOJbHIUKA NPU BEPIINHAX, JEKAIIUX Ha
OosbIlielr OKpy:KHOCTU, MeHbIlle 360°. IlepBoe yciioBuMe BBI-
MMOJIHAETCA Bcerga (dTo ciaeayeT M3 PABEHCTBA TPEYTOJLHUKOB
c ofOIieli BepIIWHON B IIeHTpe OKpy:kHOocTeil). IlocmoTpum,
KOT/la BBIIIOJIHAETCA BTOpoe ycaoBue. CpaBHUM yTroJI IIPU Bep-
InHe, JeKaIle Ha 00JIbIell OKPYKHOCTH, C YIJIOM, IO KO-
TOPHIM BHUAHA COOTBETCTBYIOIAsA CTOPOHA OMMCAHHOTO MHOTO-
YTOJBHUKA U3 IEHTPA OKPYIKHOCTU. JTU YIJIBI PABHBI, €CJIU
r=R—r. Eciu r <R—r, TO IepBbIil yroJ MeHbIlle BTOPOTO,
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a ecau r > R—r, To mepBBIil yroa 6osbiie BTroporo. Ocraércs
3aMeTUTDb, UTO CyMMa YTIJIOB, IIOJ KOTOPBIMHU BUIHBI CTOPOHBI
OMMMCAHHOT0 MHOTOYTOJIbHIUKA 13 IeHTPa OKPYKHOCTH, PaBHA
360°.

JlokaskeM Temepb, UTO ycijioBue r < R—r dABisgerca pocra-
TOUHBIM JAJISI TOTO, UTOOBI IMOJYUYMJIACH PA3BEPTKA IMUPAMUILI.
HelicTBUTENIBbHO, B KAUECTBEe OCHOBAHUA 3TOU NUPaAMUIBI MOXK-
HO B3ATh ONMCAHHBLIA MHOTOYTOJBHUK, 4 B KaueCTBEe BepIIIH-

HBEI — TOUKY, PACIOJIOMKEHHYIO Ha BbicoTe +/ (R—r)2 —r2 Hag
00IIIM ITEHTPOM IBYX OKPY KHOCTE.

4. CorsmacHO pelIeHWI0 3amauu 5 mjasa 7—8 KJjaccoB (cMm.
c. 231), ecau 2k <n <21 (k+1) — 1, To ecTh Hamexa 060ii-
THUCHh k£ paspblBAMM M TOYHO HeJb3sa obouTuch k£ — 1 paspniBa-
mu. B uactaocTu, eciu n=150, to k=4. U3 pellenusa yka-
3aHHOM 3aJauYl BUAHO, YTO KeJaTeJbHO, YTOOBI II0JYYEeHHbIE
IIPpU PacKoOBKe IATH HacTell menu cocrosanu us 5, 10, 20, 40 u
71 3BenneB. Torma ¢ momoinpio yacreir us 5, 10, 20, 40 3Be-
HbEB 1 PACKOBAHHBIX 3BEHBEB MOJKXHO COCTABUTH BCE Beca OT
1 go 79, a ecam HCIOJIBL30BATL IOCJEIHEE 3BEHO, TO MOYKHO
coctaBuTh Bce Beca oT 71 mo 150. ITosTomMy mocTraTouHO pac-
KoBaThb 4 3BeHa.

5. IlycTh HeKoTOpasa IpsAMas IIepeceKaeT AaHHbIe IPIMBIE
B Toukax O, Oy, O3. BBeiéM Ha JaHHBIX IPSIMBIX KOOPAMHA-
THI X, Y, 2 C HaUajaMu KoopauHaT B Toukax O, Os, O3 (exu-
HUIA OJWHBI OSHA W TA K€ M HAIIPaBJEHUS OCeH ONHU W Te
ske). ITomoskum R= 10" (T.e. TOUKe C KOOPAUHATON X MBI CO-
mocTaBjdgeM compoTubieHne R=10%), V =10% u I =10?. Tou-
KM ¢ KoopAuHaTaMu X, Y, 2 JexKaT Ha OJHOM MpAMOI Torza u
TOJBKO TOTZa, Korga 2y =x + 2, T.e. 10% =10%-10°. 910 o3Ha-
yaer, uto V =1-R.

KomMmMmenTapuii. YTBep:KAeHNEe dTOH 3aayuu JOMIyCKAaeT 3HAUUTEb-
Hoe 06001eHre. OHO OCTAETCA CIPABEAJIUBBIM TaKiKe AJIA KOH(PUTYparuu,
COCTOAIIEH M3 TPEX HeNapaslJIeJIbHBIX MPAMBIX, U JajKe U3 OKPYIKHOCTU U
IpPSAMOL, T. €. IPUBOAUMOM KPUBOI TpeTheil cTeneHn. Ero MOKHO 0000IITUTEH
¥ Ha IIPOM3BOJIbHYIO KPUBYIO, 3aJaHHYIO YPaBHEHUEM TPEThell CTeIleH!.
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Bropoii Typ
7—8 Kaacc
1. PaccmarpuBaemoe uncio pasao 10 +5.101% + 1. Ono
6osbmre (10%° +1)3=10'°43.101° 4+ 3.105° + 1, 5o MeHbIIe
(10% 4 2)3 =105 4 6.101°0 1 12.10% + 8,

2. Ecau Tpebyemasa Touka O CyIiecTByeT, TO OHA MOJKHBI
Je:xaTh BHyTpHu Tpeyroabuuka ABC (ecau Touka O JeKUT Ha
cTopoHe, To oauH mu3 yriaoB AOB, BOC, COA pas3BEpHYTHI,
a eciy OHA JIEKUT BHE TPEYroJbHUKA, TO CyMMa STUX YIJIOB
menbIe 360°). B TakoM ciyuae HOJIKHBI BBITIOJHATLCA Hepa-
BeuctBa /D> /C, /E>/A, /F > /B. Mul OyaeM IIpexnmnoJia-
raTh, 4TO 9TU HEPABEHCTBA BBLIIOJHIIOTC.

ITocTpoum BHemHUM 00pas3oM Ha cTopoHe AB TpPeyroJbHU-
Ka ABC tpeyroabauk ABC; tak, utro LC{AB=180°—/E n
/CiBA=180° — /F. AHaAJ0ornyHo IIOCTPOUM TOUKU A; u B;
rak, uro LA BC=180° - /F, Z/A,CB=180° - /D, /B;CA=
=180°—- /D u /B{AC=180° — ZE. Ilokaskem, UTO OTPE3KU
AA,, BB, CC, nepeceKkamTcsa B OJHOM TOUKe, IPUUEM STa
TOYKa — mcKomasa Touka O.

ITycts O — orauuHag ot C TOUKA IIepeceueHns OMUCAHHBIX
OKpysKHOCTell Tpeyronbuukos ABC u A;BC. Torga LAOC=
=/Fu /BOC=/E. V13 3TOr0 JIerko BLIBOLUTCS, UTO OINMCAH-
Has OKPYsKHOCTh TpeyroabHuka ABC; ToxKe IPOXOOUT uepes
Troury O, u ZAOB=D. 3uauur, LAOB; = /ZACB; =180° —
—/D=/BCA,=/B0O;A,. Asajgoruuto /B0O.C;=180° - /E =
=/C0B; u £ZCOA, =180° — L/F = ZAO,C,, npuuéM cymMmma
yrios 180° — /D, 180° — ZE u 180° — /F pasua 180°. IloaTo-
my npavbie AA;, BB; u CC, epecekaiorcsa B Touke O;. Yxe
IIPOBEAEHHLIE BBIUMCJIEHNS YIJIOB IIOKA3BhIBAIOT, 4TO0 O — 3TO
nuckomas Touxka O.

3. Haunéwm pasbop 3a7ay ¢ TOTO, YTO IPOU3BOJIBLHBIN ITKOJIb-
HUK PacCKaKeT OJHY M3 PeIIEHHBIX MM 3amxad. IlycTs asror
ITKOJILHUK PEIInJI 3aJJauu @, U dz, a paccKkasaJj 3agauy a;. To-
rIa eCTh POBHO OJWH ITKOJHHUK, KOTOPBIA TOMKE PEIuj 3ama-
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uy a, (1 emmié 3amavy as). ITOT IMIKOJbHUK PacCKakeT 3agady
a,. 3aTeM HIKOJBbHUK, KOTOPBIN PEIIn 3aJadul ds U dy, pac-
CKasKeT 3a7auy asz W T. . Tak Mbl JOWAEM OO 71-TO MIKOJIbHU-
Ka, KOTOPBIH Pemtui 3ajauu a, u a,, rae 1 <k<n—1. Hy:xHo
MMOHATH, UTO AesiaTh, ecau n < 20. fcuo, uto k=1. [eiicTBU-
TeJbHO, 3aJauy ay, rae 2< k<n—1, permuan aABa IIKOJbHUKA
¢ Homepamu k— 1 u k. IlycTh n-ii MIKOJBHUK paccKakeT 3a-
mauy a,. Ilas ocTaBIuxcs ITKOJBHUKOB U OCTABIIINXCS 3a7au
BBITIOJIHSETCS TO Ke caMOe yCJIOBUe: KasKIbIN 13 IITKOJILHUKOB
peuina aBe 3aaun, U KasKAYIO 3a1aUy PEIlnujan ABa IIKOJIbLHI-
Ka. ITosToMy MOKHO IIOBTOPUTEL TO YK€ caMoe M T. JI.

4. Ilycts ABC — maHHBIN TPEeyroJbHUK. PaccMOTpUM II0JI-
HBIIT Tpéxrpauubiii yroa OABC c BepiuuOit O, COCTOAIIUHA
13 OBYX TPEXTPAHHBIX YIJIOB (pEOpaMu OJHOTO yrja SBJSIOT-
ca ayuu OA, OB, OC, a pébpaMu APYroro — X IIPOLOJIKE-
uus). IIpoexmus tpeyroasanka ABC Ha miaockocTs P cosma-
IaeT ¢ IepeceyeHreM ILJIOCKOCTH P U IIOJIHOrO TPEXIPAHHOTO
yriaa OABC (t.e. Tpéxrpannoro yriaa OABC BMecTe C TPéx-
rPAaHHBIM YIJIOM, CHMMETPUYHLIM €My OTHOCUTEJILHO BepPIIIH-
uel O). B 3aBuCHMOCTH OT B3AMMHOI'O PACIIOJIOMKEHUS ILJIOCKO-
CTH U TPEXTIPAHHOIO YIJIa BOBHUKAIOT CJEHYIOIIe BaPUAHTHI.

a) 0)
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1. IlmockocThs P mapaJijiesibHA OBYM peéOpaM 1 IepeceKaer
TpeThe. B mpoekiiuu mosryuaercs yroa (puc. 71, a).

2. IIlnmockocTs P mapaJjjieabHa OJHOMY pPeOdpy U mepeceKaetr
IBa OPYTUX, IpUUYéM o00a — ¢ OZHOM CTOPOHBI OT BepIIuHBI O.
B mpoekmuu mosydaeTcs 1oJioca, OTrpaHMYEeHHAs AByMs Ia-
paniesbHBIMU OPAMBIMUA U TI€PECEeKaloIedl MX TPeTbed mps-
Mot (puc. 71, 06).

3. IlmockocTh P mapajiienbHa OZHOMY pedpy M Iepecexa-
eT OABa APYTUX, IPUUYEM IIO0 Pa3HbIE CTOPOHBI OT BepiuHBI O.
B mpoekmnuu moJsiyyaioTcsa ABa yriia, y KOTOPBLIX CTOPOHA Of-
HOTO CJIYKHUT IIPOJOJIXKEHUEM CTOPOHBI IPYroro, a ABe IpPY-
rue CTOPOHBI ITapajiebHLI U IIPOTUBOIIOJIOKHO HAIIPABICHBI
(puc. 71, B).

4. IlmockocTh P mepecexaeT Bce Tpu pebpa, MPUUEM BCe
TPU — C OOHOU CTOPOHBI OT BepinmuHLI O. B mpoeKmuu mouy-
yaeTcsa TpeyroabHuk (puc. 71, r).

5. ILmockocTh P 1mepecekaeT Bce Tpu pedpa, IPUUEM IBA —
C ONHOI CTOPOHBI OT BepiuHLI O, a OOHO — ¢ APyroii. B mpo-
eKIUU TmoJyJdaeTcsa (purypa, cocTodras ui3 yrjaa u 6ecKoHeu-
HOII (UTYPHI, KOTOpasd OTPaHMYEHA MPOIOIKEHUIMHU CTOPOH
9TOTO yIJia W MPAMOI, UX Iepecekarolnei (puc. 71, m).

5. Paseuncrsa

4+ 2x 4+ x+1= (P +1D)(x%+x+1)

2 —1=(-1DEP+x+1)EP+D) (P +1)(x* —x*+1)

IIOKa3bIBAIOT, UTO

12
4 3 2 o x -1 .
Aottt = e oD
2% -1

28 —x7 —x0 4+ 245 — 203 + 224 x—1"

ITosTomy momenuTs MHOTOWIEeH x'9°1 — 1 Ha x* + 2% +2x2 + x+
+1—3TO TO Xe caMoe, UTO CHAYaJa IOAEJIUTH ero Ha x'2 —1,
a OTOM YMHOMKHUTH Ha x® — x7 — x® 4+ 2x°% — 2x% + x2 +x — 1. Ba-
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METUM, UTO MOAEJUTH MHOTOUJIeH p(X) Ha MHOTOUYJEH ¢(x) —
X
9TO TO K€ caMoe, UTO IPeICTaBUTh APO0b ILx; B BHUZle CyMMBbI

MHOTroOuJIeHa W HpaBUiIbHOI apobu. Ilpu menennu 1951 ma 12
B OCTaTKe ImojiyyaeM 7, IO3TOMY

1951 7

x -1 1939 1927 1915 19 7, x—1

T = 1939 1927 195 19 T

x2 -1 x2 -1
cJaeI0BaTeIbHO, NCKOMBIA KO3((pUIIMEHT paBeH Koa(dpumeH-
Ty npu x'* B mpousBeseHUN

<x1939—|—...+x19—|—x7+—x172_1)-
x12 -1
(xS 205 — 263+ X+ x— 1)

IIOCJIe €ero IIpeacTaBJIeHWA B BUJe CyMMBbI MHOI'OYJIeHa M IIpa-
BILIBHOM Apo6H. DTOT K0a(DMUIIEHT TAKO e, KaK B IPOUS-
BeJleHUU
(- — a2 -2+ xP+x—1) =

XM 18 gu2 9p10 4 0y o8 T
IIOCKOJIBKY

=1 (x-1)EP+1) " —x®+1) -1
x12 -1 T2+ (2 +x+1)

MOJKHO IIPEACTABUTH B BHUJAE MHOI'OYJIEHA CTEIeHW 3 M IIpa-
BUJIBHOM APOOH.

9—10 raacc

1. IIpoekius TeTpasapa MOMKET OBITh TPEYTOJbHUKOM MU
YeThIPEXYTOJIbHUKOM. B IIepBoM ciiyuae OHA SABJIAETCS ITPOEK-
el OSHOW M3 rpaHell, IIO3TOMY €€ ILIOMIaAb He IIPeBOCXO-

V3a?

AuT ——. Bo BTOpOM ciyuae gMaroHaJ YeThIPEXYTOJbHUKA
SABJAIOTCA IPOEKIUAMU PEOEpP TeTpasapa, IMOITOMY ILJIOMIalb
OPTOTOHAJBHOM IIPOEKIINY, PAaBHAA MOJIOBUHE IPOU3BEIEHUS
IJIUH é:marorlaneﬁ Ha CUHYC yrJia MeKIy HUMU, He IIPEeBOCXO0-

a
AUT —-; PABEHCTBO JOCTUIAETCH, KOrZa Iapa MPOTHBOIOIONK-
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HBIX pE0ep TeTpasapa mapajiielbHa faHHOU miaockocTtu. Ocra-
V/3a? < a?
4 2°

€TCs 3aMeTUTh, YTO

2. IlyeTsw a4, ..., a, — HJaHHBIEe Yncaa. KOJIUUYECTBO UJIEHOB

pana 1, 2, 3, ..., 1951, genamuxca Ha a;, PaBHO {1251}. o
k

YCJIOBUIO HAWMeEHbIIIee 00Ilee KpaTHOe JIIOOBIX IBYX 13 UHCEJI
ai, ..., a, oonwire 1951, mosromy cpeau umcen 1, 2, ..., 1951
HeT HM OJHOI'0 YMCJIa, AEeJIAIIerocs OJHOBPEMEHHO Ha ABa M3
yucesa i, ..., d,. I109TOMY YMCJIO UJIEHOB IIOCJIEJOBATEILHO-
cru 1, 2, ..., 1951, menammuxca xoTsd ObI HA OLHO M3 UMCEJ
ai, ..., a,, PABHO

1951 1951
kb

|t [1251).

an
Ho B mociegosarensrocTu 1, 2, ..., 1951 Bcero 1951 ujeHos,
II03TOMY

1951
Qan

[1951} {1951
ai as

|+ et [ 5] < 1951

— 1, monyuaem

[1951} 1951
YuursiBas, 4TO >

ag ag
(B - 1)+ (G = 1) e (T —1) < 1951,
ai as an
T. €.
1951, 1951 1951, 1951 4951 5 < 2.1951.
ai as as an

Coxkpaitrasa o6e uactu Ha 1951, monyuaem Tpedyemoe.

KommenrTapuii. Yucmo 1951 mMoxkHO 3aMeHUTH Ha Jiroboe Apyroe
HatypaabHoe unuciao N > 4. (IIpu N < 4 TpebyeMbIXx HaOOPOB YUCE] HE CyIIe-
CTBYET.)

3. a) Byaem yuYuTBIBATH TOJBKO TeX IIACCAKUPOB, KOTO-
prle HaxomATCA B aBToOyce, KOTJa OH efeT OT 7-i OCTAaHOB-
Ku g0 8-#i. 9To OyAyT B TOUHOCTH T€ IIacCaKUPBI, KOTOPBIE
eIyT OT OCTAHOBKM C HOMEPOM i < 7 IO OCTAHOBKU C HOMEPOM
j= 8. BosbméM KBagpar 7 X 7, CTPOKU KOTOPOTO 3aHyMepOBa-



Pewenus. 1951 200 239

HBI ynciaamu 1, ..., 7, a cTroadbsl — uynuciaamu 8, ..., 14. Ecau
B aBTOOyCe €CTh IIaCCAMKUP, eAYINUHA OT OCTAHOBKY C HOMEPOM
i <7 mo ocTaHOBKM C HOMEPOM j > 8, TO OTMETHUM B KBajaparte
KJIETKY, CTOAIIYIO Ha IIepeceyeHmuu i-U CTPOKU U j-TO CTOJO-
ma. KoauuecTBo 0TMEUEHHBIX KJIETOK IO YCJIOBUIO He 00JbIIe
25, mosToMy ecTh mo KpaiiHeil mepe 24 =4 -6 HemoMeUeHHBIE
KJIeTKH.

HoxaxeM, 4TO B YKa3aHHOM KBazpaTe 7 X 7 MOYKHO BBIze-
JUTHh CTPOKU A;, ..., A4 u crombmusl By, ..., B, Tak, 4To Ha
mepeceueHnn CTPOKU A; u croabia B; cTouT HeoTMeueHHAS
KJIeTKa npu Bcex i—=1, 2, 3, 4. CHauajia JOKaXeM, UTO MOMKHO
BBIJEJINTH OAHY CTPOKY M OAUH CTOJIOEI[ TaK, UTO Ha MX Iepe-
CeUueHUM CTOUT HeOTMeueHHAas KJIETKA, a IIOCJe MX BBIUEPKIU-
BaHUS OCTaHeTCs He MeHee 15—=3-5 HEOTMEUEHHBLIX KJETOK.
Eciu B kammoM cTo0Ile 1 B KayKJ0il CTPOKe He 0oJiee 5 HeoT-
MEUEHHBIX KJIETOK, TO MOYXHO B3SATH JIIOOYI0 HEOTMEUEeHHYIO
KJEeTKY U BBIAEJUTDL coAepikaliue eé CTPOKY u croJider. [leii-
CTBUTEJIBLHO, B BTOM CJIyuyae BbIJeJeHHBbIE CTPOKaA UM CTOJOeIl
cozepsxaTr He 0ojJee 9 HEOTMEUEHHBIX KJIETOK. Eciaum B KaKoOii-
TO CTPOKe (CcT0JIOIEe) CTOUT 6 HeOTMEUeHHBIX KJIETOK, TO Cpeau
CTOJIOIOB (CTPOK), IPOXOAAIINX UePe3 HeOTMeUeHHbIe KJIeTKH
9TOI cTpPOKHU (CcTOJIOIIa), HAWAETCA cToJ0er (CTpoKa), B KOTO-
poM cTouT He GoJsiee 4 OTMEUEHHBIX TOUueK. MOMKHO BBIAEJIUTH
9TU CTPOKY U cTojbell. Ecau B KaKko#i-To cTpoKe (cToJi0IIe) Bce
7 KJIeTOK HeoTMeuUeHHbIe, TO HaWAETcsa cToJi0err (CTpPoKa), B
KOTOPOM CTOUT He 0ojiee 3 OTMEUeHHBIX ToueK. MOYKHO BbIfe-
JUTH 9TU CTPOKY U CTOJIOEII.

AHaJIOrMYHO MOKHO JOKA3aTh, UTO B IOJYYEHHOM KBagpa-
Te 6 X 6 MOXKHO BBIAEJUTH CTPOKY M CTOJOeIl, Ha mepeceue-
HUM KOTOPBIX CTOUT HEOTMEUEHHAs KJeTKa, TaK, 4TOObI II0-
cJe MX BBIUEPKUBAHUS OCTAJNOCh He MeHee 8 =2-4 HeoTMe-
YeHHBIX KJETOK. 3aTeM B IIOJYyUYeHHOM KBaapaTe b X 5 MOKHO
BBIJEJINTEH CTPOKY M CTOJIOEIl, HA IIePECeYeHNN KOTOPBIX CTOUT
HeOoTMeUeHHasd KJIETKA, TaK, YTOOLI IIOCJIe MX BBIUEPKMBAHMIS
ocTayioch He MeHee 3 =1-3 HeOTMEUEHHBIX KJETOK (HaM mo-
CTATOYHO, UYTOOBLI OCTaJIach OJHA HEOTMeUeHHAasd KJIeTKa).
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6) IlycTh oT KakmOM ocTaHOBKU ¢ HomMepamu 1, 2, ..., 10
10 KaKJIOM APYTOM OCTAHOBKHU C 3TUMU HOMEPaMHU eIeT POBHO
OIVH IACCAXKUP, a JAJbIIe aBTo0yC efeT nycThiM. Ilocunraem,
CKOJIBKO MACCAKMPOB HAXOIUTCA B aBTOOyce, KOIZa OH eleT
OT OCTAHOBKM C HOMEPOM k 0 OCTaHOBKHU ¢ HOMepoMm k+ 1, rae
1<k<9. 910 OyAyT B TOYHOCTHU T€ IMaCCAKUPBLI, KOTOPhIE BO-
IIIJIM Ha OCTaHOBKAaxX ¢ HoMepamu 1, 2, ..., k 1 BEIAAYT Ha ocTa-
HOBKax ¢ Homepamu £+ 1, B+ 2, ..., 10=Fk+ (10 — k). Bcero
Takux maccazkupos oyzet k(10 — k). fcuo, uto £(10 — k) <25
(6osblIlte BCero maccakKupoB B aBTOOyce OymeT, KOrJa OH eleT
OT OCTaHOBKU 5 mo ocraHoBKU 6). Ecim mam 3amano 10 pas-
JUYHBIX OCTAHOBOK A;, B;, Ay, By, As, Bs, A4, By, As, Bs,
TO OCTAaHOBKHK ¢ HoMepamu 11, 12, 13, 14 mMoryT BXOAUTH He
6osee uem B 4 mapsl (A, B1), (As, Bs), (A3, B3), (A4, By) aTUX
OCTAHOBOK; B IATYI0 Hapy (As, Bs) BXOAAT TOJBKO OCTAHOBKU
¢ Homepamu 1, 2, ..., 10, a mgas 1000 Takoi mapbl OCTAHO-
BOK HAMWJIETCs IIacCa’KUP, KOTOPBIN €IeT OT OJHOM OCTAHOBKU
IO OPYTOI.

4. Bo3bMEM OKPYKHOCTD, PAIUyC KOTOPOI paBeH CTOPOHE
MIPaBUJIBLHOTO TPEyroJibHUKA, OTpekeM OT Heé IBa CermMeHTa,
XOPABI KOTOPBIX cTAruBaioT yroa 120°. Caoum 13 5TUX IBYX
CerMeHTOB (QUTYPY, IPUIOKUB APYT K APY-
Iy X Xopzabl. I'panuiia sToi purypsl obJia-
naer TpeOyeMbIM CBOMCTBOM. [leficTBUTEIH-
HO, IIOMECTUM ITPABUJILHBIA TPEYTOJbHUK B
Ty QUTYPY TaK, KaK IMOKas3aHO Ha puc. 712.
3arem OymeM IIOBOPAUMBATL TPEYTOJbHUK
IO YacoBOU cTpesKe BOKPYyr Touku O;. Ilo-
ciae moBopoTra Ha 60° OymeM moBOpaumBaTh
TPEYTOJbLHUK II0 YaCOBOH CTpesike BOKPYr Toukum O, m T.H.
ITocne miecTy TaKUX MOBOPOTOB (TPEX IIap IIOBOPOTOB BOKPYT
O; u O,) TpeyroJbHUK BEPHETCA B MUCXOJHOE MOJIOMKeHNue, IPU-
yéM KasKJas ero BepIIMHA OMHUINIEeT BCIO KPUBYIO; Ha puc. 73
BBIIEJIEHBI IYTH, KOTOPhIE 3aMeTaeT BepIinHa A mpu KaKIoM
U3 IIIeCTU IIOBOPOTOB.

Puc. 72
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1952 200 (XV onrumnuada)

IlepBroIii TYp
7 Kaacc
1. Ilepesuiii cnoco6. Ilycts Touku L, M u N jexaT Ha CTO-
pouax BC, CA u AB coorBercTBeHHO. TpeyroabHuku BNL
u CLM paBHOGeIpeHHbBIE; YIJILI IPU UX OCHOBAHUSIX PABHBI

5(180° — /B) u 5(180° — /C). Hooromy

/NLM=180° —  (180° — /B) — 2 (180° — /C) = 5 (/B+/C) =
= 2(180° — £A) < 90°.

AHalIOTUYHO JOKAa3bIBAETCS, UTO OCTAJbHBIE YIJIbI TPEYTroJIb-
HuKa NLM ocTtpbrle.

Bmopoii cnoco6. Ilycrs Touku L, M u N jexar Ha CTOPO-
Hax BC, CA u AB COOTBETCTBEHHO. YTOJ MEXJy KacaTeJb-
HOt AM wm xoppmoit MN paBeH moJioBuHe ayru MN, Ha Ko-
Topyio onmupaerca yrox MLN, mostomy /MLN =/AMN, HO
IIOCJIEAHUM YTOJI OCTPBIi, MOCKOJbKY OH ABJIAETCA YIJIOM IIPU
ocuoBauuu MN paBHOOeApeHHOTrO Tpeyroabuuka MAN.

A A C

—_ > ] T~ — >

B C A
Cc B B
B B C
A C B

Y T~ 7

Cc A A

Puc. 73
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2. JIerko mpoBepPUTH, UTO 00a BHIPAIKEHUSA PABHBI
(x®+y*+2%) (a® + b+ c?) + 2(xy + yz + zx) (ab + be + ca).

IlJ1a 3TOTO NOCTATOYHO CPABHUTH KO3(MGUIMEHTH mpu X2, y?,
2%, xy, yz, zx.

3. IlycTs m3 BepIIMHBI mapaJijiejielinuiiefla BEIXOAAT pedpa
IJInHOI a, b, c. Torga omgHa rpadb ABJAAETCA IapaJLieorpaM-
MOM CO CTOpPOHaMm @ u b, a Apyras rpaHb — HapaJejiorpam-
MOM CO CTOPOHAMHY b m c¢. ATU ImapaljielorpaMMbl PaBHBI, II0-
9TOMY @ = c. AHAJIOTUYHO JOKa3bIBaeTcs, UTo a =b =c.

4. Yrob6sl A 1 B npubslaiu B OyHKT N OJHOBPEMEHHO, OHU
IOJIXKHBI IPOMTH IIEIIIKOM OJHO U TO K€ PACCTOSHNE X U IIPO-
exaTh Ha BeJIOCUIIeIe OJHO U TO ke paccrosHue 15 — x. Torga
C 10 BcTpeuu ¢ B Toxe JOJIMKEH IPONTHU MEIIKOM PaCCTOSHIE
x. ITosromy C mo BcTpeuu ¢ A mpoeneT Ha Besiocunezne 15 — 2x,
a 1mocJie sToro A mpoezetr Ha Bejocumnene 15— x. Becero A u C
BMecTe mpoenyT Ha Bejocunene (15— x) + (15— 2x) =30 — 3x.
3a 570 ke BpeMsa B MpoiAET MeIIKOM PACCTOSHNE X, II0O9TOMY

30 — 3x x
15 6’
T.e. x=60/11. CnemoBarenbHo, B g0 BcTtpeuu ¢ C exer
15—x 1 105 7
15 15 11 11 ¢
a C mo BcTtpeuu ¢ B umér
x 1 60 10

6 6 11 11 &

. 3
mosTomy C moixeH BeIfTH M3 M 3a 17 9 /A0 TOTO, KaK AuB
OTIIPaBATCA B IIyTh u3 M.

8 kaacc

1. Ilycrs H — Touka mepeceueHus BbicoT AA;, BB, u CC,
tpeyroabauka ABC. Ilo ycmosuto A1H-BH=BH-AH. C
IPYTOH CTOPOHBI, TaK KaK TOUKMN A; 1 B; JlexKaT Ha OKPYKHO-
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ctu ¢ guamerpom AB, to A{H-AH =BH-BH. CnenoBaTeJb-
Ho, AH=BH u AiH =B;H. Takum obpasom, BbICOTEI AA; u
BB, paBubl, a 3Hauut, AC = BC. Ananoruuao BC = AC.

2. JIerko mpoBepPUTH, UTO 00a BHIPAIKEHUSA PABHBI

P+ +22+ud) @+ +c2+d%) +
+2(xy+yz+zu+tux)(ab+bc+cd+da)+4(xz+yu) (ac+bd).

Il18 3TOro JOCTATOYHO CPABHUTH KOd(hdUIMEeHTHI Ipu X2, y?,
2%, u?, xy, yz, zu, ux, xz, yu.

3. Cm. pemrenue 3afgauu 3 OJs 7 KJacca.

4. Yrobsl A m B 3aTpaTuiam Ha AOPOTY HaumMeHbIIlee Bpe-
Ms, OHM OJIKHBI HIPUOBITH B N OOHOBPEMEHHO, T.€. OHU
TOJIKHBI IPOUTH IEITKOM OOUHAKOBLIE paccToAHUA. [lelicTBU-
TeJIBHO, TYCTh A TPOXOMUT IEIKOM PAaCCTOAHUE X U IIPOes-
JKaeT Ha Besiocunene 15— x, a B OPOXOAUT Yy M IPOE3IKaeT
15— y. Torma Bpems, saTpaueHHoe A, paBHO
x

=1+

x _
6 15
a BpeMs, 3aTpaueHHoe B, paBuo 1+ %. Hac unTepecyer 60Jb-
Iiee M3 STUX 4YMCeJI; OHO HOJIMKHO OBITh HAMMEHBLIINM. 3a TO
JKe caMoe BpeMs, 3a KOTopoe A IPOXOAUT IIEIIKOM PaCCTOS-
HUue X, B u C ycmeBaloT MpoexaTh Ha BeJIOCUIIeNe PACCTOSHIE
(15—-y)+ (15 -y — x). IlosTomy

30—x—-2y x

15 ~ 6’
T.e. Tx+4y=60. [Ipamasa x =y nmepecekaer IpAMYyIo (X +4y=
11 11 o o o
=60 B TOuKe (1—0, 1—0) . Ina mio60i APYyroM TOUKHU IIPSIMOi

7x + 4y =60 xKoopauHaTa X MaIU KoopawHATa Yy OymeT GoJIbIIIe.
3amaya o ToM, Korga AoJsKeH BeITU C, uT00bI A 11 B IpuObI-
JY OJHOBPEMEHHO, — 3TO B TOUHOCTH 3amava 4 mjisa 7 Kjacca.
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9 Kaacc

1. KaXOgpIii ujieH reoMeTPUYEeCKOU IIPOTPeccrur IpPeacTaB-
asercsa B Buze aq”, n>0. Cayuaii, korma ¢ =1, oueBumeH, 1I0-
aToMy OyaeM cuuTaTh, uTo ¢ # 1. IIpenmosoKum, 4TO CyIIfe-
CTBYIOT Pas3/IMUHBIE IeJIble HeOoTpHUIlaTeJbHbIe umciaa ki, ko,
ees By (m > 2), niia KoTopbix

aq®™ +aq® + ...+ aqg" = aq". (1)

IIycrs 1 <l <...<lp.q —TO uucaa ki, ks, ..., By.1, 3anu-
CaHHBIe B MOpPAAKe BodpacTaHus. Ilepenurniem paBeHcTBO (1)
B BHUJE

ag" = +aq” + ... +ag+.
IToce cokpaleHus Ha ag" HOJyIuM
1= q12*11(1 _|_ql3*lz 4. +qlm+1*lz).

JleBast yacTh paBeHCTBa paBHA 1, a mpaBas 4acThb AeJUTCS Ha
mejoe 4mcyao ¢, aBGcosroTHAA BeJIMYMHA KOTOPOTO CTPOTO
6oabire 1. IToayueHO IpoTHUBOpPEUME.

Paccmorpum Temeps ciayuaii, Korga CyMMa UJEHOB IIPO-
rpeccuu paBHA OJHOMY W3 CJIaraeMbIX, T.e€. K, 1 — 3TO OIHO
u3 uucena ki, ..., k. IllycTs pna ompenesnéHHocTu K, 1 =Fk;.
Torga MBI mostydaeM paBeHCTBO ¢72 -+ ...+ ¢ =0 u moxem
CHOBA BOCIIOJIb30BATHCSA TEMU K€ CAMBIMU PACCYKICHUSIMU.

2. Illyctp a’ Lbua Le, b Llecub La,c’ Lanc Lb. Torga
albualcd,blcubla,clancld.

3. Ilo ycamoBuro 1 —x>0, 1+x>0, 1—y>0 u 1+y>0.
ITosromy (1—x)(1+y)>0u (1+x)(1—y)>0,r.e. 1 —x+y—
—xy>0nm 1+4+x—y—xy>0. CnegoBarenbuo, 1l —xy>x—ymn
1—xy>y—x. Kpome Toro, 1 —xy=|1—xy|. Takum obpasom,
[1—xy|>|x—yl.

4. Ilycts r, r; U ro — paguychbl BONCAHHBIX OKPYsKHOCTEI
TpeyroabHUKOB ABC, ABD u BCD, p, p;  ps — UX TOJyIepU-
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MeTphl, S, S; u Sy — ux maomagu. Torga S=S,+8S,, S=pr,
Si1=piri u Sy =psry. IlosTomy r = %rl + %rg. Ho BD < BC +
+CD, moatomy p; < p; aHAJIOTUYHO Py < p. Clle0BaTEIbHO, 1" <
<ri+rs.

5. Ilpeskae Bcero 3aaMeTUM, 4TO as < 92-3 =243, a 3HaUUT,
a3 <224+92.2=166. Ecau 100<a3<166, Toa, <1+62+92=
=118, a ecau 100 < a, <118, 0 a5 <2+ 81<100. ITosTomy
IOCTATOYHO IIPOBEPHUTH TpebyeMoe yTBEp:KIEHNE JIUIIb IJIs
[IOCJIeIOBATEJIbHOCTY, HAUMHAIOIIEHCS C YKCIa, He IIPEeBOCXO0-
nsamero 99. 9To geraeTcs HEIIOCPEICTBEHHOMN IIPoBepKoit. MbI
OyZeM BBIINCBIBATD IIOCJIEI0BATEIbHOCTD, 4O TeX IIOP IIOKA He
BcTpeTuTcs 1, 4 uiaum 4mcio, y:Ke BCcTpeuasiiieecda paHee. Ilpu
9TOM MBI OyZeM YUYUTBIBATH, UTO IEepPeCTaHOBKa IU@p U I0-
O0aBienue (ymajgeHue) HyJId He BIUAET Ha AAJbHEHINE UJIEHBI
[I0CJIeIOBATEJIbHOCTHA. B pesyJbTare MOJIyUYUM CJIEeAYIOIINe I10-
CJIeIOBATEJILHOCTH:

2,4; 3,9, 81, 65, 61, 37, 58, 89, 145, 42, 20, 4;

5, 25, 29, 85 (mosyuaeTcs mepecTaHOBKOM mudp M3 UMCIa
98);

6, 36, 45, 41, 17, 50; 7, 49, 97, 130, 10;

8, 64, 52; 11, 2; 12, 5; 15, 26, 40, 16; 19, 82, 68,
100;

22, 8; 23, 13; 27, 53, 34, 25; 33, 18; 35, 34; 38,
73;

39, 90; 44, 32; 47, 65; 48, 80; 55, 50; 57, 74;

59, 106; 66, 72; 67, 85; 69,117, 51; 77, 98;

78,113, 11; 88, 128, 69; 99, 162, 41.

KommenTapuii. Ilepebop yooO6HO opraHn30BaTh CAEeAYIOIIUM 00pa-
som. Hapucyem Tabauny 10 x 10 u Gygem mociefoBaTelbHO BIHCHIBATH B
eé KJIeTKM YJIeHBl HAIIMX IIOCJIefoBaTelIbHOCTell: 4uciIo ab 3anmuchiBaeM B
KJIeTKy (a, b) 1 0OZHOBpPeMeHHO 3amuchiBaeM uncio ba B KiIeTKy (b, a). Kax-
IYI0O HOBYIO IIOCJIENOBATEJIHLHOCTL OyZeM HauMHATHL ¢ uuciaa ab, Ijs KOTOPO-
ro KjgeTka (a, b) cBobomua. Takum o6pasom, B KOHIle BcA Tabauiia Oymer
3amoJiHeHa W MBI TOYHO OyaeM 3HATb, YTO PAcCMOTPEJSU BCe ABY3HAUHBIE
yuca.
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10 xaacc
1. ITycrs arcsin cos arcsin x =« u arccos sin arccos x =f3.
Torpa 0 < «, [3 < /2. HewictBurenbuo, 0 < cos arcsin x < 1, mo-
T . T .
CKOJIBKY —5 <arcsin x < =, u 0 <sin arccos x <1, IOCKOJBKY
0 <arccos x < . [lanee, sin a=cos arcsin x, mosTomy arcsin x =

T . T
—j:<§—a>, I/IJC—SlIl[:l:(E—

T T .
OBTOMY arccos X =3 F [ u x:cos(g :F,B) ==+ sin . U3 Toro,

a)} == cos o; cos 3 =sin arccos x,

4TO cos a=sin B(=+x), ciaexyer, uTo a+ = g

2. IlpumeHuM MHAYKINIO 1I0 n. IIpu n =2 moaydyaem
1-x)?2+1Q+x)?%=2(01+x < 4.

IIpegmoso:kum Teneps, uto (1 —x)" + (1 + x)" < 2". Torma

1-x0)""+A+x)"" <
<((M=2)"+A+x)")((1-x)+ (1+x)) <2".2 =21,

3. Ilycts A, B u C—TouKu KacaHus c@epsl ¢ TrpaHd-
mu. Pagnyc OA mepneHAUKYIAPEH KacaTeJbHOH SA, 1mosTo-
my ZSAO =90°. Ananoruuno /SBO = /SCO =90°. B npamo-
YTOoJIbHBIX TpeyroabHuKax SAO, SBO u SCO c obuieii ruio-
renysoit SO raretrsl AO, BO u CO paBHBI (OHU PaBHBLI Pagu-
ycy cdepbl), IIO3TOMY PaBHBI M camMu TpeyroabHuKHu. Ciemo-
BaTeJbHO, mpoekiuu BepiuH A, B u C Ha rumoreHysy SO
coBmazaooT. Ho aTo Kak pas u o3Hauaet, uTo npamaa SO mep-
meHAuKyasapHa miaockoctu ABC.

4. IIpenmomoxum, uto a>0. Torma mpu OOJIBIINX IIOJIO-
MKUTENbHBIX p JUCKpPUMHUHAHT D =b?%—4ac —4ap orpunare-
JIeH, II09TOMY JaHHOE ypaBHEHMEe BOOOIIe He MMeeT HeiCTBU-
TeJbHBIX KOpHei. IIpeamono:xum, uto a < 0. Torga mpu 60Jb-
IIUX TOJIOYKUTEJbHBIX P IPOU3BeIeHNe KOpHell, paBHOe ?,
OTPHUIIATEIBHO.
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Bropoii Typ
7 Kaacc
1. fAcuo, uTo x5 #0, TO9TOMY U3 IEPBOr0 1 BTOPOTO YpaBHE-

. 1 .
HUM TOJTyYaeM Xy = _— = X3. W3 BTOPOTrO 1 TPETHETO YPABHEHU I
2

IIOJIyYaeM Xy = X4 U T. I. KpoMe TOro, 13 mepBoro 1 mocjemHe-
ro ypaBHEHUH IIOJIyUaeM X5 = Xs. B UTOre moJyuaeM X = X3 =
= .. =X15=X3=Xg4=...=X14. HOBTOMy 13 IIepBOI'0 YpaBHEHUA
noayuaem x2=1, 1. e. x; =+1. OueBugHO, YTO 00a YKA3aHHBIX
B OTBeTe HA0Opa HEM3BECTHBIX NEHCTBUTEJIbHO SIBJISIOTCS pe-
IIIEeHUAMU CUCTEMBI.

2. Ilyets K 1 L — TOUKHU KacaHusA cO cTOpoHOT AC OKpY:K-
HOCTeli, BIOMCaHHBIX B TpeyroabHuku ABC u ADC. Torgma
2AK=AB+ AC—-BC u 2AL=AD+ AC — DC. TloaTomy u3 pa-
BeuctBa AB+ CD = BC+ AD caenyer, uto AK = AL, T.e. Tou-
ku K u L coBmazalior.

3. Eciu 0<a<1, To 0<a®<a<1. Ilo ycaoBuio 1>a?>
>0,9...9. ITosromy 1 >a>0,9...9 (upegnosaraercs, 4To YuC-
~—~— ~—~—

100 100
JIO @ TOJIOKUTEJBHO).

4. Bo3bMEM OKpPYKHOCTH S C auaMeT-
pom AB u mpoBeném B Toukax A u B kaca-
TeJbHbIEe [4 1 g K 9TON OKpy:KHOCTHU. VICKO-
MbIe TOUKHU JIEKAT CTPOr0 BHYTPHU IIOJIOCHI,
OrpaHUYEHHOU NPAMBIMU [4 U lg, 1 CTPOTO
BHe OKDPY:KHOCTU S (puc. 74).

Puc. 74
8 Kaacc
1. Ecam 0<a<1, to 0<a<+/a<1. Ilo ycaosut a=0,9...9.

_ 60
IMostomy 1>+/a>0,9...9. 3uauur, /a=0,9...9...

60 60

2. IIpamoyronbubie TpeyroabHuku NBD u NAE, NBF u
NAD nomo6usl, mocKkoabKy /ZNBD=/NAE u /NBF=/NAD.
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CiunenosarenbHo, NB: NA=ND:NE u NB:NA=NF:ND, a
sHauuT, ND: NE=NF:ND, r.e. ND>?=NE-NF.

3. Ilycts a 1 b— ceMu3HaAUHBIE UHMCJIA, COCTABJIEHHbBIE TO-
CPEeICTBOM 5THX JKETOHOB. IIpeaIrooKuM, UTO a HeJUTCS Ha

—b
<.

C mpyroit cTopoHbI, a — b menurca Ha 9, a b He meaurca Ha 9.

bua+#b. Tornga a — b Toxxe nenurca Ha b. fcHo, uTO

—-b
ITosTomy aT meaurcsa Ha 9.

4. CuauaJjia JOKayXeM, UTO €CJU CPeAU HAaHHBIX M IPAMbBIX
€CThb TPHU IIPSMBIE, IIePECeKaIoIecss B TPEX Pa3JIUUYHBIX TOU-
Kax, TO 9TH M MPSAMBIX PasOUBAIOT ILJIOCKOCTh IO KpaliHeil me-
pe Ha 2m + 1 uvacreii. Basza naayknun: m = 3; gajiee MbI I0JIb-
3yeMcs TeM, YTO KakJas HOBas IPAMAas IIepeceKaeT OLHY U3
CTapbIX IMPSMBIX, IIOSTOMY IIOCJE TOr0, KAK OHA IIPOBEIeHa,
I00aBIAIOTCA IO KpaliHell Mepe ABe HOBbIE YACTH.

O6paiasich K yCJOBUIO 3aJaur, MbI BUJAUM, UTO HAC MHTE-
PeCyIOT TOJIBKO KOH(PpUrypanuyu IPAMBIX, CPEIN KOTOPLIX HET
TPOEK IIPSIMBIX, IIePECeKAOIINXCA B TPEX PA3HBIX TOUKAX, I10-
TOMY UTO MHaUe MBI IIOJYUYUM 10 KpaiiHeit mepe 2-99+1=199
yacreii. Takum obpasom, nu60 Bce 99 mpaMbIX mapajjiebHBI,
an6o Bce 99 npsaAMBIX IIepeceKaloTcs B OSHOM TOoukKe, oo 98
MIPSMBIX IIapajiIeJIbHLI ¥ OJHA IpsMasi ux mepecexaer. Ilep-
Basg KoH(uUrypamusa pasdouBaeT miaockocTb Ha 100 uacreii, a
IBe apyrue — Ha 198 uacreii.

9 kaacc

1. [lna HeuéTHOTO n pemreHme (HaKTUUYECKU TPUBEAEHO B
pemtenun 3amaum 1 gasa 7 xiaacca. IIpu 4éTHOM n TOUHO TaK
JKe IIOJIYUYAEM X1 = X3 = .ee. = Xp_1s X9 =Xg4 = ee. = Xp_9 U X9g=X,.
OueBUIHO, UTO YKa3aHHBLIE B OTBEeTe HAOOPHI HEM3BECTHBIX AB-
JAIOTCS PeIleHnAMU JaHHOU CHUCTeMbl YPaBHEHUN.

2. Ecau ocHOBaHUMA IMUJIMHIpPA Je:KaT Ha I'paHAX Kyba, TO
HaIIpaBJeHNe OCU IIMINHIAPA OyAeT HeM3MEeHHBIM IIPU BCEX ero
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mepeMeIieHuAXx BHyTpu Kyba. IlomecTum Temeph B KyO ABa
UJIUHAPA TaK, YTOOBI MX OCU OBLIN HapasljiebHbI ABYM IIep-
MeHAUKYJIAPHBIM pédopam Kyba. Pagmychl MUIMHIPOB PABHBI
a/4, T03TOMY PaCCTOSHUE MEXKAY UX OCAMU He MOKeT ObITh
menbIie a/2. C Apyroii CTOPOHLI, OHU PACIIOJOKEHBI BHYTPU
IIOJIOCHI TOJIIUHON a MEXKAY OBYMS MMapajiebHBIMU IIJIOCKO-
cramu. IlosToMy paccrosHme MeKIy OCSIMU He MOYKEeT ObIThb
oosbitie a/2. CaegoBaTebHO, OCh KAXKIOTO IIMIUHAPA MOKET
rmepeMeIraTbCs JHUIIh B HAITPABJIEHUN OCHU APYTOro MUJINHIPA
(puc. 75, a).

Puc. 75

ITepemecTu™m sTH ABa MUJIMHAPA TAK, YTOOLI OHM KAaCAJINCh
Ky0a OOKOBBIMM IIOBEPXHOCTSIMU, W B OoOpasoBaBIIHiicsa 3a-
30p BCTABUM TPETHUH IUINHIP, OCh KOTOPOrO IIEPIEeHINKY-
JSIPHA OCSAM ABYX II€PBBIX HUJIMHAPOB. HOBBIA IMIMHAD He
CMOJKET IIepeMeIlaThCsd, IIOCKOJIbKY IEPBBIA IIMINHIP HIO3BO-
JIsIeT JBUTaThCS €TI0 OCH TOJIBKO B OJHOM HAIPaBJIEHUM, a BTO-
poii MUJIMHAP — TOJBKO B IEPIEHAMKYJIAPHOM HAIIPABJICHUN
(puc. 75, 06). AHaJIOTMYHO HOKAa3bIBAETCS, UTO IIePBLIEe ABa IIU-
JIMHAPA TeIllephb TOXKe He CMOTYT IepeMellaThCs.

3. Cm. pemrenue 3agauu 3 A 8 KJacca.



250

Puc. 76

Pewenus. 1952 200

4. Beibepem ma crtopone BC Tourky R
Tak, utro ZCAR=60°. IIycTts S — Touka me-
peceuenua npambeix CQ u AR (puc. 76). Ho-
CTATOYHO M0Kas3aTh, UTO QP — OucceKTpuca
yria SQR, paBHoro 60°. IIpocTwie BbIULIC-
JIEHUS YTJIOB ITIOKa3bIBAIOT, UTO

/APC = 180° — /PCA— /PAC =

= 180° — 80° — 50° = 50°.
ITosTomy Tpeyronbuuxk ACP paBHOOeIpeH-
HBIHM, a sHauut, PC=AC=SC. Yroa mnpu
Bepmirae C paBHOOEIPEHHOI'0 TPEYIroJbHU-

ka PCS mam usBecteH: o paBeu 20°, mo-
atromy ZSPC =80°. 13 aTOro ciemyer, 4To

ZRSP =180° — LASC — ZPSC =
= 180° - 60° — 80° = 40°.

Ocraérca sameTutrb, uto ZSRP=40°, a TpeyroabHuK QSR

IPaBUJIbHBIN.

5. Ilyctb A — caMbIii HUBKUN Cpean BBICOKUX, a B — ca-
MBIN BBICOKUII cpenu Hu3kux. Ilycts C cTouT Ha mepeceue-
HUU TIPOJOJBHOTO PANA, B KOTOPOM CTOUT A, U IOIEPEYHOTO
pana, B kotopom ctouT B. Torga A me Hu:ke C u C He HIUKe
B, mostomy A me Hu:Ke B. (Eciu A u B pasHoro pocra, To A

BbIIIIEe B.)

10 kaace

1. IlpeamosiosxuM, UTO CyMMa

cos 32x + a3, cos 31lx+ asy cos 30x + ... +aq cos x

IPUHUMAET TOJBKO IIOJOKUTEIbHbIE 3HAUEHUS IIPU BCEX X.
3aMeHUB X Ha X + 7, TOJYUYUM, UTO BEIpaKeHIUe

cos 32x —as; cos 31x+ asy cos 30x — ... +ay cos 2x —a, cos x
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IIPDUHUMAaET ITOJIOKHNTEJbHbIEe 3HAUEHMA IIPM BCEX X. Cro:xkuB
9TH BBIPpAXEHUA, IIOJIYUYNM, UYTO CyMMa

cos 32x + asy cos 30x + ... + a4 cos 4x + ay cos 2x

IIPUHNMAET MOJIOXKUTEJIbHbIC 3HAUCHUS IIPH BCEX X. 3aTeM II0-

BTOPHUM T€ K€ CaMbIe PACCYIKIEHMs, II0CJIeI0BATEJIbHO 3aMe-
Y Y Y Y

HAA X Ha X + 2 X+ 1 X+ 3 X+ 16" B pesyabTaTe monyumm,

YTO €OS 32X IPUHUMAET HOJIOKUTENbHbIe 3HAUEHUI IPU BCeX

x. Ho mpu x = /32 BuIpaskeHue cos 32x IpUHUMAaET 3HAUECHNIE

—1. IToryueHo mpoTHUBOpEUHE.

2. CMm. perrrenue s3agauu 2 s 9 Kjacca.

3. IIpenmnosmo:xKuM, 4TO MHOTOUWIEH 3x2" + Ax" + 2 mesnurcsa
Ha MHorowireH 2x2™+ Ax™ + 3. Torma 1000if KOpeHb MHOTIO-
wireHa 2x?™ + Ax™ + 3 ABiAeTCA TaK)Ke KOPHEM MHOTOUYJIEHA
3x%" + Ax" + 2. Eciu x; — KOpeHb MHOTOUJIeHa 2x2™ + Ax™ + 3,

—A++A2-24
To X" = — Y — .. Mo:kHO cumTaTh, YTO X'=0 U
” —A+\/AZ_24 )
x5 =oy. Iycrh By o= ———§ — — KODHH KBa/[PaTHOTO TPEX-

wnena 3x2 + Ax + 2.

ITepeuiii cayuaii. A2 — 24> 0.

B sTom cayuae |a | #| 0|, mosTomy x7 =p; u x5 =[,. C ox-
HOI CTOPOHBI, |X1X2|= {/|B1fB2|=/2/3 <1, a ¢ apyroi cro-
POHBI, |x1x2|= X/|ap|= /3/2>1. IIpuxoAuM K IPOTUBO-
peuwnio.

Bmopoti cayuaii. A2 —24 <0.

B sTom ciryuae umeisia @ m oy KOMILJIEKCHO CONPSIMKEHHBIE,
nosToMy |0y |= || =+/3/2 u |Bi|=|B2| =+/2/3. Tarkum obpa-
30M, C OJHOI CTOPOHEL, |x1|= /|0y |= 2/3/2>1, a ¢ gpyroii
cropowsl, |x;|= {/|fi|= %X/2/3 < 1. CHOBa IPUXOAUM K IPO-
TUBOPEUNIO.

KommeunTapuii. Ilpu mokasaTeiabcTBe MBI He IOJb30BAJUCHL TEM,
YyTO UmcJIo A I1eJoe.
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4. Cwm. pemtenue 3agaun 4 nasa 9 Kiaacca.

5. CMm. perrrenue s3agauu 5 ajas 9 xiacca.

1953 200 (XVI onumnuada)

IlepBroIii TYp

7 Kaacc

1. Paspe:xeM Tpamenuio Ha IapaJjejgorpaMM, OSHOHN u3
CTOPOH KOTOPOTO CAYKHUT MeHbIlIee OCHOBaHUE TPAIeIuU, U
tpeyroabHuK. CymMMa yrjioB Ipu OOJIBIIIEM OCHOBAHHWU TpAalle-
[I1Y paBHA CyMMe JBYX YIJIOB 3TOTO TPEYTroJbHUKA, II09TOMY
oHa meubIrte 180°. 3HauuT, cymMMa yIJIOB IIPU MEHBIIIEM OCHO-
Bauuu Gosbire 180°.

2. Yucuo a,=11...1 geaurca Ha 33...3 TOrma U TOJBKO
—— ——

n 100
TOrZa, KOrjga n OeJUTCS Ha 3 U @, NeJUTCA Ha digy. 1IOKa-

JKeM, uTO 4, JeJIuTcA Ha ad, TOrLa W TOJLKO TOTAa, KOIAa N
meaurcsa Ha m. fcuo, uto 9a,=10" — 1. IlosTomy a, meaur-
cA Ha a, TOrJa U TOJBKO Torga, xKorga 10" — 1 meinurca Ha
10" — 1. Ilyetb n=dm +r, roe 0 <r <m. Torga

10" —1 = (10"™ + 102" 4 ... +10"~%™) (10" — 1) + 10" — 1.

3uauur, 10" — 1 geamrca Ha 10™ — 1 Torma m TOJBLKO TOTrIA,
korma r=0, T.e. xorga n geautcda Ha m. Takum oOpasom,
He0oOXOIMMO U JOCTATOYHO, YTOOLI 71 mesnyoch Ha 3 u Ha 100,
T. e. geauaock Ha 300.

3. BoccraBum nmepneHAUKYIAp [ K AB B TOUKe A; OTMETUM
Ha Hem Touku C m D. BoccraBum pajiee mepneHIAUKYIAp ' K
AB B TOouKe B, a 3aTeM IPOBEAEM IEPIEHIUKYJIAPHI K IIPA-
moii [ B Toukax C u D g0 ux mepeceueHusi ¢ I’ COOTBETCTBEHHO
B Toukax C' m D’'. O6osHauum uepe3d X TOUKY IIepPeCeUCHUsI
npaMbeiXx AD' 1 BD u yepe3 Y — TOUKY IepeceueHrs IIPIMBIX



Pewenus. 1953 200 253

AC’ u BC. Torga npamas XY mepecexaer oTpe3ok AB B ero
cepenuHe.

4. TocTaTO4YHO 3aMeTHUTh, uTo n?+8n+15=(n+4)2 - 1.

8 kaacc

1. Ilycts A, B, C —Touku Kacauus, A;, B; u C; — 1eH-
TPhI JAaHHBIX OKPYKHOCTeH, nmpuuéMm Touku A, B u C jgexar
Ha oTpedkax B;C;, C1A; u AB; (u1u Ha UX TPONOJIIKEHUIX)
coorBercTBenno. Torma A;B=A,;C, BjA=B,C u C;A=C;B.
W3 sToro caenyer, uto A, B u C — TOUKU KacaHUSA BINCAHHOM
OKPY:KHOCTU TpeyroabHuKa A;B{C; ¢ ero cropomamu (uau
TOUKM KaCaHMs BHEBIMCAHHON OKPYIKHOCTU C IIPOJOJIKEHU-
aMu ctopon). llelicrBuTenabHo, nycTh A{B=AC=x, B{A=
=B,C=y u C;{A=C;B=z. Torga, Haupumep, B ciaydae BIIU-
CAHHOI OKPYsKHOCTU X = A +A12€1 —Bi1Cy
HUS BIIMCAHHOMN OKPY’KHOCTU TpeyroabHuka A;B;C; co cTopo-
Hamu A;B; u A;C; Takoe COOTHOIIIEHIE TOYK€ BBLIIOJHIETCS.
B cayuae BHEBIHCAHHOM OKPYKHOCTH PAaCCYKIEHUS aHAJIO-
ruuyHbl. B pesyabrare moayuaem, uto pasuycel A;B, B;C u
CiA mamHBIX OKPYKHOCTEHl KacalTCsa OIMCAHHON OKPYIKHO-
ctu Tpeyroabuuxka ABC.

u OJd TO4YeK Kaca-

2. CMm. pelrrenue 3amaun 2 AJis 7 Kjacca.

3. Cm. pemrenue 3agauu 3 AJs 7 KJacca.

4. Tlycts a:\/2+\/2+...+\/§. Torza
1

n—

\/2+ 24...+vV2=v2+a.

n
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Taxum ob6pasom, TpebyeTcsa JOKa3aThb, UTO

2—+vV2+a l
2—a 4°

Wunykiueil mo n Jerko AoKasaTh, uTo a < 2. Basa nHgyK-
mun: V2 < 2. Hlar uagykoun: ecau a < 2, to V2 + a < 2. Ilo-
9TOMY CJIEAYIOIINEe HepaBeHCTBA SKBUBAJEHTHLI TpeOyeMoOMYy:

8—4vV2+4+a>2—a,
6+a>4vV2+a.

ITocne BO3BeneHUA B KBaApaT IOJyuyaeM HepaBeHCTBO 36 +
+12a+a?>32+16a, T.e. (a—2)2>0.

9 kaacc

1. Cunyc obpaiiaercsa B HYJIb B TOUKax km, rae k — 1mejoe
yucsio. [losaToMy MCKOMOe reoMeTpUYecKoe MecTO TOUeK — ce-
MeHCTBO TPAMBIX, 3aJaHHBIX YPAaBHEHUSAMM BuUma X +y=km,
rae k — IpoOM3BOJILHOE 11eJI0€ UKCJIIO.

2. CnoxuM paBeHCTBa
AA1 — 14—O>+ 001 + 01A1
BB; = BO +00; +0,B;.
YunurbiBas, 4To AO+BO=0u 0.4, +0:B; = 6, HOJYyYUM

00; = ; (44, + BB;).

W3 sToro Tpebyemoe HepaBeHCTBO CJeAYyeT OUeBUIHBIM oOpa-
30M, IIOCKOJIbKY mpsaMbie AA; u BB; He MOTyT OBITHL IIapaJi-
JIeJIbHBI.

3. Ilpenmosokum, UTO CYIIECTBYIOT MHOTOUJIEHBI

f(x) = apx"+a1x" 1 +...+a,

g(y) =boy" +biy" '+ ...+ by,
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s Kotopwix f(x)g(y) = x2%°y%% + 1. Tlonosxus x =0, moy-

yuMm a,g(y) =1, r.e. g(y) =1/a, upu Bcex y. ITonoxxkus y=0,
aHAJOTrMYHO moayuuM, uro f(x) =1/b,, upu Bcex x. Taxum 006-
pasom, f(x)g(¥y) = -
OUYeBHUIHO, He SBJIAETCS KOHCTAHTOM.

— KOHCTaHTa, a pykmua x20y2%0 1,

4. fcHo, uTo AB||EC u AC || EF. IlosTOMY YeTBIPEXYTOJIb-
HuKk ACEF — mapanaenorpamMm. B uwacTHOCTH, Sgkpsa=Sack.
Hanee, Sapp,cc,pEp, =Sace —Saep, +Sass, +Sepe, B Sap,pr=
=Sgra+ Saep, (puc. 77). Ho Sagp, =Sass, =SEDpC,» HOCKOIBKY
Tpeyroabauku AED;, ABB; u EDC, paBubl. IloaTomy S0 —
— Sagp, +Sass, +Sepc, =Sace +Saep, = Sera +Saep, = Sap,Er-

5. CMm. perrrenue s3agauu 4 ajs 8 Kjacca.

10 xaacc
1. CMm. pemrenne 3amaum 1 gaa 9 xiacca.

2. PaccMOTpUM CHMMETPUIO OTHOCUTEJIBHO CEPEIWHBI OT-
pesxa OS, rae S — BepIuHAa JAaHHOTO KoHyca. OOIuH M3 ABYX
KOHYCOB C BepIImHOA X, PAaBHBIX JaHHOMY KOHYCY U OCH KO-
TOPBIX THapaJIJIeJIbHBI €r0 OCHU, COAEP:KUT TOouKy O Torma u
TOJBKO TOTZA, KOTZa 00pa3 9TOro KOHYCca COLEPIKUT TOUKY S,
T. €. IPU 3TOM cuMMeTpuu TouKa X IomajsaeT BHYTPb JAHHOTO
KOHYyCa UJU JOHOJHUTEJIbHOTO K HEMY.
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3. Cm. pemrenue 3agauu 3 o 9 Kiacca.
4. Cwm. pemtenue 3agaun 4 gasa 9 Kiaacca.

Bropoii Typ
7 Kaacc
1. B maumMewnbItiee o0Ijee KpaTHOe UMCEeNT a4 W b BXOOAT
TOJIBKO T€ IIPOCTHIE AEJINTEIN, KOTOPhbie BXoAAT B a u b. Tojb-
KO OHM M MOI'YT BXOAHTh B HAWOOJBIINI OOINUI AEJINTENh
CYMMbI ¥ HaMMEHBIIEro obiero xparHoro. IlosTomy gocra-
TOUHO MPOCJEIUTEL 34 CTEIEeHBI0 KaKIOT'0 IIPOCTOT0 MHOMKII-

TensA oTAenbHO. IlyeTs a=p%*-... u b=pP...., npuuém agﬁ.
Torma cymma uucesa a u b umeer Buf p*-..., a UX HauMeHbIIIee
obiree kKpaTHOe nMeeT Buj pP - ... [ToaToMy paccMaTpuBaeMBbIit

HAMOOJIBIIUH OOIIUY AeuTe b uMeeT BUI p*-... Hauboabiimit
O0IIUIT JeJUTeJb CAMUX UKCe]I @ U b mMeeT TaKOH Ke BIUJ.

2. IlycTrp uernipéxyroabHuk ABCD ommncaH BOKPYT OKPYK-
HocTu ¢ meuTpoM O. Ecium gumaromans AC TIpPOXOAUT uepes
Touky O, To npamas AC ABIAeTCA OChI0 CHMMETPUHN UeThIPEX-
yroJbHUKA, mostTomy AB=AD u CB=CD. A ecau guarosaib
BD mpoxoaut uepes Touky O, to BA=BC u DA = DC.

3. Cocemnmue KoJiéca MOJI’KHBI BpaIlaTbCs B IIPOTHBOIIO-
JIO}KHBIX HaIIpaBiieHuUAX. IlosTomMy KoJiéca ¢ Homepamu 1 u
11 moaKHBI BpalllaThCsA B OJHOM HaIpaBjeHUH (Bce KoJiéca ¢
HEeUETHLIMU HOMEepPaMHU BpAaIlaloTCsa B OJHOM HAIIPaBJIEHUU, a
C YETHBIMU — B IIPOTUBOIOJOKHOM). C ApPYyroii CTOPOHBI, KO-
jgéca ¢ momepamu 1 um 11 cocegume, IIOATOMY OHH OJIMKHBI
BpaIllaTbCs B IPOTHUBOIOJOKHBIX HAIPABICHUAX.

4. CymMa BcexX YIJIOB IOJYYEHHBIX TPEeyroJbHHKOB paBHA
cymme yriaoB 1000-yroasuuka u emié 500 yrios 360°, coor-
BercTByOIux 500 BHYTpeHHUM TOUYKaAM. SHAUUT, CyMMa yr-
JIOB TPEYTOJHLHUKOB pPaBHA

998-180° + 500-360° = (998 +2-500) -180°.
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ITosTOMY KOJIMUYECTBO IMOJYUYEHHBIX TPEYTOJbHUKOB PaBHO 998 +
+2-500=1998.

5. 3amnuineM cHauajga IepBoe ypaBHEHUE, IOTOM BTOPOE,
13 KOTOPOT'O BBEIUTEHO IIEePBOE, IOTOM TPEThe, 13 KOTOPOIr'o BhI-
4TEHO BTOPOE, U T. J.:

X1+ 2x9 + 2x3 + 2x4 + 2x5 = 1,
X9+ 2x3+2x4 +2x5 =1,

X3+ 2x4+2x5 =1,

X4+ 2x5 =1,

x5 = 1.

Tenepb MOYKHO ITOCJIEIOBATEIBHO HAUTHU X5, X4, X3, X2, X1.

OueBUAHO, UTO HOBas CHCTeMa SBJIAETCS CJEICTBHEM CTa-
poii. HaoGopoT, Kaskgoe ypaBHeHUe CTApOil CUCTeMbl IOJIy4a-
eTCs CJOKEeHNEeM HECKOJbKUX MNEePBLIX YPaBHEHWII HOBOW CU-
CTeMBbI, IIOATOMY CTapasi CUCTeMa SIBJISETCS CJIEICTBHUEM HOBOII.
3HaAUUT, OBE paccMaTpPUBaeMble CHCTEMbI SBJIAIOTCS PaBHO-
CUJBbHBIMHU.

8 xaacc

1. PaspexeM 4eTHIPEXYTOJbHUK HA JBa TPEYTOJbHUKA CO
cropoHamu a u d, b u c¢. B pesyabrare (BOCIIOJb30BABIINUCH
TeM, UTO ILJIOIaJb TPEYroJbHMKA PaBHA IIOJOBUHE IIPOU3BE-
IEeHUs OBYX €ro CTOPOH HA CUHYC YIJIa MEXKIY HIMU) IIOJYUUM
2S <ad+ be. Ocraérca moxasaTh HepaBeHcTBO 28 < ac+ bd.
s 9TOro IMOCTymuUM cJjaenyooinuMm obpasom. OTpesxeM Tpe-
YTOJIBHUK CO CTOPOHAMMU C U d, IePEeBEPHEM €ro U IMPUJIOKUM
K TPEYroJIbHHUKY CO CTOPOHAMM @ WM b TaK, 4TOOBI IOJIyUMJI-
CcA UYETBIPEXYTIOJLHUK C IIOCIENOBATEIbHBLIMI CTOPOHAMU O,
b, d u c. IlonyueHHBIII UYETHIPEXYTOJbHUK MOYKHO paspesaThb
Ha JBa TPEyroJbHUKA CO cTOpoHamMu a u ¢, b u d. ITosTomy
2S <ac+bd.

2. MBI moxakem TpeOyemoe yTBep:kAeHue, sameHuB 1953
Ha IIPOW3BOJIbHOE HATypaJbHOE YHCI0 1, Hejsieecs Ha 3.
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IIycrs uncao x=ag+a;-10+ay-10%2+... +a,_1-10" 1 =a, +
+ 10a pmesmurca ma 27. JlocTaTOuyHO mHOKasaTh, UTO TOTAA UMC-
my=a;+as-10+...+a, 1-10"24+4a,-10" 1 =a+10"1q, ToO-
sKe mesnuTcd Ha 27. I 9TOro JOCTATOYHO IIPOBEPUTH, UTO UX
passocTh 9a+ (1 — 10" 1)a, genurca ma 27. Ynucao x —y ge-
auTtcsa Ha 27 ToTAa M TOJBKO TOornaa, Korzga uucyao 10(x —y) =
=90a+ (10-10")aeg=9x+ (1 — 10")ay nenanrca ua 27. Ho ec-
Jau n geaurtcsa Ha 3, To uncyao 10" —1=99...9 nesurca Ha 27.
n

3. KaxxmoMy MHOIOYroJIbHUKY, HE COJep KallleMy TOUKY
A{, MOXHO COIIOCTABUTHL MHOTOYTOJbHUK, COLEPYKAII[HIl TOU-
Ky A, mpocto mobaBuB A; K ero Bepmwuuam. ObparHas ome-
pamnusa (oropacbiBanue BepIIUHBLI A;) BO3MOKHA JUINb IJIs
MHOTOYTOJIbHUKOB, UKCJIO BEPIINNH KOTOPBLIX He MeHbIe 4.

4. Cwm. permteHue 3agaun 3 g 7 Kjacca.
5. Pelrenne aHaJIOrMUYHO PEIIEHUIO 3akauu 5 JJia 7 KJacca.

9 Kaacc
1. CMm. pemrenue 3amaunm 2 AJs 8 Kjacca.

2. Ilepswiii cnoco6. Beemém Ha MJIOCKOCTU CHUCTEMY KOOP-
IUHAT, BLIOpaB mpAMYyo [ B KauecTBe ocu x. IlycTh (aq, by),
(as, bs), (as, b3) — KoopAUHATHI BepiiuH A;, Ay, As. [Ipamasa
Ay A3z 3amaércsa ypaBHeHUEM

X —as y—bz
as —asz - bg—bz.

IIpamas, npoBegEHHaA uepes Bepilnuuy A;, 3agaéTcsa ypaBHe-
HUEM, B KOTOPOM OTHOIIeHUEe KO3(MGUIIMEHTOB IPU X U Y TO
JKe caMoe IO abCOJIIOTHOM BeJUYNHE, HO UMeeT IIPOTHBOIO-
JOKHBIN 3HaK. TakuMm obpasom, sTa mpaMasa 3aJaéTcsa ypas-
HeHUeM

X —ax y—b1 _0
as—az  bs—by

Hanuiem aHAJOTMYHO YpPaBHEHUSA IIPSAMBIX, TPOBEIEHHBIX
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yepes3 BEPINMUHBI Ay u As:

X —as y—bz _ X —as y—b3 :0

ap —as bl—b3 ’ as —ai bz—bl :
VYMHOKUM JIeBbIe YaCTU 9TUX YpaBHeHUH Ha (as — az) (bs — by),
(a1 —a3) (b1 —b3), (az —aq) (b —by) COOTBETCTBEHHO U CJIOKUM
ux. JIerko IIPOBEPUTh, YTO YKa3aHHASI CyMMa TOKIECTBEHHO
paBHa Hya0. VI3 aTOTO ClIeayeTr, UTO IIPAMEBIE, 3aJaHHbIEe 9TH-
MU YPaBHEHUSAMU, IIePECeKaIOTCs B OOHOU TOUKeE.

Bmopoii cnoco6. Ilycts 1y, Iy u 3 — npsaMble, KOTOPbIE MBI
IIPOBOAUM uepes3 TOUKU Ay, Ay, u Az. Torma yroa Me:xny mps-
MbIMU [; 1 A;A; paBeH o; — o, Tae B — TOT U3 nHAEKCcoB 1, 2, 3,
KOTOpPBIH oTanueH oT i u [. I3 Teopembl UeBbI B TPUTOHOMET-
puueckoii (opme ciemyer, UTO OpsaMbie li, [ u l3 mepeceka-
IOTCA B OJHON TOUYKE, ITOCKOJBKY

sin (a1 — o) . sin (o — a3) . sin(og —a1) 1
sin(as — o) sin(og — o2) sin(owe — a3)

a

3. Ilpu x =x; U IpU X = X, TPEXUIEH -x°+ bx + ¢ IpUHU-

2
MaeT BHAYEHUH

2 2

ax ax

—— + (axi+bx; +¢) = -+

. 3ax} 3ax}

ax ax
22+(—ax§+bx2+c): 5

9Ty 3HaUEeHUWS UMEIOT PasHble 3HAKMU, IMOATOMY OJWH U3 KOP-
HeH TPEXUJIeHA PACIIOJIOMKEH MEXIY X1 U Xs.

4. Ilepsulii cnoco6. PaccMoTpuM JIMCT KJeTdaToil OymMaru
pasmepom 100 x 199 KiIeTOK, BepIIMHAMU KJIETOK KOTOPOTO
CJIy:KaT IeHTPHI KJETOK MCXOAHOro jucra. Ha HOBOM JucCTe
OyMaru oTpaskeHUe IMPOUCXOAUT II0 IPaBUJIYy OTPAKEHUS JIy-
ya cBera. Kakaplii pas, Korga Jyd OOXOAUT M0 Kpas JIKCTA,
OymeM CIPAMJIATH €ro, oTpaskas JUCT CUMMETPHUUYHO OTHO-
CUTEJbHO COOTBETCTBYIOIIEro Kpasi. B KBaapaTe cO CTOPOHOI
19 900 nayu umér mo AMATOHAJIMW; KOHIIBI AMAroHAJU COOTBET-
CTBYIOT YIJIOBBIM KJIETKAM.
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Bmopoii cnoco6. Ilpeamonao:xmuM, 4TO MBI HUKOTZA HE II0-
majéM B YIJIOBYIO KJjeTKy. Torma MbI JOJKHBI B OJHOU M3
KJIETOK TOOBIBATHL ABa pasa, MPUUYEM IIPOXOIUTHL €€ B OJHOM
W TOM JKe HampaBleHun (IMOCKOJbKY KJETOK KOHEeUHOe UHC-
a0). Ho Torma gcsa maia TpaekTopus OyaeT IepUoSUUecKOH,
a 3TO HEeBO3MOJKHO, TaK KaK Mbl HAUaJHU U3 YIJIOBOW KJIETKH.

KommenTapuii. [Tloxoxkue 3amaun mpeaarajnuch Ha BTOPOM Type
MockoBcKo# MaTeMaTuuecKoit onumMuuansl B 1965 r. (samaum 2 giasa 8 u 9
KJiacca u 3ajmava 3 aia 10 kiacca).

5. B xauecTBe BepPIIMHLI HUPAMUJ MOYKHO B3ATH BEPIINHY
A Kyba, a B KauecTBe MX OCHOBaHUI — Tpu rpanu A'B'C'D’,
BCC'B’ u CDD'C’, He comepikarux
B aTy BepiuHy (puc. 78). 9Ty mupamu-
‘» ¢ OBl OTPe3aroTCs OT Kyba ILIOCKOCTS-
A 4 MU, KaKIas U3 KOTOPBIX MIPOXOIUT
yepes guaroHaab Kyoa AC’ u ogHy 13
muaronasnein AC, AB' u AD’' rpauei
(myis Kaskmoil mupaMuabl 0epyTcs aBe
TaKUX IIJJOCKOCTH 13 TPEx). Ilupamu-
A o IbI PaBHLI, IIOTOMY 4YTO OHHM IIOJydYa-
IOTCA IPYr W3 Apyra IOBOPOTOM BO-

Puc. 78 Kpyr puaroHaau AC’.

Cl

10 xaace
1. Ecau x =k — HaTypaJabHOE UMHCJIO, He IIPEeBOCXOIAIIee
n, TO BhIpaKeHUe B JIEBOI YaCTU CBOLUTCS K

B k(E—1) pk(E—1)-....2-1
-9+ % et D)
IIOTOMY UYTO BCe OCTaJbHBIE cllaraeMble 00paIllaloTCs B HYJIb.
B(k—1)...(k—s+1) B!
3aMeTHUM Tellepb, UTO = — OMHOMU-
s! sl(k—s)!

aJbHBIE Koa(duimerT. IlosTomy mMeeT MeCTO PaBEHCTBO

B k(k—1) pk(E—1)-...-2-1
1T o ) k!

KOTOpoOe IIOKasbkIiBaeT, uTo umciaa k=1, 2, ..., n ABISIOTCS

1-— — e+ (-1 =(1-1*=o,
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KOPHAMU ITAaHHOTO ypaBHeHUA. BoJiblie n KOpHEN 5TO ypas-
HeHUe MMeTh He MOJKeT, IIOCKOJIbKY eTro CTelleHb paBHa 7.

2. CMm. perrrenue 3amaun 2 ajas 9 xjacca.

3. Bce umcna x, panmmoHaIbHBI, IIO3TOMY U3 PaBEHCTBA

2
x,— V2= t2 5 V2)?2

2xnfl
n—1—V2
cirenyer, 4To X, — /2 > 0. Kpome TOro, mockoabKy xxli\/_ <
n—1
< 1, monyuaem
n-1—V2 Xp_1—V2 o1 — V2
xn—\/§:xl\/_-x1\/_<xl\/_, (1)
2 Xn—1 2
a yYuThIBadA, 4TO X, 1 > 1, Imoaydyaem
1 Xn \/_ 2
xn_\/§: m(xn—1—\/§)2 Cona — V2) ) (2)
I3 mepasenctsa (1) ciaexyer, uro x, — /2 < . B vactHocTH,
10° 103\ 3 1000
JC30—\/§< 950 — (W) = (M) < 1.

Temepb, BOCIOJb30BABIINCH HEPABEHCTBOM (2), IOJIYUUM

X31—\/§<1/2, X33—\/§<1/27, X35—\/§<1/231,
X33 — V2 < 1/2%, x5 —V2<1/2,  x36—V2 < 1/2%,

IosTomy X356 — V2 < 1/2% <1/23° <1/10°.
4. Cwm. permieHue 3agaun 5 aasd 9 Kjaacca.

5. Ilycrs g onpenes€HHOCTY KOHB CTOUT HA YEPHOI KJETKE.
Bce KieTKH, KyJa OH MOKeT IIOIacTh 3a 2 Xoja, n3odpaske-
HbI Ha puc. 79. Cayuait n=1 uckaouurenbHbiii. [Ipu n>1
MHOXKECTBO KJIETOK, KyZa MOJKET II0IIacTh KOHb 3a 271 XOJO0B,
YCTPOEHO CJeAyIomuM oOpasoM. Bo3bMEM KBaapaT CO CTOPO-
HOll 81+ 1 (KOHB CTOUT B IIEHTPe 9TOro KBajpara). OTpesxem



262 Pewenus. 1953 200

OT TOTO KBaJpaTa YeThIpe YroJKa Cco
cropouoii 2n (ma pumc. 80 coorBet-
cTByIomias ¢purypa msobpakeHa s
n=2). 3a 2n X0I0B KOHb MOKET IO-
MacTh B TOYHOCTH BO BCe UYEPHBIE
KJIETKU HOJYUeHHON (hUTYPHI.
Hoxkasxkem sto. Ilpesxae Bcero 3a-
MEeTHM, YTO IIOCJIe HEUYETHOTO UMC-
Ja XOJOB KOHbBb IIOIafaeT Ha 0eIyio
Puc. 79 KJEeTKY, a IIoCJie UE€THOTO — Ha 4Yéep-
Hy0. UHAYKIUEN II0 m HEeCJJ0XKHO
IOoKa3aTh, UTO €CJIU m > 3, TO 3a M XO[0B KOHb IIOIafaeT B JIIO-
0yI0 KJETKY COOTBETCTBYIOIIEro IiBeTa (UEPHOTO HPU UETHOM
m u 6eyoro mpu HeueTHOM m) GUTYPBI, KOTOpas IIOJydaer-
cs IPU OTPE3aHUU OT KBaJpaTa Co CTOPOHOU 4m + 1 ueThIpEX
YT'OJIKOB CO cTOpoHOU m. IIpu m =3 5TO Jerko mpoBepseTcs,
a mIiar MHAYKIIUY OUEeBUICH.

Puc. 80
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IlepBroIii TYp
7 Kaacc
1. Cm. puc. 81.

2. IlpumMeHUM WHAYKIIAIO MO 7. 1

Ilpu n=38 uMeeM [OBa TPEYroJb-

HUKAa, ¥ KOTOPBLIX COOTBETCTBEHHLIE /
CTOPOHBLI pPaBHBI. PaccMoTpuM Te- o2
mepb ABa N-yroJabHUKAa, rae n > 4. 3

ITo ycioBUMIO Y HUX €CTh Imapa pas-

HBIX COOTBETCTBEHHBIX yrJyioB. OT- Puc. 81
pekeM OT KaKJAOro MHOTOYTOJLHU-

Ka TPEeyroJbHUK, OBE CTOPOHBI KOTOPOIO 3aKJIIOUAIOT AaH-
HBIA yroJi. 9T TPEYroJbHUKU PaBHBI, II09TOMY K OCTABIINM-
ca (n—1)-yrorbHUKaAM MOXKHO HPUMEHUTH IIPEAIIOJ0KEeHUe
UHAYKIuU. J[lefiCTBUTEJIbHO, OTpe3as OT PaBHBLIX YIJIOB pPaB-
Hble YIJIbI, MBI IIOJyYaeM PaBHbIE YIJIBIL.

3. BTOpaH cxeMa neJyIeHusd MOJMKET OBITh TOJIBKO TAKOIi:

1xxx|x
X X X X
1x
X
X X
XX
0

Ecsiu manHOoe umciao paBHO labc, TO COTJIACHO BTODOI cxeMe
menennsa 10+a—x=1, rge uucao x He unpeBocxoxaut 9. Ilo-
aromy a=x — 9 < 0. Takum ob6pasom, a=0 u x=9. U3 sToro
MOXKHO CHeJlaTh CJIeAYIOIVe BBIBOABI. B IIepBoil cxeme melie-
HUe Ipou3BOAUTCA Ha 2 mau Ha 5. Bo BTOpoii cxeme mesieHue
TIPOMBBOANTCS Ha AeJUTEeJb YHCa X, OTJIUYHBINA oT 1, T. e. Ha
3 uau Ha 9.
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Yucao 106+ ¢ geauTcsa HA YKUCTI0, HA KOTOPOE IIPOMBBOAUT-
csA IejieHUe B IIEPBOM cxeMe, IIPUYEM dTa cXeMa IIOKa3bIBaerT,
uyro b>1. Yucno 1abe =10bc momxHO HeIUThHCA HA 3, TTOITOMY
ecjii B IIEePBOU cxXeMe JeJieHle IPOM3BOAUTCA Ha 2, TO UUCJIO
pasuo 1014, a ecau geseHue TPOU3BOAUTCS HA D, TO UUCIO
paBao 1020 mmum 1035. Hecrmo:xHas mpoBepKa IIOKas3bIBAeT,
yto yucyaa 1014 u 1035 mam nmoaxoxar, a uucao 1020 He mmox-
XOIHUT.

4. TIpepnomo:xum, uto n?> —m?=1954. Eciau oxHO U3 4u-
ceJl m W n 4éTHO, a APYroe HEUETHO, TO YUCJIO n’ — m? HedéT-
Ho. ITosTomMy umcyiia m u n aubo odba 4YETHBI, JUOO 00a HEUET-
HBI. JIeTKO IPOBEPUTH, YTO TOTAa 4ucjo n’> —m? meaurcsa Ha
4. A uucsao 1954 Ha 4 He meauTcs.

5. Cymma mudp Tpéxsmaunoro umciaa 100a + 10b + ¢ pas-

100a + 106 + ¢
Ha a+b+C. HCHO, qgTo W

yucaa 100 ykasamuoe orHoIteHue paBao 100.

< 100. Kpome Toro, mis

8 kaacc

1. Ecaiu MBI BO3BMEM KBaapaT Cco
CTOPOHOI 1, IPUIOKUM K HeMy 4 KBaj-
pata co cTopoHOM 1 m K KayKaoii us
IIPOTUBOIIOJJIOMKHBIX CTOPOH 3THUX YeThI-
Péx KBaApaTOB MIPUJIOKUM pPaBHOOEH-
PEeHHBIH IPAMOYTOJbHBIA TPEYTOJbHUK
¢ TUIIOTeHy30ii 1, To B pe3yjabTaTe IIO-
ayuuM QUTypy, KOTopas IpeacTaBIdeT
coboit TpebyemMyio pas3BEPTKY (puc. 82).
91y GUrypy MOIKHO BRIPE3aTh M3 KBAaJ- Puc. 82
para co cropoHoit 2v/2 < 3.

2. Ecau MBI MOBepHEM yKasaHHBIe BEeKTOPHI Ha 90° u yMHO-
JKUM UX Ha 2, TO OHU IIPEBPATATCSA B BEKTOPHI CTOPOH MHOTO-
yrospHuKa. CyMMa BEKTOPOB CTOPOH MHOTOYTOJbHIKA paBHA
0, M09TOMY CyMMa MCXOLHBIX BEKTODPOB TOKe paBHa 0.
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3. Cm. pemrenue 3agauu 3 OJs 7 KJacca.
4. Cwm. pemtenue 3agaun 4 nasa 7 Kjaacca.

5. Mokakem, UTO yKasaHHas OeCKOHEUHAsd CHUCTEeMa ypaB-
HEHUU 9KBUBAJIEHTHA CHCTEME IBYX YPaBHEHUM:

x+y+z=0,
4x+2y+2=0.

Bo-miepBBIX, €cii MBI BBIUTEM 13 IIEPBOTO YPaBHEHUWSA HOBOM

CHCTEMBI BTOpPO€ ypaBHE€HMNE, YMHOMEHHOE Ha TO IIOJIYy-

2n+2 ’
UM n-e ypaBHEHUeE HCXOI[HOﬁ CHUCTEMBI. BO'BTOprX, YiEe u3

IIePBBIX OBYX ypaBHeHI/Iﬁ I/ICXO/IHOI'/T CHCTEeMBbI
1 1 1

#(1-)+y(1-5)+2(1-15) =0

cJaenyIOT yKasaHHBLIE IBa ypaBHeHUA. lleiCTBUTEIBHO, BBI-
YTs M3 BTOPOTO YPaBHEHUS II€pPBOE, IIOJIYyUYNM % + % + % =0.
IIpu6aBuB 9TO ypaBHEHNE KO BTOPOMY YPABHEHUIO, IIOJIYUNM
x+y+2z=0.

9 kaacc

1. ITepewii cnoco6. Ilyers f(x) =x*+a1x% +asx?+asx+ay.
ITo ycaoBuio f(xy) =f'(x9) =0. CnemoBaTenbHo, Xy — ABYKpaT-
HBII KOpeHb MHOrouwaeHa f(x), T.e. muorouueH f(x) memuTcs
Ha (x — x9)2.

Bmopoii cnoco6. Ilycts
*+ax®+asxt+asx+a, =

= (x — DC())4 + bl (x — DC())3 + bz(x — DC())2 + b3(x — X()) + b4.

Tornma

(x+x0)* 4+ a1 (x + x0)% + az (x + x0) 2 + a3 (x + x0) + a4 =
= x4 b1x® 4+ box? + byx +by.
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CpaBHUBasA KO2(PMPUIIMEHTHI IPU OAMHAKOBLIX CTEIIEHAX X, Ha-
XOAUM by = x5+ a1 X5 +asxi+azxo+a, =0 u b3 =4x3 +3a,x2 +
+2a,x9+as=0. CregoBatenbHo, x* +a,;x% +ay,x%+aszx+ay ne-
auTed Ha (x — xo)2.

2. Ilpu BuuépruBanuu u3 gamHoro umcyaa 100 mudp MbI
Bcerga OyaeM IIOJIydYaTh YKCjIa C OAHUM U TE€M JKe YMCJIOM 3Ha-
KOB, IIO3TOMY HY:KHO, UTOOBI IepBbie IMUMPHI ObLIN HAMOOJIb-
UMy Bo3MOKHbIMH. CHavaJjia BbIYepKHEM mepBbie 8 1udp,
OCTaBUM IIOcJe HUX Iudpy 9; 3aTeM BbHIUEPKHEM CJIEIYIOIINe
19 mudp, ocraBus mocae HuUX nudpy 9, u T. A., 40 TexX IIOP II0-
Ka MBI He BhIuepkHeM 84 mudpsbl (ITocaegHaa U3 Hux — mudpa
4 B umcie 49) Tak, 4TOOBI MOJYYNIOCH YUMCIIO

999995051...5758596061...99100.

M5l gOJIZKHBI BEIUEPKHYTE eIfé 16 mudp. YTobwl ciaexyrolmeii
3a 99999 mudpoii 6bL1a mudpa 9, HyKHO BBIUEPKHYTH 19
mudp; MBI 9TOTO chejaTh He MoxKeM. OcTaBUTh MUPPy 8 MBI
TOXKEe He MOMKeM: IJA DTOr0 HYKHO BBIUEPKHYTH 17 mudp.
Ho MBI MOkeM ocTaBUThL Hu@py 7, BbIUEpKuUBasg 15 mudp
505152535455565. Iloce aTOro OCTAIOCh BHIUEPKHYTH JUIID
onHYy ITU(MPY; 3TO AOJIXKHA OBITH Iudpa 5 uncia 58.

3. CroxxuM Bce 9TM HepaBeHCTBa. KoahGUIMeHT Ipu KasK-
IOM 4dmcye a, oxkakerca paBHbM 1—3+2=0. Takum obGpa-
30M, V HaC eCThb HaOOp HEOTPHUIATEJbHEIX YKCeJ d; — 3ds + 2as,
as —3as + 2ay, ..., cymMMa KOTOpbIX paBHa 0. 3HaUUT, Kaxgoe
u3 uucea paBHo 0, T.e. B HAeHCTBUTEJLHOCTH Y HAaC €CThb CHU-
cTeMa He HEepaBeHCTB, a YPaBHEHUN. OTH ypaBHEHUA yHL00HO
IepenncaTs B BULE

(a1 —az) +2(az —ay) =0,
(as —a3) +2(as —a3) =0,

(@100 — a1) +2(az —aq) = 0.

W3 sTux ypaBHEHUU IIOCJIeAOBATEIBHO MOJyYaeM
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as —az = (a1 —az)/2,
as—ay = (ag—asz)/2 = (a1 —az)/zz,

a; —as = (@00 — 1) /2 = (a1 — az)/zloo-

ITlocieqraee paBeHCTBO BO3MOMKHO JIUIMND IIPU @1 = Ay. HO Torma
Az =0ag, A3 =0Qy4, «..5 Q100 = Ad1.

4. PaccmoTpuM cHauaJia cJOydail HEOCTPOYTOJIBLHOTO TPEeyro-
apHUKa. Ilycts, Hanpumep, yroa C meoctpriii. Torga B ueTwI-
péxyroapaukax AB;SC; u C;SA;B yrisl upu BepiinHax B;
u A, Tynble, U IO KpalHelI Mepe B OJHOM U3 STUX UETHIPEX-
YTOJBHUKOB yroJ npu BepinuHe C; HEOCTPHIH.

B pnanwnumeiimniem 6ymemM cuuTaTh, uTo Tpeyroabuuk ABC ocT-
poyronbubIi. [IpeAnosoKuM, YTO B KaXKIOM U3 IIOJYUEHHBIX
yeThIpéxyroabunkos AB;SC,, C{SA;B, A;SB,C no Kpaiinei
Mepe OOMH W3 YIJVIOB IpU KaxKkmou mape Bepmuda C; u By, C;
u A;, Ay u B; ocrpriii. IlycThb, HAIIpUMEP, B UETHLIPEXYIOJIb-
Huke AB{SC; yron npu Bepinune C; octpsuiii. Torma B ueTnl-
péxyroabuuke C1SA;B yroi npu Bepiiuae C; TyHoi, II0O9TOMY
yToJ IIpu BepinuHe A; MOJKeH ObBITh OCTPhIM. Torma B UeThI-
péxyroabuuke A;SB{C yros mpu BepinuHe A; TYIIOi, II0ITO-
My YTOJI IIpU BepiiuHe B; J0KeH ObITh OCTPBIM.

IIyecrs Ay, B,, C,;— ocHo-
BaHUSA BBICOT, OMNYINEHHBIX W3
Bepmina A, B, C Ha CTOPOHEI
TpeyroabHuKa. Torga Touka C;
IOJI:KHA JIeXKAaThb BHYTPU OTpPeEs-
ka BC,, Touka A; — BHYTPH OT-
pesxa CA,, Touka B; — BHyTpu
orpeska AB, (puc. 83). Ho B Ta-
KoM cJyyuae otpe3ku AA;, BB;
u CC; He MOTYT IIepeceKaThbCcs B
OHOII TOUKe, IIOCKOJbKY OTpes-
Ku AA,, BB, u CC, mepeceKalTcsa B OOHOU TOUKe (TOUKe Ie-
peceuenus BbicoT). IIpuxogumM K OIPOTHBOPEUUIO.
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5. Ilepswiii cnoco6. Hepasercrso 8%+ 102 < 132 mokassiBa-
eT, uTo TpeyroabHuK ABC Tymoyroabubiii. IloKakem, 4TO ec-
Ju Bce rpauu Terpasapa ABCD paBHBI, TO Tpeyroabuuk ABC
IOJ:KeH ObITh OCTPOYTOJNbHBIM. JIioboMy TeTpasapy MOMKHO
CONIOCTAaBUTH TMapaJlIejieNlnuIlell, IIPOBeAA uepe3d KaKkmgoe peo-
PO TeTpasapa IJIOCKOCTh, HAPAJLIETbLHYIO TPOTUBOIIOJIOKHOMY
pebpy. Eciu mcxomgHBIA TeTpasap PaBHOTPAHHBIN, TO T'paHU
IMOJIYYEHHOTO TapaJiiejieliniiefia SABJISIOTCA IIapaJiiejiorpaM-
MaM{ C PaBHBIMU AUATOHAJIAMHU, T.e€. MIPAMOYTOJIbLHUKAMU.
TakumM 00pasoM, PaBHOTPAHHOMY TeTPasApy COOTBETCTBYET
MIPAMOYTOJILHBIN IapaJienenumes. Eciau IJIuHbl pédep 5TOro
nmapaJjiaejenuiena paBHBI a, b, ¢, TO KBaApaThl IJIUH PEGep
HUCXOIHOTO TeTpasapa paBHBI a?-+b%, b%2+c?, ¢ +a?. Hepa-
BercTBa (a? +b?) + (b +c?) > c? +a? u T. 1. IOKA3LIBAIOT, UTO
rpalHy MCXOIHOTO TeTpasipa SABJIAIOTCA OCTPOYTOJbLHBIMU Tpe-
YTOJIbHUKAMU.

Bmopoii cnoco6. IlpeanosnokuM, 4To B IIPOCTPAHCTBE CY-
IIIeCTBYIOT UCKOMBIe ueThIpe Touku. HepasencTso AB? + AC? <
< BC? nokassiBaet, uTo ZBAC > 90°. JIocTPOUM TPEyTOJbHUK
ABC po mapanaenorpamma ABCM. B sTom mapaJiegorpam-
Me yros mpu BepmimHe A Tymoii, mostomy AM < BC. IIpose-
ném B Tpeyroabuuke BMC Bwicory M H. VI3 paBeHCTBa Tpe-
yronbHUKOB BMC u BDC cuemyer, utro DH — BbICOTa Tpe-
yroabauKka BDC. Takum o6pasom, miaockocTs DHM mepmeH-
IuKyasapHa npamoit BC, u Touka D JIEXKUT B 9TOH IIJIOCKOCTU
Ha OKpysKkHocTu pammyca HM c menTpom H. Jlerko mpose-
putsb, uro M — HamboJiee yaaJEéHHAS OT TOUKH A TOUKA 3TOH
OKpYy:KHOCTU, modToMy AD < AM < BC. IlomyyeHO IIPOTHBO-
peuwne.

10 kanacc
1. TamHOEe ypaBHEeHMNEe MOKHO IepeIrncaTb B BUIe
(x+sin(xy))? = —1 +sin®(xy).

Ecnu oTo ypaBHeHHe MMeeT pellleHue, To sin®(xy) >1, T.e.
sin(xy) =+1. Ecau sin(xy) =+1, To paccmaTpuBaeMoe ypas-
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HeHHe npuHuMaeT Buf (x +1)2=0. Ero pelteHus uMeioT B,
x =F1. Hakoner, ecau sin(Fy) =+1, To siny=—1.

2. CMm. pelrrenue 3agauu 2 AJs 3 Kjacca.

3. AmajornuHo perieHuIo 3amavun 3 Ajas 9 Kiacca.
4. Cwm. pemtenue 3agaun 4 gas 9 Kiaacca.
5.

CwM. perrenue 3amaum b ajasa 9 xiacca.

Bropoii Typ
7 Kaacc
1. 9Tu GYKBBI HYKHO PAaCCTaBUTDH B IIIAXMATHOM IIOPAIKE.

2. MamuHbl TPOE3’Kal0T MEePeKPECTKU B Pa3HbIE MOMEH-
THI BPEMEHHU, II09TOMY OHU MOIJIX Obl BCTPETUTHLCA TOJIBKO Ha
HEeKOTOPOM yJuIie, ABUrasch HaBcTpeuy Apyr apyry. Ho ma
KasKJOM yJNIle HaIpaBjJIeHHE IBUKEHUSA STUX MAIIUH OIpe-
IeJieHO OnHOo3HauHOo (puc. 84); ABUraThbCs IO OTHOUN yJIHUIlE B
PasHBIX HAIIPABICHUAX OHU HE MOI'YT.

Puc. 84

3. 3amuIiemM ypaBHEHUs pacCMaTPUBAaeMOIl CHUCTEMBI B BHU-

7
me Y a;x; =0. KoadduiuenTs! a;; 00J1a4ai0T CIeLYIOIIIM CBOM-
i=1
cTBOM: |aj;| > |a;| ana ramxporo j. Ilyets xq, ..., X7 — pe-
i#j
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IeHne paccMaTpuBaeMou cucteMbl. IIpeamonoumM, 4TO XOTA
ObI OTHO M3 YMCeJ X, ..., X7 OTJIMYHO OT HyJA. IlycTh X7 —

HanOoJIbIIIee II0 A0COJIOTHON BeJNUYMHE U3 dTUX uuncesa. Torma
7

|awxr| > | > aipx;|, moaToMy paBeHCTBO Y . a;x; =0 He MOKeT
ik i=1
BBIIIOJIHATHCA. IIpUXOAUM K IPOTHBOPEUMIO.
fAcHO TakiKe, UTO X1 = X3 =...=Xx7; =0 — pelllenne maHHOI
CHCTEMBI.
8 xaacc

1. PaccMoTpuM BCEBO3MOIKHBIE ITaPbl KJIETOK, CUMMETPUY-
HBIX OTHOCHUTEJILHO IIeHTPa KBaapara. KoJnduecTBo TaKuX map
paBHO (172 —1)/2=144. CymMa unces, HAIMCAHHBIX B JIBYX
KJIeTKaX, MOKeT ObIThL paBHA 2, 3, ..., 140. ITosTomy HaigyT-
cA IBe IMapbl KJIETOK, CUMMETPUUYHBLIX OTHOCHUTEJHLHO IeHTpa
KBaJIpaTa, C PaBHBIMHM CyMMaMI HaIIMCAHHBIX unces. B xaue-
ctBe ToueK A 1 C BO3bMEM IIEHTPHI OJHOII ITaphbl KJIETOK, a B
KauecTBe ToueK B u D — IIeHTPhI APYTOi IIapshl.

2. CMm. perrrenue s3agaun 2 s 9 Kjacca.

3. ByneMm HaswIBaTh «UETHBIM» IEJUTEJb, KOTOPBIN pasja-
raeTcs Ha YETHOE YMCJIO IPOCTHIX coOMHOKUTesel (1 oTHOCUT-
CA K «YETHBIM» HEJUTEJIAM), 8 «HEUETHLIM» — JeJINTe/]Ib, KO-
TOPBIA pasJjaraeTcs Ha HEUETHOE YHMCJIO IPOCTHIX COMHOMKUTE-
Jaeni. [lokasxkeM MHAYKIUEHR 1O k, 9To uynciao N, =2-3-5-7-... p;
(IpousBefieHNe TePBLIX Kk IPOCTBIX umces) uMmeer 2F~1 «uér-
HBIX» Aenureneit u 2! «meuérHnix» genuteneii. (Torga gas
uncaa N, paccMaTpuBaeMasd cyMMa pasHa 21 — 2F-1=0.)

g uncia N, =2 yrBep:kaeHue oueBuguo. IIpegmosoxum,
YTO yTBEpKAEeHHE NOKa3aHo ajiA N,. Yucao N, umeer 2F1
«UETHBIX» menuTeiseii u 21 «HeuSTHBIX» mDenmTeseil, He ne-
JAMUXCA Ha Ppi1 (BCe 9TU NeIUTENU ABIAIOTCA NEJIUTEIAMU
yucaa Njp). IlomuMo sTuUX mgenuTesiell OHO MMeeT IeJIUTEJIH,
IeNAIAecs Ha Py 1, a uMeHHO 2°~! «uéTHBIX» menureneii, co-
OTBETCTBYIOIIUX <«HEUSTHBIM» JeJauTendaM umciaa Ny, u 2F!
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«HEUYETHBIX» AeJINTEeJeH, COOTBETCTBYIOIIUX «UYETHBIM» JIEJIM-
Tenam uucaa N,. B urore moxyuaem 281+ 2F-1 = 2F «uéTHBIX»
nenureseii n 2F «HeubTHBIX» meauTesei.

4. Cwm. perieHue 3agaun 3 o 7 Kjacca.

5. Ock cuMMeTPUM CEMUYTOJbHUKA 00s3aTeJIhHO ITPOXO-
IUT 4Yepes ONHY U3 ero BepIInH (OCTajbHbIe BEPIIUHBLI pPas-
OuBalOTCA HA Mapbl CUMMETPUUYHBIX Bepinum). IlycTh y ce-
MUYTOJIbHUKA €CTh OCh cuMMeTpuu. Torga y Hero ectb Tpu
Iapbl PaBHBIX YIJIOB U TPU Haphl PABHBLIX CTOPOH. BTOopas och
CUMMETPUU MOJKET OBITH PACIOJIOKEHA TPeMdA CYIIeCTBEHHO
pasauuHbIME (HE CUMMETPUUYHBIMH) cmocobamu. Jlerko mpo-
BEPUTh, YTO B KAXKIOM M3 3TUX TPEX CIAYyUYaeB BCE CTOPOHBI
CeMUYTOoJbHUKA OKAa3bIBAIOTCSI PABHBIMU U BCE YIJIBI TOKE.
TakuM 00pas3oM, ecau y CEeMUYTOJbHUKA €CTh XOTA OBbI JBe
OCH CUMMETPUU, TO OH IIPABUJIBLHBIN, IIO9TOMY y Hero 7 ocei
CUMMETPUH.

9 kaacc
ocC OA,
1. IToctpoum Ha ayue [; Touky C TaK, 4TO —— =

OB; OB;°’
rga CA; || B1By, mostomy A;S=A;A;- A C Touka A, mepe-
MeIllaeTcsA IO OKPYIKHOCTH () C IeHTpoM B Touke O paguyca
OA,, mostromy uckomoe I'MT monyuaercsa us OprmHOCTLXHBw
9ro I'MT sBasieTcss OKPYKHOCTBIO ¢ ¢ meHTpom O, gexalmm

Ha IpAMOM [;.

To-

TOMOTETHEN C IIeHTPOM B TOUKe A; W Koa(pduiimeHTOM

2. Ilepswiii cnocob. Ilyers d=0A;, b=0A,, ¢=0A4A;, d=
=0A,. BripasuMm 5Tu BeKTOPLI Uepes ¢; =d 1 €3 = d. B pesyin-

Tare IoJydunuM

g: (2] )(162,
EZE )\261 = (1—A2)€1+A162,
() =7— A3g: (1—A2—A3)€1+(A1—A1A3)€2.
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W3 mociesHero paBeHCTBA BLITEKAIOT COOTHOIIEHNA 1 — Ay = A3
u Ay — AiA3 =1. HakoHer, mycTs —ue; = OB. Torga —ue; =e; —
— A4E: —A4(1 — Ag)el + (1 — A4A1)€2, IIOTOMY MU= A4(1 — Ag) u
AsA = 1. YunrsiBasa Bce 3TH COOTHOINIEHMS, IOJIY4aeM

u=As(1 = Ag) = Aghs = ;—j =A3(1—2A3) < %

Bmopoii cnoco6. Ilyctb

a=LA10A,, B=LA0A;3, y=LA30A,, 6 =LA0A;.
3amnuchiBasg TEOPeMY CHHYCOB [IJIs KaKIOT'0 M3 TPeyroJbHU-
KoB A;OA,, AyOA;, AsOA, nu ALOA,, monydaeM

OB sin a sin 8 sin y sin &

0A;, ~ sin(a+p) sin(B+ ) sin(y+0) sin(6+a)

CiemoBaTebHO,

OB 1 (sin « sin B +sin y sin 5)2 _ 1,

OA; ~ 4 (sin(x+p) sin(B+71))2 47
TmocjaeHee PaBeHCTBO CJIeAyeT, HalpuMmep, u3 TeopeMbl IITo-
JeMes, TPUMEHEHHON K BIMCAHHOMY YeTBLIPEXYTOJbHUKY, BEP-
IIIUHBI KOTOPOTO AEJAT OKPYKHOCTD Ha OyTHU 24, 2,8, 2y u 20.

3. MosxHo cuuTaTh, uT0 C1 > Cy > ... > Cig0 > 0. Eciu C; >
>100, To C; +Cy+C35>100. IlosTomy OymeM CUUTATBH, UTO
C;<100. Torga 100—-C;>0,100-C5,>0,Cy3—C5>20mu C; —
—C3 >0, mosToMy
100(C;+C3+C3) > 100(C,+C3+C3) — (100—-Cy) (C1 —C3) —

—(100-C3)(C2—C3) =
= C24+C2+4C3(300-C, —C3) >
> C24+C2+C3(Cs+Cy+ ... +Cig0) >
> Ci+C5+Ch+...+C5y, > 10000.

CanemoBarenbuo, C; + Cy + C3 > 100.

4. IlpenmomoxuM, 4TO TPeOYEMbBIN PAJ UKCET @; CYIIeCTBY-
er. Yucmo b; momHOCTBIO 3amaércsa uucjaomM a; u psaaom (1)
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KakK MHOKeCTBOM umces. I10aTOMY HpH IIepeCcCTAHOBKE UKCEJI
a; uucia b; mepecTaBIAOTCA TOUHO TaK kKe. Kpome Toro, eciu
Yurcsa @; PacIioioKeHbl B IMOPAAKEe BO3pacTaHUs, TO dmcya b;
TOJKE PaCIIOJIOKEHBI B IOpAAKe Bodpacramus. Ilycts o, ...,

015 — BTO YUCIA A1, ..., A15, PACIOJIOKEHHELIE B IOPAJKE BO3-
pacranud, a i, ..., B15 — uucaa by, ..., by5, PacCIoI0KeHHbIE B
HOpALKe BO3pacTaHud, T.e. 31, ..., f15 — BTO IOCJIeLOBATENb-
HOCTb

0,1,2,3,4,5,5,6,7,8,8,9, 10, 13, 13.

Uz Toro, uro 1 =0, Bo=1, B3=2, f1=3, Bs=4, Ls=5
u 7 =5, cienyer, 4To 0q < oty < 03 < 0oy < 03 < 0fg = 0t7. B TaKoM
ciydae ecau a7 =g, To Bg=5, a ecnu oy <og, 7o fg=T. Ay
Hac 3 = 6. IIpuxoAuM K IPOTUBOPEUUIO.

5. Ilpu mpoBemeHUU IATH OTPE3KOB M3 KOHIA OTPesKa IIo0-
SIBJIAIOTCA 5 HOBBIX CBOOOAHBIX KOHIIOB M IIPOIIafaeT OAWH
crapuiii. B pesyabTaTe 4uCJIO0 CBOOOTHBIX KOHIIOB YBEJHUN-
BaeTcsa Ha 4. IlosTomMy eciu MATEPKU OTPE3KOB HMPOBEIEHBI &
pas, To umciao ¢cBOOOAHBIX KOHIIOB paBHO 4k + 1. Ilpu k=250
moJyuyaeM HYKHOE UKCJIO CBOOOJHBIX KOHIIOB.

10 xaacc

1. IlmockoCTh cUMMETPHUU TPEyroJbHON nmupaMungbl ABCD
00a3aTeIbHO CONEPIKUT ABE eé BepIuHbI. [leficTBUTEIBHO, ec-
Ju OBl OBLIM ABE HMaphl BEPIIUH, CUMMETPUUYHBIX OTHOCUTEh-
HO OJTHOM IIJIOCKOCTH, TO BCE UEThIPE BEPIIUHBI IUPAMUILI Jie-
sKamu Obl B OJHOM ILJIOCKOCTU. I103TOMY IIJIOCKOCTH CHMMMET-
puu ogHO3HAUHO 3amaércsa mapoii Bepinuda C u D, jle:Kamniux B
Heii. IIpu atom AC=BC u AD=BD.

IIpenmono:xuM, UTO eCTh ABE ILIOCKOCTU cuMMeTpuun. Peéo6-
pa, uepe3 KOTOpble OHU IPOXOIAT (Ha PUCYHKax OHU BBIeJe-
HBI), MOTYT Ju0O MMeTh O0IIyio Bepiuuy (puc. 85, a), 1o
He uMeTh (puc. 85, 6). B mepBoM ciaydae MBI mOJIyuaeM Impa-
BUJIBHYIO TUPaAMUAY, KOTOpasa mMeeT J100 3 MIOCKOCTH CHUM-
MeTpuu, aub0 6 (xKorma aamHa OOKOBOTO pedpa paBHa AJINHE
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pebpa ocHOBaHUs, T. €. B CJydae IIPaBUJILHOTO TeTpasapa). Bo
BTOPOM cJydyae ImMHUpamMuga uMeeT Jubo 2 IMI0CKOCTH CHUMMET-
puu, 1160 6 (ecau ¢ =b+#a, TO HOBBIX ILJIOCKOCTEH CUMMETPUN
He BO3HUKAET).

0)

Puc. 85

2. CMm. perrrenue 3amaun 2 ajas 9 xjacca.
3. Cm. pemrenue 3afgauu 3 ajasa 9 Kiacca.

4. Iycts |x|>1. Torma x2 + Ax+B>0 u x>+ Cx+D>0.

A+C B+ D
%x+%>0.

ITostomy x? +
5. OTHecéM K mepBOMY KJIACCY BCe UMCJA, B 3alICU KOTO-
PBIX BCTpeuaeTcs UYETHOE YMCJIO ABOEK, a KO BTOPOMY KJac-
Cy — BCe UMCJAa, B 3aIllCU KOTOPBIX BCTPeUaeTCcs HEeUETHOe
YMCJIO ABOEK. [[Ba umcsa ogHOTO KJacca Jinbo comepsKaT Oau-
HaKOBOE UNCJIO ABOEK, J100 B OJHOM UHCJIe JBOEK II0 KpalHeil
Mepe Ha aBe 0oJIbIlle, UueM B ApyroMm. Eciu gBa umciia pasjand-
HBI, TO Ha KaKOM-TO MeCTe B OJHOM UKCJe CTOuUT 1, a B APY-
TOM UHCJI€ CTOUT 2; €CJIU Ke ABOeK Yy STUX UHncesJ OUHAKOBOE
KOJMYECTBO, TO TAKMX MeECT II0 KpaliHell mepe naBa. Eciu B
OHOM UHCJIe IBOEK II0 KpaliHeil Mepe Ha ABe 0OJbIIEe, UeM B
IPyroM, TO IO KpaiHed Mepe ABYM ABOWKAM B 3alNCH OJHOTO
YKCJaa COOTBETCTBYIOT €IUHUIIBI B 3AIIMCH APYTOr0 UMCJIA.
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1955 200 (XVIII onumnuada)

IlepBsoIii TYp
7 Kaacc
1. CwMm. pemrenue 3amaum 1 ana 9 xiaacca mpu E=17.

2. Touka K menut AD momojam, mostomy AB= BD. Touka
B ne:xuT Ha OKpysKHOCTH ¢ auamerpoMm AC, mostomy BD =
=DC=DA. Takum oopasom, AC=2AB. ITostromy /BAC =60°
u /BCA=30°.

3. ®ukcupyem Touky D. Ha cropoue BC ecTh IBe TOUKU
E, nu E,, gnsa Koropeix AE,=AE,=CD, a UMeHHO TOYKH,
nas1 Kotopelx BE; =AD u CE,=AD. Orpesku AE, u CD me-
pecekaroTcsa B TOUKe, Jieskalneil Ha BeicoTe BH TpeyrojabHUKA
ABC. Otpesox CD nonyuaercsa us orpeska AE; moBopoToM Ha
120° Bokpyr meHTpa Tpeyroabuuka ABC. ITosToMmy u3 TOUKH
nepeceuenus orpeskoB CD u AE; cropoua AC BuUAHA IIOn yI-
Jgom 120°.

4. Yucno n?+n npu gesleHMH Ha 5 HaéT B ocTaTKe Jubo
0, sm60o 1, aubo 2. Iosromy n?+n-+1 He meaurca Ha 5, a
sHauut, n’+n+ 1 He nenurca Ha 1955.

5. KBazgparsl, Ha KOTOpbIe pa3pe3aH MPSIMOYTOJBHUK, IO
ycaoBuio paBHBI. IlosToMy Kaikaas CTOPOHA MPSMOYTOJbHU-
Ka pasbuTa Ha paBHBIEe YacTHU: OJHA CTOPOHA Ha m uacTeilr, a
apyras Ha n. OOIee Ymcja0 KBAAPATOB PaBHO MmN, IOITOMY
mn=13. Ho uucao 13 mpocToe, II03TOMY OIHO M3 UUCET M U
n paBHO 1, a apyroe pasuo 13.

8 Kaacc

1. ITockoabky 2% =16, unucmao 2* oxamumsaerca Ha 6. Co-
OTBETCTBEHHO, umcya 24k+1, 24k+2 " 24k+3 qpapuymBarorea Ha 2,
4, 8. Ilna uucen Buga 2% Tpebyemoe yTBep:KIeHUe OUYeBUJ-
HO, IIOCKOJIBKY b=6. 3aMeTuM Tak:Ke, UTO Umcjao b Bcerma
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uérHO. I109TOMY JOCTATOUYHO IPOBEPHUTH, UTO umcaa 24+ — 2,
24k+2 _ 4 24k+3 _ 8 nemarca Ha 3, MHBIMU CJIOBAMU, TOCTATOU-
HO IIPOBEPHUTh, uTo 2% — 1 genurca na 3. Yucao 2* =16 npu
IeleHUN Ha 3 AaéT ocTaTok 1, moatomy umcio 2% Toske maér
octaTok 1 mpu mejseHun Ha 3.

2. Boibepem u3 ctopoH BA um BC MEHBIIYI0O U OTJIOMKUM
Ha 0OoJIbINIell CTOPOHE OT TOUKU B OoTpes3ok, paBHBIN MeHbIIe
cropone. Hampuwmep, ecium BC < BA, kak Ha puc. 86, TO MBI
OTJI0KUM OTpe3ok BA’, paBubiii orpesky BC. 3arem mpose-
IEM uepes BepIUIMHY B npsamylo, mapajieabHyio npamoii A'C.
IIpamasa KL pacmojiokeHa B II0JIOCE, OTPAaHUUYEHHON IPAMOI
A'C u npoBenéHHON TpAMOM. AHAJIOTMYHO CTPOUTCA II0JIOCA,
B KOTOpPO# 3akJjioueHa npamas MN.

Puc. 86

3. Cm. pemrenue 3agauu 1 gaa 10 ximacca mpu n=17.

4. Eciu BuIIyKJIas (PUTypa COAEPKUT MIPAMYIO [ M TOUKY
A, TO OHA COAEPIKUT U IOJIOCY, 3aKJIOUEHHYIO MEXKIY IIPAMOI
[ 1 TpsaMOIi, IPOXOAAIIEN Uepe3 TOUKY A ImapajijiebHO IpPs-
moit [. Ecau mo o6e CTOPOHBI OT JaHHOII HPSAMOII eCTh CKOJb
YrOAHO JTajIEKVEe OT Heé TOYKM, TO MbI IIOJYYaeM IJIOCKOCTB;
€ecJau TaKue TOUKHU €CTh TOJBKO II0 OAHY CTOPOHY OT AAHHOI
IPAMOIi, TO MBI IIOJyYaeM IIOJIYIJIOCKOCTD; €CJI BCE PAaCCTO-
AHUSA OT TOUEK MAaHHOW BBIMYKJION (pUTYpPhI A0 TOUEK AaHHOU
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IPAMOI He ITPEBOCXOIAT HEKOTOPOT'O UMCJIA, TO MBI ITIOJyYaeM
IIOJIOCY .

5. IlycTs TOUKM IlepeceueHUs OKPY:KHOCTEH 0003HAUEHBI
TakK, Kak Ha puc. 87. BocmoabsyeMcsa CBOMCTBAMH OPUEHTH-
POBaHHBIX YIJIOB MEXKIAY TPAMBIMU:

Z(B1A1, A1Dy) = Z(B1Ay, A1A) + L(AA,, A Dy) =
= /(B:B, BA) + Z/(AD, DD,),
Z(B:Cy, C1D,y) = Z(B:Cy, C,C) + Z(CCy, C1Dy) =
= /(B.B, BC) + Z(CD, DDy).
ITosTomy paBeunctso /£ (B1A, A1 D) =/(B,Cy, C1D;), KOTOPOE
o3HauvaJyio ObI, YTO TOUKa A; JIE:KUT Ha OKPYsKHOCTH, IIPOXO-
nsamen depes Touku By, C; u D;, 95KBUBAJI€HTHO PAaBEHCTBY

/ (BB, BA) + /(AD, DD,) = /(B,B, BC) + /(CD, DD;).

Yrobbl JOKAa3aTh IIOCIENHEe PABEHCTBO, BOCIIOJIb3YEMCS TEM,
qTo

/(AB, BB,) + Z(BB,, BC) = /(AB, BC) = Z/(AD, DC) =
— /(AD, DD,) + Z(DD,, DC).

YuurwiBas, uro L(AB, BB,) =—/Z/(BB,, AB) u Z(DD,, DC) =
=—-/Z(DC, DD,), monryuaem Tpedyemoe.
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9 Kaacc
1. 3anumieM JaHHYy0 TaOJIUIY B BUIAE
k-0+1, k-0+2, eeey, kR-O+E,
k-1+1, k-1+2, eeey,  k-1+E,
(E—DEk+1, (k—1E+2, ..., (k—1)k+E.

Kaxxgoe dmciio TabaIuILl IIpeacTaBiaeHo B Buge ka +b, roe 0 <
<a<k—-1ul1<b<k. Bygem oTaeabHO CYMMUPOBATh cjarae-
Mble ka u caaraeMmble b. VI3 KamOI0H CTPOKHU BBIIIMCAHO B TOU-
HOCTH OJHO YMCJIO, II03TOMY OyAyT IPHUCYTCTBOBATL CJiarae-

Mble ka s xaxxmgoroa=0, 1, ..., k— 1. VI3 kaskgoro croJoda
BBIIIMCAHO B TOYHOCTH OJHO UMCJIO, IIOITOMY OYAYT IIPUCYT-
CTBOBAThL cJaraemsle b misa xaxxkmoro b=1, 2, ..., k. Takum

obpasom, MCKOMas CyMMa paBHA

EO+1+24 ..t (k—1)+(1+24...1k) =

. k(E—1)  k(E+1)  k(E+1)
=kt Ty =T

2. Ilyete S; u S, — mamuble OKpy:KHOCTH, O U Oy — uX
IeHTpsl. PaccMoTpuM OKPYIKHOCTH S), KOTOpasd IOJIy4aeTcs
U3 OKPY’KHOCTH Sp IIEPEHOCOM Ha BeKTOp 0,0;; LEHTp JTOi
OKPYJKHOCTH COBIIaZaeT C IIEHTPOM OKpy:xkHoctH S;. IlycTh
A; — TOuYKa OKPYKHOCTH Si, Ay U A, — TOYKU OKPYKHOCTEH
Sy u S5, coorBercTBylomue apyr apyry. Ecau M — cepenuua
orpeska A;Ay, a M’ — cepenmHa orpeska A;A5, TO MM' =
:%M:%Og—O; (puc. 88). ITosToMy MOIKHO PACCMOTPETH
cayuaii, Korma JaHbl JBe KOHIEHTPUUECKHEe OKPYsKHOCTH: IO-
ayuerHoe 'MT HY)KHO IIPOCTO CABUHYTH Ha BEKTOP %ol—o; .

IIycts O — oOIIU IEHTP ABYX OKPY:KHOCTEH pammycoB R
u r, npuuyéM R>r. @PuxkcupyeM Ha OKPY'KHOCTH pajguyca r
TOUKY A U PacCMOTPUM CepeanHbI BCeX OTpe3koB AB, rae Tou-
Ka B mepemelriaeTcs mo OoKpy:KHocTu pagmyca R. OHuM obpa-
3YIOT OKPYsKHOCTb, TOMOTETHUHYIO OKPYsKHOCTU panuyca R c



Pewenus. 1955 200 279

Puc. 88

IeHTpoM romoreTuu A u Koaddunuenrom romoretuu 1/2. Ca-
Masa O0nmsKasa K O TOUKa MOJyYeHHOW OKPYKHOCTU HAXOIUT-

csA Ha PacCTOSHUU ?, a camas JaJiéKas — Ha PaCCTOSHUU
%. JlefiCTBUTESBHO, BBEIEM CUCTEMY KOOPAUHAT C HAUAJIOM
B Touke O, HampaBuB ocbh Ox
mo ayuay OA (puc. 89). Tourka A
uMeeT KOOPAMHATY I, a camas
OJu3Kadg K Hell Touka B; u ca-
Masa maJéxkas OT Heé Touka B
OKPY:KHOCTH panuyca R mmeroT
KoopauHaTel R m —R cooTBeT-
crtBernHo. IlosToMy cepemuHBI OT-

pesxoB AB; u AB, uMelT KOOp-
—R+r
IUHATHI — Puc. 89

Ecau Touxka A Oyaer gBUraTh-
Cs TI0 BCEH OKPYKHOCTH, TO MBI

r
TOJIYIUM KOJIBIIO C BHYTPEHHUM PaiMyCOM —j;— U BHEITHUM
R+r

PajuycoM ——.

3. Ecimu x=0 nium +1, To y=+1 nau 0. dcHO TakKe, UTO
x#—1u y+#—1. IlosTomy pellleHuil TaKOro BHUAa POBHO IBa:
x=0, y=1u x=1, y=0. IlokaxeM, 4YTO APYTruUX peIIEHUNA
HeT.
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Hac unrepecyer cayuaii, korga 0<|x|, |y|<1l. B Takom
cayqae |x|® + |y |> > x* +y* = 1. Hosromy ecam umciaa x u y o6a
TIOJIOJKUTENbHEBI, TO pellleHuil HeT. Eciau oba aTu umcaa oTpu-
ImaTeJIbHBI, TO PemnieHuii To:ke HeT. IlycTh Temeph, Hampumep,
x>0uy<0. Torga x% + y3 < x® < 1. B aToM ciyuae pelreHui
TOKe HeT.

4. Yucna a4, ..., a, IPOCTHIE, IPUUYEM BCE OHU CTPOTO GOJIB-
111e p, MO9TOMY HU OJHO M3 HUX He AeJuTCcs Ha p. PaccMoTpum
OCTATKU OT JIeJIEHUS 9TUX YKCces] Ha p. B pesyabTare MbI IOJY-
YUJIU P OCTATKOB, oTauYHBIX oT (0. CiaemoBaTeabHO, €CTh ABa
yncia a; u a;, Jaioliie oJUHAKOBble OCTATKU IIPU JeJIeHUU Ha
p. IlosTomy ux passHocTh genurca Ha p. Ho a; —a;= (i —j)d,
rae d — pasHocTh mporpeccuu. dwucso |i— j| cTporo mMeHbIe
P, IO3TOMY Ha p TOJIXKHO OEJUTHCA YNCIOo d.

5. Orpesox CE 1mepeceKkaeT OTPE30K
AD unu orpes3ok BD; mycTh OJid olpeje-
JIEHHOCTH OH IlepeceKaeT OTpe3oK AD B
rouke P (puc. 90). Torga AP + PC > AC
u EP+PD>ED, nostomy DA + EC=
=(DP+ PA)+ (EP+ PC)=(AP+PC) +
+ (EP + PD) > AC + ED. CnenoBaTesb-
"Ho, EC—ED > AC — DA >1. Anajoruu-
HO ecau orpe3ok CE mepecekaer oTpe-
30K BD, to EC—-ED >BC —-DB>1.

10 xaacc

1. Tabauma cuMMeTpHUUYHA OTHOCUTEJIBHO AHMArOHAaJU, II0-
9TOMY KasKIOMY UHCJIY, PACIOJOKEeHHOMY BHE IHMaroHaJu,
COOTBETCTBYET PaBHOE €My UHCJIO Ha CHMMETPHUYHOM MecTe.
3HauuT, BHEe AUATOHAJN PACIOJIOKEHO YETHOE YMCJIO eqUHUII,
YETHOE YMCJO ABOEK 1 T.nA. Ilo yciioBmi0O B KasKIOW CTPOKE
BcTpeuaroTcsa Bce unmciaa oT 1 go n. ITosToMmy B KasKI0# CTpOKe
J1000e umeyo oT 1 10 n BecTpedyaeTcss pOBHO OOWH pas, a BCEero
B Ta0JIMIle OHO BCTPeUaeTcs POBHO 1 pas, MPUUEM BHe Auaro-
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HaJI OHO BCTPEUaeTcA UYETHOE YMCJIO0 pas. dmcao n HeuYeTHO,
IIOATOMY KasKJ0e UMCJIO OT 1 [0 7 BCTpeuaeTcs Ha AUATOHAN
HEUETHOE YMCJIO pas; B YACTHOCTHU, KaKJoe YucJo oT 1 1o n
BCTpeUaeTcs Ha AUAroHAJM HO KpaliHell mepe oamH pas. Ho
HaA AUATOHAJIW BCErO I MECT, II09TOMY KasKJoe YmMcJao OT 1 1o
n BCTpevaeTcs Ha AUArOHAJW POBHO OJWH pas.

2. CMm. perrrenue 3agaun 3 ajas 9 xiacca.

3. Ilycts maHHBIE IpAMBIe [, U [y IepeceKaTcsa B TOUKe
O. Ilposeném uepe3 Touky O MHepHEHAUKYIAP K IPAMOM [y
(puc. 91). IIpu coxaTuu B Hampas-

JeHuu upamoii l; ¢ KoapduimeH- — 5
oM 1/2 KaKgas TOUuKa 5TOTO Iep-

MeHAUKYJaApa IiepeMelraeTca Iia- 0 ]
paiebHO OpAMOil [;, II03TOMY /04 !
paccroanue ot Heé a0 TouKu O ~
yBeJIn4YuBaeTcsd. Puc. 91

4. Cwm. perteHue 3agaun 5 g 9 Kjaacca.

5. Bribepem Touku A, B, C Ha OZHOM PACCTOSIHUU OT TOUKU
O. Torma Bce ykasaHHbIe YIJIBI OYAYT yIJIaMU HIPU OCHOBAHU-
sIX paBHOOEAPEHHBIX TPEYrOJbHUKOB, & YroJl IPU OCHOBAHUU
paBHOOEIPEHHOTO TPEYTOJbHUKA 003aTEIHLHO OCTPBIMH.

Bropoii Typ

7 Kaacc

1. IIycrs x® —2y® — 422 =0, rge x, y, z — IeJable YuCa.
Torga uncio x uétHo. Ilocae 3aMeHsl X = 2x; IMOJydyaeM ypas-
nenue 8x3 — 2y® — 423 =0. Coxparum ma 2: 4x3 —y3 —223=0.
3Hauutr, ymcao y uérHo. Ilocie s3ameHBI y=2y; IoJaydyaem
ypaBuenue 4x3 — 8y3 — 223 =0. CuoBa cokpatum Ha 2: 2x3 —
—4y3 — 23 =0. 3uauur, yncyuo z uérro. Ilocie 3ameHsl z = 22,
nosydaem ypasHenue x5 — 2y3 — 423 =0, koropoe mmeer TaKou
e BHUJ, KaK M MCXOAHOe ypaBHeHUe. I103TOMYy CHOBA MOKHO
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JloKasaTh, UTO YHMCJIA X1, Y1, 21 YETHHI U T. . Ho 9TO BOBMOMK-
HO JIUIIb B TOM cjiydae, Korma x =y =2z =0.

2. fdcuo, uto a >0 u ¢ > 0. PaccMoTpuM 3HAUEHUSA X, PaB-
Hele 1, 2, ..., n. Ecau ogHOo u3 umces a u b OTIWYHO OT HY-
Js, TO TpéxuigeH ax?-+bx-+c¢ IpU TAaKUX X NIPUHEMAET IIO0
KpaiiHeil Mepe n/2 pasIuYHBIX 3HAUEHUH. ITU 3HAUYEHUA 3a-
kioueHsl Mexgy 0 u an®+ |bjn+c. KoamuectBo pasnmy-
HBIX TOUYHBLIX UYETBEPTBIX CTeIleHell, 3aKJIOUEHHBIX Mexay O
u an®+ |b|n+c, e mpeBocxogut +/an?+|b|n+c+ 1. Ioaro-
my van?+|bjn+c+1>n/2, r.e. an®+|bjn+c> (n/2 —1)%.
IIpu oueHb OOJBIINX 7 TAKOE HEPABEHCTBO BBINOJHIATLCS HE
MOJKeT, TOCKOJIBKY (n/2)* 6yzmer ropaszmo 6osblie, yeM an?.

3. Llentp O, BHEBNUCAHHON OKPYsKHOCTHU, KacaloIeiicsa cTo-
poubl BC, aBisieTcs TOYKOU IlepeceueHus OMCCEeKTPUC BHEII-
HUX yriaoB mnpu Bepinuuax B u C. ITosTomy

180° — £C 180° — /B

Z0,CB = % n Z0.BC= 3 .

CiemoBaTreabHO,

180° — £C _ 180° - /B

2 2 -

_ /B+/C _ 180° - /A

- 2 - 2
Amajgornuso gokaswsiBaercs, uTo £Z0:0,05<90° u Z0,0350;, <
< 90°.

4030102 == 43010 == 180O -

< 90°.

4. BmecTo mraxmaTucTOoB OyaeM paccMaTPUBATL pPas3Idd-
Hble umcjaa u O0yAeM HMCKATh CPeau HUX caMoe OOJIbIIoe U cJje-
IyIoIllee 3a HUM II0 BeJUUYMHE. PerliuM s3agauy OJd 1 pasjand-
HBIX 4YMcCeJI.

HoxaxeM, UTO ABa caMbIX OOJBIIUX YMCJIA MOYKHO HAWTH,
CPaBHUB 1 + m — 2 mapbl 4YuceJ, TAe Iejloe UHCJI0 M OIIpeze-
asgerca HepaBeHcTBamMu m — 1 <log, n < m. B Hamem ciyuae
m=>5, mosromy n+m — 2= 28.
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CHauaJjia fOoKasKeM CJIeIYIOIIYIO JIeMMY.

Jevmma. Ecmv nabop u3 n> 2 yucea. Ha nepgom uiaze o
desumcs npuMepHo NONoaaAM, m.e. ecau n 4émuo, mo oH Oe-
aumes Ha 08a Habopa u3 n/2 uucea, a eciu n HeLEMHO, Mo
Ha 0ea Haoopa u3z (n—1)/2 u (n+1)/2 uucen. Ha emopom
waze ¢ kaxOvim HAGOPOM, 8 KOMOPOM ecmb no Kpalinel mepe
0sa uucaa, nosmopsemcs mo e camoe u m.d. Ilycmv npo-
uecc 0oCcmMaHaBAUBACMC NOCJe M-20 ULaza, K020a 8 Kaioom
Habope ocmaémcs po8HO 00HO uucao. Tozda wucao m onpede-
asemces Hepasencmeamu m — 1 <log, n < m.

HoxasaTeabcTBO. MHAYKIIUEN IO m JIETKO JI0Ka-
3aTh, 4TO AJs Habopa u3 2™ !+ 1 uncen mpolecc ocTaHaB-
JIUBAETCsS IIOCJEe M IIaroB, IMOCKOJIBKY ITOCJIEe TIEePBOTO Iara
66BNt 13 Ha0opoB comep:xkut 2™ 2 + 1 uncesn. SIcHo Takxe,
uTo A Habopa 3 2™ ynces IMPOIECC TOXKE OCTaHABJIMBAETCA
IocJje m IIaros.

Takum obpasoM, AJsa Habopa W3 1 YWCEJ IPOIECC OCTa-
HaBJIMBAETCS IIOCJEe M IIaroB TOTJa W TOJBKO TOT[a, KOrja
2m-141<n<2m, 1. e. 2" 1 < n< 2™, JlorapudMupys st Hepa-
BEHCTBA, IIoJiyuaeM TpebyeMoe.

Bymem mociemoBaTenbHO OEeJUTh HAOOP W3 N UUCEJ IIPU-
MEPHO IOI0JIaM, KaK 9TO ommcaHo B JiemMme. CorjiacHo JieM-
Me IIPOIleCC OCTAHABJIMBAETCA IOCJE M IaroB. I'pyInbel, TOJIy-
yeHHBbIe Ha (m — 1)-M 11are, COCTOAT M3 Iap UKCEST U OTIEJb-
HBIX YHnceJs. B KaKIol TaKol Ipylilie CPaBHUM YMCJIa W Ha-
IEéM cpeau HUX HauboJsibiee (OTAeNbHbIE YKC/Ia I0OKA HU C YeM
He CpaBHUBAIOTCS). 3aTeM aHAJOTHMUYHO HAUAEM HAMOOJILIIIee
YKUCJI0 B KasKIOW TpyIIe, IMOJydYeHHOW Ha (m — 2)-m Imare,
u T.7n. B pesyabrare HaiigéMm Hambosblee uucao. IIpu sTom
Oyzmer cmenano n — 1 cpaBHeHuii. lleficTBUTEIBbHO, IIPU KaiK-
IOM CPaBHEHUU OTCEMBaeTCsA OAWH KaHIuIAT Ha 3BaHUE Hau-
0OJIBIIIeTO UMcja, IPUUYEM B pedyabTaTe OyaeT orcesHo n — 1
YHUCIIO.

3aliMéMcs Temeph IMOMCKOM BTOPOTO II0 BeJMUYNHE YMCJA.
fAcHo, UTO OHO BBHIOBLLIO U3 AaJIbHeIilneir 60pPLOLI B Pe3yabTaTe
CpPaBHEHHUS C HAMOOJIBIIINM UYMCJIOM, IIOCKOJBKY OHO 0OJbIIe
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J1000ro Apyroro uucjaa. Takum oOpasomM, BTOPOE IO BeJIUUNHE
YKUCJI0 HYKHO MCKATH CPeAu TeX YHCesJ, KOTOpble CpaBHUBA-
JUCHL HEHOCPEACTBEHHO C CaMbBIM OOJIBIIIMM YHCJIOM. Tarkmx
yuces m. BeibpaTs u3 HUX HauboJIbIllee MOXKHO 3a m — 1 cpas-
HeHUi (mocje KamIOT0 CPaBHEHUS MBI OCTaBJIsIeM OOJIbIlIee
YKCJI0, a MEeHbIIIee UNCJIO B JaJbHEHIeM y:Ke He paccMaTpu-
BaeM).

HoraskeM, 4TO cpaBHEeHUeM MeHee 7+ m — 2 map 4uces B
o0IreM ciyuae 000MTHUCH HeJIb3s.

Bymem roBopuTh, UTO UMCJIO npouzpviéaem cpaBHeHUe, ec-
JU OHO OKAa3bIBAaeTCs MEHBIIIe UICJA, ¢ KOTOPHIM OHO CpaB-
HuBaetrcs. IlycTh k; — KOJIMUYECTBO UMCeJ, IIPOUTPABIINX HE
MeHee i cpaBHeHUI (KOCBeHHBIE ITPOUTPLININ, KOTAa U3 Hepa-
BEHCTB a < b u b < c menaercs BBIBOJ, UTO a < ¢, He YUUTHIBA-
IOTCS; KOJIMUECTBO BCEX IIPOUTPLIIIEH PABHO KOJUUECTBY BCEX
cpaBHenuit). Torga cymma Bcex umcesa k; paBHA KOJUUECTBY
BCEX CPaBHEHUM, IIOCKOJIBKY IIOCJIe Ka)XJOT0 CPABHEHIS POB-
HO OOHO U3 uucea k; yBeaumuuBaercsa Ha 1. [leficTBuUTeIbHO,
IIYCTh IIPU OUEPEJHOM CPABHEHUU IIPOUTPHIBAET UHCJIO, KOTO-
poe yxxe Impourpaso j cpaBHeHuii. Torzga k; ; yBeanduBaeTcs
Ha 1, a ocTayjbHBIE UKCaa k; HE U3MEHIIOTC.

KosnmuecTBo Bcex cpaBHEHUH He MeHbIe kB + By, IIOATOMY
JOCTATOYHO J0Kas3aThb, YTO IIPU JOOOM aJITOPUTMEe CpaBHe-
HUN MOJKET HOJYUYUTHCSA TAaK, UTO IOCJE TOT0, KaK YAAJIOCh
BBISIBUTL HaMOOJIbIIIEE YMCJIO U CJAEeAYIolllee 3a HUM, OyaeTr
BBITIOJIHATHCSA HEePaBeHCTBO ki + ks > n + m — 2. Ilpexxge Bcero
3aMeTHUM, UTO IIOCJIe TOTO, KaK aJrOpuTM 3aKOHUUT padoTy,
OyIeT BBINOJHATHLCS HepaBeHCTBO ki >n — 1, MOCKOJBKY Bce
qucaa, KpoMe OJHOTO, MOJKHBI OBLIN KOMY-TO IPOUTrpaTh (ec-
Ju OBl IBa UYMCJa HUKOMY He MPOUTpPan, TO MBI He 3HAJHU ObI,
Kakoe u3 HuX OoJbire). Ocraéresa moKasaTh, UTO IPU Heygau-
HBIX HMCXOJaX MOJKEeT BBITIOJNHATHCS HEPABEHCTBO KBy >m — 1.

Ha xaxgom mrare paboTsl aaroputma OyaeM Ha3bIBATDH JU-
OJepom dYMCJIO, KOTOpPOe THOKAa HUKOMY He mpourpajo. Iloka-
JKeM, UTO HePaBEeHCTBO ks > m — 1 BBITIOJIHAETCS, €CJIU NCXOMbI
CpaBHEHUH CJeyIoIIne:
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1) mpu cpaBHEeHHUHU ABYX He JUAEPOB PE3yIbTAT IIPOU3BOJIb-
HBIN;

2) mpu cpaBHEHWH JHuAEpPa C He JUIEPOM BCerga BBIUTPHI-
BaeT JIUIEP;

3) Ipu cpaBHEHUU ABYX JUIEPOB BLIUTPBLIBAET TOT, ¥ KOTO
OBLIIO 0OJIbIITe BREIMTPHIMIEH (€C/IM BBRIUTPHIIIEH ObIJIO IIOPOBHY,
TO Pe3yJabTAT IIPOU3BOJBLHBIMN).

Takwe mcxoabl CpaBHEHU BO3MOYKHBI IIOTOMY, UTO Ha JIH-
Jepa HeT HUKAKMUX OTPaHWUYEHHUI CBEPXY: €CJIU ero yBeJu-
YUTh, TO PE3YJIbTAT IPEILIAYIINX CPABHEHUII He U3MEHUTCS.

BBenmém Temepbr moHsATHe noduuHeHus aunepy. llepBoHa-
YaJbHO BCE UMCJA MOJUMHEHBI TOJbKO caMuM cebe. ITpu cpas-
HeHUAX TuUma 1 m 2 moguyuMHeHHe JHAepaM He H3MeHSeTCsd.
Ilpu cpaBHeHUUM TUIIA 3 HTPOUTPABIIUUA W BCE €r0 IMOTUNHEH-
HbIe IIePeOoAUNHSIIOTCA HOBOMY JIUAEPY.

Ilokaxem MHAYKIIMENH IO k, UTO €CJaU JHUAEP BBIUTPA k
cpaBHeHUIl, TO eMy IIOAUYNHEHO (BMecTe ¢ HUM caMuM) He 00-
snee 2F uucen. Ilpu k=0 auzepy HOAUMHEH TOJIBKO OH CAM.
IlycTs nupep, BLIMTPABIINKA k£ cpaBHEHUII, BLIUTPLIBAET Y KO-
ro-To B ouepenHoii pas3. ToT, y KO0 OH BBEIUIPAaJ, II0 HAIIIEeMy
COTJIAIIIeHUIO BLIUTPAJT He OoJiee k cpaBHeuwuii. [losToMy Kak
BBINTPABIIEMY, TaK U IIPOUTPaBIIeMy IOJUYMHEHO He Gosee 2F
yuces; OPU O0BbeAMHEHUU STUX OBYX TPYII IIOJIydaeTcsa He
6osee 2Ft! uncesn, uTo U Tpe6oOBAIOCH.

Wrak, HanbosbIillee YMCJI0 BBHIUTPAJIO IO KpalHel mMepe m
CpaBHeHUII, IIOCKOJBbKY €My B UTOre OyAyT IMOAUMHEHEI BCe N
yuces. Cpequ m 4uces, IPOUTPABIINX HAMOOJILIIEMY YUHCIY,
€CThb TOJBKO OJHO YHCJIO, KOTOPOe 0O0JIbIlle HUKOMY He IIPOUT-
paiso (nHaue MBI He OyJeM 3HATHL BTOPOE II0 BEJUUYMHE UKCJO).
CrnemoBaTenbHO, ky >m — 1.

8 kaacce

1. IIyers f(x) =vax?+bx+ c. Torga

(fx+1)2— (f(x))®  a@x+1)+b
fx+1)+7f(x) — flx+1)+f(x)’

fx+1) —f(x) =
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ciemoBateabHo, lim (f(x+ 1) — f(x)) = v/a. Ilpu mesom x uuc-
X—r 00

a0 f(x+1) — f(x) aBaserca meawim, mosromy v/a=d, rae d —
meJsioe umciao. Kpome TOro, mpu IeislxX X > X, TIe Xo — JOCTa-
TOYHO 0OJIBIIIOE YNCI0, pasHocTh f(x+ 1) — f(x) momxHa OBITH
paBHa cBoeMy mpejeabHOMY 3HaueHuio d. [losoxum y=xo +
+n. Torga f(y) =f(xo) + nd npu Bcex HATypaJbHBIX . TaKUM
o6pasomM,

ay® +by +c = (f(x0) +nd)* = (dy — dxo + f(x,))*

UL BCeX Y = Xo+ n, rae n Hatypaabuoe. Ho Torma Takoe pa-
BEHCTBO MMe€eT MeCTO AJA BcexX y. Urtak, d=+/a u e=f(xq) —
—dxy, TOE Xo — JII000€e I[eJI0e UHCJIIO.

2. Ilepswtii cnocob. Ilycts O 1 Oy — HEHTPHI IIEPBBIX IBYX
OKpysKHOCTeli, O — IIeHTP TpeThell OKpysKHOCTU, A m B—
TOUKM TIepeceueHUusA TPEeThel OKPYKHOCTH C BHEITHEH Kaca-
TeJbHOUM, P — cepenuna nyru AB (toukm P m O; JexKaT IIo
pasHble cTopoHBI OoT mpaMmoii AB). IlpoBeném us Touku P Ka-
caresbHyI0 PQ K OoKpy:KHOCTU ¢ 1eHTpoM O;. [lokaskem, 4TO
PQ=PA. IIlyctb M u N — TOUKU KacaHUSA OKPYKHOCTHU C II€H-
TpoMm O; ¢ IpaAMOH AB U ¢ TpeThbell OKPYsKHOCThIO (puc. 92).
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Tpeyroapauku NO{M u NOP paBHOOeIpeHHBIE, IIPUUEM
/ZNOM = ZNOP, noromy uto npambeie O;M u OP mapajieib-
HBI (OHU 00e meprIeHANKYJIISpHbl npaMmoi AB). IlosTomy mps-
masa M N npoxoxut uepes Touky P. CiemoBaTeabHO,

PQ* = PM -PN = PM - (PM + MN) = PM?+ PM-MN =
= PM?+ AM - MB.

ITycts K — cepenuna orpeska AB. Torma PM? = PK? + KM?
u AM-MB=AK? — KM?, noaromy

PQ* = (PK? + KM?) + (AK? — KM?) = PK? + AK? = AP?.

Takum o6pazom, PO?=PQ*+QO0?=PA%+r2, rae r; — paguyc
OKpPYsKHOCTHU C IeHTpoM O;. AHAJIOTMUYHO JOKA3bIBAETCS, UTO
PO2=PA? +rZ, rue ry — paguyc OKpysKHOCTH ¢ IeHTpoM Os.

IIycts R — Touka KacaHUSA IIE€PBBIX [OBYX OKPYKHOCTEN
(oma mexkur Ha orpeske 0;0,). Torga PO? — POZ=ri —ri=
= RO? — RO%. U3 »storo caenyer, uto PR10,0,, a 3Hauwur,
PR — of0mias BHeNIHAS KacaTeJbHas K IEePBBIM ABYM OKPYK-
"HocTaM. (Tor daxT, yTo MHOKECTBO ToueK X, IJIA KOTOPBIX
XO03% — X032 = const, npeacrasiser coboil NPAMYIO, EPIEHIN-
Kyasapuyoo npamoir O;0,, JIeTKo JOKasaTh METOIOM KOOPIHU-
HAT WJIM BbIBeCTH U3 TeopeMmsbl Iludaropa.)

Bmopoii cnoco6. CrnemaeM MHBEPCUIO C IIEHTPOM B Touke P
u paguycom AP. Torma Tperbs OKPYsKHOCTh U mpsamas AB mo-
MeHSATCA Mectamu. [losToMy mepBas M BTOPAs OKPYIKHOCTH
mepedayT Kaxkmasa cama B ceba. CiemoBaTesbHO, TOUKa R, B
KOTOPOIi OHM KACAIOTCsd, OCTAHEeTCS HemoaBu:KHOI. Takum 00-
pasom, o6e OKPYKHOCTU KacaioTcs npsamoii PR B Touke R. 9To
o3HauaeT, uTo PR — ob11asa xacaTejabHAasd.

3. a) Cm. puc. 93.
6) CymMa Bcex HOMEPOB CTOPOH TPeyroabHuKOB A;OA,, ...,

A,OA, paBHa 3(1+2+...+n)= w Ecan gia xammoro

13 N TPEYyroJbHUKOB CyMMa HOMEPOB CTOPOH OJHA U Ta Ke,

3(n+1) 3(n+1)
TO OHa paBHA ——; T

5 - Ho gna n =10 gucio

He I1eJioe.
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4. TTonoxxkum a=b=1, c=2. Torma TpebyeMoe HepaBeH-
CTBO IIPUMET BUJ

2AB+4AC +4BC > 2AB + %BC n %AC,

7 7
T. €. EAC—F EBC > 0. 9To HepaBeHCTBO BBITIOJIHAETCS IJIS BCEX
MOJIOKUTEJBHEIX A, B, C.

KommenTapuii. I3 oTpe3koB a, b, ¢ Bcerma MOKHO COCTABUTDH BhI-
POKIEHHBIN TPEeyroJbHUK. YTOOBI JOKa3aTh 9T0, moaokumMm A=B=1,C=c¢.
Torma

ab+ec) +blec+a) +ec(a+b) > 3 (c? + ea’ + eb). (%)

1
I[OJIJKHO BBIIIOJIHATHCA HEPaBEHCTBO 2ab = 56‘2, IIOCKOJIBKY MHa4Ye HepaBeH-

cTBO (%) He BBINOJHAIOCH GBI IIPM MAaJbIX €. SHaumr, ¢ < 4ab< (a+b)2.
Yucnaa a, b, ¢ MOJIOKUTENbHBI, TO3TOMY ¢ < a+ b. HepaBernctBa a <b+c u
b < a -+ ¢ JOKa3bIBAIOTCSA aHAJOTUYHO.

5. Yucna [x] u [y] pasiuuubl TOrJa U TOJBKO TOTAA, KO-
rpa yucaa [—x] u [—y] pasauunsl. IloaTomy moctaTouHO pac-

o N-1
CMOTpPeTh cayuaii, korga a > 0. Ecan a < —5—» TO cpeznu umcet
[a], [2a], ..., [Na] ecTb coBmamamIine, MOCKOJIbKY 3T N Uu-
cein comep:xkarcsa cpegu N — 1 umcen 0, 1, ..., N — 2. ITosTomy

N
a> - Te ke camMble pacCysKIeHUs IJd unciaa 1/a moKasbl-
BaloT, 4TO 1 > M1 —_—.
a M M-1
Ilokaskem, uTO ecau % <a< %,
[2a], ..., [Na] pasauunsbl. [leficTBuTEeIBHO, ecau a > 1, TO BO-
obmie Bce umciaa [a], [2a], [3a], ... pasauuHnbl, a ecau a <1,

TO 1—%<a<1, 2—%<2a<2, .., N— 1< Na< N, mosTomy

[kal=k—1pmgnma k=1, 2, ..., N. [lna uyucen [H , [Z} s eens [%]
paccyKIaeHmns aHaJOTrMYHbI.

, T.e. a<

TO Bce umciya [a],

9 Kaacc

1. Iyers (n+1)@=BC, (n+1)b=CA, (n+1)é=AB (puc.
94). Torna A,C, — %HBlcl - n+1 (nb+7¢), C,B=né, BA,—a
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u A1C2 = HLHAIBI = HL-I-I (nZi-i— 5) . ITo-
3TOMY
AzCz— (nb+c)+nc+a+
—1 (nd@+0b).

B moayueHHOM BBIpaskeHHMU Koa((du-
IIUeHThl NIPpU d W ¢ paBHBI (OHM pasB-
2

HBI 1—|——) Kpome Toro, d+b+¢=0,

m09TOMY BeKTOp A,Cy; MTPOMOPIIMOHA- 7 B, b C
JeH b, T.e. AyCy || AC. Iluisi ocTaIbHBIX
IPAMBIX JOKa3aTeJIbCTBO aHAJOTUUHO.

Puc. 94

KommenTa pu 1. 9ro AOKa3aTeJIbCTBO MOMHO TaKMe IIPOBECTHU C II0-
MOIIBIO IIOHATHUA IIEHTPa Macc.

2. BosbMéM Ha IOJIOMKHUTENLHOI moJyocu oTrpesxku [1, 2],
2 b
for aauny 1/2, 1/4, 1/8, ... (puc. 95). Ha orpunateabHO II0-
Jyocu BO3bMEM CHMMeETPHUUYHBIe UM OTpe3Ku. [lorkaskeM, UTO
9Ta cucTeMa OTPEe3KOB 00JIaZaeT TPpeOyeMbIM CBOMCTBOM.

1 1 3 3
[2— 35} . [31, 41} 5 +eey IPOMEXKYTKH MEXKIY KOTOPBIMU HMeE-

6 -5 4 -3 -2 -1 0 1 2 3 4 5 6
Puc. 95

PaccmorpuMm apudmMeTruuecKyo Iporpeccuio {a,} c I0Jo-
JKUTeJbHON pasHocThbio d. Ilpeamoso:kuM, UTO Bce UmcIa a,
IIOIIaal0T B IPOMEKYTKM MEXKAY BBIODAHHBIMU OTPE3KaMU.
IIycte N — HeKoTOpOe IIOJOKUTEJIbHOe 4YMcIo. BbibepemM n
Tak, 4To a,>N. Mexny a, u a,,; PaCIOJOXKeHbI BBLIOpPAH-
Hble HAMU OTPE3KHU C OOINel MJINHON X U IPOMEKYTKU MEXKIY
HUMHU C o0med mgaumHON y (BodmoxKkHO, x =0 mau y=0). Co-
TJIACHO IIPEJIOJIOXKEHNIO a4, U 4, 1 IONAaJal0T B IPOMEKYTKU
MeXKJy BBIOPDAHHBIMH OTPE3KaMU, IIOATOMY YUCJIO X IeJ0e U
y>0.
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IIycts d; — maubosbliiee Iiej0e UMCJIO, CTPOTO MeHbIlee d,
a dy=d—d;. fAcuo, uro 0<dy<1. Eciu N pgocrarodHo Be-
JIUKO, TO O0IIasa IJIMHA IPOMEKYTKOB MEKAY BBIOPAHHBIMU
oTpe3KaMu, Je:Kalux npasee N, MeHbIlie dy. B Takom cayuae
y<d,. flcuo Takxe, uro x < d;. [Tosaromy d=x+y<d;+ds;=d.
IlonryuenHOE mpOTMBOpEUVE TIOKA3BIBAET, YTO &, UJIH G, 1 I1O-
majaeT B BBIOPAHHBIN OTPE30K.

Eciu d <0, To aHasmoruuHble paccy:KJeHUA MOYKHO IIpuMe-
HUTH K OTPE3KaM Ha OTPUIATEJLHOM ITOJYOCH.

3. Ilepemnuiiem JaHHOE ypaBHEHUE B BUJIE
% a2 Gn
1=+ S+ + .

IIpu x>0 dpyurnuda f(x) = % + % +...+ % MOHOTOHHO yOBbIBa-

€T, II0O9TOMY OHA Heé MOKET IIPMHNMAaTh 3HaYeHue 1 IIpm aByX
Pa3INYHBIX IIOJIOKUTE/JIbHBIX SHAYEHUAX X.

Kommenrapui. ChopMyrnpoBaHHOE B YCIOBUU 3aTaull YTBEPIKIE-
HUe IpeIcTaBJdgeT co0O¥ YacTHBIN ciydail mpaBuia 3HakoB [lexkapra, 1mos-
BOJISIOIETO OI€HMBATH UNMCJIO KOPHEIl MHOTOUJIeHA HA JaHHOM HHTEpPBAJe.

4. Cwm. pemtenue 3agaun 2 g 8 Kjacca.

5. ITocmoTpuM cHauajga, ¢ KeM wurpana 1-ii. MoxHO cuu-
TaTh, 4TO 1-if u 2-# chIrpaju IPOTUB 3-TO U 4-T0, a 1-if u 5-i
CBITPAJIM IIPOTUB 2-TO U 3-TO (9TOr0 MOXKHO HOOUTBHCA, IIOMeE-
HAB MecTaMu 3-T0 U 4-T0). 3-i1 UTPOK yiKe OBLLI ABa pasa IIpo-
TUBHUKOM 1-TO, II09TOMY OpPOTHUB 1-TO0 m 4-T0 uUrpaimoTr 2-ii u
5-11. ITocae aToro 2-if He MOYKET UTPATh IPOTUB 1-T0, TOSTOMY
mpotuB 1-ro u 3-ro urpaioT 4-it u 5-i. OcraéTca mocaegHssa
nmaptus: 2-ii u 4-ii UrparoT IPOTUB 3-TO U H-TO.

10 raacc
1. Muorouyen f(x) meauTcsa HA X — g, TIOTOMY

f) = g@) (x—2).
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IIycts g(x) =box™ ' +byx" 2+...4+b,_,. Torma

ap =by, a;=2"b, —bog, as = by _bllza
q q
eey Ap1 = bnfl - bn72§a a, = _bnflg-
Yucmno by =a, menoe. PaBeHcTBo ga; = qb; — pby mokaswiBaer,
uTro umncyao qb; menoe. PasercTso g?a, = q%b, — gb,p moxasbIBa-
eT, 4To 4ucjo ¢2b, mesoe, u T. f. TakuM 06pa3oM, MHOTOUYJICH
q" 'g(x) umeer mesble KOd(PMUIMEHTHI.

Pasenctso ¢"f(k) =q" 1g(k) (¢gk — p) mOKa3bIBaeT, 4YTO UHC-
a0 q"f(k) menutcs Ha gk —p. Yucaa ¢ u p B3auMHO IPOCTHIE,
moaTomMy umcsaa ¢" u gk — p ToxKe B3amMHO mpocThie. CiemoBa-
TeJIbHO, umcyo f(k) memurcs HA gk — p.

2. CMm. perrrenue s3agaun 2 ajas 9 xjacca.

3. Ilycrs S — BepiiumHaA KOHyca, S’ — TOUKa mepeceueHus
IIJIOCKOCTH OCHOBAaHUS KOHYCa C IPSIMOIl, IPOXOAAIei uepes
TOUKY S ¥ MCTOUHUK cBeTa. Eciu Touka S’ mpUHAIJIEKUT OC-
HOBAHUIO KOHYyCa, TO TeHb OT KOHYyCa COBIIAJAET C €r0 OCHOBA-
HueM. B pasbHeiimem OymeM cuMTaTh, YTO TOUuKa S’ He Ipu-
HAIJIe;KUT OCHOBAHUIO KOHyca. PaccMOTpUM cHavaJja ciayudaii,
korma H > h. IlokaskeM, 4TO TE€Hb OT KOHYCA IIPEACTABJIAET
coboii (urypy, saiITpuxoBaHHYI0 Ha puc. 96, a). [eiicTBu-
TeJIbHO, ecau A — TOUKA OCHOBAHUA KOHYCA, TO TeHb OTPe3Ka
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SA — 510 0oTpe3oK S’'A. AHAJIOrMUHLIE PACCYIKIEHUS IIOKA3EI-
BaIOT, 4TO ecau H =h, TO TeHb — 9TO MHOKECTBO, 1300paKEH-
Hoe Ha puc. 96, 0), a ecau H < h, TO TeHb — 9TO MHOKECTBO,
usobpaskénuoe Ha puc. 96, B).

HecnoxxHble BLIUMCIEHNUSI C HOLOOHBIMM TPEYTrOJbHUKAMN

IIOKA3bIBAIOT, YTO PACCTOSHME OT TOUYKM S’ [0 IleHTpa oc-
h .

H——h‘ =s. Ilyers a=arcsin(r/R) u

B =arcsin(r/s). Ilpu H > h oTHOIIeHUE OCBEIIEHHON Nyru KO

t—B+a

HOBaHUA KOHYCa PaBHO ‘

BCell OKPYKHOCTU pagmyca R paBHO , eciu s> R (ec-
an ke s < R, TO ocBellleHa BCSA OKPY:KHOCTB); npu H =h 3T0

T—a T—a
OTHOIIIEHNE PABHO ——; IIPH H < h oHO paBHO —

4. Tlpenmoa0KUM, YTO €CTh ABE IIapbl TPOEK, Y KOTOPBIX
0011I1e TOUKU pasHble. Eciiu Bce ueThbIpe TPOMKHU, BXOLAIINE
B 9TU IIaphbl, PasHble, TO HOJiydyaeM KOHGUTypaluio, n3odpa-
JKEéHHYI0 Ha puc. 97, a). Ha sToM pHCYHKe 3alITPUXOBAHBI
TPEeyroJbHUKU, HATAHYTHIE Ha TPOUKM TOUEK, a moMeTKu 1, 2,
3 Touek 9TOM KOH(MUTrypalluu BBIOPAHBI TaK, UTO Ji00asd mapa
TOYEK C PA3HBIMU IIOMETKAMM! BXOJIUT B OAHY u3 TpoeK. Ec-
JU Ke OJHAa TPOoWKa SBJAeTCsS O0Imell IS 3TUX ABYX IIap, TO
moJiyuaeM KOH(MUTYypaInio, n300pakeéHuyo Ha puc. 97, 06).

3
jlice
2 H Eman———
1
3 S
4
2
a)

Puc. 97
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W3 Touek, BXOgAIMUX B 9TU KOH(PUTYpPAIUU, O0JbIIE HEJIb-
38 COCTAaBUTHh HU OJHOM TOIIOJHUTEJIIbHON TPOUKHU TaK, UTO-
OBI BBITIOJIHAJIOCHE TpeOyemoe yciaoBue. Ecii B TPDOMKY BXOAUT
Kakag-Iubo Apyrasd TOYKAa, TO B ATy TPOUKY MOJIKHBI BXO-
IUTH JBEe TOUKU KOH(MUTypaIluM, TOMEeUEeHHbIE OJUHAKOBLIMU
nudpamu. ITosToMy ZOTTOTHUTENBHBIX TPOEK HE MOYKET OBITH
OosbIilie TPEX (MHAUE MOABSATCS TPOWKIM, MMeEIOIue He OOHY,
a aBe oOmIme TOUKM). B pesyabTaTe MbI IOJyUYaeM Topasmo
menbIte 977 Tpoek.

5. To, uto TpeyroabHUK ABC COIEpKUTCS B TPEYTOJIbHUKE
A1BC;, oueBUIHO.

ITokaskem, uTo TOUKH Ay, By, Cy ABIAITCS TOUKAMU IIe-
peceueHuss CTOPOH TpeyroabHuUKa A;B;C; ¢ npamMmeiMu AyA,,
ByB;, CyC;. ITomecTum B TOuku Ay, By, Co maccer 1+ k73,
k=1, k2. IlenTp Macc 3Toil cuCTEeMbI TOUEK MOKHO HAaHTH KaK
IIEHTP MAacC CUCTEMBbI, COCTOAIIell 13 ABYX TOUEK: IIeHTPa Macc
Touek Ay u By ¢ maccamu 1 u k™! (B 3Ty TOUKy IoMeIlaeTcs
macca 1+ k1) u menrpa macc Touexk Ay, u Cy ¢ maccamu k3
u k=2 (B aTy TouKy momemaerca Macca kS + k2); Touka A,
BCTpeUaeTcs 3[ech ABAKALI, IIO9TOMY IIOMEITéHHAaA B Heé Mac-
ca pasbuBaeTcs Ha aBe uacTu. lleHTpoM Macc paccMaTpuBae-
MOM CHUCTEMBI ABJISETCA TOUKA IIePEeceueHmus OTPe3KoB AgA; u
B,C,. letictBuTenbHO, Touka C; — IIEHTP Macc Touek Ay u By
c maccamu 1 u k~!, B; — neHTp Macc Touek A, u Cy ¢ Macca-
mu k2 u k2, A; — nenTp macc touek By, u Cy ¢ maccamu k!
u k2. Takum obpasoM, ecaiu A’ — TouKa IepecedeHUd OTPe3-
KOoB AgA; u B1Cqi, T0 BiA': A'Ci=1+Ek Y :(E2+Ek3) =Ek2,
mosromy A = A,. Iasa touek By u C, MOKa3aTeabCTBO aHAJO-
TUYHO.

JlokasaHHbIl pe3dyabTaT O3HauaeT cJexpyioiee. iaa Tpe-
yroabHUKa A;B;C; MBI gelaeM TO JKe caMoe, UTO U AJISI Tpe-
yroabHUKa AgBoCy, AU, ¢ 3aMeHoll Kosgduiumenrta k Ha
1/k?; tpeyronbauk ABC IpHU 3TOM OCTaéTCA TeM JKe CaAMBIM.
ITonyuenHbI# TPEyroabHUK Ay ByCy CHOBA COMEP:KUT TPEYTOJIb-
HuUK ABC n . 1.
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1956 200 (XIX onumnuada)

IlepBsoIii TYp
7 Kaacc

1. M&I mpeamosaraeM, UYTO HUKaKKWe TPU M3 YEeTHIPEX AaH-
HBIX TOYEK He JieKaT Ha OJHOUW ImpAMOM. BodaMOKHBI 1Ba pas-
JUYHBIX PACHOJIOMKEHUS UYeTBIPEX TOUEK Ha ILIOCKOCTH.

Cayuaii 1. Touku A, B, C u D aBAAIOTCA BepIINHAMU BbI-
MIYKJIOTO YeThIPEXyroabHuKa. CyMMa yriIoB YeThIPEXYTOJNIbHU-
Ka paBHa 360°, mosTOMYy He BCe ero YIJIbI OcTphie. Bo3bMEM He
OCTPBIII YTOJI UeTBhIPEXYTOJbHIUKA; €My COOTBETCTBYET He OCT-
POYTOJBHBIN TPEYTOIbHUK.

Cayuaii 2. Touku A, B, C u D He SABJISIOTCSI BepIIMHA-
MU BBIITYKJIOTO UeTBIPEXyroJbHUKA. Torga omgHa M3 HUX Je-
JKUT BHYTPHU TPEYTOJbHUKA C BEPIIMHAMU B OCTAJbHBIX TOY-
kax. IlycTs nsa onpeme€HHOCTH TOukKa D JIXKUT BHYTPHU Tpe-
yronpHuKa ABC. CymMa Tpéx YIJIOB ¢ BepInuHOII D paBHA
360°, mosTomMy onuH M3 HUX He MeHbIne 120°. 3Hauur, yroJ
mpu BepiuHe D B ogHOM u3 TpeyroabHuKoB BCD, CDA, DAB
HEe OCTPBIH.

2. Tlo ycioBuio cymMma 1mu@p uducaa a u yucjaa 9a omgmHa u
ra xe. [[osToMy COrIacHO IPU3HAKY OeJINMOCTH Ha 9 4mcio a
menurca Ha 9. J[IBysHaumHble Yucia, gesdlnuecs Ha 9, ciaeayio-
mue: 18, 27, 36, 45, 54, 63, 72, 81, 90 u 99. 3 Hux yucja
27, 36, 54, 63, 72 u 81 He obsagaoT TpeOyeMbIM CBOMCTBOM;
B 9TOM MOJYKHO yOeIHThCs, YMHOKAas MX COOTBETCTBEHHO HAa
7,8, 7,3, 4u 9. Ocrasiinecs 4yucja TpedOyeMbIM CBOMCTBOM
00J1aaroT.

3. Uepes TOUKy caMoIlepeceueHHns MIPOXOASAT POBHO IBa
3BeHa JioMaHoi (ecau Obl MPOXOAUIN TPU 3BEeHA, TO KaKI0e
13 HUX JIOMaHas mepecekasia Obl II0 KpaliHel Mepe aBa pa-
3a). Kpome Toro, Ha KasKAOM 3BeHe JIEXKUT POBHO OJHA TOUKA
camoiiepeceueHusa. I1oaToMy, COIIOCTAaBUB TOUKE caMoIepece-
YeHHUS IIapy IepeceKaroluXcs B Hell 3BeHbeB, Mbl HOJYUUM
pasbueHue 3BeHbEB Ha MapHI.
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4. na serumcaenusa HOJIL(51+ 6, 8/ + 7) Bocmoab3yemcsa
teMm, uro HOI (a, b) =HOI (a — b, b). B pesyabTare mosyuyum
HOI (5l+6,8l+7)=HOL(5.+6, 3l+1) =HOHL (2{+5, 3l+1) =
=HOI(2l+5,l—4)=HOI(l+9,l—4)=HOMI(13,l—4). Yucao
13 mpocToe, mosTOMY HaHHAA APO0Ob MOKET OBITH COKpaTHMa
Tonbko Ha 13. Ilpu [=4 MBI mosyuaem ApoOn %, KoTopas
IelCTBUTEILHO COKpaTuMa Ha 13.

5. Ilyctb A—opHa w3 BbBIOpaHHBIX TOueK, B m C — BBI-
OpaHHbIe TOUKHU, YAAJEHHBIE OT Heé Ha paccTosuus 1 u 2 co-
OTBeTCTBeHHO. Pacmosioxxenne B mopsagke ABC HeBO3MOKHO,
IIOCKOJILKY B TAKOM CJIydae JJis TOUKHU B ecTh JBe BLIOpaHHBIE
TOYKU Ha paccToaHuu 1. ITosTomMy TOUKHM pacioo:KeHbl B Ta-
KoM mopanke: C_AB (unu BA _C). Ilycts D — TouKa, yaaJIéH-
Hasa ot C ma paccrosuue 1. Pacmonoxenune CDAB, oueBupi-
HO, HeBO3MOKHO. IlosTomy pacmoJokenme taxoe: DC AB.
IIycts, manee, E — TouKa, ygajéuuas oT B Ha paccTrosHue 2.
Omna pacnoaoxxena ciaenyrmolirnum oopasom: DC_AB_E. IIpoxoJ-
JKad 9TU PACCYKAEeHUA, Mbl YBUAUM, UTO OKPYSKHOCTE JJIMHEI
1956 oxaskercsa pasouroit Ha 1956/3 =652 gyru gauHbl 3
(KoHIIaMU 9TUX YT cayskaT Touku D, A, E, ...). Ha Kaxngoi
Iyre JEeXXUT OfHa TouKa. Bcero moayuaem 2-652 =1304 Tou-
Ku. Bece 3T TOUKM 0043aTEIbHO JOJIMKHEI IPUCYTCTBOBATE.

8 kaacc

1. IIycts X — cepeamua otpeska DE, M — cepemuHa OT-
pesxka AC. Hoctpoum TpeyroabHuku ADX u CEX pgo mapad-
gegorpammoB ADXA' u CEXC' (puc. 98). Touxka X saBisercs
cepenunoii orpesxka DE, mostomy orpesku AA’ m C'C pas-
HBbI. SICHO Tak:Ke, UTO 9TU OTPE3KU IapasjieJbHbI, a 3HAUUT,
AA'CC’' — napamnenorpamm. Ilostomy Touka M — cepemuHa
orpeska A'C’'. I3 pasencrBa orpeskos AD u CE ciexyer, 4To
rpeyroabHuK A’ XC’' paBHOOGenpenHbIi. ITosTomMy ero meaguama
XM saBasieTcsa Takske u Ouccextpucoii. CiegoBaTeabHO, IPA-
masa XM mapajienbHa OuccekTpuce yriia B TpeyroabHUKA
ABC. Takum obpasom, Touka X JeKUT Ha (PUKCUPOBAHHOI
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Puc. 98

OopsaMoi, npoxogsaieir yepe3d Touky M. Mckomoe I'MT — or-
Pe30K 3Toii mpAMOIi, JeKalinii BHyTpu TpeyroabHuka ABC.

1

n
2. Ilyetp a= 100 + oy, Tme n —aegoe uneso u 0 < oy < —— 100"

IlycTs, manee,

1 n

2100 100 T %,
roe m —aesaoe yncao U 0 < oy < —— 100 Hac unrepecyer uucio
1’(7;0 fAcuo, uro 100a=n + 100¢;, mosTomy

n o n 1

10000 = n+1000;
m n 1

Ecau n=0, to —— =0. Ecau e n>0, To ——— > =, 1o-

100 n+100q = 2’

crkoabky 1000 <1. Ipobn m MOJKeT NPUHUMATH Bce

sHaueHus ot 1/2 go 1. JleficTBuTebHO, moaoxuM n = 1. ITpu

1 1
usmeneunuu oq ot 0 1o Too dHCIO 171000 uamMensercsa or 1
mo 1/2.

3. U3 pemtenus 3agauu 5 aasa 7 KJjacca ciegyeT, UTO MU-
HUMaJIbHOE UHMCJIO BhIOpaHHBIX ToueK paBHO 10. Kpome Toro,
crucTeMa BBIOPAHHBIX TOUEK COCTOUT 13 HECKOJbKHX HabOpOB
TaKUX JEeCATOK TOUeK.
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4. Ilyctb al+b=Fkm u cl+d = kn. YMHOXUM TIepBOe ypaB-
HeHHe Ha —c¢, a BTopoe Ha a. CJ0KHUB 3THM ypaBHEHUsS, IIO-
ayuum ad — bc = k(na — mc). CnemoBaTtenbHO, ad — bc neauTtcs
Ha k.

5. Ilpegmoso:kumM, uTo HanbOJIbIIIee YMCJIO & B BELIOPAHHOM
KyCKe CTOUT He C¢ Kpasi. Torga Bce ueTbIpe COCEIHUX C HUM
umucia a;, ds, ds, G4 TOXKE IPUHALICHKAT dTOMY KYCKY, II09TO-

ar+az+as+aq
My a>ay, a>ap, a>ds, @>a,, & BHAUUT, &> —— ————.
C mapyroii CTOPOHEI, II0 ycJaI0BuUIO a = (a; + as + az +a4) /4. Illpu-
XOAUM K IIPOTUBOPEUUIO.

9 kaacc

1. YKasaHHbIe IpPsAMbIE IEePEeCceKalTCs B IEHTPe Macc ue-
TeIpéxyroabuuka ABCD, T.e. B IIeHTPe MAacC CUCTEMBI TOUEK
A, B, C, D ¢ oguHaKOBBEIMU MaccaMu. JlefiCTBUTEJIbHO, TOU-
Ka K sBasercsa meHTpoM macc ToueK A, B, C ¢ eIUHUUYHBIMU
MaccaMu, a Touka L siBisercsa IeHTpoMm macc Touek B, C, D
¢ eIUHUYHBIMU MaccaMM, IIOATOMY cepeamHa oTtpeska KL aB-
JsieTcs ImeHTpoM macc Touek A, B, C, D ¢ maccamu 1, 2, 2, 1.
Anajgornuno cepeguHa orpeska MN sABIseTCS IEHTPOM Macce
ToueKk A, B, C, D ¢ maccamu 2, 1, 1, 2. IlosTomy cepenuHa
OTpe3Ka, COeIUHAIINIEro cepeanabl ctopoH KL nu MN, aBis-
eTcsa meHTpoM macc touek A, B, C, D ¢ maccamu 3, 3, 3, 3.
Cepennua OTpesKa, COeIMHSAIONIET0 cepeAuHbl cTopoH LM u
NK, Toxe ABIAAETCA IIEHTPOM MAacCC TeX K€ TOUYEK C TeMU Ke
MacCaMHu.

2. AmajgoruunHo pelreHuio 3amaum 2 OJsd 8 Kjacca.
3. Cm. pemrenue 3agauu 5 ajsa 8 KJacca.
4. YrobOnl BBICOTA, OOYINeHHAS U3 BepHInHLI D, ObLIa paB-

Ha h, Touka D MoJ:KHA JIedKaTh B OJHOI M3 IBYX IIJIOCKOCTEI
II, u II,, napaaneabHbIX IJaocKocTu ABC. UToOBI mIoOIalb
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rpaau ACD 6bLia paBHa S, TOUukKa D moJKHA JIesKaTh Ha ITH-
auHape ¢ ocbio AC, a uT0o0bI mIoIansb rpadu BCD Oblia paBHA
Sy, TOuka D JoJI;KHA JIe:KaTh Ha MuInHAape ¢ ochbio BC. Ilepece-
yeHMNe ILIOCKOCTH [ ¢ MepBbIM IIUJINHIPOM — 3TO JIKOO Iapa
IPAMBIX, JIUOO OOHA IMpPSAMAasi, JuU0OO ITyCTOe MHOMKECTBO, IPHU-
YéM IIpsAMbIe TOJKHBI ObITH mapasieabHbl AC. [I1a BTOpOTO
MUJINHIPA TOJYUYAIOTCA MpAMbIe, Hapajaeabubie mpamoit BC,
KoTopas mepecekaeT npamyio AC. [TosTomy mpu mmepeceueHuu
IMUJINHIPOB IJIOCKOCTRHIO I1; moayuaercs aubo mMycToe MHOKe-
CTBO, JMOO Iapa IIepeceKarInuXCs IPSIMBIX, Ju00 mpsaMas,
ImepeceKaroInas mapy napajieJbHbIX MPAMBIX, JU00 mapa Ia-
panaenbHBIX OPAMBIX, IIepeceKarmlnas APYryroo Iapy IapaJj-
JeJbHBIX IPAMBIX. KoJnuecTBO TOUEK, MPpUHAMJIEKAIIIIX 000-
UM IUJINHIPAM U IIJOCKOCTU, PaBHO cooTBercTBeHHo 0, 1, 2
u 4. CTOJBKO K€ TOUEK IIepeceueHUs IoJydaeM U IJs ILJI0C-
Koctu I1,.

5. CMm. perrrenue s3agauu 4 s 8 Kjacca.

10 xaacc

1. IIycTh ABe BepIIMHBI paccMaTPHUBAEMOrO KBaaparTa Jie-
skatT Ha cropoHe AB. OKPYKHOCTD S, BIIMCAHHAA B 3TOT KBaJ-
par, Kacaercd CTOPOHBI AB W pacmoJIOKeHa CTPOTO BHYTPU
mamHOTo Tpeyroabuuka ABC (oHa 3aBeJOMO He KacaeTcs CTO-
poa AC u BC). IlosTomy cyimecTtByeT TpeyroabHux A;B;Ci,
CTOPOHBI KOTOPOTO IMIapajijieJbHBI CTOPOHAM TPEeyroJbHUKA
ABC u KacaioTcs OKPYKHOCTH S;, a caM OH PACHOJIOKeH
BHyTpu Tpeyroabuuka ABC, mpuuéM He COBIaJaeT C HUM.
CremoBaTelbHO, Paguyc OKPY:KHOCTH S; MeHnbIine r. Ho cro-
POHA KBajapaTa paBHA yABOEHHOMY PagnyCy OKPY:KHOCTU S;.

PaccmoTpuM Temepb OKPYKHOCTb Sy, ONMUCAHHYIO BOKPYT
KBagpara. OHa mMeeT OOIIYIO0 TOUKY C KasKIOW CTOPOHOU Tpe-
yroabHuKa ABC, mpuuéM mo KpailiHeir mepe cTopoubsl AB oHa
He Kacaercsa. [TosTomy cyiiecTByeT TpeyroabHuk A;B,Cs, cTO-
POHBI KOTOPOTO IapaJjieJbHbl CTOPOHAM Tpeyroiabuuka ABC
1 KacaioTcs OKPYsKHOCTUA Sy, a caM OH COAEP:KUT TPeyroJib-
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HuK ABC, npuuém He coBmazaeT ¢ HuM. CiiemoBaTesbHO, pa-
IUyC OKPY:KHOCTH Sy 6oJsbire r. Ho cToporna KBaapaTa paBHA
pPasuycy OKpYsKHOCTH Sy, YMHOKEHHOMY Ha /2.

2. AmajoruunHo pelneHuio 3agaum 2 AJad 8 Kjacca.
3. Cm. pemrenue 3agauu 4 ajasa 8 KJacca.

4. PaccMOTpUM MOPOEKIINI0 HA IPAMYIO, OPTOrOHAJILHYIO
IJIOCKOCTHU ceueHmsA. Bce Toukm B, ..., B, IpPoenupymoTCcsa B
onHY U Ty ke Touky B. Ilycts A, ..., A], — IPOEKIIUU TOUYEK
A, ..., A,. Torga

AiB; A3B; A.B, A.B A B A,B

BiA; B3A; " B,A;  BA, BA, " BA]

=1.

5. Ecau a > 0, To 3anuiieM mepBoe ypaBHEHNUE B BUIE X =
=Xs+a, a ecau a <0, To 3amuUINIeM ero B BUAE Xy = X; — d. Bo
BTOPOM cJydYae clejlaeM 3aMeHy X; = X3, Xy =X;. TakuMm 00-
pasoM, MOJKHO CUHTATH, YTO X1 =Xz + |a|. AHAIOTUYHO MOK-
HO CUMTATb, YTO X3 = X4+ |b|. IlosToMy ecim namHasd cucre-
Ma MMeeT IOJIOMKUTEJbHOEe pellleHne, To 1 =x + Xg + X3+ x4 =
=2xy+2x4+ |a|+|b|>|a|+|b

IIpenmosoxxum Temepsb, uTo a + b < 1, mpuuém uncaa a u b
HeoTpHUlaTeJabHbIe. TOTAa MOMKHO IMOJIOMKUTDL Xg = X4 — % ,
X1 =Xy+a, x3=x4+b. B pesdyabTaTe mOJyUUM MTOJOKUTEIb-
HOEe pellleHre JaHHON CHUCTEMBI.

Bropoii Typ

7 Kaacc

1. Ilycts Ay, By, Cs — cepenunsnl cropou CB, BA, AC coort-
BeTCTBeHHO. flcHo, uTo OA; | BC u BC || B;C; || B1C;. IToaTomy
OA; 1L B,Cq, T.e. ipamasa OA; COAePKUT BLICOTY TPEYTOJbHU-
Ka A;B;C,. Amajgoruuno gokasbIBaeTcs, uTo npaMmbie OB, u
OC; Toxke comep:KaT BBICOTHI.

fAcuHo Takxe, uro B;C; =2B,C,=BC, nosatomy BCBC; —
mapaJjjejorpamMM. 9TO o3HadaeT, 4uTo oTpe3dku BB; u CC; me-
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pecekarTcsa B TouKe P, KoTopasd ABJAETCA WX CEPeINHON.
AHaJOTMYHO MOKAa3bIBaeTCA, UTO TOUKA P ABIgeTcA cepenm-
HOM oTpeska AA,. Takum o06pazoM, IPU CUMMETPUN OTHOCHU-
TeJIbHO TOUKY P TpeyronbHUK ABC mepexoauT B TPEYTOJbHUK
A1B.C;. Ilpu stoii cumMmerpuu Touka O, KoTopas SABJIAETCS
IIeHTPOM OIIMCAHHOM OKPY:KHOCTU TpeyroabHuka ABC u Tou-
KOU mepeceueHns BBICOT Tpeyroabuuxa A;B;C;, mepexogut
B TOYKY, KOTOpPas SBJISAETCS IIEHTPOM OIIMCAHHON OKPY:KHO-
ctu TpeyroabuuKka A;B;C; 1 TOUKOH IepeceueHus BBICOT Tpe-
yronbHUKa ABC.

2. IIycts By, Bz, ..., By — OCHOBaHUA IMEPIEHIUKYJIIPOB,

ONYINeHHBIX HA lg, l5, ..., l1; X1 =AyB1, x9=A;B,y, x3 = A¢Bs,
1

veey X7=AsB;. Torpa x,,1= 3 (1+x}). ITo ycamoBuio x; =x7. Ho

xr =5 (1+x0) = 5 (1450 +x5)) =
=5 (1 3(1+304x0)) =0,
IO3TOMY

+ =..= =+t

X — L2} 63 | x
T 8 64 ' 64"

7
_§+

= w

xﬁ_ &
+2_ 4

DN =

63 X1
Takum ob6pasom, IIOJyYaeM ypPaBHEHIE 61 T 62 — X1» OTKyna
HaxomuMm x; = 1. flcHo Taxixe, uro B1A; =1+ x.

3. Byzem moguépKuBaTh ITOJOKUTEJIbHBIE UYMCJIA OIHOI
yepToii, a OTpHuIlaTeJbHbIe UYMCIa, CYMMa KOTOPBIX CO CcJe-
IVIOIINM YKCJIOM IIOJIOKUTEIbHA, IBYMS uepTaMu. SICHO, UTO
mocJje KasKJIoTo MOAUEPKHYTOTO ABYMS UepTaMHU YHCIa d CTO-
UT YHCJIO b, MOAUEPKHYTOE OLHOU uepToii, mpuuém a + b > 0.
IToguépruyThle uKciia PpasdUBAIOTCA HA CJEIYIOINe T'PYIIIbI:
Tapbl, COCTOAIIME U3 MOAUYEPKHYTOTO IBYMS UepTaMI UHCJa 1
CJeAYIONero 3a HUM UNCJIa, 1 BCE OCTAJIbHBIE MOTUEPKHYTEIE
yucaa. CyMMa dmces B KasKIOU IPyIIIe IMOJOKUTeIbHA.
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4. TIpenmosoxuM, UTO CyMMAa YMCEJ B HEKOTOPOM CTOJIOIEe
pasua S >1035. PaccMoTpuM CTPOKY, CHMMETPUUHYIO BTO-
My CTOJIOIIY OTHOCHUTEJIBHO BbIfeJeHHON muaronanm. Cymma
ypcesJ B STOH CTPOKE TOXKe paBHa S, a cyMMa BCeX 4YMcCel,
CTOAIIMUX B 9TOM CTOJIOIle M STOM CTPOKe, paBHa 2S — s, Tae
$ — YMCJIO, CTOsAINee HA MX IepeceueHMr. Umciao S CTOUT Ha
BBIZIEJIEHHOM muaroHaau, mostomy s< 112. CiuemosarenbHO,
25—-5>2-1035—-112=1958 >1956. IIpuxogum K TPOTUBO-
peumnio.

5. TorkakeM cHavaJja, YTO €CJAH N KYPHAJIOB IIOKPHIBA-
0T ILIOIAAbL S, TO MOMHO yOpaTh OAWH »KYPHAJ TakK, 4TO-
ObI OCTaBIIIMECS MKYPHAJbl IMOKPBLIBAJU ILIOIIAAL He MeHee
(n—1)S/n. [leficTBUTEIbHO, €CJU €CTh KypPHAJ, IJId KOTOPO-
ro ILJIOLIaAb, MOKPLITASA TOJBKO MM, He IIPEBOCXOIUT S/n, TO
MOJKHO yOpaThb ero. A Taxkoi ;KypHaJI o0g3aTeJIbHO HAWAETC,
IIOTOMY UTO MHaue B CyMMe »KYPHAJIbI IOKPBIBAIOT IIJIOMIALb
ooxabire (S/n)-n=.S, 4TO IPOTUBOPEUUT BLIGOPY S.

IIycrs 15 :xypHaJIOB HOKpBIBAOT Iyoianb S. Torga mosxk-
HO yOpaTh OAMH KYPHAJ TaK, UTOOBI OCTABIIHECS KYPHAJIbI

MMOKPBIBAJIN ILJIOINALEL S > %S . 3aTeM MOKHO yOpaTh BTOPOI
JKYPHAJI TaK, YTOOBI OCTABIIIMECSA JKYPHAJBI IIOKPBIBAJIU ILIO-
mange Sy > gSl 2%& u T.n. Ilocime Toro xKax MbI yOepém
ceIbMOI JKypHAaJI, OCTABIINECA KYPHAJIbI OYAYyT IMOKPHIBATH

8
ES'

miaomanb Sy > gS(; >
8 Kaacc

1. Beigenum 8 mamine m OyaeM IOCJIeNOBATeIbHO UX T'PY-
3UTH, IPUUYEM KaKABIN pPas TOT AMNINK, KOTOPBINA YyiKe HeJIb3d
TIOTPY3UTh, OyeM CTAaBUTh PAAOM ¢ MaIluHou. [lorpy:KeHHbBIE
AIMUKY BMECTe C SIUKAMU, CTOSIUMU PAIOM C MAIIWHAMIH,
BecaT Oosee 8-1,5=12 T, MO3TOMY OCTaBIIHECS AITUKHU Be-
caT MeHee 1,5 T; ©X MOKHO yBe3TH Ha OJHOU IIOJIYTOPATOHKE.
ITockonsky 4-350=1400< 1500, Ha oxHOII MAaIIHHE MOKHO
yBe3Tu Jio0nie 4 aimuKa. SHAUUT, 8 ANIUKOB, CTOAIIUX PIIOM
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C MallMHaMM, MOXHO yBE€3TH Ha JABYX OCTaBIIMNXCA IIOJIyTOpPa-
TOHKaxX.

2. Ilpegmoyio:KuM, UTO CyMMa YMCEeJ B HEKOTOPOH CTPO-
Ke paBHa S > 518. PaccmoTpuM 1Ba CTOJI0IA, CUMMETPUUYHBIX
9TO! CTPOKE OTHOCUTEJBHO IBYX AMAaroHajeil, U eIl€ CTPOKY,
CIMMETPHUUHYIO STUM cToJIOIaM. Yucao 8 4€THO, IIO3TOMY MBI
TOJIYYMM [OBa PasHBIX CTOJIOIA M ABe PasHBIX cTpoKu. Ha me-
peceueHUAX ITUX CTPOK M CTOJIOIOB CTOAT 4 umcia, cyMMa
KoTophIX paBHa s < 112. Cymma Bcex Umces, CTOAIUX B 3TUX
IBYX CTPOKaXxX U ABYX CTOJOIAX, paBHa 4S—s>4-518—-112=
=1960 > 1956. IIpuxogumM K OPOTHUBOPEUUIO.

3. Ecaiun A’ — npoeKnus TOUYKHN
A Ha IpAMYIO, IPOXOAAIIYIO Ue-
pes3 Tourky O, To ZOA'A=90°, mo-
9TOMY TOUKAa A’ JIEKUT HA OKPYIK-
Hoctu ¢ guamerpom OA (MBI TIpes-
rmojlaraeM, UTO IPAMbI€ ITPOBOIAT-
cA Ha ILIOCKocTu). PaccmoTpum
IBe OKPYsKHOCTH C JIuaMeTpaMu
OA u OB. Uckomoe I'MT cocTour
13 TOUeK, JexKallluX BHYTPU OJ-
HOU 13 3TUX OKPYIKHOCTEM, HO BHE
apyroi (puc. 99). Puc. 99

4. Bymem momuépKuMBATL UYHCIA CJHEIYIOIUM o0pasom:
1) mojo:KuTeJabHBIE UYMCIa OLHOW dUepToi; 2) OTPUIlATEJb-
HbIe YHCJa, CyMMa KOTOPBIX CO CJIEAYIOIIMM YWCJIOM IIOJIO-
JKUTeJIbHA, MBYMsA 4YepTaMu; 3) OTPHUIlaTeJbHBIE UMCJIa, OJIA
KOTOPBIX CyMMa CO CJIeAVIOIIMM YHNCJIOM HEMOJIOKUTENbHA,
HO CyMMa CO CJEAYIOIIUMHU IBYMS YUCJIAMHU ITOJOKUTEIbHA,
Tpemsa uepramu. Ilociie Kamaoro mogUEPKHYTOrO ABYMS Uep-
TaMMW YUCJA 4 CTOUT YHCJIO0 b, MOJUEPKHYTOE OSHOM UePTOIi,
npuuém a + b > 0. ITocae KaKaOr0 MOAUEPKHYTOTO TPEMA Uep-
TaMH! YKCJIA @ CTOUT YUCJO b, TOTUEPKHYTOE ABYMS UEePTaAMU,
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a 3a HUM CTOUT YHCJO C, IMIOAUEPKHYTOE OmHOU uepromt. Ilpu
aToM a+ b+ ¢ > 0. [logu€pKHYTHIE UMCcia Pa300bEM HA T'PYIIIIEI
caenyiomuM obpasoM. CHauajga BO3BMEM BCe TPOUKM, COCTO-
AIMe U3 YMcja, MOAUYEPKHYTOTO TPeMs YepTaMu, U ABYX CJie-
Iyomumx 3a HuM uuceis. Cpeiu OCTaBIIMXCA HOTUEPKHYTHIX
YucesJ BOBbBMEM IIaphbl, COCTOAIINE M3 MOAUYEPKHYTOTO ABYMS
yepTaMu YucJia U cJeAyIiomiero 3a HuM uywuciaa. Ilocie aToro
BO3BMEM BCe OCTaJIbHBIE IMOMUEPKHYTHIEe uncia. CyMMa uuces
B KasKJIO¥ T'PYIIIe IOJOMKUTEIbHA.

5. IIpeAIIooKMM, UTO IJIOIIALL OOIIel YacT! JIOOBIX ABYX
IPAMOYTOJbHUKOB MeHbIle 1/9. ITokaskem, 4To Torga OHU 3a-
HUMAaIOT ILJIOIaAb 0oJibllle 5. 3aHyMepyeM IPAMOYTOJbLHUKU
IIPOU3BOJILHEIM 0o0pasoM. IlepBBIil IPAMOYTrOJIbLHUK 3aHWMA-
er mwiomanb 1. JlobaBuM BTOPOI MPSAMOYroJbHUEK. ILiomans
00IIlell 4acTy IepPBOI'0 W BTOPOTO IPAMOYIOJLHUKOB MEHBIIIE
1/9, mosTomy mobGaBuTCA ILIOIIALL Oosbie 8/9. JlobaBuM Tpe-
TU TPAMOYyroJabHUK. ILmomtans obIreii 4acTu TPETHEro mps-
MOYTOJIbHIKA C IIEPBLIM W BTOPBLIM MeHbIe 2/9, mosTomy 1o-
0aBuTca ILIOIIAAEL Ooabiiie 7/9, m T.x. B pesyabrare moiay-
YMM, UTO BCE JE€BATH NMPAMOYIOJbHUKOB 3aHMMAIOT ILJIOIALb
0oJIbIIIe

1+2. 7 v los
9 9 9

9 Kaacc
1. CMm. pemrenue 3amaum 1 ajaa 8 Kjacca.

2. Paspeskem faHHBIH Ky6 Ha 13%=2197 KyO6uKoB c peb-
pom 1. Eciu 6B 6HYmpu KaXIOTO W3 3TUX KYOMKOB ObLiIa
BbIOpaHHAS TOYKA, TO KOJUUECTBO BBIOPAHHBIX TOYEK OBLIO
O0bI He MeHbIe 2197, uro mporuBopeunt yciaoBuio. Ciemona-
TeJbHO, BHYTPHU II0 KpaliHell Mepe OLHOTO M3 3THUX KYOMKOB
He JIeXKUT HU OJHOII BHIOPAHHON TOYKMH.

3. Uucna x,, y,, 2, HEOTPUIIATEJbHBI, IIO3TOMY YHCJIA X,
Y, 2 TOXKe HeoTpuUIllaTedbHbI. KEciu ObI Bce umcia X, Yy, 2 ObI-
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JIA TIOJIOXKUTEJIbHBI, TO HAaWOOJbIIIee 13 YUCeT X1, Y1, 21 OBLIO
ObI CTPOTO MEHbIIle HAWMOOJBIIIET0 M3 Yucesl X, Y, 2, a Tormaa
1 HamOOJIbIIIee M3 YUCET X,, Y,, 2, OBLIO OBI CTPOTO MEHBIIIE
HambOJIbIIIEr0 U3 YuCes X, Y, 2. IlosToMy cpenu umucesa X, Y, 2
ectb 0. AHaJIOTUYHO HOKA3BIBAETCHA, UTO CPENM UHUCENT X1, Y,
21 ects O (mpu n =1 mOKasbIBATh HUUETrO HEe HYIKHO, IIOTOMY
YTO TOTHAA X1 =X, Y1 =Y, 21 =2). ITO O3HAUAET, UTO ABA U3 UU-
cesl X, Y, 2 paBHBI. B uTOTE MOJIyuaeM, UTO HEYIOPSIAOUEHHBIH
Habop yuces x, Yy, 2 MOXKeT ObITHL paBeH aubo 0, 0, 1, aubo O,
1, 1. OueBugHO, UTO IEePBLIII HAOOP He obJsiamaeT TpedyeMbIM
CBOMICTBOM.

4. IIpu pelleHUM 3TOH 3amauu YAOOHO CUMTATH, UTO Ue-
TBIPEXYTOJBHUK COCTABJIEH M3 IBYX TPEYroJbHUKOB, II09TO-
My BBeIEM cienyrolnue obosHauenus: ACBC’' — maHuHblil ue-
TBIPEXYTOJBHUK, A; 1 By — TOUKH KacaHus co cropoHamu BC
n AC, A| u B| — Touku kacaHusa co croporamu BC' u AC’, C;
n C] — TOYKU, B KOTOpPHIX Ipamble A;B; u A|B| nepecekaioT
npamyio AB (touku C; u C] onpeznesieHbl JIUIIL B TOM CJIydae,
KOT'[la COOTBETCTBYIOIIINE IIPSAMbIe He IapajebHbI).

Ecau A;B,| AB, 10 AB;:BA;=B;C:A;C=1. Ilosromy
AB; =BA,, a suauur, AB|=BA/, nockonsky AB; =AB] un
BA, = BA). Takum o6pasom, A| B || AB.

Bynem Temeps cumrars, uro Touku C; m C| ompeneseHbl;
HYKHO JJOKa3aTh, 4TO OHHK coBmazgamT. CoraacHo Teopeme Me-

HeJiad
ACi BA, CBi _ 4

CiB AIC BiA
YuurweiBasg, uro A;C = B;C, nmonyuaem AC,:C;B=AB;:A;B.
Amnanoruuno AC|:C1B=ABj:A|B. Ho AB;=AB)| u BA;=BA].
ITosromy AC, :C;B=AC]:C|B, a 3aauut, C; =C/, IOCKOJIBKY
00e 9TH TOUKHU JIe;KaT BHe oTpeska AB.

5. PaccmoTpuM HaMMeHBININH TPAMOYTOJbHUK CO CTOPOHA-
MU, UAYIIUMU 0 JUHUAM KJIET4aToll OyMaru, comep:Kalui
tpeyroabHuk ABC. Hu omna us Bepmuua A, B, C He MOKerT
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0KasaTbCsd BHYTPHU dTOTO IPAMOYTOJbHIUKA, IOCKOJbKY MHAUE
YroJI IpU 9TOH BepIiuHe OBbLI ObI TymbIM. Il09TOMY MBI MO-
JKeM IIOCTPOUTH IPAMOYTOJbHUK CO CTOPOHAMM, UAYIIIUMHU 110
JUHUSAM KJeTuaTou Oymaru, Tak, uToObl Bepmimubl A, B, C
Jekaysum Ha ero cropoHax. Ilo KpaiiHell Mepe OmHA M3 TOYEK
A, B, C 1e:XUT HaA CTOPOHE NMPAMOYTOJbHUKA, a He B er0 Bep-
InHe, IMOCKOJbKY MHaue TpeyroJdbHUK ABC ObLT OBI IPSMO-
yroabubIM. IIyCcTh I ONMpemeéHHOCTH BepiinuHa A JIeKUT
Ha CTOPOHE IIPAMOYTOJIbHUKA. BBegEéM Ha ILJIOCKOCTH KOOPIM-
HATBI, BEIOpPAB TOUKY A B KauecTBe Hauaja KOOPAWHAT, a 9Ty
CTOPOHY NPAMOYTOJIbHUKA — B KauecTBe ocu Ox. Ock Oy Ha-
IIPaBUM TaK, UYTOOBI IPIMOYTOJIbHUK JIEIKAJ B MOJIYIIJIOCKOCTHU
y > 0. Bepmuusl B u C jexaT 1o pasHbie CTOPOHBI OoT ocu Oy,
IIOCKOJIbKY TOUKa A JIeKUT Ha CTOPOHE NPAMOYIOJbHUKA, a
He B ero BepiinuHe. Kpome Toro, Hu omua u3 Bepiiud B u C
He JeXuT Ha ocu Ox, IMMOCKOJLKY WHAUe yroJl IpU BepIIuHe
A 6b11 661 TynbiM. Takum 00pasom, eciu TOUKU B u C UMeroT
KOODPAMHATHI (X1, Y1) U (X2, Y2), TO Y1, Y2 > 1, a uncyia x; u X
UMeIoT pasHble 3HaKu. [losaTomy Touka ¢ koopaurartamu (0, 1)
JeXKUT BHYTPHU TpeyroabHuka ABC uian zHa ero cropoue BC.

10 kaacc

1. Ilycets a4, as, ..., A, — JaHHBIe yncaa. Iloa0KuTEeILHOE
YMCJIO @; IIOJUYEPKHEM OJHOI YepPTOli, a OTPUIIATEIbHOE YMCJIO
a; moguepkHEM k+ 1 uepramu, rae k— HauMeHbIIIee YHCJIIO,
IS KOTOPOTO @; + @1+ Qiys+ ... +a; > 0. fcHO, uTO ecanm
YWCJIO0 @; TOAYEPKHYTO Kk + 1 uepramMu, TO YMCIA Qjr1, Girgs ---»
a;,, TOTUYEPKHYTHI COOTBETCTBEHHO K, k—1, ..., 2, 1 uepra-
mu. [ToguépkHyThIe UMcaa pasodbeéM Ha I'PYIIILI CIAEAYIONIIM
obpasom. CHauayia BO3bMEM UMCJIA, MOAUEPKHYTHIE HAMOOJIb-
UM YHCJOM 4epT (IIyCTh 9TO umcao uepT paBHo K), u ciaeny-
e 3a KaxkaeIM 3 Hux K — 1 uwmcesn. 3aTeM cpeam ocCTaB-
IIUXCs YKUCeJ BO3bMEM Umca, moguépkuyThie K — 1 uepramu,
U cJeAyioliue 3a KaKabIM u3 Hux K — 2 umcen, u T.x. Cym-
Ma uuces B KasKJIOI rpyiie mojo:kurteabHa. CiemoBaTenbHO,
CyMMa BCeX IOAUYEPKHYTHIX UMCEJ TOKe ITOJOKUTeIbHA.
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2. AmajornuHo pelreHHI0 3amauu 5 AJd 8 Kjacca.
3. Cm. pemrenue 3agauu 3 aasa 9 Kiacca.

4. PaccmoTpuM pasBEPTKY mamuoii nmupamuabl. OHa mpes-
cTaByseT co0oii TpeyroabHUK ABC, K KOTOPOMY IIPHUJIOKe-
HbI Tpeyroabuauku ABDq, BCD,, CADg. I3 ycioBusa ciaenyer,
YTO CJaeAyIoInre 4 BeJIMUYNHBI PABHBI: CYMMBI TPOEK YIJIOB IPHU
BepmuHax A, B u C u cymMma yrjoB mpu Bepmimuaax Dy, Dg,
D¢. 3maunt, Kaxkgasa us 9Tux cymm pasuHa 180°, mOCKOJBKY
cyMMa Bcex 12 paccMaTpuBaeMbIX YIJIOB MIPEACTABIAET COOO0M
CYMMY YIJIOB UYETBIPEX TPEYyroabHI- Dy
kKoB. CiemoBaTesbHO, TOuKa A Je-

JKuUT Ha orpedke DpD., Touxka B je-

JKuT Ha orpeske DgoD,, a Touxka C B c
JexXut Ha orpeske D, Dp (puc. 100).

Kpowme Ttoro, ADg=AD., BD,=BD,

u CD,=CDg. B wurore moJsayuaem,

YTO PasBEPTKA IIPeACTaBIsAET CO00H D, A Dp
TPEeyroJbHUK, B KOTOPOM IIPOBEEHEbI Puc. 100

TPU CpefHUe JUHUMH.

CpenHue JuUHUN Pas30MBAIOT TPEYroJbHUK Ha 4 paBHBIX
TPEeyroJabHNKAa, I03TOMY I'PAHU IHUPAMULLI PABHBI.

5. Ilyets x,=Ap 1By upu k<n—1u x,=A;B,, «— BHelI-
HUHN yroJ IPaBUJILHOTO N-YTOJbHUKA, @ — OJUHA €ro CTOPO-
uel. Torga

x;1 = (a+xg)cosa, x3 = (a+x3)cosa, ..., x, = (a+x1) cos a.

Takum obpasom, X1 =a; +bixs=as+bsxs=... =a, +b,x;, rae
b,=(cos ®)" #1, a a, — HEKOTOpPOE UMCJIO, 3aBUCAIIEE TOJIHKO
or a u a. ITosTtomy x; (a Tak:Ke u X, OJs J0OOrOo k) ompe-
IeJIeHO ONHO3HAYHO. SICHO TaKsKe, UTO MBI IOJYUYUM peliie-
HIUe, eCJIN HOJIOMKUM X1 =X =...= X, =X, I'me x= (a+ x) cos «,
T.e. x:a=cos «: (1 —cos «). Temeps mocTpoeHmne Touexk B; oue-
BU/IHO.
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IlepBroIii TYp

7 Kaacc

1. Ilycts ABCD — paBHOOOUYHASA TPaAIeIusa ¢ OCHOBAHUAMU
AD u BC, npuuém AD > BC. Ilpenmono:Xum, 4TO AUAroHAID
AC pasOuBaeT e€ Ha JBa paBHOOEIPEHHBIX Tpeyroabuuka ABC
u ADC. HepaseuctBa AC > AB u AC > BC mOKa3bIBaIOT, YTO
AC — ocHoBaHUe paBHOOeApeHHOTO TpeyroabHuka ABC. fcHo
TaksKe, 4To B TpeyroabHuke ADC cropona DC HamMeHbIIasd,
nosTomy AC=AD. Eciu o u 8 — yTiIbl IpU OCHOBAaHUAX PaB-
HOGe[peHHBIX TpeyroabHuKoB ABC u ADC, 10 0+ 2B=rn
n—2a+ B =m, mosromy a=rm/5 u f=2r/5. Takum obpasom,
ABCD — rpamnenus, KOTOPYIO OTCEKaeT OT IIPaBUJILHOTO IIs-
TUYTOJbHUKA €r0 JUaroHalb.

2. IlogcraBus x =0, moayuum, uTo d OeJUTCA HaA 5. Yuu-
TBIBAs 5TO U IOACTABJAA X —==+1, moayuum, 4To a+b+c u
—a+b—c penarca ua 5. CiaegosarenabHo, 2b u 2a + 2¢ mendar-
ca Ha 5, a 3HauuT, b u a+ ¢ geaarca Ha 5. ITogcrasus x = 2,
moayuum, uto 2(4a+c) +4b+d penurca ua 5. 3uauut, 4a +c¢
menurca Ha 5, u 3a= (4da+c) — (a+c) ToKe menuTca Ha 5.
ITosTOoMy ¢ TOXKe meauTCA HA 5.

3. IlycTts mo0 BO3BpallleHUs B MCXOAHBIN IIYHKT YJIUTKA dg
OIATHAAIATIMUHYTOK II0JI3Ja BIepén (o cpaBHEHHWIO C Ha-
IIpaBJIeHNWEM [OBUIKEHUA W3 MCXOJHOIO NYHKTA), Ay Hasa,
b, mampaBo u b, HameBo. Torma a;=ay, u b; =by (ITOCKOJIb-
Ky YJAuUTKA BepHyJach B MCXOAHBIN ITYHKT), a KPOMeE TOrO,
a; +as =b; + by (MOCKOIBKY Uepesd KaxKable 15 MUHYT yJIUT-
Ka moBopaumuBaer). CiegoBaTenbHO, A = ds = by = by. ITosTomy
YAUTKA BEepPHYJIACh B MCXOAHBIN IYHKT ueped 4a; mATHAIIA-
TUMUHYTOK, T. €. Yepe3 a; JacoB.

4. Ilepsviii cnoco6. Ilyets xy, ..., X, — CyYMMBI UYHCEJ B
CTPOKAX, Yi, ..., Ym — CYMMBI umces B cToabIax. Ha mepece-
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YeHWH i-ii CTPOKU M j-TO CTOJIOIA CTOMT YMCIO X;y;. IloaTomy
cyMMa 4YmceJl B i-fi CTPOKe paBHA X;Y; + XYz + ...+ XYn. C
IPYTOHM CTOPOHBI, ATA CyMMa paBHa Xx;. Takum oOpasoMm, X; =
=x;(y1+ys+... +yn). Hucao x; MOJIOKUTEIBHO; B YACTHOCTH,
OHO OTJIUYHO OT HYJf, HO3TOMY Y1 + Yo + ... + Y = 1. Ho cym-
Ma Y; +Yz2+... + Y, —9TO KAaK Pas M €CThb CyMMa BCEX UYHCeJI
B TabjuIe.

Bmopoti cnoco6. Ilycts a;; — 4ncio, cTosllee Ha Iepecede-
HUU i-T0 cToJOIA 1 j-i1 cTpoKu. Ilo yciaoBuio

o (5 (Em)

p=1 g=1
CiemoBaTebHO,

m n 2
Sa= 3 (L) (La) = (S )
i,j i,j p=1 q:]- i,j
Iusa uucaa S=) a; mbl moayumnu ypasHenue S2=S. Ho

i,]
S >0, mosTomy S =1.

5. Ilpegmoyio:KuM, UTO HAa KUJIOMETPOBOM CTOJIOE HAaImca-

HO |abc | a1bicq | Torma abe + a1bic; =999, nostomy a; =9 —a,
bi=9-buci=9—c. Ecau a=b=c, To Tpebyemoe ycJIOBUE
BbITTONTHsAETCA. Takux croaboB Oyzaer posHo 10. Ilycth Temepsb
cpenu mudp a, b, ¢ ecTh pOBHO ABe pas3anuyHbIX. Cpenu mudp
a, by, ¢c; 6yAyT B TOYHOCTU Te JKe caMble JIBe IU(PhI Toraa u
TOJILKO TOT/[a, KOT/Ja 3TU ABe ITU(MPLI B cymMMe maioT 9 (cayuait
a =0 HYXHO PacCMOTPeTh OT[AEJIbHO, IOTOMY UTO HAaUaJIbHbIE
nudpsl uuces abe u a;b;c; Ha croadax He mumyrca). Takux
nap rudp posuo 5: (0,9), (1, 8), (2, 7), (3,6) u (4, 5). Tpéx-
3HAYHBIX YMCEJI, 3allMCHIBAIOIUXCS ABYMs JaHHBIMU Iudpa-
MU, POBHO III€CTh: TPU M3 HUX 3aMMCHIBAIOTCA ABYMsA mudpa-
MU a 1 ofgHOUM mudpoil b (KoTopas CTOUT Ha OSHOM U3 TPEX
MeCT), a eIllé TPU 3aIlNChIBAIOTCA OAHON IMUPPON a U AByMd
mudpamu b. Taxk mbl moayuaem eré 5-6 =30 cronboB, a Bce-
ro nosrygaem 10 4 30 =40 cTon6os.
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8 kaacc

1. Ilycts Bepmiuusl A, B u D npamoyroasauka ABCD e-
JKaT Ha ABYX KOHIEHTPUYECKHUX OKPYKHOCTSIX. BO3MOMKHBI
cJenyioliie TPU BapuaHTa.

1) JlIBe cocemHMe BEPIIMHBLI BEPIIUHBI JIEKAT HA OTHOUN
OKPY’KHOCTH, a TPEThA BepIImHA — Ha BToOpoi. Torma ueTBép-
Tas BePIINHA TOMKE JIEXKUT Ha BTOPOHN OKPYKHOCTHU. B pesyin-
TaTe MoJyyaeM MCXOIHbIe OKPYsKHOCTH.

2) IlpoTtuBomosio:kHBIe BepiIuHLI B u D je:xar Ha 060Jb-
el OKPyKHOCTHU, a BepinuHa A — Ha meubIei. IIycts O —
obO1uit meuTp okpysxuocreii. Torma OA=r, OB=0D =R. Ilo-
sTomy OC =+/OB2 +0D? — OA2=+/2R? — r2; paBenctso OB? —
— 0A?% =0C? — OD? nerko npoBepsieTCA C IIOMOIIBIO TEOPEMBI
ITugaropa.

3) IIpoTtuBomoOJIOKHBIE BepIIUHLI B u D jeXaT Ha MeHb-
el OKPYy:KHOCTHU, a BeplniuHa A — Ha OoJibiiieii. Paccysxmasa
aHaJoOruuHo ciayudaro 2, moiaydaem OC =+/2r2 — R2, 3ror ciuay-
uyait BosaMoxxeH npu r2 > R?/2.

2. CMm. pelrrenue 3agavuu 3 AJis 7 Kjacca.

3. Ilycts @ m b— AJIMHBI CTOPOH HapaJjjiejaorpamMma, o —
OCTPBIH (MU IIPAMOIi) YroJI MeXIy ero CTOpoHaMu, S — ILIO-
manb, d — 66abpmaa guaronanb. Torga d? =a? + b? + 2ab cos o
u ab sin a=S. Iloatomy d? >a? +b? u ab> S, npuuéM B 060UX
caydasax paBeHCTBO mocturaercsa jauinb npu o= 90°. [Hamee,
a® +b% > 2ab, noasromy d?>2S, npuuéM paBeHCTBO IOCTHUTIa-
eTcs JUIIbL B TOM cjayudae, Korma a=»b u a=90°, T.e. Korga
ImapaJjijieJiorpaMM SABJIAETCA KBAJAPaTOM.

4. Ilycers X1, ..., X, — CYMMBI YHUCEJI B CTPOKAX, Y1s «ees Ym —
cyMMBI umces B crobmnax. Ha mepeceueHnn i-il CTPOKU U j-TO
cTOJIOIA CTOUT YMCIO X;y;. IloaTOMy cymMma dmcen B i-ii CTpOKe
paBHaA X;Y; + X;Ys + ... + +X;Y,,. C IPYTO# CTOPOHEBI, BTA CyMMa
paBHa x;. Takum o6pasom, x;=x;(y1+Yyz+... +Yyn). Cymma
Y1 +Yys+...+ Yy, —1BTO Kak pas cymMMa BcexX uucesJ B Tabauiie.
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Eciu oma He paBHa 1, To x; = 0. AHaJOrMYHO HOKAa3bIBaeTCsd,
YTO B TAKOM CJIYUAE BCE UUCIIA X1, «eer Xpy Y1y «oey Ym PABHBI 0.
Ho rorga u Bce uncia x;y; paBasl 0.

5. IlogcraBuB x =0, moayumM, UTO e AeJauTCA Ha (. Yuu-
TBIBAS 9TO U MOACTABIAA X = +1, mMoIyduM, YTO Uucaa a = b+
+c+d penarca ma 7. Ilosromy 2(a+c) u 2(b+d) nmenar-
ca Ha 7, a 3HAUUT, a+c u b+ d genarca Ha 7. IlogcraBiasa
X =12 u yYnuTHIBas, UYTO € JEeJIUTCA Ha 7, IOoJydyaeM, 4TO UKC-
aa 2(8a+4b+ 2¢ +d) nenarca ua 7. Ilostomy 4a+c u 4b+d
nensarca Ha 7. CiegoBaresnbHo, 3a = (4a+c) — (a+c) penurca
Ha 7. IlosTomy a gmenurcsa Ha 7, a 3HAUUT, ¢ JEeJUTCSI Ha 7.
AmnajlornuHo KOKas3bIBaeTcd, uTo b u d genAarcs Ha 7.

9 Kaacc
1. CMm. pemrenue 3amaunm 1 mias 8 Kjacca.

2, Ilycts [x]=nux=n+a, rne 0 < a< 1. [lanHOE ypaBHe-
HUe 3amuchiBaeTca B Buze x° — x + o= 3. Hepaserncrso 0 < a<
< 1 nokassiBaeT, uTo 2 < x° —x < 3. Ectu x> 2, o x(x2—1) >
> 2.3 =6, m0O3TOMY B 3TOM cJIydyae HepaBeHCTBO x° — x < 3 He
BeIoTHAeTcA. Eceau x < —1, to x(x? — 1) <0, mosTomy Hepa-
BeHCTBO 2 < x® — x He BBIMONHAeTcA. TakuM o6pasoM, HAC UH-
TepecyeT ciayuaii, korga —1<x<2, T.e. [x]=—-1, 0 uau 1.
CooTBeTCTBEHHO IoJIiyuaeM ypaBHeHHnd x° +1=3, x®=3, x3 —
—1=3. HaxoauMm ux peIlleHus: X = \3/5, xXx= \?75, xXx= \3/1 IIpu
srom [ /2] #-1, [¥3] #0u [¥/4]1=1, nosTomy pemeruem uc-
XOJHOTO YPABHEHUS SBJSETCS TOJIBKO /4.

3. Eciu Touku M u N cosmazaioT, To ABCD — mapaJieio-
rpamm. IlosTomy Oymem mmpemmoJiaraTh, 4To Touku M u N pas-
auuHbl. [Ipeamonoxxum, uto npsameie AD u BC He mapaJiieib-
uel. Ilyers M”, K, N” — cepenunsl ctropoa AB, BC, CD coor-
BercTBeHHO. Eciu MN || BC, to BC | AD, tak xak AM =MC
u BN =ND. Ilostomy OymeM cuuTaTh, uTOo mpambie MN u
BC ne mapasienbHbl, T.e. M'#M" u N' #N". fcuo, uro
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MM =BC/2=NN" u M'M=NN'. Tlostomy M'M"| N'N".
CrnenoBarenbuo, KM | AB||CD| KN, t.e. M =N. IlonryueHo
IIDOTHBOPEYHE.

4. IMIIkonbHUK emeT obpaTHO, nMesa 50 KoIl. Meloubio; Oy-
IeM IIPeIIIoJarath, 4To APYrux JeHer y Hero Her. Ilomensem
MMEIOIMEeCs Y IIKOJBHUKA MOHETHI CJIeAYIOIIMM 00pasoM: ABe
MOHeTHI IT0 1 KOII. 3aMeHUM Ha OJHY MOHeTYy 2 KOII., MOHETY
1 Kom. 1 MoHeTy 2 KOII. 3aMeHNM HAa MOHETYy 3 KOI., OTHY
MoHeTy 1 KOII. ¥ TPpM MOHETHI 3 KOII. 3aMeHUM Ha OLHY MO-
"Hety 10 xom. fIcHO, UTO ec/M IIKOJBHUK CMOMKET 3aILIaTUTh
3a IIpoes] HOBLIMU MOHETaMM, TO OH 3aBeJOMO MOT 3aILIaTUTh
3a IPoe3] UCXOAHLIMU MOHeTaMu. J[flokakeM, UTO IIOCJIe STOT'0
oO0MeHa MOHET y ITKOJIbHUKA He ocTajoch MoHeT 1 kom. [leii-
CTBUTEJBLHO, IPEAIIOJNIOMKIM, UTO OCTAJIACh POBHO OJHA MOHETA
1 xom. (a OoJsbIlle OAHOII MOHETHI 1 KOII. OCTAThCA HE MOTJIO,
IIOCKOJBKY JABe MOHETHhI 1 KOII. MEHAIOTCA Ha OAHY MOHETY
2 kom.). Torma MoHeT 2 KOII. HE OCTaJIOCh, IIOCKOJbKY MOHE-
Tbl 1 KOII. 1 2 KOII. MEHAIOTCA Ha MoHeTy 3 Komn. KoamuecTso
MOHET 3 KOII. He IIPeBOCXOJUT 2, IIOCKOJbKY MoHeTa 1 Kom. u
Tpu MOHETHI 1 KoIl. MeHAoTcA Ha MoHeTy 10 xom. Takum 006-
pasom, eciu He CUMTAThL MOHET, JOCTOMHCTBO KOTOPBIX AEJIUT-
cd Ha 5, TO y MKOJAbHUKA ecThb 1, 1 +3=4 uau 1+ 6= "7 Ko.
Hu ogHO 13 9THX YKces He AeJUTCSI Ha D, a B CyMMe C UKMCJIOM,
IeJdaImuMces Ha 5, 9To umceao AoJKHO maBaTh 50. IIpuxomum
K IIPOTHMBOPEUMIO, IIO3TOMY MOHET 1 KOII. He OCTaJIOCh.

3amMeHUM, Aajiee, MOHETY 2 KOIl. 1 MOHETY 3 KOII. Ha MOHe-
Ty 5 KOIH., a IATh MOHET 2 KOII. 3aMeHuM Ha MoHery 10 Koi.
HoxaskeM, UTO IIOCJe STOTO He OCTaJoch MOHeT 2 Koi. [leit-
CTBUTEJILHO, €CJIM OCTAJIACh XOTd OBl OHA MOHETa 2 KOIl., TO
MOHET 3 KOII. He OCTAJ0Ch. II09TOMY KOJIMUYECTBO OCTABIINXCS
MOHeT 2 Kom. paBuo 1, 2, 3 uau 4; B cyMMe OHU COCTaBJISIOT
2,4, 6 nau 8 xoru. Hu ogHO M3 5THUX uunces He HEJUTCA Ha D,
II03TOMY MBI CHOBA IIPUXOAUM K IpoTHBOpeunoo. MTaxk, MOX-
HO CUUTaTh, UTO y IITKOJbHUKA HeT MOHeT 1 Kom. u 2 Kom. Ho
TOTZA MOXXHO CUHTATH, UTO y HEro HET MOHET 3 KOII., IIOTOMY
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YTO KOJHUUYECTBO MOHET 3 KOII. JeJINTCH Ha D, a KasKIble IIATh
MOHEeT 3 KOII. MOKHO 3aMeHHUTh Ha MOHeTy 15 KoiI.

Ecau y mkombHMKa ecTh MoHeTa 20 KOII., TO OH MOJKET
3aIllJIATUTDL 34 IIPOE3J BCEMMU OCTAJbHBIMU AeHbramu. Eciam y
Hero ectb aABe MOHeTHI 10 KoII. mjm MoHeTa D KOII. M MOHeTa
15 Kom., TO OH TOXKe MOKET 3aIlJIaTUTh 3a MPoe3n. 3aMeHUM
KasKkIble ABe MOHeTHI b kom. oguHoi moHeronn 10 xom. ITocae
9TOr0 MOXKHO CUMTATh, UTO y IIKOJbBHHKA €CTh He 0oJjiee Of-
HOM MOHETHI D KoII. 1 He 6osee oxgHolr moueTsl 10 xon. Torzma
y Hero JOJIXKHBI ObITH MOHETHI 15 KOmI., a IIOTOMY He JOJIMK-
HO OBITH MOHeT b Kom. OgHUMH MOHeTaMu II0 15 KOII. HeJb-
3a cocTaBuTh B cymme Hu 50 Kom., Hu 40 Koi., mosToMy y
IIKOJBHUKA JOJYKHBI OBITH JBe MOHEThI 10 KOII., 1 OH MOXKET
3aIJIaTUTDL 34 IIPOE3].

5. IlycTh a — HAMOOJBINIAS CTOPOHA JAHHOTO MHOIOYI'OJIb-
HUKAa (ecaum HamMOOJIBIIINX CTOPOH HECKOJbKO, TO MbI BbIOMpA-
eM J100yI0 13 Hux). PaccMOTpUM YacTh MHOTOYTOJbHUKA, KO-
TOpas OCTAETCs IIOCJie BhIOPACLIBAHIS CTOPOHBI 4, ¥ BO3bMEM
TOUKY, KOTOpas JEJUT IIOI0JaM IIepuMeTp 9Toi uactu. Eciau
9Ta TOUKA SBJSETCS BEPIIMHON MHOTOYIOJbBHUKA, TO MBI OUe-
BUIHLIM oOpasoM medOpMHPYEM STOT MHOTOYI'OJbHUK B pas-
HOOeApPEeHHbIH TPeyroJbHUK. IIpeAInosouM Telnepb, UTO 3Ta
TOYKA JIEIKUT HA CTOPOHE b, a IepruMeTPhl YaCTel MHOI'OYI0JIb-
HUKa, 3aKJIOUEHHBIX MEXKIY CTOPOHAMU a U b, PaBHBI X U Y.
Torma x+b>y u y+ b > x. Eciu, Hanpumep, x =0, TO MBI MO-
JKeM COCTaBUTH TPEYTroJbHUK U3 OTPE3KOB a, b, y. IlosTomy
OymeM cumTaTh, 4TO X, Yy # 0. IIpeamosao:KumM, 4TO TPEYTroJb-
HUK HeJb3s COCTABUTh HU M3 OTPE3KOB a, X, Y+ b, HU U3 OT-
PEe3KOB a, Y, X+ b. OTpe3ok Kopoue COeAUHSIONIE eT0 KOHIIEI
JIOMaHO#, moaToMy a < X +y+ b. Kpome TOro, BBITOJTHAIOTCA
HepaBeHCTBa X +b>y u y+ b > x. [losTomy, 4TOOBI TPEYTOIb-
HUKHJ HeJb3s ObLIO COCTABUTBL, MOJIXKHBI BBIMOJHATLCA Hepa-
BeHCTBA a+Xx<y+b u a+y<x+b. Ho mo mpegmnosiokeHnio
a>b, mosromy 0<a—-b<y—x mw 0<a—b<x—y. Cunengona-
TeJIbHO, X =Y u a =b. 1o yCJI0BUIO YKCJIO CTOPOH MHOTOYTOJIb-
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HuKa 6osbiie 4. [losToMy ogHa M3 JIOMaHBIX AJUHBI X COCTOUT
W3 IBYX YacTel ImepuMerpa X; U Xy. JIeTKo IIPOBEPUTH, UTO U3
OTPE3KOB AJUHBI X, 4 + X1, @+ X9, TA€ X1 + X2 =X, MOXHO CO-
CTaBUTH TPEYTOJLHUK.

10 xaacc

1. IIpe:xnme Bcero sameruM, uto 323 =17-19, mostomy umc-
JIO IeJuTcsa Ha 323 Torga M TOJLKO TOTIA, KOTZa OHO NEeJUTCS
Ha 17 m Ha 19. Yucao 20" — 3" genurca Ha 20 —3=17. Hamee,
16"=(-1)" (mod 17), moaromy umucjyo 16" — 1 genurcsa ma 17
TOTZA W TOJBLKO TOrZa, Korza n 4éTHo. YTo Kacaercs AeJiu-
moctu Ha 19, To 20" — 1 genurcsa Ha 20 — 1 =19 npu sr060M
n, a upu n=2m uucio 16" — 3" geaurca ma 162 —32=13-19,
IIO9TOMY OHO gejuTcsa Ha 19.

2. Ilycth ey, ey, e3 — BEKTOPHI TPEX IIOCJIEL0BATEIbHBIX
3BEeHLEB JaHHOI JoMaHOU. Iloce BEeKTOPOB €5, €3 HOJIKeH UI-
TU IePHeHIUKYJIAPHBIN UM BEeKTOpP, T. €. BeKTop *e;. IIpomgo-
JKad 9TU PacCyKIeHUs, IIoJydaeM, UTO IIOCJIeLOBaTEeJIbHOCTDH
BEKTOPOB 3BeHLEB MMeeT BUJ €, €y, €3, tey, ey, Ltes, ... Ilo-
9TOMY UMNCJIO 3BEHBLEB JIOMAHOM meauTcsa Ha 3. SICHO TaKKe,
YTO KOJIMUECTBO 3BEHBLEB €; JOJI)KHO OBIThH PABHO KOJUYECTBY
3BeHLEB —e;. To Ke caMoe BEePHO IJid e; U e3. IlosaToMy umciio
3BEHBbEB YETHO.

3. Cm. pemrenue 3agauu 3 ajasa 9 Kiacca.

4. TouHO TaK ’Ke, KaK U OpU pemieHun 3amaum 4 mgas 9
KJIacca, MOYKHO IIOMEHSTH MOHETHI TaK, 4TOObI MoHeT 1, 2 u
3 Koi. He ocrasochb. Eciau ects mouera 20 KOII., TO IIOMUMO
Heé ecTh 50 Kom., a TorJa 3aIllJIATHUTHL 3a IIPOe3l B TpaMBae
MOJKHO, KaK IOKasaHo B pellneHuu s3afgauu 4 aasa 9 Kiacca.
Eciu y mikoJabHUKA ecTh ABe MOHeThl 10 Kom., TO OH TOXKe
MOJKET 3aILIATUTEL 34 IIPoe3]. S3aMeHUM KajKAble JBe MOHETHI
5 kom. oguoi moHerolr 10 Kom. ITocse 3TOro MOYKHO CUNUTATD,
YTO y IIKOJbHUKA €CTh He 0oJjiee OMHOII MOHETHI 5 KOII. W He
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6osee oguoit MmoHeThl 10 Kom. Torma y Hero goJ:KHBI OBITH JBE
MOHEeTHI 15 KOII., KOTOPLIMHU OH MOXKET 3aIlJIaTUTh 3a IIPOe3.

5. AmajoruunHo pelreHuIo 3amaum 5 aaa 9 Kiacca.

Bropoii Typ
7 Kaacc

1. Uckomoe I'MT cuMMeTPMUYHO OTHOCUTEIHLHO HPAMBIX
OA u OB, mosToMy [OCTaTOYHO PACCMOTPETh cayuaii, Korga
OA u OB — ocu KoopAuHAT, a Touka M nMMeeT HEeOTPUILATEIb-
Hble KoopAauHATH (X, y). Ilokakem, uro sra yacts I'MT zaga-
érca HepaBeHcTBaMu x +y > 1, x2 +y2 <1.

IIyers (x;, y;) — BEKTOpPHI 3BeHBbEB JoMaHO! OM. JlanHbIE
YCJIOBUS 03HAYAIOT, 4TO » \/x2+y?=1 U Bce KOODAUHATEIL
Xi, Y; TIOJIOXKUTEJbHEI. [leficTBUTEIbHO, €CIM KOOPAUHATEL X;
U X;;1 Pa3HBIX 3HAKOB, TO HalfeTca IpaAMasd, apajjiejlbHas
OB, rkoTopas IepeceKkaeTr JIOMaHyIO II0 KpaliHell Mepe B ABYX
ToOuKax. 'mmoTeHysa IpsIMOYTOJbLHOTO TPEeYyTrOJbHUKA MEeHbIITe
CYMMBbI KaTeTOB, II03TOMY xf + yl2 <Xx;+Yi, a 3HAYUT,

1= VaZ+y2 <) (xity) =x+y.

fAcHo Tak:Ke, UTO pacCcTOAHME MeXKIy KOHIIAMHU JIOMAHOUN He
IIPEeBOCXOAUT eé NIUHBI, mosToMy X2+ y2 < 1.

Mp1 mokasasi, 4TO KOOpPAMHATHI TOUKM M ymZOBJIETBOPS-
IOT HepaBeHCTBaM X +y>1 u x? 4 y2 < 1. ITokaskeM, 4TO OJIs
J1000# Touku M ¢ TAaKMMH KOOPAWHATAMU HaWaETcsa Tpebye-
Masa jomaHasA. Ecaum touka M jexut Ha ayre AB u oTauu-
Ha or A m B, ToO B KauecTBe JIOMAHOW MOYKHO B3ATH pPaau-
yc OM. Byznem Temephb cuuTarh, uTo x2 + y? < 1. PaccMoTpum
OKPY’KHOCTH pagmyca y ¢ IeHTpoM M U OKPYKHOCTh paguyca
1—y c eaTpom O. ITU OKPYKHOCTU IIEPECEKAIOTCA, IIOTOMY
uto OM >y, OM >x>1—-yuOM<1l=y+ (1—y). Ectu P —
ommkaiimasa K opamMoii OA Touka mepecedyeHUs paccMaTpuBa-
eMBIX OKpYy:KHOocTeil, To OPM — TpebyeMmas joMaHas.

Bcé T'MT samaércsa HepaBeHcTBamu | x|+ |y|>1, x2+y2 < 1.
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2. 3amyMepyeM KOHTAKTBI JIAMIIBI II0 IIOPAIKY, a OTBep-
CTUS IITEIICessI — B IPOTUBOIIOJIOKHOM Iopsaake. Torga KoH-
TaKT C HOMEPOM Kk IIomajaeT B OTBepPCTHe C HOMepoM a — k,
rae a — purcupoBanuoe uncao. (Toumee roBopsi, peub HUIET
He 0 caMHuX HOMepax, a 00 X ocTaTKax OT JeJieHus Ha 7, HO
HOMEpa COBIIQJAIOT TOTAA W TOJHBKO TOTAA, KOTIa COBIIAJAIOT
ocraTtku.) Ham Hy:KHO BRIOpaTh £ Tak, uTOOBI unciaa k u a —k
JaBaJii OOUHAKOBBLIE OCTATKM NIPHU AeJeHUUW Ha 7, T.e. UKUCJO
2k maBaJjio TAKOM »Ke OCTATOK, KaK u a. JIerko ybeauTscs, 4To,
Korga k mpoberaer Bce OCTATKU IIPU JeJIeHUU Ha 7, YUCJIo 2k
TOKe mpoberaeT Bce OCTATKHU.

3. Ilycrs mus ompemenéHHocTu a >b. PacecMoTpuM ImoJry-
OKPY:KHOCTH paauyca a. IIyctb C — IIeHTP 9TOH HOJNYyOKPYIK-
HOCTU, A — TOUKa Ha AUaMeTpe, AJA

Koropoit AC=0b (puc. 101). Bepiu- 2
Ha B pacmoJsiokeHa Ha BTOW IIOJy-

OKpy:KHOCTU. HamboJsbIillad CTOpPOHA a
TPEeyroJbHUKA — 9TO 4 WJIU C, IO3TO-

My HauboJbIIui yroa — 9to A uiau C. A b C
Bribepem Bepinuny B Tak, 4TOOBI OHA Puc. 101

JieKaJia Ha CEePeIMHHOM TEePUeHIUKY-

Jasape K orpesky AC (9TO SKBUBAJIEHTHO TOMY, UTO a =c). Ecan
BepminHa B cmeraeTcss mo IMOJYyOKPYKHOCTH U3 STOTO II0JIO-
JKeHHus, TO yBeamumBaercsa aubo yroa A, aubo yroa C (B sa-
BHCHUMOCTH OT TOTO, B KAKYI0O CTOPOHY OHA CMeIIaeTcs).

4. IIycts BIMCaHHAsA OKPY!KHOCTHL KacaeTcsa cTOpoH AB,
BC, CA B Tourkax Cy, A, B;. Tpeyronsuuxu A;BC; u A;CB;
r— /B

2
. Anajoruuno /B; =

paBHOGGI[peHHI:Ie; X YIJIBI IIPDM OCHOBAHMAX pPAaBHBI

/B+ /ZC
. CunenmoBarenbHo, LA; = L8reC

2
LA+ ZC LA+ /B
=5 Hu /C; = —=———"—. AHajJlorTU4YHbIe BBIUMCJIEHUSA IJI5

2
/4By + £Cq
BTOPOTO TPEYroJbHUKA IIOKA3bIBAIOT, UTO fAy=——— =

2/A+/B+/C 2/B+/A+ /C 2/C+ /A% /B
:%, 432:% Héczz%.

T—/C



316 Pewenus. 1957 200

Ilycrs pna ompemenéumuoctu LA<L /B /ZC. Torma LAy <
< 4By < ZCy. Takum o06paszoM, M3 JAaHHOTO YCJIOBUS CJIEAYET,
yro LA=/LA,, T.e. 2/A=/B+ /C. YuuTrbiBasg HepaBeHCTBO
/AL /B /ZC, nonyuaem LA=/B=/C.

5. Ilpe:xxae Bcero saMeTuM, UTO BCE UJIEHBI IIOCJIEI0BATEIb-
HOCTH ToJyioskuTenbHBIE. Ilyets S=a, .1+ apio+ ... +apigs —
cyMMa BOCBMHY UAYIMUX IIOAPSAN YJIEHOB IIOCJIEIOBATEIbHOCTH.
HocraTouHo NOKA3aTh, YTO Gpig9 <S < api10. 1lepBoe HepaBeH-
CTBO OYEBUIHO: S >y, .7+ Apig =0ap 9. JlOKAKEM Temepb BTO-
poe HepaBeHCTBO. SIcHO, uTO

Apir10 = Apig +Appo9 = Qg+ Apy7 +Apig =
= Qpt6 + Apg7 + Q7 + Apyg =

= Qpi5 T Ap6+ Apre T Apr7+ Apyg =

= Qg1 + 2ak+2 + api3 + .o+ apys.

ITocnenuee BhIpaskeHUe, OUEBULHO, OOIbIIE S.

8 Kaacc

1. Ilycts mas ompemenénHocTu a > b. Torga HaMMeHBITNH
yroJl TpeyroJbHHUKa — 3T0 yrox B wmau yroa C. Paccmor-
PUM TOJYOKPY:KHOCTEL S pamuyca b.
IIycts C — 11eHTD 3TOM HOJIYOKPYK- Ay
HOCTHU, a B — Touka Ha OPOIOJIKe-
HUU JuaMeTpa, 1Jjd Koropoir CB=a b
(puc. 102). IIposegém m3 Touxku B
KacaTelIbHYI0 BA; K IOJYOKDPY:KHO- DB a c
cru S. Ecoim Z/A,CB>/A;BC, TO Puc. 102
HAVMEHBIINHA yIroJ TPeyroJbHUKA
Oymer HamOOJBIIINM, €CJM BepIIMHA A 3aHUMAaeT II0JOoKe-
Hue A;. [leficTBuTeabHO, yros B Bcerma He IPEBOCXOAUT YT-
aa A;BC. HepaBeuctBo LA;CB> /A, BC 5KBUBaJIEHTHO TOMY,
yro b<c=+va2 — b2, 1.e. a>+/2b. Takum o6pasom, eciut a >
>1/2b, TO TPETHS CTOPOHA NOJKHA GBITH paBHA v a? — b2.
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Ilpenmososkum Temepnb, 4TO a < V/2b. Torma, B wacTHOCTH,
a < 2b, mosTOMYy CepequHHBIN MEePIeHAUKYJIAP K oTpe3Kky BC
mepecekaeT MOJYOKPY:KHOCTh B HEKOTOpPO# Touke A,. Hawu-
MEHBIIIUHN yToJI TPeYroJbHUKa OyaeT HamOOJbIINM, €CJIU Bep-
muHa A 3aHUMaeT moJsoKeHme A,. JleficTBUTENIBbHO, TIPENIO-
JOKUM CHauajia, 4TO TOYKa A JIBUIKETCS IO IIOJYOKPY:KHO-
CTU 13 TOJIOXKeHus A, Tak, UTo e€ mpoekiusa Ha BC mBuixer-
ca K Touke B. Torga maumenbium 60yzaeT yroax C, u oH OymeTr
yoniBaTh. IIpeamoso:KumM Temepsb, UTO TOUKa A OBUIKeTCS Tak,
YTO UTO €€ MPoeKIuA ABHKeTcAa oT Touku B. Torma HamMeHb-
mumM Oymer yroa B, u oH OyneT Toxke yObIBaTh. (ITO caemyeT
13 TOro, 4TO B paccMmarpuBaemoii curyanuu LCBAy, < ZCBAy;
B IIPOTUBHOM cJyuae yroJ B cmauajyia Bo3pacTraer, IIOKa TOU-
Ka A He moiimér mo moJsoikeHus A;.) Takum obGpasom, ecau
b<a<+2b, To TpeTbs CTOPOHA HLOJIYKHA OBITH paBHA b.

2. CMm. pemrenne s3agauu 4 gas 10 xaacca.

3. Onyctum m3 Touku O mnepneHguKyasapel OA;, OB, u
OC; Ha CTOPOHBI TPeyroJabHUKa. M3 Touku G TOXKe OIMYyCTUM
nepneuguKyasapel GA,, GBy, nu GCy; Ha CTOPOHLI TPEYTOJILHU-
Ka. flcHo, uTO

OA’" OB  0C' 04 OB, 0C,

GA’ + GB’ + GC'  GA; + GB> + GCs

u GA; =GBy, =GC, = x. Ocraérca mokasarh, uto OA; + OB +
+ OCI = 3x.

Ilycth a — cTopora paBHOCTOpPOHHero TpeyroabHuka ABC,
S — ero maomtansk. Tormga a(OA; + OB, + 0C,) =28S. IloaTomy
cymma OA; +OB; +0C,; ogHa u Ta :Ke Ojas 000l Touku O
BHyTpu Tpeyroabuuka ABC. Ho ecau O coBmamaetr ¢ G, TO
9Ta cyMMa paBHa 3Xx.

4. JIerko IIpoBepPUTH, UTO €CJMW ONHO M3 UHCEJ X1, X3, X3
paBHO HYJIIO, TO OCTAJbHBIEC UMCJIAa TOXEe PaBHBI HyJ0. ITosTo-
My OyIeM CUMTaTbh, YTO X;X3X37# 0. Torma mamHyioo cucremy
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ypaBHEHUII MOYKHO 3aIlMCaTh B BHUIE

2 1 2 1
x_2_1+x_§’ x_3_1+x_§’ x_1_1+ﬁ'

CJI0)KUB 5TH YpaBHEHUS, IIOJYUNM

12 12 12
(1-2) 4 (1= 2 (1- 1) —o.
X1 X2 X3
IIpu geficTBUTENIBHBIX X1, X2, X3 DTO PABEHCTBO MOYKET BBIIIOJI-

1 1 1
HATLCS JUIIL B TOM cJaydae, Korga 1 — P 1- P 1-— P 0,
1 2 3

T.€. X1 =Xs=x3=1.

5. Ilycrs o< B < y— yruIel JaHHOTO TpeyToibHUKA. I1o ycio-
BUIO 9TOT TPEYTOJbHUK HEPABHOCTOPOHHUMU, ITOdTOMY Y — o> 0.

Kax BugHO U3 pereHus 3agauu 4 O 7 Kjacca, yIJabl BTOPOTO

04 04
IIOJIYYEeHHOI'0 TPEeyroJbHUKA PaBHBI ﬂ—zky> ;Y> ;ﬂ. Husa

HETr'o Pa3HOCTb MEXAY HaMOOJIBIIINM 1 HAUMEHBIITHIM yriaamMmumu

—
paBHa YT AHaJOTUYHO /IS N-TO TPEYyroJbHUKA Pa3HOCTH
Y—a
MeXKy HanbOOJBIITUM U HAUMEHBIIIUM YIJIOM paBHA ST IIpnu

Pa3HBIX N 3TU BEeJIMYUNHBI pa3HbIe, a Y HO,I[06HI>IX TPpEeyroJbHM-
KOB OHU OOJIMHBI OBITH OOJMHAKOBBIMM.

9 kaacc

1. IloctynarenbHOE TepeMeIlleHrne MPAMOYTOJbHUKA MOMK-
HO TIPEJCTAaBUTL B BUJAE KOMIIOBUIIUU HECKOJBKUX IlepeMe-
IIeHn# BAOJb OOHOI ero CTOPOHBLI M BIOJBb APYTOM CTOPOHBI.
HeckoabKo mepeMeIresnnii MOTYT IIOHAAOOUTLCS, IIOTOMY YTO
IJIis TIepeHoca Ha BEKTOP XY (puc. 103)
HaM TOPUAETCSA [OBUTATHCA IIO0 <«JECEeH- Y
Ke», 4TOoObl He HapPYyUIWJIOCHh YCJIOBUE,
YTO IPAMOYTOJbHUKHU II€PECceKaloTcsA B
BOCbMU TOYKax. Takum ob6pasom, mocTa-
TOYHO PACCMOTPETh CJydail, Korma mps-
MOYTOJIbHUK IIepeMeIllaeTcsi BAOJb OX-
HoOIT u3 cBoux cTopoH (puc. 104). dcro, X
uT0  Sap,cp, — Sas,cp, = Scs,B, +Scpip, — Puc. 103
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A

D

C

Puc. 104

—Sa,B, —Sap,p,- OTpesku B;B; m D,D, paBHbBI, I03TOMY
SaB,B, +Sap,p, = Eab, rae a=B1By=DD, u b— cTopoHa mps-

1
MOYTOJIbHUKA. AHAJIOTUYHO Scp,p, + Scp,p, = Eab.

2. CMm. pemrenne s3agauu 2 ajas 10 xiaacca.

3. IlpenmoyoxKumM, 4TO HPHU KaXKIOM IIOBOpPOTe (IPU KOTO-
POM HAIPOTUB UMCJA, HAIMCAHHOIO HA OSHOM IHCKE, CTOUT
Y1CJI0, HAMMCAHHOE Ha APYroM AMCKe) HalIyTcsa aBa OmUHA-
KOBBIX UHMCJIA, CTOAINUX APYrI HAIPOTHUB apyra. Torza mpu
KasKJOM IIOBOPOTE €CTh POBHO OJHA IIapa OAMHAKOBBIX ULCEJ,
CTOAINUX APYr HAIPOTHUB Apyra. IleificTBUTEJIBLHO, IIOBOPOTOB
y Hac Bcero 20, moaToMy ecau ObI XOTs OBI IJIsI OJHOTO IIOBO-
poTa coBHAJIX JBe Iapbl YMCEJ, TO KOJIUUYECTBO YUCEJ JOJIKHO
ObLIO OBI OBITHL He MeHee 21.

IIycTh B MCXOOHOM MOJIOMKEHHUU IIPOTUB YMCJIA i CTOUT YKC-
20
g0 o(i). Berumenum gBymsa cmocobamu cymmy . (i — o(i))
20 20 2(;:1
(mod 20). C oguoii croponsl, » (i—o(i))=>i—> o()=0.C
IPYTOH CTOPOHBI, HOCKOJIbelI:Ii)I/I Ka&R,lIOML;Ii)BOplg;‘e €CThb POB-
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HO OJHA IIapa OAWHAKOBBIX UYKCEJ, CTOSINX HAIPOTHUB JPYT
Ipyra, Kasapiii us octaTrkoB (i — o(i)) (mod 20) BcTpeuaercs
POBHO oguWH pas, Korga i mpoberaet uucyaa ot 1 go 20. IToaTto-

20

My > (i—o(@)=0+1+2+3+...+19) (mod 20). Ho uucio
i=1

1+24+3+...+19= =190 me genutcsa Ha 20. IToxyueno

IIPOTHBOPEUYNeE, IIOITOMY BCErga MOMKHO IIOBEPHYTh OOUH AUCK

OTHOCHUTEJIBbHO APYIOro TaK, 4TOOLI HUKAKNE IBA OLUHAKOBEIX

Yucjaa He CTOSAIN APYT IPOTUB APYyTa.

19-20

4. IIycts b 1 a — HauboJablllee 1 HaMEHbBIIIee cjaraeMbie
B paccmarpuBaemoi cymme. Ecaiu b>a+2, to b—1>a+1,
cjaemoBaTesbHO, al(b—1)!b>al(b—1)!(a+1), a sHauur, al b! >
> (a+1)!(b—1)!. ITosTomy b u a MOxKHO 3aMeHuTb HA b— 1 u
a+ 1. ITociie HECKONBKMX TAKMX OIePAIluil PA3HOCTb MEKIY
HanOOJBIIINM 1 HANMEHBIINM CJIaraeMbIX OyaeT He OoJjblie 1.
TaxuMm o0pasoM, MOYKHO CUMTATh, uTO uucgo 1957 mpexacras-
JgeHo B Buge 1957=m-(a+1)+ (12—m)-a=12a+m, roe 0 <
<m<12. Yucao 1957 He meaurca Ha 12, mosToMmy m — ocTa-
TOK OT gesienus 1957 wa 12, r.e. m=1; upu stom a =163.

5. IIycTh okpy:xkHOCTH S| U S, KacalmTcs BHENTHUM obpa-
som B Touke A. Ilycts, masee, O; u Oy — uUX IEHTPHI, R; u
R, —ux paamychkl. J[loKaskeMm, UTO AJMHA KacaTeJbHOU, IIPO-
BeIEHHON U3 TOUKU B OKPYKHOCTH S; K OKPYXHOCTH Sy,

Ri+ Ry .
paBua AB FRE HeficTBUTENIbHO, IyCTh X — BTOpas TOY-
1

Ka mepeceuenus npamoit AB ¢ okpy:xHOCThIO S,. Torma kBan-
pat nauHBI KacaTeabHoM paseH BX - BA. flcuo, uto AB:BX =
=0,4A:0,0,, mosToOMy

ABZ-O102 :ABZRI + Ry

BX-BA = 0.4 7

ScHO, YTO TOUKM KacaHUsA TPEX PABHBIX OKPY'KHOCTEU C
YEeTBEPTOH OKPYIKHOCTBIO 00pas3yIOT IPABUJIBHBIA TPEYTroJib-
HuK. IloaTomy ocraérca mokasaThb, UTO OJHO M3 PACCTOAHUN
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OT ITPOMBBOJILHOA TOUKM ONHCAHHOU OKPYYKHOCTHU ITPABUJIBHO-
O TPeyTOJbHUKA OO0 €r0 BePIINHLI PABHO CyMMe IBYX IPYTUX
paccTosgHU. ATO B TOUHOCTH 3ajmaua 2 OJasd (—8 KJaccoB 2 Ty-
pa onumnuaznel 1940 roma, cm. c. 16.

10 raacc

1. Bossmém Ha npambiXx AB u CD touku E u F Tak, 4TOObI
npambie BF u CE umenu 3aJaHuble HalpaBieHus. PaccMmor-
PUM BCEBO3MOKHBIE HPAMOYToJbHUKN PQRRS c¢ 3agaHHBIMU
HAIIPaBJEHUAMU CTOPOH, BEPIIUHBI
P m R KOTOpBIX Je)KaT Ha Jiydax
BA u CD, a BepiminHa @ — Ha CTO-
poue BC (puc. 105). [lorkaxkem, 4TO
reoMeTPUYEeCKUM MEeCTOM BepIIUH S

aBasercs orpe3ok EF. B camom me-
Jae, SER_PQ_BQ_FR T.e. TOUKa
EC EC BC FC’
S ne:xut Ha orpeske EF. O6paruo,
ecau ToukKa S’ JIEKUT Ha OTpPesKe
EF, to mposeném S'P' || BF, P'Q’ || EC Puc. 105
u QR ||BF (P',Q, R —Touku Ha
! D! / / ! D/

npavmbix AB, BC, CD). Torgma % = % = %—CC = %, T. €.
S'PP=Q@'R u PQR'S' — npaAMOyroJbHUK.

W3 sToro BeITEKAaeT ciexyroiiiee moctpoenue. CTpoum cHa-
yaja Touku E m F. Bepmuna S saBiseTcs TOUKOI Iepeceue-
Husa otpeskoB AD u EF (ecnu orpesku AD u EF He mepeceka-

I0TCs, TO pelreHuit Her). JlambHelIee MOCTPOEHNE OUEBUIHO.

2. Ilycrb o 5 = _1%\/5 — kopHHU ypaBHeHud 1 — x2 =x. To-
Ma X1 =...=X, =03 U X]=...= X, = Og — PEIIEHUsA CHUCTEMBbI.
Ecanm n =2k —u4érHoe umncao, 0 X9 =0, x9_1=1 m x9,=1,
x9_1=0 (=1, ..., k) —ToxKe pelieHusa cucrtembl. [loKa:kem,

YTO APYTUX MEeNCTBUTEJNIbHBIX PEIIeHUN HeT.
PaccmoTpum oTfiesibHO MHTEPBaJbI, HA KOTOPBIE TOUKHU O =
-1-5 -1+5
= ’ 07 A = 2

3 u 1 pasbuBaT YMUCJIOBYIO OCh. Pac-
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Y

-1 . —i+\/5 x

Puc. 106

cmoTpuM (QyHKIUO f(x) =1 — x% U HOIOKUM
f®(x) = f(f(...f(x)...)) (n pas).

JocTaTOuHO IIPOBEPUTH, YTO HU Ha OJHOM M3 HHTEPBAJIOB
(_OO’ al)a (ala 0): (Oa 0(2), (aZa 1)’ (]-a +OO) ypaBHEHUE f(n) (JC) =
=x e umeeT pernenuii. I3 mepasencrsa f(x) <1 caexyer, uTo
Ha uHTepBaue (1, +oc) peleHuit HeT. 3aMeTuM, gajiee, UTO HaA
uHTepBasax (—oo, o), (0, o) m (1, +00) BBIIOJHAETCA Hepa-
BeHCTBO f(x) <x, a ma mHTepBasax (o, 0) u (a, 1) BBIIOJ-
HseTcss HepaBeHcTBO [(x) > x (puc. 106). B wactaocTu, QyHK-
mus f(x) nmepesoguT mHTEpPBAI (—00, ;) B cebs. Ho Ha sToMm
uHTepBajue f(x) <X, a 3HAUMUT, HA 3ToM HHTepBajie [ (x) <
< x. CnemoBaTesbHO, Ha mMHTEepBaje (—0o0, ®;) PelIeHUi HeT.
Paccmorpum Temepsr muTepBaa (a, 0). Ecam x; € (¢4, 0), TO
x9=71(x1) € (g, 0)U[0, 1]. Ecim x5, €[0, 1], To u f® "V (x3) €
€[0, 1], rak xak pyuxiusa f mepesogut orpe3ok [0, 1] B ceds.
Ho ™Y (x3) =x; € (g, 0). IonydeHo mpoTuBOpeune, IOITO-
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My X3 € (g, 0). AHajgoruuso xs, ..., X, € (¢, 0). Ho f(x) > x
Ha mHTepBasie (o, 0), mosTomy X; < X9 <...<x,<f(x,)=x.
ITonyuenHoe mpoTHBOpeUYHEe IIOKAa3bIBaeT, UTO HA HMHTEpPBaJe
(oq, 0) pemrennit mer. Ilyers Temeps x; € (0, 1). ®yurmus f
oroOpaskaer uuTepBana (0, o) B uHTepBand (a, 1), a umHTEp-
Bas (o, 1) — B uuTepBan (0, o), IOITOMY UUCIO N TOJKHO
OBITHL YETHBIM. 3aMeTHM Tellephb, uTo Ha nHTepBaje (0, ay) BBI-
noaHsercs: HepaseucTBo f(f(x)) <x, a Ha mHTepBaTe (o, 1)
BBIIOJIHsIeTCsA HepaBeHCTBO f(f(x)) > x. I[TosToMy HU Ha OAHOM
u3 uHTepBayoB (0, o) u (o, 1) vy Halllell cUCTEMBI PeIIeHUH
HeT.

3. Onycrum us Touku O nepueHIuKyJasapsl OA;, OB, OC,
u OD; Ha rpauu. 13 Touku G TOKe OIYCTUM IEPIEeHIUKYJIA-
pet GA,, GB,y, GCy u GD, Ha rpanu. fcuo, uto
0A’ OB’ oc’ oD’ oA OB, 0C, OD;
Ga Ter Teo Tap T Ga, TGB, TG, T GD,
u GA; =GBy =GCy=GDy = x. Ocraérea nokasarb, uro OA; +
+ OBI + OCl + OD1 =4x.
IIycts S — miomiaab rpanu IpaBUIbHOTO TeTpasapa ABCD,
V — 06éMm Terpasapa. Torga

ITosTomy cymma OA; +OB;+0OC;+0D; ogHa m Ta e OJd
Bcex Touek O BHyTpHu Terpasapa ABCD. Ho ecau O coBmamaeTt
¢ G, To aTa cymMMa paBHa 4.x.

4. ComocraBuM Iu(dpe YKciIa U3 IepPBOIi IOCIeI0BaTeIbHO-
CTU HYJIb YHMCJIa U3 BTOPOI ITOCJIEeA0BATEIBHOCTH CJIEeAYIOITUM
obpasom. Hamwumiem mocsie mamuoii mu@pbl HYJIb. B pesyJb-
TaTe IOJYUYMM YHCJIO M3 BTOPOU IIOCJIEAOBATEIHLHOCTU C OT-
MeueHHBIM HyJiéM. Harmell mugpe MbI comocTaBIsieM MMEHHO
9TOT HyJb. HaobopoT, Hy 0 UMCIa 13 BTOPOH IIOCJIEI0BATEIb-
HOCTHY COIIOCTABUM ITUMPY UMcIa M3 IIEPBOM ITOCIe0BaATEb-
HoCTH cienymoinum obpasom. OrmeruM mudpy, KOTOpas CTO-
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UT Tepes JaHHBIM HYJIEM, W IIOCJIE 9TOTO HYJIb BBHIUEPKHEM.
B pesyabraTe mosyumM UMCJIO W3 IIEPBOI ITOCJIed0BATEJIBHO-
CTHU ¢ oTMeueHHOU mudpoii. Harmemy HyJI0 MBI COIIOCTABJISIEM
WUMEHHO 3Ty Mu@py. OTU OIepanu B3anMHO 00paTHBI, II03TO-
MYy MBI IIOJTyYaeM B3aUMHO OJHO3HAYHOE COOTBETCTBUE MEKIY
nudpamMm dmcia IepBOil IIOCTIeIOBATEIBHOCTH W HYJIIMHU UU-
ceJl BTOPOII IIOCJIeI0BATEeIbHOCTH.

5. OTHecéM K OAHOU T'pyIllle YUCJIO d,, a K APYyroi — 4duc-
JIO @,_1. 3aTeM OyAeM IIOCIe0BaATeIbLHO OTHOCUTEL UMCIA d,_3,
a,_3, ..., @] K TO I'pyIlmne, B KOTOPOH CyMMa YIMCEJ MeHLIIIe
(eciu cyMMBI paBHBIE, TO YMCJIO MOYKHO OTHOCHUTH K JII000I
rpymae). IIyers A, > 0 — pasHOCTh MEXKAY CYMMAaMMI YKCE] B
rpylnax, HoJy4eHHBIX II0CJe OTHeCeHUd K HUM a;. IlokaskeM,
uro A, < ay. delictBuTenbHo, A, 1=a, — 0, 1 <20, 1 —Qp_1=
=a, ;. flcuo Takxke, uto ecnu A, < ay, 10 Ay 1 =|Ar—a_1]|
u—a, 1 <Ap—ap1<a,—a1<2a;,1—ap_1=0_1.

ITocie Toro Kax Mbl paclpefeiuM IIO0 IBYM IPYIIaM Bce
4yucia, IOJYyYUM I'PYIIEL ¢ CyMMaMU yucesa S; u Sy, IPpUUYEM
|S; —8S2|<a;=1. Ilo ycnoButo uucio S; + Sy 4ETHOE, TOITOMY
S1 - Sz.



OcHno6Hble paxkmbl

B macroaiuit pasmes coOpaHbl IOHATUSA U TEOPEMbBI, KOTO-
prle HamboJiee YacTO BCTPEUAJNCH B PEIIeHUAX 3a7au JaHHOM
KHUTH. OTU MOHATUA U TEOPEMBI MBI JJIA KPATKOCTH HAa3BaJIU
¢parxmamu. MbI cTapaauch He BKJIIOUYATH (haKThl, UMEIOIIUeCcs
B OOJIBIIIMHCTBE IITKOJBHBIX YUEOHUKOB.

ITOT paszes He IPEeTeHAYEeT Ha IMOJHOTY M He 3aMeHAET CU-
cTeMAaTHYEeCKUX yUeOHBIX ITOCOOUi (CM. CIIMCOK JIUTEPATYPHI).

Kom6unaTopuka

1°. Yucao xoMOMHAITUI

IIycTs HYy:KHO BBIOpPATH £ IIPEeAMETOB, IIPUUEM IIePBBIHA Ipes-
MeT MOXKHO BBIOPATh U3 11 IPEAMETOB Qy, ..., A, , BTOPOI — U3
ny npegMmeTroB by, ..., b,,, k-l — U3 n, OIPEeAMETOB X1, ..., X,,.
Torga obIrjee UMCJIO0 BCEX PA3HBIX CIIOCOOOB BLIOPATEH OTU IIPE.-
MeTBI PABHO NNy ... N;. [efiCTBUTEIbHO, PACCMOTPUM CHAUAJIA
cayuaii k=2. CocraBuM 13 mmap BbIOPAHHBLIX 3JIEMEHTOB MIPSA-
MOYTOJIbHYIO TaOJIUIY C 7 CTPOKAMHU U My CTOJOIAMU, PACIO-
JI0:KUB napy (a;, b;) Ha mepeceueHun i-ii CTPOKU U j-TO CTOJO-
na. Kaxxkgasa mapa BcTpedaeTcda B 9TOM TabJjuile POBHO OAWH
pas, mosToMy MBI IIOJyUYaeM niny nap. Ilpu k=3 6ymem pac-
cMaTpuBaTh mapy (a;, b;) xKak sjaeMeHT HOBoro Tuma. Torga
KasJyI0 TPOUKY (a;, bj, ¢;) MO¥XHO paccMaTpuBaTh Kak Iapy,
COCTOAINYIO U3 djeMeHTa (a;, b;) u snementa c;. CiefoBaress-
HO, KOJIMYECTBO BCEeX TPOEK PaBHO 7MiMsn3. Jd IPOU3BOILHO-
ro k TpebyeMoe yTBep:KIeHNEe NOKAa3bIBaeTCA 110 UHAYKIIUN.

Sagaun: 35.C.1, 35.C.2, 36.4, 45.2.7-8.1, 57.1.7.5.

2°, Yucmo coueTaHUM

IIycTh ecTh n pasHBIX MIPEIMETOB, M3 KOTOPBHIX HYKHO BbI-
OpaTh k IIpeAMeTOB, IPUUEM OBe BHIOOPKU CUHTAIOTCSA PAa3HBI-
MU, €CJIU OHU COCTOSAT U3 PAs3HBIX IIpeaMeToB (T.e. MOPAIOK,
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B KOTOPOM BBHIOMpAIOTCA 3JI€MEHTHI, HEe yUUThIBaercd). Torga
KOJIMYECTBO BCEX BO3MOKHBIX BBIOOPOK PaBHO
nn—1)(n—-2)-...-(n—k+1) n!
1-2-...-(E—1k T (n—R)R

IeiicTBUTEIBHO, €CJM MbI OyZeM BLIOUPATH IPEIMETHI C yué-
TOM MOPAAKa, To moayuum n(n—1)(n—2)-...-(n—k+ 1) pas-
JIMYHBLIX BBIOOPOK, MOCKOJIBbKY IIE€PBBIN IIPEIMET BLIOUPAETCS
13 1 IPEeAMEeTOB, BTOPOI — M3 OCTABIIUXCS 71 — 1, TpeTuii — us
ocraBIIUXCA n— 2 U T. A. Eciiu Teneps 3a0bITh IPO MOPSIOK, B
KOTOPOM BBIOMPAJIKCH IIPEIMETEI, TO KasKAas BLIOOPKA BCTPe-
turca y Hac 1-2-...-(k— 1)k pas. [leficTBUTeTbHO, TEPBBI
BBIOPAHHBIA IIpeIMEeT MOXKET OBLITh JIOLIM M3 k IpeaMeToB,
BTOPOU — JIIOOBIM M3 OCTaBIIUXCA k — 1 mpeaMeToB, TPeTUil —
JIIOOBIM M3 OCTABIINXCS k — 2 IpeaMeToB U T. J.

KoauuecTBo cmmoco6oB BuIOpaTh £ 9J1eMEHTOB M3 11 0003HA-
yaercs Ck.

Sagaun: 35.C.2, 37.2.3, 47.1.7-8.1.

3°. bunom HproToHa

Hna Beiuucienus (a+ b)", rme n— HaTypajabHOE YHCJO,
MOJKHO BOCHOJIb30BaThcsA (hopMysoi 6uHoMa HrioToHa
(@+b)"=C%"+Cla" b+ C2a" ?b* +... + C* tab" ! + Cb",

n!
(n—Fk)R!
TOB u3 n. [elicTBUTeNbHO, KayKJoe cjlaraeMoe a OJTy-
yaeTcs, KOTJa IPU PACKPBITHN CKOOOK MBI BhIOMpaeM k us n
COMHOKHUTENIeN a + b u 6epéM B HUX @, a4 B OCTATbHBIX COMHO-
JKUTeJAIx 0epém b.

Sagaun: 40.2.9-10.2, 48.2.9-10.1, 53.2.10.1.

4°, @opmyia BKIOYEHUN M UCKIIOYEHUN

dopmyJia BKJIIOYEHUN 1 UCKJIIOUYEHUN IJIS IBYX MHOXKECTB
IIO3BOJIAET BBIUUCJIUTH KOJMYECTBO JJIEMEHTOB MHOKECTBA
AUB, eciu M3BeCTHBI KOJIMYECTBAa 3JIEMEHTOB MHOMKECTB A,
B u ANB. [pyrumMu cjoBaM#W, OHA IIO3BOJISIET HAWTU KO-
JUYECTBO IIPEIMETOB, KOTOphbIe 00JIaZaloT IO KpalHel Mepe

— KOJIMYECTBO CIIOCOOOB BBIOPATh K dJIeMeH-
kbn—k

k __
roe Cr =
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OJHUM U3 HEKOTOPBIX JBYX CBOICTB, €CJIN M3BECTHO KOJHYe-
CTBO IIPEJMETOB, 00JaZalOIINX IIEePBBIM CBOMCTBOM, BTOPBIM
CBOICTBOM M 0OOMMM CBOICTBAMU OAHOBpPeMeHHO. Eciu 000-
3HAUUTH uepes |X| KOIMUIECTBO 3JIEMEHTOB B MHOXKecTBe X, TO
aTa (opMysa BBIIVIALUT CIEAYIOIMUM 06pasoM:

|AUB| = |A|+|B|-|ANB

JeficTBUTENIBLHO, ecay MbI BO3bMEM cymmy |A|+ |B|, To Bce
9JIeMeHThI MHOKecTBa A N B mocYuTaeM IBaK[bI.

OTMeTHuM, YTO AJISI 11 MHOMKECTB A, ..., A, ToxXe ecTb (op-
MyJia BKJIOUEHUI U UCKJIIOUEHUIA:

n—1
|A1 U... UAn| == Z (—1)k+1Nk,
k=1
. (B sroii xHUTE (popMmysaa Ojad n > 2

rae Ny=> |A;N...NA,
He WCIIOJIb3YeTCs.)

3anaun: 38.2.4.

5°. Yucaa Karanxana

Bo MHOrux zamauyax KOMOMHATOPHKHU BCTPEYAalOTCA TaK Ha-
(2n)!
nl(n+1)!°

CA PEKYPPEHTHELIM COOTHOIIIEHNEM

3pIBaeMble uncaa Karanana c, = ITU YHUCJJaa 3aLaI0T-

C, =CoCp_1+C1Cpr_o+ ... +Cr_1Co

U HaYaJLHBIM YCJIOBHEM Co= 1.

MoHO mOoKasaThb, UTO KOJUUYECTBO PA3JIMUYHBLIX CIIOCOO0OB
paspesaTh BBIIYKJILIM 7N-YrOJbHUK HA TPEYTOJAbLHUKU HeIe-
pecexkaronuMuCca JUaroHaJIsIMu PaBHO C,_s; KOJIHUYECTBO Pa3-
JIMUHBIX CIOCO0OB PACCTABUTH N IIap KPYIJIBIX CKOOOK B CJO-
Be, cocrodAleM u3 n+ 1 OYKB, TaK, 4TOOBI BHYTPU KaxKIOH
mapel CKOOOK cTOosIM Jaubo JBe cocemHue OYKBBI, JIMOO OYK-
Ba U cocelfHee BBLIpAKEHME B CKOOKax, JuOO ABa COCEINHUX
BBIPAsKEHUS B CKOOKAaX, PaBHO C,.

3amaun: 50.2.7-8.4.
Jluteparypa: [7].
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6°. IIpuanun Jupuxie

B mpocreiitmem Bupe ero BeIpaskaioT Tak: «Ecam mecarb
KPOJIMKOB CHUJAT B [IeBATU KJIETKAaX, TO B HEKOTOPOHA KJIET-
Ke CHAWT He MeHbIIle [BYX KPOJMKOB». Bosee obmaa ¢opma
npuHnuna Jupuxie: ecau paccadums 6onee yvem kd Kposrurxos
no k kaemxam, mo 0643amenvHo Halldemcs KiemKa, 6 KOmo-
poii 6ydem no kpaiineii mepe d+ 1 kpoauk. [ly1a HeIpepbIBHBIX
BeJIMUWH NpUHOUN [{upuxie BBITIAAUT TaK: €CJIN Kalry 00b-
eMa U pa3mesuTb MeXAY 7 JIOAbMH, TO KTO-TO IIOJYYUT HeE
MEHBIIe U/N U KTO-TO IOJYYUT He GOJIbIe U/,

Sajaun: 46.2.9-10.2, 47.1.9-10.3, 47.2.7-8.3,
47.2.9-10.5, 49.2.7-8.5, 49.2.9-10.5,
50.2.9-10.2, 51.2.9-10.3, 54.2.8.1, 55.1.9.4,
55.2.8.5, 56.2.9.1.

Teopusa uucen

7°. leauMoCTh

ToBopaT, uTO IEJI0€ UMCI0 a Jdenumcs Ha IeJ0e UHCIo b
(unu kpamuo uucay b), eciu HalieTcs TaKkoe Ilejioe YucJjo C,
uro a=bc. B sTOM ciayuae TaksKe rOBOpPSAT, uTO b denum a.
(Hanpuwmep, «2 genut 6» uiau «6 meaurca Ha 2», «—1 geauT
—5».) O6osuauenue: b | a.

CsoiicTBa:

a) JIro6oe umcao genmrcsa Ha +1 u Ha cebs; 0 meaurcsa Ha
J1000€e UYMCJI0, HO HUKaKoe HeHyJaeBoe Unco He aeautcsa Ha 0.

6) Eciiu d |a u d|b, T0 d|a+b; kpome TorO, d|ac gng aio-
6oro mesoro ¢; ecau ¢|b u b|a, To c|a.

B) Ecim b|a, to |b|<|a| uiu a=0.

r) Ecnu d|a u d|b, E u | — nensle uucna, 1o d|ka+ lb;
0oJiee 0010, €CaM KayKI0e M3 UUCEJ A1, Az, ..., A, JEJUTCI
Ha d, a k; — uenslie yncaa, 1o d | kia; + kaas + ... + ka,.

HawubGoapmmuii o01uii geauTesb yncea a 1 b Mbl 0003HaUAa-
em HO/I (a, b). Yucoa a u b Ha3BIBAIOTCA 83AUMHO NPOCMBLMU,
ecau HOJIl(a, b) =1 (uHaue roBops, Ymcja B3aUMHO IIPOCTHI,
ecau u3 Toro, uto d |a u d | b, ciexyer, uro d =+1).
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Hnas1 BeIUYMCIEeHUA HAMOOJBIITIETO OOINEero AeJUTesss HHO-
raa 6erBaeT mosiedHo cootnorerue HOJL (a, b) =HO/ (a — b, b)
(cMm., Hampumep, 3agauy 56.1.7.4).

3amaun: 51.2.9-10.2, 53.2.7.1, 56.1.7.4.
JIutreparypa: [2, ra. 1].

8°. Jleaenue ¢ ocTaTKOM

IIyctb a u b — 1mesnbie uucta, npuuem b £ 0. Torpa HAMgyT-
csl eIUHCTBEHHBIE IeJIble ¢ U ', AJIA KOTOPBIX: a) a=¢qb+r;
6) 0<r < |b|. IIpu aTOM ¢ U I HA3BIBAIOTCA YACMHbLM U OCIAM-
KOM OT IeJIeHUs a Ha b COOTBETCTBEHHO.

IIycrs > 0. OcraTkamMu Opu AeJeHUU HA b MOTYyT OBITH
ypeaa 0, 1, ..., b— 1. Yucio gaeT oCcTaTOK r IPHU AeJeHUU HA
b Torja u TOJIBKO TOTZA, KOTJa OHO mMeeT Bup qb+r, rae q me-
Jgoe. Ilpu sTom Bce umcia pasdomBaioTcs Ha b (0ECKOHEUHBIX)
apudmernueckux mporpeccuii. Hampumep, mpu b= 2 910 mIpo-
rpeccun 2n u 2n+ 1, nupu b=3 — nporpeccuu 3n, 3n+1 u
3n+2 urT. 1.

Yuciio genurcsa Ha b Torga U TOJABKO TOTLA, KOIJa ero ocra-
TOK OT [eJIEHWsI Ha b paBeH HYJIIO.

OcTaTKu cyMMbl (IPOM3BeNeHNsI) OSHO3HAUHO OIIpPeness-
IOTCA OCTAaTKaMM cjaraemMbIiX (coMHo:KuTesnei). Hampumep,
eciu uymceaa a U b maror octaTkm 3 um 6 mpu AgeleHuUW Ha 7,
TO a + b maer ocratox 2=38 +6 — 7, uncyo a — b — ocraToK 4 =
=3—-6+7,aab—ocratok 4=38-6 — 14 pu gemeHun Ha 7.

TouHOe yTBep:KIeHUe TAKOBO: €CJIM OCTATOK OT [JeJIeHUs a; Ha b paBeH
r1, & OCTAaTOK OT JieJIeHUA az Ha b paBeH Iy, TO OCTATOK OT JEJEHUA a1 + a2
Ha b paBeH OCTATKy OT AeJeHus Iy + re Ha b, a OCTATOK OT AeJeHUA d1dg Ha
b paBeH oCTaTKy OT JeJIeHUs rirs Ha b.

KBagpar a1060ro 1mesoro umciaa OIpu JejIeHUN Ha 3 WJIN Ha
4 maér B ocraTtke 0 mam 1. ATOT (haKT MUCIOIB3YeTCA IPU pe-
mieduu 3agay 36.3, 49.1.7-8.3 u 54.1.7.4.

TlocienoBaTe IbHOCTH OCTATKOB OT AeJIeHUA Uucel a, a2, a’,
a*, ... Ha GUKCHPOBAHHOE UMCJO IepUOAUUHA. ITOT (PaKT HcC-
moJsib3yerca mpu perteHun 3agad 40.2.9-10.5 u 55.1.8.1.
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Ilepebupass Bce BOBMOKHBIE OCTATKU OT MAeJeHUs Ha 7,
HECJIOYKHO IPOBEPUTH, UTO CYMMa ABYX KBAAPATOB IEJIbIX YL-
ceJl NeJUTCsa Ha { TOrJa W TOJILKO TOrZa, Korga oba umcia

IeasaTcs Ha (. 9TOT (paKT MCHOJIb3yeTcsA IIPU PelleHuun 3aaa-
yu 40.2.7-8.4.

3amaun: 36.3, 39.2.4, 40.2.7-8.4, 40.2.9-10.5,
41.2.7-8.5, 42.1.9-10.2, 49.1.7-8.3,
49.2.7-8.5, 53.1.7.2, 54.1.7.4, 55.1.8.1,
57.2.9.3, 57.2.9.4.

Jlutreparypa: [2, ra1. 1] u [4, §2].

9°. Pa31osxeHHe HA MPOCTHIE MHOSKHUTEIHN

Yucmao p > 1 HasbIBaeTCA NPOCMbLM, €CIIN OHO AEJINTCS JIUIITh
Ha +p um +1. OcranbHble HATypaJbHble YKCIa, O0JbININE eIu-
HUIHI, HABBIBAIOTCA cocmasHuvimu. Kaskioe cocTaBHOE UUCIIO
MOJKeT OBITh IIPEACTABJIEHO B BUIE NPOU3BENEHUSA IIPOCTHIX.
Wuorma 6nIiBaeT yao6HO CIPYyIINPOBATH OAUHAKOBEIE IIPOCTHIE
¥ 3aIlCATh 9TO IIPOU3BEIEeHIEe B BUIE

ni .n ng
pi'pst...pts
rge pi, P2, ..., Pr — PA3JIUUYHBIE IIPOCTBIE YUCIA, 11, Mg, ...,
n, — HaTypaJbHBbIE UYHUCJIA.

OcHoBHas Teopema apudmeruru. Pasnoxcenue yucaia Ha
npocmote MHOMCUMeELU e0UHCMEEHHO (¢ moYHOCmbI0 00 nopso-
Ka MHOMcumedJell).

Sapmaun: 35.C.3, 47.2.7-8.3, 47.2.9-10.4, 48.2.7-8.1.
Jluteparypa: [2, ra. 1], [4].

10°. Ilycmv m/n u p/q — Hecokpamumvie OpoOU, NPUUEM
yucao (m/n)?? payuonanvroe. Tozda wucaa m'’? u nl/? yenvee.

q m" my
HokasarteanscrTBo. Ilycrs 5 = . HeCOKpaTHMas Ipo0L, IIPU-
ni
mP mi
€ 0. T mw_ P 0 p_ 4
uém 1y >0. Torna us pasencrsa —- = — cieAyer, uto m’ =m; u n’ =n;.
n
1

Us pasencrBa m” =mf ciexyer, uro HaGOp IPOCTHIX AeJUTENEH y ducel
m u mi OOWH U TOT Ke. IlycThb @ — OAMH W3 9TUX IPOCTBIX [IeJIUTeJel,



OcHosHble paKkmbL 331

OpuuéM B M U B Mq OH BOXOJUT B CTEIEHAX X U Yy cooTBeTcTBeHHO. Torzxa
px=qy, mo3ToMy Xx gmenuTrca Ha ¢. Takum oO6pasoM, CTemeHb, B KOTODOIi
Ka'KABIN IIPOCTOU AenuTesb BXOOUT B YUCJIO M, AeJUTCA Ha ¢. Iljna ymcia
m yTBep:KIeHNe NOKAa3aHo; AJSI Yucja N 0Ka3aTeJbCTBO aHAJIOTHUYHO.

Sajaun: 48.2.9-10.1.

T'eomerpus

11°. BHeBUIICAHHBIE OKPYsKHOCTH

BregnucaHnHol OKpYICHOCMBIO
mpeyzoavhuka ABC HasbIBaeTcs
OKPYIKHOCTD, Kacaromasaca OLHON
U3 CTOPOH TPEYTOJIbHUKA U IIPO-
NOJIXKeHUU MABYX IPYTUX CTOPOH.
Takum oOpasom, y Ka’KIOTO Tpe-
YTOJIbHUKA WMEeeTCs TPU BHEBIIU-
CaHHBIX OKpyskHOCTHU (puc. 107).

ITenTp BHeBIMCAHHOUM OKPYIK-
HOCTH €CTh TOUYKa IIepeceueHusd
O0MCCEeKTPUCHI OJHOTO U3 YIJIOB
TPEYTOJILHUKA U IBYX OMCCEKTPUC
BHEIITHUX YIJIOB TPEYTOJbHUKA.

TaxuMm obOpasom, sTuU TpU OucC- Puc. 107
CEeKTPUCHI IIEPECEKAIOTCS B OMHOM
TOUKE.

12°, Paccmosnue om eepuwiubvt A mpeyzonvhuxa ABC 0o
pacnoaoxernHol ene ompesxa AB mouku C' kacanus 6Hesnu-
CAHHOU OKpYHICHOCMU C AYywom AB pasHo norynepumempy.

HokasarteabcTBoO. Ilycth nyuu AB u AC KacamTCAd BHEBIUCAH-
HO# oKpy»kHOCTH B Toukax C' u B, a cropora BC kacaeTcs BHeBIUCAHHOI
okpy:xHOCTU B Touke X. Torga BC' =BX u CB' =CX. ITosatromy AB' = AC +

+CB'=AC+CX u AC' = AB+ BC' = AB + BX. VuurbiBag, uto AB' = AC/,
roJIy4aeM

AB' + AC’ _ AC+CX+AB+BX  AB+AC+BC

! !/
AB = AC = 3 = 3 = 3

I[OKaZiaTeJIBCTBO 3aBEPIIIEeHO.

3agaun: 36.2.
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Jisg BOMCaHHOUM OKPYKHOCTU HMMeeT MeCTO aHaJOTHUUYHOe
CBOMICTBO: pacCTOsSHIE OT BePIIUHbI A TpeyroabHuka ABC mo

TOUKM KaCaHWA BONCAHHOU OKPYYKHOCTU C BBIXOJAINEH u3
AB+ AC—-BC

HeE CTOPOHOM PaBHO 5

; TOKa3aTeIbCTBO aHAJIOIUY-
HO IIPeIbIAYINEeMY CJIydalo.
3amaun: 52.2.7.2, 53.1.8.1.

13°. Bvicombl mpeyzoavHUKaA nepeceKanmces 6 00HOl mouke.

B smr060M TpeyroJbHUKE BBICOTHI TPEYroJbHUKA (UIU UX
ITPOMOJIKEeH ) IIepPeceKalTess B OJHON TOUKe.

ITo moBoxmy moxasaTenbcTBa cM. [6, 3amaua 5.51 uau 7.42].

Sajaun: 52.1.8.1, 54.1.9.4.

14°, Cymma exmopos, udywux u3 yeHmpa nPasusbH0ozo
MHO20Y20/lbHUKQ 8 €20 86epUlUHbL, pA8HA HYJLIO.

HokxasaTenascTBo. IIpu 11060M ITOBOPOTE, IEPEBOAAIIEM TAHHBIN
IpPaBUJIBHBIN MHOTOYTOJBLHUK B ce0sd, paccMaTpuBaeMasi CyMMa BEKTOPOB

TOXKe MOJI’KHA IIePEeXOJUTh B ce0s, HO TaKUM CBOMCTBOM 00JIaJlaeT TOJIBKO
HYJIEBOI BEKTOD.

3agaun: 39.1.2.

15°. Mnowecmeo mouex X, 0na womopwvix XA?2 — XB? =
=const, npedcmasnsem cobol npamyr, nepneHOUKYIAPHYIO
npamoli AB.

ITo moBomy moxasarenbcTBa cM. [6, 3amaua 7.6].

3amauun: 55.2.8.2.

16°. OpueHTUPOBAHHBIE YTIJIBI

Besnnunubl BOINCAHHBIX YIJIOB, OIMPAIOIIUXCSA HA OJHY XOP-
Iy, MOTYT OBITH PaBHBI, a MOTYT COCTABJATHL B cymme 180°.
Hass Toro 4yroObl He paccMaTpPUBATh Pa3JIUUYHBIE BapPUAHTBI
pacmoJiosKeHus TOUEK HAa OKPYKHOCTH, BBEIEM IIOHATHE OPU-
€HTHUPOBAHHOIO yrIjia MeXIYy NPSIMbIMHU. BeauuuHol opueH-
muposannozo yeaa medxroy npamwoimu AB u CD (ob6o3HaUeHUE:
/(AB, CD)) 6yneM Ha3bIBATH BeJUUMUHY yIJja, Ha KOTOPBIH
HYJKHO OBEPHYTH IIPOTUB YaCOBOI CTpeJKHU npamyio AB Tak,
yTOOBI OHA cTajia mapaJieabHa npamoir CD. IIpu sTom yrisl,
orTanualoiuecs Ha n-180°, cuurarorcsa paBusiMu. Ciaenqyer or-
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METUTD, UTO OPUEHTHUPOBAHHBIN yros Mexay npambeiMu CD u
AB He paBeH OPHMEHTHUPOBAHHOMY YIJIY MEXKAY OpAMbIMU AB
u CD (oHu cocraBasoT B cymMme 180° mam, UTO IO HAIIEeMy
coTJIaIlleHnIo TO ke camoe, 0°).

Jlerko mpoBepuTH CJEOYIOIINEe CBONCTBA OPHMEHTHPOBAaH-
HBIX YTJIOB:

a) Z/(AB, BC) =—-/(BC, AB);

06) Z(AB, CD) + /(CD, EF)=/(AB, EF);

B) Touku A, B, C, D, He je:kalue Ha OTHON MPAMOIi, IpU-
HaJAJE)KaT OMHOM OKPY)KHOCTU TOTZA W TOJHKO TOTAA, KOTJa
/(AB, BC)=/(AD, DC) (nna nokasaTeJbCTBa 9TOT'O CBOMCTBA
HYKHO PACCMOTPETh [IBa cJiydyas: Touku B u D jiekat 1o ogHy
cropony ot AC; B u D jesxatT 1mo pasHble cTOpoHbI oT AC).

3amaunm: 37.2.1, 50.1.7-8.3, 50.1.9-10.5, 55.1.8.5.
JIureparypa: [6, ra. 2].

17°. IlenTp Mace

IlycTh Ha mIOCKOCTM 3aJaHa CHCTEMa TOUEK C IIPUIIMCAH-
HBIMM WM MaccaMu, T.e. umeerca Habop map (X;, m;), rae
X; — TouKa IJIOCKOCTH, a m; — IOJOKUTeJbHOe uucjio. [[eH-
mpom macc cucreMbl Touek Xi, ..., X, C MaccaMu My, ..., M,
Ha3BIBAIOT TOUKY O, IJIsT KOTOPOU BBITTOJHAETCS PABEHCTBO

m10X1 + ... —i—mnOXn = 6.

ITenTp Mmacc Jir060# CUCTEMBI TOUEK CYIIIECTBYET, IPUUEM TOJIb-
KO OOUH.

Baxkueiimmm cBOMCTBOM ITeHTPa Macc, Ha KOTOPOM OCHOBA-
HBI IIOYTU BCe ero NpUMeHeHUs, ABJSAeTCA TeopeMa O I'pyIIiu-
POBKe Macce: YeHmp Macc Cucmembl moyex OCmaHemcs npexc-
HUM, eCAU YacCmb MoueK 3amMeHUums 00HOU MOYKOolU, Komopas
PACNOJONHCEHA 6 UX YeHmpe MAcC U KOMOpoU npunucana mac-
ca, pagnasa cymme ux macc. C IOMOIIBIO TPYIHIUPOBKM MAacc
pematorcs sagauu 49.2.7-8.4, 55.2.10.5, 56.1.9.1.

Ecnu cucrema Touexk numeer och CUMMETPUU, TO IIEHTP Macc
CUCTEeMBI TePeXOAuT B cebs IPU CUMMETPUM OTHOCUTEJIHHO
9TOM ocu.



334 OcHosHble paKkmbL

Ocu BpallleHus OTPAHUYEHHOTO TeJia IIePeceKarTcs B ero
meHTpe Macc. IToT GaKT UCIOJb3YeTCs IIPU PellleHnr 3agaun
49.1.9-10.2.

3amaum: 49.1.7-8.2, 49.1.9-10.2, 49.2.7-8.4, 55.2.10.5,
56.1.9.1.
Jlutreparypa: [6, ra. 14].

18°. Ecau cymma nuHelinvlx ypasnenul a;x +by=c; (i=
=1, 2, 3), 3adaowux mpu npamvie, pA8HA HYJLI0, MO IMU NPS-
Mble nepecekarmcs 6 00HOl mouke Uil nAPaLLesbHbl.

HoxasaTteabcTBoO. IlycTts mpamMble 3aJjJaHbl YpPaBHEHUAMU a;X +
+biy=ci, e i=1, 2, 3. IlpennosoxumM, 4TO He BCe BTHU IIPAMBIE IIapaji-
JIeJILHBI APYT APYTY; AJS ONPEAeJEHHOCTA MOXKHO CUUTATh, UTO IIPAMBIE
a1x+biy=c1 u asx + bay = c2 nmepeceraiorca B Touke (Xo, Yo), T. €. A1X0 +
+b1yo=c1 1 asxo + bayo = c2. CKIanBIBAA 3TU YpaBHEHUA, TOJIyIAEM A3X( +
+ b3yo = c3. ITO 0O3HAUAET, UTO TPEThA IPAMaA TOXKEe IPOXOAUT Yepes TOUKY
(x0, Yo)-

3agaun: 53.2.9.2.

19°. Teopemsblr Menenas u YeBsl
ITycts Ha cToponax BC, CA u AB tpeyroabauka ABC (uiau
Ha MX OPOAOJIKEHUAX) B3ATBHI ToukKu A;, B; u C; cooTser-
crtBenHo. Touku A;, B; u C, j1exarT Ha OTJHOM IIPAMOM TOoTrma
U TOJBLKO TOTAa, KOTaa
BA, CB, AC 1
CA, AB; BC; 7’

IPpUYEM Ha CTOpPOHAX (a He Ha UX NPOIOIIKEHUSIX) TPEyroJb-
Huka ABC J1eXUT HEUETHOe UHuCJI0 Touek (meopema MeHe-
nas). Ilpameie AA;, BB; u CC; miepecekaioTcs B OOHOU U TOI
JKe TOUKe TOrJa U TOJbKO TOTJa, KOTAA BBIIOJHSETCSI TO JKe
caMoe COOTHOIIIeHMe, HO Ha CTOPOHax TpeyroybHuxka ABC ie-
JKUT YETHOE YnCo Touek (meopema Yeawvt). Teopema Menenas
IpUMeEHsSeTCs IPU pellnenuu 3agaun 56.2.9.4.
Ecau na cropouax BC, CA, AB tpeyroabanka ABC B3sTHI

Touku A,, By, C{, TO

AC1 BA; CB; sin ACC; sin BAA; sin CBB;

C1B A;C 'BiA ~ sinC:CB sin A;AC sin B;BA"
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9TO paBeHCTBO IIO3BOJISET MCIIOJIb30BATh TeopeMbl MeHenas u
Yersl B TpuronoMmerpuueckoir popme. Teopemy UeBbI B TPUTO-
HOMETPUUYECKOHN (popMe MOXKHO IIPUMEHUTDH AJA PEeIIeHusd 3a-
maum 53.2.9.2.

3amaun: 53.2.9.2, 56.2.9.4.
Jlutreparypa: [6, ra. 5].
20°. Teopema IlTomemest

Ilns enucannozo wemouipéxyzoaviuka ABCD @vinonnsem-
ca pagencmeo AB-CD+ AD-BC=AC-BD.

3anaun: 54.2.9.2.

Jlutreparypa: [6, ra. 6].

21°. locTpanBaHHe TeTpasapa

Wuorma ObIBaeT MOJIE3HO PaCCMOTPETDH IlapaJiiesenuIe],
KOTODBINl IMOJy4YaeTcs MHPU IIPOBEeIeHUH uepe3 Kakmoe peo-
po TeTpasapa IIJIOCKOCTH, MHapaslIeJbHON IIPOTHBOJIEKAIIe-
My pe0py. OTUM HapajijieselIunefoM MOKHO BOCIIOIb30BATHCS
mpu perennn 3agauu 37.1.3.

22°, OTHOUIeHUE TLIOUIAdeH MPOEKITNA

ILmommane opTOroHANBHOU IPOEKIIUM (PUTypPhI paBHA ILIO-
Iaau UCXOTHOM (DUTypPhI, YMHOMKEHHON Ha KOCUHYC yIJjia MeK-
Iy ILJIOCKOCTBIO, B KOTOPOIl pacmojyokeHa (purypa, 1 IJI0CKO-
CTBIO ITPOEKITNMN.

3agaum: 51.2.9-10.1.
JIuteparypa: [8, ra. 2].

FGOMeTpH‘IeCRHe npeoﬁpasona}ma

23°. IlapaneapHBIN IePEeHOC

IlapannenvHoim nepenocom Ha BEKTOP AB HasbIBAIOT mpe-
oOpasoBaHue, mepepofsAainee TOUKy X B TaKyio Touky X', 4To
XX =AB.

Kowmmosurius (T. e mocyiegoBaTeIbHOE BBITIOJTHEHNE) IBYX I1a-
payesbHBIX IEPEHOCOB ABJISAETCA MMapajlaeJbHBIM IIEPEHOCOM.

3amaunm: 41.2.7-8.3, 55.1.9.2.
Jlutreparypa: [6, ra. 15].



336 OcHosHble paKkmbL

24°, IleaTpaspbHad CHUMMETPHUA

I[enmpanavHoil cummempueli OmHOCUMeNAbHO MoYKy A Ha-
3BIBAIOT IIpeodpasoBaHme IJIOCKOCTH, TepeBosaIiee TOUKy X B
Takyoo TOYKy X', uto A — cepenuna orpeska XX'. Ecau ¢u-
rypa mepexoauT B ceOsA IIPU CUMMETPUU OTHOCUTEJIHHO TOUKU
A, TO A Ha3BIBAIOT UCHMPOM CUMMEMPUL dTON (PUTYPHI.

Kommosumnusa nByx IeHTpPaJbHBIX CUMMETPHUH C IEHTPaAMU
A u B aBaseTcs mapaJijeJbHBIM IIEPEeHOCOM Ha BEKTOP 2 AB.
IToT PaKT MUCIOJIL3YyeTCa Ipu perieHun 3agaum 38.2.1.

3amaunm: 38.2.1, 46.1.9-10.2, 48.2.7-8.3, 49.1.7-8.4,
49.2.9-10.4, 53.1.10.2, 54.2.8.1.
Jlutreparypa: [6, ra. 16].

25° OceBas cuMMeTpusa

Cummempueii omHnocumeavHo npamoi | (o6ozunauenue: S;)
HA3BIBAIOT IpeodpasoBaHue ILJIOCKOCTH, IIePeBOIAINee TOUKY
X B Tarkyio TOuKy X', uTo [ — cepeqUHHBIN MePHeHIUKYIAD K
orpesky XX'. 9To mpeobpasoBaHre Ha3LIBAIOT TaKiKe 0Ce80li
cummempueii, a [ — oCcbI0 CUMMETPHUU.

Croav3auweil cummempueili Ha3LIBAIOT KOMIIO3UIIUIO CHUM-
MeTPUU OTHOCUTEJIhHO HEKOTOpPOII mpaMoil [ M ImepeHoca Ha
BEKTOP, ImapaieabHbli [. CKOIb3AIaA CUMMETPUS HCIOJIb-
3yeTcs mpu pelennu 3agauu 51.1.7-8.4.

3amaunm: 37.1.2, 38.2.3, 51.1.7-8.4.
JIuteparypa: [6, ra. 17].

26°. IloBopoT

ITosopom omruocumenvro moyku O Ha yroJ p — 9TO Ipeod-
pasoBaHmUe IIJIOCKOCTH, IlepeBosAIiee TOUKY X B TAKYIO TOUKY
X', uro:

a) OX'=0X;

6) yrou moBopora ot BekTopa OX K BekTopy OX' paBeH (.

3agmaun: 54.1.8.2 (mosopot Ha 90°),
55.1.7.3 (moBopot Ha 120°).
Jlutreparypa: [6, ra. 18].
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27°. TomoreTnsa

I'omomemuetl HaA3BIBAIOT IIPeoOpa30BaHUE IIJIOCKOCTH, IIe-
peBogsiee TouKy X B TOouKy X', 00JIafaioIyi TeM CBOM-
crBom, uto OX =kOX (Touka O m uymcio k QPUKCHUPOBAHBI).
Touxky O Ha3BIBAIOT UEHMPOM 20MOmMemul, a 4Yucao k— Ko-
appuyuenmom omomemuu.

3apmaun: 36.5, 48.2.7-8.2, 54.2.9.1.

JIuteparypa: [6, ra. 19].

28°. HuBepcus

ITycTh Ha MJIOCKOCTH JaHa OKPYsKHOCTB S ¢ meHTpoM O
panuycom R. HHgepcuelli omHOCUMenbHO OKPpYHHOCMU S Ha-
3BIBAIOT IIPEO0Opa3oBaHUE, MEePEBOAAINEEe TPOU3BOJBHYIO TOU-
Ky A, orauunyio ot O, B TouKy A*, jJexaryio Ha ayue OA Ha
paccrogauu OA* = R?2/OA or Touku O.

ChopmynupyeM BasKHeHIIMe CBOWICTBA WHBEPCUU, IIPUMeE-
HseMble IIpU pelleHnu 3axad. IIpu uaBepcuu ¢ meHTpom O:

a) mpsaMmasd [, He comep:kaias O, IepexoanuT B OKPYKHOCTD,
npoxonasairyio uepes O;

0) OKpPY:KHOCTE c HeHTpoMm C, mpoxonAainasa uepes O, mepe-
XOOUT B IIPAMYIO, IepueHaAnKyIapHyio OC;

B) OKPY:KHOCTBH, He IpoxondAinas uepesd O, IepexoauT B
OKPY*KHOCTb, He IpoxonAIryio uyepes O;

I') KacaHMEe OKPY/KHOCTEH M IPAMBIX COXPaHAETCA, €CJIU
TOJBKO TOUKa KacaHUs He COBIANAET C IIEHTPOM MHBEPCUN; B
IIocJIeJHEM CJIyUuae MoJIydaeTcs IIapa mapajjeJbHbIX IPIMBIX.

3agaun: 55.2.8.4.
JIuteparypa: [6, ra. 28].

MuoroujeHsbI

29°. [lesrenue MHOrO4JIeHOB U Teopema besy

MHOTrOYJIEHBI ¢ PAIIMOHAJBLHBIMU KO9(MGUIMEeHTaMU MOYKHO
eJIUTH C OCTATKOM, KaK U IleJible YrCcJa:

Teopema. [Tycmo f u g — mHozousenbt, npuiem g # 0. To-
20a Halldymcs eOuHCMBEHHbLe MHOZ0UAEHbL ¢ U ', 018 KOmMo-
pouix a) f =qg +r; 0) cmeneub r meHbUe cmeneHu g.
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IIpu sTOM ¢ U r HA3BLIBAIOTCSA YACMHLIM U OCMAMKOM OT
meneHus [ Ha g COOTBETCTBEHHO. AHajlorTMUHAas TeopeMa Bep-
Ha [/ MHOTOUJIEHOB C IeNCTBUTEJbLHBIMHU Koa(hduiiuenra-
mu. MBI cunTaeM, 4TO CTEleHb HYJIEBOTO MHOT'OUJIeHA MEHbIIIe
CTelleHu JII000r0 HeHYJIEBOTO MHOTOUJIeHA.

Hanpuwmep, uactHoe or merenus x*+1 ma x2+ x paBHO
x?—x+1, a ocraTok paBed 1 — x.

Teopema Besy. a) Ocmamokx om denenus mHozourena f(x)
Ha x —a paseHr f(a).

0) mHozouneH f(x) denumca Ha X —a mozda U MOJbKO MO-
20a, koz0a a — KopeHb MHOzouNeHa [(x).

Bamaum: 47.1.7-8.2, 51.2.7-8.5 (mereHre MHOTOUJIEHOB),
55.2.10.1 (Teopema Besy).
JIutepatypa: [9].

30°. KopHu MHOTrO4JIeHa

Teopema. MHozousien cmeneHu n umeem He 00Jiee n KoOp-
Hell.

9ra TeopeMa HCIOJb3yeTcsA Mpu pelrenuu 3axaum 53.2.10.1.
HemnocpencTBeHHO 13 9TOM TEOPEMEI CJIELYeT, UTO €CJAN MHOI0-
ujaeH P(x) TOXIeCTBEHHO paBeH HYJIIO IPU BCEX X, TO BCE €ro
K05 (PUIMEeHThl PaBHBI HYII0. ITOT (PAaKT UCIOJL3yeTCA IPU
petrennu 3amauu 46.1.7-8.5.

JIutepatypa: [9].

31°. Ecau 6 npousgedenuu 08Yyx MHOZOYJEHOE C UeJblMU
Koappuyuenmamu Kaxcoolii K0dIQOUUUEeHM 3aMeHUMb HA €20
ocmamokx om OejeHus Ha 2, mo pe3yabvmam O6ydem marxou
Jee, KAK ecau OblL MbL CHAYALA 68 KA Oom U3 08Yx UCX00HbLX
MHO20UJLeHO8 3AMEHULU KOIPPUUUEHMbL HA UX OCMAMKU Om
Odesenus Ha 2, a 3amem 8 NOJLYYEHHOM NPOU3BEOeHUU CHOBA
3aMenHUuAU KoapPuyuenmsvl Ha ocmamku om OejneHus Ha 2.
IleiicTBUTENLHO, KO3(MOUIUEHT IPpHU X' B IpOU3BeJeHNN MHO-
TOYJIEHOB Ay X" + Ay 1 X" 14+ ...+ ao U bpx™ + by 1x™ 14 ...+ by
paBeH apby+a,_1b1+ ...+ agb,, MOSTOMY HOCTATOUHO B3aMe-
TUTH, UTO IIPU BHIYWCJIEHUU OCTATKA OT JeJeHWd Ha 2 Kak
CYMMEBI, TaK ¥ IPOM3BEIEHMUA IBYX (& 3HAUUT, U HECKOJIBKUX)



OcHosHble paKkmbL 339

IIeJIbIX YMCeJI MOXXHO CJJIOKHUTHh HJIN II€PEMHOMKHUTHh MX OCTaT-
K1, a IIOTOM B3ATH OCTATOK IIOJIYUYEHHOI'O UMcCJia.

Sagjaun: 39.2.2, 46.1.7-8.5, 47.1.7-8.2, 51.2.7-8.5,
53.2.10.1, 55.2.10.1.

Pasubie (paKThI

32°, UHayK1Iua, MoJHAA MHIYKITNA

MaremaTnuyeckass MHAYKIIUSA — 3TO METOJ HOKasaTeabCTBa
YTBepIKIEHUN Tuma: «[Iasd KasKIoro HaTypaJbHOTO 7 BEpPHO,
4TO0...». Takoe yTBep:kIeHNe MOKHO pacCcCMaTpPUBATL KaK Iie-
MMOUYKY yTBep:kAeHUum: «[ia n=1 BepHO, UTO...», «Iag n=2
BEPHO, UTO...» U T. [I.

ITepBoe yTBep:KIeHIE ITEIIOYKM Has3biBaeTcA 0a30l (UIu oc-
HoBaHUeM) UHAYKINU. Ero 00BLIYHO JIETKO IIPOBEPUTH. 3aTEM
IOKAa3bIBaeTCA UHOYKMUBHbBLU nepexold (Mau waz uHOYKYUU):
«Ecau BepHO yTBep:;KAeHNE ¢ HOMEPOM 71, TO BePHO yTBep:KIe-
HUe ¢ HoMepoM 7+ 1». MHAYKTUBHBIN IIePexXo] TaKKe MOMKHO
paccMaTpuBaTh KaK IIEIIOUKY IIepexooB: «KEciu BepHO yTBep-
JKaeHwe 1, To BepHO yTBep:KIaeHue 2», «Ecau BepHO yTBep-
JKIoeHue 2, TO BepHO YTBep)KJaeHue 3» U T. 1.

Eciu BepHa 6asa MHAYKIUYU U BepeH MHAYKTUBHLIN IIepe-
X0, TO BCe YTBEP/KICHUA BEPHBI (3TO U €CTh NPUHUUN Mame-
mamuyeckoii UHOYKYuUu).

WHorma mia 1oKasaTeabCTBa OUEPEeIHOr0 YTBEPIKASHUS I1e-
MMOYKY HAJO ONMHPAThbCSI HA 68Ce MPEeIbIAYINUe yTBep:KIeHUs.
Torma MHAYKTUBHBIN Iepexo]l 3BYyUUT TaK: «Eciiu BepHBI Bce
YTBEPsKAEHUA ¢ HoMepaMu OoT 1 J0 1, TO BEPHO U yTBepIKIe-
HUe ¢ HoMepoM n+ 1».

Wuorma ynoben uHOyKkmu6HbLil CNYCcK, NI 00paAmHaAs UH-
JyKuus: ecau yTBep;KAeHWEe ¢ HOMepOM 72 > 1 MOKHO CBECTH K
OSHOMY WJIM HECKOJbKUM yTBEDP:KICHUSIM C MEHBIIIUMHU HOMeE-
pamu u yTBep:KAeHue 1 BEpHO, TO BCe YyTBEP:KICHUS BEPHBI.

YacTo crryck oOpMIIAETCS CAeAYIOIINM 00pasoM: PacCysK-
Ial0oT OT MPOTHUBHOTO, pacCMaTpPUBAIOT HAWMeEHbIee 1, [IJis
KOTOPOI'0 yTBep:KIeHne C HOMEePOM 7 HeBepPHO, W JOKasbIBa-
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IOT, UTO HaWeTcsa Takoe m < 1, YTO yTBEP:KAeHIEe C HOMEPOM
m HeBepHO.

MeTon maremMaTuuyecKOl WHAYKIINU IIPUMEHSETCSI B BECh-
Ma pasIuYHBIX cUTyanuax. [Jisg mokasaTeabCTBA HEPABEHCTB
OH mIpuMeHseTca B 3amauax 40.2.9-10.2, 52.1.10.2; gaa mo-
KasaTeJlbCTBAa TPUTOHOMETPUUECKOTO TOMKAeCTBa — B 3ajJaue
45.2.9-10.2; nna BBIUMCJCHUS CyMM — B 3amaue 35.2.B.3.
MeToa maTeMaTUYeCKON MHAYKIIUYW IIPUMEHSAETCSI TaKiKe U B
TeoMeTPUU, HO B 3aJaUax OJUMIINAL, COAEPKAINXCSI B ITOMU
KHUTre, BCe TaKue IIPUMeHeH!s TaK WJIN MHAaUe CBA3AHLI C pas-
pesanusmu: cMm. 3agauu 38.2.2, 39.2.6, 48.1.7-8.3, 52.2.8.4.

3amaun: 35.2.B.3, 38.2.2, 39.2.6, 40.2.9-10.2,
45.2.9-10.2, 48.1.7-8.3, 52.1.10.2, 52.2.8.4.
JIuteparypa: [5].

33°. HepaBeHCTBO MeKIy CpPeIHHUM apu(pMeTHYeCKUM H
CPeIHUM reoMeTPHUECKUM
151 HeoTPHUIlATEJbHBIX UYMCEJ a U b BBIIOJHSAETCS Hepa-

b
BeHCTBO vV ab < %

menun s3agauu 35.B.1. ITomoxuB a=x, b=1— x, MBI IIOIY-
yaeM HepaBeHCTBO X (1 — x) <1/4, KoTopoe UCIOJIB3YEeTCA IPHU
peiiennu 3agauu 54.2.9.2.

Hnas1i n HEOTPUIATENBHBIX UYMCET X{, ..., X, BBIIOJHSIETCS
HEPaBEeHCTBO

. 9ro HEePpaBEHCTBO HCIIOJIB3YyEeTCA IIPpU pe-

n

X1+ ...+ xn

X1 eeeo Xy, < p

3agaunm: 35.B.1, 40.2.9-10.4 (gn1a n uucen), 54.2.9.2.
JIuteparypa: [7, ra. 8].

34°. IIpaBujio KpaiiHero

IIpu permreHVY HEKOTOPBIX 3aJa4 ObIBAET ITOJE3HO PACCMOT-
peTh HauboJIbIllee NIN HaWMEHbIlee YKMCJIO, HanboabIllee U
HauMeHbIllee paccTosguue u T.0. OCHOBAHHBIA HA 9TOM CIIOCO0
pellieHus 3a7a4v 4acTO HA3bIBAIOT IIPABUJIOM KpaiHero.

Sagjaun: 41.2.7-8.1, 41.2.9-10.1, 41.2.9-10.2, 48.2.7-8.3,
49.2.7-8.3, 52.1.9.1, 54.2.7.3, 57.2.7.4.
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35°. MOHOTOHHOCTH

Dyuruio f(xX) HA3LIBAIOT MOHOMOHHO 803pacmaiouwell Ha
uHTepBae [a, b], ecau aasa J00BIX IBYX TOUYEK X1, Xs U3 BTO-
ro WHTepBaja U3 HEPABEHCTBA X; < Xs CJEAYeT HepaBeHCTBO
f(x1) <f(x2). Ecau :xe u3 HepaBeHCTBa X; < Xy CJIeAyeT Hepa-
BeHCTBO f(x1) > f(xs), To GyHKIUIO f(X) Ha3bIBAIOT MOHOMOH-
Ho yowveawweli. Ilpu x>0 dpyurmua f(x) =1/x" MOHOTOH-
HO yOBIBawIas Ajid Jiroboro HarypaabHOoro n. Ecaum ¢ >0, a
dyurnua f(x) MOHOTOHHO yOBIBamwINas, TO (PyHKIUI cf(x)
TOKe MOHOTOHHO yOBLIBaINas. ICHO TaKiKe, UYTO CyMMa IBYX
WY HECKOJbKUX MOHOTOHHO YOBIBAIOIUX (GDYHKIIUN ABJIAET-
cs MOHOTOHHO yOBIBAIOIell QpyHKIUEH.

3amauun: 55.2.9.3.

36°. IIpemen mocaegoBaTeILHOCTEH

ToBopsaT, uTo GeCKOHEUHAsA IIOCJEJOBATEILHOCTh d, MMEeT
npeden L (cmpemumcsa k L, Korma n cTpeMUTcs K OECKOHeU-
HOCTH), ecau AJjs Jjwoboro ¢>(0 malizercsa Takoe k, 4TO I
BCAKOTO 7 > k BBIIIOJIHAETCA HEPaBEHCTBO |a, — L| < e. O603Ha-

yenue: lim a,=L.
n—oo

ATo ompeneseHre ecTh (hopMaIU3aInusd YTBeP:KICHUSI «d,
Oo4YeHL OJIM3KO K L, ecaum n O4YeHb BeJIUKO». PaBHOCHJILHOE
omnpenesieHNe: KaKIbIM MHTEPBAJ, ComepKamuii L, COnep:KUT
BCe UJIEHBLI IIOCJIEeLOBATEJbHOCTU A, 34 MCKJIOUeHNeM, ObITh
MOKeT, KOHEeUHOI'0 YIcJa.

3agaun: 55.2.8.1.
JIuteparypa: [3, ria. 3].

37°. Ilycmv n u m — HAMYPALbHbLE YUCAA, NPUYEM N > M.
Tozda ecau ¢ u €y — noaodumeabHbvle YUCLA, MO C1X" pac-
mém oOvicmpee cy3x™, m.e. c1x" > cox™ npu docmamourno 00Jb-
wux x.

HelicTBUTENIbHO, YKa3aHHOE HEPaBEHCTBO MOYKHO Ilepemu-
caTh B Bujae x" ™ >cy/ci, a mocaeqHee HEPABEHCTBO BBITIOJIHS-
eTCs IPU JOCTATOUHO OOJBINUX X, IMOCKOJBKY n— m > 0.

3amaun: 55.2.7.2.
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38°. KpaTHbie KOPHM U MPOU3BOTHASA

Ecau f(xo) =1'(x9) =0, mo xo — kpamHuviii KOopeHb MHO20-
ynena f, m.e. mnozounen f(x) deaumesa na (x — xo)2.

HeiicTBUTEIBHO, 3aMuIlieM MHOTOUJIeH f(x) B Buae

f(x) = (x—x0)"g(x),

rae g(xo) #0, a m — HEeKoToOpoe Iiejioe HeOTPUIATeIbHOe UKC-
Jgo. W3 paseuctBa f(xy) =0 cuaexnyer, uro m > 1. Ilostomy us
paBercTBa f'(x) =mx(x — x0)™ 1g(x) + (x — x0)™g'(x) cruemy-
et, uTo [/ (x0) = mx(x — x9)™ 'g(x), mosaTomy ecau f'(xo) =0,
TO m> 2.

3amauu: 54.1.9.1.
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M®TU (HOBEIH KOpITyC); Ten. (495) 408-73-55

Hamm nmaptHeps! B CaHKT-IleTepGypre

* CaHnkr-Iletep6yprekuii Jlom kHuru: HeBckuii mp-T, . 62; Ten. (812) 314-58-88
* MarasuH «Mup Hayku U MeJWULIUHBI»: JINTeHHbIN np-T, 4. 64;
tei. (812) 273-50-12
* Mara3uH «HoBas TexHU4YecKas KHUTa»: VI3MalIOBCKUM NP-T, 4. 29;
Tein. (812) 251-41-10
* MHpOopMaIMOHHO-KHUTOTOPTOBRIM IIEHTP «AKaJeMudecKas TUTepaTypa»:
BacuibeBckuii ocTpoB, MeHzeneeBcKas IUHUA, . 5
* Kuock B 3aHuu ¢usndeckoro ¢pakynprera CII6I'Y B IleTeprode;
Tes. (812) 328-96-91, (812) 329-24-70, (812) 329-24-71
* VzgaTtenbcTBO «IleTpormud»: Papdoposckas, 18, k. 1; Tenr. (812) 560-05-98,
(812) 943-80-76; k_i_@bk.ru, k_i_@petroglyph.ru
* CeTb MaraswHoB «YueOHas JIUTepaTypa»; Tel. (812) 746-82-42,
Tes. (812) 764-94-88, Ten. (812) 235-73-88 (106. 223)

Hamm nmaptHepsl B YensiOuHCcke

* MarasuH «bu6mano-Inobyc», yi. Mongasckad, 4. 16, www.biblio-globus.ru

Hamu napTHepsl B YkpauHe

* Anexcanzp EnucaBerckuii. Pacchlika KHUT HaJIOXKEHHBIM ILTATEXXOM IO
VYkpaune: Ten. 067-136-37-35; df -al-el@bk.ru



