


T'aaea nepeas
APHUPMETHKA
§ 1. ApudmeTruecKue U n0ruyecKue 3a1auu

1. TpeGyeTess Mexay TpeMsi JIHLAMH Pa3jie.luThb MOpPoBHY 24 6o-
YOHKa, H3 hOTOPHIX 5 NOJHEIX, 11 mosynosssix H 8 mycteix. ([Tepe-
JHBaHKe He NOMyCKaeTcs).

2. Uena 3a Bxoa B 300mapk 24 kom. [Tocite CHHXKeHHs LeH Ha
GHJIeTH! KO.THYECTBO NMOCETHTE.TeH yBeMHUHIOCh HANONOBHHY H CGOp
YBeJHUMICS Ha ueTBepTh Ha cKosibko cHHIMKeHa LeHa Ha GuiieTh?

3. B nBy» GMIOHAX COZEDPKHTCS MOJOKO: B NEPBOM B 1Ba pasa
Goablue, yem BO BTOPOM; KOTAa H3 NepBoro OT/auAH 30 JHTPOB, a H3
BTOpOro 20 JIMTPOB, TO B MEPBOM OCTaJ0Ch MOJOKa B 3 pa3a 6OJb-
we, yem Bo BTopom. CKOJIbKO M0JI0Ka 6bLI0 B Kaxjaom Gumone?

4. Mue ceiivac BaBoe Gosbiue JieT, yeM OBLIO TOTAa, Korjga MHe
GBLIO CTO/IbKO, CKOJIBKO Bam ceituac. Korga Bam GyzeT CTOJBKO,
CKONbKO MHe ceiiuac, To Gyzer Ham oGoum 63 roma. CKoubKo JeT
KaxJoMy U3 Hac?

5. Otern, Koraa ero CNpOCHAH 0 BO3DacTe CbiHA, OTBETHA: €CIH
€ro YABOGHHBIi TeMepelHHii BO3pacT YMEHbWHTb Ha YTPOGHHHIH
BO3DACT, KOTOPBIA OH HMeJ LIeCTb JIET Ha3all, TO MOAYYHTCS €ro BO3-
pact B HacTosiluee BpeMst. CKOJIBKO JIeT ChlHy?

6. Ilnst HyMepaluH CTPAHHL KHHIH noTtpeGoBajoch 2322 nudpeL
CKOJIBKO CTpaHHL 3aKJjioyaja B ceGe 3Ta KHHra?

7 IlBoe paGouux KOH4HJIH BMecTe paGoty 3a 12 uacos. Ecan Gul
CHauana NnepBelii clleJian MOJOBHHY 3Toi paGoTel, a 3ateM Apyrofi —
0CTaJIBHYIO €8 4acTb, TO OHH yNoTpeGHAH Gb BMecTe 25 yacoB. 3a
CKOJIbKO 4aCOB KaXblil OTAeNbHO MOr Gbl KOHYHTH 3Ty paGoTy?

8. [IBe KOJIXO3HHUb! MPHHECIH Ha PblHOK BMecTe 100 suu; omua
Gouibwie, uem Apyrasi. [1pogas siiina no pasHoil neke, o6e BHIPYYHIH
onuHaKoBhie cyMMbl. Ecain Gbl mepBasi npojiana CTObKO SIHLL, CKOJb-
KO BTOpasi. To OHa BbpyuHia G6br 3 py6. 60 kom, ecam Gbi BTopas
npojaia CTObKO UL, CKOIbKO NepBasi, TO OHa BuIpydHIa 6er 1 py6.
60 xon. CkonbKo ML GblI0 Y KaXpok?

9. BbineTeB 07HOBpEMeHHO, NHPHKAGib W CaMOAET JeTAT Ha-
BCTpeuy Apyr apyry. K MomeHTy BcTpeud aupHikaGib npowén Ha
100 k# MeHblle caMOI&Ta; Ba MECTO OT/IETA CaMONIETa OH MPHXOAHT
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yepes 3 yaca nocsie BcTpeyn. CamoséT NPHOLIBAET HA a9POAPOM AHPH-
Kabns uepes 1 wac 20 mun. nocne Berpeyd. Haiitu paccTosinye
MeX/y aspoAPOMaMH H CKOPOCTH CamoJéTa M AHPHKAGIs.

. lpa camosiéTa BEIIETAIOT HABCTPedy APYT APYTY M3 FOPOIOB
A u B, paccrosiHye Mexay KOTOpsiMH 560 kx. Uepes yac noséta onu
BCTPETHJIHCH M, He OCTAHABJHBAsSCh, MPOAQJIKAAA NMyTh. Ilepsuiil
npu6h B ropon B Ha 35 MHH. panbiue, yeM BTOPOIi NPHGBIT B TOPOR
A. Haiity cKopocTH camosiéToB.

11. Mapoxox uaér or Fopekoro no AcTpaxanu 5 cyTok, oT Act-
paxanu 1o 'opekoro 7 cyTok. CKOIbKO BpeMeHH GyAeT MJbITh IIOT
0 TeyeHHIO pekn oT [opekoro g0 AcTpaxanu?

12. Ecaiit 0T 3alyMaHHOTO TPEX3HAYHOTO YHCJIA OTHSATB 7, TO OHO
PasgesUTCS Ha 7, a €CIH OTHATH OT Hero 8, TO OHO pasjejHTCs HA
8, a ecJiu OT Hero oTHATH 9, TO 0HO pa3penntes Ha 9. Haitth s10 yneO.

13. IlBoe yacos mocTaBjieHB B NMOJAeHb. IlepBHe crmewar Ha 8
MHHYT, BTOPble OTCTAIOT Ha 4 MHHYTH B CYTKH. Uepes ckosbkO ya-
COB OHM CHOBa MOKaXyT OaHOBpeMeHHo 12 yacos?

14. OTHOlWeHKe CTOHMOCTH ABYX MOHET PaBHO —é— CkoJIBKO Ha-
JI0 B3ATb TeX H APYTHX MOHET, YTOGH! MOJYYHTH UHCIO KOTeeK, pas-
HOe MPOH3BeJEHHIO HX CTOMMOCTeH, MPHYEM YHCJIO BCEX MOHET KpaT-
HO Tpém?

15. Pacwmoposats cienyiomee ymHoxenue (6yksam a, b H ¢
COOTBETCTBYIOT pasjiHyHbie UHGPLI)
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16. BoccTaHOBATD 1€/HMOE MO CJEAYIOHM CeAaM NPOH3BeaéH-
HOTO AeJIeHHs

#9343 : 79 = *0***

17. Haiitn HeyéTHoe yeTHIPEX3HAYHOE YHCJIO, AeJeHHE KOTOPOro
Ha HEKOTOpoe OHO3HAYyHOe YHCJIO BLIMOJIHAETCS M0 cXeme
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18. Haittu J/ ¥¥*5*0, eciu U3BECTHO, 4TO TIONKOPEeHHOe YHC-
.0 TOUHbI KBAaApaT, Aensuiuiics Ha 27.
19. [lokasaTs, 4TO yHCaAA: N

1) 11...10985... 561
™ re . ,
2) 44...488...89
%+1pas & pas
3) 11...155...56
Rrr ey
4) 399...9600...01
i

‘ABJSIIOTCS TOYHBIMH KBaJpaTaMH.
20. Halith BHA KBaJApaTOB CJEAYIOMHX YHCEN: -,

1) 33...3a 4) a33...3
2) 66...6a 5) a66...6
3) 99...9a (6 a99

.9
(a=1;2;3;4;,5;6; 7; 8 9).

21. Vimest 1Ba GuIOHa Ha 4 W 5 JHTPOB, MOXKHO JIH HaJHTb H3
BOJIONPOBOJHOTO KPaHa B BeIPO 3 JHTpa?

22. B 500 smukax Jjexart si6a0ku. M3BecTHo, uTO SILHK MOXKET
BMecTHTb 240 s6nok. JlokasaTh, YTo no Kpaline#i mepe 3 smHKa co-
IEepKaT Mo 0JHHAKOBOMY YHCIY 560K,

23. B smuke aexar 70 wapos: 20 KpacHsix, 20 3eaéHbIx, 20 KEJ-
ThiX, 10 uépHbix H Geabix. lllapsl OTJIHYAIOTCS APYT OT APYra JMIIb
usetroM. B TemHoTe s BhIGHpaio wapsl. Kakoe HauMeHbluee YHCJIO
IApoB 5 I0JIKEH B3AThb, YTOGb CPelH HHX Gblo He Mensure 10 wa-
PoB OjHOro IBeTa?

24. M3 80 30z0Tbix MoHeT ofna (anbukeas (Gosee aérkas).
Kak naiitn hajblnBy0 MOHETY BOM YeTHIPEX
Ha Becax ¢ IBYMs yallKamH 6e3 erb?

25. Beem usenam ool ceMbH cefivac 73 roma. CocTaB cembH:
MY, XKeHa, 104b H ChlH. MY)K CTapuie XKeHbl Ha 3 rojaa, no4e cTap-
me chiHa Ha 2 rofa. Yerbipe roga TOMy HasaJl BceM YJEHAM CeMbH
65is10 58 sieT. CKOJILKO JIeT celyac KaKIOMy YieHy CeMbH?

26. Hmeetcs yYeTelpe NMpeJMeTa PasHOro Beca, a TaKxkKe valuey-
Hble BeChl €3 rHpb. YKa3aTb Cnoco6, KOTOPbI 1aéT BO3MOXHOCTH
YCTaHOBUTH OYEPENHOCTb BECOB JAAHHBIX MPEIMETOB camoe Gosbluee
nocJsie NMSITH B3BEUIHBAHHH.

27. Konoxna-u3 12 kapTouek ¢ Homepamu ot 1 no 12 pas6upaercs
TakK, 4YTo Ka)l(ﬂbl!:l pas oaHa KapToyka OTKJIAaAbIBaeTCs B CTOpPOHY,
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a caenyiomas NepeBOAHTCS BHH3 MOX KoJioAy. Kak AOMKHbI GHTH
PACIOJIOXKEHE! B KOJIOfe KapPTOYKH, YTOGb MPH yKa3aHH%M criocoGe
pa36opa Bce OHM BBIILIH B MOPs/IKe BO3PAcTaHHs HX HOMepos?

28. B onnom smmke sexut 50 mapukos, B apyrom 80. [To ycao-
BHSIM HIDBI Kaxapi# H3 JBYX HIDOKOB 10 OYepeaH BHIHHMAeT H3 Ka-
KOro-aH60 SILHKA mo6oe YHCI0 LIapHKOB. BHHI‘paBI.uHM CYHTaeTCcA
TOT HrPOK, MOCJE X04a KOToporo o6a AUIHKa OKaXKYTCA MyCTbIMM.
VkasaTb mJaH HCpbi, OGeCTeYHBAIOIMI BBHIHIPHII HAYHHAIOMEMY
HIPOKY.

29. B maxmarHom TypHHpe yyacTBoBain yyeHHku IX u X kiac-
coB. Kaxplit yueHHK Hrpas ¢ KaXauim APyruM oguu pas. [decarh-
KnaccHHKOB Gblio B 10 pa3s Gosbuie, yem AeBATHKJIACCHHKOB, H OHH
Habpaau B 4,5 pasa Gosiblic OYKOB, 4YeM BCe JEBSTHKIACCHHKH.
CkosbKo yueHHKoB IX Kiacca yuaCTBOBa/io B TYPHHDe H CKOJbKO
oHH Habpasu O4KOB?

30. MnKeHep exXeHeBHO NpHe3KaeT I0e3[10M Ha BOK3aa B 8 gac.
yrpa. ToyHo B 8 yac. K BOK3aJy NOXbE3XKAeT aBTOMOGHIbL H OTBO3HT
HHXKeHepa Ha 3asoa. OJHaX /Bl HHIKeHep MPHeXaJ Ha BOK3an B 7 yac.
H TOWeJ HaBCTPeuy MauwHHe. BeTpeTHs MaulMHy, oH ceq B Heé H
npHexan Ha 20 MHH. paHblue, yeM oGbyHO. ONpefenuTh NOKa3aHHe
4aCoB B MOMEHT BCTDEYH HH}KeHepa C MalIMHON.

31. Iloka3aTs, 4To M3 BCex JIOAEH, MUBIIHX KOTAA-TO HAa CBeTe
(1 XHBYIUHX cefiyac), YHCJIO JHOfeil, CAe aBIINX HEYETHO® YHCIO0 PY-
KOMOXKATHIi, eCTh YHCJIO YETHOE,

32. Mmeercs 10 onunaKoBBX N0 pa3mepy H BHAy Ky6ukos. Oanu
H3 HHX aJioMHHHeBble (GoJee JierkHe), ApyrHe Aopanesbie (MOTH-
xenee). OnpefesuTL YHC/IO KYGHKOB KaXI0r0 BHAA C MOMOMIBIO HE
6GoJlee LIECTH B3BEUIHBAHHH HA YAIIEUHBIX BeCax.

33. HaiiTi (By3HAaYHOE YHCJO N, eCJH H3BECTHO, YTO yHcaa 2n+1
H 3 n-}-1 ABASIOTCS TOYHBIMH KBaApaTaMH.

34. Haiitu Tpm NoC/TeNOBaTeNbHbIX HEYETHBIX UHCAA, CyMMa
KBajpaToB KOTOPHIX BHpaxaercs qe‘rupéxanaqnmm YHCJIOM, COCTOR-
LHM H3 OJIHHAKOBBIX LAQD.

35. Ilnosen nuibiBeT BBEPX MO TeuenHio pekH. Bosse mocta A ou
notepsit dasry. [Tponusis ewé AecsiTo MHHYT MPOTHB TEYEHHS, OH
06HAPYXHJ CBOIO NOTEPIO, MOMJBLI 0GPAaTHO B JOTOHKY 3a (usiroit
M JorHa1 eé Bo3se mocra B. Kakosa CKODOCTb TE€YEHHS DEeKH, ecan
paccTosiHHe Mexay MocTamH 1 km?

36. IToe3n uuér 3 MockBu B Jlewnnrpag. B moesge eayr mac-
caxupsl MBanos, [Merpos u Cuuopos. B moesgHoit GpHrage Takue
e paMHJIHK Y MalHHKCTA, KOHAYKTOpa H Kouerapa. M3BecTHo, yro:

1) Maccaxup Msanos xkuBétr B Mockse.

2) KonayKTop KHBET Ha MOJMYTH Mexn1y Jlenunrpasom u Moc-

3) Maccaxup, onHodamuIen KOHAYKTOpa, KHBET B. JleHuH-
rpaje.

4) Banxaiimuii cocex KoHnyK'ropa (maccaxup) 3apaGatbiBaeT
BTPOe Gosiblle KOHAYKTOPA.
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5) Craska naccaxupa [lerposa — 200 py6.

6) Cuzgpos (u3 GpHrajpl) BHHIPas y Koyerapa mapTHIO B IIax-
maThl. KakY¢haMuans MalHHHCTa?

37. U3 Tpéx noGenuTeseil MaTeMaTHYeCKOH 0JHMNHAMIL!, HAGpaB-
WHX 0JHHAKOBOE YHC/IO OYKOB, HANO GHIIO BBHUIENHTH CaMOro C006-
pasHTenbHOro. I 3TOro MOCTYNHJH TaK: HM MOKa3ajiH NMATh KO-
nakos — 3 6eJwix, 2 cephix. 3aBsi3aB HM 3aTeM NOBSI3KaMH IJ1a3a,
Ha TOJIoBY haXIOro Hajgeau Genslii Kounak. Korga nossisku Geiuri
CHSTHI, 6blJI0 0GBABJIEHO, YTO NOGEAHTeNeM TypHHPa GydeT NepBbiil
Onpee;HBUIKE NBET CBOETO KOMMAaKa.

HekoTopoe BpeMs COpeBHyIOlIHeCs CMOTDeJH APYr Ha Apyra.
Hakonen, 0HH H3 HHX YBEDEHHO CKa3aJ, YTO Ha HEro HajenH Gessli
koanak Kak om paccyxnan?

« 38. IlyTeuecTBeHHAK NONAJ B OMHH H3 COCEAHHX FOPOAOB A HaH
B. Emy H3BecTHO, 4TO MHTe/H ropofla A TOBOPAT TOJBLKO MPaBay,
a JKHTeau ropofa B Bcerpa siryt, u uto Xkutean A GoiBaor B B 1
Hao6opor. Kak, 3ajaB nepsoMy BCTPEYHOMy TO/IbKO OJHH BONPOC,
TyTellIECTBEHHHK MOXET BbIACHHTb, B KAKOM TOPOJe OH HAaXOAMTCs?

» 39. Ha octpoe N ¢ aaBuHX BpeMeH 0GOCHOBAJHCb POKOMaHUA!
H3 GJHIKaHUIero KOHTHHEHTA, BOCHDHHSABUIHE BCe OGBIYaH, A3BIK 4
KyJbTyPy MeCTHHX Ty3emues. OT KODEHHBIX XKHTeNeH OT.HYAIOTCH
NPHUIESBUE TOJIBKO TE€M, UTO OHH BCETAa BPYT, MECTHBIE JKe BCErAa
roBopaT Tosibko npasny. ONHaX I KanmHTaH —KakKoro-To Kopa6ums.
NPHCTABUIEro K 0CTPOBY, COWEN Ha Geper W, yBuIeB TPEX CTapHKOS,
crnipocia nepsoro u3 HHX: «Tul pokomaxen?» CTapuk Gbii APAXJBIH
H €ro 0TBeT KalWTaH He Pacc/biulal, NO3TOMY OH OGpaTHJCH K ABYM
ApyTHM: «3TOT CTapHK, KaKeTcs, CKa3as, YTo OH pokomaren?» «[la,
OH Tak M CKasaj»,— OTBeTHJ BTODOi. «Her,— om ckasan, yto on
Tysemen»,—cKasan tpethil. CnpautsaeTcs: kem GBI BTOPOfi CTapHK
H KeM GblJ TPeTHii?

40. W3BecTHB yacel Hauana (HO HE MHHYTHI') TMepBoOro, BTOPOro,
ceabMOTO M BOCBMOro ceancoB: 12 4, 13 u, 23 w. u 24 u. 3nas,
4TO MPOJOIKHTENPHOCTb BCEX CEaHCOB ONWHAKOBA, YCTAHOBHTH Ha-
Yana BCEX BOCBMH CEaHCOB.

41. B WKO/MbHOM Caly KBaipaTHOH (OPMbI MHOHEPL! MOCAZUMH
21 nepeso, 06pa3osas u3 HEX 16 psiLoB, MPHYEM HA YETHIPEX CTOPO-
Hax KBajpaTa OHH Da3MeCTHJM 1o 3 JepeBa, a B KaXjom 3 12
BHYTDPEHHHX DsloB — N0 5 nepesbes. Kak ouu 370 crenanu?

42. 3ajmaua COBDEMEHHOr0 aMepHKaHCKOro MaTemaTHka Kpaii-
4uKa. [puwms ko Mue mBa apyra. O6a OT/IHYHBIE LIAXMATHCTHI.
TMocne o6ena s ¢ KaXIbiM H3 HHX CHITPaJ Mo OXHO{ MapTHH H ofe
TPOHMrpa, HeCMOTPS Ha TO, YTO HMEN NeulKy B KayecTBe «(OPHI».
Bowenwas 8 KOMHaTy ABeHaIUATHIETHSIA 104k NPUBETCTBOBANA HAC
u ckasana: «[lanouka, s cTeKych 3a Te6s. Ecam nossosuus,
ceirpato ycnewnee u 6e3 scskoi «dopr». S Gyny urpats ogmOBpe-
MEHHO Ha IBYX HOCKaX: C ONHHM HapTHEPOM OeNBIMH, C APYTHM —
yépubiMu». (KcTaTh, Houb Gbia eBa JIHIB 3HAKOMA C MPaBHIAMA
neuxXenus (Hryp). K moemy BocTopry, cmelakiHomy c Hocapof,
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OHa JEACTBHTEJBHO CHrpaja C JYYIUHM De3Y/bTaToM, HeXeaH s
Kax oHa neiicTBoBanNa?

43. HaitTn HaWMeHbllee HaTypaJibHOe YHCJIO, MOJIOBHHA KOTOPO-
TO eCTh _MATAS CTeleHb.

44. BelpexbTe H3 KapTOHa MNsTh OJMHAKOBHLIX MPSMOYIOJBHBIX
TPeYroJibHHKOB Tak, 4TO6H Yy Kax[aoro TpeyroJbHHKa OAHH KaTeT
Gbl1 BABOe GoJiblne Apyroro. PaspexbTe OHH H3 TPEYroJbHHKOB Ha
TakHe JIB€ YacTH, 4TOOBI MOXKHO ObIJIO H3 OCTAJIbHBIX TPCYTOJIbHHKOB
M 3THX yacTell CJIOXKHTH KBaJpar.

45. B KaKoil CHCTeMe CYHCJIEHHs! 1aHbl CIe/ylouiHe TaGaHIbl Clo-
KeHHs1 U YMHOXeHHs

14+1= 2; 142= 3; 143= 4; 14+4=
2+43=10; 2+4=11; 3+3=11; 3+4=12; 4+4=13;
2:2=4; 2-3=11; 2-4=13; 3-3=14; 3-4=22; 4-4=31;

46. B haKHX CHCTeMax CYHCJCHHS BbIMOJHEHbl NeHCTBHS:
<

) 1208 2) 2304
362 517
1601 - 1565

3) 33 4) 2300| 43

27 213 |32
268 130
e 130
Tor8 0

Bce pesyibTaThi MPOBEPHTH ¢ .[OMOLLbI0 0GPAaTHBIX AEHCTBHIL

47. Yucno 138 nepesecTn B MATEpHUHYIO CHCTEMY.

48. Yncno 247s nepeBecT B A€CATHYHYIO CHCTEMY.

49. Uncno 1024s nepeBecTH B BOCHMEDHUHYIO CHCTEMY JBYMs
crnoco6amH.

50. Kakoe gBy3HauHOe 4HCJIO, OyAyyH 3aMHCAaHO B JBOHYHOH, YeT-
BEpPHYHON W BOCHMEDHUHOH CHCTEMax CUHC/IeHHs, H306paxaercs
KaXblil pas B OHHX H Tex *e UHPpax (pPasiUUHBIX CYHCIEHHSAX).

51. 3agymano uucio, kpaTHoe 3. Ecam H306pasuTh ero B BOCh-

i cucreme u mp Tb K HeMy CfipaBa 0, TO MOJyuyHTCs
ueTupexaHauHoe YHCIIO, COXpa npexHee ecJIH Cud-
TaTb, 4TO OHO Temeph H306paXkeHo B chcTeMe ¢ OchoamHem 4. Hail-
TH 3ayMaHHOe YHCJIO.

52. HaiiTi ukci0, sIBASIONICECS TOUHBIM KBAJPATOM, EC/IH H3BeCT-
HO, YTO OHO YeTHIPEX3HAYHOE B MATEPHUHON CHCTeMe, 4 eCJIH ero 3a-
MHCaTh B CEMePHUHOH CHCTeMe, TO OHO BbIPAXKaeTcsi OJHHAKOBHIMH
mHppaMH.

53. Tokasarb, uTo Ji0G0e LeJOe UHCIO MOXKHO NMPENCTAaBHTH B
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{ BHIe CyMMBl cTeneHeii yHcna 2; CYMMB H Pa3HOCTH CTENeHei yHC-
a3,

~ 54, lNokasaTs, 4To NPaBAJIO H3BJIEYEHHs KBAaJPAaTHOTO KODHS OMH-

HAKOBO BO BCeX CHCTEMaX CYHCJIeHHS.

55. IlokasaTb, uTo Bo BCSKOH CHCTEME CUHCJEHHs H NMPH @>5
YeTHIPEX3HAUHOE YHCJIO. (a—3)(a—3)44 ABNs€TCA TOYHBIM KBaI-
paToM.

56. 3amaua ap 0 T Anad, ta. Haiitu
YHC/I0 BCeX JEePeBBeB, PAcCaXKEeHHBIX Ha NATHOYTOBOM PaCCTOSHHH
JpYr o Hpyra Ha NPAMOYTOJBHOM Y4acTKe 3eMJH, CTODOHb KOTO-
poro 120 ¢yro u 70 ¢yros. (O606wuTe 3Ty 3amayy Wi NpsAMo-
YroJIbHHKa COo CTOPOHAMH a H b).

57. 3apaua u3 ApesHeKkuTaiickoro Tpakrara « Kuy-Yaur» (2637r.
MO H.9.). B K/eTKe HaXOQHTCH HEH3BECTHOE YHCJO (Ha3aHOB H KDO.TH-
KoB. HM3BeCTHO TO/IBKO, YTO BCA KJeTKa COJEPKHT 35 roJoB H
94 noru. TpeGyeTcst y3HATh YHCIO (a3aHOB H YHCIO KPOIHKOB.

. 3ajmaua u3 ApesHeeBpeiickoro Tpakrara «Basa-Gatpa» (oko-
a0 IV Beka 1o H. 9.). [Ta1s 1BOPOB PACMONOKEHE! OIHH 33 JPYTHM,
COe/IiHeHbl NMPOXOJAMH, HO BBIXO1 B MepeyJok obwuii. Pacxomsl no
COJIePXKAHHIO IBOPOB Pacrpejie/ieHsl TaK, YTO KHBYLIHE HA 3a/HEM
IBOpE NPHHHMAIOT yyacTHe B PAacXoje Mo BceM 5 ABopaM, KHByIIHE
B clefyioueM — Mo yeThpéM IBopam H T. . Hakowneu, xkuByune 3
Tlepe/iHeM [BOPe NPHKHMAIOT YYacTHE TOJBKO M0 3TOMY NMOCJAeIHEMY. -
Kakas uactb PacXofoB najaer Ha KaxIsli ABOP?

59. 3anaya u3 cOopuuka «3ajauu NJs H3OWIPEHHA yMa» aHNIHH-
€Koro yuéHoro AJKynsa (735—804). Co6aka TOHHTCS 32 KPOJHKOM,
HaxomsAmuMcst B 150 dytax or neé. OHa menaer npuikok B 9 dpyTos
Kax/Ipli pas, KOTZa KPOJMK JleflaeT NpHIKOK B 7 ¢yros. CKoJIBKO
NPBIKKOB HOJIKHA CHeIaTh coﬁal\a uroﬁu ):lOl'HaTb KpOJIHKa?

60. 3anaun us 0 Ma-
Tematuka Jl. Banauca (1818 1703) 1) I[auu TpH cocyda B 3;
5 u 8 ennnull 06béMa. [lepBrie 1Ba NMycThle, a TPETHH NOJMHBIA. Pas3-
JenHTh NYTEM NepeHBAHHS CONEPIKHMOE TPEThero Cocyia Ha JBe
paBuble yactd. 2) CymecTByer Jn Ha CBeTe [Ba YeJIOBEKa C OMIH-
HaKOBBIM YHCJOM BOJIOC Ha TroJioBe?

61. 3anaua dpanuysckoro martematnka b. Mackans (1623—
1662). Haiitu o6wmit npH3HAK [1e/HMOCTH Ha INPOH3BOJBHOE YHCJIO.

62, 3anauu ¢paHuysckoro marematHka b. ne Mesupuaka
(1581—1638). 1) PoTa nexoTsl MOAXOAHT K Gepery pekH, HO OKa3u-
Baefcs, yTo MOCT c/IoMaH, a Gpoxa HeT. Y Gepera Ba MaJIbyHKa Hr-
pawT B HO TaKoM Ma 4TO B HEM MOXKeT mepenpa-
BHTBCS TOJIBKO OJIHH B3POC/bfl Mk JBoe deteit. Cnpawmsaetcs, Kak
€ TOMOIIbIO 3TOrO Ye.THOKAa MOXKET BCS DOTA MEPeNnpaBHTBCSH HAa APY-
roft Geper? 2) Kakum HaHMEHBUIHM YHCJOM THPb M KaKoro Beca
MOXHO OTBECHTDb Ha Becax Jiio6oe uesoe yueio hynTos ot 1 go 40 nph
YC/IOBHH, YTO NPH B3BELIHBAHHH THPH MOXHO KJacTh Ha 06e yalIKH
Becos?

63. 3amaua 3 «Kypca mateMaTHKH» $)paHUy3CKHX aBTOPOB AJ-
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nes, Buaau, Mionccan u Byapo (XIX 8.). XKenas onpenesuts cpeg-
HIOI0 [aJbHOCTh NMOJIETa H3 HEKOTOPOro apTHJJIEPHACKOro ODYAHs,
caenamy 100 npoGHBIX BHICTPENOB H HAIIIH, 4T

18 BpicTpenoB gamu  gambHocth 632 M,

25 —r—  —»— —»— 6!

83 —»—  —»— —»— 620 »,
4 —r— —>— —»— 640 M.

KakoBa cpeaHsas 1a/JbHOCTb MOJETA cHApsfa?

64. 3anaua, HMeHeM dpaHuy 0 Mat
C. Nyaccona (1781—1840). Hekto uMeeT 12 MMHT BHHA U XOYET HO-
JlaDHTh K3 HErO NMOJIOBHHY, HO y Hero Her cocyaa B 6 MuHT. Y Hero
IBa cocyna, onuH B 8, ipyroi B 5 muuT. CnpawuBaercsa: KakuM 06-
pasoM HaJuTtb 6 MHHT B cocyi B 8 MHHT?

65. 3agaua JI. ®. Marunuxkoro (1669—1739). Hekuit uenoBek
Ha BOMPOC, CKOJNILKO OH MMeeT jeHer, OTBeTW.: «Ame mpugactess K

MOHM [eHbTaM TOJHKO ¥e, NHKO HMaM, i MOJATOMHKO, # 4 H 3, H

y6aBuTcs u3 Becero 41 py6:aés, u Toraa Gymer y mens 100 py6aés, u
BeaTeNbHO CTh, KOJWKO TOH 4e/lOBeK MMsile NeHer.

66. Ocernickas HaponHas 3amaua. Tpu 6paTa KOCHJAH CeHO Ha
Tpéx yuacrKax. Crapuiuit 6par, Bblitas Ha paGoTy paHbile JPYrHX,
3aXBaTHil TPeThIO YaCTh HMEBIIMXCS y HuX 56.0K. Bropoit 6pat, e
3Hasl, 4TO CTAapUIHi yxKe B31 CBOIO 1OMO, 3a6pai TpeTh OCTAaTKA M,
HaKOHell, MPOCNaBUINA TpeTuit 6paT — TpeTh BTOporo ocratka. Co6-
paBIIKCh Mocae PaboOThl, GpaThsi 3aMeTHJIH, YTO OCTaBIIHECH AGIOKH
OHH MOrYT MOJNTh MODOBHY, He pa3pe3as uX. CKObKO Gbino y
6paTbeB Bcero A610K?

§ 2. JnemenTHl TeopuM yHCeN

1. Ecau OCTaTOK OT Ae”eHus HEKOTOPOro LEJOro uucna Ha 9
ecth oxHO u3 uucea 2, 3,5, 6 u 8, TO 3TO YHC/IO He MOKET GHITH
TOYHBIM KBajpaToM. D.Ol(a!a'l'b.

2. [lokasarh, 4TO €CJH JAHH [BA YHCAA @ W b, U3 KOTOPHX
BTOPOE NEMMTCS HA 3, M ec/H WX MPHOJHKEHHOE YACTHOE, BHIYHC-
sieHHoe ¢ TouHocTbio X0 0,01, paBHO TOYHOMY YacTHOMY, TO U @
penutcs Ha 3. ([Tokasarts, 4TO BMECTO 3 MOXHO B3AThH JI060€ YHC-
Jo, B3aumHo mpoctoe ¢ 10).

3. [lokasaTb, 4TO YHCIO

70a 4216+ 15¢ — N

mesnutcst Ha 105, ecaiM @, b u ¢ — OCTaTKM OT J€NEHUs MeJIOro Yuc-
na N cooTBeTcTBeHHO Ha 3, 5 u 7.

12



JlokasaTe, 9TO APOGH
2n+1 u 14n 43
2n(n+1) 2ln+4
NPH MO6OM HATYPANbHOM 7 HECOKPATHMH.

5. JlokasaTh, 4TO ApOGb
a2b?
@+ b
HECOKPATHMA, €C/H @ H b — B3aHMHO IPOCTHE YHCA.
6. [lana necoxpatumas IpoGhb

n+417
m= n—4 ’ TAEe 1 — UeJ0e YHCAO.

1) Onpenennts 3HaueHHe 7, MPH KOTOPOM JaHHas 1poGb Gy-
AeT HMeTh NPHOMHKEHHOE 3HAueHHe C TouHOCThio A0 0,01 mo we-
ZocTaTtKy, paBHoe 8,47;

2) Ecau 1po6b COKpaTHMA, TO KAKHE 3HAYEHHS MOKET HMeTb
HAHOGO/IbIIHH OGIIHA NeIHTeNb YHCAHTEAS H 3HAMEHATeNd ?

3) Ha#itn 3uaueHWe 7, NMPH KOTOPOM NPOGb m DaBHA KBaA-

a

PATy HEKOTOPOR HECOKPATHMOH HpoGH e
a

7. lana npo6n - Kakomy yc/10BHIO 10/13KH3 Y IOBJIETBOPATH

ApO6H %. YTOGH OHJIO:

atm_my
n

b+n
8. Jlana Hecoxpatumasi Ipo6b %> 1.
1) Byxyr Im HecOKpaTHMHMH IPOGH fd : b " 2‘;_1’ ?
a—b a+b
2) Byner /A HecoKpatHMOR Apobb m = = b ?

3) Moxer au 1po6b m OHTb BHPAKEHA TOUHOR IECATHYHOH
2po6bio?

9. Ha#tu npoGb, paBHYIO ——= > 3HAf, 4YTO CyMMa €& KOMIO-

1064
HEHTOB COCTAaBAsIET KY6 NMPOCTOro YHCIAA.
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10. Iokasats, 41O npH MIOGOM HATYPANBHOM 7 APOGH
1
n + n+1 + n-t+2

06pamaercs B CMEMIAHHYIO MEpHOIHYECKY0 AECATHYHYIO APOGE.

11. [loxasaTb, 4TO NPH KeleHHW IBYX WHCEN Ha HX paBHOC‘I‘b
MONIYHAIOTCA PABHBIE OCTATKH, 4 aCTHEIE OTIHYAIOTCH HA

2. Jloxa3aTh, 4TO €CIH @ W b — lesible YHCTa U a’+b’ Re-
auTcA Ha 7, TO Kawjoe W3 uucen a ¥ b menmurcs Ha 7.

13. ﬂoxaaau, YTO BCAKOE YETHOE YMCIO MOXHO INpPeICTaBHTH
KaK pﬂSHOC’I‘b npouanenenuﬁ ABYX Map MOCJAeN0BATENbHBIX qucesI.

14. TloxasaTh, 4TO BCAKOE HEYSTHOE YHCIO H TOJIOBHHA Cle-
AYIOILEro 3a HHM HYHC/a B3aHMHO TPOCTHL.

15. Haittu uncno, kpathoe 2, 3, 7, u uMeiomee 42 NenuTens.

16. Hafitu umcio0, 3HaA, 4TO OHO MMeeT HedY&THOe YHCIO JAe-
nuTenell W NMpH JeeHHH HA 39 NadT B UACTHOM MpPOCTOE HHCIO,
a B ocratke 1.

17. [loka3aTh, 4TO eC/H YETHOE UHCIO eCTh CyMMa JBYX KBai-
PaToB, TO H NOMAOBHHA €r0 eCThb CyMMa IBYX KBAAPaTOB.

18. lokasaTth, 4TO ecau

X yr=2,

TO xyz menarca Ha 60.

19. [oxasatb, ut0 BHpamenue ab(a*— b*) mpu MOGHX Heudr-

HBIX 3HAaueHHaX a u b penurtcs Ha 240.
20. [loxa3aTh, 4TO MPH JI0GOM HATYpAaJBHOM 7

1) 6™+ 3" *? 13" genurca na 11;

2) 10" 4 18n — 28 nenutcs na 27;

3) 9"* —8rn—9 genutcs Ha 64;

4) 5-49"*! 1 8" penurcs ma 41;

5) 49" —48n—1 penmrtcs Ha 2304;

6) 3" *'.5"—3"*".9" rerurcn na 117;

7) 11°*% 11 penutcs Ha 148;

8) 2°*?.3"1 51 — 4 genutcs Ha 25;

— 513 + 4n
n+2

10) n’ 41 we genurcs ma 9.

21. Tlokasate, uro 7*°—1 peautcs na 3300.

22. Tokasats, urto Bmpamenne 1--2" 4" gennrca ua 7, ectn
n=3x + 1.
14
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9) nenutcs Ha 24;
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23. Tokasatb, 4TO BHpaKEHHUE:
6252a+ 1 + 4‘125211 +1 7%6.25244» 1 +452a +1 +

Renurca Ha 1296, ecqM @ — HATYpaabHOE 4HCIO.
24. [loxasaTs, 4TO NPH JIOGOM LEIOM 7 BHpaxeHue

' — 14n° — 49n® — 36n

meautcss Ha 5040.
25. Tokasarb, 94TO €CAH @ — HEYBTHOE YHCIO, He Je/smieecs
Ha 3 u 5, TO BHpaKeHHe

(a*—1) (a* — 16)-[a* — (2a + 1)?]?

nenurcs Ha 23 040.
26. Ipu KaKux 3HAYEHHAX 7 YHCAA:

N=20"+16"—3"—1
Renarcs Ha 3232
27. JlokasaTh, 4TO BHpaMeHHE:

2(@—1)"*'—(2—a)"
Aeaurcs Ha 2a — 3.

28. lokasatb, 4TO €CJAH LEJ0€ UUC/IO0, SBASIONEECS TOYHHM
KBaJPATOM, COAEPHHT HEYETHOE UHCIO JECATKOB, TO MOCAEAHSS
ero nudpa ectb 6.

29. Jloka3aTb, 4TO y J0GOTO TOYHOTO KBajApara MPOU3BEJEHHE
ABYX MOCAEMHUX WHPP YETHO.

30. Vi3 nuop TPEX3HAUHOrO YHC/IA N COCTABASIOTCH ABA HOBHIX
uyucaa M W m — caMOe GOJbUIOE H CAMOE Matoe CPeIH YHCes,
COCTaBJIEHHHX M3 TeX ke Hupp, 410 M N; nanee cocrapisiercs
pasHocts Ny=M —m, n c udcioM N; MOCTYNalT TaK ¥Ke, KaK
patee ¢ uyucaoM N. [lokasaT, 4TO, MOBTOPHB HEKOTOPOE HHCIO
pas 3TOT NMpOouecC, MH 06f3aTeNbHO MPHASM K uncay 495. Kako-
BO HaHMEHbllee YHC/IO K TaKOe, YTO K— KPaTHO® MOBTOPEHHE OMH-
CAHHOTO Mpoluecca 0GA3aTe/IbHO NPHBOAMT K uucay 495.

31. JlokasaTh, 4TO €C/H IVIMHH CTOPOH MPSAMOYTOABLHOTO Tpe-
‘YrO/IbHUKA BHPAKAIOTCS UEAHMH YHC/AaMH, TO IPOU3BEIEHHE UHCET,
BHPAXAIOMUX AJTHHE K4TeTOB, JeTHTCH Ha 12.

32. IloxasaTb, YTO HEAENUMOCTH LEAOr0 YHCAa 72 Ha 24 3 ecTh
HEOGXOJHMOE W JOCTaTOYHO® YC/AOBHE JETWMOCTH uHCAa 4n? -+
+3n+5 ua 6. .

33. Ilokasate, 4TO €CAH W3 M106OT0 TPEX3HAYHOro wuucaa abe
(a>c¢--2) BuuecTs YMCAO cba W K IONYYEHHOMY YHCAY mpHGa-
BHTb YHC/O, COCTAB/GHHOE H3 €ro ke HHdp, HO B3ATHX B 0G-
paTHOM mMOpsiAKe, TO B CyMMe moxydurcs 1089.

Hanpumep. Ecmu abe = 542, 1o umeem: 542 — 245 = 297; 297 +
-+ 792 = 1089.
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34. JloxasaTh, YTO CyMMa KBaJPaTOB NATH NOCAENOBATENbHEIX
YUCEN HE MOKET GHTb TOYHHM KBaJDAaTOM.

35. IlokasaTb, YTO €CAH m — HATYPAJIbHOE YHCAO, TO PasHOCTb
MexLy CyMMOHi Uu(p m-Of CTeNeHH LEJIOTO YHCAA W M-OH CTe-
NeHbio CyMMH IU(P TOro e yucia Aeautca Ha 9.

(Mpumep. Ecau m =3, 10 mis uucaa 17 umeem: 17°=4913, 4 -
+9414-3=17; 8 =512; 17 — 512 = — 495 — nesutcs Ha 9).

36. HafiTu nBa uuciaa, 3Has WX HaMeHbuiee ofllee KpaTHOe
1620 u uacrHoe 0,75.

37. HaTu japo6b co 3nameHaTeneMm 241, 3uas, 4TO €& KBal-
paTHHA KopeHb ¢ TOuHOCThIO A0 0,01 mo memocratky pasen 0,87.

38. Haiitu HarypanbHee yucaa N, 06/1ajaioliue TeM CBOHCTBOM,
aro cymma uudp wucen N pasua N (x =2, 3, 4).

39. Moka3aTb, 4TO YAaCTHOE OT AE/EHHA 2*1 _1pa P eCTb TOu=
HHA KBAJPAT NPH P MPOCTOM TOABKO B CAydwasx p=3; 7.

40. NoxasaTs, 4To CyMMa muép Bcex yucex or 1 1o 10" umeer
BuA 9% + 1

41. TIpn KaKOM HaHMEHbIIEM 7 A5 K-TO MPOCTOrO YHCAA HMEeT
MECTO HepaBeHCTBO: Py > p, ., €CIH M3BECTHO, 4TO MEXAY P,
M 2p, BCErJa HMEeTCss MPOCTOE YHCAO?

42. [oxasats, 4To ecid ad — bc =1, TO npH J0GOM X 4HC-
na ax+ b u cx + d B3aUMHO TPOCTH.

43. Haittu cymmy psina:

a+aa+aaat ---+aa---a
T pe

44, U3 tabaunu
1

2 3 . .on

n-1 n+2 n+3 .. 2n
2n+1 2n + 2 2n 43 . . . 3n
3n41 3n+42 3n-+3 . ... 4n
(n—N)n+1(r—Dn+2 (n—On+3 .. .. n?

BHGpaHH N YyuCeJ TakK, 4TO HHKaKue JaBa W3 BH6paHHHX qucenx
He CTOAT B OJHOA M TOH Xe CTPOKe W/IH B OZHOM H TOM CTO/GLE
1a6iuubl. KakoBa cyMMa BHODAaHHHX 4Yucea?

45. Pacronio xeHHas BHYTPH BHIYKAOTO 7-YTOAbHHKA A;A,... A,
Touka O co €O BCEMH CTOpOHH 7-yro/bHHKA
NPOH3BOMLHHM 06Pa30M HYMEDYIOTCA YHCJaMu OT 1 K0 7 u Hesa-
BHCHMO OT 370T0 72 oTpeakoB OA;, OA,,... OA, HymepywoTca TeMu
Ke YHCJIAMH, NPHYEM HUKAKWE JBE CTOPOHH HJH JBAa OTpe3Ka He
NOMYYaloT ORHHAKOBHX HOMEPOB.

a) npu n=9 yKasaTh TaKyl0 HyMepamHio CTOPOH H .OTPE3KOB,
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DPH KOTOPOH CYyMMa HOMEPOB CTOPOH JI0GOTO M3 TPEYrOABHHKOB
OA, _, A, 6yner onua u Ta xe;

6) nmoxasars, yTo mpn 7 = 10 TaKyi0o HyMepalKIO OCYLIeCTBHTH
He/b3sl.

46. B uHCI0BOM TPEYTrOJbHHKE

11 1
1 2 3 21
13 6 7 631
1 410 16 19 1610 4 1
1 51530 45 51 453015 51
1621 50 90 126 141 126 90 50 21 6 1

K2x[I0e YHC/IO PABHO CyMMe TPEX UYHCe], CTOSIIMX B mpeasfyiued
CTPOKE Haj HHM, CIpaBa OT Hero M cJeBa OT Hero. KakOBH HO-
Mepa Tex CTPOK STOFO TPEYro/bHMKA, B KOTOPHX HH OJHO YHCAO
He jeautcst Ha 3? A na 5? A Ha 7?

47. BunucaHH NOAPAA BCE UMCAA, KPATHbE NAEBATH:

9, 18, 27, 36, 45, 54, 63, 72, 81, 90, 99, 108, 117,...
H A% KaXAOrO M3 STHX YHMCE] HAXONMTCA CyMMa ero mu¢p:
9,9,9191919099,09,9 18,9, 9,..

Tpebyercs yKasaThe3aKOH, ONHCHBAOWKE YepeOBAHHE YHCEa NO-
clenHeR 10C/1e0BaTe1bHOCTH.

Ha kakom MecTe 3TOH N0C/€J0BATEJIbHOCTH BIEPBHE MOABHTCH
4uc10 81 M KakoBO GyzeT caepylomee 3a HUM ynCI0? YUTO paHb-
me BCTPETHTCA B 3TOR MOC/IeN0BATEAbHOCTH — 4 pa3a MOAPSAM YHC-
n0.27 win 3 pasa moapsax uucao 36?

48. 3uas, 4t0 2" — ] = g4, rae n, a ¥ 6 — meJHe YHCA, 66Ab-
mHe eIMHHIH, 10Ka3aTh, uTO @+ 1 n 8-~ 1 CyTp YETHHE, KpaT-

., HBHE OJHOH H TOA Xe cTemenu 2.
AHasornyHu# Bornpoc 0 yucaax p—1 u ¢—1 npn ycnosuu

2"+ 1=p-q.
49. Jlokasars, 4T0 ecu 87+ 1 B 24n -+ 1 — monHHe KBaApaTH,
70 8 +3 nps n>1— cocTaBHO® HHCIO.
- 50. Ecan p u 8p% + 1 — mpocteie, To nokasath, 4To 8p* —p 42
TaKKe MPOCToe YHCAO.
51. IlokasaTh, 4TO eCaHM 7 — HeYETHOe YHCJI0, HekpaTHoe 3,
10 N=16"—4"+ 1 npa n>1 me MOXET OHTb NMPOCTHM.

52. Jloxasath, 4TO KBAAPAT BCAKOTO MPOCTOTO 4YMcaa, GOJblle-
ro 5, naér npy nenenun Ha 30 ocrarok 1 mam ocrarok 19.

2E. A Byryaos x 5. A. Toxacos 17



53. JloxasaTb, YTO eCH @ — 46, TAe @ K § — HeJHe OTIHYHHEe
OT HyJfl YuCAa, ABASETCH MOAHHM KBAAPaToOM, TO a® — 3as He Mo-
KeT GHTb MOMHHM KyG6OM.

54. JlokasaTh, 4TO NMPOU3BeJeHHE HAHGOABINETO OGIIETro AeaH-
Teas ABYX YHCEJ HAa HX HAHMEHbIIee O6llee KPaTHOe PABHO MPOH3-
BEGHHIO JAHHHIX 4kCes.

55. Onpegennts 1Ba YHCAA, 3HAS HX OGIlee HAHMEHOBAHHE
xpatHoe 360 H cymmy kBanparoB 5409.

. Hafith 1Ba TpeyroJbHHX YHCIA, CYyMMa KOTOPHX — Tpe-
yronwoe 9HCAO.

{TpeyroabHHMH HA3HBAIOTCA YHCAA BHAA N:@ - TNocae-
HoBareabHOCTh HX TakoBa: 1, 3, 6, 10, 15,...; n-oe TpeyroisHoe
YHCIO eCTb CyMMa NepBHX 7 HATYPAAbHHX YHCeN).

57. Toxasars, uro mpi 1< x<p H p—NPOCTOM 4YHCIA C;
KPaTHH p. )

58. Moxer JH TOYHHE KOpenb 17-Off CTEmeHH M3 ABAjUATH-
TPEX3HAYHOTO YHCAA OKaHuHBAeTCs Ha 57

. OnuH H3 MaTeMATHKOB — ropadufi 6oxeabmuk GyT6oapHOR
KOMaHIH CBOETO ropofd. OAHAXIH, OCAe OJHOTO H3 YAAYHEHX MaT-
qel BOCTOPXKEHHHH MaTeMaTHK MOXEeNal MOXaTh PYKH BCEM HIpo-
kaM iobuMofi uM KoMaHIH. Ho Tpenep xomauuH, cam JioGHTenb
MaTEeMaTHKH, TOCTaBHA €My YC/JOBHE:

4,Hac 12 wenopex. MH cTonM no kpyry. Haunure c meHs H,
nponyckas OJHO H TO e YHCAO (YTOOAHCTOB, MOXMHTE DPYKH
Bcem®. MareMaTHK, MOAYMAB HEMHOTO, BHIOJHH/I TPeGOBaHKE Tpe-
HEpa H, B CBOIO O4epelb, MPEMTOKHA (DYTOOMHCTAM C/eLYIOULYIO
3ajauy:

TOUYKH OKPYKHOCTH A;, A,,.., A, COGNUHEHH XODIAMH, HAUH-
Has ¢ A;. CKOIbKO NPOBEJEHO XOP/, eCH TOYKH COEHHEHH depe3
kamaue K? B kakoM ciayyae uMci0 Xxopa paBHO 7? Moxer JH
4HCA0 XOpA 6T Gosbme n? Haftnure pewenns sTUX 3anau.

. 3ajaya H3 TpakTara apaGckoro matemaTHka TaGHT HOH-
Kyppa (836—901). Ecan unciap =3-2"—1, ¢=3-2""'—1, r=

=9.2""' — 1 —npocthie, TO nokasath, uto wHcAa @ =2"-pq u
8=2"r gyny'r JAPYHECTBEHHHIMH. [IDUMEHHTh K YaCTHOMY Cay-
uao n =

uyeuanne. [lfa GHCAa HAIHIBAIOTCA ADYKECTBOHILIMH, eCAH CYM-
Ma ncex JeuTeneil KaX10ro W3 MHX PaBHAa CymMMe CaMuX uucea. MHampumep,
220 u 284; 17296 u 18416; 9363 584 u 9437 056. Ditnrepom Guino Haktnero
64 mapu ApyKeCTBeHHHX uHCE. CPEAH HHX HMEIOTCA M HeudTHBE.

61. 3anaua (panuyackoro matematka Il Bysemns (komew
XV # navano XVI Beka). IlokasaTb, 4TO BCSKOE COBEpIIEHHOE
4yuéao, kpome 6, Ameer BHA ¢ =9k + 1.
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'
puMenanue. UHCIO ¢ HASHBAETCH COBEPIIEHHEIM, €CTH CYMMA BCEX
ero neauteneit BaBOe GOablie CAMOrO uHcaa. [lepBhie 4eThPe COBEPMIEHHBIX
ancra: 6, 28, 496, 8128, Popmyna cosepmennbix wncen:c =2+ (2 — 1), e
—1 npocroe 4Hcao, noaydeHa Epkaupom. Yxe H3BeCTHO 18 coBepuieHHbIX
aucen, [Nocrennee u3 mux: 29218. (28017 — 1) naiineno B 1957 r. Pusenem u conep-
#uT 2000 unpp. HeuTHEIX COBEPUIEHHHX 4MCEN TMOKAa He HaMJEHO H nawe He
ZOKE32HO HX CYWeCTBOBAHHE.

62. 3anaya u3 TpakTaTta ,TdAHN yucen“ Bymryca (XVI Bex).
Besikoe mpocroe uncto, kKpoMe 2 u 3, umeer ¢opMy p=6x + 1.
Iloxasa'rb

63. 3ax; TO 0ro Ma . dep-
Mé (1601 —-1665), xopucn no npocbeccnu. Jlokasath, 4TO eCaH
menoe uncro N He AemMTcs Ha mpoctoe wueAo p, 1o NPTI—1
KPaTHO p.

MpuMeuanne Jra TeopeMa, HrpaioWas BAKHYO POTb B TEOPHH
YHCeN, Ha3HIBACTCH ,Manoi Teopemoit* Pepmi B m‘nmme ot se:mxoﬁ Teope~
MH® O TOM, UTO NpH 7>2 HeONpeNeTeHHOe ypasueHHe £

n
=z

ABIX YHCAAX HE Pa3pelIHMO. ernkas Teopema* Pepwd (npoﬁneua ¢epua

0 CHX 0P MOAOCTHIO HE AOKa3aHa.

64. 3anaun BbAlOLIErOCs HeMeukoro Matemaruka I'. JleAG-
Huna (1646 — 1716). 1). Iokasatb, uto m® —m peaurcs Ha 5;
2). Jlokasars, ut0 m! — m pemutcs Ha 7.

l'loxasa'rz., 4YTO 3TH 3aJ4a4YH ABJAAIOTCA YACTHHIMH CJAYy4YassMH 3a-
paun Pepmé. (Jlefbunm napaBHe ¢ HbIOTOHOM CYMTaeTCs OCHOBA-
Te/JeM aHAIH3a GECKOHEYHO MAAHX).

65. 3anauy Bbliaoulerocs Hemeukoro matematuka M. Jlam-
Gepra (1728 —1777). 1). TlokasaTs, 4TO BCAKHI HEYETHHIT KBAApAT,
yMeHbwHubit Ha 1, Bceraa aeaurcs, na 8: 2). Ilokasats, 4TO
M1060# Hew&THH KBaApaT (HEKpaTHHH 9), yMeHbIEHHHN Ha 1,
HaT pesysbTar, KpaTHH 24.

. 3ajaya BeJMKOro (paHuysckoro martemarhka O. Kours
(1789 — 1857). [lokasaTh, 4TO €C/I¥ MEPEMHOXHTH JBA IEJHX UHC-
13, KaX10€ U3 KOTOPHX eCTh CyMMa JBYX KBaAParoB, TO NMOTY4eH-
HOe IpOH3BejeHHe OyJeT TaKxkKe CyMMOH IBYX KBAaAparoB.

Trasa smopas
AJITEBPA
§ 1. O ToxaecTBeHHLIX NpeoGpa3oBaHUAX
a). B Ma'rema'mxe 4acro npuxonu‘rcn.saueﬂnrb Gyskuun TOXK=

nect MH, T. €. TAKHMH BBIDAXXGHUAMH, KO-
TOpHE MpH om?oﬁ M TOfl K€ CHCTEME UNCTOBHX 3HaueHmft apry-
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MEHTOB TP TaKne Ke , 4TO H 3aM HMH
(yHKIHH. 3aMeHa OHOTO BHPAXEHHS APYTHM, TOXIECTBEHHHM
€My BHIPAXEHHEM, HA3EIBAETCS TOXAECTBEHHHM MNPEOGPA30BAHHEM
3TOTO BHIPAXKEHHSA. B YACTHOCTH, NMPHMEPAMH TOXECTBEHHHX mpe-
06pasoBanuit cayKaT Bee dopmyast: (@ + 8)* = a®+ 2a8 + &2,
(a—6)(a+6)=a*—6 u 1. & TOWAECTBEHHHE BHPAKEHHS OT-
/IMYAIOTCS TOABKO BHEWIHE, DA3HYHLIMM (OPMAMH 3AMHCH OHOH
M TOH Xe u306paxaeMoll UMH QyHKIHH.

6). TOWAECTBEHHOCTb ABYX MHOrouAeHoB!. [lBa MHOrou/1eHa
TOXAECTBEHHH TOrJAa, W TOJNBKO TOrja, KOria y HHUX paBHH KO-
3bOHIHEHTH YTEHOB, COACPKAIUMX ONHM H TE MK apryMeHTH B
ONWHAKOBHX CTENEHfX, T. €. PaBHH KO3QPHUMEHTH NOJOGHHX
Y/IeHOB.

M3 npusesEHHON TEOPEeMH BHTEKAeT €NHHCTBEHHOCTh KAHOHH=-
YE€CKOTO MPeACTABACHHS xa)xnoro MHOTOY/IeHA.

B). MeTon TOB. O/HUM U3 Hau60-
Jee PACTIPOCTPAHEHHEX Me-roxms TOKCCTBEHHKX HPEO6PAa30BaHMH
GyHKIuA SBASETCS METOL HEOMpPeneN@HHHX KOshdumu-
eHTOoB. OH NPHMEHNETCS B TeX CAy4asiX, KOTAA MOCTe BHIOIHEH-
HHIX TMPEOo6Pas0BaHuli JOMKHO MOMTYYHTHCA BHPAKEHHE ONpefeaeH-
HOTO BHIA HJAM CTPYKTYpH. KospdumuentH sTOro HOBOro BuAa
JIaHHOH QYHKIHMM ONPeaeasioT Ha OCHOBAHHH TeopeMH npeabayme-

ro NMyHKTA B). T. €. X UIEHOB.
VpaBHeHus 1715 HAXOWKIEHHS HEHIBECTHHX koacpcpnunemoa MOXHO
TMOMTYYHUTH, Basi o6oux (naHHoro u

npe06paaoBaHHoro) NpH OJHHAKOBHX 3HaueHHAX APTryMeHTOB.
PaccMOTpUM HEKOTOpHE MPHMEpH.

Muorburen M =x'—7x* 42 npexm‘asmb B BHAE CyMMH
CTeneHeﬁ aByuiena x+1. Myers M= (x+ 1P +a(x+1)2+
+8(x+1)+c. Toraa conocrasnenuem koacbq:nuneu-roa npu x’
X u x° noayunm:

a+383=—7,2a+8+4+3=0; a+a+c+l =2.
Orciona mosyuum:
X —Tx2 4 2=(x+1)'—10(x+1)* +17(x +1)—6.

Mpumeuanne Koshpouunents a, 8, n ¢ MOXHO 610 Gt HafiTH, mpH-
NaBag X HeKOTOPHE HeGOAbIUME 3HAYEHHS B OGOMX MPEACTABIEHHSX MHOTO-
WieHa M NPHPABHMBAS KaXAbifl Da3s COOTBETCTBYMOIIME 3HAYCHHA CAMHX
MHOroU1eHOB. Tak, HanpuMep, npu x = — 1; 0; 1 noayunm: ¢ = —6; 1 +a +
+6+c=2 8+4a+2+c=—4. Orkyna HaliéM Te e 3HaueHHs
a,6uc

2. Pa3oXHTs HA MHOXWTEeNTH MHOTOuIeH M =ad4 ¥4 ¢® —

1, 10, uro BHIE, T. €.
npexcTaBAAT Co60ft CyMMB NONappo HEMOROGHEIX OXHOUNEHOB.
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— B8asc. Muorouren M cummeTpudeH' OTHOCHTeNbHO @, b W C.
Ecan nooyep&ano oAHY u3 GyKB CUHTATh apryMeHTOM, a ABe Ipy-
rHe GykBH — Bp pamu (mp IBHEIMH

HHMM), TO Jerko 3amefrm'b B 4acTHOCTH, 4TO @ = — (6+¢) —
€CTh KOpEHb yPaBHEHH:: a*—3sc-a +s’+c* 0. lMastomy no
teopeme Besy sairiouaeM, 4TO M penutcs na @ +8+c:

M= (a-+8+c) [m(a®+ 8+ c?) +n-(a8 + ac + ca)).

MpupasHuBas K0s(OHUIHEHTH NPH G*, a NOTOM NpH Q6C, MOTYYHM:
m=1; n=—1. Paanoxenue TakoBO:

'a® + 6%+ ¢3 — 3asc = (a +6 - ¢) (a* +-82+ ' — as — 8c — ca).

AK CJIeicTBUE, OTCIOAA MpH @ + 8 +¢ =0 BHTeKaeT TOXAECTBO:

. a3 4+-6® + ¢ = 3asc,

"

poe HAXOHHT TaKXe NpH pa3 MHOTOUIE-
HOB Ha MHOXHTENH (npuuepu CM. HHXe).

Muorouren:
M=(x—y)(x+ '+ -2 +2*+(E—x)(z+x)

WpH x =Yy, y =2 u 2= X 06pamaercs B HyIb, HOSTOMY €ro pas-
JMOXEHHE uMeeT BHA:

=(x— ) (y —2) (2—x) [m (x* + y2 + 2%) + n(xy + yz -+ 2x)]
Hatttu m u n.

3. Metox p (3 X ) HEHTOB HaXOAHT G
npH p BHCUIMX CTeleHel, KOTOpHe,
KaK npaBuao, B obmem cny-lae pemaioTcs  Pa3sioKeHHeM JIeBo#

HACTH HA MHOXHTEH.

Mpumep. Pewnts ypasHenue:
xt—6x2—156-x —4=0.
Peurenne. [TpesicTaBisieM ypaBHeHHE B BHAE:
. (x’ + ax +6) (x*+a,x - 8)=0.

H comocTaBasieM KO3(Q@UIMHeHTH

1, , €CIH OH He H3MeHdeTCs MpH
1060l NepeCcTaHOBKE APryMEHTOB.
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Pewas sty cucremy, Haxomum: a= -3, 8=—1,a,=3,6=4.
Iannoe ypaBHeHHe CBElEHO K ABYM KBAIDATHHM yDABHEHHAM:

x?—3x—1=0#u x*+3x+4=0,
pelIHB KOTOpHE, HAAIEM KODHH HCXOJHOTO yPABHEHHs.

4. Bupectn dopmyny aas (x + y + 2)% 3Has, 4TO pasONKeHHEe
STOH CTENeHH HA CyMMY O/HOY/IEHOB, BBHLYy €€ CHMMETPHUHOCTH,
HMEeT BHI:
a(x®+y*+2°) + 8 («%y + x%2+ xy? +y%2 4 x22 +y2°) + c-xyz

5. TlpeacTaBHTb pasioxeHHe MHOrodzeHa (X + y +2)° B Buae:

a(x+ ) o (x+y) 24 (x+y) 2 +a (v + 2P+
+e(y+ 2 xte(y+2) 2 +a @+ +al+x)Py +.

+6(z+ %)y

6. JlpoGs:
x4 5x+6
-1 +x+1)

MOXHO NPEeACTAaBHTb B BHAE CyMMH NpOCTeHIIHX Apobefi caemyio-
mumM 06pasoM:

X% 4 5x +6 _ a + 3 +'cx+d .

=D Fx+D) xF1 "X FxF1
nOJlbayﬁC!: TOXAECTBEHHHM DABEHCTBOM:

X 4bx+b6=a(x+1)(+x+1)+s{x2—1)+
+(ex+d)(x—1)

HaliTd yHcaa a, 8, ¢ u d.

§ 2. O meTone mMaTeMaTHYeCKOH HHIYKUNH
a) TMepex0OX OT YACTHHX yTBEPXAEHHA K OOWMM HA3HBAETCH
HHAyKnHe# [lepexox OT OGHX yTBepPKAEHHH K YaCTHHM Ha-
3HBAeTCH AeAYKIHEH.
TMepexox OT 4aCTHHX YTBEPXAeHAH K OGILHM He BCErAa NpH-
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BOAMT K HCTHHHOMY YTBepxAenuio. Hampumep, H3 TOro, uro BCe
THHE YHC/IA, OKAHYHBAIOWIHECS Ha 2, He AeNATCS Ha 5, He Cie-
%’ﬂ‘, YTO BCe YSTHHE YHCAA He xensrtcs Ha 5. [Mpheném em@
Kot mpuMep. Benuxuit Gpannysckuit marematik PepMa Ha OCHO-

98HMH MepBHX UETHpEX uucen BHa 2% + 1, ABATOMEXCH NPO-
ctuME (7 =1; 2; 3; 4), 3aKNOYHA, YTO BCE YHCAA STOTO BHAA —
npoctHe. OWHGOUHOCTL STOTO YTBEPXKAEHHS BHEPBHE OGHAPYXHI
Sfinep', ykasaB aenmtens 641 uncaa 224 1. B nannom cayuae
depmé BOCNONB30BANCH HemOAHOH HHAYkuuedh. Tpumepon
5l C/IC[ICTBHEM PacCy:KJAeHHSI, OCHO-
BAHHOTO HA HEMOMHOH HHAYKIHH, MOXHO GHLIO 6H NPHBECTH MHOTO.
Henonuas uHAYKUHS HEe ABASETCA METOAOM CTPOTOTO HAyYHOTO
PACCYKIEHHs, OTOMY WYTO MPH HENOJNHOM HHAYKILHMH 3aKJAIOYEHHe
MleNaeTCs, HCXONs TOMBKO M3 HECKOJABKHX NEPBHX YACTHHX Cay-
4aeB. 3aKOHOMEPHOCTD, YCMOTPEHHAs IS HECKONBKHX MEPBHX 4acT-
HHX CayuaeB, i BCeX OCTAJIbHHX BO3MOKHHX CIy4YaeB He
©00A3aTeIBHO MOXET HMeTh Mecto. [103TOMY BCe 3aKOHOMEPHOCTH,
BHBEJCHHHE H3 YAaCTHHX C/ydaeB, HEOGXONMMO CTPOrO [OKa3aTh
{MAH ompoBeprHyT, B Clyuae WX JOKHOCTH). DTO menaercs C
NOMOWBIO METONA MATEMATHYECKON HHAYKIHH.

6) TMonnas MareMmaTHueckas WHAYKIHS NO3BOJSET KPATKO W
HCUEPNHBAIOWAM 06Pa30M JOKA3aTh yTBEPKAEHHE MPOCTHM mepe-
Xozom ot n k n+1. HeoG. Th peacTBeH-
HOR NpOBEpKH yTBEPKIECHHE HA YACTHHX CAYHasX, YHCAO KOTOPHX
MeuepnaTs MPAKTHYECKH HEBOSMOXHO.

Meroz m M # MHAYKIHH OCHOBAH HA CAEAYIO-
WeM TPHANUNE M T K H

C/H HEKOTOpOe YyTBEpDXAEHHE BEDHO A HATY-
P8ABHOTO yuHcAa n=1H eCAH H3 MPEeANOXKEHHACHpa-
BeAIHBOCTH 3TOr0 YTBEPXAEHHS AN KAaKOTO-HH-
O6yAp HATYpaJbHOTO YHC/IAN=KBHTEKAaeT erocmnpa-
BeAMHBOCTH A5 CACAYOMEr0 HATYPAABHOTO YHCAA
A=K+1, ToO 0OHO BepPHO AAA N060r0 HATYPAABHOTO
yucxa n. . .

Xon HHAYKTHBHOTO [OKA3ATEABCTBA TAKOB:
. ye s (myTem PeNCTBEHHOM MPOBEPKH) CIpa-
TH LS HATYPRJBHOTO HHC-

Tb

a8 n=1;
2) nmonyckaercs CHpAaBEIMBOCT, STOH 3aKOHOMEPHOCTH AAS

BEKOTOPOTO HATYPAaABHOTO YHCAA N =K;

) s Cnp IHBOCTD PHOCTH st n= K1

H8 OCHOBE CAENAHHOTO AAf 1 =K NOMyLIeHHS.

3 K nauany 1957 r. 6hino Hafineno 28 cocrasubix uncen puna 22 " + 1. A uMento,
a8 n =5 6,7 8 9, 11, 12, 13, 16, 18, 23, 26, 38, 39, 55, 63, 73, 117, 125, 144,
180, 207, 226, 228, 268, 284, 316, 452. HaHGoAblee H3 STHX YHCeA HMeeT He MeHee

uudp, a onnu H3 ero neaureneft paBen 27-245% 4 1 u prpaxaercs 139-anau-
HHM 4HCTOM. -
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B cTpOrom joKasateqbCTBe 06f13aTENbHO JOMKHH GHTb BCE STH
TPK oTana.

' UaCTo 10Ka3sHBAEMOE yTBEPKIEHHE GHBAET BEPHO JHIIb, HAUH-
Has C HEKOTOPOTrO HATYPaJbHOrO 4HCaA, 66/1buIero eguHumE. Tor-
Aa B m. 1) BMecTo 7 =1 6eperTcs TO HAUMEHbIIEE UYHUCAO €, HAYH-
Hast € KOTOPOTO YTBEPKIAeTCs CNPaBejNHBOCTb JAHHOH 3aKOHO-
MepHoCTH. TaK, HampuMep, MW AO0Ka3aTesqbCTBe HepaBeHcTsa Bep-
Hyanu! HauMeHbllee 3HaYeHWe n paBHo 2 (€ =2).

MeToy, NOJHOK MaTeMAaTHYeCKOH WHAYKIMH NPUMEHACTCS MOUTH
BO BCeX 06/aCTAX MATEMATHKH, M03TOMY OBJIAJeTh STHM METOAOM
KpailHe HEOGXOZHMO JI060MY, KTO WHTEPeCyercsl MaTeMaTHKOH
WM Keraer CTaThb MATEMATHKOM MO MPOdeccHH — MeJaroroM Wik
HAyYHHIM DPaGOTHUKOM. .

PaccMOTPUM HECKO/bKO MPHMEPOB Ha MPHMEHEHHE MeTOja NoJ-,
HON MaTeMaTHYeCKOWd WHAYKIHH.

1. Ioxasats GopMy.ly 06IIEro uieHa apudpMeTHueckoil nporpec-
CHH:

a, =Za;+dn—1) . ... ... .. (1)
(a, — nepsHift uieH, d — pa3HOCTb NMPOTPECCHH, 7 — HOMEP UJeHa).
Hoxkasateabctso. 1) Ipu n =1 dopmysa Bepua:

. a=a,+d(1—1). -
2) Nonycrum cnpaBelTHBOCTE GOPMYAH AJf 7 = K:

g =a,+d(x—1). . .. ... ... (2

'«
3) Paccmorpum @,,,.
Mo onpenefeHHIO apUBMETHIECKOR MPOrPECCHH HMeeM:
a =atd ... ... ... (@)
YuTéM mpUHATO® PaBEHCTBO (2):
0y, = +d (k—1)] +4;

Orcioga mosyyaeM:

a ., ,=a+dr=a+d|r+1)—1]. I “4)

PaBencrso (4) COCTaBIEHO MO TAKOMY XK€ 3aKOHy, YTO W paBeH-
ctBo (2). Cnpaseprusocts dopmyasr (1) goxasana.

tCm.om. 6§ 14
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JloKa3aTh, YTO MPOH3BENEHHE:
) 2 2 2 2 2
N,=(a, +6 +¢; — a6 —80,—c,a)(a, +6, -6 —a8, —
2,22
byc,—Cya,)- (@ + 8% + ¢l —a,-8,—6.c,—C,a,)

MOXHO TPEACTABHTb B TAKOM K€ BHJE, KaK Ka¥I0e H3 ero COMHO-
KUTENeH: '

I =a*+68+ct—as—e—ca). . ... ... ()

JloxaszateabcTso. 1). HauMmenbinee 3HayenHe 7 PaBHO 2,
TOSTOMY CHaua/ia yCTAaHOBHM CNpPaBeIHBOCTb paBeHcTsa (1), mpu
n=2:

m,= (af + ”: e - a8, — 8,6, — cla‘)-(ag -+ ”: + ¢ —ap—
— 6,0, — ) =A"+B+C—AB—BC—CA . . . .. (2

B sneBoil yacTH (2) mepBHIA COMHOXHTEJIb CHMMETPHYEH OTHO-
CHTEAbHO NEPEMEHHHX @, 8; H C;, @ BTOPOH — OTHOCHTEALHO ds,
8y H C;. DTO HABOAMT HA MHC/Ib, 9TO H MpPaBasi 4acTb 3TOr0 pa-
BEHCTBA AO/MKHA GHTb CHMMETPHYHA OTHOCHTEJBHO HEKOTOPHX Bbl-
PaxeHHil, COCTABAEHHHIX H3 @y, 8;, C;, H Gy, 8, H C; MO 3aKOHY CHM-
METPHYHOCTH. YUWTEIBas eu(&, 4TO MPOM3BEJEHHE B JIEBOH 4acTH
(2) Ra8T OxHOPOAHEI MHOrOY/MeH' 4eTBEPTOH CTENEHH, MH MOXKEM
euutats A, B u C OZHOPOAHHMH W CHMMETPHUHBIMH MHOrOYJe-
HaMU OTHOCHTEABbHO BCEX 6 apryMentoB JaeBoi uactH. Jlerko Bu-
Jée'rh,cm €CTb TOABKO OJHA BO3MOXHOCTb JUIfl sEPEMEHHHX A,

uC:

A=a *By6,- 851, Ca |

e ®
C_a1~c2+a,~a2+cl~s;;1
BBeaéM 0Gosuauennus:
APBAC=x, V...
AB+BC+CA=e. } : ®
a+6+c=m,
Ay 6y tCy=m,, N )

ag o tea=n,
@8y +6,Cy 0o, =1,,
10 TaKoi .'y KOTOPOTO BCe YleHb HMe-
10T o1y W Ty Xe CTenmeHb. 1~
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‘Torga paseHcTBO (2) mepenumieTcs Tak:
(m? — 3n)-(m2 —3n,)=#2—3e « + -« -« - (2)
Jlanee u3 pasenctBa (3) moayuaem:

;:-_—A+B+ZC=m,.m2
K :mf my e e e e 5)

PackpoeM CKOOKH B paBeHCTBe (2) M yuT&M paBeHCTBO (5):
P=mlngm} on, =30 ny. o o o oo (6)

Ha ocHOBaHMH paBeHCTB (4) J€rko MOKasaTh CNPaBENMBOCTb pa-
BeHcTBa (2!) B BMeCTe C HHM HCXOAHOro paseHcTBa. (BHKaagkn
MpOResaTh CaMHM). -

2). JlomycTuM, YTO AOKA3HBAEMOE DABEHCTBO BEPHO NMDH A=K:
M=A"4+B4C —AB—BC—CA- - - + - - - - ™)

3). PaccMoTpuM Temeps mpoussenemue /7, . v
Cor/acHO ZONMYIIEHHIO MBI MOXEM Hamucath, 4TO

Ao =111+ 81+ Cot = G g1 — Opr Cenn — G
-@,,)=(A?+4 Bt 4 C*— AB — BC — CA)-(@%,,, + 6,y + Prpa—

—a, 8

et1 6,

et o1 et~ Gt Bt + - e e @
3xech MH HMEEM ONATb Np 2BYX Tesefl, oT-
HOCHTE/ILHO KOTOPOro B M. 1). yie yCTaHOBJEHO, HTO OHO Mpen-
CTaBAs€TCA B TAKOM e BHAE, KaK KaXQHi U3 €ro COMHOXHTe-
neft. T10aTOMy OKOHYATEJbHO MOJMyuYaeM:

=+ P + 1" —af—Pr—1a,
rae: '

=A-0,, +B6,,+CCs
B=A-4, +B-Cyy +Ca,yy
1=ACnt+Ba,+Coeyy

PasenctBo (1) f0KasaHO Aas JMOGOTO HAaTypaabHOTO 7.
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3. Onupasch Ha TOXAECTBO:
A+ B34+ C*—3ABC= (A+B+C) (A24+B*4C?—
— AB— BC —CA),
LIOKAXHTE CNPABEJIHBOCTL PaBEHCTBA:
(6 + 6+ —3a,8,0)- (o, + & + 6§ —3a0) (@) + 6, +
- 3a,8,¢,) = a*+ 6*+ ¢ — 3asc.
4. Jloxaxute dopmyay Moaspa:
(cosa +- isine)" = cosna + isinna.
5. Hafith cymmy:

1 ab
(a+b) (@ + b’)+(a*+ b*) (@® + R

aZbZ bll—l
tEThETn a0

Pewenue. HenocpeacTseHHO nMeeM:
a—b
S=@= D@+,

S - & — b

S el
2 (aQ—bz)(a-i—b:)’
S:A__
@ - @+
S = a -

=

(@ —b)) (@ +0°) °
M3 sTHX uacTHHIX CIy4aeB MH yCMaTpHBaeM 3aKOHOMEPHOCTB, CO-
THNACHO KO'I‘OpOﬁ MOXHO NPEANOJOXKHTb, YTO

a"— ™
S=Th e @

)



JHoxaxenm cnpaBeniuBocTs GopMyan (2).
1). Ias n=1 copmya (2) Bepua:

S = 1 _ a—b -
TTarb) (@) T @—) (@ + )

2). HomyctuM, uto ¢opMysa (2) BepHa A/ HEKOTOPOrO HATypa/ib-
HOTO n==Fk, T. €. IDHMEM DABEHCTBO:

e b*

Sk = @@= - @+

3). Onupasich Ha CAeNaHHOE AOMYILIEHHE, PACCMOTPHM CyMMy S, , *
a“b”

s--.»l:S«+(ax+1+b«+\)(ax+z+ ) =

_ @ — b~ + a0~
(az—bz)(a"“+bk'“) (au+1+bx+1). (ak+2+bx+2) .

lMocsie mpeoGpa3oBakuit MOMyHHM:
Q<+l et
Ser1= (ai Z )@+ 65

........... (4)
Joxasanu, 4to dopmy.sa (2) Bepua u aas n =k - 1. Otciona cie-
AyeT CnpaBefauBOCTb (GOPMyJH (2) Aaf M060r0 HATYpPajbHOTO 7.

« 6. [loxasaTb, 4To a" — b" neautcs wa @ —b (n— moBoe Ha-
Typa/bHOE UHCJIO).

JloxasaTeabCTBO.

1). Ons n=1 Teopema Bepua. -

2). lonycTuM, 9TO TeOpeMa CnpaBej/HBa A/ HEKOTOPOTO Ha-
TypaabhOro n =k, 1. €. a“— b* nequrcs wa a —b.

3). Paccmorpum @t — pt!

QTN St = g* R g — bt =

(@a—b)y+b- (a"—bY-

3pech mepBoe CaraeMoe COJEPHHT MHOXHTeIb @ —b, a BO BTO-
POM C/IaraeMOM ecTb MHOXHTETb, KOTOPHH JAeJHTC HA @ — 6 IO
momywenuio. OTciofa Clefyer, 4TO TeOpeMa HMeeT' MecTo H IIf
n =k 4 1. Crenopare/nbHO, OHa BEDHA /sl JIOG0TO HATY PaAbHOTO L.
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§ 3. YnpaxHeHus Ha TOXKIECTBEHHblE
npeoGpa3oBanus.

Ynpoctuts Beipaxenns (1 —24).
L (x4a) (& +a)- (2 + a) (Pt d) - (& +ab)

2 (X —ax+ad) (£ —a’x d') .- (xzn _&Te t )

_ a2
3. bVQ"‘Z—am—b—l/(a+b)a+V(a—b)3
l’ arVai—e

a® + b+ ¢® — 3abc
4 2 2 2
a+b+c—ab—bc—ca

s (Ve (1-vVa'—2@ys—1)

v « Buuucauts mpH
a=5-V5.
. be ca
b EFhaTo TEFo0TY +<c+a)(c+b)
2abc
(@+b)(b+c)(c+a).

? mo(Ly LB
To@ta o e (gt )

A e B e I

nppa+b+c=0

1 11 3 1,1
9 (a+b)3'(?+?)+ @+oy (?+?)+

(aia) (1 +'}7)‘



2 2
y—yz+2 | £ —3yz 2(xy+x2)
10. ( x + y+z ) x+y+z

11. ab(a4-b)+bc(b—c)—ca(c+a).

ab ca
T (e—a)(e— b)+(a—b)(a—c) b—c)(b—a)"

+x+y+2)’.

1 1 1
FENE= T JO=D0—H 2e—0
a
U CFAETH T GTHGTS t OTIGTD
15 a+b b+c cta

T (e—a)(e—D) (a—b)(a—c)+(b—c)(b -a)’

4
‘ T 4 4 4
16. (L"j’—”——vﬁ);(ﬁ—ﬁ). ‘
Va+Vab .
17. (x—a)(x—b)(a—b)+4 (x—b)(x—¢c) (b —c)+
+(x—o)(x—a)lc—a).
1Ba+b+cP—(@+b—c)P—(a—b+c)P—(—a+tb—c)®
19. (a4 b4c—d)i+(at+b—c+df+(@—b+c+di+
+(—a-Ltb+c+d)i.
'20. LY 1+54+24V2 Vodioax
CexV1rP42-V2 Vedie—x

3 3
a1. sVe+7—Vsya—7.
s
. 3 s
22. V3+9V1‘§—91/T§.

23. V3754 V3+Ve+eve
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3 3 <
% Vaivi+ Veav3s
925. JlokasaTh, 4TO BHpaxeHue:

@ +a®™ | nenutcs wa @ +a+1.

26. IMokasats, ato (@ + 1)™*' +a"*? pemurca na a*+a+1.-
®7. [loxasaTh, 4TO BHpaKeHHe

a™**Y _g(a™—1)— ."™ gemutcs wa (™ —1)°.
28. TMokasats, uto Bupakenne n° ' —1 jpeantcss wa (7 — 1)’

Moy MOGHX HATYpaabHHX 7, 66/bmuX 1.
29. JlokasaTh, 4TO MHOrOWJEH

Lt (n+2)-x+n+1
meantcs wa (x — 1)2. Ha#ttu wacthoe.
+* 30. Tokasats, uto @' —a’+a — 1 jemutca wa (a— 1)2 npu

HX HaTypaabHHX @, GOabmux 1.
- 81. JlokasaTe TOXIECTBO:

e R R e )

32. BuBecTn q:oyuynu:

0. Vm:/a+lf2az—b+‘/a—
2). Va—VE=‘/‘ﬂg;_{7_ 1“_1/_;;7,
2

\3TH OPMYJIN MpUMEHSIOTcs, ecn @° — b — TOUHKI KBAnpaT).

3

33). BuBecTu dopmyni:

vy Ty

3t



(r= +_V-a7 - b* — MOAY b KOMIUIEKCHHX WHcen @ - bi)

34. Tokasats, uTO ec/n

1,1, 1 _ 1
R ET

TO
1 1 1

- e =
2n+l
a2n+l b?n-{-l a2n+l+b2n+l+c‘2n+l

35. lNokasats, 4TO eciau

a b c
b—c+c-—a+a~b_0’

TO

a b c
G- Te—ar T

36. IlokasaTh, 4TO ecin

TO

Vi +a+-+a)ib+ b+ +b)=
=Vab+Yab+ -+ ab,.

37. Ilokasatb, 4TO ecau

T0
(@+b)"cd* ™ nqu=(c+d)ab"* mpov.

38. [lokasaTs, 4TO BHpaXeHHe:

(49— (" +y")



npn n=6k—1 geantca ma X+ xy-+y’, a
npu n=6k -1 geantca wa (X°+ xy+y*) .
39. Mokasats, uto npu m’ +-m +1=0 uMEeT MecTo paen-
(L) o4
\ 3
(@+b+c) (a+bm+cm?) - (a+ bm® +cm) =
=d+ b’ +—3abe.
40. TMokasarb, 4to ectd x+y+2z=0, To
1) £ 45 +2 =3y,
2) 6(+y'+2) =5+ +) (" + 5 +2),
3) 2(F+ Y +2)=5("+y +2)) - xyz.
41. Jloxasath, 4TO eCJH:
x=a(B®—cY), y=b(c*—a’), z=c(a®*— b, TO
abe (X3 +y* -+ 28) = xyz (a® + b +¢%).
42. Jloxasatb, 4TO

N 3 2 2 3 2 2 \—
' (x+x+x+l—x_l)(x—x +x71——4x+1)
=P Fx 1) = x—1).

43, Tlokasats, uto ecan ¢ = a’ + b°, 10
(4a—3b+5¢c)(—4a—3b+5¢)

ABASETCA KBAJPaTOM MHOrOWIeHa ¢ meauMH Kosdduumentamu,

44. Hafity o6ummit BHA MHOTOWIEHA TPeTbell CTeNeHH, A3Iolero
npu KereHun Ha x — 1 B octaTke 1, a MpH AeseHHH HA X —2 —
B ocratke 2. Kakoit ocTaTok mosydaercs mpH AEJeHHH 3TOTO MHO-
rousena Ha (x —1) (x —2)?

45. Tpéxunen x' -+ ax’+ b penurtcs wa x°-+2x+ 5. Haft-
TH KO9(dHUMEHTH @ ¥ b, a TAaKxKe HaCTHOE OT AeJeHHS MepBoOro
MHOTOU/IEHA Ha BTOPO#.

46. Hafiru 3navenns a, b W ¢, IPH KOTOPHX MHOTOWIEH
!4 ax® + bx + ¢ penutes:

1) na (x—1)%
2) ma (x+2).
AR A, iyrym u B. A. Toascon 33



47. {lpu kakax @ u b tpexwren ax'4- bx* 41 penutcs Ha
(x—1)"?

48. Tpu kakux a u b MHOTOWIEH PR +2x2+ax+ b sB-
nseTCs MONHKIM KBagpaToM?

49. Tpu xakux @ u b MHOrouNeH

Ctal+Qa+ 1)+ b5+ (2a+ 1) +ax+1
JIeJIMTCA HA BO3MOXHO GOJbIIYIO CTeneHb x 4 1?

50. Tpu kakux @, b u ¢ MHOrouneH A tax’ 4 b cx -4
AB/SETCS TOUHHIM KBAJAPAaTOM ADYrOro MHOTOYJEHa H NPHHUMAeT
3Hayenue 1 mpu x = —1?

51. Ilokasats, uto mpomussesenne (@’ + 1) (6" 4 1) (¢ + 1)
ecTb CyMMa JByX KBajparos.

52. Bupaxenue 24’ +36°+6¢ NPEACTaBHTH B BHAE CyMMH
TPeX KBAApaTOB.

53. TMokasat, uto a'+ b*+ (a4 b)* ectb cyMMa dYeTHpPEX
KBaj(paToB.

54. [lokas3aTh, 4TO BHpAXEHHE @+ v+ —ab—bc—ca
MOXHO NMPEJCTABHTb B BHJE HENOJHOrO KBAajApaTa pPa3HOCTH ABYX
JBYUIEHOB.

55. Jlokasath, ut0 mpousBenenne xy(3x-+2)(5y+2) ects
PasHOCTb KBAJPAaTOB JBYX MHOTOUJEHOB.

56. lokasaTh, 4TO ApOGH:

2ty -y
H
x+y =y
MOXHO NpeACTaBHTL B BHAE t’+3'uz, a xpo6u:
Xty Xy
x+y x—y

B Buge 52 —1°, npuyeM ff H U — MHOTOY/JEHH OTHOCHTENBHO
xuy.
57. JlokasaTh, 4TO APOGH:

x1+y1 u Xy

x+y x—y
MOXHO NpeaCTaBHTh B BHAE t’+7'uz, a xpo6u:
x1 + ! 11 X! — yll

sty " Tx—y

B BHAE tz+11'vz, npHueM { W U — MHOTOWIEHH OTHOCHTEb-
HO X H .
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58. Ilokasath, uTO ApOGH
x18 . y13
x+y
MQXHO NPEICTaBATb B BHJIE 13t2-'uz, rae ¢ U U — MHOTOYJIEHH
OTHOCHTE@JIBHO X H Y
59. McKIouHTb X H Y H3 PAaBEHCTB:
xty=a, L4+ y=0, L+ yP=c.

60. IlokasaTb, 4TO eC/IH j(x)-—-unoro-uxen n-ofi CTEmeHH, TO
CyMMa ero 3Haqeuuﬁ f) 4 f(2)+ -+ + f(m) ects MHOrounEH
ﬂ m crenenu n -+ 1

anpumep: 1) ecrn f(x) =X, T0

JM+f@+ -+ fm=1+2+ - tm=gm’+ 5 m;

2) ecmn f(x) = £, 10
FO+F@+ -+ fm) =T+ F oo’ =
_ b o3t . 1
=gm + 5 m 4 5™
3) ecrn f(x) =(2x—1)3 1O
FQ)+f(@2) + -+ +f(m)=2m' —m® (nposepurs!);
4) ecan f(x)=ax’+bx+c, T0
1
FOHF@ + - +f(m) = 5-m [2am’ +
3(a+b)ym+a+ 3b+6¢] (nposepurs!).

61. JlokasaTh, YTO NpOH3BEJEHHE JABYX UHCeA, Kaxa0e u3
BOTODHX ecTb CyMMa 7 KBajApaToB, MOXeT GHTb npenc-rameuo B
Mze cymmun "_'“__""'2 KBaj|paTos.

62. Jloka3aTh, YTO C/H HAaTypaJbHOE YHCAO eCTh CyMMa YeTH-
PeX KBAJpATOB, TO €rO KBAJPAT MOXHO NPEJCTABHTH B BHIE CYMMH

NATH KBAIpATOB.
63. [loxasaTh METOLOM MAaTeMaTHYeCKOH HHAYKIHH CAeLYiOLHe

papencrBa:

1 1 1 __n
D rstyst o t@mon@eer a1



2) PP n(p DP o @r DI+

+ |n(nt+ D= ["———("7+ ])M;'HH_ nr,

3) 1:2+42-3+ - +m(m+1)+ (m—1)(m+2) + (m —2)
(m+3)+ - +2@m—1)+1-2m=m'(m+1).
atl @ +D@+D
a,a; Q4,0
+(¢1|+1)(a D@

a,a,---a.a, .,

H o1+ Leatl et

_@t+ D@+ (@4 1) (@asat1).

@18y @y

5) 141424345484 U, =U,, ,—1

(uncna 1, 1,2, 3, 5, 8, 13, e uncaamu O
n-0e wncto PuGOHAIH -lepes ZIBa TPEIBUIYIHX BHDAKACTCH ¢
TIOMOIIBIO peKyppenTHolt dopmyan: U, =

n—1 n-2° 1=
# U, =1 — ¢puxcupyiotes 3apanee).
6 Ul +U+ ot Ui=Upy Uiy
rne U, U,, -+, U, , — uncra dutonayu.

) Ud—Un-1+ Unpr=(—1""",

U, U,

rae U, n+1
HAYuH,

64. 3anaua rpevyeckoro maremathka Hukomaxa (1 B. H. 9).
Toxasarp, uTO ecan pa3bUTh PsJ HEUETHHX YHCEJ HA TPYNNH Tak,
uTO uMCAO uIEHOB KaXAoH TIPYNNH GyXeT BO3pacTaTh, KaK psi
HATYpAJbHBIX WHMCEJ, TO CYMMa uJAEHOB KaXAOH IpynnH Gyxer
paBHa Ky6y UYHC/Ia €8 uJIeHOB.

65. 3anaun Kowd. Uemy paBHa npo6b:

1 — TPH TOCAENOBaTeNbHHX uHcaa PH60-

Vﬂz+ﬂ;+-“+ﬂ: a  a, _an?
—_—, eum iy uliay %

Vet 1o



66. 3atau M3BECTHOrO ¢panuysckoro matemathka X. Bep-
Tpana (1822—1900) ﬂoxaazm, paBeHCTBa:

1) 1/20+14V2+Vzo—141/2_4
2+ Y3 2—-V3 -
—+ ——=V2;
vi+Vervs va-Vae-vi

YA 847
8)1/6+l/7{r|/6— 57 =3.
67. '3apaya JleAGuuua. [TpoBepHTs pPaBEHCTBO:

Vitv—3+V1i-v—3=vs.

68. 3agaua HTaibsHCKOro MatemaTHka BomGennn (XVI B.).
TlpoBeputs pasencTso:

Verv=ia +Ve-y=ia1 =4
69. 3agava Maknopena. TTpeo6pasoBaTh BHpaKeHHE:
3 __
V20
3 3
Vi-V2
70. 3agava BeMHKOro ()paHLy3CKOro MaTeMaTHKa JlarpaHka
1(1736—1813). TTpoBepHTb TOKAECTBO:

)

2)

(@ + B+ ) (& + ¥+ 2) — (ax+ by +c2)' =
= (ay — bx)’ + (az — cx)* + (bz — cy)’
71. 3aja4a H3 paHILy3CKOro MaTEMATHYECKOro KypHana

(Xl B.). JlokasaTb, uTO DNpH 7 HATYPaAbHOM BHpAKEHHE

m_gn 7 KpaTHo 84.
72. 3anava u3 ,Kypca maremaTHku“ Aaiesa u ap. (1813.)
Hasreur xBajpaTHHA KOpeHb M3 MHOrOUJIEHa:

16¢+4a’ — 12ab + 95° — 24 bc + 16 ¢*.

73. 3agava 3nadpoauta. Hailth cyMmmy Ky6oB mepsux n Ha-
TYPaAbHHEX YHCEI.
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74. 3anaua ®epmd. MMposeputs, uro ’

5. (144204 ...+ nf) = (4n+2) - [
— (P4 2. 4 ).

-

75. 3anaua H3 paHLy3CKOro ,XKypHana sneMeHTapHOR Ma-
TeMaTHKH. JoKa3aTh, 4TO NPH BCAKOM LEJIOM 3HAYEHHH /L YHCAO
n(n2 — 1) (n*—5n 4 26) xpatHo 120.

* %
*

Pa3nowuTh' Ha caeny (76—107)

76. (a—b)* 4 (b—c)* + (¢ — a)®.

77. a*(¢—b) +b%*(a—c¢) +c2(b—a).

78. ab(a—b) +be(b—c) +ca(c—a).

79. a®(c—b) + b*(a—c) + (b —a).

80. ab{a + b) + be (b + ¢) + ca(c + a) + 3abe.

81. a*+4 bt

82. a'+ b*+(a+Db)t.

83. a®+ b*—(a +b)°.

84. a* 4 a®b® +bt,

85. a® — b® + a* + a2b? 4+ bt.

86. (a+ b+ cf—a®—b*—c2.

87. (a+b+c)*—a®—bs—c".

88. [a(x+y)+b(x—y—[a(x—y)+bx+¥)]

89. a* 4 b* 4 2a®b? - 4ab® — 4a’b.

90. (1 + ¢+ b? — 2¢)? — (4b — 4bc) (1 4 ¢ — b2 — 2¢).

9. p(p—a)(p—b)+p(e—Db)(p—C)+P(P—C)(P—a)
npu a-+b+c=2p.

92. a* —4a® +8a —4.

93. 16 +4la—8Va - (34 3a) + 16a%

94. 9a® 4 7a® —Ta—9.

95, x*— x>+ x—at—2a®—2a—1.

96. x* — 20x® 4 150x% — 500x -+ 625.

97. x®+ 9x% 4 23x + 15.

98. 2x¢+7x%— 2x* —13x + 6.

99. x®+ 8x° + 28x* -+ 56x* + 68x2 1 48x + 16.

1 ViMeetcs B BMAY PasIoNeHHe B 06IACTH AeHCTBHTEABHBIX uHCeN.



* 100. a?(b—c)(a—b4c)(a+b—c)+
+b*(c—a)(@+b—c)(—a+b+4e)+
+c2(a—b)(—a+b+c)(a—b+c).

101. 2 (@®+ b® +- ¢®) + a?b+- a’¢ + ab?+b%*c + ac? + be? — 3abe
102. a® + b® + ¢+ 3a? (b + ¢) 4-3b? (¢+-a) + 3¢*(a + b)+6abe
103. a® —b® — ¢+ a?(b + ¢) — ab? — ac? — 3be (b+¢) — 2abe
104. a* 4 b* + ¢* + 4ab (@® + b? +¢?) +
6a%b? — 2¢? (a® + 4ab + b?).

105. a(a+1)(@+2)(a+3) + 1.

106. 2(a?b?+ b*c? + c%a?) — at —bé —ct,

107. 3anal|a cdpannysckoro matematHka CodbH XepmeHn

Ai778—1830).

P Th Ha BB nt + 4.

§ 4. Cxema 'opnepa!. HaxoxIeHne pauHOHAJLHBIX
KOpHel ypaBHeHHsl.

CorniacHo TeopeMe Besy 0CTaTok OT AesieHHS MHOTOUZEHA
21
f(x)=ax"+a,x" '+ . . . 4a ... 1)
‘ Ha ABYHJ€H X— & paBeH 3HAYEHHIO RAHHOTO MHOTOY/JeHa MPH X = &:
r=f@)=a-o"+a, -+, . . +a, ... (2)

Eean yacTHoe OT Ae/eHHss MHOrounewa (1) Ha x—a 0603HAUHTH
qepes ¢ (x), TO
@(x)=by - X" 4bx" 4. . L 4b,_,. .. 3)
NOJYUHM TOXAECTBEHHOE PABEHCTBO:
F) =9(x) - (x—a)+F(@=(bp" " +b""+ . . . +
+b,_)(x—a)+f(@). .. 4)
-8HaueHHe x, MPH KOTOPOM MHOrouzeH f(x) obpamaercs B Hyasb,
HA3HBAETCH KOPHEM JAHHOTO MHOTOUAeHa. OYeBHIHO, KODHH MHO-

1 Y. Topuep — anrauiickuit MaremaTHk. B 1819 r. Topuep OTKpHA METOR

XODH
' a06hix cremenelt -mcnoaunu Kosbduumuentamn. dtor meron yxe B VIII B,
Oua uaBecTen nox .Meroxa ementa®. Cxema

Aeaenis Ha ABYyuIeH Topuepy pauee Y ApyrHx aB-
T0pOB HE BCTpEuandch,
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rounena f(x) COBNAjaT ¢ KOPHAMH COOTBETCTBYIOUIETO Ypas-
HEHHA:
1

ax"+a "' . . 4a,=0. . . (5)

M3 teopemn Be3y cienyer, uTO €C/IH & CHYHKHT KOPHEM MHO-
rouwrena f(x), To f(x) neautcs Ge3 ocratka Ha X —a:

fx)=e(x) - (x—a). . (6)
H o6paTHa, ecaH f(x) meauTtcs Ge3 ocTaTKa HA X — &, TO & — KO-

penp f(x), Wi cooTBeT¢TBylOUIero ypaBHenHs (5). Bo Beex cay-
uasgx M3 paBeHcTBa (4) moayuaercs, uTO

AT o . .. @

Mpumep. TMycrs f(x) = x' —5x% +5x2+2; a=1.

Toraa
FO =3 f()—3=x'—58 458 —1=x'—1 -5 (x—1)
JAENHTCA Hameno Ha X — 1.

Moxw3ysicy p X ¢ TOB, H3
TOXZECTBEHHOTO P (4) moxHo onp b

¢ TH
4acTHOro ¢ (X) W ocTarok r = f () oT Aenenns Muorounena f(x)
HA ABYwlIeH X —a. [l1s 3TOr0 packpoeM CKOGKH B mpaBoi uacTH

9TOrO paBeHCTBa, p X UIEHOB H NpH-
b TH NpH X CTeneHsix apryMeHTa X

p PP
B 06eHX YacTAX paBeHCTBa:

by =a; by —aby=a;; by—ab,=a,; .. .;b,_,—ab _,=

=a,_;r—ab,_,=a,.

Otciona noxyuaem
by=ay; by=abs + a;; by=ab, }-ay; . . .; b _,=ab _,+
+a,_; r=abii+a,.

Ha ocHoBanuy mocresHHX paBeHCTB KOI(OHUHEHTH YacTHOro: by,
1 D2, - . ., b, | H OCTATOK 7 MOXHO 10C/I€10BATENBHO BHYHC-

JIMTB, NOJB3ysAch Crenytolieft cxemolt [opuepa.
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ab, 14| @b, ,ta,_ =
bo=ao abo+a=by| abytar=by |...| 40 tp | [ D

B nepBoit CTpoKe cxeMH I0CI€NOBATE/NBHO PACTIONOKEHH KO-
SQOUUMEHTH AeAHMOrO MHOTOU/EHa, BO BTOPOR CTPOKE — KO3(-
GHUMENTH YacTHOTO H (B KOHIE CTPOKH) OCTATOK OT [@JEHHS Ha
.2

ab,_ +-a =r
=b,_, n—17 4y

—a,
Kawou k cxeme Takos:

a
a—b,_, 7 -
b,

3

& YMHOXK@eTCs Ha b, , M K TPOM3BENEHHIO TPHOABIAETCA @, B
pesysbrate noayuaercs b, . Tak, 1A Hamero mpuMepa cxema
Oyner TaxoBa:

DTS5 [0 T2 | Yacrnoe: ¢ ()=r"~ 4 415
3

T [ —4] 1 | 1] Ocrarox: f(1)=3.

Ynpascuenus. C nomowsio cxeMn L'opHepa BHIOJHHTB Ae-
AeHHe:

1, x —x%4-3x— 1 na x—2.

2 x8—7x24+3x+4 na x+ 1.

3. x"—1unax—1munx+1.

4 X' L lma x41nmx—1

B x*+1max+1lux—1.

6. M 4TO eC/TH Ko3bd TH I@IHMOTO MHOTOU/IEHA H
& — Bce HeJHe, TO H k03 dHIHEeHTH yacTHOTO by, by, . . ., b _; —
@ Lesane yucaa.
7. Llessie KOPHH YPAaBHEHHA C DEJAHMH KO3DQHIHEHTaMH:

apx" +a; - 7L L L e, =0. .. (8)

ANRIOTCA JeJHTENAMH CBoGOAHOTO uieHa a, . (JloxasaTh camuM).
Orciona ClefyeT, YTo NMPH HAXOXK/ICHHH HEAHX KOpHeR ypas-
HeHMR C LeJIHMH KO3h(DHIHEHTAMH AOCTATOYHO HCIHTATh BCE Ae-
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JAUTENH CBOGOAHOTO HJeHa (HIH PeLCTBEHHOMN
HaH no cxeme I'oprepa). Hampumep, mesHe KOpHH ypaBHEHHs:

2x* —13x2 4+ 13x —6=0

C/enyeT HCKaTh cpepH uucea: + 1; +2; £3; £ 6. Hcnurannem
HAXOOHM ]Ba NEJHX KODH: X;=—3 H X, =2 (BHKJIaZKH N0
cxeme [OpHepa MpOAENaTh CAMHM).

8. INpexuaymas TeopeMa o6o6umaercs Tak:

Ecnn yp C OeJaBIMH TaMH:

" +aix"' . . L 4a, =0. . . ®8)

HMeeT DAIHOHA/BHHA KOPEHb %, TAe p H ¢ — B3AHMHO NPOCTH,

TO @, AeMMTCA HA ¢, @, AeaHTCA Wa p. [lokasats.
9. Jlns TOro 4TOGH HEN0€ YHCAO & GHUI0 KOPHEM ypPaBHEHHs
(8), Heo6XOIMMO, HTOGH Kama0e H3 HHCeaR

610 neauM. (IT0KasaTh CNPaBeLIHBOCTh STOTO YTBEPKAEHHS Ha
ochoBe paBenctsa (6)). HMmeerca B Bumy, u4T0 1 # — 1 He sBaA-
10TCl KOPHAMH STOTO ypaBHEHHS.

Ecan 6n | wan — 1 GHIH KODHSMH NAHHOTO YPAaBHEHHs, TO
nyTéM neseHHs HAa X — 1 WM X + 1 COOTBETCTBYIOIEE YHCIO pas
(ecan, HanpuMep, Xx =1 — AByKpaTHHI KOpeHp, TO Ha x—1
pasfeauad GH MOAPAL ABAa pasa), HCKAAH OBl KODHH NOJYYEHHOTO
YaCTHOTO, yXe He HMEUIer0 HH KOpHf X =1, HH KOpHa X =-1.
Otciona CclefyeT, YTO H3 JeJHTeJel @, HCIHTAHHI NOAJEKAT
‘TOABKO Te, KOTOPHE JAIT LelHe 3HaueHHs aia apotedt (9). Tak,
ANsl TIPHMEpA, B3ATOTO BHIE, HMEeM:

2 0 —-13 | 1 —6
| 2 2 -un | 2 —4 F(4+1) = —4.
—1f 2 —2 I —30 f(=1)=—30.

Tpu « =2 BupaxeHHs (9) AT HeaHe YHCIA.
HicnutaeM STOT ne/HTENb

2 [ 0 [—13] 8] 6
2] 2 | 4|53 | 0 |f(2=0. ¢(x)=2x"+4x*—5x+3
2 2 [ s [ | 9(2)=25+0.




Unemo 2 sABIAETCA NPOCTHM, HEKPATHHM KODHEM Haulero
YpaBHeHH,

PasfiequB 06e 4acTH ypaBHEHHS HAa X—2, MOJYYHM HOBOe
ypaBHeHHe (KosddHuUMeHTR cM. B cxeme [opuepa):

@ (x) = 2x° + 4x* — 5x 4 3.

BR?CB nAeantend + 3 (+ 1 HenwTaHm pawbme); ¢ (—1) =10,
9(1)=4.
Ecan =3, 10
9(=1) _10
3+1 T 4

ZIpoGHOE 4HCAO, TNOSTOMY STOT Ae/IHTEab HCKiiouaem. Hakowern,
ectn a = —3,

(1) . _e()
—3+1 —3-1

nense uncra. MenwTeBaeM mo cxeme Topuepa umeao —3:

2 [ 4|53
S 2[-2[1]0 |e(-3)=0
Uueao —3 0xasanoch BTOPHM H TOCAE€JHHM LETHM KODHEM pe-

WAeMOro yPAaBHEHHS.
B pesy.sbTaTe MH NOJYSHJH BO3MOXKHOCTb HAATH TAKXKE H APY-
THE KOPHH STOTO YPABHEHHs, DEUIMB KBAIPATHOE ypABHEHHE:

27 —2x4+1=0

3ameuanne 1. Her HHKAKOH HEOGXOXHMOCTH BCE BpeMs
uepTHTh cxeMy [opHepa, TaK KaK BCe HCNIWITAHHS MOXHO MOCae-
JIOBaTeNbHO MPOAENaTh NO OZHOH cxeme. MOXHO G6H/IO GH He
BuUHCAATh @ (—1)n ¢ (1), a noassosarscs f(—1) u f(1).

10. JloxasaTs, 4T0 ecaH KO3(QQHUHEHT CTAapLIEro 4/jeHa ypas-
HEHHs PAaBeH eMMHHNE, a OCTalbHHE KO3(POHIHEHTH — HeTHe YHC-
a3, T. e

A4ax T+ L. 4+a,=0; a, a . . ., @ —Bce meame,
TO ypaBHEHHE He MOXET HMeTb Ap IBHHX KOpHel:
©OHO J1HGO He HMeeT p AbHHIX KOpHedt, 1H6O ero

PaIHOHANBHHE KODHH — IeJHe.

L)



Yxasanue. Jl0Ka3aTeNBCTBO OT MPOTHBHOTO. JIOMYCTHTH, 4TO
ypABHEHHE HMEeT KOpeHb X = % NpH yCAOBHH, YTO Ap0OGb pT

HECOKpaTHMA.
3ameuanne 2. Jlio6oe ypasHenune
aox‘_}_al)c""'l- .. .4ae =0...
C pAllHOHA/IBHEIMH KO3((HIMEHTAMH MOXHO CBECTH K PaBHOCH/Ib-
HOMY yp C LeaHMH liy TaMH:
n n—1 =
CX' e L L L e, =0 - - - (10)

(Kax 310 crenats?) [Mocie STOro, yMHOXHB 06e 4acTH MOTyueH-
HOTO ypaBHeRHs (ecin ¢, + 1) Ha ¢""' u obosnauns ¢, - x=y,
nOMy4HM Yp C HeIHMH K030 TAMH M CTapIMHM KO-

9} HUNEHTOM, PABHHM eAHHHIE:

Y +a -y . da’=0. .. (11)
(a/, . . ., a/—Bce ueane). Kopun ypasuenus (10) noxyuaior-
Cfl M3 KOPHe#l ypaBHeHHs fll) no {opmyJe:
=3
=g 12)

Orciona, B 4aCTHOCTH, BHIHO, 4TO UETHM KOPHAM NOCIENHEro
yPaBHEHHS COOTBETCTBYIOT pPallHOHaIbHHE KOPHH MpeAEIYIIero
ypasuenus. Ecin oxaxercs, yTo ypasHenue (11) He MMeeT HETBIX
KopHe#t, T0 ypasHenHe (10) He 6yieT HMETb PALHOHAIBHHX KOp-
Hell. MH BHIHM, YTO HAXOXIEHHE PallHOHANBHHX KOpHEH ypaBHe-
HHB ¢ mp MLHEIMH P NBHBEIMH il TAMH CBOJHT-
Cs K HAXOX/EHHIO HETHX KOpHeH ypaBHeHHs BHza (11).
Ynpasichenus. HaliTh palHOHATbHHE KODHH YpaBHEHHH:

11 1 3
1. x“——a—x2+27x——2—=0. Otser: x =3.
17 2, 5 1
xd — —- - — = X =
2. 2x D) x4+ i ot 0. OtBer: x=2.

MeToa HAXOXJEHHs PANHOHAMbHHX KODHeHl MHOIOY/IEHOB BO
MHOTHX C/1ydasx 06/eryaer pelleHHe ypaBHeHH BHCIIHX CTeNeHed.

4“4



§50p poGHHIX yp it

Ecau ypaBHeHHe cOAEPKHT APOGHHE (YHKUMH OT HEH3BecT-
HOTO, TO OHO Ha3hiBAETCH npoGnun

l'lpu BCE WIEHH CJIeLyeT nepe-
HeCTH B JleBle '-lac’l‘b H HOC}IE}!HK)IO npencrasmb B BH]AE OnHOR
Apo6u:

M (x)
N =0 Lo

Ecin N (x) ne obpamiaercs B Hyab, TO ypasHenue (1) pasHo-
CHJBHO YDaBHEHHIO:

ME)=0 o e i e @

U xopun ypasuenus (1) moayuwaioTcs u3 ypaBuenus (2). Moxer
O0Ka3aThCH, YTO APO6h B JeBOH uyacTH ypasnenus (1) cokparuma.
Toraa MpoM3BOAAT COKpallleHHe, NOTOM HOBWH YHCAHTENb NPHPAB-
uuBaloT Hymo. Ho cokpaTute 1po6b uacTO OHIBAET HEJErko.
TpakTHYECKH 1eneco06pasHee PEIHTh ypaBHEeHHE (2) i HCKIIOUHTD
BCE Te ero KOpHH, KOTOpHe 06paIlaioT B Hy/b 3Hamenatenp N (x),
T. € ONHOBPEMEHHO SBJAIOTCS H €ro KOPHAMH.

C nexpio ynp P y BHJA:
f(x) _F(x)
S TP (3)
HMHOT/|d 3AMEHSIOT TAKHM:
?(x) _ Ptx) ,
O =Fw - 3)

Taxoe npeo6pa3soBaHHE He BCErJa lPHBOJHT K DaBHOCHIBHOMY
ypaBHenuio. Hanpumep, B AcX0LHOM ypaBHEHHW HMeeTCs B BHAY,
uto ¢(x) #0n @ (x)+0, a B ypaBuenun (3') AOMKHO Gmb
f(x);é()u F(x)+0. B 70 Xe Bpemsi, oueBHaHo, 4t0 f(X) =
ans ypasnenust (3’) BosMoxuH, f(x) =0 u F(x)

BOaMO)KHH A2l MCXOJHOTO YPaBHEHHS.

JipyruM BaXHHM NpeoGpa3oBaHHEM YypaBHeHus (3) sBasercs
creayioutee:

Fx) +e(x) _Fx)+ @ (x) )
fx)—¢x) " F—@@®' -~

OCHOBAHHO® Ha CBOHCTBE NPONOPIHH.
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B ypaBHenuH (4) MCKMICUEHH DaBEHCTBA:
fx)=¢(x) u F(x)=® (%), (a)

XOTs npH ycaoBHH (@) HCXOAHOE YpaBHEHHE yu.onnersogse'rca,
T. €. KODHH ypasHeHHH (@) CIyXaT KOpHsMH ypaBHeHus (3)
C apyroii CTOPOHH, JIETKO 33MEeTHTh, YTO NMpH

f(x)=0u D(x)=0 P ()]

ypaBHenne (4) yAOBAeTBOpSETCA, XOTA COOTBETCTBYIOLIHE 3Have-
HHsl IS X B HCXOJHOM YPABHEHHH HCK/IIOUEHH. DTH KOPHH — KOp-
HH Yp (B), yaosaersop y (4), ans ypas-
Heunst (3) ABAAIOTCS MOCTOPOHHHMH.

M3 CKa3aHHOrO CJELyeT, yTO PAacCMOTPEHHHE NpPeoGpasoBaHus
APOGHHX ypaBHEHHli HANO AENaTh OCTOPOXHO, UTOOH HE MPOMC-
XOAHIO MOTEPH KOpHEA M NMPHOGPETeHHs nounponnux KOpHE#.

PaccMoTpuM npumepsl.

1. Pemuts ypaBsHeHnue:

2x x|
X2+ 17 xX24+5x—5
Pewenue. Ouesnanui KopeHb ypasuenus: x = 0.
Ecin yuorpeGum nepsoe npeoGpasoBanHe, NMOMYYHM YpaBHe-
HHe:

£+1 _ x45x—5
2x x

FJIe yXKe X = 0 HCK/MIOYAeTCS H, CI€L0BATENBHO, 3TOT KOPEHb HCXOA-
HOFO ypaBHEHHS TepsieTcs.
Pemaem HOBOe ypapHeHHe:

x2+10x—11_0
2x -

KopHH ero HaxoauM M3 KBAaAPaTHOTO YPABHEHHS:
x? 4+ 10x —11=0.
Moayuaem: x; =1; xy = —11.
O6a KOpHS YIOBJETBOPSIOT HCXONHOMY YDAaBHEHHIO, HO, KAK BH-

zean BEme, Kopenb X =0 H3 BTOPOrO ypaBHenHs He NOJyYaeTci.
2. Pemnth ypaBHeHue:




Pewenue. Ynorpe6um BTOpOE NpeobpasopaHue:

2x—1_2x+1
3 T =7
3necn eNd He s B HYJb ( oT Hyus),
nostomy BCE GaaronosyuHo. HaXomuM KOpeHb mOCAEAHEro ypas-
HEHHA: X =-z» KOTOPHH SABAAETCH ONHOBPEMEHHO H KODHEM HCXOL-

5
Horo ypaBsuenust ([Tposeputs!).
3. Pemnts ypaBHeHue:

Xpx41_2x2—3x+2
X _x+1 2 +3x42

P Mp onsaTh np yio mp
x41_ 2242 2,
x  —3x

311ech Hafo, uTO6H X # 0. Onarh KopeHb x =0 repserca. Pema-
eM NOC/AeJHee ypaBHEHHe RO O6IIeMy MpaBHJIY:

B(x1) _
e 0

Hs ypasHeHus:
x2 +1=0

HaxoauM: X = + i. (BcnomoraTespHOE ypaBHEHHE He HMeer aefi-
CTBHTENBHHX KOPHeft). JIerko BHAETb, YTO X = +i SBAAIOTCS KOP-
HsIMM HcXoaHoro ypashenus ([TpoBeputs!), HO ecan 6H 9TO ypas-
HeHHe pelasoch B 06/1aCTH BEUIECTBEHHHIX YHCeN, TO AVl Hero He
6HI0 6B MOJYYEHO HH OAHOrO KOPHS, TaK Kak ero eAMHCTBEeHHHIH
BeleCTBEHHHA KOpeHb X =0 GblI MOTepsH NPH Mepexoae K BCIO-
MOraTe/bHOMY YPaBHEHHIO, y KOTOPOTO BOBCE He OKa3anoch aefcT-
BHTE/ILHOTO KOPHS,

§6.0p

1
pp ABHBIX YD i
a) TMpup JLHHX YP B JIeHCTBHTEBHON
067aCTH HEHIBECTHHE M PALKAAH NONKHH YAOBACTBOPATH CAELY=
IOIIUM YCIOBHSIM BOSMOXHOCTH M3B/I€UEHHS M CMHCIA pagukana
n

Va B obnacTH NEHCTBHTENBHHX YHCEN:

! Pewenue B o6nacTn paccma-
TPUBATL He OyneM.
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1. Jlns HEW3BECTHHX JOMYCTHMH TOJIBKO TAKHE NEliCTBHTENbHHE
3HAYEHHH, NPH KOTOPHIX X BHID pa-
RHKAZOB UETHOM CTENEHH HEOTPHUATENBHH, T. €. AHGO PABHH Hy-
a0, 1H60 NOTOKHTEABHH. |

i

Il. 3a snauenue panukana /g pcerma 6epercr apHdMeTHIECKH
2%

KOpeHb: +1/g | T, e. 3HaueHHe PaNMKANOB UETHON CTENEHH BCer-
Ji8 HEOTPHIATEbHH.

Ill. 3a 3navenwe panukana Va Bceraa (T. e. mpH JM060M Aeli-
CTBHTENILHOM @) 6epETCS ero eIHHCTBEeHHOe NEHCTBHTE]bHOE 3Ha-
uenue.

6) OGwwA ABHBIX YP
IMyTém yHMUTOXEHHS BCEX uppauuouanbnoc'reﬂ JAHHOE HPPalLHO-
Ha/bHOE yPaBHEHHE CBOAWTCH K aAre6pandecKoMy ypaBHEHHIO!.
TMoToM pemaeTcss 3TO MOC/AENHEE, H H3 ro KOpHeH BHJEJRIOT Te,
KOTOPHE YJOBAETBODSIOT NAHHOMY HPP NBHOMY YP

TakuM 06pasoM, npu p IBHHIX Y it
CaMbIM TJIaBHHM SIBAAETCH CBeNEHHE EI’O K EJIFQGPEH‘ECKOH)’ HAH
aAre6panyeckuM ypaBHEHHAM.

B) CymecTsyioT creayiolue Cnoco6u
HHS MDPANHOHAJIbHHX YPaBHEHHH K anre6paHuecKHM:

1. Bossenenne B crenenb. [1yTéM nOC/T€I0BAaTEILHOTO BO3BE-
ACHHA B CTENEHb BCErjaa €CTb BO3MOXHOCTh HPHﬁTH K BIIFEGPBH'
yeckomy. ONHAKO STOT CMOCO6 HeynoGeH TeM, YTO NPH HANHUHH
HECKO/ILKHX DAaJMKaJlOB NOAyYaeTCs aiAre6pauyeckoe ypaBHEHHE
BHICOKO¥ cTeneHH. [IpyruM HeIOCTATKOM STOro CNoco6a sBAAETCH
TO, YTO NPH BO3BEACHHH B ‘leTHle CTeNneHb MOTyT MOSABHTbCA MO~
cTopoHHHe KOpHH. Hampumep, ypaBuenus:

2% 2%
Vi =ex) n Vi®)=—9¢(x), - - - 1)

rae f(x) > 0 u ¢ (x)— paunonaibubie Gpynkuuu ot x. OGa mpu-
BOAATCSA K OJHOMY H TOMY Xe aAre6paHyecKoMy ypaBHEHHIO:

FR=lE@™. .. @

Ecan B3ath kopeb X —a BTOporo 3 ypasHenuft (1), To npu

¢(a) +0 ou He GyNeT yAOBJETBOPATH NEPBOMY H3 3THX ypaBHe-
Huﬁ a ypaBuenuio (2) ynomenmpﬂet 370 3HAYHT, YTO YHCIO a—
KopeHb yp (2) A yp

V}TX)=?(X) e @)

1 A P C ORHHM B O6nacTH
HBIX 4YHCeR c

" +ay e N L Gt xtay
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AIBNAETCA MOCTOPOHHMM. UTOGH HCKJIIONHTb TNOCTODOHHHE KODHH,

pKa MOAC KOpHe#i asreGpaueckoro
ypaBHEHH: B nannoe ypapHenne. Takas npoBepka TpeGyeTcs Bcer-
28, KOTja BOSBOJHM B UETHYIO CTENEHb.

BosBenenne o6enx uactell ypaBHeHHs B HEU&THYIO CTemeHb
PABHOCHIBHOCTH ypaBHEHHH HE HADYINAeT M He NMOPOXAAeT NMocTo-
POHHHX KODHEH, MOSTOMY B CAyyasX BO3BEJEHHT B HeUETHYIO
CTeneHb NPOBEPKH He TpeGyercs.

Ecnu npenBapuTeNbHO B YPABHEHHH BH/ETHTH BCE MHOXECTBO
3HAYEHHA X, NPH KOTOPHX

?(x)>0 4)
Torna TH BO3BENCHHH o6eHx uyacTelf B cTeneHb 2 X, monyueHHoe
(2) 6yzer p. IBHO Y (3). B nanHOM

Cayuae Hajo CAeJHTh TOAbBKO 33 TeM, YTOGH KOPHH ypaBHEHHs
(2) ynoenetsopanu yciosuio (4).

) Cnoco6 MNOACTaHOBKH. Bnonm‘cn OAHO HJH HECKOJNBKO
0603HaueHNA MOCPEJCTBOM OARHOTO HJIH HECKOJIbKHX HEH3BECTHHIX.
MpuMenss AaHHHH Cnoco6, HAJ0 NMOMHMTL CKasaHHOe B 7. a). A
HMEHHO: eC/H 4Yepe3 HOBOE HeH3BECTHOE 0G03HAYEH KOpPeHb uET-
HOR CTENeHH, TO ANA 5TOrO HOBOTO HEH3BECTHOTO Aonyc-nmu
TONBKO HEOTP! . Hanpumep, npu o

Vm =U )

M3 KOpHEA BCMOMOraTeJLHOFO YPABHEHHA CHENYeT B3ATh TOABKO
HEOTPHUATe/bHHE, TAK KAK NOMXKHO OuTb U > 0. [Ilocae storo
OTHajaeT M Heo6XOAMMOCTb NMPOBEPKH.

3) Cnoco6 npumenenus roxmecn Hanpumep, npn Haauuun
YpaBHEHHHA:

VI £ Ve@ =4
YAOGHO NPHMEHHTDH TOXAECTRO:
a®+ 6= (a +68)*F (a + 6) 3as (a)

31ecb @ =6 3aMeHsieTcss NMPABON YACTHIO yPABHEHHS.

4) Cnoco6 X np Tp sl K 1po6-
NBHEIM yP 3pech HAmo MMeTh B BHLY 06-
mue saueqauua OTHOCHTEJIbHO peIleHHs I!DOGHHX ypasueunn cno-
€OGOM TPOHM3BOAHKIX TPONOPUHMH.
5) Cnoco6 y Ha BB . Ecan
neaaﬂ 4acTh MPPanHOHANBLHOTO ypﬂBHEHHﬂ.

1(x)=0 )
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YMHOXHTD HA CONPRKEHHOE BHpPAXEHHEe T(x), To moxyunm amre-
GpaHuecKoe ypaBHEHHe, H3 KOpHell KOTOPOro HeoGXOAHMO OTGpo-
CHTH BCe Te, pHe Y. OPSIOT YP

T(x)=0, : @)

HO HE YJOBJETBOPAIOT YPaBHEHHIO (6), HHaYe MOABATCA MOCTOPOH-
HHE KOPHH.

ABHBIX
P PP Y

L VAafi=2x—1
Pewenue. Hapno, utobu 6u10: x° 41> 0; 29— 1 > 0. Otcio-
HA ANS KOPHEH ypaBHEHHs HaXOAHM m—rrepsall:7<x< o, (or-

PaHHYEHHEe TOABKO CHH3Y).
Bo3BomEM B CTeNEHb H YINPOIAeM:
x(x—2)*=0.
' Kopun: x;=0; x,=2; x3=2
x =0 An9 JAHHOTO YPaBHEHHS — NOCTOPOHHHA KOPEHb, TAK KakK
uncao O He momajaer B HHTepBal 5 < X < o, A 06H3aHM Ha-
XOAHTBCA KOPHH PellaeMOro ypPaBHEHHs .
2. Vxi—=2+V7—x=3.
Pewenue. s x—2>0 u 7— x>0 HaxoaHM HHTEpBaJ1 AJR
KOpHe#H: .
2<x<T.
TMocaepoBatenpHo (ABa pasa) BO3BOAS B KBAagpaT H PELIHB COOT-
BETCTBYIOILEE a1Te6PaHYeCKOe yPaBHEHHE, NOAYUHM: X;= 3; X3 = 6,
O6a kopHs monajalT B HHTepBan 2 < x <7, mosToMy Ges mpo-
BEPKH CUHTaeM, 4TO OHH YAOBAETBOPSIOT HCXOAHOMY YDaBHEHHIO

H JPYTHX KODHEA Y HEro HeT, TaK KaK NPH BO3BEJEHHH B CTe-
NeHb MOTEPH KOPHeA HHKOTAA HE NPOHCXOAHT.

— L
x—1 x+1_3

x+1 Y x=1"2°

TTi=U; U>0.




M pewnm kBajgpatHoe ypaBHEHHe:
1 3
U—U_7—0 v 202 —3U—2=0
Haxoamu:
U=% U=~

BTopo# KopeHb, KaKk OTpHIATE/BHMN, OTOpacHBAEM, 8 H3 YpaB-

HEHHS:
“
x—1
l/x+l =2
17

HaXOARHM KOpeHb JAaHHOTO YpPaBHEHHMA: X = — ﬁ .

3
PR— JE—
x x+1_5
4 l/x+1 ]/ x P

370 ypaBHEHHe peIaeTcs AHAJNOTHYHO, HO €r0 MOXHO DeIHTh H
NONB3YACh TOXAECTBOM ().

5 V2—Vxie==x

Pewenue. Oﬁos’na'um: Vx+2=U. Monyunm cucremy:

{Vm:U; x> —2,
V2-U=x. 0<U<L2 x>0,0<U<2
Nanee nHaxomum:
Ut=x+42,
{x’;Z—]J
Orciona:
(U+x)- (U-x—1)=0.

l; Ecin U+x=0, 10 U=x=0; x=0 He NoAXOAHT.

2) Ecn U—x—1=0, To U=x+1. Moacrasus 310 B Yypasy
Henne x? =2 - U, nonyunm: x = _‘—+‘§l/5 Bropoit xopens He

TOAXOIHT. KDPHEN AAHHOTO YPABHEHHSl ABJIAETCH:

’ L VE—1

2
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6. VE—xTd+a—x=2
Pewenue. O6ozuauum: Vx> —x+4=U;

TMonyunm KBazpaTHOe ypaBHeHHe:
VL U—6=0

¢ kopuamu U, = 2; U, = —3 (U, or6pacusaem). [lanee u3 ypas-
HEHHSA:

Vi@—x+4=2

HaxomuM: X, =0; x;=1.

1 1 x—1
r I/X~7"l/1—7—7~
Peuwenue. O6o3nagzaem:

l/x__}—-u; ‘/1_—}‘- =0, U>0; v>0.

Monyuaem ypasHenue:
(x—1) - [U+v—x]=

Ortclona HaxonuM Kopeub X; = 1.

Nanvwe u3 ypaBuenus U+ v=xu U—o=% lnaxwmu:
x4+x—1 _x—x+1
U= 2x VU= 2x
1
mn 3TH BHp B yp U_l/|-? H pe-

UMM ypaBHEHHe YeTBEPTOM CTENeHH:

X2 x4 264+ 1=0

1
([lenaercs NOACTAaHOBKA { = X— — M pasaraercs Jesas 9acTh).

OKOHYATENBHO TMONYUHM: X; = V 5 +‘
V 5+x+VY5— x
Votxi—Vo—x =

‘5 R

I



Pewenue. TIpuMeHsieM MPOH3BOAHYIO NMPOMOPUHIO®

V5+x 5+x
—5 5
) Vs Ty <x<
H 0603HAYaEeM:
5
Hrou. )

Pemaem xBajpatHoe ypashenue: U2 — U =0.
Haxoaum kopun: U; =0, U, = 1. Teneps HaXOAHM KOPHH JAAHHO-
ro ypasHeHus u3 (7):

Xy =—25; x,=0.

Kopens x =0 naHHoMmy yp ey, — ABAAeTCA
BAJAS. HErO MOCTOPOHHAM. 3aTO xopeub x=25 6ua norepm

3 3
9. Vx—14+ VYi0—x=3.
Pemaem c noMompio ToxzAecTsa (a)

(x—1)+(10—-x)=27—3- 3 - f/(_x—l)(lo—-_x).

Tocae mp

P noAyYHM yP
x—11x+18=0,

HMelolee KOPHH: X; = 2; X, =19, ABIAOMMHECS KODHAMH H JaHHO-
TO YpaBHEHHA.

3 3
0. Yax VF+]3/a—V_2 =V 2a.

Pemaercs aHalIOrHYHO.

11, V3x2+7x+ 64V 3xF+7x—6=6.
Pewenne. Y oGe wacTH yp Ha conpsk@HHOe
BHpaxXeHHe:
V3t y7x+6—V3x28f7x—6=U (¢)

{(BpemeHHO uHcaI0 U HEH3BECTHO), TMOMYUHM:
12 =6 U; orciopa: U=2. .
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Tenepb C/I0XHM ypaBHeHHe (C) H NaHHO® ypaBHEHHE noueHHO:

V3t Tx+ 6=4.

OTciofa OKOHYATeNbHO AAf AaHHOTO YpaBHEHHS HaXOoxuM:
! x=1, x3=— %)-.
12. Tip

peLIeHnf:
Vi—2Vxt24+3+Vx—4Vr+2+6=1; (x>—2).

Pewenue. Jlerko BHAETH, 9TO TMOJ PajAHKAZAMH — TOUHHE KBa-
ApaTH:

V s+2—17 +V Vx+2-2f . ®

PaccuoTpHM BCe BOIMOXHHE CIyuaH:

P yp ° BO

1) Y3 +2 —2>0. Mueeu ypasuenue:

Vx+2—14+Vx+2—2=1,
Jalolnee pemlenxe: X = 2. 4
2) Vx+2—1<0. Hxeex ypasuenue: *

1—Vx+2+2—-Vi+2=1,

naomee pewenne: x = — 1.

3) 1<V x+2<2. Hueen ypasuenne:

Vif2—142-Vx+2=1,

ABAAOIIEECS TOXIECTBEHHHM TpH MO6HX x> —2. Ho V' x+2>1
npn x> —1, a Vi+2<2 npu x < 2. CrenoBaTenbHO, AaHHO-
My YPABHEHHIO Y/OBJIETBODAET BCE MHOXECTBO JEACTBHTENBHHX
gyces HuTepBana — 1 <x < 2. YuHTHBaA paHee MOMyYEHHHE KOpP-
HH, 3aMeuaeM, YTO BCE WHCAAa oTpeska — 1 < x <2 ynoBaeTBOps-
10T aHHOMY YPaBHEHHIO.

Huxe Ha 4HCIOBOH OCH H306p BCe MHO-
KECTBO PellleHHH HalIero ypaBHEHH:.




B sakmouenne pasGepdM OJHH MpHMep Ha rpaduueckoe peme-
uue. TIycTb HANO peMHTHL ypaBHEHHe:

=Voax+12; (x> — 6).
Crpoum rpapuxu QyHKuuf:
y=x* 0 y=V2x+12.

AGCIHCCH TOYeK HX NepeceyeHHs AAT xopHu JAatHOTO ypaBHe-
nua. Ha rpaduxax nomyuaercs x, =z — 1,7; x,= 2. Jlerko Bujers,
9YTO TOYHOe 3HAaueHHe OAHOro u3 Kopuel ectb 2. Ha rpaduxe
TAKXKe BH/HO, WTO TOJABKO STH YHCAA SBAAIOTCH KODHAMH HAIero

TaK KK P rpaduxn nep TOJBLKO B
Juayx TOUKAX.

§ 7.-O pemennn cHCTeM ypaBHeHHil'

1. CucTeMb ypaBHeHuR nepsoR CTeneHH

a) Ci Tak A CHC-
TeMH ypaBHeHHH, cnoﬁo,l.nue 'IJIEHH KOTOPHX paBHH uyJo. Ta-
KOBA, HAMPHMep, CHCTeMa:

{a,x +6,y=0;

ax+ 6,y =0.

CHCTeMd OLHODOAHHX yDABHEHHR BCerja HMEeT pelleHHe — ero
(Tp JIBHEIM ) HyJeBoe pelme-

HHE.

Ho GuBaer H Tax, 4TO TaKas CHCTEM3, KDOME HYJEBOTO, HMe-
eT H HeHyJeBHe p (MoxHO uTO NpH o~
HOTO HEHYJIEBOrO p 6)’}.\21‘ HMETb qJHO MHO-

rO HEHYJIeBHX pemeHuf). 310, GyAET B TOM Cydae, KOrJia OfHO HIH
HECKOJHKO YPaBHEHHH CHCTEMH NOJMYYaloTCH, KaK CIEACTBHE H3
OCTaNbHHX ypaBHeHHH. Bor mpuMep Takoft CHCTeMH:

2x +3y—2=0;
:5x—y+z
1x+8y—22=0

3necs nocaesHee ypaBHeHHe HOJY4YaeTcs, Kak CJAEACTBHE MNepBHX
nByx. (TIposeputs).

1 PaaroBop GyneT WATH O TaKuX CIOCOGax U MPHEMax, KOTOPHE B WKOALHOM
Kypce aareGpsl HE PacCMATPHBAIOTCH.
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6) TpeyroibHbie CHCTEMbI.
NONHOH TPEYTONbHOH, eC/IH e€ YpaBHEHHS MOXHO 3aIHCATh Tak,
4TO mepBOe GYyAeT COAEPKATH TOABKO ONHO HEM3BECTHOE M B KaX-
AOM NOCIEAYIOUIEM YT KpoMme ¢ P Xcsi B mpeRbAy-
IEM, HMEeTCsl emd OJHO HOBOE HEeH3BEeCTHOE.

O6wuf BHA TaKOR CHCTEMBI:

ayx, =my
ale + 81 X3 = My, (1)
3Xy + 82Xy + €1 X3 = My,

a.k +8,_ %+ C,._z'xﬁ‘ LoAdix,=m,

(Uucio HewsBeCcTHHX DaBHO YHCAY ypaBHeundi, a; + 0).

Ecin B cucreme (1) oTcyTeTByeT ONHO WM HECKOIBKO MEPBHX
ypaBHeHu#t (COOTBETCTBYyIONIHE KO3bOUIHEHTH paBHH HYJIO), TO
CHCTEMa Ha3HBaercs yceu&@uH Ol Tpeyroabno#n. Takas cuc-
TeMa HMeeT GecKoHeuHoe MHOXECTBO pelneHus.

B) Meroa Sror Mmerton
103BO/SIET CPABY HCKIMIOUHTH BCE HEH3BECTHHE, KDOME KAaKOTO-
HHGYAb OZHOTO.

TlosicHim Ha mpHMepe, KaK 3TO AelaeTcs.

Pewnts cuctemy:

3x 42y +22=T;
4x —y+5z=8.

=2x+3y—z=4;

Pewenue. YMuoxum nepsHe 1Ba yPABHEHHS HA M H N W CIO-
MM [OU/NEHHO BCE YPABHEHH::
x(2m+-3n+4)+y (3m+2n— 1) +2z(—m+2n+45)=

=4m+7Tn+8.
Torpe6yem snech, uTo6H KO3GPUUUEHTH NPH y H 2 OGPATHIHCH
B HyADb: .
{3m +2n
—m-+2n=—25.
Hs aront HaAAEM b EHHBlE MHOXHTEAH M M 1
=3, ,=_T
=3 =

ﬂJlﬂ HAaXOXJAEHHA X TENEpPb HMEeeM pPaBEHCTBO: -

_4m+Tn+48
“omt3n+4



YAb ypaBHEHHfI CHCTEMH!, MOACTABHB B HHX 3nauvenue X. ([po-
€1ats 9TO CcammMm!). . .

r) Hexotopbie cneunanbibie NPHEMbI, 3aBHCSILEE OT CTPYK-

Bl P cHcTeM Yy

ﬁﬂﬂ x=1. OcTanbHbe HEH3BECTHHE HAXOLHUM H3 JABYX KakHX-

OrpaHuuuMCs MpUMEpaMu:

8 aK —sm

mx+ny=a, | ,_ats
| {xx—ny:o. X_lgl-y-x y"n(m+x) upu m+x #0.
2. Mpumep ua mp. p X mpomop

x+y_x—y. _
T =52 Teray=6.

ﬁs NEpPBOTO ypaBHEHHs MOJAydaeM:

£_y

=g, M= 7k, y = 4k. (kK — BCIIOMOTaTebHOE HEH3BECTHOE).
TloncraBuB 9TH  BHpAXKEHWS X H Y BO BTODOE ypaBHEHHe, HAAnEM:

k=1. lorom watindm: x =7, y'=4.

3. Beesexne BCIIOMOTaTENBHOrO HEH3BECTHOTO.

a —a —a
1) ‘:y—mz-!:—mG—‘;a,x+nzy+n,z:x,
Kakzoe ot uepes £ W BHPANEHHT AAS X, ¥

W 2z NOACTaBAsSEM B mOC/AeAHee ypaBsexue. [lanbme, Kak B m. 2.
(Mo xoHuA ROBECTH CAMHM).

x_Y. ¥ _2

2) a"8'c d’ '
ax 4By +yz=s.

p nepeHe yp Tak:

X y y _ 2

‘ac " ec’ ec ad -’

Teneph Kaxnoe H3 STHX OTHOmIEHHH 0603HagsuM uepe3 £ H H3
noc/enHero ypapwenus Hatném £ H T. A (HdosecTn x0 Kouma).
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4. Jleas 4acTh KakJOTO YPaBHEHHs NMONYYAaeTCH KPYrosof me-
PECTAHOBKOR HEH3BECTHHX:
Xyt X+ .o+ X, =0,
K3+ Xyt o X = ay,

Xpt Xyt e T Xy =y,
X+ X2t X =a

CHcTeMa pemlaeTcd TaKk: CHavala CK/IanHBAlOT BCe ypaBHe-
HHA TNOWIEHHO M HAXOJAT CyMMY BCEX HEHSBECTHHX:

a +ay+ ... +a
x,+x,+...+xn=-—'—’n—_l—-£=s. (2)
Totou 3 pasencrsa () H KAXAOro H3 ypaBHEHHA HAXORAT Bce
HeHsBecTHHE:

Xy =S =0 Xy =S —8y; ...} X, =S5 —a,.

AHaJsorguHo pelraercs CHCTeMa:

x+t+my+z

{mx+y+z:a,
x+y+ mz

2. Cucremut yp

Cnoco6 noC/AefoBATENLHOTO HCK/IOYEHHs HEH3BECTHHX NpH-
BOJHT K yPaBHEHHSM BHCWIHX cTeneHefi. Ho ypaBHewns BHue
qersé&non cTenenH B o6meM Cyuse aireGpaHYecKH He PemalnTcs.
Tem Oonee MH He MOXEM DAaCCYHTHBATH HA HX pelleHHe B Kypce
sneMenTapHofi anre6pH. OTCioAa fCHO, uTO TOJABKO HEKOTOpHE
chelHaJbHEE BHAH CHCTEM YDaBHEHHA MOXHO pelaTh CpencTsa-
MH IIKOJLHOR MaTeMaTHKy. KaxIuf oTAe/bHHE MPHEM NPHMEHHM
K KaKOMy-TO Omp y, He OdYeHb WIHD y KAacCy CHC-
TeM ypaBHesufi. Kak mpaBuio, STH NpHEMH BCe HCKYCCTBEHHHE.
TlpaBaa, HHOTZA OHM OYEHb OCTPOYMHH H HSAWIHH, OAHAKO OHH
OCTAlOTCA B KaTEFOPHH YSKHX, YAaCTHHX CrocoGoB. [losToMy Hamo
HMETb JOCTATOYHO HABHKOB, YTOGH XOPOIIO yMeTb pellaTh OTAe/Nb-
HMe YaCTHHE BHIH CHCTeM ypaBHeHHA BHcmHX crencief. B mpu-
BOJMMHEX B HACTOflEM 3afaYHHKE NPHMEPAX YHTATe/]b BCTPETHTCH
< BecbMa p HCKYCCT 3nech xe
MH OrpaHHYHMCH PAaCCMOTPEHHEM TOABKO HEKOTOPHX HamGoIee
vacro CHCTEM BHCIIHX CTenesed.

p P p
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. a) lpumenenne Teopemm Bbera. B cayuae cHCTeMH Alyx
ypaBHeHHi C JABYMsA HAaXOJAHM x+y
H Xy

2o

flotoM pemraem KkBanpaTHOE ypaBHEHHE:
fi—at+e=0, (v), ,
XOpHH korrop;)ro JAnyT HaM DPELICHHs Haillell CHCTeMH:
X=b, )=t xa=18, y2=1t.

B uactnocts, TaK p S CHCTEMH Y

{xiy =a,
PESE)

Hneck crauana HAXOMAT BHpPAKEHHE AAS Xy H3 BTOPOLO ypABHE-
Wus, yunTmBas, 9ro Xxty=a.

‘Henpumep, npu =3, H3 TOMNJeCTBa: /
By = (x2Y)*F3xy (x:£y)

fij# H3BECTHOM X -y WIH X —y JErKo HaliTH Xy.
Paccmorpum npumep: ' ’

{x+y=3,
x4+ y=9.

B npHBENBHHOrO TGXKJECTBA NOJAYydYaeM:

9=x+y*=(x+y)*—3xy (x+y) =3 —3xy-3.

Préona: xy =2.
‘Haxonen, pemaem cucremy:
{x +y=3,
xy =2.

TIOCPENCTBOM BCIIOMOTraTeAsHOro ypasueuus (v).

6) Ecan AeBbie YACTH CHCTEMH ABYX YPSBHEHHA CyThb OAMO-
PORHBIE MHOTOUYMEHH OJHOM W TOH e CTeNeHH, a mpaBuie yac-
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TH He BYJH, TO NPHMEHAETCS TNOACTAHOBKA y = ux HAH X =Ty,
Mpumep. Pewnts cucreMmy:

{x’+y'=9,
Xy —xy?=2.

Pewenue. Yuurnsas TMOACTAHOBKY X — Uy, HaMUIUEM CHUCTEMY

TaK:

{y’(1+v'):9,
(P —v)=2.

3nech y + 0, n03TOMY MOC/AE NMOYJIEHHOTO AE/MEHUs MOAYIHM:

208 — 90* + 90+ 2=0 mam (v—2) (20 — 50— 1) =0.

Orciofia HaxonuM:

5+ 33
UY=2; Vpy= -‘1/
Janee u3 ypasuenns:
pe 2
Y= "y-"
Haxo;mu Uy, Vay Use

Y,
" B mo/e KOMIIEKCHHX YHCeX nonylmu 9 pemeunn

1) M3 y,_; noayunM x,_,=7v,y, 5
2) U3 y, ¢ » X4 6= Vs s
3) u3 y,4 » X;_g = Ug¥1_g-

PemmnTe TaKHM CIOCOGOM CHCTEMY:

{87y

CriefyiouHe CHCTEMH ypaBHEeHHI:

Y
{xV?— Wy=19, | +yVFy=11,
xVy +yVx=30 3 —x VAP =60

60

c y=ux u y=1ux.
B) Pasnoxenne aeBbix qacren Ha MHOXHUTEAH H BBEleHHE
aTebHOro .
Mpumepsi: .
1) lxz-!—xy:a, l x(x+y)=aq,
Y 4+xy=b | y(x+y) =6



v’-laxomm: x+y=xVa+b (croxuiu nocrensue nsa ypaBHe-
‘Wus). Tonaras a + b+ 0, noayuum:

a b
=4 ;oy=4+ .
* “Va+b' y “Va+b
2) (% e
}!,+X,V—ﬂ,
”T+xy=b".

'HO‘IIICHHHM TNEePEMHOXKEHHEM HAXOAMM:

X+y’=+ab.

X a a b
;—=i5‘; x=Z3y; }'=i—a,+b7 +ab(a’+b).

x=¢ﬁ71/iab(a=+b’).

Ecin a>0u 6>0, To pemenus:
a b —
=t Vab(@+ ) ny== m]/ab(a’ o).
GYAYT BellecTBEHHHE.
3)

yz __ bc
x+y+z_b+c’
zZX ca
y+z+x"c+ a’
xy __ab
x+y a+b°
OcBoGox naeMcs OT 3HaMeHaTe/ et H 0603HavaeM: Xy +-yz +2x=u
b+c

z+

y+z= u

be !
c+a
ca
a+tb
ab

zZ+x=

wu,

xty= -u.
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CikagnEBaeM NOWIEHHO 1BA YPABHEHHs U BHYHTAeM TDEThe:

_u ._.a .
=g Y= z=

olx

Moncrabnsem B ypaBuenue Xy -+ yz + 2X = & 3HAYEHHS X, Y, H Z:

1 1,1
2 = = 2 =
“ (ab+bc+m) _'u,
Orciona Haxomum:

u, =0, uy= npu a+b+c+0.

abc
a+b+c
Pemenns 1aHHOR CHCTEMH TaKOBH:

x= be _ ca 2= ab
Tafb+Fc’ y= at+bic’ Ta+tbtc”

u, = 0 uck/MoyaeM H3-3a Toro, uro padr x=0, y=0, 2=0, ne
yaosnetsopsiomue cucreme. (Cayuat @ 4 b+ ¢ =0 paccuorpers
camum). .
Pemnte aHAJOTHIHHM CIOCOGOM CHCTEMY:
@ (y +2)' = (@ + )y,
By (2 + 2y = (0" +y) 27,
R (x4 Y =(P+2) XN . (@#0, b+£0, c+0).
Y ka3zaHHe: CHAYA/IA Pa3/ie/IHTE OY/IEHHO YPABHEHHS COOTBET-
ctBenno na @’x%y%, Bx’y’2?, cx’y’*2’, notom o6osnausTe: 1?.«{-
1,1 .
+ v + -5 =#, IePEHECHTe B JIEBYIO YACTb BCE TAEHH C HEH3BeCT-
HEIMA H Pa3/I0XKHTe Ha MHOXHTead. Pemenns: (0, 0, m), (0, m, 0)

n (m, 0,0), rae m— mo6oe, KAK OUYEBHAHHE, NMOAYTAIOTCA CPa3y.
Jlanee npexanonaraercs, uro xyz + 0.,

2bc 2ca
OTser B X =+ ———3-A, =+ —5—— A
TBET TAKO] —a(b°+c2) y b(c2+az)
2ab EPC RN I
=% A, me A=} @b+ b¢ +cal.
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4) x4y —2—xyz=—8,
X8 —y 28— xyz=6,
! 4x'+y'+z‘—xyz=6.
ITonapHHM C/0XKEHHEM HAXOAHM:
B=—14xyz, y*=—1+4xyz, 22=61 xyz ()
Bawedaenm, uto y*=x%. ,

%ﬁunomeu NOY/IEHHO ypaBHEHHR (x):

4 —11u+6=0, rze u=xyz ®)
eiofa HAXOLMM 3HAUEHHS BCHOMOTATEBHOIO HEH3BECTHOTO:
=2, u,= i_
Ranee: B
3
1) 2=—14g=1; x=V1=¢ y=s¢ z=2.
. 3 3
1 V2 ]
3 — ——— e -1 =z _—
2) B=—1+4u= 7 f=—ge y= 5 ¢
! 3
z2= 3 KE e

le¢b /IS KPAaTKOCTH yepes e 0603HaueHH KOpHH Kyﬁﬂ'leCKllE H3
HHI(BL. .

§ 8. 3anaun Ha cocTaBiieHHe ypaBHeHHil.

1. Benocunemnct cosepmua mnoesaky H3 A B B H o6parHo.
flyTh COCTOS/ H3 FOPH3OHTANBHKX YUACTKOB, IOXHEMOB H CIYCKOB.
Ha ropusoHTaIBHEX yuacTKax ero CKOpocTb Ouia 12 kafvac, Ha
floxpdMax — 8 wamfwac w Ha cmyckax — 15 xum/4ac,

Hs A B B serocunmemuct exan 5 wacos, u3 B B A —4 uaca
‘39 muH. 3Has, 9TO O6WIAR JVIHHA TOPH3OHTAAbHHX YJaCTKOB COC-
Tapasna 28 KA, OUpeNeNHTh OOWYIO AMHHY NOXBEMOB H OGWLYIO
JAauHy coyckoB (oT A k B)

2. Benocumegucr BHexan 3 A B B u exan ¢ mocTosnHOK CKo-
poctsio 20 k#/4ac. Korna on npoexan 40 «x, ero Harsaa asToKap,
BHIENIHA 3 A Ha 15 MHH. mO3JHee H MEAUIHA TOXeE, C MOCTONH-
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HOR cKopocteio. Tlocre Toro, l(aK BEJIOCHNEHCT MpOexal ems
25 KM, OH BCTPETHI e u3 B, rze
OH CTOSA moavaca. Onpeuenun pacc-rosume mexay A u B.

3. CTyzeHTH B3/ Ha JIOJOYHOM CTAHIMM HANpOKaT NOAKY. Cha-
9aja OHM CHYCTHAHCh HAa 20 KM BHH3 O TEUEHHIO DPEKH, 3aTeM
NOBEPHY/IH O6PAaTHO W BEPHYJHCh Ha JOAOYHYIO CTAHLHMIO, 3aTpa-
TuB Ha Bc& 7 uac. Ha o6parnom nyTH, Ha paccrosHuu 12 Xx oT
JIOROYHOMN CTAHLHH, OHH BCTPETHIH IJIOT, POILIEIBUIMA MHMO JI0A04-
HOM CT4HIMH KaK Pa3.B TOT MOMEHT, KOTJa OHH OTNPABHJHCH HA
nporyaky. OnpenenuTh, ¢ KaKO# CKOPOCTbIO ABHIafach JOJKA BHH3
N0 TEYEHHIO PeKH M KAKOBA CKOPOCTb TEHeHHs.

4. lsa xypbepa OJHOBPEMEHHO BHIXOAST HABCTPeuy APYT APYTY
u3 nyuktoB A u B. Ecin 6u mepsmfi Bmmes Ha 1 wac pamblle,
a BTOPOH HAa mOAYACAa MNO3KE, OHH OH BCTPETHAHCL Ha 18 MHH.
panbmie. Ecan 64 mepBHil BHINE Ha MOJAYaca NO3Xe, a BTOPOH
Ha 1 "ac paHplle, TO MeCTO HX BCTPeYH MEePENBHHYJIOCH GH Ha

#. KakoBl CKOpOCTH Kypbepos?

5. Mpu crpeas6e B MUINEHb, HAXOAAMYIOCA HA DACCTOSHWH d
OT CTpeaka, HabmOAaTeNb, HAXOAAMMACA HA DACCTONHHH I, OT
MHIIEHH H Ty OF CTPe/Ka, CAHIIHT OJHOBPEMEHHO H 3BYK BHCTpe-
73 H 3BYK NMONAJAHHs NyJH B neib. ONpenenuth CPeIHion CKO-
poCTb MoA&TA MyJaH.

6. B nBa cocyna A u B oniHaKoBOTO Beca Ha/JIHTAa BOAA, MPHYEM

Beca cocyxa B ¢ Bopod.

BecC cocyaa A ¢ BOJOH cocTaBaser 3
Ecnu conepxumoe cocyna B mepemuts B cocyn A, To sec mo-
C/IeQHEro BMecTe ¢ BOJON MPeBEICHT Bec cocyaa B B 8 pas. Haiitn
BEC KaI0ro COCYJa H KOJHYECTBO BOAH B KAX/IOM W3 HUX, 3Had,
uTo B eocyne B comepxurca wa 50 z Gosbire BOAH, HEXETH B
cocyne A.

7. Ha onHoft W3 cTanuuit MOCKOBCKOFO METpO Weno0BeK mpoGe-
Xad MO CTYNEHAM MOLHMMAIOWErocs 3CKanaTopa A0 BHCOTH 10 #
H_06paTHO, ymoTpe6us Ha 370 73 cex. B xpyroft pas om mpoxe-
a1 TO Xe CaMOe Ha CMYCKAIOUEMCs 3CKATATOPE W H3PacX0J0BalX
Ha BeCh mpober Tyna u o6paTHo 2 muH. 26 cex. Haittu cobersen-
HYIO CKOPOCTb MOABEMA W CnyCKa 3CKANaTopa, €CAH W3BECTHO, 4TO
BHH3 IO ero CTyNeHs M 4esoBek cGeran Ha 35% OHCTPee, HeXeNH
BBEDX.

8. Kynneno Tpu orpesa A, B u C maTepHH OIHHAaKOBOro Ka-
gectBa. A u B umeor oxunakoByio mauny, B u C — oaunakoByio
wnpuny. O6was AauHa Bcex otpesoB 110 x, mmpuna — 3,15 .
C b OTPE30B nbHa uncaam 5,6 u 8, a ux o6-
mas CTOMMOCTb paBHa 185 py6 Haifitu a7uHy, MHPHHY M CTOH-
MOCTb KaXJIOTO OTpe3a.

9. HekoTopufi CINIaB COCTOMT W3 ABYX METAJIOB, BXOAAIIMX
B OTHOMIEHHH 1:2, a APYro# CONEPXHT TE e METalIH B OTHO-
menun 2:3. M3 cKkOAbKHX yacTedl OGOMX CIUIABOB MOXHO HOJY-
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;H‘l‘b 'rpe'nm cnaas, COAQD)K&"-(HH T€ K€ MeTa/lIl B OTHOLIEHHH
7:27?

10. Hecko/bko uenoBeK B3fIHCh BHPHTb KAHABY W MOLIH OH
OKOHYHTb 3Ty paGoTy 3a 24 uaca, ecH GH jefaqH €& BCe OJHO-
‘PpeMenHo. BMecTo 3TOro OHH mpHCTymalH K paGoTe ONHH 3a ApY-
JMM dYepes paBHEIE MPOMEXYTKH BPEMeHH, H 3aTeM KaXHH paco-
“an 10 oxkoHuaHus BCe#t paGoTh. CKOJIBKO BPEMEHH OHH DPHUIH
KAQHABY, €CJIH NepBH# MNpHCTYnuBmHA K paGoTe mpopaGoTan B §
pas 6 p ueM n?

11. MimeeTcs HEKOTOpOE KOJHYECTBO paBHHX mwapoB. MX MOXHO
Y/I0XHTL B BHAE KBAAPATA HAH Xe B BHAE NPABUJBHOTO TPeyrob-
HHKa. HaliTu 9HCJAO STHX IIAPOB, eC/IM W3BECTHO, YTO MNPH Tpey-
TOZLHOM HX DACOJOXKEHHH B CTOPOHE TPeyroabHHka Gyner Ha 2
wapa Goablue, yeM B CTOPOHe KBajpaTa MPW KBAAPATHOM HX Dac-
ROAOMKEHHH.

12, YacH nOKa3HBAIOT B HEKOTOPHHA MOMEHT Ha 2 MHHYTH
‘MeHblue, 4eM CJaeAyeT, XOTs H MAYyT Bnepel. Ecan GH oHu noka-
BHEATH HA 3 MHHYTH MeHblle, YeM CJeLyeT, HO YXOAHWIH OH B
CyTkH Bnepen Ha 0,5 MHHYTH GOJbllle, YeM YXOAST, TO BepHOE
BpeMs OHH MOKasalH OH HA CYTKH paHblle, 4YeM moxaxyr. Ha
CKO/ILKO MHHYT B CYTKH 3TH yacH cmemaT?

13. Ha#iTi 4eTHIpEX3HAYHOE YHCJIO MO CAEAYIOUIHM YCIOBHSM:
CcyMMa KBanpaToB Kpafinux nudp paBHa 13; cyMMa KBanpatos
cpeHux nudp paBHa 85; eC/H Ke M3 HMCKOMOrO WYHCIA BHYECTh
-1089, To mMOAYuYHTCH WYHMCIO, 3anHCHBAEMOe TEeMH e mnudpamu,
YTO HCKOMOE, HO B OGDaTHOM MOPsKe.

14, Bak 06b&MOM 425 #° HamOIHHJICS BOXOA H3 JABYX KPaHOB,
OpHYEM mepBHA KpaH GHJ OTKPHT Ha 5 uacoB AOJBLIE BTOPOTO.
CKOJIBKO BPEMEHH OHJ OTKPHT BTOPOH KpaH, eCHH H3BECTHO:
1) 470, ec/H nepphifi KpaH GHJI 6B OTKPHT CTOJBKO BPEMEHH, CKOIb-
KO Ha caMoM Jene ORJ OTKPHT BTOPOH, a BTOPOH KpaH OHJ
6Bl OTKPHT CTOJLKO BPEMEHH, CKOAbKO OWJ OTKPHT MNepBHMA, TO
K3 MepBOrO KPaHa BHTEKAJ0 GH BABOE MeHblle BOIH, UeM U3 BTO-
poro; 2) uTO, ecIH OTKPHTb 006a KpaHa OZHOBPEMEHHO, TO 6ax
HanosqHuTCA 4epes 17 wacoB.

§ 9. KanpaThbie ypaBHeHHs.
YpaBHenusi BhicIHX cTenenelt. JIpoGHbie
ypaBHeHus. HppaunonanbHbie ypaBHeHHs
B NelCTBHTeNbHONH 06aacTH.

Pewnts ypasHeHus:

1. ab-x*=x-(a+b)—1.
2. ad-x’+ (cd — ab) x —bc =0

5 E. A Byryaos u b. A. Toxacon 6



3. Iloka3arb, 4TO €C/IH @, b H ¢ — CTOPOHH TPeyro/JbHHKA, TO
KOPHH YDaBHEHHS:

P+ B+ —d)x+=0
OyAyT MHHMBIMH.
4. Jloxasatb, 4TO €C/H /M ¥ A—KOPHH YPaBHEHHS 4ax+1=0,
a k u ! — xopHu ypasHenus x* +bx+1=0, To
(m—ky(n—k)y(m+ D) (n+1)=b"—a.
5. HafiTu ue/ne 3HaueHHss @, MPH KOTOPHX ypaBHeHue:
P +ax—3a=0

HMeeT UeJbe KOPHH.
6. JloKasaTh, YTO HH NPH KAKOM II€/IOM MOJONHTEIBHOM X BH-
paxeHue:

X +3x45

He feautcs Ha 121.
7. NokasaTh, 4TO ypaBHeHHe:

S tax+b=0

He HMeeT PalHOHAJBHHX Kopnei, eC/H @ W b — HeuSTHHE UeJHe
qucaa.

8. JloKasaTk, 9TO HEAENHMOCTb HATYPAJIbHOO YHC/IA 72 HA 3 ecTh
HEOGXONMMHIM U NOCTATOUHHH MPHSHAK TOTO, YTO KODHH ypaBHe-
HHA:

P42 +4"=0
n-Mu KOpHe#t yp
y’+2y+4:0.

9. lMokasats, 4TO ypanneune':
@+ b+ P+2@+b+c)x+3=0
HE MOXET HMeTb JeACTBHTE/NBHHX KODHeH, eclu @, b u ¢ He paB-
HH MexAy coGolf. O606LHTE TEOPEMY.

10. He pemas ypasHeHus x* 4+ ax + b =0, cocraButs ypasHe-
HHE, HMelollee KOPHAMH:

1 1
‘)yn=xx+zr y:=xz+72;



1 1
2 =2t =2t

—i- y’_xg—l’

rlie X; H X; — KOPHH JQHHOTO YDaBHEHHS.

11. He pemwas ypasHenus: 2x° — 7x + 3 =0, coCTaBHTb Takoe
BO3BpaTHOE Yp 4eTBpTOl , 9TOGH 1Ba €ro KOpHs
PABHSTHCh KOPHAM JAHHOTO ypaBHEHHs.

12. 3Has, 4TO ypaBHEeHHs:

2% —ax+3=0 u 4x*—4(a—3)x+3=0

HMelT o6uuA KopeHb, HAaHTH SHaueHUE 4.
13. Pewnuts ypasnenm‘n
2x° 4 5x"—5x— 12=0 u 45"+ 4’ + x+6=0,
3Had, YTO OHH HMEIOT ONHH OGINMA KOpEeHb.
14. HaliTh cyMMy AeBATHX cTeneHel KOpHel ypaBHeHus: X3+
+ 3x 4 9=0, noxpsysce Teopemoi Boera:
Xy Xy + X3 = 0, Xyodp + Xp Xy +Xge Xy =3, Xy XpeXg=—9.

15. HaliTu CyMMy IlIeCTHAaANATHX CTeneHeli KOpHeH ypaBHe-
Hus: x® — x4 1 =0, noansysach TeopeMo#t Bpera.

16. TTycThb X;, Xp, X3 — KOPHH ypaBHEHHS X% — 2x’ +x +1=0.
CoCTaBHTh HOBOE ypaBHeHHe, KOPHAMH KOTOPOro ObiH 6H ducaa

V1= Xg X3, Yy = X3 Xy, Y3 =Xy X3

17. TIycTh Xy, X, X3 — KOPHH ypaBHEeHHst X% — x* —1=0. Co-
CTaBHTbL HOBOE ypaBHeHHe, KOPHSMH KOTOPOro GhiIM GH yHCaa

V1= F X3, Y2 = X3+ Xy, Y3 = Xy + X,
18. Pemmntsh ypasHenue:

x*+ax+b=0,

ecau a®=27(b+1).
19. Pewmnts ypaBHeHne:

ax‘+bx°+cx’+dx+e=0,

TH KOTOPOro PaBeHCTBAMH:

at+b=b+t+ct+d=d+e.
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20. TMokasaTh, uTO ypaBHeHHe:
ST 44 x+n=0

He MOXEeT HMeTh PaNHOHAIbHHX KOpHeHN, eC/IH 7 — MPOCTOe.
21. Eamn Xy, X5, . . ., X, — KOPHH ypaBHEHHS 7.-Off CTeNeHH:

@ x"+a, X" L tae_x+ta,=0,
TO IAHHOE yDaBHEHHE MOXHO NPENCTABHTH B BHLE:
gy (x—x)(x—x3) . . . (x—x,)=0.

JlokasaTs, onHpasch Ha 3TOT dakT, Teopemy Brera B oGutem BHue:

a

Xt Xt .. +xn=—7°;
a
Sz=_2.
a5
a.
S=-%
@,

a

n n

X - Xy . oox = (—1)" - @

rae S, — CyMMa NMPOH3BENEHHHA KODHEH NAHHOTO ypaBHEHHS, B3si-

THX MO K. Jlatb ca0BecHylo Gopmy/aHpOBKY OOLEA TeopeMH
Boera.
22. TIpH KaKHX 3HAYEHHAX @ yPaBHEHHE

xX*—5x4+a=0

HMEET Ba PaBHHX KODHs?
23. JloxasaTb, uTO ypaBHeHHe:

L
x—a

1
+x 5 +
BCErja HMeeT JAeHCTBHTEJbHHE KODHH.
Peluth cAeaylowHe ypaBHeHHA (24 — 71).
2. (£ +ax)’ +m (5 +ax)+n=0.
25. xt—2(a’+ b X’ + (@’ 5 )’=0.
26. xt—2(a’ —B) X + (@’ + 5*)’=0.
27. X —(a+2)x+Va+1=0.
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28.
29,
30.
31
32.
. x4 9x’ —33x +27=0.

e

37.

39.

41.

N55R58

8x8+ 16x=9.

X' —4x’ 4 3x+2(x—1)=0.
x¥—3abx + a3+ b = 0.
x3—x*+x—a'—2°—2a—1=0.
x84 (&F —2) x = 2ax’— 2a.

X+ 2ax’+(a*+2) x+ 2a = 0.

x* 4+ 6x=36V13.

xt—(a+Va)x+a=0.
V2-1)2—V2 £+2x -2V (Y 2—-1)=0.
b — 4 1 4x’ 4 8x —12=0.
xt—2x*+x—a=0.

x4+ 4x*+9x — 14=0.
x4 — i’ — 10x +4=0.

X4 268 4 447+ 2x +3=0.

xt—12x +323=0.

M (V2 ) V2+)x+2=0.
x4 —2x3 + x+0,25=0.

x4 — 1243 4 51x% — 92x + 60 = 0.

L 4xt 124 £ 57— 6x — 15=0.
48.
49.
50.
51,
52.
53.
L (£ + ax)® + (ax + a@))? + aPx’= Bt
55.
56.
57.
58.
59.
60.

61.
62.

x4+ 5x—6=0.
xt—8x+4+63=0.

(£*—6x +10) - (x*—8x +17) =26.
Xt —4x* + 55"+ 8x—14=0.
(x—a)t + (x — byt =a* + b,

x4 —10x® 4 24x* + 5x —6 =0.

H—2(V 3+ 1) £+ 16x—12—2)/ 3 =0.
x(x—1)(x—2)(x—3)=3.
XL A 20 +2=0.

axs + (b—ac) x* — be x* — bx* + (bc —a) x +ac=0.

X84 345+ x4 — 3x3 — 7x* — 5x + 8 =0,

X8 — 6t + x3 + 9x* — 3x —1=0.

X% — 645 - 79x* — 213x® — 134x° — 219x + 72 =0.
(x—1)x(x+1)(x+2)(x+3)(x+4)+16=0.



At — 0+ %:o.
(1+x)7+ (1 —x)"=128.
x‘+2ax4+aﬂxz+4217'=o.

64x® 4 96 — 64 — 125 4 7 =0.

L (x—4) (x—5)* +2(x,— 5+ (x—4)*=0.

L (x+1)E - (x— 1) =a (x84 1).

. (% + a)f + (x — a)® = 64a°.

. (4x4 + 2a°x* — 3a%)’ + (4x* — 2a°x® — 3a%)’ + 16atxt

— 16xt = %

71. a(a+2x)*+ x (x — a)! —a(a+ x)* =224 (3x — @)
Pewnth ApoGine ypasHenus (72—82).
7 F2 4 s,
L e
. ;a-_)i—%=a’+1,
75. (x-fl)’+x
76. (x:—l)’+(x 1) =n(n—1)
77' L"+174—77——-‘1-!-}7+4\:
B 3E—y * 5,,1__4 +fo=18x = 033
- +—‘ =o



81

82.

83.

87.

89.

£ —2x—3 9
15 T X—18x+77

=0.

X10 | gb x5 4 g10
x4 ax+a®

)+ ()~ +4) - 35

PelinTb MppauHOHaabHbie ypaBHenns (83—116).

= (x® + a®) (x—a)® a* + atxt.

x4+ 11 _ 3x+1
2 V=1~
1 V3

1—yYi-= 1+V1—

1—ax _ 1—2ax
T4+ax — 1+2ax"

1 1 T_1 1
'l/?+l/7xr+ra—;+;-

Va—x+2Va+x=Va—x+ Vax+x2 .

a —_
Va+ —Vm—V2a+x.
242 x+2 _ 7
x+2 2c+2 127
3
. x— V150 x = 150.

'/x+l Vx-i—l _10
x+1 X4+1 T3

5 'ls/(a-}-x)’+4l:}(a~x)’=5la/ a?— 3.
. V"-VFT" =x.



32x+ 31
—_— .
2x+3VxF1+1
52— 10x +1
Vi—2=-2""2T"_
9. Vx £+ 6x—11
96. x’—4xl/)c+vl+8x—81/x+1+,8=0.

97. x—2) xVx—142+2=0.

3
gVxtl=

_ )c‘+6x —119

9.8V 29 5

99. x’+2Vx2+Gx=24—6x‘
100. 9x* — 125+ V4 — 322 +2=0.
4 4
Ol Y97—x+V x=5.
3 3 _
102 |/78+V24+V3c+]/34—V30—V7c:18.
4 4
103. V1300 —x+ YV x+12 =
3_*¥ 3
104~|/78+V24+VT—]/19— 30—V x =5.
4 —— ‘“
105. )41+ Vx—Val—y x=2.

106. 2+ x+V Pfx+i1=1.
107. l/)c +8)c+ ey S A
V
108. x’—s(x+3)l/x—1+22x:74

109. Vx+1/z—1/x—vz=§|/#.



0. Ve x—6_V =£]/"_+2.
Vi—x—6-Vx 9x + 18 3 =3

x=5_ ,/x—4_ 17 i+2
L ‘/x+2+l/ x 3_x+2l/x+3'
112 P4+ 4xYx—1(x—1)+35*—8x+4=0.

5 5
3.V 138 +5x +V 137 —5x =5.

1

1

=

114, V35— 10x +8— V6 + 17x—32 =V 182 — 24x
m n 2 2l.'l'lll ‘
115. (V?*VF) =4d’y s, " (m#n).

6. YV F+xr2+2Vxx+D)+1—

—V frxto—2VixFDFi=2
§ 10. Cuctembl ypaBHeHHii.
a) PeuwnTh CHCTeMbl ypaBHenui (1—67).
L xtytz=1,
ax+ by +cz=1,
x4+ b y+cfe=1, (a+b+c).
2. x—ay+adz=a,
x — by + bz =b?,
x—cy+clz=ct
3 —xm ottt x, =2
Xy =3+ X+ .+ x, =4,
X+ —Tx+...+x, =38,

Xttt — (2" —1)x, =2"
Xy 4 206 + 3%+ ... 4nx, =1,

nx X+ 2+ +(n—1)x, =2,

kel



(r—1)x, + nxy+ x5+ ...+ (n—2) x, =3,
26430, +4x+...+1x,=n.

5 Xty—2z ytz—x ztx—y xyz
) 5 - 7 - 11 T3

o

. xy =32,
yz =2x,
zx=y.
7. £+ y =axy,
x4 yt= by’
8. £ +y*=5,

6x£’—11y* = 10.
10. (x—3) (£ —y") = a; (x+ 9) (£ + y) =5; (5+0).
11, x4+ 64%y’ + yt = 353,
xy (£ +y') = 68,
12. xt— Py yt =13,
A2y —yP=1.
13. x(x+ 1) (3x + 5y) = 144,
%* 4 4x + 5y = 24.
14, (P+1D)0P+1) =10
(x+y)(xy—1)=3.
15. 3x+xy —y'—3y=0,
X —5x+2y'—12=0.
16. Z(x4+1)+y (y+1)=48;
AE—1)+y(y—1=2
17. x*+y(xy—1)=0,
Yy —x(xy+1)=0.
18. x+y=4,
(7 + y%) (x* + y?) = 280.



1

©

21,

23.

31

32.

L (x4 ) (F—y) =9,

(=9 (£ +y)=5.
xy = 225,

(x —15) (y +1) = 320.
xt44yt=a,
425y + 29" =b.
Bty =a,

Xy 4 xy' = bt

X — i =19(x—y),
BP=T(x+y).

L Xt — yh =96,

Xy — xy*=6.
£+ y' =65,
xy=28.

x4 y=a,
x4y =ab.

Lty y=d,

X+ xy+y=>h.
x(£*+y) = 6y,

y(&—y)=x.
xy=(a—b)(x—y),

ab (x4 y)'=(a’ — b°) (bx — ay).
X yi=at,



34.

35.

36.

ar.

40.

41,

42.

43.

@

ab
etb—iTs

ety

X _
y

e
8 __4
x—y 2x+ 3y
Ftyz=a,
Y +zx=5,
2 —xy=c, (a’+bc).
£+ (y—2 =aq,
Y+ (@E—x =5,
4 (x—yl=c

7,

=16.

. Xy 4 yz 4 2x=47,

L4y =2,
E—n@E—y =2

. x+y+z=a,

Ly +d=d,
xy+yz=0; (a +0).
xy(x+y—2)=86,
yz(y+2z—x) =60,
zx(z4x—y)=24.

xyz=a(yz —zx—xy)=b(2x — xy — yz) =

=c(xy—xz —yz).
x% 4 y* 4 ¢* = 3exy,
¥+ 2% + a® = 3ayz,
24 x3 4 b® = 3bzx.

B4y +3x(x+ ) +3y(y+1) =2,
Y42+ 3y(y+1)+32(z+ 1) =2¢,
24 x3 43z (24 1)+ 3x(x+ 1) =2b.

4 xy+axztyz=a,
y +xy+xz+yz=>5,

; X+y=2a



47.

48.

49,

51.

52.

53.

2 pxytxztyz=c.
(@+0, b+0, c+0).

. x(y+2)=d’,
y(z+x)=06,
z(x+y)=c.
. y+2x+z=a(x+y)(x+2),

z2+2y+x=5b(y+2)(y+x),
x+2ty=c(z+x)(E+y)
x+y+z=a,
xy+yz+xz=ad,

xyz = a% (a #0).
x+y+z=a,

Aty tr=d,
Xy 2 =a% (a0).
(x—y+d — b)Y =4c%2,
(y—z+ 85 —f =4d’s,
(z— x+* —a’f =ab’y.

22 (y— z)z = (@ — x1) y’zz,
By (2 — 2 = (62 —y) 224,
A (x— P2 = (e — )y
(@+0, b+0, ¢ +0).
y+2)—x=d,
(z+x)—y' =8,

(x+y—2'=c (@#0, 50, c#0).

a(x+y—z)=x(y—z),
bly+z—x)=y(z—x),

(@+6)(z+x—y)=z(x—y), (a+0, 6+0).

Hty—z(x+y) =2,
Y+ —x(y+2)=20,
21+x2—y(z+x)=2b.

. Xx—y+12=0,

Xz —xy—yz=—1,



57.

xyz="6.

. xyz =2 (xy+ yz + zx),

3xyz =2(yz — zx — xy),

3xz =2(x +z).

x’-—y’:zz,
x+y+2)(x+y—2)(x—y+2)(— x+y+2) =576,
y—z=1.

3xyz — x3—y* — 28 =11a?,

x+y+z—2a

x+y -7 .
x+y+z—2a,




63.

65.

66.

67.

x+z=—2,
ytu+txz2=35,
yz+xu=—4,
yu=4.

. x+y+z+u=10,

Xy + yu+zx + zu =25,
xy+yz+zu+tux=21,

uy+ yz+2x+4 ux=16.
xta=y+b=24c=u+d=xyum,
npH ycaoBHH, uT0 a+ b+ c+d=0.
XpKy .o X, = 1%y,

XgXy.o o Xy Xy = @k,

x-X:-~~X..-l—a.x.., (a.#O, a,+0,...,a,#0).
(2% 435+ .ot 0x,) (5 + Xt b X, =0,
(2, + 30+ 4x+...+x,)) (g + 0+ +
+x)=n—1,

(r=Dx iy + x4 ...+ (2 —2) x, ] (5+ %2 +
+ox) =2,

[ney + %3+ 254 ...+ (2 — 1) x, ] (2, + X2+
+.otx)=1,

6) Pewnutsb Bl HP ALHBIX Yy (68—77).

68.
69.

70.

71.

Vax+V17;7:xT+y=B+b; (@>5>0).

25x— 16y — 8V 'y — 1
49x — 25y —28Y x—1
xVx+yVy=341,
xVy+ ¥V x=2330.
2+ yV xy =420,

¥+ yVxy =280

10,
=20.




72.

73.

74.

75.

76.

7.

78.

HMeeT
80

3
24 yViiy=17,

3‘
¥ +xV xy = 68.
aVGE—y+x+y—2n=xVy,
bV (—x+y+)(x+y—2)=

cV(—xtytn—y+u=2Viy
(@>0, 5>0, ¢>0).

x+y— l/x+y 2

xy=1

x+Vx—y x—Vx—y E
x—Vx—y +Vx—y 4’

x(x+y)+V P +xy+4=52

Vity—Vx—y=a
Vx’+y2+]/x’—y2=

7/ 3
"*Y.=7<Vx2y Vo )

VEi—Vy=a

* %
*

nOK&S&Tb, 4TO CHCTEMa ypamiemm:
x(ax+by+c)=ax+by+e,
¥ (ax + by + ©)= ax + by + ca

TPH pelleHHs.



79. Moxkasath, 4To eclu a, b, ¢ u d — pasauunHe AeACTBH-
feabHEe SHCAa H (Xo, Yo, Z0) — P CHCTEMH Yp

x+y+z=—1,
bx+tcy+dz=—a,
bx+ Py +dz=—d*,

® X0Y6Z, > 0.

<

80. TMokasatk, 4TO €AHHCTBEHHHM peHmeHHEeM ONHOPONHOM CHC-
M ’

2x+y+2z=0,
yquzx+xy —y'=0
xy+2"=0
B ortame B s e s 43 enc-

eMH:
AV AV 4 =a

2, 2 1 _
X4y 4 xy— r i b2
‘Beerna BeulecTBeHHa NpH JMIOGHX BElIECTBEHHHX a@ H O B @ + 0.

§ 11. Ucropuueckme 3ajayn Ha ypaBHEHHs
M CHCTEMbl ypaBHEHHH.

3agauM 3HAMEHHTOro rpevyeckoro marematHka JluodanTta
/Azexcannpuickoro (I —1II 8. 1. o

1. Uncao 100 pasaesnts 1Ba pasa Tak, uTOGH GOAbllas 4acTh
{©OT NMepBOTo JexeHHs OHaa BABOe (0Jee MEHbIUeH YacTH OT BTO-
{ipol‘o AeJeHHs, H 4TO6H 60JblIas 4acTb OT BTOPOTO AEJAEHHs OHJIa
/BTpoe GOJlee MeHbIIeH YACTH OT MEPBOTO ACJNCHHH.

2. Hafith pBa uyHC/Ia, OTHOMIEHHE KOTOPWX 3, a4 OTHONIIEHHE
CyMMH KBaJ(DaFOB STHX YHCEA K HX CyMMe DaBHO 5.
' " 3. Ha#ttn TpH uMCAa, €C/H NaHO, YTO NPOH3BEJEHHE CYMMH mep-
BHX IBYX Ha Tpethe €CTb 35, CyMMH NEpPBOTO C TPeTBHM Ha BTO-
poe 27, a CyMMa BTOPOTO C TPeTBHM Ha mepBoe paBHO 32.

4. Ha#itu Tpn uMcaa 1aK, 4TOGH TPOH3BEAEHHE JIWGOH mapH
111)5:, y;::mqennoe HX CyMMOM, DaBHA/IOCH GH COOTBETCTBEHHO 8,

u 24.
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5. HaitH xBa uMcAa, NPOH3BeJieHHE KOTOPHX, CIOXEHHOE C
KaXIHM H3 HMX, COCTABHT KY6 HEKOTOPOrO HHC/IA.

6. Halitn TpH uHCIa Tak, 4TOGH CyMMa BCeX TPEX M KaMIHX
ABYX GBUTH KBaZpaTaMH.

7. 3ajaya uHIyccKoro MaTematnka Cpuaxapnl (oxoso VIIB.).
[laTas uacTb mUEJIHHOTO pOosi CHIHT Ha LBETKE Ka)xauﬁa, OJlHa
TPeTh—Ha IBETKAX CHJMHAXA. Y TPOCHHAS Pa3HOCTH MOCAEXHHX ABYX
YHCe/ HANpaBH/IAch Kk IBeTaM KyTas. M ocranach ewl@ onua muena,
JleTaoulas B3an H BIEPE], NpHBIEUEHHAs YyACCHBIM apOMaTOM Xac-
MHHAa H MaHAaHyca. KaXXH MHe, OuapoBare/bHas, CKOJbKO BCeX
nmuén? (Ms tpakrara ,CyuHOCTb BHUHCAEHHA).

3anayn M3 TpakTaTa ,BcE M3BecTHOe B apudMeTHKe* apaG-
ckoro mMatematnka Aab-Kapxu (XI B.).

8. Ha nByx MpOTHBOMOJOKHHX Geperax PeKH CTOMT MO OAHOA
naneMe. Beimnna onno# 20 sokredt, apyroi—30. Ilupuna peku 50
nokreii. Ha Bepumiuue Kawnof W3 majbM CHIHT 1O ORHOH MTHIE.
OGe NTHUB BHAAT B peKe PHOY H JETAT N0 NPSMOH JHHHH K Heli,
OJHOBDEMEHHO NOCTHTasi MOBEPXHOCTH BOAH B TOUKE HA NPAMON,
coenuusiouled KOPHH naabM. OnpeenuTs AIHHY NMyTel, KOTOpHE
MPOJIET/IH NTHIK, H MeCTO HX BCTpPeuH.

9. Pemnts cucremy:

Lry=2,
xz=y,
xy =10.

10. 3anaua apaGckoro martemaTika Aa-Kyxu (XB.). Pasge-
auth 10 Ha TakKWe ABe 4acTH, YTOGH CymMMa, COCTAaB/JEHHAs H3 CyM-
MH KBafpaTOB 3THX 4uaCTeHl M YaCTHOrO OT JAefeHHs GOabuie#t
YaCTH Ha MeHbIIyIO, MaBana 72.

3anaun Jleonapro Pubonayun lMusanckoro (XII B.).

Pewuts ypaBHeHHs:

11, 8x +4)/ F+3x=20.
12. 85+ 4)/ £ —3x=x+4 .

1B.x+V x+V 2=+ 55=10.

3ajaun M3 rpakTaTa ,BeHeu acTPOHOMHYECKOro yyeHHA* HH-
aufckoro martemaTHka Bxackapa-Akapna (XII B.).
14. Hekro ckasan coeMy apyry: ,[lait mue 100 pymui u st
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yay Basoe Goraue‘. Ha uro nmocnenuuit orsetwn: .Ecan T Mue
Yawb ToMbKO 10 pynmit, s crany Bulectepo Goraue te6a‘. Cmpa-
JUHBaeTCd: CKOJABKO GBUIO y KaXIOTro?

15. Cras o6esbsin 3a6aBisnack. Kpagpar omuolt BOCEMO# HX
macTH pessuics B Jecy. Ocranbime 12 KpHuanw Ha BepuIHHE XOJI-
Ma. CkaxXu MHE: CKOJILKO BCeX 06e3bsiH?

16. Kopenp KBafpaTHHH W3 IOJOBHHH MYEIHHOTO DPOs TOJe-
e K KyCTy XacMuHa. BoceMb IeBATHX posi OcTanuch aoma. Oxua
nuena moJjeTesNa 3a TPYTHEM, OGECIIOKOEHHAs er0 MKyXIKaHHEM B
‘fiBeTKE JIOTOCA, Ky/Za Ol IONal BeyepoM, MPHBJICYEHHHHA NPUATHHM
8pOMATOM, H HE MOXET OTTY/a BHOpAThCs, TAK KAK UBETOK 3a-

Kpuiica. CKaXH MHE YHCIO MY&a pos.

17. Ha#ith uucno, O6rajaioumiee TeM CBOHCTBOM, YTO OHO, 6y-
AYYH yMHOXeHO Ha 12, no mnpubapiennn K CBOeMy Ky6y paBus-
BTCSl yIIeCTEPEHHOMY KBALPATy CAMOTO ce6si, yBEHUCHHOMY TPHA-
TATHIO MATHIO.

18. Pewmnts ypasHeuue:
x* — 2x* — 400x = 9999,

19. 3anaya uraabaHcKoro matemaruka Jlyka Mauunono (1445 —
1514?). Pemutb ypaBHenue:

<+ 2x° +3x* +2x —81600=0.

20. 3ajaya M3BECTHOrO HEMEUKOro MaTemaTuka Anama Puse
(1492 - 1559). Tpoe TopryioT Jomanb 33 12 (JIOPHHOB, HO HHKTO
B OT/IEJIBHOCTH He pacrofaraer Tako# cyMmoi. [Tepsuit roBoput
nByM Ipyrum: ,JlaliTe MHe MO OMHON TPeTH BAUIMX JIEHET M i MPH-
obpery nomans“. Hakonen, TpeTuii roBOpUT nepBuM ABYM: ,[lafite
MHE TOJIBKO [0 YETBEPTH BAUIAX JEHer, W Jomagb G6yaeT Mos‘“.
Tenepb cnpamIHBaeTcs, CKOAbKO JeHEr OHJIO y KamIoro?

21, 3agaya sHameHHTOro ¢paHuy3ckoro maremMaTHka PpaH-
cya Boera (1540 — 1603). Ecn nano xy6uueckoe ypaBHeHme:

x3~—(a—|»b+c)x2+(ab+bc+ca)x::zllt,

TO @, b M ¢ — KOpPHH 3TOr0 ypaBHenwus. JlOKa3aTb.

3agaun roananffckoro unenepa C. Cresuna (1548 — 1620).
22. PemuTbh ypaBHeHus:

1) X0 =8x5 1 5x%;  2) X0 =6x+440.



3anaum BeANKOro ¢hppaHLy3CKOro MateMaThHKa H duaocoda
Pene Jlexapra (1596 — 1650)

23. Peunth ypaBHeHH::
1) -8’ —x+8=0;
92) £°— 9x*+ 26x — 24 =0;
3) x* — 44" — 194 +106x — 120 =0.

24. 3anaun HeMeuxoro MateMmatuka K. Pynoanda (XVI B.).
Pemnts cucTeMH:

D {(x+y) (£*+) =539200, 2) [(x+y) (x*—y)) = 675,
(x—y) (£ —y) = 78400. (x—y) (£ +y") = 351.
3) [ xy+x+y=573,
{x’+y’—x—y=17ls.

25. 3amasa patckoro Mmartematuka 3. Baproauwna (1625 —
1698). Pewnts ypaBhenHe:

%Vx’-{—(&a?*'%]/x’—tiaz:

ot
Z.

26. 3anaya usBecTHOro (panuy3ckoro martematnika A. Moas-
pa (1667—17564). Toxasats, 4TO BCAKOE BO3BPATHOE YPAaBHEHHE
HEY8THO! CTENeHH HMeeT KOpeHb — | W TpH NMOWIEHHOM JeNeHHH
oGenx uyacTel Ha X+ 1 Madr ONATL-TAKH ypaBHEHHE BO3BPATHOE
CTENEHH Ha €JMHHLY HHXe.

27. 3anaya dpanuysckoro matematuka A. Pestno (XVIII sex).
HexkTto, yMHpas, OCTaBHI 3aBellaHHe, COTIACHO KOTOPOMY CTapLIHi
CHH TOJyYaeT W3 noAHOro Hacaeiacrsa 100 ¢pankoB H xecaryio
4acTh OCTaTKa, BTOPUH — 200 QpaHKkoB W JECATYIO 4aCTh HOBOTO
ocratka, Tpety#t — 300 PpaHKoB H feCATYIO HACTb HOBOTO OCTAaTKa,
H TaK fajee 10 nocneanero. [1pu sTOM IOJMH BeeX CHHOBEH MOKHH
OHTH paBHHIMH. HaliTH pasMep OCTaBJEHHOTO HAC/IEJCTBA, UHCAO
CBIHOBER H JOMIO KaMIOro.

3anaun H3BECTHOrO aHIIHACKOro MaTemaTHka Majaopewa
(1698 — 1746),

28. HeCko/bKO 9e/10BEK 06eaH BMECTE H 10 CYBTY AOMXKHH yNi-
matuth 175 mraankros. OKasanock, 9To y ABOHX He OBIO NpH cebe
JleHeT, TOSTOMY KaXAOMY H3 HHX MNPHXOAHJOCH YMJIaTHTh Ha 10
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UHAMMHTOB GOJbINE, uYeM MPHXOMHAOCH HA HX A0M0. CKOAbKO ye-
toek o6enanc?
29. PemuTs cucremy:

x+y+2=26,
x—y=4,
x—z=6.

30. 3anava n3BECTHOro (hpanrily3ckoro Matematka 3. Besy
(1730 — 1783). Hekto kynua Jomafb H, COyCTs HEKOTOPOe BpeMs,
fipofan e& 3a 24 muctons. [Ipu STOM TepseT CTOJNBKO NPONEHTOB,
*CKOJILKO CTOWAA eMy Jomans. CHpallMBaeTcs: 3a KaKyio CyMMy
OH e& Kymua?

3anaun ¢dpanuysckoro matematuka Moudeppné (XIX B.).
PemnTs ypaBHeHus:
31. x*+4 5x°—3x’ — 356 — 28 =0.
32, x° 434+ 2x' — 2 —3x —1=0.

33. 3anaua ¢panuysckoro acrponoma ¥. Buns (1786—1856).
Pewntb cHcTeMy ypaBHeHui:

@ +a*x+ay+2=0,
B+ bx+by+2=0,
ftcxtey+z=0.

34. 3anaya Bypnona. Yucno coctoMT 3 TPEX mubp; cymma
otux nudp pasHa 11; uucpa eaunun Basoe Gosbile MHPPH COTEH.
Ecru npu6aButb K HCKOMOMY uucay 297, TO moay4aercs 4HCAO,
HaMHCaHHO® TeMH Xe UHdPaMu, KaK y UCKOMOro, HO B OGDATHOM
nopsanke Kakoe uHc/I0 HMeeT STH CBOACTBA?

35. 3anauu Beprpama. Peunth ypaBHenus:

D VVarva=Vvatys

2 1m/(1+x)’—[/(1 =Y 1= 2.

36. 3anaua ¢dpanuysckoro Matemataka E. Xeaena (XIX B.).
Msate pa3b OTHAMH y N 0 &
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aykatamu. CaMmuift CHABHHA W3 HUX B3sa 81 aykar, Kaxauit u3 4
OCTa/IbHHX —HEONHHAKOBYIO CyMMY. Be/encTsue HepaBHOrO pasfena
BO3HMK CHOp, H MpHIUEAIUHH B TO BpeMs aTaMaH NpHKa3al, 4TOGH
TOT, KTO B35 60Jble BCEX, YABOHA KaXAOMY H3 OCTaAbHHX YHC-
JI0 ero AyKaToB yTOGHl TO Xe caMmoe caesal 3aTeM 3aXBaTHBIUHH
BTOpOE N0 BEJHUMHE KOJIHUECTBO AYKAaTOB, NMOTOM 3aXBaTHUBIUMA
TpeTbe, UETBEPTOE H naATOe. B pesynpTaTe 0Ka3a10Ch, 4TO KaAHM
u3 5 pa3GOMHHKOB MOAYUH/T OJHO H TO e YHCAO AYKATOB. Y3HATH,
CKO/IbKO AYKATOB GHLIO B KOWIEABKE H CKOJABKO H3 HHX Kamasf
3aXBaTHA BHauase.

37. 3anaya H3BeCTHOro uIBefilapcKoro matematnka S, Ltyp-
ma (1803 — 1855). M3 A BhiesxaeT Kypbep ¥ B MepPBHH AeHb MPO-
eswaer 10 /b€, a B KawJsit creayioumult — Ha x ap€ Goabuie.
Crnycrss Tpu AHs APYroif Kypbep BHeswkaeT W3 roposa B, pacmo-
JOKEHHOro 3a ropogoM A B 40 ab&, U efeT B TOM ke HampaBie-
HHH, TpHYEM B MEPBHI AeHb mpoesxaer 7 JAb&, 8 B KauHH cie-

RYIOUWHH — Ha = b& GoAbwe. Uepes CKOALKO AHed mocie Bres-

Za 1nepBoro 06a Kypbepa BCTPETATCH?

38. 3anaya u3BeCTHOro HemMeLKOro mMaTemathka O. La&muab-
xa (1823 — 1901). Pewmuts KyGuueckoe ypaBHenue: Xx°- ax?-
6x+ ¢ =0, ecu KOPHH €ro COCTABSIOT:

1) apu¢pMeTHYeCKyl0 MPOrpeccHio; 2) reOMEeTPHYECKYIo Mpor-
peccuio; 3) rap kult pan. (Moa rap KHM DSIOM HMe-

1%

X+ % )"

erCsi B BHAY COOTHOMIEHHE: X, =

§ 12. Jlorapudmol. IMoka3aTenbHbie B
Jlorapmbmullecxne YpaBHEHHd.
1. He moab3ysicb Ta6auuaMu /orapudMOB, BEIUHCIHTL C TOU-
socreio go 0,01: 1g2, 1g3, 1g7.
2. Halttn ocHORaHWe CHCTeMH JorapudMoB, NpH KOTOPOM JO-
rapudM HaTypaabHOTO YHC/AA @ DABEH CaMOMY YHCAY 4.
3. Jloka3aTb, uTO e€C/H @ W b KaTeTel, ¢ — rHNOTeHysa Tpey-
ToJbHHKA, TO
lg.,na+lg
4. JloxasaTb paBeHCTBa:
1) 1g2=1g;2-1g,3-1g;4---1g,8-1g9;
2) 1g,10=1g,3 - g4 - 1g,5 - - - 1gz9 -1g, 10.
5. lokasaTb TOXAECTBa:

_ lg,x-lgyx
Tlg, x - lgyx

pa=2lg,  ,a-lg _,a

1) Ig,y *



2) Ig,x=

1 1 1

gx T T g
1 2 3
(a=a,-a,---a«, Bce a;, a,, -, a, — NONOKHTEJIbHHE M He
paBHbl 1),
1
3 lgrx=p - lIg, x;
4) g, x=k-lg,x;
Va

Ig,x - Igyx - |
5) Ig,x-lg, x+1g,x - lg . x+1g x-1g,x = B X By X ReX
1g,p X
6) PelnTh MOKa3aTeNbHEIE YDABHEHHS:
1) 28— 2*=112;
2) 64 =9,
3) 3.7 3. =72,
4) 3% (9" — 1) = 3*. 6552
2 2
5) 2 *X7_ 2"~ =992,
6) 2x+ 21—1+ x 2 91+ 9:—1+ 91—2.
7) 412—1,251—0,25___1/5.
8) 45— 305 = grros_gn-1,
7. Pemntsh norapuMuueckie ypaBHeHHa:

1) Ig(h6) — Flg@x—3) = lggior
2) lggx +1gy65=1.

3) 1g3-1g, 107 = x —4;

4) lg,x +1g, 3—21g,x - 1g, 3 =% .

5) 2lg.a-+1lg, a+3lg,.a=0.

6) Igy5x—4+tlgyx+i=2+Ig0,18.




8. PemHTh CHCTEMH ypaBHeHHi:

) [(4y)*=100,
l()"—2}"+1)’_'=(y+!)'2-()’—1)2’-

9 [teos =0 +1g 5 =2,

x4 y? =125,
3) ‘xy:y’, 49 (=
a=b. x _lgx
Ig—=
€y T lgy
5) ‘5(1g,x+lgxy)=26, 6) |a’=b’,
xy = 64. x lgx
Ig= = 2=
€y Tigy

9. 3anaua Moudeppbe. Pemurs yp

x
2® =ec.

10. samaya Hemeuxoro MaremaTtHka Baabruepa (XIX B.).
Pemnts ypaBHeHue:

A toiEx

§ 13. Heonpenené yp
Pemuts B OeJHX YHCAaX YpaBHEHHA:
1.3x+5y=11.

2 4x—11y=5.
3. (x4 y)—(x+y) —2x =150.

=c.

BHA&JIHTB TIOJIOXHTE/NbHHE pellleHHs.
4.2 +4x=y +2.
5. x+y=x—xy+y-
6. =y +1.
7. x4 — 4+ 8x+4=y".
8. £+ y' +2=4xy.
PPN



9. x*— x®=y®-z, nonaras y W 2 NPOCTHMH YHC/AAMH.
10. (x—1)1- (x——y):y’
3

1. VaV;+ bVy=Vx+Vy.(aub—nemne, xuy—
e KBajparTH).

12 %+ y*=2" 1 X"+ y"=2",
2CIH M B & — BSAHMHO MPOCTHe.

13. xy—10(x+y)=1.

4. x*— y* + 6y =44.

1B (1424 +x) - (P + 8- ) =y

16. 2+ Yy =(x+y) -z

17. yz (7Tx —10) =10 — 7 (x + 2).

18. x° — 100 = 225y .

19. X —xy’ + 35+ L 6xy—6y=1.

20. PemuTth B LEIHX HEIX YHCJAX Y
1) °4+1=y*
2) -3 =1.

B) I+ 24 -+ xl=y,
PeluuTb B meNHX YHCAAX CHCTEMH ypaBHeHHI:
21 x+y=2 xy4+2 =1

22. (y+2z—x=3;

-y —F=1.

3 xy=z2t—
fx+y...z+t+3
x+y+z+t—xy—2.
24, (X —5y'=
‘x +5f—u
Ix —ny'=2%

4 nyt=ut.

25.



26. Hafttn B3amMHO mpOCTHE uHCAa @ W b Tak, 4TOOH

a+tb 8

ToabiF T

27. PemnuTh B HAaTYPAaAbHHX YHCJAX yDaBHEHHA:

Vet v-L-vs

28. Jlokasatb, 4TO TNpH JIOG0M HATypaibHOM 7 ypaBHEHHE:

n+1

(B < (52 e

HMEET eIHHCTBEHHO® DEIleHHe B LEAHX YHCIAX.
29. MokasaTh, 4TO ypaBHeHue

HE HMEeT HEJHX NOJ0XHTEJbHHX pelﬂeﬂﬂn.
30. Hafitn abed = x*, ecu W3BecTHO, uTO:
a+b+c+d=ab,
c+d=b.
31. Haittu uenoe uucao X Takoe, uto
1+24+ - +x

ABIACTCS TPEX3HAUHEIM YHCAOM C OJHHAKOBHIMH LH(DPaMHU.
32. TlokasaTb, 4TO ypaBHEHHeE:

C+C =C;
HMEeT pelleHHe.

33. CKOJIbKHMH Da3MuHEIMH CNIOCOGAMH MOXHO MPeACTABHTH
uncio 1000 B BHAE MPOH3BEAEHHS TPEX LEJHX YHCe..
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34. Haiti 1Ba TPEX3HAUHKX YHC/IA, CyMMa KOTOPHX KpaTHa 504,
a uyacTHOe KpaTHO 6.

35. HaliTh TPeyroJbHHK, CTOPOHH KOTOPOrO BHIPAKAIOTCH Ie-
JEIMH YHCJIAMH, a MJOWAZb H CYyMMa BBICOT BEHIDAXAIOTCS ONHHM H
TeM Xe YHCAOM.

36. Hafttu BuA AByX ApoGe#, CyMMa KOTOPHX PaBHA HX NMPOH3-
BEJEHHUIO.

37. Hai#iTu jBe npaBHAbHEIE HECOKPATHMHE JAPOGH, IPOH3BE-

JeHHe KOTOPEIX paBHseTCs 93" 3Hafl, 9TO YMCJHTENSIMH H 3HaMe-

HATEeMAMM STHX JpPOGeli CAyxaT YeTHpe Pa3THUHHX YHCIA, AAIOLIHe
B cymme 808.

38. Haiitn Tpéx: uucia, KBalpaTaMH TPEX
NOC/e0BATEbHHX MEeJHX YHCe, MPHYEM CYMMB UMD 3THX KBa-
JAPATOB SIBASIOTCA, B CBOK OYepeib, KBAAPATAMH TPEX M0CIEL0-
BATEJbHHX HEJHX UHCEN.

39. Ecam K ueTHpEX3HauHOMY vuncay N creBa mpumucath
2N + 1, To noayuutcs TOYHHE kBajpaT. Haiitu Bce uMcaa, ymoB-
JTBOPSIOIHE ITOMY YCJOBHIO.

40. HafiTh ueTHpe ueaHX 4YHCIa, 06pasyiouiHe NPOMOPIHIO,
e/l M3BECTHO, YTO CyMMa KpalHHX uYJeHOB paBHa 14, cymMa
cpenHux uneHoB — 11, a cymMMa KBaapaToB BCeX uuces kpaTHa 221.

41, HaiiTH 1Ba HATYpaJbHHX YHCIA, PAsHOCTh KOTOPHX PaBHA

é— YaCTH MX TPOH3BEJEHHS.
42, Hafith TpEX3HAYHHE uHCJA, JI06ast CTeNeHb KOTOPHX OKaH-
YHBAeTCH TEMHM Xe LUMppaMu U B TOM XKe NOpaiKe.

43. Halitn wncio abe, pashoe moxycymme uucea cab u bea.

44, Hafity ueTwIpé. YUCIO0, TOYHBIM KBaj-
paToM, ecld ero nepeHe jBe UHQPH OXHHAKOBH W JABE MOC/IEN-
HHe 1M(PH OJHHAKOBH.

45, Haiith Bce TpExXsHaunme YHCia, KpaTHee 13, u cymma
nupp KOTOPHX paBHa 13.

46. HaiiTh 4eTHpPEX3HAYHOE YHCIO “abcd , sBrsOmEecs TOYHHM
KBA#APAaTOM, TAKOE, U4TO ecAH KBaJPaTHHA KOpeHb W3 Hero pa-
BEH mn, TO !

cd=15 mn.

47. Ha#tTw 1BySHauHOe 4YHCIO, Ky6 CYyMMH UHdp KOTOPOro
paBeH ero Ksajpary.

48. HaliTu ABy3HAauHOe YMCJO, Pa3HOCTb Ky6oB mudp KOTOpO-
ro paBHa YJXBOGHHOMY CAMOMY HHCIY.

49, Ha#iTh ABy3HayHOe YHCJIO, PaBHOE YABOEHHOMY MpPOM3BE-
JIeHHIO CBOMX LHGP.

50. HalTi ueTHIpEX3HayHHe YHCAA “abcd, spasiommecs TOUHE-



MM KBalpaTamH, AMs KOTOPHX @, ¢d u ad Takke SBAAOTCA TOU-
HEIMH KBaJpaTamH.

51. Hafitu werHpéxsnaunoe uucio, cymma IuQp KOTOpOro
paBHA [BY3HAYHOMY WYHC/IY, BHDAXaeMOMy €ro MepBHMH NBYMs
nubpamu.

52. Hafitn uérnoe wueno abed, uudpH KOTOPOro BO3pacTaioT
C/IeBa HaNpaBso, NPUTOM TAKOE, YTO CAH K HEMY NPHGABHTb YHCIO,
COCTaB/IEHHOE M3 TeX Xe NuPpP B OGDATHOM NOPAAKE, TO MOAY-
ueHHas cymma kpaTHa 140.

53. Hafith 1Ba WeAHX 4YHC/TA, IPOH3BEJEHHE KOTOPHX — TPEX-
3HAYHOE YHC/IO, ABAAIOMIEEC TOUHHM KYGOM HATYPaIbHOTO YHMCAaE,
a yaCTHOe — KBajpar.

54. HafiTn TpExX3HauHOe YHMC/IO, €CAH H3BECTHO, uTo: 1) mpu-
GJMMKEHHHA KBAAPATHHA KOPeHb H3 HEro IO HeAOCTATKY C TOYHO-
CTBIO 0 NeAHX paBe 21; 2) mpH AefeHnH Ha CyMMY CBOUX muGbP
B 4aCTHOM faét 36, a B ocrarke mH(PY COTeH.

55. HafiTH wWecTH3HAYHOE WYHCIO, KOTOPOE NPH YMHOXEHHH
Ha 2, 3, 4, 5 u 6 nabT uMcAa, COCTaBAEHHHE M3 TeX xe uudp,
YTO M JaHHOE.

56. OmpenesuTh YHCIO yYAIUXCS B KAXAOM M3 MEPBHX TPEX
KJ1aCCOB IIKOAH, €CAH H3BECTHO, UTO:

1) onMMHAZUATAR CTeNEHb YHCIA YYEHHKOB BCEX KJAACCOB BH-
paxaercs wucaoM 3 22 nudp, a ABeHaanaTas CTENEHb — YHCAOM
us 23 nudp;

2) KBajpaT uMC/Ia YYEHHKOB NMEPBOrO KJ1acca paBeH WHCAY, CO-
crosiueMy u3 Tpéx nudp, cyMmMa KOTOPHX paBHa 19;

3) cymMMa KBAagpaToOB WYHCEA YHallMXCA BTOPOTO M TPETHEro
Knaccos pasHa 1466.

57. JloKasaTh, 4TO €C/H CTOPOHH KBaqpaTa W CTOPOHH PaBHO-
BEJIMKOrO NDAMOYrOMbHHKA BHPAXAIOTCH WEJAHMH UYHCAAMH, TO
OTHOLIEHHE TIePHMETPOB 3THX (HTYD HE PaBHO LEAOMY HHCAY.

58. HafiTu nNpsIMOYrOABHHK, CTOPOHH KDTOPOTO HEAHE YHCAa, a
niomans ero paBHa yueTsep cymme oc 3
BHICOTH M JHMarOHa/iH, H3MEPEHHHX B COOTBETCTBYIOUIMX JHHEAHHX
eIHHHIAX.

59. Hafitu nBysnauHHe uYMCaa, KPaTHHE CyMMe (paKTOPHAIOB
cBouX Iudp:

xy=(xl+y) -k,

rae x!=1-:2-3..-x; yl=1.2-3-.-y; k—HaTypaabHoe uu~
cro.

60. Pewntsh cucremy:

2(xt4y) =2,
X+y=2.



61. 3anaua b bi. PemwuTs B p ABHHIX YHCJAX ypaB-
enue:

ax+ by +c=xy.

62. 3apayn An-kapxm. 1) Hafith kBagpaTHOe YHCJIO, paBHOE
CyMMe KBajpaTOB ABYX ADYrHx uucer. 2) Pewutb ypasHeHue:

X yt=2ttt

63. 3apaun Ajxyuua. 1) Paszennts 100 mep mienums Mex-
Ay 100 auuamu Tak, 4TOGH KaXAHA MyXYWHAa NOAYYHT 3, Kax-
2as KEHUHHA 2, a KaxIoe AHTH 5 MepH. CKOMBKO MYXYHH,
KeHUHH U Aeteli ? 2) Tpu Haciennnka noayunau 21 6ouky: 7 — noa-
HHX, 7—HA/IHTHX [0 NOJOBHHH H 7 — nyCTHX. Pa3nennTs nacaen-
£TBO TaK, YTOOH KAXAHA M3 HACAENHHKOB NOAYYHA CTOABKO XKe
BHHA, CKOJBKO H Godex.

64. 3apaua Jleonapno ®mGonayynw. Hexro xynua 30 nrun
sa 30 moHer. M3 uncaa sTHX nTHI 3a KaxAee 3 BOPOGbA 3amia-
yeHa OHA MOHET3, 33 KAXAHE 2 rOp/IHIH — TAKKE OJHA MOHe-
7a H, HAKOHEN, 33 KAXZOro roay6s —mo ase MoHeTH. CKOABbKO
6LUIO NTHI KaXNOf MOPOAH?

65. 3axaua BbijaloOlIerocs HeMelUKoro MatemaTHka Horanna
Mionnepa (1436 — 1476), npo3sannoro PernomonTanoMm. Hafitu
YHC/I0, KOTOpPOe mpH AedeHHH Ha 17, 13 u 10 naéT cooTBETCTBEH-
Ho octaTkd 15, 11 u 3. (3amaua OHJAa mpejtoNeHa aCTPOHOMY
Buanuunn, KOTOPHA myTéM Gopa HaWEn ABa p 1103
u 3313. Peruomonran 3amerni. uto 1103 ecTh HauMeHbluee
TaKoe YHC/IO, a BCe OCTAJbHBIE YHC/IA NOJAY4YaloTCs l'lpH6aBJleHHeM
uncea, kpathux 10 - 13- 17 = 2210).

66. 3anaua w3 MionxeHcKoR pykonmucu Ppexepuua (XV B.).
PellnTh B LeAHX uHCAaX CHCTEMY ypaBHEHHH:

43x+41=39y+33=352+25=31u+17.

67. 3anaya Hemeukoro matemartuka Baxsutua (XIX B.). ITo-
Ka3aTh, 4TO BCAKOE IeJO0e YHCIO, MPeACTAaBAfiollee CyMMY TPEX
KBa1paToB, MOXeT GHTh NPEACTABAEHO B BHAe CYMMH KBaJpaTOB
qe'rugéx npoGe.

68. 3amaya w3 ,CO6OpHHKa MaTeMaTHYeCKHX samay“ (AH-
raus, XIX B.). Tpu kpectbanuna Jlxo, [utep u AjexcHc mpumIH
Ha PHHOK CO CBOMMH X&Hamum Mopu, KurtH n Jxennu. Y3mnars,
KTO HAa KOM XXEHAaT, eCJH HM3BeCTHO, YTO KAXAO0€ M3 3THX WIEeCTH
JIMI 3AMIATHAO 33 KAXKAYIO KYIEHHYIO Beulb CTOJNBKO NEHCOB,
CKOMBKO BellefA HM Kynieno. Kamiwfi myxunna uctpatia na 63
nenca Goaplue cBoeft xenu. Kpome sroro, [on kymur 23 se-
wamu Goasue Kurru, a [urep—11 Bemamu 6oabiie Msph.
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69. 3agaua paHuy3sckoro matemaruka Jiyn Bypaona (1799—
1854). HaitTh unenn NpPONOPHHMH MO H3BECTHONH cymMe 28 Kpaii-
HUX, CyMMe 28, CpeAHHX M CyMMe KBaapaToB 4¢° 4JEHOB HpO-
MOPIHH.

70. 3agaya  Bbigaiomlerocs (ppaHuy3CKOro MaTeMaTHKa
B. A. Jle6era (XIX B.). Pemnts B HeAHX YHCAAX CHCTEMY ypaB-
HeHu#:

2x-+3y+T7z=131,
2x+43y+8z=140.

71. PewnTh B LEAHX UHCAAX HEOMPENENEHHOE YpABHEHHE:
x4+y4+24=u2+1'2+ k2+t2.
(us xypHama ,Mathesis®).

§ 14. Jloka3aTeNbCTBO HEPABEHCTB.
CpenHue BeJHYHHBI.

a) O ABCTBE Hep TB. [lokasaTb Hep TBO —
3TO 3HAYHT YCTAHOBHTb TOMXIECTBEHHOCTb! NAHHOTO HEPaBEeHCTBA
npu BCeX AONMYCTHMHX 3HAUEHHAX €ro apryMeHTOB. YHHBepcaib-
HHIX CHOCOGOB AOKA3aTEAbCTBA, IPHMEHHMHX GYKBAaJABHO K JAIOGHM
TOXKAECTBEHHHM HEPAaBEHCTBAM, He cyllecTByer. MeToa nokasaTens-
CTBA, KAK MPaBHJIO, BCEra 3aBHCHT OT CTPYKTYPH NOKA3HBAEMOTO
HepaBencTBa. HapaBHe € HEKOTOPHMH WAGIOHHHMH METOAAMH
BCTpeyaeTcss PAL AOBOJNBHO OCTPOYMHHX HCKYCCTBEHHHX NDHEMOB
nokasareabcTBa HepaseHcTB. OlHaKO MpH BCeH CBOEH H3AUHOCTH
KaXAHH HCKYCCTBEHHHH MPHEM HMEeT y3KHH Kpyr MPHMEHEHH:.

Jlo HexoTOpO# cTemenH OOMIMMH SBARIOTCA CAEAylOLlHe Me-
TOAHL.
1. AHaauTHYecKHA MeTOA. McxoauM H3 10OKa3HBAEMOro He-
paBeHcTBa W MyTEM TOXIECTBEHHHX MNPEOGPA3OBaHHH NPUBOAHM
€ro K OYEBHAHOMY HJAH paHee yXe JOKA3aHHOMY HepPaBEHCTBY.

TMpumep. [lokasaTs, uTo CpelHee apudMETHUECKOE ABYX He-
PaBHHIX [0JOXHTEAbHHX YHCET @ W b GoJbllie HX CPELHEro reo-
METPHYECKOTO:

a+tb
—2—>l/ab,ec.'ma#~b,a>oub>0. 1)
1) T Ba, TpH BCEX 10~
NYCTHMBIX CHCTeMax 3uauenuii aprymentos. Hanp, uepasenctso (z — b)? > 0
CNpaBeliHBO TDH Bcex JefiCTBHTEAbHMX 3uauenMax a u_ b. Hepasenctso

a+ b2 + ¢2>ab-+be -+ ca CUPAaBEATHBO TIPH BCEX HEPABHBIX ACHCTBHTENbHBIX 3HA-
qeHHAX @, b M GG H T L
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NokaszaTeabCTBO: 1) MEPeHOCHM U/IeHH B OAHY 4acTh H
BINOJIHSAEM BHYHTAHHE:

a—2Vab -
12/4117 th oo )

Toayuuau HepaBeHCTBO, paBHocHibHOE (1).
2) YmuOxHM o6e uacTd (1') HA 2 M CBepHEM YHCAHTEJb:

Va—VEF>o0 @

0 Hep BO P /ILHO Hep tBaM (1) u (1), B TO xe
BpeMs OHO OYEBHIHO, TaK KaK KBaApaT Ji0GOr0 BEIeCTBEHHOTrO
MHC/AA, HE PABHOTO HYJIO, MOJOXHTENeH.

3akaouenne: Hepasencrso (1) Bepuo.

2. CHHTeTHYECKHA MeTOM. 31ech XOA paccyxieHuii 0GpaTHHA:
MCXOAMM H3 OUEBHAHOTO HEPABEHCTBA H MPHUBOAHM €ro K JOKa-
AHBAEMOMY.

Npumep. Iokasats nepasencTso (1).

HokasateanctBo: 1) M3 ycaosus caenyer, uto a + b,
a>0, b>0. Moaromy, ouesHgHO,

Wa—-VE)>o0 (2)
a—2Vab+b>0.
2) Pasnemis o6e uacTH Ha 2, MOAYYHM pPaBHOCHIbHO® Hepa-

BEHCTBO:
a—2l/a[>+_b>0 (1)
2

HAH

3) Pasgeanm mousenHo Ha 2 M mepenecéM } ab B mpasyio
4acTh:

b —
a;— —Vab>0,
Or : b —
cona a; >V (1)

Hepasenctso (1) nokasauo.

3. MeTox yCTaHOBJAEHHS 3HAKAa Pa3HOCTH MeXI1y OGeHMH
YacTAMH HepaBeHcTBa. OCHOBaH Ha CBOACTBE HepPaBEHCTB:
ecin A> B, 0 A— B >0 uo6patio, ecti A —B >0, To A>B
(mns ciywass 3HaKa ,MeHbue* < aHaJIOTHYHO).

MNpumep. [lokasaTs nepasenctso (1).



NoxasateascTso. PaccMaTpHBaeM DasHOCTb MeXy OGeH-
MH 4acTAMH JOKA3HBAEMOTO HEPABEHCTBA:

b —
r= a:;_ —Vab,
' \_ s b—2ab _ Va—VEY
2 2

Tak kak sgecs (V a—VB5) >0, 2>0, 1o r>0. 310 3uauur,
uTo

a+4b —

5 >Vab.

4. Meroxa ycuaeunsi. OcHoBaH Ha CBORCTBE TPAH3HTHBHOCTH:
ectn A>B,B>C, to A>C (aaa cryyas 3Haka ,Menpme* < —
anajornuno). Mosicunm. Ecan wano nokasats, uto A >C, HO Ham
ynaioch A0Kasath, uTo B > C (uHOrga sTO GHBAET mpomie) MpH
ycioBuu, uto B < A, To HepasencTBo A > C cunraercs NOKA3aH-

HHM.
Ipumep. [lokasars, 4TO
- LRI
A=grt gt gt <l @)

(uuca0 uneHoB psija 6eckoneuno). OG603naueHne JeBOA 4acTH BBE-
/M paj¥ KPaTKOCTH AalbHEAUIHX BHKJIALOK.
NokasarenncTBo. PaccMoTpum pan:
1 1 1
B=gt+ggtagst +3

——
o1 pas

)

=
-1 pas

Mostomy A < B.
Hanee no dpopmysne Geckoweuno yGuBalomel reomeTprueckoft
TIPOTPECCHH HMeeM:
1
B= __2_T =1c=1,
-5
okasanocs B = C. OxonuaressHo noaysaem: A <C. 4. T. A.
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5. Ouenka ot vacred ecrn A > B>0, 10

A
F>1 ®)

W o6patHo, ecan B> 0, to us (5) caeayer, uto A > B.
pumep. [loxasath, 4TO MpH JIOGOM HATYPAILHOM 7L HMEeT
MeCTO HepaBeHCTBO: :

1.3.5.--2n—1)-VZn¥1<2-4-6---2n (6)

DNokasatenncTBo. B J ABHOE TBO

A? /
>l (C]
R HanyIeM CepHI0O OYEBHAHHX HEPaBeHCTB:

' .‘.3<1,

3-5
44<l

(2n—1) ~(2n+1)

2n- 2n <t

TMep HB 3TH , TIOJIY9HM (B ).
.Hepaaeuc‘rso 6) Bepno D,oxaaanuoe HEPaBEeHCTBO MOXHO 3amu-
cath B BHJE:

(2;;-1) 1
“2n Van+1

6. MeTON MOJHOA MaTe€MaTHYECKOR HHAYKUHH'.

@

roy~

Mpumep. Mokasate HepaBeHcTBO BepHy/iu®:
(1+a)'>1+an; 14+2>0, n>2;a+0.

DokasarexnnbcTtBo. 1) INpu HanMmenblmeM u3 gonycxaeuux
3HaYeHHHA 7 =2 HEPaBEHCTBO BEDHO: K

(1+a)=1+20+0">1+02.

1 06 5TOM MeTofe CM. II%HJIO)KEHHE 2 ua cTp. 2%
2 §. Bepuyanu (1654 —
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2) JlomycTHM, 4TO HepaBEHCTBO BEPHO MPH 1 = K:
(I+a)>14a-x (k>2)
3) Paccmotpum (1 + a)':
ﬂ(nllo+ a)*' =(14a)"- (1+a)>(1+0x) - (1 + @) —mo Komyme-

Jazxbie:
A+ > (14aw) 1+a)=1+a-(k+1)+a?-&>1+

+a(x+1),

TaK Kak o?x >0. HepaseHctBo BepHo mas n =k 4 1. Ha ocuo-
BaHHH TPHHIHNA MATEMAaTHYECKOA HHAYKUHH MOXHO CYHTATh Hepa-
BEHCTBO JOKA3aHHHM 1/l JIOGHX HaTypajbHHX 7> 2.

cpenumx BeAHuHHaX. Jlio6oe WHCAO €, 3aKMOYEHHOE
MeXJy HAMMEHBUIHM @, =@ W HaHGOIBIIHM @, = A M3 uHCcen
@y, -+, @, (117 yRo6eTsa cuuTaeM, 9TO @, <4, -+ < @) K
YAOB/IETBOPSIONIEE HEPABEHCTBAM:

alc<A, 1

HA3HIBAETCs CPEAHHM JJiIi 3THX HHCEeH.
(3HaK paBeHCTBA COOTBETCTBYET CIYHAl0 @ =@, = -+ =a).
Ecan ue Bce wuucna a, a,, ---, @, paBHH Mexay co6o#, To cy-
wmecTByer 6eCKOHEYHO MHOTO CpeaHHX A AAHHHX YHCeJX: BCe
HHCIa HHTepBasa OT @ A0 A GYAYT CPENHHMH A @, Qy--- , @,
OCHOBHbIE CBOACTBA CPENHHX.
1. Ecm a<c<A, Tonpu >0

a-kc k<A K,

T. €. K +C— eCTh CPeNHEe I YHCeX @, + K, &y K, -+, 4, - K.

2. Eciu a,, @, --., a, BCE NONOXKHTEIbHHE, K — HATypaIbHOe,
TO

<< A,
« P x
T. €. C°—ecTb CpeliHee NI HYHCEX d;, dy, ---, Q.
« K X

Cuencrsue s wicen Va, » Va,» . Va, :

Va<ve<va-



3. Ecan b >0, 10 b° ecTs cpennee ans wucen b°t, b%,..- b, :
b° < b <t
4. Ecin b>1 u BCe unCiAa @y, @y, - -+ , @, NOJIOKHTENbHH, TO
Igya<igye<ligyA.

5. Ecam npo6u: a,:%‘, @:%, S a =% BCE HMEIOT
1

SO/IOXKHUTE/bHHE 3HAMEHATe/IH, TO: !

R R Y e S Y
A; c=
BET 5 <N CTRFRToFE @
rre a— A— H3  paccMar
IapoGeit. . '
" Caedcmsue 1. Ecim B, =B8,=--- =8, =1, 10
S @)

Cpennee apupmerHyeckoe ¢, JI060r0 KOAWUECTBA HYHCEJ DABHO
n-# HacTH MX CYMMBHL '

Caedcmsue 2. Ecnn @, =a,=--- =a,, 10
a, + oy =+ + @, [ o, [N
c= 2 A _1__2_ ... =2 3)
DENEIETTES Nl A1 A @
Caedcmeue 3. Ecm &, Ky, --+ , K, 8, 8,, ---,B, — monoxn-
TeABHH, TO
= L e R e . B
Tk b e Bt e, B
Caedcmeue 4. Ecan K, Ky, - -+ , K, — NOJOKHTENBHH,

B=f= =B =110
Hy 8 Ry e KB =0 (R R Ryt ),

Kyt @Kyt K-8
" L R

@




Caedcmene 5. Ecin a,, a) ---, o, — NOmoKHTeNbHH, B,
g’_..., B, Bce paBuH 1, TO

(®)

czcn:l/a,

2 n

T. €. MoJyuaeTcs CcpeiHee TreoMeTpHueckoe (IPONOPUHOHAAbHOE)
HOMOXHTENBHHX THCRN: @, Gy, - -, Q.

Cpexnnee, omp IS UHCes, O X OT HyJd, cO-
[/18CHO PABEHCTBY:

n
( L T E—— (6)
;‘+—Eg+"‘+z

CpexHHM rap. KHM STHX YHCEN.
Yacro TpHMeHsieTCs elle cpeaHee

T, 2 .. 2
c,=+]/_.—"'+"’:' ta, Q)

. Ha3HBAEMOE CPELHHM KBAXPATHIHH M UHCEN @), Qy, <+, @
Cpeaune ¢, i ¢, MOOHX NEHCTBHTEABHBIX HCEN a,,a, -
CBA38HH HEDABEHCTBOM:

[EAREN (®).

Iins Bcex ueTHPEX CPeIHHX MPH TMOMOKHTEIBHEX a,a,- .6,
HMEIOT MeCTO HepaBeHCTBa:

¢, <¢,<c, <¢c, (9).

an'léM 3HaK PaBEHCTBA COOTBETCTBYET CJAYy4Yal0 PaBHHX YHCEJ.

Bce paccMoTpeHHEIe CBOKCTBA OCHOBHHIX CPEIHHX BEHUHH MOCTApai-

Tech A0KA3aTh caMocTosaTe/nbHO. [lokaxuTe Takxke Teopemy: C pe a-

Hee apupMeTHUECKOE JBYX YHCEJ H CDeiHee rap-

MOHHY@CKOE HMX COCTABJAIOT C CAMHMH HYHCJIAMH
nponopnuio. (M3 ta6auus Tuukca. Cm. 3amauy Ne 23 B § 16)

§ 15. 3anayn Ha HepaBeHCTBa
1. IoxasaTs, uto ecii ¢ > 0,6 >0 u ¢>0, 10

(@+c)(b+c)(a+1)(b+1)> 16 abe.



2. lokasaTh, YTO NpPH NMOJOXKHTEJIbHHX @, b H C HMeeT MecTo
BepaBeHCTBO:

3." lokasatb, uTo ecan @ > b >0, TO PasHOCTh MeXAy cpen-
JM 2pHMETHYECKHM H CpEJIHHM T'eOMETDHYECKHM STHX YHCENX

BakmoueHa Mexay
(a—by P C o by
8a 8
4. [loxasaTb HepaBeHCTBO:

1.3.5..-99 _ 1
2.4-6-.+100 ~10 "

5. [loxasaTb, 4TO NPH HEPABHHX MOJOKHTEALHHX @, b U ¢ HMe-
BET MECTO HepaBEHCTBO:
b

a c

FrTta>3
Ioxasars Gosee obiiee yTBepxaeHue:
Liyh ey s,
2, T, Tt ta

6. Mokasats, uto mpu @ +0 u b = 0 cnpaBesaHBO HepaBeH-
b 5a®—6ab+56°>0.
7. Llokasath, 4TO €CIH @, b H C NOMOXHTENbHHE YHCAA, TO
2(a® + b+ ¢%) > a? (b + c) + b*(c + a) + ¢ (a + b).

8. [lokasaTh HEepPaBeHCTBO:

: a4 p*>ab(d®+ 6% .
9. Hauo: —< b: < b_ ; uncraa, b, a,, b,, a,u b, — Bce no-

JIOXKUTEbLHHE. ﬂOKBSBTb, -n-o

a+ta a+a1+a2<al+a2
56, T¥b,+6, ~ 5, +5,
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10. TMoxasats, 4TO mpH MOGOM HATYpaabHOM 73> 1:

) + 3,+

1 1
) ittt
11. Noxasate, uto mpu a>0 u b > 0:
1) M > (“_“)3;
2
2) 274’ b < 4 (@+b6)°;
3 (a+b) <8 + 5.
12. [ins MOMOXHTENBHHX @, b H ¢ 10KA3aTh HEPABEHCTBO:
3(a°+ b+ > (a+b+c)(@+b+c%).
13. okasats, UTO NPH JIOGHX [EHCTBHTEJBHBIX 3HAUCHHAX
XHY:
25 (x*+ y%) + (12 — 3x — 4y)®> 72.
14. Ecau nosoxute sHble YHCAAd, b ¥ ¢ MeHblle eAHHHUH, TO
HMeeT Mecto HepaBerctBo: (1 — a) (1 —b) (1—c)>1—(a +b+c)

Ilokasats.
15. Ilokasats, uto ecin @’ +b°+ =1, m* +n*+&*=1,

TO |am + bn +cx| <1

16. Tlokasath, 4T0 eCiH @, b W C— CTOPOHH TPEYTOAbHHKE,

TO TPEXUJEH:
PR+ B+ —d)x+

BCErlla HMeeT MOJOXHTeNbHOE 3HAYECHHE.

17. KakuM yc/lIOBHSM JOJIKHO YHOBAETBOPsATH @ >0, uTOGH
npn R>r >0 HMEI0 MecTo HepaBeHCTBO:
QR <

2aR =

18. Jlokasatb, 4TO NMPH MNOJOXHTEABHHX @, b, X, y ® @+
+ 6° < 1 uMeer mecto HepaBeHCTBO:

V& y*>ax+by.

0<
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19. IlokasaTb HepaBEHCTBO:

VarVearvar . rve< VB2 @so.

20. loxasats, 4TO €CIH @y, ..., @, — NPOH3BOJAbHHE Jefi-
YeTBHTE/IBHBIE YHCAA, TO

(m+a+...+a, p<n(@+a’ +...+a}).

21. JlokasaTs, 4TO MpPH 7 >> 1 BepHH HEPABEHCTBA:

a—1
1) 2">2% n+1;

3) )< [n(n+1)]".

22. Nloxasats, uto ecii —1<a <1 v —1<b<1, 10 HMe-
€T MECTO HEePaBEeHCTBO:

lab £ VI—a)(T=5)| < 1.

23. JlokasaTb, 4TO MOXHO HAKTH TAKYI0 6ECKOHEUHO YyOhIBaIO-
LLYI0 FeOMeTPHYECKYo MPOrpeccHio, MepBhifi UIeH KOTOPOA paBeH
1 u kamaul# uIeH KOTOpO# B X pa3 GoAblle CYyMMB BCEX Cleny-
IOIKX 38 HUM UYJI€HOB. [IpH KAKHX K 33843 BO3MOXHA?

24. JlokasaTe 1M TPeYroJbHHKA HepaBEHCTBA:

1) abc>(a+b—c)(a—b+c)(—a+b+c);
2) @+ 8+ <P —2R (B, + hy+ 1)
3) h,+ by + h > 9r;
4) R>2r;
5) h, hy k> 21r°,
6) r, ry r.>21r%
25. ins paccrosmu#t d,, dy n d, NPOH3BOABHOA TOUKH BHYT-
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PH TPeYro/JibHHK2 OT COOTBETCTBYIOLIHX CTOPOH TPEYFOAbHHKA H
AJasl er0 BHCOT CNpaBeA/IHBH HEePaBEHCTBA:

h,Ld+d +d <h,.
YacTHui cayuvai:
h,<3r<h,.

(npeanonaraercs, 4T0 @ > b > c). Jlokasate.

26. JloxasaTb, 4TO NPH MOMOXHTEABHHX &y, @z, « - ., Ay}

(tl.+a,+~~~+a,,).(aL‘+17:+. . .+aL)>n2

27. 3apaya llagmuabxa. [lokasate, 4TO npH 7>2 HMeeT
MECTO HepaBeHCTBO:

2. 28,38, . 2>

28. 3anaua M3 Qpaunuyackoro ,XKypHara snemeHTapHOR Ma-
TemaTukn“ (XIX B). ¥ Toprosua 3aBeOMO HEBEpHHE BeCH.
lMepsoMy mOKynmaTesio OH OTHYCKaeT OAMH QYHT TOBapa C OQHOK
YallKW BEcOB. BTOPOMY MOKynaTenio OH OTBEUIHBAeT OZHH QyHT
TOr0 XKe TOBapa Ha npyroﬁ yauke, AYMas, 4TO OH IpH 3TOM

, BHrajazn
B neﬂc’mmmocm Toproseu HAR_ ocTancy B y6uTKE?

29. PemnTs Hep. TBA. P p HA YHCIO-
BOX OCH.

1) (£—2)(x+3)(x+5)>0.

2) x(x+42)(x—=3)(x*+1)<0.
3) 41>+ x.
x 12
4 g+ >5
5) k—1l<2.

X
6) |~a—| > 1, rage @ # 0 — geficTBHTENbHOE YHCJIO.

(tapy (x4b)

7 Frd x’-{—b"

(an b— napameTtps, ab > 0)

=
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30. Pemnts rpaduueckn HepaBeHcTBa:
1) 2x+y>3; 2) [x—y[>1, x| >5;
3)3x+y<2 x+3y>2 x>0, y<O.

31. Jlano wuepaBenctso: ax’—(a—1)x+a>0. Tpebyercs
TPeAeNHT:

1) SHaueHus @. NMpy KOTOPHX HEPABEHCTBO BEPHO MPH JIO-
HX X;

2) 3naueHus @, NMPH KOTQPHX qucno% 3aKJIIOYEHO  MEeXAY
(OPHAMH J@HHOTO TPEXUJIEHA.

32. Tpu Kkakux 3HAYEHHAX X M y BHpaxeHue: z = (x + yi)*
MPHHMMAET BELIECTBEHHHE 3HaYeHHs, G0abmne 8?

§ 16. Mporpeccun.

1. CKO/BKO OAMHAKOBHX WIEHOB B MPOTPECCHAX:
1,4710,. ..
1,5 9,13,. . .,

eclH B Kaxno# u3 HHX mo 121 wjeny?
2. lpu Kakux X @ KOpHH Yp

#—(Ba+5) 5+ (a+1)'=0

.06pasyiorT apu?uemqemyw TPOrpeccHio ?
3. Uncna a’, b* n ¢ coctaBasioT apHdMeTHecKyio mporpec-
.cuio. Jlokasats, 4TO wMcaa:

1 1 1
b+(:’c+aPl 2+ b

TaKKe COCTABASIOT apHPMETHYECKYIO NMPOTPECCHIO.

4. JloxasaTs, 9TO BO BCAKOA KOHEYHOH apHbMETHYECKOH NpO-
rpeccHy NPOH3BEJEHHE ABYX YJEHOB, DABHOOTCTOSINIHX OT Kpafi-
HHX 4YJI€HOB, BO3PACTaeT MO Mepe yAaleHHs OT KOHIOB K e& ce-
penune,

5. CTOpPOHH Tpeyro/pHHKa 06pasyioT apHOMeTHYECKyio 1upo-
rpeccuto. [lokasats, 4ro R paBeHn TpeTheft uYacTH OAHOH H3
BHICOT.

6. Jlokasath, 4TO €C/AH TpH NMPOCTHX uHcaAa o6pasylor apudme-
THUECKYIO TNPOTPECCHIO, TO PA3HOCTb NMPOrPECCHH AEAHTCH Ha 6.
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7. Iloxasath, 4TO A1 BCAKOW apHPMETHUECKOM MPOrpeccHH:
—a, 4, ..., q

HMEeT MEeCTO paBeHCTBO:

1 1 1
e
Va+Va VatVa Va+Va
1 n—1

Va,+Ve, Va+Va,

8. JlokasaTb, 9TO CymMa BCAKOH GeCKOHeuHO yGHBaiomleli reo-

+

METPHYECKOH NpPOTPECCHH CO 3HAMEHaTeneM ]? paBsna y4erBepéH-

HOMY BTODOMY HGJIeHy.

CyMMa noc/e0BaTe/IbHHX YeTHPEX UIEHOB TeOMETPHIECKOH
NPOTPecCHH PaBHA @, CyMMa HX KBajapatoB pasa b. [loxasats,
9TO CyMMa CPeAHMX Y/IE€HOB MNPOTDECCHH YNOBJETBODSET KBaapaT-
HOMY YDaBHEHHIO:

10. Ha#itn Tpn nosoxw qucaa, Coc X reome-
TPHYECKYI0 TPOTPECCHIO, €CAH H3BECTHA HX CYMMa H CyMMa HX
KBanpaToB. Kccaenosath peuenue.

11. Hanucatn ¢meTnuecKyio nporp ecIH CymMa uie-
HOB BHpAXA€TC Yepes YHC/JO Y/EHOB 7 DABEHCTBOM:

S=an’+ bn.

(@ u b — npon3sBoAbHEHE NaHHHE YHCAE).

12. Hai’rm YETHPE _YHC/IA, COCTABASAIONIHX TEOMETPHYECKYIO
nporp pPOft  cymMa Kp 4neHoB paBHa 126, a
cymma ocranbnux —30.

13. HaliTh CyMMy BOCbMH 9/€HOB T€OMETPHYECKOH MPOrpecchH,
CyMMa MepBOTO H YETBEPTOrO YJAEHOB KOTOPO# paBHa 18, a cym-
Ma BTODOTO M TPEeThero 4ieHoB — 12.

14. Halitn 9eTHpe 4YHMCA3, COCTABASIOIUX TEOMETPHYECKYIO
TPOTPecCHIo, €C/H CyMMa MepBOro H TPeTbero W3 HMX paBua 50,
a cyuma ocTaabHHX 150.

15. Apugmernueckas u reoMeTpuueckas NPOTPECCHH YHOBJIET-
BODSAIOT C/AEAYIOUIMM YCAOBHAM:

1) nepBhe 4JEHH WX OAMHAKOBH

2) cyMMa NMepBHX ABYX 9YJAEHOB apH(METHUECKOH NpPOTPECcCHH
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InpeBHInaeT CyMMy mNepBHX ABYX UJEHOB TeOMETPHYECKOR MpPoO-
'FPECCHR Ha Be/IHYHHY, DABHYIO YTPOEGHHOMY IEPBOMY UJeHY:
1 3) cymma mepeHX TPEX UIEHOB apu(MeThuecKoli mporpecchn
.paBHA CyMMe MEpPBHX TPEX UACHOB TEOMETPHYECKOH DPOrPECCHH.
BLIUHCAHTL 3HAMEHATE/h T€OMETPHYECKOA MPOrpeccHH.
16. JlokasaTh, 4TO €C/IH X, Y W Z COCTAB/ASIOT FEOMETPHUECKYIO
NIPOrPeCccHio, TO

(x+y+2)(x—y+2)=x+y" + 2

17. Onpepennts CTOPOBH TPeYrOJbHHKA, €CIH OHH BHpaXa-
10TCS YHCJ/IaMH, O6Pa3yiOulnMH FeOMETPHYECKYIO MPOrPeCCHio, MpH-
uéM NpOM3BeEHHE ITHX YHCeN paBHO 216.

18. B apupmernueckoft mporpeccun @, @, . . .,

4=k, a=m; (mx).

Hafite o6wmuft unen 3TOA NpPOrpeccH .
19. Iloka3aTh PaBeHCTBO:
S, S — S,

Szn_sn = Sln_s‘ln !

rae uepes S, 0GO3HaueHa CyMMa 7 MEPBHX UWIEHOB TIEOMETDH-
9eCKOH TPOrpeccHH.

20. Hafitu Taxylo apudMeTHuecKyio NpOrpeccuio, 4To6H Mex-
Ly CyMMOH €& mepBHX M UJIEHOB H CYMMOH NOCJEAYIOUMX mn
YMeHOB CYHIECTBOBAIO TNOCTOAHHOE OTHOWEHHE K, HE 3aBHCA-
mee OT m.

21. Yucna a;, @, . . ., @,06pasyioT apudmeTHIECKYIO NPO-
rpecchio. Hafit sty mporpeccuio, ecau:

2 2 2
a+a+ .. . tae,=ma+a+ ... +a =K
22. 3anaya Pepmd. IMoxasaTh, uyto ecam S ecTb cymma 6ec-
KOHEYHO YOHBalOuleli TeOMETPHUECKOH MPOrpeccHH: -+ a;, d,
., @,,. . ., TO HMEET MECTO PaBeHCTBO:
S __—a
S—a, 7 a

23. 3anaya u3 Ta6auupl Muukca (BaBuaonus, 3 000 aet 10 H. 9.)
Ha atoli TaGauue umeercs psja UHCEJ, 3aNHCAHHHX NO INECTHZE-
csn‘epuqﬂoﬁ cucreme: 1 - 36; 1-52;2-8;2.24;2- 40;2 - 56;

12; 3 - 28; 3 ; 44;
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TMokasath, uTO STH YHC/AA MPEACTABAAIOT APHPMETHUECKYIO
NPOTpeccHio, H 3amucaTh €& MO NEeCATHYHOR CHCTeMe.

NMpumeuanne. Toukolt pasmensiorTcs paspaabl 9ucex (BCe WHCIA ABY-
3naunste). [Ipu Takoit 3a|mcu, Hal 48xamep. qucao 2 - 30 pasxo 60X 2+ 30 =150,
aucao 4 . pasHo 60 X4

24. 3amauya u3 l'Ianupyca Puupa' (XVII B. 10 H. s.). Ias
[epBoro ujneHa yOuBaiouleR apHOMETHYECKOR MPOrpecCHH AasTCs

B COBp! CHMBOJIHKE cJae-

nylowe#n dopmyon:

a =

Tlokasatb, uTO GOpMy/a MPaBHAbHA.

25. 3ajaya rpeyeckoro reomerpa T'uncukiaa Anexcauaphfi-
ckoro (Il B. 1m0 H. 9.). JlokasaTb, YyTO B apH(QMETHYECKOR Npo-
TPECCHH C YETHHM YHC/JOM Y/€HOB CYMMa Y/I€HOB BTODOA MOJO-
BHHH MpEBHINAET CYMMY u/€HOB NepBOA HA WYHCAO, KPaTHOE
xaangm-ﬁ MOJOBHHH YHC/AA Y/EHOB.

paBuao XX H3 Tpakrtata ,A TTHAM“ HH,
ac‘rmuor)u M MaTeMaTHKa ApuHa6xaTtra (koHenm V B. H uau&
a0 VI B).

B stom mpaBuae ApnaGxaTTa C/I0BECHO AA8T BHpaXeHHe AAS
YHC/IA Y/I€HOB apH(METHYECKOA MPOTPECCHH, KOTOpOe ompeness-
ercs papmyaon:

1 —2a,+ V(d —2a,)°+8S,d
W——7 |

ﬂ:-—z—

TA€ 7 -— YHCAO Y/JEeHOB, @; — MepBHfA uieH, d — Pa3HOCTh MpOTpec-
CHH H S, — CyMMa BCEX YJEHOB. npOBepH‘l‘b CrpaBeLTHBOCTS sTOR
q)opnymi.

27. 3anaya M3 9TOrO Ke TpakTata. ONpeAejHTb YHCAO fAnep '
TPeyroJbHOA KyuH.

8. 3a1a4a SHAMEHHTOrO HeMenKOF0 MaTemMaThka M. HiTndeas
(1486 — 1567). Ecau Hammcath nporpecchio ++ (4, 8), (16, 32),
. , (27, 2", 10 Beakas nmapa yHcesl, CTofuas B CKOGKax,
naér cosepmeﬂnoe UHCHO, eCAH yMHOXHTh GOAbliee H3 UHCea
3TOH MapH, Y Ha (Mmeetca B

! MManupyc Punpna waitnen B 1858 r. anramfickum eruntonorom PHHIOM M Has-
BaH no ero umenn. [lanupyc uanucau Sixmocom. ITo cBoet dopme u conepxanuio
H SBASETCH He-
CKOABKO ucuxém«oﬁ xonneﬁ npymro Gonee ApeBHero mamHpyca.

108




MAy, 9TO YHCAO 9™+ _y — npocToe. YTBEPKIEHHE aBTOPA O
6oft mape STHX uHCeN OmMHGOYHO). 3ajaua B3ATA H3 TPAKTATa
onnas apudmernka“, Hamucansoro B 1544 r.

§ 17. dnemenTapHbie CNOCOGBI HaXOXIEHHA
Hau6oJIbIIMX H HAHMEHbWHX 3HaYeHHH QYHKUHI

Haxoxpaeunne X B X (yHKOHA
S133HO C HAXOX/JEHHEM IKCTPEMA/BHHX 3HAYEHHA (MHHHMYMOB H
laxcnuyuoa) Bornpoc 06 skcTpemymax! Mo6Hx ¢yHKOui pelaer-
4B JIBHOM HC HO CylIeCTByeT HecKOJIbKO
meueﬁ-rapﬂux TPHEMOB HAXOX/IEHHS HARGOMBIIAX H HAHMEHBIUHX
ageHuii QyHKUMHA, B KOTOPHX He TPeGyercs NpeABapHTENBHOTO
GHCIEHNS MAKCHMYMOB W MHHAMYMOB (ne Hapo 3a6HBaTh, YTO
yM 8 TaKKe MHHHMYyM H Hau-
MeHblnee 3HAYEHHE (bynxnuu noodme TOBOpS, HE COBNAAAIOT).
He nmes BCE H3 KOTOPHX
JEAYIOT HHTEpecyiouune Hac Cnoco6u Haxonmemm KpaiHuX 3Ha-
_eHuit QyHKuuA, mepedndM K HX PAaCCMOTPEHHIO M pasGopy mpu-
1epos.

a) JKCTpeMyM KBAJPaTHOrO TPEXuJAeHa:

y=ax®+bx+c; (a+0). )
*’la NpeACTaBACHHA ksanpé’moro Tpéxujena:
. i . »
y _a(x+2—‘-z) +C—n
tnenyer, 4TO ero SKCTpeMyM 6y11€T AOCTHraThCs MPH X = — %1 .
l'lpuqu, ecan @ >0, To 6yaeM HMeTb:
b!
Yiam. =€ 1g @

Makcumyva He GyneT, Tak Kak QyHKIMS BO3DACTa€T HEOTPaHH-
'yenHo. (IpoBepuTh, NOCTPOMB TIPaduK AN HACTHOrO CAyuyas:
y=x"—3x+5).

Ecan xe a <0, To, Hao6opoT, dyHKuus HMeer HauGoxbluee
sSHaueHue, onpejensemoe mo TOH ke ¢opmyae (2), HO He HMeeT

! MakcumyM (max) ¥ MHHHMYM (min) BMeCTe HASHIBAKOTCA SKCTPeMyMa-
My, JlaTHHCKHE Cl0Ba maximum W mifimum OsHaualT LHauGoabuee® H ,HaH-
MeHbIIEe*, a extremum — ,kpafinee*. H
SHaueHHs (yHKIAW HaduBaTh ,KpalWHMH® HAM SKCTPEMATbHBIMH.
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HauMeHbLIEro 3HaueHus, TaK KaK y6niBaer HEOT PAHHTEHHO. (Mpose-
PHTB, MOCTPOMB rpaduk GyHKIUH: y=—2x+x+ 3).

Mpumepni: 1. y =2x? —4.x +5.

. ym,"=5-—%s=3 npu x = 1.

2. y=—3x"430x—80.

Yoaws. = — 80 — =—5mpu x=35.

2

TocTpouts rpadmku 3TuX QyHKOuH H MPOBEPHTD.
JlokasaTh camMuM TeopeMmy:

Teopena I: Ksanpsmuﬂ Tpéxuwien (1) MMeeT SKCTpeMyM npu

b

r=—gg- Mpuuém npu @ >0 3TOT 9KCTPeMyM GyneT HaMMeHb-
wuM 3HauenneM, a npu @ < 0 — HAHGOABIIMM.

6) Teopexa II. llpousBeneHne HECKOABKHX MOJOKHTEABHHX
COMHOXHUTe/eH, CyMMa KOTOPHX NOCTOHHA, TNPHHHMAET HAHGOAb-
Iee 3HAYEHHE IIPH PAaBEHCTBE COMHOMKHTEel:

€CH Y= X;X; -+ X, U Xy + Xz + -+ +X, = € — OCTOSHHOE, TO

Yises, TP Xy =g = oo =

Yuans. = (%)" N 3)

Hsnpuuep, y=x (32—x) uMeeT HauGoJbuiee 3Haqeﬂne npu
X=32—x% 1. e x=+4, TAK KaK x*4 (32 — x*) =32 — no-
CTOﬂHHaSl.

OGpatnasi TeopeMa TaKoBa:

Teopesa IIl. Ecin nponsBeneHne HECKOABKHX MONOKHTENb~
HHX COMHOXWTeJeA eCTh BeJMUHHA MOCTOAHHAs, TO CyMMa MX
HaUMEHDbIIAs B TOM CJyuae, KOTa BCE OHH DABHH:

€CIU Xy - Xp -+ X, = p — NMOCTOSHHO, TO Y = X; + X3+ ++ +Xn
HMEeT HauMeHblliee 3HAYeHHe MpH

Xy = xp=ee =

Yiwwa: =7V p.
Hanpumep, ectn #>0, v>0, £>0, uvt=8, y=u+v+t
3

TO Yy = 6. (JlocTHraeTcs npu 2 =1
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B) OG6oGumenue Teopem Il u I

Teopemall'. Ecan x, >0, x,>0, -+, x, >0 v x4 X4+ -+
+ X, = ¢ — NOCTOAHHAA, TO (yHKUMS:

=xM. 2 ... x%n
y=x{t-x32...x0,

¥Ae a;, @, -+, @& — NaHHHE UOJOXHTENbHHE PANHOHANBHHE YHC-
14, KOCTHTalOT HaHGOJIBUIEr0 3HAYEHHS, KOTAd

(4)

T. €. KOrJa 4HC/Aa X; paccMar 0 mp pornop
JIHOHANBHH CBOUM IOKa3aTelsM.

Ecnn x; 4 %, 4 - + x, = ¢, TO U3 pAna PaBHHX OTHOMIEHHH
(4), moayuum:

K= K < (5)
@ @y e, & tat---ta,
OTClofia HAXOJUM 3HAUEHHS X1, Xy, -~ , X, TPH KOTOPHX Ha3BaH-

;IIOE BHIIE NPOH3BEAEHHE HMEET HanGo/bIIee 3HAYEHHE:

%=

Ta et e,

Xy —— C%

TR S R (6)
ca,

Xn . —
oy fayf e 4 @,
CaM 3KCTPeMyM 3amUIIeTCs TaK:
c\* o a
Yo = () @
rae 4epes @ 0603HAYEHA CyMMa & + Uk -+- - a, .
Mpumep. Haiitu HauGoabiee 3Hagenue dyHKuuH:
U=x yzs,
ecan x>0, y >0, 2>0u x+y+z=12
un



Pewenue. B nannon ciyvae ¢ =12,a=6,a,=2,a, =1, 2,=3
HMeeM:
Upo =22 11 8°=6912.

Hau,

Teopexa III'. Ecan x,>0, x,>0,-++, x, >0, ¢, >0, 5,>0,
e, 4,>0,

x4 x‘:'. .. x:“ = p — NOCTOAHHO,
1

TO QyHKOHA Yy = X; + X+ -+ + x,
JIOCTHTA@T HAHMEHBINEro 3HAUEHHs NDH yCIOBHH (4).
OG603HaunB Kaxjoe H3 OTHOUIEHHA (4) wepes X, MoAyunM:
Xy =@ K, Xy=0y K, cee, X, =0 K.

n

X =af K%, xP=ap KB, ..., x00=al g™,
2 . g% %3 ... g% =
K- aft o ain=p.

Haxoanm 3uaueHne K:

—_—
=V ©

3uauenue HAHMEHbUWeH CYMMH UHCEN X;, Xy, +++, X, PABHO:
JR S —
P
Y = 26 =a l/ P ©®
n Haiita byHKIHH:
p=x+y+z

ecan £>0, y>0, 2>0 u £ yz* =6912.

Pewenue. Tlo gopmyae (9) noayuaem:
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r) IKCTpeMyMbl QYHKUHA MOXHO HAXOAHTH
€ MOMOWBIO HePaBeHCTB.

1. 3KCcTpeMyM KBaJpaTHOrO TPEXYAEHA.

DKCTpPeMyM KBaJPaTHOTO TPEXU/JEHA MOXeT GHTb NMOAYyYeH H3
CeNYIOMHX COO6paxeHuit:

Tpéxunen y = ax’ 4 bx 4-c paccuarpusaerca AAs BCex Be-
IECTBEHHHX 3HAuUeHHHA apryMeHTa, MOITOMY ypaBHenne ax’+-bx -+
+ ¢ —y =0 NOMXHO HMETh BEINECTBEHHHE KODHH, T. €. NHCKDH-
MHHaHT ero:

D=p —4a(c—y)>0. . (10)

Orciona u nonydaercs OrpaHHYEHHe HA 3HAUEHHS y KBAAPATHOTO
Tpéxunena (1):

b?
y>c—n npu 4_1>0;
b'l
y<c—4—a npu a < 0.

PaccvoTpnm  npumep. Hafith  Kpafinue 3HaueHns QyHKIHH
y=atgx+b ctgx npu ycaoBun, uto ab >0.
Pewennye. YMuOXHMB 0Ge uyaCTH paBeHcTBa y =algx -
4 betgx wa i{gx (nonaraem fgx + 0, B MPOTHBHOM Clyuae Cigx
He GyJeT CylLlecTBOBaTb) H NMepeHecs BC& B OAHY YacTh, NOAYUHM
ypaBHeHHe:
atgs — ytgx+b=0.

KopHH noJyueHHOTr0 ypaBHEHHS MOMKHH OHTb BeIlECTBEHHEIMH,
MO3TOMY LOJXKHO BHIOJAHATBCA yCAOBHE:

D=y*—4ab>0 wmm y*>4 ab.

OTCiona HAXOMHM, YTO Y O a6COMIOTHON BeMHUYHHE HE MeHbIUE, ueM
2Vab, . e |y|> 2V ab.
Taxum 06GpasoM, Aasi NaHHOA (YHKOHM HAXOLHM TaKHe KpafiHue

3HAYEHHR: Y, = — 21/ gb — nauGoAblIEe W3 OTPHILATEABHHX 3HA-
ueHnt ¥ Y, = 2)/ ab —nauvenblee U3 NONOKHTEABHHX 3HAUEHHH-
2. AHaZOTHYHO DACCYKJAOT NPH HAXOXACHHH 3SKCTPEMYMOB
Gyukuui Bupa:
_ axz—f- bx+c¢
T o bx+ e
(@ ¥ a; — OLHOBPEMEHHO HYMIO HE PABHH).

1
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PaccMOTPHM KOHKpeTHBA npumep. Haiith skcTpeMyMs 1po6-
HO-PANHOHAABHOR PYHKIHMH:

_AS4+3x—1
TE —x+1

Peuwenue. PaccMaTpuBaem ypaBHEHHE OTHOCHTENbHO X: (y Bpe-
MEHHO CYHTAEM NapaMeTpoM):

2y—D—x(y+3)+y+1=0
3mech AHCKPHMHHAHT:
D=(y+3]—40"~1) @
Morpe6yem, uro6u 6uA0 D >0, ANa Hero peUIHM HEPaBEHCTBO:
o+3—40"—1>0

B pesyabrate noayumm:

LA NPt s &) ®
OTclona HAXOMHM:

Yname, =

b Vs, =

3—4V3 3443
3 3 :
AHANOTHYHO HAXONAT 3KCTPEMYMH OYHKURA:
y=asinx 4 bcos x,
y=acos2x+ bsinx

_asinx 4 bcosx

T a,sinx + b, cos x w ap.

(Ha STHX NpHMepax MOKAKHTE, KAK 3TO AeJIaercs).

3. Yacro np TCA Hep B0 K y 02
(d+ad + - ta)(d +x 4+ 0) > (antant
+o e x) 12y

(nonpoGy#iTe 10KA3aThb 3TO HEPABEHCTBO XOTA OH A7 YACTHHX
cryuaeB: n =2;
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3nak paBeHCTBA HMEET MeCTO NPH YCJAOBHH:

X, X, X,
P e SRR (13)
a, a a
Caed: 1. Tlpu nep X X, Xy *++, X, TOCTOSH-
HHX @), @y, , @ U @ X+ 8y X+ oo +a,x,=§

dynknua y = xf + x; + e+ f,, JOCTHraeT CBOEro HaumMeHblle-
IO 3HAueHHs:

Sz
—Vu.u-.—a:+u:+___+a: (14)
Hafitn bynxnun:
y=x +% +x,
ecan 2x; 4+ xp + 5x3 =15,
P Voo = 1S 2B s
. TR T 80
Caedcmsue 2. Ecmm a,, ay, ---, @y, Xy, Xy, -+ - , X, — Oepe-

MEHHHE H NOMOKUTEJbHHE, 8 @) + a2 + -+ +a) =a? — mocro-
annoe M X} + X+ -+ + x, = §° — nocrosnnoe, T0 HAHGOMbIIEE
3HaueHHe (QYHKIMH:

y=a, x,+a,x,+ - +a, x,
paBHo:

Yoans. = | 2B (15)
Hanpumep, ecna} +a; + a3 +a; =16, 5 +x +5 +
X =

a,>0, a,>0,a,>0,a,>0u1 x>0, x,>0,%>0, x,>0
(uaH y 9HCeN X,, X, X; X, 3HAKH COBNAjalOT COOTBETCTBEHHO CO
3HAKAMH @, 4,, d;, a,), TO:
Vs =4 YV 20=8V'5 .
4. O ull sl CAEACTBHSMH H3 TEO-
DEMH O CpEHEM apH(METHUECKOM H CPEIHEM [EOMETPHIECKOM 7
s




MOOKHTENAbHHX UHCEN: X;, Xy, -+, X,. TeopeMa sra opMy.H-
pyercs Tak:

Cpennee apuMeTHuecKoe HeCKOMbKHX MOMOXKHTEbREX UHCeT
HE MEHblIe X CPEeJHEr0 reoMeTpHuecKOoro:

XtEXt oty —
ey >Vx X, (16)
(sHaK paBEHCTBA MMEET MECTO B CAy¥aE X; = X,= -++ =X, ).

B xauecrse ynpaxHenHs gokaxute, uto TeopeMu II u III mo-
JIY4aloTCs OTCIOA3, Kak caeAcTus. Ilocae storo o6obmute 3TH
TeopeMu: u3 teopem II u IIl moayunre Teopemu II" u III'.

5. B sak/ioueHHe PacCMOTPHM HECKOAbKO 3aJau Ha YCJAOBHHE
SKCTPEMYMH.

1) Hafitu kpafinue snauenus dyHKnuu:

Z=5 N+ 5y, + o+ XY,
ecan
KA, Y, Y <
P Tp Hepa B0 Kouni-Bynskosckoro:

2<(f Fato b a) - (VEyt o)<t
Orcioga: |2} n? wm —n2 Lz<n?.

- 2 2
Kpaiinne sHauenns: 2., = —n’, Zyu,=n"-

2). HaiiTu Hau6osbliee H HAaUMEHbllee 3HAYEHHH (QYHKUMU:
z=x"—xy+y?
ecn
2<A+y <4

Pewenue. TipeoGpasyem uccaeayeMmyio QyHKUHIO K ABYM Cie-
AYIOIUM BHAAM:

z= —lz'l(x’ﬂ’) +(x—y)] (17)
no2=p () — ()] (18

Tenepb, OueBMAHO, HAMMEHblllee 3HAYEHWE KAXKAOrO M3 BTOPHX
claraeMHX B KBaJDaTHHX CKOOKaX COOTBETCTBYeT KpafineMy 3Ha-
uenmio z, TaK KaK x° 4y’ orpannuero. Tak u3 (17) mpn y=x
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TOMy4YMM HauMeHbluee sHaueHue, u3 (18) mpu y = — x moxyuum
HanGo/blIee 3HaueHue 2. B ofoux ciyuasx Ads < HaXORUM:
1<x<2

Mepsoe ycioBue aadr:

l<z=x'<2. ar)

BTOpOE:
3<z=35<6 (18")

O6meaunsis Hepasenctsa (17°) u (18'), maxoaum:
1, 2., =6.

Z, wnano.

Ham.,
3) Haitru ycrosue, mpu xotopou yHKuus:
U:x2+y2 422

MMEeT HaMMeHbLIee 3HaueHHe, eC/IH apryMeHTH X,y H 2 yJOBje-
TBOPSIOT PaBEHCTBY:
ax+by+cz =k,

rae a, b, ¢ ¥ K — NOCTOSHHHE.
Peuenne. Bospmém TONAECTBO Jlarpamka:

(£ +y +2) (& + 8+ )= (ax + by + c2)* + (bx — ayf +

+ (ex —az)* + (bz —cy)*.
3gech B MpaBoll uacTH MEpBOE C/araeMoe PaBHO MOCTOSHHOMY
uMeay &, MOCTOSHHA Takke cymMa @’ + 5% +c¢’, nostomy Ham-

MeHblIee 3HAaYeHHe ¥ JOCTHraeTCs MPH yC/aI0BHH, Koraa bx—ay=0,
cx—az=0u bz—cy =0, 1. e. NpH BHIOJHEHUH YCIOBHS:

Haumensuiee 3Hauenne QYHKUUH PABHO:

2
Unor. =

k.
P
17



4) Hantu 6 ¢

by
2z =sin’ (x +y) cos (x—y) +sin’ (x —y) cos (x +),

ecn
sin® x + sin®y = m, cos x cos y>0.

Peuwenne. Jlannas QyHKOHA NErKO NpeobpasyerTcd K BHAY:

z=-!2— sin(x+y)(sin2x+sin2y) +—21— sin (x—y)(sin2x—
—sin2y).
OKOH4aTe/bHO (QYHKNHA Z MPEACTABHTCA TaK:

Z=2mcos x COS}y.

HauGonbuiee 3HaueHue 2 COOTBETCTBYET HAHGOAbLIEMY 3HAYCHHIO
JIPOH3BEAEHHA COS X COS y, @ 3TO MNOC/IEAHee NOCTHraercs TOraa,
KOTZa NpUMET HAauGO/bLIee CBOZ 3HAUEHHE NPOHSBENEHHE COS?
Xxcos?y, T. e. ecau:

2 2 2—m — eoc?
cos’x = cos’y = ——5— HaH COS X COS y = cOS'x,

TaK KaK 08’ x -+ cos’y = 2 — /M — NOCTORHHO.
Takum 06pasoM, MAXOJHM:
Zye=m(2—m).
5) Hatitu HB‘HGOJIBHJEE 3HaueHHe QyHKIHH:
U = cos® x cos™ y cos*z,

ecin cos’x + cos’y +cos’z=1, cesx#0, cosy #0, cosz = 0;

a, b, ¢— no. 'TeABUHE yucaa.
Pewenue. Ycnosue sxCTpeMyMa TaKoe:
cos’x _ cos’y _ cos’z _ 1
a ~ b T ¢ T a+4+b+c’

Orciona naxonum: .

a®b’ct
Ve ™ GrofoT="
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§ 18. 3anaun Ha Haxom[eHHe SKCTPEMYMOB (yHKuHL,

Ha#tn xpafinue 3uauenus caefyloOux GyHKmHA.

1y=x—6x. 2. y=—4x—s 3. y=-:~x‘—2x2+3.

—_— 3 —_—
4y=x+Va(l=+%), a>0, x>0. 5. y=xVo12

2x 2
6. y= A _ X —=3x+2
YEET T =TTy
H4245
8 y="— .
T

" +a
9 y= T n— HatypanbHoe.

2
10. y= ):: t : , M — HATYpa;bHOe.
1. y=x"(a—x)", mun— p
4HCIa.
12. Oynxmus:

_ ax*+ b
YEG=(x—9)

HMeeT kpaiiHee 3sHauenne —4 npu x =2, HaAtn 3nauenus a u b

M NOKas3aTth, UTO 3TO Kp eCTh H3 OT-
P HHX , a —9— —_ M3 TMOJOXHTEJBHHX
3HAaueHUH AaHHOH QYHKuMH. N

TMoxasaTh HEOTPAHHYEHHOCTh CAEAYIOWHX QYHKIHA:

18, y= %.
b
14, yzxin'

ne



15. y =(x—a).
16. y=a"; a>0, a+1.

17. Tlyets X, Y M Z — COOTBETCTBEHHO PACCTOSIHHSA OT NPOM3-
BO/IBHOH BHYTPEHHEH TOWYKHM JAHHOTO TPEyroJAbHHKA 10 €ro CTo-
poH @, b u c¢. HaiiTn nHauMenbluee 3HaueHne (yHKuuM:

U=x+y+2

M HauGo/bluee 3HaueHWe QyHKuuM: U= xyz. YKasaTb yC/IOBHS,
NpH KOTOPHX AOCTHTAlOTCA STH KpahHHe 3HAYEHHUS.

18. TMewexon HaxoauTcs B TOuke A MOKPHTOTO CHETOM MOJS
Ha pacCTOsHMH /x OT mpsMofi nopors, Beaymed B cero Z. Tlo
CHEry Meuwexoj ABHXETCH CO CKOPOCTHIO @ KHJIOMETPOB B uac, a
0 10pOTe — CO CKOPOCTbIO b KMIOMETPOB B uac. B Kakoil Touke
B on pomkeH BHATH HAa JOPOTY AJsi TOTO, YTOGH B KpaTda#urmi
cpok momacts B ceno J?

19. K xanaly wupHHOA @, NMOA NPAMHM YIJOM K HEMY MOA-
XORMT KaHan wHpHHO# B @, HaiiTu HauGoibwylo AauHY miioTa
UIAPHHOH 8 #, KOTOPHM NpH Cn/aBe He 3aCTPSHET B MOBOPOTE.

20. Yenosex, Haxoafmifics 1O OAHY CTOPOHY KaHata, HMelo-
mero wupuny 1000 4, XoueT AOCTHIHYThL MyHKTa Ha ApyroM Gepe-

ry, Ha ocs Ha pac 6% Kk# no xanaay. Ou Moxer

AeNdTh TMEWKOM 5 K4 R MAHTH'3 K# B uac. [1o KakoMy MyTH OH
HauGosee GLiCTPO AOAAET 4O mEaH?

21. Cyano B, naxopsiieecs Ha PacCTOSHMH 75 KM K BOCTOKY
oT cyaHa A, uABT Ha 3amad cO CKOPOCTbIO 12 Ki/wac; cyano xe
A upét K 10ry CO CKOpOCTbIo 9 Kafsac. B xakoll MOMeHT cyaa
6yayT Hau6o.nfe 6au3KH APYr K ADYry?

22. Ha kaKod BHCOTE HaJO NOBECHTH,3MEKTPHUECKYIO JaMIOY-
Ky, uTOGH B TOUKe # MOJa, oTcTofmel Ha paccrosHuy [ OT Bep-
THKA/JbHO! NMPOEKUMH STOH JaMIH Ha moJ, GEIA HaWGO/bLIas OC-
BEIEHHOCTD ?

23. U3 mymkra A, 0csi Ha JHHHUE # moporu,
B nyHkT C, HAXONAMHMACA HA PACCTOSHHMH @ OT JKEJIe3HOH AOPOTH,
JO/DKHEL TIEPENPABAATLCA IPY3H B TEUEHHE [IHTEJBHOTO BPEMEHH
4 B 601bUIOM Ko/iuyecTBe. CTOMMOCTH IPOBO3a BECOBOR eAHHHIE
Ha eJMHUIY DAcCTOSHWA paBHa m 10 Kele3Hoh Aopore u n
(n>m) no woccefnoft nopore. K kakoit Touke B xenesnoft no-
POTH C/eAyeT MPOBECTH 1WOCCe, YTO6H NpPoBO3 rpysa u3 A B C
6HUI BO3MOKEO femeBae?

24. CyTouHHE DAacXOLH MPH IIABAHHW CyNHA COCTOAT M3 ABYX
uacTe#t: MOCTOSHHOR B @ py6/el u mepeMeHHOH, Bo3pacraioumien
TPOMOPUKOHAABHO KyGy ckopocTd. Ipu KaKof CKOPOCTH niaBaHHe
CcyaHa 6yneT Hau6osee SKOHOMHYHEIM P
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§ 19. Fpaduku dyHnxunii.

YxasaTb OCHOBHHE CBOACTBA C/eAylOmMHUX QyHKuMA N0 HX rpa-

duxam:
Ly=%xtl __ %
'y_x—l' 3'y“x2_9‘

Lrx—2

x*
2.y= .4 y= .
Y YT e

a®
5. y= —21——2— npu a=2. (Fpapux HasLBaeTCs JOKOHOM
a+x ’

Anbesn).

% TP a =2, (Tpapux HasuBaeTcs NHC-

7.y=%x l/a +i npu @ = 2. (Fpaduk HasHBaeTCs CTPO-
~ounoit).

8. y=+ =

x—a
a=b=2u npn a=2, b=3. (Tpaduk Ha3uBaeTCs KOHXOHAOK
Huxowmena).

b—(x—a)® mpn b=1. a=2; mpu

9. y=+ V 8 + 4x —x2+ 8V x+1 . (Fpapuk — vacTHHE
BUA KapaMOHAH).

10. y=+ VaVa +4xX —a®—x* npu a=2. (Tpagux —
YACTHHA C/yualf JeMHHCKATH).

1. y= iV Va'+ 4’ —p—x* mpn a=2, b=1.
(Tpaduxu naswBaiorcs oBaiamu Kaccuuu).
§ 20. Kom6unaTopuxa
1. JJoka3aTb TOXAeCTBa:
1) Coi4Ch =Ck
2) C ‘FC:+1+ ce s+ G =C:1:-
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14) COCE +CLC 4 . . 4050 =C

3) Co+Cly+. .. +C =

K4n

-~

) €O . B =Cm . crom

n4x—m

3 41

1
5) Coe= Tl Cz-+z

*‘i

6) C.'y2C, +CH =cll,

7231, . .nl-3- 4.5, . a2 = ()"’

8) N+204314+ . . . +@n)l=11-32441. 62+
+ o+ G@r—21 @y

9 upCID @D, el

(n+x-+1)!
T K- (at1)

10) P+ 2248+ . .. +28=C, +2- (Co+
+C 4+ ... +C)

1) P20 434 L at=C F 1G5, +
+1C,,, +Cy

12) B4 2543+, . . +25=120C°,, +

+ 30C‘n+z+ C2-+1
n+1 n+x
13 (n+1)l+(n+2)l+ ° (n+l‘+l)l
=1 ___1
Tnl (n+r+1)1

‘m+n
15) CoCl +CLCE' 4 . .. 4O CN =
=c



16) COCE_4CIC 4. . L CNC =

=9%Ck ;s (n=2m—1).
17).CC+ G Calo+ . . . +CxIC_ =
=27 gy Gl e=2m—1)

n(n=1) | nr—1)(n—2)
272 3-3 e F

18) I
n—1 1 _ 1,1
+(—1k) s =ttt o
2. JlokasaTs TOXOECTBA:

1 1
Dya=mt et - Teonrns

! _
o (n — uérHoe)

20 ot M L O Gt - -
+C - Cr=2"".
8) C;—2C43C — . . .+ (=) nCl=0; (n£1)
4 C —2C +3C — . ..+ (=) m2. Ch=0;
(n>3).

_n(mr—1) n(r—1)(n—2)
8 n T 2 -

H (=) n=0; (n£1).
6) Cl(n—0—C. (n—2)+C(n—4 " — ...+

+(=1)" . C (n—2nP=0; (n+2).
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7)C(n—0y+Ch (n—2"+C (n—4+ . . . +
+C(n—2n)=2" . n.
8) CrCu— Gl Coa+C* - G~ . L L 4

. +(=1)"". O - Cm=0.

9 (=1 - Chy+ (=) - 28 G+

2 Ot 2 G =L
1, 19 1 _ 2
10 1+ 5 CG+g Gt - A G =

3. Uro Goasue, 40! uan 10407

4. Ha xakyio nau6oibuiyio cremedp uucaa 3 pemutcs 40!?

5. Ha#itu HaTypanbHHe 3HAUEHHS 7, NMPH KOTOPHX KaKHe-HU-
6yab TPH MOC/TeN0BATENBHHX KOS(QQUIMEHTa PasioKeHHs GHHOMA
(@ + b)" cocTaB/sIOT apUBMETHYECKYIO TPOTPECCHIO.

6. Hafttu HauGosbwiuh wied B pasioxenun (a -+ 5)", ecn
a>0,b>0ua+b=1.

7. loxasath, 9TO CyMMa KBajpaTOB GHHOMHAMBHHX K0s(du-
nuenToB pasioxenus (@ + b)" pasHa cpeaHeMy KkosddHUMEHTY
pasaoxenns (a + b)™.

8. JlokasaTb TOXAeCTBa:

11 2! m! _
Do+ n(n+1) +oe trmTn - (ntm—1)"
-1 [ (m+1)!
Tn-—-2 a@+1) - (atm=1) |’

2) (rbn) — 2 (e — 1) 4 LD (g gy
— e (=D - & =nt
Yty 2O (g

—ee (=D n=m
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9. PemuTs ypaBHeHHs:

1) 11- 31 51eee (26— 1)1 [—"(L;l

2)l_

4

3) [ax+b—(ax+ b+ 1)1+ (ax+b)'=ax+ b+ 1.

10. MexayHapoaHas KOMHCCHS COCTOMT H3 5 4/IEHOB — mpef-
CTaBHTeJeli MATH PA3NHYHHIX TOCYAapcTB. MaTepuasns, Hal KOTO-
PHMH DPaGOTAeT KOMHCCHHI, XpaHaTcH B cefipe. CKONBbKO 3aMKOB
JOMKEH HMeTb Celid M CKONBKHMH KIIOYAMH CJElyeT CHAaGAMTb
KaXJIOTO 4JeHa KOMHMCCHH, YTOGH JOCTYN K MaTtephanam GHUI BO3-
MOXEH TOJbKO 10r/13, KOTJa COGHPAIOTCH JIOGHE TPH 4JE€HA KO-
MHCCHH, HO He MeHbIIe.

11. Ha maxmartHo#f JOCKe MOXHO pAacCTaBuTbL 8 Jajel Tak,
YTOGH HH OJHA M3 HMX He GHIa JADYTYlo H BCe HAXOAMIHCH Ha
48pHHX nNoaaX. CKOJIBKO BO3MOKHO ~TAKHX DA3JHYHHX pac-
CTAHOBOK ?

12. 3anaya u3 cGOpHHKa 3alay ,MaTemaTHYecKHe B (PH3x-
yecKHe pa3BieyeHHs* (paHly3cKOoro matematHka Y. Osanama
(1640—1717). Cemepo apy3eii COGpaiHCh K O6€Ly, HO MeXAY
HHMH BO3HHK CIOp, KOMy C KeM CajuThCs. UTOGH NpeKpaTHTh
NpepeKanns, KTO-TO H3 MPHCYTCTBYIOUHX MPELNOXKA BCEM CeCTb
33 CTO/ KAaK NPHABTCA, HO C YCJAOBHEM, YTOGH BHOBb COGPAThCs
Ha ApYroH NeHWb ¥ 3aTeM B CIEAYIOUIHE JAHM 06enaTb BMeCTe,
NPUUEM KaX/H# Pa3s CaiuThC NMO-PA3HOMY, IO TeX MNOp, NOKa He
GyAyT HCMHTaHB BCE BOSMOXHHE KOMOuHauuu. Crnpammusaercs,
CKOJIbKO Pa3 MPUAETCA WM 06eJaTh BMeCTe IS 3TOH LETH?

I'zasa mpemss
TEOMETPHUS

§ 1. 3anaun Ha NOKa3aTeNBCTBO
H TeoMeTpHYECKHEe MeCTa TOuYeK.

1. Jokasarh, 4TO NJOWAAbL MNPAMOYTOJBHOTO TPEYTOJbHHKA
PaBHA NMPOH3BECHHIO OTPE3KOB THNIOTEHY3H, HA KOTOPHE €& JENHT
TOYKA KAaCaHWS BNHCAHHOTO KPyra.

2. Ec/u B TPeyroibHHKe CTOPOHH 06pa3yioT apH(MEeTHUecKyio
nporpeccuio (@ < b < ¢), 10 ac = 6 Rr. [lokasars.

3. Ilokasate, 4TO BO BCAKOM TPEYTOJbHHKE CyMMa MEJIHaH
MeHbIIe MepuMeTpa H GOJbie NOJMynepHMETpa.
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4. TokasaTb, YTO 1BA TPeyroAbHHKA, HMEIOUHE IO TPH pas-
HHX yFMa H TO ABE PABHHE CTOPOHH, He 06A33aTEABHO PaBHH
MexXAy coGof. :

5. B tpeyroabunk ABC prnucana OKDYXHOCTb, KOTOpas ka-
caetca ero ctopox B Toukax M, N u K. Jloxasats, 4TO Tpeyroas-
uux MNK Bceraa ocTPOYTroAbHHIf.

6. IlokasaTb paBeHCTBa:

2s hahyh

D FIF 17 Wb T bRE, TR

Kax u3aMeHHTC 3TO PABEHCTBO AAA MNPAMOYTOJBLHOTO TpPeyroJb-
HHKA?

TN L N FOeo R TP NS WO NS §
DEFIRYETT VRt R R
7. I b I Tpeyr p
1
s=75 R hh,.
8. l'loxaaarb, 41O ecam a Tpeyronsnnxe yras A ® B oranua-
1orcst Ha 90°, p €OOT
2 1 1
JR A ST
¢ (a+b)}  (a—b)

9. Jlokasath, 4TP €CAH B TPEYrOAbHWKE MEJHAHA PABHA MOJ0-
BiiKe CTOPOHH, Ha KOTOPYiO OHA OMYIIEHa, TO TPEYTOABHHK mps-
MOYrOMbHHH,

10. IlokasaTh, YTO AN BCAKOTO MPAMOYrONBHOrO TPEYrOJbHH-
Ka HMEKT MECTO PaBeHCTBa:

DA+ =P a2 R +R =R, 3)r+r+rn==~,

rae r, r, 7, ¥ R, R, R,— pajnycH BOHCAHHHX W ONHMCAHHHX
OKPYXKHOCTel JI8 JAaHHOTO TPEYTONbHHKA H TPEYTOABHHKOB, Ha
KOTOpPHE paséMBAaeT NaHHHA TPEYroAbHWK BHCOTA A, OmylleHHas
HA THNOTEHY3Y.
11. [loxasaTb AN TPEYrOJNbHHKA PaBEHCTBO:
ab + be+ca=6R(m+n + k),
TAE M, . K K — DAaCCTOSHHA OT NEHTpa TSKECTH TPEYTOJbHHKA
20 €ro CTOpOH.
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12. Jlokasatb, 4TO €CIH M, N H K — COOTBETCTBEHHO MNEpPNeH-
MKyAAPH, ONYUIEHHHE H3 MPOH3BOABHON BHYTPEHHeH TOUKH Tpe-
TOJbHHKA HA €r0 CTOPOHH @, b H ¢, TO CHPaBeIHBO PABEHCTBO:

K

m , n
Ta+Tb+

13. [ b AAA Tpey €00’

14. JloxasaTs, uTO eCH B TpeyroAbHHKe

r.—r=2R,
TO OH NMPAMOYTOJBHHH.

15. [loxasarb, uTO CHMEIHAHH TPEYrOJbHHKA NEpeceKaoTcs B
ONHOH TOuke (CHMENHAHOH HAa3HBAaeTCs NMpsMmas, Npo-
XORsmwas Yepes BepPMIHHY TPeyroJAbHHKAa H Aeasd-
‘Was NPOTHBONMOJNONKHYIO CTODOHY B OTHOWEHHH
KBAaJPaTOB NMpHAEKAMHX CTOPOH. ToOHuKa mepece-
YeHHA CHMeJHaH HasWBaeTcA TOUKOR Jlemyana).

16. [loxasars, 4TO MIOWAAb TPEYTOJNbHHKA, BEePUIHHAMH KOTO-
'POTO CAYXAT TOUKH, CHMMETDHYHHE OpPTONEHTPY (TOuKe mepece-
MEHHs ero BHCOT) OTHOCHTE/IHO CTOPOH JAaHHOrO TDPEYTOJNbHHKE,
paBHa:

s
=W(a’+b’—c7)(a’—bz+t’) (—a+ 56"+,

rae a, b, ¢ — CTOPOHH TDPEYroAbHHKE, § — ero mAomaib.
17. lokasath, 4TO BO BCAKOM TPEYrOJbHHKE

2= (@451 ) (FHyrd) -




rue X, y H 2 — PacCTOSHHA OT TOYKH NepeceveHHs CHMEJHaH 1O
CTOPOH TPeyroJbHHKA.
18. IlokasaTb, 4TO BO BCAKOM TPEYrOJbHHKE

mnk
r

rie m, n, K — OTPE3KH CTODOH, OTCEKAEMHE TOUKAMH KaCaHHs
BIHCAHHOTO prra.

19. BHYTpH NpAMOYTrONbHOTO TPEYTONbLHHKA 1aHa Touka O—Bep-
IIHHA paBHOBeAHKHX TpeyroaphnkoB OAB, OAC, OBC. [lokasaTs,
4TO .

OA’+ 0B*=5.0C.

C — BeplKHA NPAMOTO yria.

20. JlokasaTh; 4TO CTOPOHH TPEYrONbHHKA, HMEIOLIEr0 BEpIIH-
HAMH [eHTPH TsXecTH Tpeyroashukos ABD, BCD, CAD, rae
D — kakas-TO TOYKa B NJOCKOCTH TpeyronbHuka ABC, co cTopo-

a b <
HaMH @, b u ¢, COOTBETCTBEHHO PaBHH T 7 H R

21. Jloka3aTb, YTO €C/IH CTOPOHH TPEYrOJbHHKA CB3aHH COOT-
HomeHneM b’ + ¢ =Saz, TO MEJHMAHH M, W M, B3aHMHO NepNeH-
Auxgérmguu. CnpaBeannBa /m o6paTHas Teopema?

. B TpeyrosbHuke, y KOTOPOro pasHOCTb YIJIOB NPH OCHO-
BanuKu paBHa 90°, ITHHA GHCCEKTPHCH BHYTPEHHEro yraa MpH Bep-
IIHHE paBHA AJHHE GHCCGKTPHCH BHELIHEro yrJaa npu BepIUHHE.
CnpaseJ/iuBo /11 06PaTHOE yTBEPKACHHE?

23. [lokasaTh MPU3HAK DABEHCTBA TPEYrOJBHHKOB MO ABYM Me-
JIMAHAM H CTOPOHE.

24. TlokasaTs, uTO eciu B Tpeyroibhuke yroa A =30°, To

R=Y{r.—r)(r+r.)

25. B TpeyroJpHuKe NPOBENEHH BHCOTH, OCHOBAHHS KOTODPHX
COe/MHEHH OTpe3kaMu. Jl0Ka3aTh, uTO B MOAYYEHHOM TPEyrO/b-
HuKe (L€HTPAIbHOM) BHICOTH JAAHHOTO TPEYTOABHHKA CaAYyKAT GHC-
CEKTPHCAMH.

26. MOXHO JH, COEIMHSS TOUKH MEPeCeueHHs KAeTuaToH Gy-
MAarH, NOJYYUTb NPABHABLHHH TPeYTOJbHHK?

27. NokasaTe, uTO B OGuEM cJyuae 3ajauy O NOCTPOECHHH
TPEYTrOJIbHHKA MO ABYM CTOPOHAM W PAAHYCy BIHCAHHOH OKDYX-
HOCTH C MOMOLIBIO IHPKY/NS H AWHEHAKH DEUIHTH HeJb3s.
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28. JlokasaTh, 4TO B J06OM TPEYrOIBHHKE HMEIOT MeCTO pa-
BEHCTBA:

1) Rhyhyh=2rrpryrs 2) R(h hy+hh+hh,)

=2r(ryrytryrotror,).
29. Jloxasath mogo6ue rpeyroavhukos ABC u A, B,C,, ecin
B =B, h, :b =h:b.

30. MlokasaTb, 4TO MJIOWAAb BIMCAHHOTO YETHPEXYTONbHHKA
€o cTopoHaMu a, b, ¢, d onpeje/seTcs PaBEHCTBOM

S=Vip—a)(p—b)(p—c)(p—d),

rie p — NOJNynepuMeTp ueTHpPEXyroJpHuka (Teopema Jlexanapa).

31. JlokasaTs, 4TO B JI06OM YeTHPEXYTOJIbHHKE OTPE3KH, COe-
JMHAOUHE CEPEINHH NPOTHBONOJOKHHX CTOPOH, TOUKOH HX me-
peceueHus JeJATCA NONOJaM.

32. Jloxasatk, 4TO GHCCEKTPHCH YIVIOB MPAMOYTOJBLHHKA, Me-
pecekasch, o6pasyioT KBaupar.

33. JlokasaTh TeopeMmy: MpsiMas, NPOXOAAIIAT Yepe3 TOUKY
nepeceyeHus GOKOBHIX CTOPOH TpaneuuH H 4epe3 CepeiuHy OCHO-
BaHWs, NPOXOLHT Yepe3 TOYKY MEPEeCeueHHs €& AuaroHaieii.

34. JlokasaTb, 4TO €C/AH B UYETHIPEXYTOJBHHK MOXHO BIHCATH
¥ OKOJO HEro MOXHO ONHCATh OKPYXHOCTh, TO €ro mJaomanb
paBHa KOPHIO KBALPATHOMY H3 IPOH3BELEHHS €r0 CTOPOH.

35. Ec/H B IPOH3BOILHOM ueThlp&xyroapiike ABCD onycTuth
Ha AB nepnenaukyaspu BE, CF u OP (O — Touka mepeceue-
HHA JHATOHa/el), TO MJIOomaab 3TOTO YETHPEXYTOAbHHKA

s-AD BE-CF

2 opP -

Touka D — OPTOUEHTP KOCOYTOJBHOTO "I;{JEYI'OJII;HMKB ABC. Jlo-
Ka3aTh, YTO KaX1ad u3 ueThpéx Touek A, B, C u D sBasercs B
3TOM C/lyyae OPTOLEHTPOM TPEyroAbHHKA, OGPA30BAHHOTO TpeMs
OCTa bHEIMH TOUKAMH.

36. Ecam cepenuHH CTOPOH YeTHPEXYTOJbHHKA INPHHATH 33
BEDIIMHH HOBOTO, TO NOJY4HTCS napaniesorpamm. Ilpu Kakux
ycnoBusix on 6yaer mpaMoyroisHukoM? PomGom? Kpanpatom?

37. JloxasaTe, 4TO B TpPANENHH CYMMa YIJIOB NPH MEHbIEM
OCHOBaHUH 60.ru>u|e, YeM npu 60JIbIEM OCHOBAHHH.

38. OKOJIO OKPYXHOCTH ONHCAH 4YeTHPEXYTONBHHK. Ero ama-
TOHA/IH MeDeCeKaloTCs B HEHTPe 3To# OKPYKHOCTH. [lokasaTs, uTO
9TOT YETHPEXYrOMLHUK — POMG.
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39. YruH HeKOTOpOro 4eTHPEXYroabHHKa 06pasyloT apudMe-
THYECKYIO HPO]‘P&CCH]O c Pa3HOCTblO —1;—4 ,Elol(asa'n,, YTO KaX-
AHA W3 YIIOB 3TOTO YETHPEXYrOJAbHHKA MOXeT OHTh pasfenén
Ha TPH PABHHE YACTH C NOMOLIBIO MUPKYAS H JHHEHKH.

40. B kpyre nuamerpa d mpOBeJeHHl JBe B3aHMHO MEPIeHIH-
Kyaspune xopas AB u CD. [loxasats, uto AC®+ BD? = d?.

41. JlokasaTh, 4TO €CI¥ B UETHPEXYTOAbHHKE CYMMH KBajpa-
TOB IIPOTHBONOIOXKHHX CTOPOH PaBHH, TO AHATOHATH €ro mepece-
KaioTCA MOA NPSMHM YTJIOM.

42. Ecin B TPeyroJibHHKe CTOPOHH COCTABIAIOT apHdMeTHue-
CKYI0 NPOTPECCHIO, TO CYMMa DAacCTOSHHA OT INEHTPA OMHCAHHOTO
Kpyra 10 GOnpluieit ¥ MeHbuIeR CTOPOH pABHA JMAMETDY BIIMCAH-
HOTO Kpyra. JlokasaTsb.

43. Ecnn Ha onHolt M3 QuaroHanedf KBajpara, KaK Ha CTOpOHe,
l'!OCTpOHTb ﬂpaBH)[bHHn TpPeyroJbHHK H CTOpPOHH KBanpara, 3a-
KJIIOYEHHHE BHYTPH 3TOTO TPeYroJbHHKE, MPOAOAKHTL A0 nepece-
YEHHs CO CTOPOHAMH TPEYrOMBHHKA, TO KAWAWHK W3 GOABIIMX
OTPe3KOB NOC/AEJHHX PABeH CTOPOHE BMNHCAHHOTO B JAHHHA KBaj-
par pPaBHOCTOPOHHETO TPEYrOMbHHKA, HMEIOUIET0 C KBalpaTOM
o6umyio BepuikHy. JloxasaThb.

44. NloxasaTs, 4TO B MPRMOYTOJIBHOM TPEYTONbHHKE &>8RS.

45. M, N, P, Q — cepenusu ctopod kBaapata ABCD. TIloka-
3aTb, uTo nmpH nepeceuennn AN, BP, CQ u DM nonyuaercs kBaa-
par, nromaab KoToporo passa 0,2 muowagd AaHHOrO KBaApaTa.

46. [lokasaTh A8 TPeYTONbHHKA HEPABEHCTBO:

6, >V bc .

47. Ha cropose AB xsagpara ABCD, xak Ha Auamerpe, ONK-
caHa BHe KBaipaTa mOAyOKpyxHOCTh [lycts M xakas-#u60 TOuka
3TOR MOAYOKpYxHOCTH; npamue MC w MD mnepecekaior AB B
Toukax P i Q, mepnenaukyasps K AB B Toukax P u Q mepece-
xaoT MB u MA B Toukax S u R:

1) nokasare, uto PQRS — kBanpar;

2) nokasate, uro AQ-BP — PQ’;

3) Ha KAKOM PACCTOsHHH X OT AB Hano B3aTh TOuKy M, uro-
66 PQ=a -k (a— cTopoxa aanuoro kBagpata, 0 <<x <1)?

4) na#tth X, Aas KOTOpOro PQ umeerT HanGOABIIYIO BEAHUHHY.

48. JlokasaTb, 4TO eCAu B ueTHpéxyroabhike ABCD uMeeM:
AB = (D —=a, AC — BD =b, 10 ABCD - paBroGoyHas Tpameuns.

49. TouKkH OKPYXHOCTH O6/ajalOT TeM CBOMCTBOM, 4TO MPOH3-
BejeHHe MX PaccTOsHMM OT anamerpa AB W KacaTenbHOH B TOUKE
JOCTHrdeT Maxkcumywua. ﬂOKBSHTb, YTO 3THX TOYeK CYLIeCTBYeT
TOJBKO ABE M C 10YKOH A OHHM SBAAIOTCH Bepll.lHHaMH paBHOCTO-
POHHEro TPeyroibHHKA.

50. Tpu OKpY¥KHOCTH NONAPHO KacaloTcs Apyr apyra. Uepes
TOYKH Kacanus nposejieHa OKPYXHOCTb. ﬂoxasam, 4TO 3Ta OK-
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1YXKHOCTb MePNeHJHKYAAPHA KaXIOA H3 TPeX HCXOAHHX (YoM
MexX /1y JABYyMA OKPYXHOCTSMH B TOYKe HX mepe-
fEUeHHN HA3HBAETCH yrosa, o6pa3oBaHHHA HX Ka-
CaTEeIbHHMH B 3TOR TOuke).

51. JloKasath, 4TO LEHTP ONMHMCAHHOH OKPYXKHOCTH, ODTOLEHTP

¥ Touka MepeceyeHus MEAWAH TPEYTOMbHHKA JEKAT HA OLHOM mps-
Mo#t (3Ta mpaMas HaswmBaeTcs npaAMoi diaepa).
+ 52. Ecau TPM 1MAaroHaNH BMMCAHHOTO IIECTHYTONbHHKA CIYKAT
AMEMETDAMH ONMCAHHHX OKPYKHOCTEH, TO MJIOMAnb IWEeCTHYTO/b-
JMHKA D4BHA YNBOGHHOH MJIOMAK TPEYTOJIbHHKAE, HMEIOWEro CBOH-
MY CTOPOHAMH KaKHe-HHGYIb TPH K3 OCTATBHHIX AHArOHAIeR 3TOro
WeCTHyroAbHiKA. JloKasaTb.

53. Jloka3aTb, 4TO OKPYMHHOCTH, MOCTPOCHHHE HA JBYX CTOPO-
HAaX TPeyroAbHUKE, KAK HA NHAMETDAX, MepPeceKaioTcs Ha TpeTbed
CTOpOHE MK HA e§ MPONOMKEHHH.

54, JlokasaTh, 4TO o6llas KacaTenbHas ABYX ODPTOrOHAIBHO
t (mon mp YrJI0M) mep XCl OKPYXHOCTeH eCTb Cpel-
HAS TPOMOPHHOHA/NbHAS MEXKAY WX O6meH XOpnoH M paccTosHueM
MEKLY LEHTPAMH.

HanTi reoMeTpHyecKoe MEeCTO TOYeK, CYMMa pacCTOsHHMi
. KOTOPEIX OT ABYX MEPECceKaiomUXCsi TMPAMBIX paBHA NaHHOMY OT-
pesky a.

56 Jlau orpesok AB-m. HaiiTh reomeTpuyeckoe MecTO Bep-
wus C OCTPOYroAbHHX Tpeyroabuukos ABC.

57 Jlana okpyxHocTb u Be €& rouka A. Haiitu reomerpu-
ueckoe Mecto Touek M TakuX, 4To6H paccrosuue MA paBHsroCh
AnuHe Kacareapot MT.

58 Haiitu reomeTpuyeckoe MeCTo HEHTPOB OKPYKHOCTEH,
NPOXOAAMKX Yepe3 NAaHHYI0 TOUKY H OTCEKAlOmHMX Ha JaHHOM
NpsAMOA OTPE30K AaHHOH AJHIBL.

59 OmpenesuTh TeOMETPHYECKOE MECTO LEHTPOB THKECTH
TPEYTOIbHHKOB, HMEIONHX JaHHOE OCHOBAHHE W JAAHHHA Yrol mpH
Be PILHHE.

60. Tpeyrombuuk ABC, onucaHHbli OKOJIO JAHHOTO Kpyra C
uentpom O, usMensercs Tak, uto Bcé spems OA - OB - OC = m’.
Haiiti reomerpuueckoe MECTO HEHTPOB OKPYXHOCTEH, OMHCAHHHIX
okoxo Tpeyroibuuka ABC.

61. Ilan otpe3ok ®u Touyka Ha HEM. HaiiTh reomerpuueckoe
MECTO TOYEK NepeccueHHs KacaTeNbHbIX, NPOBEAEHHHX W3 KOHIOB
OTpe3ka K OKPYMWHOCTH, kacaiollefics ero B JaHHOM TOuKe.
PaccMmorpeth cayual, Korla TOYKa 1a@HA HA TPOLOMKEHHH OT-
peska.

62. B kpyr BmucaHb Tpaneuus, , OCHoBaHHeM KOTOPO# C.Ty KHUT
AMaMeTp, M paBio6eipeHHblt TPeyroAbHHK, CTOPOHH KOTOPOTO
napajnesbHbl CTOPOHAM Tpameuusd. [loKasaTh, YTO TPEyroALHHK H
TPAIICIHs PABHOBETHKH.

63. Haitti reomerpuyeckoe MeCTO OPTOUEHTPOB TPEYroJbiik=
KOB, HMEIOIHX 06lIee OCHOBAHHE # PaBHbe YIB! MPH BEPIIHHE.
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64. Haltt reoMeTpuuecKoe MeCTO LEHTPOB NPSMOYTOJIBHHKOB,
BNHCAHHHIX B NAaHHHI TPEyroJbHHK TaK, 4TO JABe BE!pLUHHH Kax-
JI0TO NPAMOYTOJbHHKA JI€XAT HA OCHOBAHWH, 4 ABE APYTHe HA
GOKOBHIX CTOPOHAX TPeyTOAbHHKA A.

65. Hafith reomeTpuueckoe MecTO TOYEK, KacaTeJbHHE W3 KO-
TOPHX K JByM JaHHEIM OKDYXHOCTAM PaBHH MeX1y cOGOii.

66. HaiiTh reomeTrpuuyeckoe MecTO NEHTPOB OKPYXHOCTef,
BIIMCAHHBIX B NPAMOYTOJBHHE TPEYTONbHHKH, HMeouke O6ILLyIo
THIIOTeHY3Y.

67. JlBe OKpYKHOCTH mepecekalorcsi B Toukax A u B. Uepes
TOYKy A TpOBeJeHa CeKyIlas, BTOPHYHO Mepecekaomlasics C
OKpyXHOCTAMKH B Toukax M u N. HaiiTn reomerpuueckoe mecro
Touek, OmuchHiBaeMbix cepenuHolit C orpeska MN, koraa cexymas
BpamaeTcs BOKPYT TOUKH A.

68. 3ajaua BEIHKOTO rpedyeckoro matematika Eskauaa (111 8.
10 H. 9.). KBagpar, MOCTPOEHHHH HA CTOPOHE BIKCAHHOTO Mpa-
BHJILHOTO NMATHYTOJBHHKA, PABEH CyMMe KBaJpaToB CTOPOH, BIW-
CAHHBIX B TOT K€ KPYT NpPABHIbHHX WIECTHYTOJBHHKA H AECATH-
yroabnuka. [lokasats (10-oe npemnoxenne XIII knurn ,Hauan“).

69. 3anaua EBkanaa (4-oe npennoxenne Il kuuru ,Hauvaa“).
IlokasaTh, 4TO B KpYre HHKAKHE JBE MNepecexaiomuecs XOPIH,
KPOME JHAMeTPOB, Hc NEJAAT APYT APYTa MOmojaM.

70. 3anava @pOHTHHA, PHMCKOro 3emiemepa | Beka H. 3
JlokasaTh, YTO pajgHyC Kpyra, BIHCAHHOTO B MNPAMOYTOABHBIA
TPEeYTONBHHK, PABEH p — ¢, TJe ¢ — THNOTeHy3a, a p — NOJAYNepH-
METp TPeyroJbHHKA.

71. 3ajaua BEJIHKOro rpeyeckoro yu&Horo Apxumena (287—
212 rr. po H. 9.). Jlokasarh, 4TO €CAH B Kpyre ABe XOpPAb!
TepeceKaloTcs MOA NpPAMHM YIJIOM, TO CyMMa KBajipaTOB YeTH-
PEX OTPE3KOB XOpPJ paBHA KBALPAaTy AHAMETPA.

72. 3anaya ApxuHmena H3 TpaKrarta ,Jlemmbi“. Toukoit A
JAHaMeTp MOJAYKpPYTa HeJHTcs Ha 1Ba oTpeska. Ha stux orpeskax,
KaK HAa JHaMeTpax, CTPOSTCA MOJAYOKPYKHOCTH IO OJHY CTOPOHY
C JaHHHIM Moaykpyrom. Jlokasare, 49TO Miowaxb GUrypH, orpa-
HWYEHHOH TNOJYOKPYXHOCTAMK (apGesoH), paBHa MIOWALM KpPYTa,
JAMaMeTp KOTOPOTO paBeH JJHHE TNepNeHAHKYJfpa K IHameTpy B
TOuKe A 0 Mepeceyenns C OKPYIKHOCTBIO.

73. 3anaua QpeBHETPEYECKOrO MaTeMaTHKa H acTPoHOMa
Nronomesn. [lIpoussesenne AHATOHAJNEH UETHIPEXYTOJAbHHKA, He

BITHCEIBAGMOTO B KPYT, CYMMH T neHuH MpOTHBO-
TIOJIOKHEIX CTOPOH, 3 I/ BIHC 0 B Kpyr— mp
ZMarOHaJel PaBHO CyMMe TIp JeHH i IpoT HEIX CTOPOH.
Jlokasars.

74. 3anaua ApXumena H3 TPaKTata ,JleMmbi®. Ecin 18e OKpyx-
HOCTH Kacaiorcst B Touke E W auameTpn AB u CD mapasiebHbl,
TO Toukd A, E m D jexar ua oauo# npsamoi. JloKas3athb.

75. 3anaua M3 TpaKTata ,MatemaTHyecKHA COGOpHH«“ Beau-
Koro rpeueckoro maremaruka Ilanna, uswero B 300—370 ro-
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Jax H. 3, Hoxaaan,, YTO BO BCSKOM TpeyroJbHHKE mapaaneno-
TPaMM, MOCTPOEHHB HA ONHOH CTOPOHE TPeyroABHHKA BHYTPH ero
‘H MMEIONWH 1Be JpyrHe BepPLIMHB BHe TPEYTOAbHHKA, PABHOBE-
JMK CyMMe IByX NapajJeforpaMmoB, MOCTPOEHHHX Ha JBYX Apy-
THX CTOpPOHAX Tpeyrommm(a TaK, YTO CTOPOHH KX, Napaj/ejbHHEe
CTOPOHAM TPEyTOJbHHKE, TPOXOAAT Yepe3 BepLIMHH NepBoro ma-
paJiiesorpamma.

76. 3apaua [lannma M3 3Toro e Tpakrara. [lokasats, uro B
Kpyrax miomanu nonOGHHX CerMEeHTOB OTHOCATCsI, KaK KBaApaTH
XOpJK, CAyNAmux um ocHopanusimu. (O6o6menne Teopeml [Muca-
ropa).

77. 3anaya M3 TpPaKTaTa ,YCOBepUIEHCTBOBaHHOEe YYeHHe
Bpambl“ WHauficKoro MmatemaTuka Fpamaryntbl. wHBiuero B 6—
7 Bekax H. 3. [lokasaTh, 4TO TNPOH3REJEHWE NBYX CTOPOH Tpe-
YTOJBHHKA, 1eJEHHOE HA JVIHHY NepneHanKyasapa, OnyleHHOTo Ha
TPeThIO CTOPOHY M3 TMPOTHBONOJOKHOH BEPUIWHH, DABHO AHAMe-
TPy OMHUCAHHOTO KpyTa.

78. 3anada BpamarynTbi u3 3TOr0 e TpakraTta. B wernipéx-
YroJbHHKE, AHAaroHajsd KOTOPOro B3aHMHO NEPNeHIUKYJAAPHH, KO-
PeHb KBAJPATHHH M3 CyMMbl KBAJPAaTOB JBYX NPOTHBONOJIONKHHX
CTOPOH paBeH JHaMeTpy KPyra, OIMHCAHHOTO OKOJIO 3TOrO HeTH-
PEXYTOJbHHKA.

79. 3anava 3 Tpaktata ,O TpeyroabHukax‘ Hopaana He-
mopaphs (ymep B 1237 r.). Jloxasath, YTO H3 BCeX TPeyTONBHH-
KOB ¢ OGmIMM OCHOBAHWEM, BNHCAHHHX B KPyr, PaBHOGeApeHHHIH
06.1a1aeT HaMGOBIIEH MIOWANBIO.

80, 3apava Horana Buamama, wemenxoro martematuka XV
BeKa. JlokasaTh, UTO ecAH A BbICOTAa TPeyroibHHKA, b — OCHOBa-
HHe, X — MeHbIIHit U3 ero OTpPEe3KOB, TO pPagHyC OMHCAHHOTO prl‘a

b s b
-+

2 2 -~
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2h

81. 3anaya auramiickoro maremathka PoGepra Cumncona
(1687 —1768). [Moxa3arb, YTO eC/H H3 NPOH3BOABHON TOUKH OKPYNK-
HOCTH, ONHCAHHOH OKOJIO TPEYTOJbHHKA, ONYCTHTL HA ero CTOPOHH
nepneunukynﬂpu TO WX OCHOBAHUsS JeXxaT HA OAHOH npﬁmon‘

3anayn  (paHuysckoro marematHka Cum6Ha Jlioabé
(1750——1840) JlokasaTb 1St TPEYTONBHHKA PABEHCTBA:

2) S*==rrryr..

83. 3apaua wemenxoro matematuka XIX Beka A. ®. M&6u-
yca. [lokasaTh, TO HAa HampaBieHHH DAaBHOLEHCTBYIONLEN ABYX
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CXOAAIWMNXCA CHJA CYLECTBYeT TOUKa, o6Jajaiolas TeM CBOHCTBOM,
4YTO MNPH MOBOPOTE 3THX CHI OKOJIO HX TOUYEK TPHJIOKEHHA Ha
ONHH H TOT XKe nponasonbnuﬁ yroza, paBHOﬂEﬁCTBy]Ollla)l HX BCe-
raa 6yneT UpOXOIHTb Yepe3 3Ty TOUKY.

84. 3anaua ¢panuysckoro Mmatematuka Jasaps Kapué
(1753 — 1823). [loka3aTb, 4TO B OCTPOYrOJbLHOM TPeyrOJbHHKE
CyMMa pacCTOsHHi OT LIeNTPa ONHMCAHHOH OKPYMKHOCTH N0 CTOPOH
TPeYroJbHUKA PABHA CyMMe PajdyCOB BMUCAHHOM W OMMCAHHON OK-
PYKHOCTEH.

85. 3amaya Janepa. Ectu d — pacCTosiHHe MEX1y ILeHTpa-
MH KpYroB, ONHCAHHOrO OKOJO TPeyroJbHHKa H BIHCAHHOTO B
Hero, To 1okasate, uto d° = R —2Rr.

86. 3amaua uTanbsAHCKOro reometpa Muosanuu Yessi (1648—
1734). JlokasaTs, YTO eC/H uepes BEPLIHHB TPEYrOMbHHKA H NpO-
H3BO/IBbHYI0 TOuKy O B €ro MJIOCKOCTH MPOBECTH MNpAMHE, mepe-
cekamolllue CTOpOHH Tpeyroashuka AB, BC u CA COOTBETCTBEHHO B
Toukax C,, A, u B,, TO npousBejenns Kayaux TPEX OTPE3KOB, HE
MMelomMX O6IIMX KOHIOB, paBHb Mexay coboit: AC, - BA, - CB,=
=AB, - CA, - BC,. (TpaMsie, BHXONAIIME M3 BEPIIHH TPEYroAb-
HHKa W nepecexamoliueci B OIHOH TOYKE, HA3BIBAIOTCH MPAMBI-
Mu Yeps, win yepHaHamu). JIOKaKHTe O6paTHYI0 TEOpeMy.

§ 2. 3amaum Ha BbIYHCIEHME.

i. Mo cTopoHam a u b TpeyroJAbHHKA HAHTH TPETHIO CTOPOHY,
ec/TM MeJHaHHl, NMPOBENEHHEE K NaHHHM CTOPOHAM, MepecekKanTcs
NOX MPSAMHM YI/IOM.

2. Ha#itu amameTp Kpyra, B cerMeHTe KOTOPOro COOTBETCTBYiO-

mem xopae Autoht B /21 cA, BmMCAH KBampaT cO CTOPOHOR B
1,4 cx.

3. Nauwm h,, 6, u m, Haiitu R.

4. Tlo naHHmIM cTopoHam a, b, ¢ Tpeyroabuuka ABC ompese-
JMTh €r0 MeJHaHhl, BEICOTH M GUCCEKTPHCH ero BHYTPEHHHX YIJIOB.
5. Hafith unc0 paBHOGEIpeHHBIX TPCYrOMbIHKOB, KOTOpblEe
MOXHO COCTaBHTh H3 OTPE3KOB MAMHOH B 1, 2, 3, ..., 7 eQuHHI.
6. aun Toukn A, B u C. Haiitu Touky M Takyio, 4TOGH:
1) cymmer AM + BM u BM + MC uMeln JaHHHE 3HaYeHHs;
2) passoctt AM  BM u BM — CM uMeaH jaHHBIe 3HAYEHUS;
7. Ha cropone Ttpeyronbuika ABC n1ama Touka M. Halitu na
BC touky N Tak, uTo6u cymma paccrosuuit M u N ot AC pas-
uanace MN.
8. HallTn Tpeyro/ibiuK, CTOPOHEI KOTOPOTO BBIPAKAIOTCH UEJbi-
MH UHMCTIAMH, a NIOWAJAb W CYMMa BHICOT YHCJIEHHO DaBHbI.
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9. JlaTh reOMeTpHYeCKOe HCTONKOBAHHE BHIPAKEHHAM:

mi* S+ nl* r*
m4-n=————

xlrs ’
2 2 2 2
Kkn's +1Im° r
g».,lz_—_‘t_.__
mnrs
2 2 2.2
rl'n” +re’m
rgs=LTIER

mnxl

10 [aubs j7Be paBHBIE OKPYXHOCTH pajHyca r, PaccTOsHHe
MeXJy HX IeHTpaMH paBHO d. BuuHcauTh naouiage pomGa, oGpa-
30BAHHOTO KacaTebHbIMH, NPOBEASHHBIMH H3 LEHTPOB KaXJOH OK-
PYHOCTH K JIPyTOM.

11. Onpene/uTe NOmaAb KPyra, €ciH DPasHOCTb MEXAy MJo-
Waabio MNpaBHABHOTO BMHCAHHOIO B HEro BOCbMHYTOJIbHHKA H
TNAOUAABIO NMPABHJABHOTO BINHCAHHOTO IIECTHYTOJNbHHKA paBHa 1 M’.

12. Bgannoﬁenpennuﬁ NPAMOYTOAbHEHR TPEYTOABHHK C THINO-
Teny3oit Bnucan kpyr. [1poBecTH OKPYXHOCTb, Kacawulyocs
KaTeTOB TPEYTOJbHHKA H BIHCAHHON OKDYXHOCTH H HalTH e pa-
Anyc.

13. M3 MeanaH IaHHOTO TPEYroJbHHKa C MAOWAAbI0 S NOCTPO-
eH HOBHH TpeyroipHHK. HaliTh miomanp 3TOr0 TpeyrojbHHKa.

14. B tpeyroabhnke ABC npusenens AF, BD w CE Tax, uto

CF = IT BC, AD = % ACwu BE = %AB. T1omann TpeyronbHHKa,
CTOPOHaMH KOTOPOTO SBJSIOTCS 5TH OTpe3kH, pasHa S. Halitu nuo-
wanp Tpeyroxsuuxka ABC.

15. B kpyr pamsyca R BNHCAaHH [Ba NPaBHBHEX TPeyTro/b-
HHK3, KOTOpDble TepeceKkaloTcss Mexiay CO60H Tak, uTO Kaxaas
CTOpOHAa JNEAHTCA HA TPH paBHbie uyacTH. Hafith niomans ¢urypw,

P % uX nepec .

16. B kpyr paauyca R BnKcaHa Qurypa, COCTOAIAs W3 KBaj-
parta, Ha CTOpOHAax KOTOPOI’O TMOCTPOEHbI NPaBHJAbHbIE TPEYrOJAbHH-
Ku. HaliTH QJIHHY CTODOHB 3TOH (HTrypHI.

17. Yepes npoH3BOJbHYIO TOUKY BHYTPH TPEYTOAbHHKA MpoBe-
JleHbl NpsiMBbIe, 11dpanjefbHbe ero CTOpPOHaM. Bupaamb Iowanns
JIaHHOTO TPeyroJbHHKA Yepe3 MNJoLajH S‘, 82 H 53 TPeyTONbHH-
X0B, 06Pa30BABIIKXCS BHYTPH JAAHHOTO TPEYroAbHUKA.

18 [lan npsMoyroabubn Tpeyroabhik ABC. Ha nepnenamky-
A9pax K THNOTely3e, BOCCTABACHHBHIX B TOUKAX An B, OTJ/IOXKEHH
BB, = BC u AA, = AC. BuluHCIHT CTOPOHB TPEYTO/bHHKA, 3Has,
uTO MEPHMeTp €ro paseH 2 p, a miowans Tpameuun BB, A A

2

K
pasua 5 (k¥ — nannoe uucao0). Hccaenosats pemenne.
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19. Croponn Tpeyronpnika paBue: AB =10 cu, AC =12 cx,
BC =18 cx. Uepes touky D, B3atyio na AB, npoBenena npsmas
DF|, BC u uepe3 touKy ,_Y_ npsamas FP[| AB.

1) Buuncaute BD u BP, ecan nepumerp napannenorpamma BDFP
pasen 2 a (a — 24 cu);

2) Ilns kakHX 3HaueHHI @ mapainenorpamMM sABJSeTCS POMGOM ?
3) Ilas kakux 3HayeHHH a4 3ajaya BO3MONKHA?

20. Menuann tpeyroabhuka ABC (m, m m.) oGpasywoT co
croponoit AC yraw, pasupe 31 15 u 28°45’, a niomans npsMo-
YrONbHHKA, NOCTPOEHHOTO HA 3THX MeJHAHAX, PaBHa V34 Bu-
YHCAHTD 6€3 MOMOIWM TPHrOHOMETPHH ILI0ILALb TPEeyrOAbHHKA.

21. B napansenorpavme Go/bIlasi iHaroHa/ib pasHa d, a CTOPO-
HH —m W 1. Tpe6yercss BHIYHCAHTB:

1) niomanb Koablla, 06PAa30BAHHOTO JABYMSI OKPYXKHOCTAMH, AHa-
METPBl KOTOPHIX PaBHbl JHATOHA/ISM MNapaj/ie/orpamMva;

2) nauHy xopam B GoJbliell OKPYXHOCTH — 4aCTH KacaTeabHOH
K MeHbIIEH OKPYKHOCTH.

22. CropoHH Tpeyr! CBSI3aHB COOT

at=b*+ ¢

Moxer an yron A GHTh MPAMBIM HJIH TYNHM?

23. Tlo yeTHp&M CTOPOHAM TPANELHH BBIYHCAHTL €€ JHATOHAMH.

24. Henapaaie/biibie CTOPOHH TpanenHH NPOXOIKEHH A0 B3a-
HMHOrO NepeceyeHns, K Yepes NoJy4YeHHYIo TOUKY MpOBEJEHA mpsi-
Masi, Napa/i/elbHas OCHOBaHHAM Tpaneuwu. Haith orpesok eg,
orp: it 11ponoJ JIHATOHA/ISIMH,  €CIH OCHOBAHHS
TpaneuHu cyth a H b.

25. B TpaneuMH, oCHOBaHHs KOTOPOH a W b, npoBejena uepe3
TOYKY MnepeceyeHus JAHaroHaJeit npsaMas, napasjejbHas OCHOBa-
HusaM. Ha#iTH oTpesox e€, 3ak/IOYEHHBIA MexAay GOKOBHIMH CTO-
pOHAMH.

26. Halith oTpesok npsMoii, napajeNbHblii OCHOBaHHAM Tpa-
meuHH H Jeasinui e€ Ha JBE PaBHOBE/JHKHE YaCTH.

27. Ha karerax AC u BC tpeyroabuuka ABC Bee ero mocr-
poenn kBagpatst BDEC w ACMF. Ha runoreny3e noctpoes (Toxe
BHE JIAHHOTO TPCYTO/bHUKA) NPAaBH/IBHEIA Tpeyroasuuk ABN. Tou-
ki F, A u N nexar Ha OXHOA NPAMO#, THNOTEHY3a TPeyroAbHHKA
ABC pasua c. Halith niomans nsathyroasinka DEMFN.

28. B paBHOGENPEHHOM TPEYrOAbHHKE DPAJHYC OMHCAHHOH OK-
PYKHOCTH R = 25 c#, a pailHyC BNHCAaHHOH OKPYXHOCTH 7 = 12 car.
Haiith cropous tpeyroJbunka.

29. Onpene/uTs NJIOLAAB TPEYrOJBHHKA M0 OCHOBAHHIO @ H
no ABYM TpHJIeXAluM K HeMy yraam B =45 u C=30".

30. B npAMOyro/bHOM TpeyroibHHKe MNPOEKUHH KaTeToB Ha
THNOTEHY3y paBHbl M K n. HaiiTh niomanb TpeyronbHHKa.

31. Touka BHYTpPH Kpyra OTCTOMT OT NEHTPa Ha PAaCCTOSIHWH C.
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Xopﬂa. NPOXOAALlas yepe3 3Ty TOUKY, NEJHTCH HA ABe 4YacCTH a
u b. Onpenennts paguyc Kpyra.

32. BuyTpennss u BHemHsis OGLIHE KACATE]bIIbIE K JABYM OK-
PYKHOCTAM paBunl @ H b. Onpenequts MJMHY OGiie#t KacaTebHok
nocjae TOro, Kax COHKEHBI OKPYXKHOCTH A0 CONPUKOCHOBEHHS.

33. B Tpeyro/ibHHKe, BOHCAHHOM B KPYyT paguyca R, oaHa cTo-
poua pasHa cTtopoiue MPaBHJIbHOrO BMNHCAHHOTO II€CTHYTO.IbHHKA,
apyras -— CTOPOHE MPaBHJIBHOTO BIIMCAHHOTO TPEYTO.1bHHKA. Oﬂpe'
NEJNHUTh ’I‘peTblO CTOPOHY H MJOWAAH CErMTHTOB, OTCeKaeMBIX CTO-
pounamu Tpeyronhuuka

34. 3anaua u3 TpakTata ,Bcé n3sectHoe B apudmMeTnKe“ apab-
cKoro matemaTHka Ajx-Kapxu. CTopony BIIHCAaHHOTO NPaBHJbIOTO
JABEHANLATHYTOJLHHKA BHIPA3HTbL HEpe3 AHAMETp Kpyia.

An-Kapxu nonyunn gas @, CJenyioniee BblpajeHHe:

w[EVETTL ()

npOBEpMTL 3TO0 pﬂBeHCTBO.

35. 3ana4a H emeuxoro apxuenuckona lepGepra (930  1008).
Tlo nanHo# D/OW@NK NPAMOYTOJLHOTO TPeyroJbHHKA H €ro THmo-
TeHy3e HafiTH KaTeThl.

36. 3ajava Hemeukoro Matemathka M. lltudens (1486 —
1567). BuipasnTh uepes pajuyc OMHCAHHOTO KPyra CTOPOIY Mpa-
BHJIBHOTO NATHYTO/JbHHKA H €ro JHaroHa/b.

37. 3anaua n3 ,Kypca mateMaTHKH“ ()paHUy3CKHX aBTOPOB
Ansesa, Buaan, [onrccana u Byapo. [lo pawHomy nepuMeTpy
TNPaBHJABHOTO BNHCANHOIO B KPyT MHOTOYTO/NbHHKA HAHTH TnepHMeTp
OIHOUMEHHOIO OMHCAHHOTO MHOTOYTOJbHHKA.

§ 3. O reomeTpuyecKHX 3alayaX Ha NMOCTpOeHHe.

Tox 3ajauaMi Ha NOC1poeHHe OGHLIYHO MONKMAIOT 33anauH, pe-
maeMble ¢ NOMOWBIO HHPKY/IsA  JuHediku. OT APYTHX BHAOB 3a-
JlauH HA NOCTPOEHHE OTJHYAIOTCs TEM, YTO HCKOMBIE OGBEKTh 10K~
KBl GHITh M306paceHnl Ha ueprexe. (Yame Bceio ¢ nomompio
LHUPKYJA M JIHHEHKH).

B pemenun 3anaus Ha NOCTPOENHHE PA3HYAIOT YETHIPE YaCTH:
1) auwanu3, 2) nocrpoenue, 3) N0Ka3aTeALCTBO, 4) HCC/en0BaliMe.
PaccmoTpuM npumep: [TOCTPOUTB TPEYTCIBHHK NO OCHOBAIHIO, BLCO-
Te M MelHaHe, NPOBEIEHHHM K OCHOBAHHIO,

1. Auanus. Jlaxe nas 3TO# CpaBHHTEABLHO JETKOH it TPy -
HO MBICJIEHHO MpPE/CTABHTb BO3MOXKHHEA NMyTh MOCTPOeHHS  UTOOM
o6nerunTh ce6e OTHICKAHHE 3TOTO MYTH, H306pasuM 1la MCpTexe
TIPOH3BO/BHEI TPeyroabiuk ABC (4. 1). [TpoBeats B HEM BHCOTY #
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MejHany. KoneuHo, ocoBanHe, BBICOTA H MEIHaHA H306PaKEHHOrO
HAMH TPEYTOJbHHKA HE 6yz(y'r PaBHSATHCS JAHHHM OTpe3KaM. Onna)co
3TOT qepTém TIOMOXET HAaM YCTAHOBHTH CBH3b MeX 1y JAAHHBIMH H
HCKOMBIMH  BeJMuHHauMu. B
nepBoil YacTH Mbl Gyxem 3a-
8 HHMAThCS YCTaHOB/IEHHEM
3THX CBs3ell. ITO W Ha3biBa-
eTCs AHAJIH30M 3ajauH,
HWrak, MB JOMKHB TO-
CTPOHTH TpeyroibHuk ABC.
TIOCMOTPHM, Heab3si JH CHa-
yaja MOCTPOHTH APYTYIO (H-
rypy, KOTOpas MOMOT/ia Gbl

3 ¢ ONPEASIHTL W TPEYTOABHHK
1 E ABC. Jlerko 3aMeTHTh, uTO
Uepr. 1 TIPSIMOYTO/IBHBLI TPEYrOALHHK

BDE mo0xHO mOCTpOHTH (MmO
runoreny3e BE u xatery BD).
TeM caMnM OMpeseseHb BeplIHHA TPeYToJbHHKA Touka B u cepe-
JZMHA OCHOBaHMsi Touka E. Jlpe ApyrHe BEPLIHHE OTCTOST OT TO4-
ki E HAa paccTOsHHe, PaBHOE IO/JOBHHE OCHOBAHWA. OTJIOXHB 3TO
paccrosnne no DE B o6e CTOPOHH OT TOYKH £, Ml MOAyuYHM
Touk A u C. Takum 06- L

PasoM, IaH JJs pelleHus
3azayu Mbl umMeeM. [Tpuety-
naeM K OCYUECTBJIEHHIO
€ro N0 JaHHEIM OTpPe3KaM.
370 6yner BTOpas uyacTh
pelleHHsi — NMoCTpoeHHe.

2. Tlocrpoenne. Ha
TIPOH3BOJIBHOM npaMOit
cTpouM mpsmoit yroa D.
Ha DL otkaansiaem OT-
pesox /,. Us touku B ne- Hepr. 2
JnaeM  3aceyky Ha mps-

Mot XV orpeskom, pasusiM m,. [Toayunm tpeyroasuuk BDE. Ot

a
ToukH E nesaeM [iBe 3aceukd Ha XY OTPe3KOM, paBHHIM = -
JlokakeM, 4TO 3TOT TPeyroNbHHK HMEHHO TOT, KOTOpHi OTBe-
uaer BceM TPeGOBANMAM 3alauM.
a , a
3. Nokasateanctpo. 1) AC = AE [EC = D) + 7

2) BDLAC w BD=h,;3) AE=EC w BE=m,

Oanako Mbl CTPOHM 3TOT TPEYTOJIBHHK TOJBKO JUIsi NAHHBIX HAM
oTpe3xos. Bcerza M MBI CMOXeM TpPOBECTH 3TO MOCTpOEHHe?
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EnuHCTBeHHBIA JIH 3TO TPEYTrOIbHHK, OTBEYAIOLIHA TPEGOBAHHAM 3a-
nayu?

4. Hccaepopanue. Tlpoc/iiendM 38 X010M CBOHX MNOCTPOEHHii:
a) NOCTPOEHHE NPAMOYTOABLHOrO Tpeyroibhuka BDE BO3MOKHO
H eIHHCTBEHHO, eClH h, < m,; 6) oTa0kuTs no DE or ToukH E

a
OTPE3KH , BCETAa BO3MOXKHO.

Hrak, ecin ha<ma, TO 3a1aya BCErla BO3MOXHA H HMeeT

€HHCTBEHHO® pelleHHe.
=, x

Paccmo-rpum HEKOTOPHE METOJbl pPelleHHs 3a1a9 ua NOCTPOEHHE.

1. Meton reomeTpuyeckux MecT TOYeK (I.M.T.). DTOT MeTOR
3aKJI0YaeTcs B TOM, 4TO pelleHHe 33alavH CBOJHTCH K OTHICKAHHIO
HEKOTOPOH TOYkH. JIaist 3TOH TOYKH HAXOXATCS JBA FEOMETPUUECKHX
MeCTa Touek (aBe JHHHH), KaxaOH W3 KOTOPHX OHa MpHHan/e-
JKHT. HOCTPOHB 3TH 1Ba I.M.T., MIOJYYaKOT B HX NEpPECEYEHHH HCKO-
MYIO TOYKY, 38 3HAUMT, PelaloT H 3ajady.
Pewnm, nanpuMep, npeimAymylo 3ajayy METOLOM I.M.T.

1. Anaaxnus. Touka B (u.3) yAa/nena OT CepeHHE OCHOBAHHA HA
paccrosinne, paBHoe m, . ClenoBaTenbHO, TOUKA B JexHT Ha OK-

he

mé

A 1 E I
Yepr. 3

PYHOCTH C IEHTPOM 8 TOUKe £ W paxuyCcOM, paBHEM /. ITO
ecTb 0AHO Tr.M.T. Jlanee, Ta e TOouka B OTCTOHT oT ocHoBanus AC
Ha paccTOsiHMe, paBHoe /. CienoBaTeqbHO, TOUKA ~/3 JACIKHT HA

139



npsimolt, napanensuoft AC u orcrosweft or AC Ha paccrosmue h°
3TO ecTb BTOPOE T.M.T.

HWrtak, U3 aHaAM3a BHTEKAaeT C/AeAYIOUHi IJIaH MOCTPOEHHs: HA
NPOM3BO/ILHOA MpAMOf OTKJAJHBAGTCA OTPE30K, paBHHIL b. KoHmsl
ero 6yIyT AByMs BepuIMHaMH Tpeyroinhika ABC. W3 ero cepe-
ZHHBl OMHCLIBAETCA OKPYXKHOCTb pajHyca m,. Jlaiee, TpPOBOAMT-
csl npAMas, NapajiesbHas OCHOBAHWIO H OTCTOAIA® OT HEro Ha
paccrosinue k,. B Touke nepeceueHus STHX HBYX JHMHHA TOAy-
YHTCH TpeThs BepmHHa B HCKOMOro TpeyronbHuka. (3mech H
Aajee TMOCTPOeHHe, NOKA3ATEABCTBO M HCC/IELOBAHHE MPENOCTaB-
JIIOTCSL YHTATEJIO).

Mprmeuwanwne. JIBa nassamiibix FM.T. MOTYT Mepeceybcss H B ABYX

Toukax OaHAKO TMOAyHelibie 1BAa TPCYTOAbUHKA paBiibi Mexay co6oi, a no

YCAOBHIO 32134 TONOKEHHE TPEYTOAbHHKA Ha 4ePTeXe e HMCET 3Ha-

uenus [103TOMy pelleHHe CUMTACTCA CAHHCTBENHBIM. JTOM TOUKH 3PEHHS Mbi

BCeraa M 6yaeM HPHAEPKHBATHCK

1l. MeToa nMoao6MA. ITOT METOX COCTOHT B TOM, YTO BMECTO
HCKOMOH (UrypH CTPOMTCH CHauyana nojoGHas eii ¢urypa. 3arem
nocenussn npeo6pasyercs B HCkoMyio durypy. [Moctpoenne ¢ury-
PHl, MOAOGHOH HCKOMOW, AOCTUraeTcs OTGPACHIBAHAEM HEKOTOPHX
JAHHHX YCJAOBHS 3aKauH.

MeTox n006HA BHIOAHO TPHMEHSTH B CAEAYIOIWHX CAYHanX:

1) KOrga cpesH IAHHHIX MMEIOTCS YIJIH H OTHOINEHHS JHHEHHBHX
9/IEMEHTOB.

Bo3abmEM, Hanpumep, 3a4auy: MOCTPOMTH TPEYTOJAbHHK IO Bbi-
cote /,, yriy A M OTHOIIGHWIO 7 : 7 CTOPOH, 3aK/I0YAIOWUX 3TOT
yroa. .

Auanus. [ycth 3agaya pemena, T. e. NyCTb TPEYTOAbHHK
ABC ucxomuiii (4. 4).

8

A 4 ¢
uepr. 4.
Torga nmomkuo Obts BD=h,, .~ A- pauumii yroa u

AB:AC=m:n, rne m n n— nauuse orpeskd. OrGpocum mo-
Ka Tpeﬁoaam{e, 4TOObl BHICOTA paBugaach ,lb " nOCTpOHM TPeyroJb-

140



HHK, CTOPOHEI KOTOPOro 6BIH 6Hl pasuH m u n. OueBHAHO, NOCAEA-
HHit TPEYFONbHHKK 6y IeT MOAOGEH HCKOMOMY (IO BTOPOMY NPH3HAKY
T0J06HUsA TPy roAbHUKOB). MITak, BMECTO HCKOMOrO TpeyTo/IbHHKA MBI
HMEeeM TPeyroabHUK eMy Nono6uui. Mcnonssyem Tenepb oT6pomen-
HOE paHee yCJI0BHe: IpoBe-
AEM MpSMYIO, Taparennb-
HYI0 OCHOBAHHIO H OTCTOS-
8 110 OT HETO HA PACCTOSIHKE
- h,. 31a npsmas nepeceudT
I-% cTopony AB TpeyroJbHnKa
W B BepLIHHE B uckomoro
o Tpeyronbhuka.  TlpoBens
4yepes Touky B mpsmyio,
napannenshyio B,C,, MH
a " e ¢ NOMyuuM HCKOMBIH  Tpe-
yroasuuk ABC (u. 5).

) Koraa uckomyio du-
TYPY HYXHO DAacCIOJOXHTh
onpesesEHHEM 06pa3soM 10 OTHOIIEHHIO K JAHHHM (QHrypaM.

Pewum, nanpumep, sagauy: Bmucath B JaHHBIH TPeyroJbHHK
poM6 Tak, yTo6H OJMH W3 Yr0B poMGa COBNAjad C yIJIOM Tpe-
YTOJBHHKE, 8 0/iHA U3 BEPUIHH DACIO/AaraJach Ha MPOTHBOJIEKAULEH
CTOPOHE TPeYTOAbHHKA.

Awnaanus. IMycrs 3anaua pemena(u.6). Coeannum 109Ky A ¢ TOU-
ko#t E. Uepes nponssoaphylo Touky M, Bastyio na AE, npose-
ném npsmeie MF, u MD, na-
paaneasuo FE u ED. Toraa
¢durypa AD ,MF, 6yner, oue-
BHAHO, pom6oM. OTciona mian
pelienus 3aayd TAKOB: HA
OnHO# M3 CTOpOH yraa A oT-
K/18,1HIBAEM [IPOH3BOABHBIA OT-
pesok AF,. Crpoum pom6 ¢
yraoMm A W CTOpOHOH, PaBHOR
otpesky AF,.Uepes touky A
H TIPOTHBOJIEWAULYIO BepUIH-
HY TIOCTPOEHHOro poM6a mpo-
BOJMM mpsiMyio. Touka mnepe- uepr. 6.
ceyeHus 3TOM MPsMOf CO CTO-
ponoit BC pact Bepmuny pom6a E. Tposeis uepes Touky E mpsi-
Mble, Napajie]bHEe CTOpOHAM Tpeyroabuuka ABC, MH TNONY4YHM
HCKOMBIH pOMG.

I11. MeTon cHMMeTpHH. MeTOL CHMMETPHH COCTOHT B TOM, HTO
Kakas-HuGY b W3 NAaHHBIX QUIyp 3aMensieTcsi el CHMMETPHYHOH
OTHOCHTEJ/IBHO HEKOTOPOn ﬂﬂHllOﬁ OCH HJH OCH, KOTOpas MmO AaH-
HBIM 32/1a0 MOXET OHTh mocTpoena. VHOraa BMECTO HCKOMOH

wepr. 5.
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(HIypH CTPOAIT APYrYylo, i CHMMETPHUNYIO, @ 3aTeM Npeo6pasyioT
e& B HCKOMYIO,

Iycrtb, HAaNpPHMep, HMEETCs 3ajaua:

Jlana” npsiMas MN u 1oukn A W B mo omHy CTOpOHY OT Heg.
Haitti na npsamot MN Takyio Touxy X, uto6n < AXM =2 - BXN.

Aunaans. Tycrb 3amava peuwrend. lMocrpouM TOYKy B, CHM-
merpuunyio B.Toraa < DXB= < DXB, (u.7).Tlponoaxus AX,
MH 0GHapyxHM, 4t0 TOuKa B
JIeXHT Ha GHCCeKTpHCE yrJa,
BepTHKaabHOrO < AXM. Ho
Ha GHCCEKTPHCE YIJIa pacno-
J1araloTCs MEHTPH BCeX BIH-
CaHHBIX B MAHHBIH Yroa OK-
pysHocTeH. 3HauHT, ecIH
Touky B, B3ATh 33 UEHTP
OKpy*HOCTH paauyca B,D, 10
AX ectb KacaTeabHas K 3TOR
OKDYXKHOCTH. 3T0 MO3BOJAsAET
COCTABHTH IIAH pELIEeHHs 3a-
ZauH: CTPOKM TOUKY By, CHM-

uepr. 7. MeTpHUHYI0 B OTHOCHTEJbHO

MN. W3 Toukn A NpoOBOAHM

KacaTebHYI0 K OKpYXHOCTH,

OMHCAHHOM BOKPYr TOYKH B, pamuycom BD. Touka mepeceyeHus
3TOR KACaTeJbHOH C MPAMOH ecThb HckoMast.

IV. MeTon napaanensHOro mepesoca. B 3agauax Ha nocTpoe-
HHE HHOTa MPHXOAHTCH HEKOTOpbie 3JE€MEeHTH lt)lﬂ‘ypbl HJH YacTH
HX TIOABEPraTh NapajJeJlbHOMY fnepeHOCy H 3aTeM HCNOJAb30BaTh
HX. B 1pyrux 3agadax weor-
Ja CHauaja CTpourtcs QHrypa,
H3 KOTODOH HCKOMas MOXer
6HITH noJay4eHa napajnjaenb-
HHM MepeHOCOM.

PaccMOTpuM NpHMep:

ToCTPOUTE  TPEeyTOAbHUK
1O OCHOBaHHIO b U IBYM Me-
AHAHAM m, K M, NPOBEAEH-
HBHIM K GOKOBHIM CTOPOHaM.

Awnanus. MNycrs 3anaua uepr. 8.
pemena. [epenecdM Meauany
CD (u.8)napaaieabno camoi ceGe tak, 4T06h TouKa D coBuaia ¢ Toy-
ko#t £ TMoayuennsii uetapéxyvroasunk CDEF ects napa/iienorpamy,
tak kak DC = EF u DC || EF. Caeaosateasto, CF = DE. Ho DE —

cpenussi IRHHA Tpeyroabhuka ABC. 3unauut, CF = DE = %, Toraa

AF=AC+CF=a+§=3a
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Hrak, tpeyroasuuk AEF MOXHO NOCTPOHTH 1O TPEM CTOPOHAM

AF:%a; AE=m_; EF=m,

TocTpoeHHe 3TOTO TPEYTOJAbHHKA ONpEAeasieT MOJOKEHHe TOUKH
E — cepennnn ctopons BC. 3nauut TOuka B OTCTOMT OT TOukH E
Ha paccrosune EC. Tlociennee pacCTOsHHE MOXHO HalTH, HG60
nosoxenne toukn C Ha AF onpegensercs Jerko.

Maan peuwenus: crpouM Tpeyroaphuk AEF 10 CTOpOHaM

AF:%a, AE=m,, EF=m,. Ha AF or toukn A OTKIaaH-

saeM otpe3ok AC =a. Yepes toukn C W E npoBOAHM MNpAMYIO.
OrkaannBaeM Ha 7ol npsiMoR or Touku E orpesok, pasumit EC,
noJyunM Touky B.

[Tose3Ho 3HAaTh HEKOTOphie CBOHCTBA (Uryp, MOJdydYalOWHXCS
NpH NapaiieNbHOM MEepPeHOCe CTOPOH TPEYrOAbHHKA H YeTHIPEX-
YroJbHHKA.

I. Mycrs cropona AC tpeyroapunka ABC nepenecena napai-
nenbHo camok ce6e B mosoxenne BD, a cropona BA npomomie-
Ha 3a BePIWHHY A Ha TaKo# xe OT-
pesok (4.9). [Moryuennsit Takum ' ” 8
o6pasom Tpeyroabhuk CDE 06- ° ]
Jajaer CAefyIOHMH CBORCTBa-
MH: 9 F

1) Cropous ero B aBa pasa
Gosiblie MeAHaH TPeYroJbHHKA |
ABC.

2) B touke A nepecekaiorcs
MenHansl Tpeyroisiika CDE.

3) JlBe BHICOTH KaX/0ro H3
Tpeyroabiukos ACD, ADE wu
ACE paBHH BBICOTAM TPEYTO/ab-
nuka ABC.

4) Muowaas TpPeyroabHHKa
DEC paBHa yTpOEHHOH mnuoma- uepr. 9.
au tpeyroashuka ABC.

5) Yraw tpeyronbunka DEC paBHBl YIIaM MEXy MeHaHaMu
Tpeyroasiuka ABC.

6) ¥Yris, o6pa3oBaBuIHECs NPH TOuKe A DPABHH BHYTPEHHHM
HAK BUEWHHM yriaM Tpeyroibhuka ABC.

Jlokaxem 3TH CBOHCTBA:

1) B tpeyroabuuke BCE meanana AF Ttpeyrombhnka ABC
apasetcss cpennedt Junueir. IMostomy CE =2AF YeTmpexyroanb-
uuk ADBC — napaasenorpams. [103TOMY NHArOHaJIH €10 TOUKOH
nepeceuenns Aeastcs nonoaaM 3uaunt, CO — MeaHana Tpeyrods-
uuka ABC u CD =2CO.
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Tposendm AN|| BG. Yernpexyroaphiux ANBG— napa/iesorpaMu.
Caenosarensio, AN = BG, BN = GA u touxa N — cepenuna BD.
Torna AN ecTb Cpemnss JAuHHA Tpeyroinhuka BDE. Tlostomy
DE =2AN = 2BG.

2) Otpesok EO siBasiercsi Meinanoit tpeyroashuka DEC, u6o
CO =0D. Tak xak AO= ;—AB =%AE, TO TOuKa A peaut
mennany EO B oTHomerun 2: 1. Tlo CBOACTBY MeJHaH TPeyrob-
HHKAa TOYKa A NOMKHA OBITh TOUKOH MepeceyeHHs MeiuaH Tpe-
yroasuuka CDE.

3) IlokaxeM 3TO CBOHCTBO aasi Tpeyroabnuka ADC. B camom
Jene, BHICOTAa €ro, MpOBea&HHas W3 BepmuHH D, GyaeT paBHa BH-
cote tpeyroashuka ABC. n6o Touka [? JIeXHT C TOuKOi B Ha oa-
HO# mpsaMo#, mapannensHoii AC. Beicora tpeyroashuka CDE,
nposenéHHas u3 BepkHn C, paBHa BhiCOTe Tpeyroabhuka ABC,
npoBeA&HHOM M3 BepIIHEH A, KaK pacCTOSHHE MEeK1y AByMs Ma-
pﬂ}l}le.}leHMH MPAMBIMH.

AHaNOrHYHO MOXHO JOKA3aThb 3TO CBOKCTBO W AJMA ABYX ApY-
THX TPeyro/JbHHKOB.

4) Paso6bém Tpeyroashuk CDE Ha Tpu Tpeyroashuka: CDA,
DEA u EAC Tlaomanu KaXnoro W3 3THX TPeYrOJAbHHKOB PaBHHI
niomann tpeyroashuka ABC. JleiicTBuTenbHO, Tpeyroabitik CDA
HMeeT ¢ TpeyroabHukoM ABC o6umyio CTOPOHY, a BHICOTH, MPO-
BeJleHHEe B HHX K 3TOHA CTOpOHe, paBHH Mexay coGoii. Ciemosa-
TeNBHO, Scpy = Sypc -

TouHO TaK Ke MOKHO JOKa3aTh, 4TO Scpy = S,pc -

Tpeyroabiuk DEA ne nmeer oGuieli CTOPOHB C TPeyTrOJbHH-
koM ABC, no cropous ero AE u AD pasusi croponam AB u BC
Tpeyroasinka ABC. Kpome TOro, BHICOTH, MPOBEAEHHBIE B 3THX
TpPeyroibHHKaxX K PaBHHM CTOpONAM, paBHE mexay coGoii. Cre-
aoparensho, Sppy=Sypc  H18K, Scpp = Seps + Spes + Seac =
=3SABE'

ﬂOKBSBTeJIhCTBO NATOr0 H ILeCTOro CBOHCTB npenocraBaseTcs
CaMOMy UHTATeIIo.

PaccmoTtpum 3anauy, B KOTOPOH ynOGHO MPHMEHHTH 10Ka3aHHEIE
HaMH CBOHCTBA MAapa//e/lbHOTO MEepeHoca CTOPOH TPeyroJbHHKA.

3anavya. [MocTpOHTL TPEYTOABHHK MO TPEM AAHHBIM MelHaHaM.

Ananus. Iycts 3amaya pemena, T. €, HCKOMEI TPeyTroMbHHK
ABC (u4.10) mocrpoen. Ioctf oum aas nero tpeyroaskuk CDE. 3a-
MeuaeM, 4TO N0 Tpeyroaphuky CDE Moxuo nafitu: a) Touky C;
6) Touxy A — nepeceserne Meauan A CDE; B) TouKy B, OTI0XHB

Ha mponQmkeHHH Mmennann EO oTpesok, paBHbf ; EO.

CJIQAOBﬂTe}leO, peleHHe 3anayn CBeJ0Ch K MOCTPOEHHIO Tpe-
yronseuka CDE, HO MOCAeNHUA HMEeT CTODOHAMH YXBOEHHBIE Me-
JIHaHE HCKOMOTo Tpeyroaehuka ABC.
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3HAuMT, JaHHAs 33ajla¥a CBEJEHAa K MOCTPOGHHIO HEKOTOPOTO
TPeYroJbHHKa MO TPEM €ro CTOPOHaM.

II. Mycte Ham 3afaH HekoTOpHiH deTHp&Xxyroabuuk ABCD.
Tepenecém ero cropoust AB u AD mapaanensHo camum ceGe co-
OTBETCTBEHHO B MOJOKEHHE
CF u CE. Torja Mul noayunMm  p _
HeTEPEXYTOABHHK BDEF,
(u. 11) o6aaarowui carenyio-
LMK CBOHCTBAMH:

1) YerTHp&X yroabHuk
BDEF — napanaenorpamm.

2) Crogouu napaiieno- K
rpamma BDEF paBuu guaro-
HAIAM 4eTHPEXYroabHHKA
ABCD.

3) Ilmarowanm  mapaiie-
norpamma BEF  paBum ya-
BOEHHBIM OTpe3KaMm, CcoeaH-
HAIOUMM CepeMHH NMPOTHBO-
J€KAlMX CTOPOH YeThIPEX- gepr. 10.
yroabuuka ABCD.

4) Maomany napannenorpamma BEDF paBHa yABOEHHOH mio-
mwagu yeTHpéxyroabuuka ABCD.

5) Yrau npu Touke C paBHH yriaM uethpéxyroabhuka ABCD.
Yrau mapannesorpamma EDEF PaBHH yriaM MexAy AHArOHaJsAMH
yeThpéxyroabunka ABCD.

wepr. 11.

6) Paccrosnns oT Touk# C 10 BeplIMH Napa/iesorpamMmMa PaBHE
CTOpOHaM ueTHp&xyroasuuka ABCD.

Jl0Ka3aTe bCTBO "3THX CBOHCTB NPefOCTABAALTCA YHTATEIO.

TlpuBeaéM npHMep Ha NpHMEHEHHe 3THX CBOMCTB.
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3agava. [TOCTPOHTL YeTHPEXYTOJILHHK, 3HAas CTOPOHH H_ OTpe-
30K, AeaAlHH JBE NpOT! CTOPOHH %

Anaaus. I[lycTh UCKOMHH 4YeTHPEXYToAbHHK mnocTpoeH. Co-
BepuMM Mapa/iieNbRHE mepeHoc ctopon AB u AD. Torma Ha oc-
HOBAHHW BHIIEHA3BAHHHX CBOHCTB GYyAeM HMETb:

1) CF u CD — cTOPOHH 4eTHPEXYTOAbHUKA.

2) FD =2KL (1. 12).

3uaunt, Tpeyroasiuk DCF MOXHO NocTPouTs. [lanee mocTpouM
ueTHpexyroapiuk BCEG Tak, uTo6H AMAroHalb ero CG penunach
NONoJIaM TOUKOM nepeceveHus AHarokael napasiesorpamma BDEF,

Torga BCEG — napa/ienorpaMM W 1O JaHHHM 3aJaYH €ro Jerko
NOCTPOHTh. JTO NO3BOJAET HAATH TO4Ky B. Jlaa Touku A uspect-
HBL PaCCTOAHHUsA €& OT To4eK B u D. 3HauuT, J€rKo NOCTPOHTD H e&.

V. Meroa BpaweHuss BOKPYr TOukH. Mmuoraa B sajauax Ha
NOCTPOEHHe, B LeaAX COJHKEHH AAHHBX Quryp (WAM AaHHEIX
Guryp u snemenToB durypn), np T POT AaH-
HHX QHFYD Ha OnpejeseHHE YTOJ BOKPYT HEKOTODOH TOYKH.
Pemenne 3ajau NOAOGHHIM CIMOCOG60M HOCHT Ha3BaHHE MeToAa
BpALIEHHS.

TMosicHuM cKa3aHHOe Ha npuMepe.

TIoCTPOUTE PaBHOCTOPOHHHH TPEYTONbHHK, BEPUIHHH KOTOPOro
nexany G Ha KawOH W3 TPeX JAHHHX NapajJeJbHHX MPAMHX.

Ananus. Iycts gannne npamge 6yayt MN, KL, PQ, ucko-
Muti Tpeyroabuuk ABC (uepr. 13).

Opny u3 Touek A, B, Cpmcmmo BHIGPaTh NPOU3BOAbHO. [TycTs
TaKo# TOukoH Gymer Touka B. Ocraercst HaliTH OAHY H3 TodeK A
unu C. TloBepneM Bokpyr ToukH B Bech uyepTex Ha 60°. Tlpu
stoM BC 3aiimer BA, PQ — no. PQ,. Ecmn
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#HaM yJacTes OnpefenuTs nonoxenne P,Q,, 1o Touka A 6yner naf-
HIeHa W HaWwa 3ajaua peuiewa.
Mpamas P,Q, moxyuena u3 PQ Bpamewnem mnocTexHeR
Ha 60°. A rtak kak PQ_J_BD,t0 P,Q, L BD,, xotopuft mo-
axywaetcs w3 BD pame- a
HHEM ero Ha 60°. W/
Hrak, mmas p M =
3ajaui TAKOB: MOBOPAYH-
BaeM oTpesok BD wa 60°, 8
npOBOAMM B KOHHE ero K
NEepHeHAUKYIIp K HeMmy.
Touka nepecedeHus ero ¢
MN ects Bepmnna A.
TMonpoGy#te camu pe-
WHTh 334aYy: NOCTPOHTH 2
PaBHOCTOPOHHHHA TPEYroAb-
HHK, BepIWIHWHH KOTOPOro
Jexann OB Ha KauJaAOR H3
J@HHEIX TPeX KOHIEHTPH-
HECKHX OKPYKHOCTSX.

VI. AareGpanyecknf meTod. B HekoTOpHX 3amauax na nocrpo-
€HHe HCKOMHA OTPe3OK yjaercsl BHPAa3HTh UY€pe3 H3BECTHHE OT-
Pe3KH ¢ moMompl Hekotopo#t Gopuyan. Yacto Takyio dopmyry
MOXHO NPEACTABHTL B BHAE KOMOHHAaNHH Gosee fpocThx. EciH
YMeTb CTPOHTb HHMDKyJeM H JHHeHKOH 3TH Goree mpocTwie (op-
MYJH, TO MOXHO NOCTPOHTH HX KOMGHHANHIO, T. €. HCKOMHH OT-
Pe3oK.

Pewenne 3agau TaKkuM CnocOGOM Ha3HWBAETCH aAreGpaHdecKuM
METOZOM.

TMpocTefimuMn HOPMyIaMH CUHTAIOTCA

14

uepr. 13

« 1) x=a+b; 2) x=na; 3) x=2 (n — nenoe uuci0);
n

2 -
4) x:a?b—; Sx="%: 6) x=Vab; 7) =V r
Uro6ul pewaTh 3afauM a’Are6paMuecKHM METOAOM, HYXKHO yMeTb
CTPOHTb OTPE3KH, COOTBETCTBYIOUHE STHM mpocTefimum dopmy.aam.
TMocTpoenHe STHX OTPE3KOB AOCTATOYHO NMPOCTO, HMEETCH B WIKOJB-
HHX yueﬁum(ax, MO3TOMY MK HE€ CTaHeM ero TPHBOJAHTEL 3/€Ch.

PaccMoTpum Gosee CIOKHHA npuMep.

3anava. Yepes aBe nauHeie TOYKH A H B mpOBeCTH OKpyX-
HOCTb, KacaTeJbHyI0 K AanHHOH npamoii MN (u. 14).

Ananus. [lycr 3ajaua pemena, T. €. uepe3 Toukn A u B
nposenena okpyxHocts O, kacaomasics npamoii MN. Lientp okpyx-
HOCTH PaCno/araeTcsiHa ABYX IMepleHAuKyAsapax: nepueHuKyaspe,
nposegHHOM K AB B ero cepeiune, H nepueHgukyispe x MN,
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BOCCTaBeHHOM B Touke D. [lepBHil NepneRAHKYJAp JETKO Npo-
BECTH. UTOGH NOCTPOHTH BTOPO# MEpMeHHKYAsIp, HYKHO 3HATh N0~
noxenne Toukn D. Ha npsmoit MN usBecTHO nosoxenne Touku C.
Ecan 6n 3nath paccrosHe TOukH D ot ToukH C, TO MOXHO
onpeenuTs H Toukk D. O CD wuepes x
H TONHTAeMCA BHPA3HTb STOT OTPE3OK Yepe3 H3BeCTHHE OTpes-
kH. ITo MOXKHO caenaTh: CD eCTb KacaTeabHas K HCKOMOH
okpyxHoctd, CA — cekymlas 3To# Xe OkpyxHOCTH. Ha OCHOBaHHH
H3BECTHOTO CBOHCTBA KACATeJbHOH M cexyuied, NpPOBEIEHHHX K
OKPYXHOCTH M3 omnoft H TOH e TOukH, umeeM x°= CA - CB.
Wan x =+ 1/ CA-CB. 370 OfHO H3 OCHOBHHX HOCTpOEHHI.
Mnas nocrpoenus 3a-
nauH:
MMoctpons oTpesok X, =
=)/ CA -CB, otknanusaem
q Ha MN ot toukn C B oGe
CcTOpOHH OTpesok x,. Boc-
() CTaBHB B KOHNAX 3THX OT-
peskos (oTauusbx ot C)
NepUeHAHKYIAPH,  NOAYy-
YHM B TOYKAX mepeceue-
8 HHA HX C NeprneHguKyns-
pom B cepeanny AB ment-
M ) a N Bl HCKOMBIX OKDYJKHOCTeH
paiHyc Jerko  ompeje-
JIMTB).

Tpu pemenns 3agau
anre6panygCKuM CIoCo60M
YacTO MPHXOMHTCA CTPOHTb KOPHH KBAJDATHOTO YDAaBHEHHA.

IycTh NaHO KBAZDATHOE ypaBHeHHe BHAA: X + px + ¢*=0.
(3mech CBOGOIKE UieH Gepercs B BHAE KBAAPATA HEKOTOPOTO YHC-
n1a, W60 /eBas uaCTh YPAaBHEHHA OyIeT HMeTb TeOMETPHUECKHH
CMBIC/T JIHIIL B CAYYae ee OJHOPOAHOCTH.)

Pemaem kBajgpaTHoe ypaBHeHHe:

uepr. 14.
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PR
TocTpoum CcHauana OTPe3oK y = l/(%) _g?. 910 ects xater
|

NPSIMOYTO/IBHOTO TPEYTOIbHHKA C FHNIOTEHY3OMH 12’— H APYTHM Ka-
TeTOM ¢.
Ha ygeprexe 15 CB=g;

CA= %, Toraa AB =

2
= l/(%) —4¢'. Kopus- 2
MH ypaBHeHHs (B3THMH C

TPOTHBOMOJIOXKHEIM ~ 3HAKOM) ¢
6ynyt orpesku DA u DE.

o

LY
o

Ananoruuno cTposiTes
KODHH ypaBHEHHH.

X—px+q=0n (3

X—px — =0

BuGop TOro mam apyroro .

METOZa 3aBHCHT OT KOHKpeT- uepr. 15

HBIX JaHHBIX 3azaud. OjiHa M

Ta ke 33Ja4a MOXeT GHTb DelleHa PasHBIMH METOAAMH, HO uaule
BCEro peleHHe 3ajayH NpeAcTaBjseT co60it KOMGHHALHKIO PasHHX
METO/0B.

§ 4. 3anmaun Ha mocTpoeHue

1. TMocTponTb NPSMOYTOJBHHE TPEYroJBHHK MO THNOTEHY3e H
6HCcCeKTpPUCe OCTPOFO Yria.

2. Tloctpouts Tpeyroabuuk ABC, anas AB, BC u B+ 2C.

3 TlocTpoHTb TPEYTOABHHK MO CYyMMe ABYX CTOPoH b+ c=m,
BHCOTE /i, M Mennane m.

4. TpoBecTH B JAHHOM HAMpaBJEHHH K ABYM MAHHBIM OKPYX-
HOCTSIM CEKYIlyi0, OTCEKalollyl0 B OKPYXHOCTH [ABE paBHHE
XOpAH.

5. TpoBecTd B JaHHOM HANpPaBAEHHH MPAMYIO TaK, YTOGH pa3-
HOCTb KBaApaTOB €€ PAacCTOSHHA OT JaHHHX Touek A W B paBHa-
flach KBajpaTy HAawHOTO OTpe3Ka a.

6. [ana okpyxuocts H aBa paauyca OA u OB. [lposectH
cexywyio MNKL rak, uro6s MN : NK: KL =1:2:3. (Mu L—
Touku MepeceuenHs cexkyme# ¢ oxpyxuoctsio, N u K — ToukH
nepecedeHus C YKa3saHHHMH DajuycamH).
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7. B naHHHA KPYT BNHCATh TPEYrOJbHHK TaK, YTOGH ABE €ro
CTOPOHH NPOXOAH/IH Yepes ABe NaHHHe TOYkH (06e BHYTPH WJH
o6e BHe Kpyra), W3 KOTOPHX TPeTbs CTOPOHA Ghl1a Ghl BHAHA NOX
OAHHAKOBHIMH YTJIAMH.

8. Mo nentpaM KBanpaToB, BHe NOCTPOEHHHX HA CTOPOHAX
TPeyroibHHKa, MOCTPOHTH CaMBff TPEyroJbHHK.

9. B HaHHBIA TPEYrO/AbHHK BIIHCATH MPSMOYTOJBHHK C AHArOHA-
JIbI0 NAHHOM J/IHHBL.

10. Yepes TouKy, ZaHHYW BHYTPH Kpyra, MpOBECTH:

a) XOpAly A8HHOM IVIHHH a;
6) XOpAy HauMeHbIIel AZHHBL

11. Nau yroa u Touka M BHyTpu Hero. [poBects uepes M
TPAMYIO TaK, YTOOH OTPE3OK, OTCeKaeMHA Ha Hefl CTOPOHAaMu yr-
4, feauacs B Touke M momosam.

12. Yepes TOYKy, AaHHYIO BHE yIJa, NPOBECTH MPSAMYIO Tak,
4TOGH OHA OTCEKAaja OT yria TPeyroJbHHK AAHHOTO MepHMETpa.

13. Jlana oKpyxHOCTh paguyca R. [TOCTPOWTb KBajpaT TakK,
4TOGH OJHA M3 €ro CTOPOH Kacanach OKPYXKHOCTH, a JBE OCTalb-
Hble BEpIIHHE JIEXATH HA OKDYMXHOCTH.

14. TlocTponTh MPaBHAbHBIN TPEYrOABHHK TaK, YTOOH BEPLIMHH
€ro JieXxaJu Ha TpexX NapalieJbHHIX MPAMBIX; HA TPEX KOHHEHTPH-
YEeCKHX OKPYMKHOCTAX.

. 15, [lans Tpu TOYKH, He JeXallue Ha OfHOA mpsiMofi. pose-
CTH TPH OKPYIKHOCTH C HEHTDAaMH B 3THX TOYKaX, MOMAPHO Kaca-
IOLHecs APYT Apyra.

16. M3 KOHNOB NAHHOH XOpPAH OKPYXHOCTH TNpPOBECTH ABe
napajjenbHble XOPAH, CyMMa JUIHH KOTOPHX PaBHA JaHHOMY OT-
PesKy.

17. TlpoBecTH Ha MIOCKOCTH NMPAMYIO TaK, YTOGH OHAa OTCTOAMA
HA PAaBHBIX DACCTOSHHAX OT TPEX 3aJ8HHHIX TOYEK.

18. Tloab3ysich NHPKYZeM H JIHHEHKOH, PAa3AeNHTh HAa TPH PaB-
HEHe 9acTH yroa B 54°.

19. TocTpouTb TPEyroAbHHK MO TOYKAM NepecedyeHHs ero Bhl-
COT C ONMHCAHHOM OKPYXHOCTHIO.

20. Mepeceyb Tpamemuio NPsMOA, MNAPaNIENbHOR OCHOBAHHIO
TaK, 4TOGbl €& OTPe30K BHYTPH TpamelHH AeJHICA HAHArOHAISMH
Ha TPH paBHHE YacTH.

21. TlocTpouTh Tpeyro/ibHHK, 3Has TOYKH, CHMMeTDHUYHEIE HEH-
TPY OMHCAHHOTO KPYra OTHOCHTENBHO ero CTOPOH.

22. Jlan ocTpmit yron u aBe ToukH. [locTpouth paBHOGenpeH-
HbIH TPeyronbHHK, OCHOBAHHe KOTOPOTO Jexano OH Ha OAHOR
CTOpOHE yria, BepLIHHA — HA APYrof, a GOKOBHE CTOPOHEI MPOXO-
AHTH GH uepe3 NaHHEIE TOUKH.

23. Toctpouts Tpeyroabhnk ABC, ecan fawm BHCOTA /, OT-
pesok d 3T0#f BHCOTH OT BepuinHe C 0 TOUKH MepeceueHns Bhi-
COT M YTOJ & MeXJIy CTOPOHOR ¢ W MpSMOH, COEMMHSIOIEH TOUKH
TnepeceyeHHs BLHICOT H MeJHaH. /
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24. B OKpyKHOCTH faHa xopia AB. B W3BeCTHOM HampaBJEHHH
fiposecth xopay CD, mnepecekaiomyio AB B Touke £ Tak, u4TO
yrhomenne AE : CD paBHO 1aHHOMY 4HCay.

25. B nanumii kpyr BmucaH yron BAM. TlpoBscTH B H3BeCT-
‘HoM HampaBienuu cekyuyio CEDF (C u_D na okpywxHoctH, £ u
‘F ua croponax yraa) Tak, uto6n CE = DF.

26. Jlann 1Be OKPY:KHOCTH. [TpOBECTH B M3BECTHOM HampaBie-
HHHM CeKyllyi0, OTCEKAIOlLYi0 B OKDYKHOCTAX XOpJH, OTHOIIEHHE
KOTOPHX PABHO JAHHOMY 4HCIY.

27. Ilauu toukn A, B u C. Haiitu Touky M raKyio, 4TOGH:

1) AM+BM=m, BM+CM=n;
2) AM—BM=m, BM—CM=n.

(m ¥ n— janHBe OTpR3KH).

28. TlocTpOHTH NMPAMOYTOJBHHA TPEYrONbHHK, 3Hastk THIOTEHY-
3y € M MeIHaHy m,.

29. Jlpe OKpYXHOCTH pagHycoB R M R, BHeIHe KacaioTcs
apyr apyra. [IpoBecTH OKpy:KHOCTH TaK, YTOGH OHAa Kacanach
06eHX MaHHHX OKPYXHOCTEH M MX OGuleli KacaTeqbHOM.

30. Uepes TouKy A, sexamyio BHyTpH JaHHOTO Kpyra, mpoBe-
CTH XOpAy TaK, 4TOGH OHa pa3Nenu1aCh B JaHHOH TOYKE B OTHO-
WeHWH m :n (m, n — NaHHHE OTDE3KH).

31. Ha nuaMeTpe NaHHOrO Kpyra MOCTPOHTD, KAK HA OCHOBAHHH,
paBHOGeipeHHEIA TPeyTOJBHHK TaK, YTOOH OTPe3OK ero GOKOBOH
CTOPOHH OT BEPIIHHH [0 NepPecevyeHHs ¢ OKPYXKHOCTBIO PaBHAJICSH
ZIaHHOMY OTpesKy 4.

32. TlocTpOuTh NPAMOYTOJBHEE TPEyroJbHHK MO GHCCEKTpHCE
npaAMOro yria ! W runorenyse c.

33. Uepes touky D, HaHnyio BHe Tpeyroabhuka ABC, mpose-
CTH CEKyulyiO TaK, YTOGH CyMMa OTpe3KOB, NPHJEXAWKX K YriaMm
A u C, 6uia paBHa OTpe3Ky CeKyueHl, 3aKJOYEHHOMY MeXIy
CTOPOHAMH.

4. Tocrpouts Tpeyroashuk ABC mno cropohe AB =¢, 6uc-
cexrpuce BD =1 u LiuHe MepneHIMKYIspa, ONYLIEHHOTO H3 Bep-
muub C wa BD.

35. TlocTponts paBHOGEAPEHHHH TPEYrOJbHHK MO BHCOTE H
MejJHaHe, ONyIeHHHM HAa OJHY H3 PaBHHX CTOpOl’L

36. Jlana OKPYKHOCTb W Ha Heli TOukH M, N u P. B sthx
TOYKAaX NMPOAO/IKEHHHE BHCOTA, GHCCEKTPHCA M MEAHaHA, BHIXOAA-
IHe M3 OXHOK BEPIIHHH BINHCAHHOTO TPeYroJbHHKA, NEpecexkaioT
Ol(py)KHOC'I‘I:. nOCTPOHTb 3TOT TpeyI‘OJlI:HHK.

37. B mnockoctH Tpeyroibhuka ABC NOCTPOMTH TPeyrOJbHHK
A,B,C,, CTOPOHH  KOTOPOTO COOTBeTCTBEHHO NapajJelbHH CTOPO-
HaM Tpeyroabhuka ABC, tak uto6m B TpameuuH AA,B,B, BB,C,C
# CC,A;A MOXHO GHUIO BIIHCATh OKPYMKHOCTH.
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38. Mlan ortpesok AB u mnpsmas MN, nepecexkaiomas ero.
TMocrpouts Tpeyroapnnk ABC, nas kotoporo 6H npsmas MN G-
na Guccexktpucolt yraa C.

39. Tosb3ysiCch TOABKO LMPKYJ€M H JHHERKOHN, NOCTPOHTH MO
JByM IaHHHM BEpLIHHAM KBajpaTa [BE IPyTHe e€ro BepIUHHH.

40. TlocTpouTh TPEYro/ibHHK nO nNepuMeTpy 2p u yraam A
H .
41. TIocTpOHTH TPEeyroMbHHK 1O OCHOBAHHIO, BHCOTE H yIIy
TIpH BepuInge.

42. 110cTPOMTb TPeyroJBHHK 1O CTOPOHE, MPHIEKAILEMY YIIy
H Pa3sHOCTH ABYX APYTHX CTODOH.

43. TloCTPOHTHL OKPYIKHOCTb, KacaTeJbHYI0 K IBYM JaHHEM
napa/JeJbHHM NPAMHM H K JAHHOH OKPYXHOCTH.

44. TlocTpONTE BCE OKPYXHOCTH JaHHOTO panMyca, KacaTeb-
HHE K NaHHOH# OKDYXHOCTH H K JaHHOH NPsMOM.

45 TlocTpOMTH OKPYKHOCTH, KacaTeAbHHE K ABYM AaHHHIM Ie-
PeceKalowuMc NPSMBIM, H TPHTOM K OXHOM W3 HHX B JaHHOH
TOuKe,

46. TloCTPOMTH OKpYIKHOCTb, KacaTelbHYIO K NaHHOR OKpYXK-
HOCTH B [aHHOH Ha HeH TOYKe W K JaHHOH npsMO#

47. TloCTPOHTL OKPYKHOCTD, KACATENBHYIO K JAHHOM MpsMOf B
JMaHHOH Ha Helt TOYKE M K JaHHOH OKPYMKHOCTH.

48. B tpeyronshuke ABC nposectn npamyio JE|BC rtak, uro-
66 BD + EC = 2DE.

49. TMo oxuy ctopoHy npsmo#t CD naum Toukn A u B. Hakrtu
Ha CD takywo T0ouky M, utobn = CMA =2 = DMB.

50. 3apayn EBkanga u3 Ttpaxkrtata ,Havana“. 1) B panumi
KDYT BNWCATh NPaBH/AbHHA NATHAANATHYTOJbHMK. 2) Bmucats B
6O/bIINA H3 [BYX KOHIEHTPHYECKHX OKPYKHOCTEH NpaBHABHHA
MHOTOYTOJIBHHK C YETHHM HUHC/JOM CTOPOH, KOTOPHI He Kaca/cs
OH MeHbWeEH OKPYKHOCTH.

51. 3anayn apabGckoro matematnka AGya Badnt (940—998)
H3 TpaKTaTa ,O reoMeTpuYecKux nocTpoeHusx“. 1) CocraBuTh
KBajJpaT H3 JBYX KBajpaTOB, CTOPOHH KOTOPHIX AAHH. 2) Pa3GHTb
JAHHWA KBaJpaT Ha JiBa_KBA/APAaTa NMPH YC/JOBHH, YTO CTOPOHA O1-
HOro M3 HuxX faHa. 3) [locTpouTs KBazpar, BTpOe MPEBOCXOAS-
wHi naHHBA.

52. 3anaun apaGeckoro matematuka [laccana u6n lafitema
(X—XI 8.). [laH HenpaBH/AbHHI YeTHPEXYTOJbHHK. Y3HATh, MOX-
HO JIH OKOJIO HEro ONMHCAaTh OKPYMKHOCTh, HE H3MEepsAs YIJIOB.

53. 3anava uTalbsHcKoro Marematuka Hukono TapTaabw
(1499 —1557). lMoab3ysich OAHHM DPaCTBOPOM HHDKYAS H JHHEHKOH
Pa3jienTh OTPE30K Ha JI0GOe YHCJO PaBHHIX YacTed.

3ajaya Tapraabu. Ha mannoM otpeske AB NOCTPOHTH C
NOMOILBIO JAHHOTO PACTBOPa HHPKyJs (He pasHoro AB)  inued-
KH paBHOCTOpOHHHﬂ TPeyroJ/IbHHK.

55. 3anaya MTaAbsAHCKOro reomerpa Maabdaru (1731—1807).

JHan Tpeyronsuuk. [TOCTPOHTH TPH OKPYMKHOCTH TaK, YTOOH Kax-
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Zas M3 HHX Kacanacb ABYX JPYTHX OKPYXHOCTEH W JBYX CTOPOH
Tpeyronbuuxa.

56. 3ajaya uTajbsiHCKOro MatematMka Mackeponn (1750—
1800). C nomompbio TOMLKO OIHOTO WHMPKYJs MO TPEM JAHHHIM
OTpe3KaM MO TPOUTH YETBEPTHIH MPONOPUMOHATbHbIT OTPe3OK.

57. 3anava Geabruickol o MatemaTHka Katanana (1814—1894).
W3 Toukn A BHe OKPYXHOCTH MPOBECTH CEKYLLYIo TaK, YTOGH OH&
pasfennsach OKPYXHOCTbIO NONOAaM

58. 3anaya baabruepa [TocTpoMTb TPEYTOABHHK MO JaHHOMY
yray, mpoTHBOJIENKAmEH CTOPOHE M CyMMe APYTHX CTODOH.

59. 3apaya erunerckoro vudworo A (XVII Bek). Hmeem
4eTHPEXYTOJBHYI0 JIOCKY pa3Mepom > 0 X 2 da. [TocTpouTb u3
3TOro qerupéxyronbuuxa KBajipaT, pa3pesaB ero Ha 4Yeroipe ua-
cri. (3anava Ghlia IPeA/OKEHA eBPEHCKOMy Bpauy M MaTeMaTHKY
Hocupy Conomony [lenb Mennuo)

60 3anauu LlteAnepa. 1) B miockocTH ueprexka NaHA OKPYK-
HOCTb, OMYCTHTb H3 NAHHOH TOYKH MEPNEeHIMKYJSp Ha JaHHYIO
TPSAIMYIO C MOMOIUIBIO OJHOH TOMbKO JHHEHKH.

2) Ha npsmo#t naunt Tpu touku A, C u B, u3 xoropux C Je-
KUT mocpennne Mexny A u B. HyKHO IpH NOMOIM TOABKO JH-
HellKu NPOBECTH uepe3 NPOHIBOAbHYIO TOuKy D mpsmyio, mapai-
JIeNIbHYI0 JAHHOH MpPAMOi

61. TMokasaTh, uTO W3 BCEX fPEYrOABHHKOB C OJXMHAKOBHIMH
OCHOBAHHSIMU W PaBHBIMH BHCOTAMH HauGO/IbWIMA yros Mpu Bep-
IUHE y PaBHOGEAPEHHOrO TPeyroMbHUKA.

62. YKasaTh XapaKTepHCTHYECKYI0 OCOGEHHOCTb TPEYTOMLHUKOB,
OT/IMYAOIIMXCA TeM, YTO MNEepHMETp BCAKOTO BIHCAHHOTO B HHX
NPAMOYTO/NBHUKA, JBE BEPUIMHH KOTOPOTO JeXKaT Ha ONpexenéH-
HBEIX CTOpDOHAaxX, eCTb BEJHYHHA MOCTOSHHAA.

63. B pauHbl# TPeyroAbHHK BNHCATH NPSAMOYTO/JBbHHK C HaH-
MeHbUIe#t JTHArOHANBIO

64. Uepes Touxy M, naHHyio Ha obmeli Xopae ABYX KPyTroB,
TIPOBECTH B KaX/JAOM M3 HHX HAUMEHbIUYIO XOPAY.

65. Haiitu HauGosnblee 3HaueHHE BHICOTH, OMy Ha
JlaHHOE OCHOBAaHHE @ TPeyrOJAbHHKA C JAHHEIM TepuMeTpoMm 2 p.

66. ﬂoxaaaTb, 4yTO M3 BCeX HpﬂMOerJ{bNHKOB C OHHM U TeM
Xe NMepuMeTpoM HanGoJbuwasi MIOWANb Y KBajpaTa.

67. JlokasaTh, 4TO W3 BCEX TPEYrOJbHHKOB C OJXHHAKOBHMH
TepHMEeTpaMu PaBHOCTOP nMeeT Y0 MIOmAMb.

68. Uepea TOuKy BHYTPH yr/ia IIpOBECTH NMPSMYIO, OTCEKAIONLYi0
OT yrzia TPeyroJbHHK HaMMeHbuleH MIOIIATH.

69 B Toukax A u B HaXOmATCH HCTOUHMKH CBeTa B S; H S,
cpeyei. Ha oTpeske AB HaWlTH nauMenee OCBEUIEHHYIO TOUKY.

70. 3agaya Topuyeann (1608—1647)—yyennka laanaesn. B
MJIOCKOCTH JAHHOTO TPeyroabHHKa HalTh TOuky 7, cyMMa paccTo-
SHHIE KOTOPOH JO. BepmuH TpeyroabHuka nauMenbuiasi. (Touwa

HasHBaeTCs TOUKOH TOpHUEATH).

71. 3anaya RusHauu (1622—1703)— y4ennka laaunes. [auu
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ABe napannesbHue npaMbie AB u CD, paccTosiHHe MeXAY KOTOPH-
MU paBHO @, H ToukH M u N coorserctBenno Ha AB u CD. Ha
AB otkaaawBaoT otpesox ME = b. Uepes kaxyio 1ouky F orpes-
ka MN Hazo MpOBECTH MPSMYIO M3 TOYKH E, YTOGH CyMMa IIO-
wane#t Ttpeyroabhukos MEF w NFK (K — nepeceuenne EF ¢
npamok CD) 6usia HauMenblued ?

72. 3anayn llivefinepa. 1) JloxasaTb, 4TO H3 BCEX TPEyro/ib-
HHUKOB OIHOTO M TOTO e NEePHMETPa H OCHOBAHHH PABHOGEIpPeH-
HHH HMeeT HaHGOJBIIYIO MJIOIAMb. .

2) IlokasaTb, YTO €C/H 1aHO NO OAHOMY KaTeTy ABYX NpSMO-
YFOJBHHX TPEYFOJBHHKOB H H3BECTHA CyMMa IBYX APYTHX KATETOB,
TO CyMMa THIOTEHy3 B cayuae TPeyromab-
HHKOB,

73. 3anaya auraufickoro mateMatuka K9su (XIX B.) B mio-
CKOCTH TPeyroJbHHKa HAaiTH TOYKY, CyMMa KBaApaToOB PaCCTOAHHH
KOTOPO# OT CTOPOH TPeyroJbHHKA GhH/a OH MHHHMAMBLHOR.

§ 5. CTepeoMeTpHYeCcKHe 3ajauH.

1. Jlokasatb, 4TO CyMMa pacCTOfiHHfi OT JIOGOH TOYKH OCHO-
BaHHA MPABHJABHOH NMHPAMUIH 10 €& GOKOBHX rpaHe#f eCTb BeJH-
YYHA TOCTOSTHHAS.

2. Jlnarona’ab NpsMOYroJIbHOTO Mapa/uielenunesa paBua 26 o,
JAHaroHanH rpane# ero paBun 6 V17 Ox. Onpeneants 06BEM
napaaaesenunena.

3. U3 Bepmuun C Tpeyroabhuka ABC BOCCTaBHTB K IIOCKO-
i tpeyronshnka ABC nepnenmukyasp CD =35 cx. BHUHCIHTB
paccroshue Touku D ot croponn AB, ecnin AB=14 cu, BC=
=13 cx, AC =15 cu.

4. [lokasatb, YTO MpsAMHE, COEAHHSIOUWIHE BEPUIHHH TPEYTOMb-
HOH MHPAMHAE C LEHTPAMH THKECTH NPOTHBONOIOKHHX rpaHed,
nepeceKaTcs B OMHOA TOUKe.

5. lNepeceub DaHHHA TPEXTPAHHHH Yrol Tak, 4TOGH B CEUeHHH
NOJy4YHACH poME

6. Ky6 mepeceub MJIOCKOCTBIO TaK, YTOGH B CEYEHHH MOJIYYHJ-
CAl NpaBHABHHH 7-yroabhHHK [loKa3aTh, 4YTO BO3MOMHH TOJBKO
n=3; 4; 6.
7. B mpocTpaHCTBe PacMoONOKEeHH Iap H npamas. Yepes sty
npsAMyio NMPOXONAT MJOCKOCTH, Nepecekaiomue map. Ha#ru reo-
METpHYecKOe MeCTO HEHTPOB, MO/YYAIOUIHXCA B CEYEHHH KPYTOB.

8. Jlan rterpasap ABCD, B kotopom pe6po AB nepneHauKy-
JSPHO K MUIOCKOCTH OCHoBawus BCD; npuuém AB = CD = a. Te-
TpasAp mepeceudd maockocteio MNPQ, mapannensrolt AB w CD.
Jlokasate, 4to cedenne MNPQ ecth NPAMOYTOJbHHK H NEPHMETP
9TOr0 NMPSAMOYTOJbHHKA NMPH PA3JHUHHX €r0 NOJOKEHHAX OCTalT-
cf noc Haiith Toukn M na AC, ecau ceue-
nie MNPQ — xBagpar.
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9. B KOHUUECKH}H COCYX C OCEBHM CEYEeHHeM B BHAE PaBHOCTO-
POHHETO TPEeYTOJbHHKA HAJIHTAa BOAA H B HEd MNOJOKEH Mera-
JIMYeCKMA wap paauyca r. Boan 0Kasanoch CTOJBKO, 4TO €&
ypOBeHb KOCHYJICS wWapa cBepXy. Ha xako# BHCOTe GH. ypOBeHb
BOAH B COCYyj€ A0 OMYCKaHHS B HEro miapa?

10. Han npaBunsue# Terpasap ABCD, pe6po KOTOpOro pasHO
a. Ha AC nana Touka £ ma paccTosikhn m OT Toukd C u Ha
AD — touka F Ha pacCTOsiHHH 72 OT TOuKH D. BHuUMCAHTB CTOpO-
HH TpeyrosbHuka BEF.

11. Tpeyroasnas nupamuaa OABC uMeeT npsMoi TPEXTpaH-
muft yroa npu Bepmuse O, npuuedm OA = OB =12 cu, OC=x.
BHUKC/IHTE X TP YCAOBHM, uTO paguyC cepe, BNHCAHHOR B
rerpasgp OABC pasen 3 ca. BHUHCAHTD MU 3TOM YCAOBHH MO~
wagb TPeyroJbHHKA W pacCTOSHHE OT TOYKH o] A0 MAOCKO-
cti ABS‘

12. B KOHYC BHCOTO# / BNHCaH wap, a B 1ap — PABHOCTOPOH-
nulfl xonyc. HaiiTu mosnyio noBepxHoOCTb GOIBLIErO KOHYCa, €CaH

1
061&M ero B 7 5- pa3 Goabuie 06bEMA MEHBUIErO KOHYCA.

13. Uepes cepeaunH Tpex pebep ky6a, BHXONAMUX H3 KamAOH
BEepINUHH, NMPOBOAST CEKylHe MIOCKOCTH. HalTu moanyio nmosepx-
HOCTb M OOBEM Te/a, OCTABIIErOCS MOC/Ae YAAJeHHSE BCEX MOJY-
YHBIIMXCS MUPaMul, ecad pe6po Ky6a paBHO a.

14. O6bEM npaBHABHOR YETHPEXYTOJNbHOH YCEUEHHOH MUpaMH-
s pased 1300 c#®, cTOPOHA HHIKHETO OCHOBAHUS @ = 15 c#, BHCOTA
h =12 cm. BoluncanTh GOKOBYIO MOBEDXHOCTH YCeuSHHOH mHpa-
MHIH B O6BEM JOMOJHUTENbHOR NMUPAMUIAH.

15. Ulap panuyca R mepeceub MAOCKOCTbIO TAK, YOOH Miomais
CeyYeHHs PABHANACh PA3HOCTH MOBEPXHOCTEA OTCEUEHHHX YacTed.

16. Jlan KOHyC C pajHyCcOM OCHOBaHMA R =4 # W BHCOTOR
H =12 x. Onpenenurs pasMepH UHJHHIPA, BIHCAHHOTO B KOHYC,
€C/ ero NOBEPXHOCTb UMEET HAUGO/bliee H3 BO3IMOXHHX 3Hade-
Hul. BHYHCAHTH MOBEPXHOCTb M OGBEM 3TOrO MHAHHIDA.

17. B npaBuAbHOH YeTHPEXYrOJbHOA mupamuze O6OkOBas no-
BepxXHOCTb paBHa a@®. OnpefeiuTh MAKCHMA/JbHHH H3 BO3MOXHHX
06bEMOB THPAMHIH.

18. Tlepumerp p p 0 Tpeyr a 2 p. Kakoi
JUIMHH AOJKHH OHTb €ro CTOPOHH, 4TOGH 00B&M Teaa, 06pa3o-
BAHHOTO BpALIEHWEM TPEYrOJbHUKA BOKDYT €ro OCHOBaHHS, GHLI
Hau60AbUIHM ? ’

19. OTpe3ok @ pasgenéH Ha 1Ba OTPE3KA; HA KAKAOM M3 HUX
TMOCTPOEHO O PABHOCTOPOHHEMY TPEYTrOJbHHKY, M Bcs (urypa
BpaumlaeTcs BOKPYT NAHHOTO OTpe3Ka. B KakoM OTHOUIEHHH Hax0
pasfenuTh OTPE30K @, YTOGH O0BEM Teja BpameHus GHJ Hau-
MEHDbLIHM.

20. Oxoxo kpyra paauyca R omucana pasHOGeIpeHHas Tparme-
Hus. Ha#iTu MUHEMYM NOBEPXHOCTH H OGBEM Tend, MOJYYEHHOTO
OT BpAllleHus TPANemuH BOKPYT GO/ABUIETO OCHOBAHHSA.
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21. Teno mpexcraBaser coGofi mpsMO¥N KPYroBO¥ IHAHHAD, 3a-
BePUIGHHHH cBepXy moaymapoM. [IpH KakHX JHHeHHHX pa3Mepax
370 Ten0 GyJeT HMeThb HAHMEHbUIYI0 TOAHYIO MOBEPXHOCTD, €CIH
00BEM ero pasen v?

22. Haifitu nauGoapuyto GOKOBYIO MOBEPXHOCTs H HAHGOILINAH
06b&M KOHyCa, eCJH:

1) r + = a — nocrosiuuas,
2) r 4 h = a — nocTosiHHas.

(r, h u [ — COOTBETCTBEHHO PaJHyC OCHOBAHHs, BHCOTA H 06pasy-
omas KoHyca).

23. B map paguyca R BuHcars WHJHHADP C HauGoablied moJ-
HOM_TOBEPXHOCTHIO.

24. B wap paghyca R BOHCaTh UHIHHAD C HaHGOABIIHM
06BEMOM.

25. B moaymwap paguyca R BhHcath napajeienunes ¢ KBai-
paTHHM OCHOBaHHEM HaHGCJbuIEro o6beMa.

26. KpoBesbmk KeJaeT cue/laTh OTKPHTHA X&106 HaHGoab-
well BMECTHMOCTH, Y KOTOPOro GH JHO H GOKa GOBIIH TJIOCKHE
wHpuHO# B 10 cu. Kakosa momxua 6uThb wWwHpUHA X&m06a CBepxy,
ecau 60Ka Hak/ H KO JHY )

27. KakoBH HO/KHH OHTH PasMepH KOHCEDPBHO! GaHKH, HMe-
jome# HauGoJbIHA 06bHEM NpPH 3aJaHHOH MOBEPXHOCTH

28. Ompejsesautb OTHOUIEHHE BHCOTH KOHHYECKOTO IaTpa K
pajiyCy OCHOBAHHSA MPH YCJIOBHH, 9TO €rO MOBEPXHOCTh HAHMEHb-
wasi NPH 3aJaHHOH BMECTHMOCTH.

29. Bax uuuMHIpHIECKOH (OPMH HOMKEH BMEWATb U JHTPOB
BOAH. KakoBH 10/MKHH GHTb €ro pasMepH, 4TOGH NOBEPXHOCTH
6e3 KpHIIKH OH/JAa HAUMEHbINAS ?

30. 3apaua Apxumena. H3 TpakTata ,JlemMmbi“. Haiitu
wap, uMeomuli 06bEM, paBHHI 06BLEMY NAHAOTO KOHYCa HJIH LH-
JHHAPA.

31. 3anaya Apxumela W3 9TOro e TpakTata. Otpesars OT
mapa MIOCKOCTbIO TAKOH CErMeHT, YTOGH OTHOEHHE ero 06béMa
K 0GbEMY KOHyCa, HMEIOMmEr0 OCHOBAaHHE H BHCOTY CErMEHTa,
6HJIO JaHHOe.

32. Mpasuno Huncyca (okono II Bexa H. 9.). B dpdyprckom
xoZekce (pyxomucu mnpumepuo Il Bexka) mnpuBOAHTCA TNpaBHIO
Huncyca n/s onpejeseHHs BMeCTHMOCTH Gouek mo dopmyse:

_11{ Do+ D+ 2 \?
v_l‘l(T) 4,

roe H — sucora 6ouxw, a Ty, J; u [, — 1MaMeTpH, H3IMEDEHHbIE
B HHXHEHN, CpelHei M BepXHell 9acTaX GOUKH. Y3HATb, KAKHM



’

! npHGAMKEHHHM 3HAYEHWEM ® NONB3OBANHCH DHMASHE, NPHHAMAs

332 06bEM GOYKH OGBEM LMJIHHAPA C TOH Xe BHCOTOH W C pagHy-
COM OCHOBAHHS, PaBHHM CpeAHEMY apmbmemuecxomy paauycos
OCHOBAHHI M CDPENHEro CeueHHS.

33. NpaBuno u3 TpakTata ,BeHel acTPOHOMHYECKOrO yuye-
HHA“ WHAWACKOro mMaTemMaTHKka bBxackapa-AkapHa. [las BHYHC-
JneHns o6bEMa mapa uepes ero auamerp Dxackapa maer ¢op-

Myay:
o1 D
221 2"
MNpyu KakoM npu6 & = cnp IUBO  TI:
Bxackapm?

34. 3anaya u3 ,TpakTaTa no reoMeTpHH“ ()paHuUY3CKHX Ma-
TeMaTukoB 3. Pyme u Ul. Kom6epycca (XIX 8.). Bucora yce-
UEHHOTO KOHYCa 3 A, a pajHycH €ro OCHOBaHHi 1 # u 2 u.
PasgennTs 06bEM Ha TpH 4acTH, MPOMOPUHOHAJBHHE YHCIaM 2, 3
¥ 7, AByMs MJIOCKOCTSMH, Mapa/IeJbHEIMH OCHOBAHHSAM.

35. 3anaya, ApennOKEeHHAs NPH HCOMITAHHAX Ha cTenenb 6a-
Kanaspa Bo ¢paHuy3ckofl wkoae. UerepTs kpyra AOB spama-
ercs okoxo pamuyca OB. Ha kakom paccrosunu OP or uentpa O
Haao mposectH mpsMylo PD, napanensuyio mnpsMoii OA, uToGH
KOJIBIO, OMHCAHHOe OTPeskoM CD, OTCeKAaeMBIM Mexay XOPAoH
AB u OKpYXHOCTBIO, HMeJO AaHHYI0 Miomanp =m. HaidTH Mak-
cOnMyu 3TOA nuomand npH H3meHenuu paccrosiuus OP or O no

B=a.

Taasa wemeépmasn

TPHTOHOMETPHS

§ 1. Toxaecr ie npeoGp
JlokasaTh CleAylOmHe TOXKAECTBA:
1. sin (60°—a) cos (30° + a') -+ cos (60°— a) sin (30°+a) =1.
2. cos (a— b) cos (@ + b) —sin (a — b)sin(a + b) = cos 2a.

1
cos’a + sin®a = cos*2a + - sin’2a

2 2 .
cos22 a—4 cosza +3 ig'a
cos2a + 4cos’'a—1

w

>

5 sin 3a + sin’a

. =ciga
cos’a — cos 3a €
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6. 1 + cos 2a cos 26 = 2sin’a sin’ b + 2 cos’a cos’h
7. 4 sinacos3a 4 4cos’asin3a =3sin4a
8. sin (a4 a,+ - - -+a,)=cos @, cos a,- - -cos a, [S; —Sz+---],

rae S;— CyMMa TAHT@HCOB JAAHHHIX APTYMEHTOB, - - -
S, — CyMMa NpOH3BEJEHHH TAHTEHCOB STHX X€ APTYMEHTOB,
B3ATHX 10 K.

9. cos(a, + a4 -+ +a) =
=cosalcosa,~-cosan[1—S,+s4_...]’
rie s, —To xe camoe, 4To B Ne 8.
10. sin na = cos @ (Ch tga — Ctg’a + ---).
11. cosna=cos"a(1—Clg a+ Citga —-..).
12. sina+sin(@46)+ --- +sin[a+ (—1) 6] =
_sin(a+'%b) sin%

sin -%

13. cos a+-cos (a+-b6) 4 cos (a+25) + - - - 4-cos [a+(n—1)b] =

cos (a + '—l—;—! b) sin 5122

sin—g
14. sina 4 sin2a +sin3a 4 +-+ 4+ sin na =
slnn+1 ~smE

2 2

sina
5 .

15. cos @ 4-cos 2a +-cos 3a 4 ++- cosng =

n+1 na
cos ) a~sin~2

a
sin —2—
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sm’na

16. sina+sin3a+ --- +sin (22 —1)a= g

sin2na

17. cosa+cos3a+ --++4cos (2n—1)a= Ssing

18. cosec a + cosec 2a + cosec 4a -+ - -+ L cosec2"a =

=clg 2 —ctgPa.
2
19. sin’a + sin’6 +sin’c = 1 —2sina sin bsinc,

npna+b+c:—;-

Tt BT ST e TE ot T st 3T
20. sin 8+sin 8+sln 8*sin 8_cos 8+cos 5 +
=
+ cos’ 58 +cos‘T
sin®a cos’a _ 1
21 T s
m " (m-+-n)*
ot sin‘a +cos‘a= 1
< m n m+n -

22. cos 2a +- cos 2b + cos 2¢ 4 cos 2d =
=4 (cosa-cosbcosccosd —sinasinbsincsind), ecau
a+b+c+d=0.

23. arc tg% + arc tg% + arc tg% =

24. sin (2 arctg l/ ) _ 2ablir:2n
a’'m

1 1 =
. 4 arc tg — — arc = - 9.
25. 4 arc tg 5 g 535 4 (paBenctBo Mexuna')
1
n.C 3TOro Mexuna n B paL arcigg #
1
arc Igﬁ) Wenke YHCAO ® C TOYHOCTHIO 1O

707 AECATHIHBIX 3HaKOB.
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a—1
V3

26. arctg“l/T—arc!g L e l<a<4
4—a 6

27. arcsinx 4 arccos x = -;-

L3

28. arctgx + arcctgx = )

2
29. 2 arc tg x = arc ctg 12:x , rae x>0

30. arccos x + arc cos y = arc sin (yl/l——xz— XVl_—7) )
re 0<x<1; 04yl

JloxasaTh A5 TPeYrOJBHHKA CAEAYIONHE DPABEHCTBA.

31. sin’B + sin®C — 2sin Bsin Ccos A —= sin® A

32. cos’B + cos’C + 2cos A cos B cos C = sin’A

33. 4 cos’ A cos’B —cos (A—B) (3cos A cos B—sin A sin B)=
2
=cos’C

cos A cos B cos C
34 SinBsinC + sinCsin A + sin A'sin B

=2

35. cos A 4-cos B4 cos C==1 +%

36. b(a* — b)) =c(d*—c*, e | A=120°

37. IlokasaTh, 4TO €C/AH AJsi TPEYTOJbHHKA HMEET MECTO pa
BEHCTBO

2 2 2
cos’A 4-cos’B+cos’C=1,

TO OH TIPAMOYTOJBbHHMA.

38. [lokasaTb, YTO €CIH B TpeyroibHuke a@ +¢ = bn, to

A C_nil
Delggde g =77
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A [ 2 B
2)ctg—é—+ctg7 =mctg? .

39. Nokasats, uTO .
sina + sinb 4 sinc + sind = 4sin- L;'—c
ectn at+b+c+d=2x

sin

a+b c+a
0} sin 5

o
40. Jloka3aTs, 4TO €CAM A YIVIOB TPEYrOAbHHKA CYIIECTBYeT
TaKof OCTPHM yroa @, yto

ctga=ctgA +ctigB+cigC,
TO CNPABEJUIMBO PABEHCTBO:
sine = sin (A — a) sin (B — ) sin (C — a).

41. Jlokasath IS TPeYTOAbHHKA panenc‘rno:
S-—r’ctg A +2RrsinA

42. Jlokasatp, uTo ecan B Tpeyroabunke ABC uMeer MecTo
cootHomenne b —c¢ = 2aR, 10 B—C=90°.

43. JlokasaTh, UTO €C/IH B TPEYrONbHHKE NepHMeTp BTpoe 601b-
me KaKo#-THGO CTOPOHH, TO KOTAaHTEHCH MOJOBHH YIJIOB Tpe-
YTOABHHKA COCTABAAKT aPHPMETHIECKYIO MPOTPECCHIO.

44. JloxasaTb AN TPeyroNbHHKA TOXAECTBO:

A cC, A __
gl retwl peled=1.
45. floxasars, uTo ecan sin A, sin B u sin C coctaBasior apud-

MeTHYeCKYI0 MPOTPeccHio, TO H cig% , ctg —g— nctg % TaKxe 06-

pasyior apﬂqmefmecuym nporpeccuio (A, B, n C— yrau Tpe-
YTONBHHKE).
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46. IloxasaTh, YTO eCid
atgA+bigB= (a+b)tgA +8

TO 'rgeyronbnuk ABC paBHOGeapEHHHH.
47. Croponn Tpeyronbiuka ABC CBf3aHH COOTHOMIEHHEM:
a?=c (b + c). Noxasats, uTo yron A Basoe Goabme yraa C.
48. loxa3aTh, 4TO GHCCEKTPHCA TPEyroibHUKA ABCy

2bc cos %

Op=—F—7.
A b+c

Tlonbsysick aToft opMyaOH, 10KasaTh, UTO TPEYTOJBHHK C
ABYMsi PaBHHMH GHCCEKTPHCAMH — DABHOGEADEHHHH.

49. JloxasaTh, 4T® BO BCSKOM TPEyro/bHHKE HMEIOT MECTO pa-
BEHCTBA:

1) bcos A+acosB=c
2) bc cos A— ac cos B= b’— a’

50. Ec/in KOTAaHTEHCH YIVIOB TPeyTOJbHHKA COCTABJSIOT apH(d-
METHYECKYIO NPOrpeccuio, TO KBaAPaTH CTOPOH TPeyrOJNbHUKA TaK-
e COCTaBAsIOT apuMeTHyeckyio mporpeccuio. [lokasats.

51. [loxasaTs, 4TO BO BCSKOM TPEYTOJbHHKE HMEET MecTo CO-
OTHOMIEHHE:

cosA'_|_cosB+cosC: m, +my +m’
a b c 6 RC

52. Or CTOPOH TpeyT
bic=@m1): (M’ —1): (M’ +m+1)

ﬂoxaaan, YTO OJMH W3 YIJIOB TPeyro/bHHKa paBeH 120°.
BEIUHCHTD 3HAUEGHHS CIENYOUMX BHpaxeHul (53—63).

53. cos 20° cos 40° cos 80°. 54. cos %‘ + cos 4—5“ .

55. sin 20° sin 40° sin 60° sin 80°. 56. cos%f + cos %,f +

+c05671.
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57. tg10° tg50° tg 70°.  58. tg 20° tg 40° tg 80°.

v 16
. 89. (2 sin 1_6) + (2 cos ﬁ)

60. tg 10° tg 20° tg 30° tg 40°.

61. (cosec a cosec 2a + cosec 2a cosec 3@ + -+ 3
+ cosec (n — 1) a cosec na

62. seca, seca, + seca,seca; + -+ - 4 seca,seca,,
ecan a,, @,, -+ ,a,, @,,, 06pasyloT apupMeTHuecKyw nporpec-

CHIO C Pa3HOCTBIO @.

63. 1 x arc t; d
T e P e
+arctg———x— + .- +arctg ———-
1+3-4x 1+n(n+l)x

64. Buuncaute yrau tpeyroabiuka ABC, ecan

A4 C=2B, c-,q:% .
65. Ycranosutb BuA Tpeyroashuka ABC, ecan

sin B + sin C

sin A:cosB+cosC B

66. [lns TPEYrOJNbHHKA MMEET MECTO COOTHOUIEHHE:
si’A _tgA
sin'B  tgB’

KakoMy yC/I0BHIO YAOB/IETBOPSIOT YI/H TAKOTO TpeyrO/bHHKA?

67. Hai#iTh maowaap cerMenTa, Ayra KOTOPOTO COAEPXKHT a°, a
Xopaa paBHa a.

68. HaitTu yraH TpeyroabHHKa, 3Hast, YTO OHH 06pa3yioT apud-
METHYECKYIO TIPOTPECCHIO H UTO HAWGO.'bIIasi CTOPOHA ero ¢ BIBOE
Gosplle HAHMEHbIIER CTOPOHH a.

69. OnpeaequTb yribl poM6a, €C/H €ro mepHMeTp B 1,5 pasa
6Go/blIe CyMMH JAHAaronasef.
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70. TIpoBepHTS 445 TPEYTO/BHHKA PABEHCTBO:
— 1 c b a
mzA‘ng,g\zg_ abe (cos B @sc™ a) (cos ¢t

c b a .
+cosA—b)(cosA+ cos B~ c) .
71. Bucora, GHcCeKTpHCa W MeaHaHa Tpeyroashuka ABC, npo-
- BeJleHHHe M3 BepmHHH A, AeJAT STOT yroZ Ha YeTHPEe paBHHE
wactu. Hafitu yrox A.
72. VICKAIONKTD X M Y H3 CAELYIOWHX CHCTEM YDaBHEHHf:
1) sinxsiny=a; cosxcosy=>h; x+y=c.
2) asin’x + b cos’x=m; bsin’y + acos’y =n; atgx=htgy.
73. VICK/IIOUHTD X, Y ¥ Z W3 DABEHCTB:
xX+y+z=a tgx+4tigy +tgz=a;
tgxtgy+tgytgz+tgztgx=1>;tgxtgytgz=c
74. Vckmountb @, B U3 paBeHcrs:
x=asinacosB; y =asinasinf; z=acos a
75. B tpeyroabuuke ABC namo:
tgA:tgB:tgC=1:2:3.
HafiTH cHHyCH yri0B. '
76. Tlokasath, 4TO NJOMAAb YETHPEXYTOABLHHKA, Y KOTOPOro

CyMMa IBYX CTODOH DaBHA CyMMe AByX ADYrHX CTOPOH,

1

S=Vabed sin p-;

(a, b, ¢, d— croponH, B ® 7 — NPOTHBONOJAOXHHE YIAH YETH-
PEXYrOJBHUKA).

Koraa nonyuaercst MaxcMyM M/IOIMAAH JAHHOTO 3€Ch BHAA Y2-
THPEXYTONbHHKOB ?

77. BHYHCAHTD CAELYIOIIHE CYMMH:

T 4 cos 3% 4 cos 5T 4oy coslZim T
l)cosn+cos n + cos n+ -+ cos: P
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3r

(2n—1)=
n n

2) sin-:—:-+sln +sin5—n’-'+-~~+sin

3) stn’a + sin’ (@ + b) + sin’ (@ + 2b) + - - - + sin® (@ + nb)
4) cos’a + cos®(a + b) + cos®(a +25) + - - - + cos’(a + nb)
5) tga + 2tg2a + 2'tg2% + Ptg a4 - 4 2 tg2a.
6) tgatga, +tgastgas + --- +tga tga,,,,

Tae a;, @y, -,

@,,, WIeHH apHQMETHIECKOR NPOrpeccHu ¢ pas-

HOCTBIO .
78. Haittu nmepuoan caeayomux Gynxknui:

1) tg (x+1); 2) sinx+cos (x —¢); 3) sin2x + cos x;

4) sinxsin (x +¢); 5) tg Zi + ctg 3x; 6) cos’x;

7) tg* (;;.) ;8) 1 — sinxcos x; 9) cos (2arc sin /5 x ).

79. 4 s M 1mep HNH CHAeAyolHe QYHKIUH?

1) cos’x; 2) sin (x*+1); 3) tgx —sin2x;
4) cos xsin 2x; 5) lgsinx + Igcos x

§ 2. O pemeHHH TPHIOHOMETPHYECKHX ypaBHeHMi.

1. Pemenune npocTe#lIHX ypaBHEeHHH.
1

P aYp

sinx=a (—l1<axgl)
cosx=b (—1<bh<)
tgx=c (—o<c< ™)

cdgx=d (—o<d< ™)



N

Pemennst ypaBuenus sinx =a, ecan — 1 <u 1, naxomarcs
no dopmye:

x=kx+ (— 1) . arcsina (1

Kopuu ypasueunus cos x =5, eciu — 1 < b < 1, oTHCKHBAIOTCH MO
tdopmyae:
X = 2k= + arccos b (2)

N ypasuennst tg x =c u ctgx=d dopmyan pemenns onuna-
KOBOTO BHAA:

x=xkr+arctge (3) u x=wxx+ arcctgd (4)

(Bo Bcex sTux dopmynax K NPHHMMAeT Ie/He 3HAYEHH:).

II. Pemenue NpoM3BOAbHHEKX ypPaBHEHHR.

Yro6n pemuth KaKoe-HHGYIb TPHTOHOMETPHYECKOE ypaBHEHHE,
HYXHO CBECTH €ro K mpocTeAmuM ypaBHeuusM. [ls 5TOro Hme-
eTcsi psl CMoco6oB. PaccMOTPUM OCHOBHHIE H3 HHX.

1) Pewenue ypaBHeHud, JeBas 4acTh KOTOPHX eCTh NPOH3BeE-
ZieHHe TPHTOHOMETPHYECKHX (BYHKIHA, a NMpasas — PaBHA HYJIO.

B sTOM cayuae KamIHA W3 COMHOXHTEJNEH NMPHPABUHBAETCH HY-
aio. [Nonyuaercs cucreMma ypashenuf Buja (A), Kaxaoe W3 KOTO-
PHX pemaetcs no cootseTctByomed ¢opmyae. Ecau cpenn com-
HOXUTeNeR KHMeeTcss (QYHKIUMA, KOTOpAs JIA HEKOTOPHX 3HAUCHHH
APryMeHTa TepAeT CMEICA, TO MOAyYeHHHe KOPHH MOJIEXKAT Mpo-
BEpKe.

Mpumep. sin3xctgx=0.
370 ypaBHeHHe PacnajaeTcs Ha 1BA ypaBHEHWS:
a) stn3x =0
6) ctgx=10
Pewrnm kaxpnoe M3 HHX.
a) stn3x = 0. [To dopmyne (1) Gynem umers:
3x = kx4 (—1)“0.

Crenoparensio, 3x = k%, rae Kk — uenoe uucao. Hrak, mepsoe
ypasneuue Aaet

HT g K
6) ctgx =0. Mo dopmyre (4)
x:x,x+%:%(2x,+l).
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Eciu CpelH KOpHe# MepBOrO ypaBHEHHs OKaXYTCH KPaTHHe =, TO
HX HYXHO OTOPOCHTb, H6O I/Ifi TAKHX X KOTaHIEHC He CyIlecTBY-

k3

er. B BHPAXCHHH X, = 3 K TNOJYy4YaloTCd KpPaTHHE =, eCaH K

KpaTHo 3, 1. e. Kk =3m (m— nenoe uucro). INosTomy Gepem
X =5 (3m 1),
3
WiTaK, Hawe ypaBHeHHe HMeeT peleHHs:

x,:%(é}mil)

x,:%(2x+1)

(m u kK — uesne Yucaa).
n2) Wcnonb3osanue ycnoBHA paBeHCTBA ABYX op,unakénux byHk-
s t;) Ecau sinx =siny, 10 x=kx+ (— 1)y nm x +y=
=@2c+ 1w x—y=2%=.
6) Ecau cos x =cosy, To Xx=2kx + y HaH X + y = 2K=%.
B) Ecmu tgx=1gy, To x=Kn+y umm x —y = K=
DTH yc/0BHA HCMOAL3YIOTCH NPH PELICHHH YDaBHeHHN BHAA:
sinnx = sin mx; cosnx = cosmx; tgnx =tgmx.
Mpumep. sin2x =sin 5x. Mcnoss3ys ycaoBue a), Gynem HMeTb
2x = km 4 (— 1)"5x. M 1) 5x — 2x = 2km;
2) 5x+2x=(2k+ )=

Otciona: x,:% " x,:%’i.

STH e yCAOBHS MOTYT GHTBH HCMOAB3OBAHH J/IA YpaBHEHHA BHAA:
sinnx = cos mx; tg nx = ctg mx.
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Jlns 3TOrO AOCTATOYHO OAHY H3 dYHKUHA 3aMeHHTh N0 Gopmynam
npHBeAEHHs CXOLCTBeHHOR dyhknuedt. Torza Mu NOMyuHM paBeH-
CTBO OAHOMMEHHBIX (PYHKEHA.

3) Meron NMOACTAHOBKH.

HexoTopHe TPHIOHOMETPHUECKHE yPaBHEHHs CBONATCH K aare-
GpauueckHM C TNOMOWBIO' MOACTaHOBKH. Pemas aareGpamueckoe
ypaBHenne, MBH MPHXONMM 3aTeM K OJHOMY H/IH HECKONBKHM H3
mpocrefmux ypasHennd. Hampumep, nycTh 1aHO ypaBHenue
8 cos?x+2 cosx —3=0. [lenaem mnoxcTaHoBKy cos x=y. [To-
anyunm anreGpanueckoe ypasuenue 8y 12y —3=0. Kopuu ero

6ynyT ¥i = 5 Y= 7 Teneps nosydaem ABa NpOCTEAMIHX
C 1 3 '
YPABHEHHS “COS X = 5= H COSX = — 7. Kopuy mocaensux u 6y-

AYT KOPHAMH HCXOJHOTO ypaBHEHHs. Ocob6enno gacto NpHMEHACT-

cs TaK y pCanbHas MOAC yztg% . Tak
x gz X =z
%3 -5 %83
8 X = s tgx— N
2 X

KaK s|nx=—x: cot < 8
2z = 2 —_
1+tg? 5 1+tgh5 1—tg*5

TO M060€, ypaBHeHHe, ColepKallee TOILKO 3TH (GYHKIMH, TaKoft
MOACTAHOBKORA MPHBOHMTCA K aareGpanueckoMy. Peuwns mociensee,
MH [OJIyYaeM NPOCTEAIIHE TPHTOHOMETPHYECKHE YPABHEHHS.

Mpumep. V' 3 sinx—cosx=1;
T * 2 X
2V3tg2» 1—1g—2—_.A

1+g 5 1+
2V Ty — e F=14+g 5

X X 1 X ™ x
Sg-=Ltg == =Kt —; x=—Z(6k+1).
VB g =lig=yzig . 6K+ 1)
Ecnu B ypaBHEHHH, COZEDHKAIIeM SInX M COSX, COSX BXONHT B
Y8THHX CTENeHsX, TO C Momombio Gopmysn cos x =1 —sin” x
MOXHO MOMYYHTb anreGpaHuecKoe ypaBHEHHE OTHOCHTE/IbHO sinx.
AHanOrMYHO MOXHO MOCTYNHTb, €C/IH B YETHHX CTENeHAX BXOLHT
sin x.
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H IpyrHe [ pyomue H. Mo~
JIE3HO 3HATH CIelylOmHe OGMIKE MPaBHAa JMs MOACTAHOBOK: @) ec-
JIH TPHI'OHOMETPUYECKO® ypaBHeHHE He MEHSeT 3HaKa NMpR MOACTa-
HOBKE BMECTO apryMeHTa X OJHOrO 3 BEIpaeHul (% — x), Hau
(—x), umu =+ X, TO 33 BCIOMOraTe/BHYI0 (YHKUUIO HYKHO NPH-
HATb COOTBETCTBEHHO Sinx, cosx uan tgx.
6) Ecii TpHroHOMETpHUECKO® ypaBHEHHE NpH YKa3aHHOH sa-
MeHe MEHsieT CBOM 3HAK, TO 33 BCIOMOTaTeAbHYI (QYHKUHIO HaZO

TPHHATD tg —;i .

Mpamep 1. sin®x+2sinx—3=0
MoacTaHoBKa ™ — X BMECTO X He MeHseT 3Haka ypasHeHus. [Tos-
TOMY NPUMEHAETCS NOACTAaHOBKA y = sin x.

Mpumep 2. sec x = 4sin x +6cos x.
ToncTanoBka = + X BMECTO X He MEHSieT 3HAKA ypaBHeHHs. [10a-
TOMY Jydlle NPHMEHHTh IOACTaHOBKY, y =tgx. Pasneius oGe
HaCTH YPaBHeHHs HA COSX, moayuum: ——— =4igx 6. U

‘ cos’ x

14t x=4tgx 46, tg'x—4tgx—5=0.

4) ORHOpOJHHE yPaBHEHHS. .

Ecin cymma nokasatenedl CremeHed sinXx W cosx 14a BCexX
CHIaraeMHX OJMHAKOBA B OGEHX UACTAX YPABHEHHS, TO OHO Ha3h-
BAETCA OJHOPOAHHIM OTHOCHTENBHO SInX u cosx. Onnoponuue
ypaBHeHWs pPEIAloTesi TAK: BCe YAEHH NEPEHOCATCH NO ONHY CTo-
POHY OT 3HAaKA PABEHCTBA, BHHOCHTCH 33 CKOGKH SinX WIH COS X
B CTelNeHH, PABHON MOKA3aTeI0 OJHOPORHOCTH; MOJYHaeTCs ajre-
Gpaunueckoe ypaBHEHHE OTHOCHTENBHO Cig X WM tg X.

Mpumep. 1. 2sin’ x — 5 sin x cos x + 3cos’ x = 0;
cos® x(2tg’x—51gx 4-3) =0; cos x + 0 (nouemy?);
2tg’x —Btgx+3=0. U . .
K p yp MOTyT 6HTH yp BUAA

asin®x + bsin x cos x + ¢ cos® x = d.

Jlast 9TOr0 HYKHO HCINOABb30BATH TPHTOHOMETPHYECKYIO EXHHHILY
sin’ x - cos’ x = |. Mcmomssys 5T0 TOXAECTBO, MOXHO MocrenHee
ypaBHeHHe NepemucaThb Tak:

asin’ x +bsinxcosx+c¢ cos’x=d (sln2x + cos’x)
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win (a—d) sin® x4 bsinxcosx + (¢ — d) cos’x=0. 310 ypas-
HeHHe ye OJHOPOAHOE, INOKA3aTeNAb ONHOPOJHOCTH €ro paseH 2.
Mpumep. 2. 3sin® x — 6sin x cos x + 10cos’ x=2.
W 3 sin® x — 6 sin x cos x + 10cos’x = 2 (sin” x + cos® x)
sin® x — 6 sin x cos x +8cos’ x = 0. (PewnTs camum).

6) Ypasuenns Buna asinx + bcosx = c(c # 0). Pasnenum o6e
YacTH ypaBHEHHs HA 4.

Torza sinx 4 %cosx = —;—

b
Baesiem BCmoMOraTesbHuA yroa tge =—-.
Hawe ypaBHeHne nepenuumeTcs Tak: .
c
sinx +tgocosx= = 25,04

sin x cos ¢ + cos x sing = %cos?

sin (x + @) = %cosv

c
Bupaxenne — cosg ects p gucro. O ero
uepes p. '
Ecau |p}>1, To Hame ypaBHeHne pemenns He nmeeT. Ecan
xe |p| <1, To Mn pemaem mpocTeAmee ypaBHeHHe:
sin (x +¢)=p

3T0 ke YpaBHEHHE MOXHO DEIaTh YHHBEPCAIBHOA MONCTAHOBKOA.
Torza 6yneM HMeTb:

X 2 X

thT l—tg—,.,—
CE T
Ttiey Ity

2atg ;—-f—b—btg’g—:c-f-clgz% HIH

(b+c)tg’%—-2atg§+(c—(b)=0.
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Pewas 97O KBaJpaTHOE YpaBHEHHE OTHOCHTENBHO ig—— MH Hafl-

AEM KODHH M HCXOJHOTO.

§ 3. Ypasnenus.
Pemmntb ypaBHenus.

1. ctg x —tg x = sin x - cos x.

3x 3 x
. sln(w -+ 3 ) 25“1(1—0——?).

. cosec’ x — sec’ x — ctgz.x — tgzx =—2.

N

o

4. 8sin*x —8sin®x — sinx+1=0.

S

. (sinx — 5) cos* x — 4 (3sin x — 5) cos’x +
+16(sinx—1) =0.

. cos*x — 8 cos®x + 2sin 2x cos x — 8sinx +8 = 0.

N oo

. sinx = sin (840° — x).

8. 4s|n2x+sln’2x=3.

9. tg2x 4 ctgx = 8cos’x.

10. sin*x + cos*x — 251n2x+—sin 2x=0.
11. tg (T+x) =tg2x+7.

12. 5(1 —sin2x) — 16 (sinx — cos x) +3=0.
18. cos 10x — cos 8x — cos6x 41 =0.

14, sinxsin&r:zl.

15. 2sin3x = 3 cos x + cos 3x.

X _ X L a0)= 1
16. sin(2 590)sm(2 +70) =
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17. smx:l-sina—l-slnb=sin(a+b+x).
18. sin'(30° — x) + cos'® (30° — x) = 1.
19. sin2x =sin(x + ).

. 20. tg2x = ctg (x —a).
21. tg2x = —ctg x.
22. 1+ sinx 4 cos x + tgx =0.
23. sec’x + cosec’x = 16 ctg 2.

24. 3sin’ x — 2sin2x + 5cos’ x = 2.

25. sin2x —2(2Vsinx + cos x —3) V'sinx + cos x =
=6V/SmE T cos a4,
26. (¢ —1)cosx+ (a+1)sinx=2.
27. sin (= cos x) = cos (% sin x).
28. cosmxcosw(x—1)=—1.
29. (cos x — V3 sinx)* + (sinx 4 V3 cos x)¢ = -i—
30. Pemnts ypasuenue:
sinx+sin(x+a)+ -+ +sin (x4 na) = cos x +
+cos(x +a) +-- +cos(x+na) a+0.

Onpeneanthb BCe AYTH X, ynome'rsopmonme YPABHEHHIO TpH a—3

— a
31. arctgx—arcslnl/—a+b .

32. arcsin x = arcsina + arcsin b.

33. arctg.x = arc cos a + arc cos 5.
34. tg (— 2arctg x) = ctg (2arc ctg x).

35. arcsin(x’+x+%)=arccos(xz+x+ 1}—5)



36. 3x—ctg (arc!g—— arctg 0.

x+1)
387. sin (= arc tg x) = cos (= arc tg x).
38. sin [= (arctg x)°) = —-

39. sin(Sarctg x) = 1.

40. 2arctg x+ 3arcctg;c= %5
41, arctg(x + 1) +arctg (x — 1) + arctg x =0.

42. arcsin (1 — x) —2arcsinx = —;~

43. Zarctgx-(-arctg 7=

==

44, arctg2x+arctg3x——if
1—x =

45. arcsin 2x 4 arctg % =T

46. 2arctg (cos x) = arctg (ﬁ)
~

47, arctg(x+ 1) —arctg(x—1) = —.

12
48. 2arcsinx + arcsin (1 — x) =
49, 2arctg(x—l)+arctg-;~=%-.
50. x -+ 2arcsin (1 — cos x) = .
51. afcs‘"V:—arcsm}'l —x:%—.

52. Ha#iTH naTypa/bHHE DelIEHHs YPaBHEHH::

arctglx-+ arctg% +arctg:—=%. -



§ 4. HepaBenctBa
1. [loxasaTb RepaBeHCTBO:
tg’a+tg2b+tg’f> 1, ecan a+b4¢c=90°.
2. JlokasaTb, 4TO npul BCeX X CIPaBeIHBH HEPABEHCTBA:

3sinx
_V_<2+cosx\ Vs

3. Ilokasatb ajs TPeyroJibHHKa HEPaBEHCTBO

sinA4 +sinB >
cos A + cos B

4. Jlokasatp, 4To IpH 0<a <
clgg >1+ciga.
5. JlokasaTh, 4TO
sin'x — 6sin’x + 6> 0.
6. INokasaTb, uto ecan tgx—atgy n a >0, 10

W< <l

TlpH KaKkoM yC/JOBHH HMEET MECTO 3HAK PaBEHCTBA?
=
7. HaiiTu Bce 3HAaUeHHS X H3 IPOMEXYTKA (0,—2—),)11:)1 KOTOPHX
1g.s , SIn X > g, cos x.

8. Haiitn Bce 3HaueHHs X B IIPOMEXYTKE (0 2x), yHOBAETBO-
PAIOLIHE HEPABEHCTBAM:

1) 2cos’x — 7 cos x +3>0;
2) 2cos’x +9sinx+4 > 0.
9. Jlokasath, 4TO IIPH BCEX 3HAYEHHAX X

[sin’x 4 cos’f < 1.
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10. lokasaTh METOXOM IOAHOH MATEMAaTHYECKOR HHAYKIHH He-
PaBEHCTBO:

sin nx
|—7-—t<n.

3
11. okasate, 4TO npu 0<x\<7 HMEET MeCTO HepaBeHCTBO

cos (sin x) > sin (cos x) .

12. oxasats, 4TO ecnu0<a<£, 0<b<%,0<0<12r-, TO

sin(@a+ b +c)<sina+sinb+sinc.
13. JlokasaTb A yI/OB TPEYrOJbHHKA HEPABEHCTBA:

1) sinA+sinB+sinC>/sin2A+sln28+sin2C;

A B 3V3
2) cos— cosTcos?QT

A B C 1.
3) sin ) sinz_sln_i_< &

2 A 2 B , C_ 3
4) sin 7+Siﬂ ?-i-sin 7>T'

14. JlokasaTs, 4TO NpH JIOGHX 3HAYEHHSX X W TMOCTOSHHHX @
H b cnpaBejuBO HepaBeHCTBO

|lasinx+ bcos x| < Va’+ b».
15. Pemnts HepaseHcTBa:

1) sincx>0. 5)dg1r(x+l)

<1
2) cosmx>0. . 6) sin (2r cos x)<0.
3) tg2x>tgx. 7) arccos x > arc cos (1 — x7) .
4) ng>‘g2x_2 8) sin‘x —6sin’x +4>0.

tg2x+2°
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9) cos xcos (x+a) > sin xsin (x+-a)
10) tg'x + x> 1 4 tg x

11) cos x> sin’ x — cos’x.

12) sin = x*> sinzx

§ 5. CHcTemMnl ypaBHeHHA
Pemutb CHCTEMH ypaBHEHuUft:

1
1 {sinx-{-slny—l 2 5’““’_'2_51"3"
cosx +cosy=1. cosx-—%cosy.

4 {smx+smy—%,
tgx+tgy b

3)

slnx+s!ny—a,

x+y=75"
1
sinx siny = —V-_ . slnmcslnny _5_%'2_'
5) )
tgxtgy= % COSTX COS®Y = V2_>12._
sln—2—-x+sl
7
COS

sin2xx=2sin2=y,
& 2 2
3 c =—2c0s2ry.
x+cos2 V3 0s 2T X y

§ 6. 3amaun Ha HaxoXmeHHe KpaHHUX 3HaYeHHi

(axcTpemymoB) dyHkumit.
1. Ha#itu 6
rie A u B—oc

2. IMycets A, B):ecym
1

1 cos A cos B,
H NPAMOYTONBHOTO TPeyrOMbHAKA.
YrAH TPeyroabHHKA. BHUYHCAHTE:

A B C
sin ?sln 5 sin 5 H



2) HauMeHblLIee 3HAUECHHE CYMMH:
tg’% + tg’-g- + tg’g—\.
3. Ha#itn kpafinue 3HaueHus QyHKmufi:
1) y =sinx-sin(x + a).
2) y=sinx+cos(x—a).
3) y=1V13-sin2x +cos2x.
4) y=2cos’x —2cos x — 1.
5) y:acos’x +bcosx-sinx +cC sin’x.

_a-tgx—b-ctgx

[} , ab>0.

)y tg2x ab>
_tgx+tcigx

N y*tgx—ctgx'

4. Hafitu HanGoJbluee 3HaueHHe (PYHKIHH:

z=x—y,
ecan tgx =3igy, 0< x<%, 0<,v<12‘—.

5. Ha#ith HanGonbInee 3HaueHHe (YHKIHK:
y =sin®x - cos®x,
ecan sinx #+ 0, cosx+0, @ H b— NONOKHTENbHHE DPANKOHAb-
HHE YHCIA.
6. Hatitu xpafinue 3HaueHHs QYHKUMH:
y =atg’x+ betg’ x,
ecmn ab>0.
7. Haiith kpalinue 3HaueHHs QYHKIH:
\]) y=asinx+ bcosesx;
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2) y=acosx 4 bsecx,
eciu ab >0, |a|>|b].
8. Ha#itu naubonbuee 3uauenne QyHxuuu:
z—sinx+siny tsin(x+y)
npu0<x<n,0<y<
9. Haittu oT

2 2 2
rpt+r,+r.
—_—

P

k=

TAe I‘", fb H fc—- pannycu BHEBMHUCAHHBIX prl’OB, a p—noay-
MEePUMETP TPeYrONbHUKA.

10. B xpyr Bnucan A ABC. B npesnonoxexuu, 4TO CTOPOHA
AB 3apuKCHPOBaHA, [O0KA38Thb, YTO (GYHKIMA:

_sinA +4sinB
T sinA-5inB

JAOCTUraeT HAMMEHbUIEro 3Ha4YeHHs INpH A=B.
11. Ha#itu naunGosibliee 3HaueHue OYHKIMU:

1 — sin’x — sin’y —sin’ z
cOos x - CQSy -cosz

u -

ecau x+y-‘-z=% nx>0,y>0,z>0.

12. Vi3 BCex TPeyroNbHUKOB, BIMCAHHBIX B JAHHYIO OKPYXKHOCTD,
HaliTH TOT, KOTOPHi HMEEeT HaUGOJABLIYIO CyMMY KBA/IpaTOB CTOPOH.
13. Yemy pasuo or

2 2 2
k:a+g+c,

rue a, b, c—-cmpo‘nu, a4 § — MIOMmAaAb TPeyro/bHuKa?
14. Ha#iTh kpa#iuue 3uaueHus QyHKIu#:
1) y =asin’x + bcos’x ;

92) y =asin®x + beos*x; ab >0, |a| <216].
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3) y=asin‘x 4 beos'x; a+ b #0.
4) y=asin'x — bcos’x - sin’x +-ccos'x, a4 b4c+0.
15. TIycTs n8HO MHOXECTBO HEOTPHUATENbHHX QYHKuH#A BuAA:
y=a+bcosx+ccos2x,
rre >0, b>0, c>0 4 a<b, [y>0 npu Bcex 3HAYCHHAX X.
Hanpumep, y=3--4cosx+ 2cos2x = (1+ 2cos x)?]. Haittn

HAHMeHblee 3HAYEHHe OTHOIUGHHS:

_atbic
F=——a

AJsE BCETO PACCMATPHBAEMOTO MHOXECTBA dyHKURH.
16. MMokasaTh HEOrpaHHYEHHOCTb (yHKUHHA:

1) y=secx+4tgx;
2) y=secx —tgx;
3) y =cosec x +ctgx;
4) y =cosec x —ctg x.

17. Ha#tti xpaiihne 3HaueHHA QyHKuui:

1) y=acesx+ bigx, |al>[b];
2) y = acosecx + bctg x, la|>|b].

18. lokasaTh, 4TO H3 BCEX TPEYTO/JbHUKOB, BNHCAHHHX B AAH-
HYIO OKDPYXHOCTb, HAHGOABILHA NEPUMETP y MpPABUIBHOTO Tpe-
YTrOJBHHKA.

19. HaiiTn kpaiinue 3naueHHs QyHKIHiH:

1) y=cosA {-cosB+cosC;
2) y=sin A + sin B + sinC;

_ A B _C.
3) y—cos?cos?c057,

A B, C
Y y=tggtgtgo;
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5) y=sinAsinBsinC;

2 A 2 B 2 C |
6) y=sin 7+sln —§+sln 7
7) y=sinA +sinB+sinC —sin2 A —sin2 B —sin2C ;

A, B u C— yras TpeyroibHHKa.
20. Ha#iTn Kpa#inHe 3HAYeHHH QyHKUuA:

a+bsin*x

1) y=2T230%,
)y cos’ x

a4 beos’x

9) y=atbeos
sin” x

§ 7. 3agaun no reoMeTpHH
C NpHMEHEeHHeM TPHIOHOMETpPHH.

1. Iluamerp MoHeTH paBeH 1 cx. [luamerp JIyHu BuaeH c 3eM-
au nox yriom 31°. Ha KakoM pacCTOSHHH OT Iaa3a HaGaiofares
Cc/IefyeT MOMECTHTb MOHETY, YTOGH OHa B TOYHOCTH 33KPHJIA JyH-
HBIA JUCK P

2. PemuTb TPeyroJbHHK, €M @:b:R=m:n: k.

3. BuuucauTb YIIH poM6a, CTOpOHa KOTOPOTO €CTh CpemHss
NPONOPLHOHANBHAS MEXY €r0 JAHATOHANAMH.

4. JIBe OKPYXHOCTH pajuycoB r u R mepecekaiorcsi. Mx 06-
mwas XopAa paBHa @. BHYHCAHTE MIOW@AL OGWEH uyacTH STHX
KpYroB.

5. 10 JHHHIM YIJ1aM TPEYTOJbHHKA ONPENETHTb YroA Memay
MeJuaHO# H GHCCEKTDPHCOH, MPOBeNEHHHMH H3 OJXHON BepUIHHH.

6. JlokasaTh, Y4TO H3 BCeX TpamenH#, HMEIOUHX TPH JaHHHE
PpaBHbE CTOPOHH, HAHGO/BIIYIO NJIOLIEAL HMEeT &annoﬁoquau Tpa-
neuHs, y KOTOPOA Yrox Npu OCHOBaHMH paBeH 60°.

7. B kpyre papuyca R nposengn pasuyc OA M Ha HEM OTJIO-
sen orpesok OB, paeumit a, mpuuém OB < R. Onpenenuts Hau-
60/bIUKI H3 BIHCAHHHX B 9TOT KPYT YI/IOB, onupawomuxcs Ha OB.

8. Jlann OCHOBaHHE 4 TPEYrOJAbHHKA H CyMMa m GOKOBHX
cropos. Onpeennts HauGo/blilee 3HAYeHHE yraa A.

9. Tpeyroaehuk ABC Buucan B kpyr. Cropona BC =a u cri-
rusaeT Ayry . BHpasHTh MepHMeTp TpeyroJbHHKA Yepe3 OJHH H3
yrA0B, npuaexamux k cropode BC. TIpH KaKOM YC/OBHH mepH-
MeTp TpeyronbHuKa OyJeT HaHGOAbUIHM ?
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10. B pauuufi KpYr BOHCAH yroa RaHHO# BequunHn. Korza
cyMMa o6pasyiomux ero xopa 6yner wanGombuied?

11. Hal#ith 06b8M IPAMOr0 KPYroBOFO KOHYCa, €CaH 06pa3y-
folas ero /, a xopaa pasBEpTKH GOKOBOH NOBEPXHOCTH DaBHa CTO-
pOHe NPABHABHOTO BITHCAHHOTO TDPEYTOJbHHKA.

12. CekTop Kpyra pajuyca r ¢ yr/ioM B & IPajyCOB CBEPHYT
B BHle KOHyca. ONpeNenHTb yros Mexay o6pasyioumed H OCHOBa-
HHEM.

13. B KOHyC BOHMCaH MOAYmIAp TA4K, YTO NJOCKAas CTOPOHA ero
JIeKHT HAQ OCHOBAHHM KOHYC3, 8 BHIIYK/as CTOPOHA KAacaeTcs BCEX
o6pasyionux. [Mo mruue o6pasyiomedt [ W yray o Mexny o6pa-
3yiollel ¥ OCHOBaHHEM HaiTH 06BEM Moaylapa.

14. OCHOBBHHEM NPH3MH CIYKHT POM6 CO CTODOHON @ M yr-
n0M a. BokoBHe p&6pa HMEIOT JUIHHY b H HAK/IOHEHB K OCHOBAHHIO
104 yrioM B. Onpelie/inTs 06bEM NPHIMHE H IIONIANb NEPHEHAHKY -
NSIPHOTO CEUEHHS.

15. Kaxpmoe pe6po mnapaiiefenunesa paBHo a. YA Mexay
pEGpaMH, CXOASUIKMHCS B OAHOH H3 BEDILUHH, OCTPHE H BCE paB-
uu . Haltth 06b&M napaazenenunezna.

16. B HAK/JOHHOM Mapa/i/iefienunefe C MPIMOYFOAbHHM OCHO-
BaHHEM JaHBl JJIMHb DEOep H yrabl, 06pasyeMue G0KOBHM peGpoM
€O CTOpOHaMH ocHoBauusi. HaliTh 06b&M napajiesnenunesa.

17. Yepes nuarouaib NpsMOYrOJbHOTO Napa//Ie/ienknena mpo-
BefleHa MJOCKOCTb, Napa/uie/ibHAsi JHATOHANH OCHOBaHHs, He Ime-
peceKaiolest STy JHArOHa/b TapaL To ctop OCHO-
BauHs @, b M BHCOTe 2/ ONpeJeNHTb BHYTPEHHHE YTAH (HIYpH,
N0 KOTOPOA IVIOCKOCTb NepeceKaeT mapasjiefenunen.

18. Uepes cpenuioio JHHHIO OCHOBaHHs NPABHABLHONO TETPAsSAPA
c pe6poM @ TpOBeJeHa MAOCKOCTh, NepeceKaioman ABa GOKOBHX
pe6pa M HAKIOHEHHAs K OCHOBAaHHIO MOA YrioM a. Ompeneauts
MIOWAAb CeUeHHS. ‘

19. TlpsiMo# Tpéxrpanumil yroa ¢ BepunHo# O nepeceddu mio-
cKocTbio B ceuenun obpasosancs Tpeyroabuuk ABC.

Iokasats, uTO

ctgA:ctgB:ctgC=0A: OB®: OC%.

20. Hai#tTh CoOTHOIIEHHE, CBA3HBAIOLEE CYyMMY ABYTPAHHHX yr-
JIOB_TETDAS/pa C CYMMOA ero TPEXTPAHHHX YIVIOB.

21. llpu ¢ororpaduposanun o6patHofi cToporm JIysw asro-
MaTHUeCKas MEeXIJIAHeTHAas CTaHILHs HaXOaunach ot JIyHH Ha pac-
CTOSIHHH TPHO/IH3HTEbHO paBHOM 65000 xu. TMox KaKMM yrJoM
Gua BHAHA B STO BpeMs JlyHa W KaKyio uacth e@ moaycdeps B
TPOLEHTAX MOXHO GHAO BHAETh C YKA38HHOTO PACCTOSIHHS, €CAH
panuyc Jlyus pasen 1740 wxu?

22. Ha moBepxHOCTH Ky6a HalTH TOYKH, H3 KOTOPHX AHAro-
HaMb BHJHA TIOJ HAHMEHBLIHM YIJIOM.
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23. Onpexenntb 06bEM Tesa, MOJYYEHHOrO OT BPAIIEHHS CEr-
MEHTa BOKDYT JHAMETPE, Napa/JefbHOTO €ro Xopae. YKasatb
0COGEHHOCTb 3TOTO 06DbEMA.

24. Tlepumerp npﬁnoyronbnoro TpeyronbHuka 2p = 27,43 u,
oMK U3 yrios a-=41°16". Onpeserurb 06bEM Tesa, NMOJYYEHHO-
TO OT BpAINEHHS TPEYTOILHHKA OKOIO THIOTEHY3HL.

25. TIpamMoyroabHas Tpanmeuus ¢ ocHoBaHHsMu 540 cx u 360 cu
M OCTPHM YIJIOM NpH 60JblueM OCHOBaHMH 47° BpamlaeTcss BOKPYT
OCH, NPOBEJEHHON Uepe3 BEPIIMHY JaHHOTO OCTPOTO YrJa mapai-
JIeIbHO BHICOTE Tpanenus. BHUYHCAHTD O6HEM Tesa BPalIEHHS.

26. Pom6 CO CTODOHOH @ H OCTPHM YIVIOM & BPallaeTcss OKO-
710 OCH, TPOXOASAWIEH Yepe3 BEPUIMHY OCTPOTO yria NMEpHeHAHKY-
ApHO K ero cropowe. [Ipu kakoM @ 06bEM Tesa BpAalleHHS HMeeT
HaHGO/bIEE 3HAYEHHE ?

27. DBokoBoe pe6po @ TpPaBHABHON 72-yroAbHOH MNHPAMHAH
o6pasyeT ¢ OCHOBaHHeM yroa . Ilpu xakoM o O6DbEM MHPaMHIH
HUMEeT HauGoJbliee 3HAYeHHe?

28. Anodema npaBuIBHOH 72-yrONbHOH NHPaMMIH paBHa a.
Yro/ HakIOHa GOKOBHX TrpaHed K OCHOBaHuio paBen a. [lpu xa-
KOM @ OGBbEM IMpaMMIbl UMEET Haubo/bluee 3HAYEHHE?

29. B npaMo#t KpyroBo# KOHyC C yrOM 20 B OCEBOM CEYEHHH
M PafuycOM OCHOBaHWs R BIHCATL IHIWHAD C HauGObueH MOI-
HOJ TIOBEPXHOCTBIO.

30. Kako#t ceKTOp ciefyer BHpe3ath M3 Kpyra paamyca R,
YTOGH M3 OCTABILEHCH YACTH MOXKHO GHIO CBEPHYTb BOPOHKY HaH-
60.1bIeH BMECTHMOCTH ?

31. 3anauu Pywe n Kombepycca. 1) Haittn oTHOweHne 06b&-
MOB, NMOJYy4Y3aeMHX NpH NOCAeAOBATEe/bHOM BpAlllEHHH Napaaneso-
TPaMMa OKO/IO KaXJOH H3 ABYX CMEXHHX CTOPOH. 2) O6bEMH, mo-
Jly4aeMsle OT BpAUIEHHs NPAMOYTOJbHHKA OKOJO KaXJOf H3 ero
CTOPOH, COOTBETCTBEHHO paBHH @® u b*. Halith N/MHY Anarona.tu
TIPSIMOYTO/IbHHKA.
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Gouxu. 2. Llena na_GMAeTH CuMKeHa ua 4 kon 3 30 2 u 60 2. 4 Maauuemy

21 ron. crapmeuy 28 Jer. 5 Chiny 9 a acos 1 20 wacos. 8. 60 s n
-8, ¢ -6. 16. 772344 17 1031 IB 450. 19. 3anaun pewaworcs
OI.IHlIaKOFO Peunm uanpwep, BTOPYI0 M3 HHX"
K1 K+l
4..483...89-4.10 =1 0" ug 07 1
—— —— 9
33 *
1 22 n1
-4 . - =
g (410700 )

2
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wapos 24. Pasieantb MONETHI Ha TPH rpymmb’ B 1ByX no 27, a B
rpeneﬁ 26 BapecuM mepshie 18C Ha Becax [IpH 3TOM MOryT NpeACTaBHTHCA
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1) na Becax HerT paBHOBecHs. 3HauuT, (anblIKBasg MONETA IAXOAHTCH B TOH
rpynne, KOTopas okasanach Gofee serxoil. Jlenum ee HAa TPH UacTH MmO 9 B Kax-
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Kasg W ecTb (anblUIuBas,
2) BecCbl HAXOAATCH B paBHOBeCHH. Toria, ouesHaHO, (aibIMBAs MOHETa HAaXo-
AHTCS CPCHM ocTaBwHxcs 26. PasbuBaeM 3Ty rpynny MOHET Ha TPH YacTH — B
ABYX 10 9, B TpeTbeii 8, JlaTee nocTymaeM Tax e, Kak B MepsOM Caydde.
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27, 1;7;2; 10; 3; 8; 4; 12; 5; 9; 6; 11.
28, Haunmaonyit HPPOK NOJMNEH CTPEMHTBCA K TOMY, 4ToGbi ilOCTE €ro Xo-
12 B SLIHKAX OCTABAIOCH PABHOE KOMHYECTBO WAPHKOB.
29. 1 yuenux, 10 ouxos. 30. 7 wacos 50 muuyT.
32 CocTaBuTh Napy 3 Pa3iHUHNX KYGHKOB W CPaBHHBaTb Bec 3TOH ma u
¢ mecom moGoft npyroi naphi. 33.n - 40, 34, 41, 43, 45. 35, 3 Kufuac. 36.
nopos 38. ,Bbi MecTHmil XuTedb?* 39, [lepBuit CTAapHK He MOr CKas3aTh, 4TO ou
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45,

. B P! cucreme 46.1) B P! cHcTe-
Me 2)B cucteme 3) B !
cucreme 4B p! cucTeme
47. Uro6sl uuclo, 3amuCcanHoe B NECATEPHUHOH CHCTEMe, MepeBecTH B ApY-

Iyio CHCTEMY, HY)XKHO Da3leAHTh €ro HAa OCHOBaHHE 9Tof cHCTemsl. IlomyueHroe
4acTHO@ ONATh PA3JeNHTh Ha oCHoBaHWe cucTembl. M Tax nasee o0 Tex mop,
fMOKa He MOJYYHTCA 4aCTHOE, MEHblee OCHOBAaHHA CHCTeMM. Torza mocaenHee
HaCTHO® M OCTAaTKi GYAYT ABAATHCA UMDPAMH YHCIA, 3AMHCAHHOTO B CHCTEME C
HOBBIM OCHOBaHHEM, MPH4EM MEPBHI OCTaToK — uu(pa eauHuL, BTOPOR OCTaTOK—
uudpa ,AeCATKOB® H T. X.

B nawewm mpumepe:
10 |97| 5
2
2.2
3 70

138|5

Yucno 138 B narepuunoir cucteme sanuwmercs: 10235

48. Yto6H mepeBecTH UHCNO, 3AMHCAHHOE B APYrol CHCTeMe, B NeCATEpHY-
HYIO CHCTEMY, HYXHO 33MHCATh STO 4HCAO B BHIE CyMmbl CTenenedi OCHOBaHH
CHCTeMH ¥ 3aTeM STy Cymmy Haittd. B nanmom mpumepe: 247;=2 - 83+ 4-8 +
+7=167.
Jins ynoberea no cxeme:

X o+ ox
~Eladlaslow

|

9|
B4

49. Moxuo cnayana nepesectn 1024, B AecaTHunyio CHCTeMy, a 3aTeM MO-
AYUEHHO® YHCAO 3aMHCATH B BOCHMEPHYHOH CHCTeMe;

1 751 8
X 9 77‘T3i
9 'zﬁsiui_ﬂ_
To 2uyy 8l
9 78 3
X g 5
+8
x5
+741
751

Hrax, 10249 = 1357,

MoxHO OT OnHOH CHCTEMBl CUHCAeHHA MEePEeXOAHTh K ApYyroii 6e3 WCroab3oBauHs
necarepuunoit cucremsl. Ho aas storo mysuo suath Tabanuy ymuowewHs B Tof

184



cucTeMe, B KOTOPOit 3a1ano wucio b 132, B TP/ cH-
creny.

132, 3 3
£|ﬁT
1271 21 3'3
2 7ol T
0
Wrak, 132, = 1010,

50. B 1BOMUHOM CHCTEME CYUHCIEHHA HMENTCA TOAbKO ABe wndph' O u 1 Ecan
4YHCA0 uuppamu B ABOHUHOMH CHCTeme, TO

-2 ey

3aMACH €T0 COCTOMT TOAbKO K3 enutmu. Ho wncio 1.

*
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cremax. 52. 400.
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Mmeetca pewiene STOM 3anauM C IPYTHM UYMCIOM Nepeinsawwii 65 36 py6
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BH1a K - 3%, Tjle K — HaTypaibHOe uuc10 PeaibHoe wHCIO s6AOK pasno 81
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10) NMoaownts m=9a -1 &= 0= L;+2 ¢ 3 + 4 Veranopus, 410 A2+ 1
e nenurca Ha 9 21. 7'—1 seamrca wa 300, a 7°+1 aeawrca wa 11 2. Tlpn
n-3x+1umeem: 1+2-(7 + ) 44,63~ * Tpn n_3k—1 mnyeen.

2 K—1 2 K 1 2a 1 4 4
14280 )T 8 634" L 28 (8¢ 1) neawten wa 6’ 24 B (n —
—3) (1—-2) (n—1) n (n — 1) (n+2) (n+3) — cewn 1
MBIX UeNBbIX uucea jeawtcs Ha 7' = 5040 25. B=(a—2) (a—1) (3a+1)(a+
+1)%a+2) (a+4) 23040=2"35 26. N zomkuo semurscs wa 17: N —
=20"—8")+ (16"~ 1) Hano, ato66 n=2k N 10mKHO Keantbes Ha 19: N= (207 —
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6% 3.2 B 2@ H+e—a)" -2 " (Qe—d)A-@-
a)"(4 22 1) 31.Cy N 18 32. loctatounocrs ecaun 6x:l, 1o
B~ 46 1)+ 36k 1)~5-6-A+4+3+5 tenurcs #a 6 HeoGxo.umocTs.
TaK Kak 3 1 (n F1)+6 sceraa 1eantes wa b, TO Npn o 1, 1easuievcs wa b,
naio, 4T06H G0 n Gk 1 3. B=(n—2) - (n 1) wn’ p(nr1)~(u1 2) =

- 2 - -
S(n “2), 1o n”+2 ne leautes Ha 5 B, teasch wa 5, we deanics na 25
36. Ecaw nau6oabuin 00wkl LeauTeAl MCKOMBIX WH(ead @ w b pasen d, To

- 183 184 185

= = b 340 il

uweem ab 1620 d (v Ne 33) n 4a=-3b, a=—=405, 40 37. 531 o AT
186

38 N N oiemrcina 9 lpik 2 N, 94, N Ya+l upn £-3 N,
~9a, Ny %a 1, Ny=9a 1, npu k& 4 wveew ipa kaaca wiea N, 9a n
Ny 9a+1. Yucaa muia N° <N 41 na 9 e teastes 39 O6osuawain. p- 2a: 1

o a 2 -
M paccmMoTperh pasenctso (2 —1) (2 +1)-p &, a-1, 3 40. Cyuma Beex sThx
wubp NpH 1cTeHuM 1A O 1ACT TAKOH Me OCTATOK, KAKOH MHOAYWACT(H OT  tede-

10"0" -1y
2

n

nust cymmbi Beex wncea ot 1 10 10" na 9, S Ccywwa neex nary-
u

panbHbix uuced or 1 ao 10

500" L Dy 0"y 2 (10" 1) A410-9 B9+l 9k+1

41 n 2 42 Ecau nonowuts ax+b A -m,cx4d—B - m, 10noiyuun m(aB—
a-- @ 10%_

a
— cA) - +1,m= + 143 Yuects, uTo
7 pas g
Ky v nepsblii ctoabeu sanumes tak” 0--1, 042.---, O+n, 0—n, nin, 2n+n
, (m—1)n+n B pesyabrare Kaxl10e WMCHO TaGiuubl NPeACTaBILNO B BHAS
CYMMBL BYX HHCCH, NPHUEM B KAKOH CTPOKE NEpRble CAaraevbie O:IMHAKOBH
Cpean BbibpaHIibix yHCea 6Y1eT N0 OTHOMY ClaraeMoMy M3 Ka¥.ioro croabua
Ka¥10M CTPOKH, MOITOMY CYMMA NEpBLIX CIAraeMblX BhGPAaHHbIX HACCH paRHa

n(n -1y

a 44 llepsyo ctpo-

0-n+2n4 « —(n Ln= , @ CyMMa UTOPHX claraeMbix’ 1424« 4

+n n(n+1) B urtore nosyuaercs ”‘"‘—+‘) 45 Ecau cywmy HOMCpoB
CTOPOH KaXAOr0 M3 TPeyrolbHHKOB OAK lAK 00603H3UATL Yepe3 S, TO cywma
HOMEpOB CTOPOH BCeX 7 TpeyrolnHukos pasa S n 3Jta ke cymMma pawna,
(A42 4 4 m)-3 = 3"("'“), TaK KaKk HOMEpa CTOPOH CYHTAlOTCS N0 JBa

3(n+1)

Pasa (B KaX10M 3 CMEKHBIX Tpeyr ). Moayuaem. S =

31ech n— HeuétHoe, Tak Kak S — nenoce uncao. [pu n =9 nmeem S- 15. Tpn
n =10 ykasaunas uymepauns HeBo3Mokua. Ocyulecrsure Tpefyemylo Hymepa-
wno nan n=9. 48 Ecmn a—2°-A—1, b=2" B+1,A n B—neernse,
1. AB 4+ 2. 4—2" B 1. Orcwaa, wanpn-
gt

Tk -nulwn —1=2

uep, npu [ — &+ m nmeem: o" “+2". B - AB = A. 3aech B neBoii ua-
cth nph m > 0 uérnoe uncio, a B npasoﬁ—ueqcmoe PaseucTBo Heno:momuo

2
Auanornuno npH k= [+ m, m ~0 49, Ecan 8n +1= x,24n 41—y, 10
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8n+3=4x’—y'= @x+y) (2x—y). 50. Ecan p= 3, 10 8 p’+ 1=73 u 8p'—
—p + 2 =71 —npoctue uncaa. Kak npoctoe 9HCAO, p He ROMKHO GWTb Kpar-
HO 3, mosTomy monoxmum: p=3k+ 1. Ho npu stom uucio 8 p* + 1 seerna

oKasbiBaeTcA KpatheM 3, T. e. coctaBimM. 51. [lokasats, uto N peaut-

i Ha 13,52 p=ntampua=1 T 1L 13.p° = a4 + o« . Ocrarkn ot
ReneHus p2 Ha 30 COBNARAOT C OCTATKAMH OT NedenHs @ Ha 30.

53. a’—c’—4b. a4+ a=2A, a—a=2B; a=A+B, b=AB. a'—3ab== (A+B) —
—3(A+B)AB= As+ B3 . llokasaHo, uTO xx+ ysszx HeBoaMoxHo. 54. Ecaum
HOD w HOK uucea a u b 0603nauuth yepes d um, 10:a=A-d, b=B-d;
uucaa A u B B3aumMuo mpocthl. Yucao AB-d neautcs u Ha a u Ha b B 10 ke Bpems
370 HaWMeHbluee K3 OOMUX KPaTHuiX &  b. [lostomy umeem: md=Ad - Bd=a-b.
55. 15 1 72, 56, N‘=3a(3;+l) N'(4a+1)<2(4a+2) w N—BatDBatd)

Ny=(2a+1)-(4a +3); a=1,23, - 57 Cy = p- LE“‘L’IZ('L:M_
Ueloe YHCAO, HO MO YCAOBHIO k< p—1 W p He NENHTCS HH Ha 2, HK Ha 3,
-+, HH Ha k. Tlostomy uuciao C; : p—uenoe. 58. Ecan 10%< N < 10”, 10

1,2940 < -117 Ig N < 1,3530. Otciona 1968 <I;7/T< 22, 54. 60. Cymmbt neau-

Tenell uuced a W b PaBHbI (2““— D+ D@+l u (2"“— H(r+1).
. TlepeMHOKUTS paBeHCTBa:

N=Fk-p+r, 0<r<p
2N =—ky-p+1a 0<ry<p;

SN =ky-p+ra 0<rs<p;

P—=NN=k  -p+r

l,4.() < ot <p
H y4ecTb, UTO 7y - Fy - [ 1-2..+(p—1). Toxaxure, 410 BCE OCTAaTKR
i race T AOTKHM 6uith pasauunn. 65. 1) n+ 17 —1=4dn (n+1)

n(n+ 1) Bcerna uétno. 2) (6n + 1)2-—-1 =121 (3n + 1), 3mech OAHO W3 UHCEA
n uau 3nx 1 obasatensHo KpaTHo 2. 66. (a” + bz) (c2+ f) = (ac + bat)2 +

-g(ad F 60)2, BoCnons30BaThCA PA3NOKEHHEM JaHHHIX UHCEA B KOMILIEKCHOH
obaact;
(@ + bi) (a —bi) (c+di) (c— dl)=[(ac—bd)+1 (ad+bc)] - [(ac—bd)—i (ad+be)]

Taasa 11
§3.
. PR . P B
x—a X+ xa + @

5 5 5 2
3.0 4atbte 5.—+‘,L; (%) 61



mi1

7.4 8.9 9.73‘53.1.0A3.(xﬂ+yﬂ+z’). 11. (@ + ) (b—¢) (¢ +a)

1 1 4
12118 0 140 15.0. 16 T yF 17 (b—a) @— ) (c—b).
18. Ipumennts  TOXRECTBO: X3 + y3 + 23 + w3 = 3(x + y)(2u — xy) npu
X+y+z+u=0; abe. 19. 4(@+ 8 + A+ ). 20, O6oanawuty:
2 :(1+x3) =2% (Y 2+ 1)% 21. O603Haunts uepes X H B3aTh AeHCTBHTENb-
bt KOpenb ypasHenus: x8 =14 — 3x; x = 2. Wau yuects, ut0 5/ 2 +7 =

3 3
=(/2+1)% 5Y/ 2—7=(/ 2—1)p 22 O6osnauute: B=ay 9—by 6

3 3

W 3 ycnosus: B3 = 928 — 653 + 9ab? - /12 —9a% . /18 metonom Heompene-
aémumsn K03(duuuenToB Hakitu: a =1 u b= 1; wan npeoGpasosats:

3 B
B= V (/' 9—y 6). 23. Obosnaunts: B=a +by/ 2+cy/ 3 u u3 ycao-
Bus: B?==(a + b ¥ 2+ ¢/ 3)? METOZOM HEONpPEIEAGHHBIX KOSPHHUHEHTOB Hali-
=lLe=1. 2 B—1 Pewaerca anarorwuo 3 21.

25, [(@®—1) +1]3%0 . a+ [(@®—1) +1]"2. a® + 1, uIH yuecTb, 4TO KOPEHb
@ +a+l a®=1 u np B

Tak B=(a®)¥0. a4 (a®) . a2 +1=a2+a+1, T. e. KOpHH TpEXuAeHa
al 4+ a4 1 aBasoTcA KOPHAMH ypasHenus B = 0. CienosaTensHo, B neautcs Ha
@ta+l.2 B=[@+a+1l)+a" - @+1)+a"". 27 Obosnaunts:
=b.B=(+1)""—ab—b—1=b01- At (@+1)b+1—ab—b—1.

L a+1

28. [lna n = 2 yrBepyaenue oucsuano. [lpn n >3 B=[(n—1) + 1]""—\
=(n—1)- A2+ (n—1)(n—1) +1—1. 29. O6osnauutb: x —1 =y,
B=(y+1)""—(n+2) (y+1) + 7 + 1. 30. Auanoruuso M 29. 32. OGosma-
anre: Vat Y b=y %+ VY, naiitn x u y. 33. O6osnawuts:

YV oxbi=y x+iV y unaiitn x u y. 34 Us yciosus caeayer, 4to aH60
a+b=0, an6o b+c=0, au6o ¢ + a'=0. BBHAY CHMMETPHUHOCTH JaHHOTO

" P 3 cuuTath ¢ = — a. 35. Ilo yc
. _(—om—ca—abta) _a _
G—at-—n@—1n = G=o
_ bk—@—_abtac b ¢ .
et G = M T & 3. Obosma

UHTL BCE OTHOWIEHNS YEPE3s K W NPHMEHHTb TEOPeMy O Dsie PABHBIX OTIOwe-
nuii. 37. O603naunTh BCe OTHOMIEHHS uepes k. 38. Cayuah: n=6x — 1. 1 cno-
€06. Mo dopmyae 6nnoma HboTona nmeem: B = (x + y) [(#2 + xy + y?) +

3c—1_ 6k- 1 6k—1 3x—1 3
4ol =y T by ) Ay T
3k—1 3k 3k N

< (x —y). 3mecb X —y [eNMTCA Ha X% — y3, CAENOBATENbHO, H
Ha x3 -+ Xy + y2. 2 cnoco6. [lokakeM, 4TQ KOpIH TpéxuaeHa y? + xy 4 x?

3,
-
SBJSIOTC KOPHAMH Bhipakenns B :y = %s, rae e= ;!%!ﬁ L= 1
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B= 2~ -+ t) - ] = 0, TaK KaK BBpakeHHe B KBaIPATHBIX
cKrobKax pamm nymo. 3 cnoc06 MeTon
) k=1 (x+ yp— x‘—yS nenurcsn »:a x’+xy +y* (cM. nanbuie 1) 83)

-1 6m—1

9) flonyctam (x+y) " — X7 — 1‘emrcn ua X2 bxy+y? 3) Paccmotpum:
61 5 6 6 1 6m —1,
(eby) O e (H—y)" ™ ) @ ey T
6 6m 1 6 1 6m 45 6m+5 O3 1 61 1
o) " ey )= ) ) T

&m 6m—1 6m 1 6m+5 6m+35
—y " ety r e Ty ) -y LR
AHAJOTHYIO 10Ka3bIBACTCA TCOPEMA 18 BTOPOTO cayuas 39.,/locTarouto nokasate:

2 2 2
ato (a + bm +em’Y(a F bm’ +cm) — a’+ b - ¢ ab—bo—ca npn m' 1)

m 1 1V3 Pagaowenne av4 b0+ 3 —3abc cw. mm 2 § 1 44 Myers

2

M= ax3 | bx*+ cx+d, (a+ 0). Toraa a1s YNOMAHYTHIX OCTATKOB HMCEM
a+b+c4d-1,80—4b-2+d=2 (cm § 4, raasw 11). Haxoanw:

M= ax®+ bx? — (Ta + 3b— l)x + 6a + 2b TAC @ W b— NPOH3BOIABHBIC MOCTO-
ke  MeACTBHTEAbHME ancad, OCTATOK NpH JeJeHHH 3TOro MHOTOuleHa Ha
(x—1)(x—2) paBen x 45 TlpuMenHTs MeTOA HCOMpeReAtUHBIX KOIPPHUHeH-

TOB K paBeHcTBY: M = (x2+ 2 75)(1'1 {mx+n) a=6 b- 25, m 2

n = 5. 46. Paccmorpets pasencrsa: 1) M = (x8 —3x° +3x — 1) (x kK): a- 6,

b 8- -3k 32 M=(X+2+ (X —2x40) a=c—3 s
2¢ — 2, ¢ — HPOH3BONbHOE BEWECTBEHHOE -mcno 47 M (xz 2x+1) (ax +

4mxin) a=3.b= —4,m=2,n=1 48 M =( 4 mx+n)im==, n S,a..s,

49
=61 49 Tloansysce cxemoli Topuepa, naxoaum 1) ecaiu M aeantcs nauneno
wa x+1, 106 2a+4, 2) ecan wacthoe M, IelMTCH naneno ua x i— 1, To
onsth b= 2a + 4; 3) ecan Bropoe uactnoe M, aeautcs Haueio ua x + 1, TO
3b=4a -+ 22 3to ¢ ypaBuenwem b —2a 44 naer @ 5, b= 14; 4) Yacruoe
M; nenurcs Haueno wa x + 1. 2a +b—24 0, 5) YactHoe M, yxe He NEAHT-
csi Haueso Ha x + 1° —3a 416 — —3-5 1 16 # 0 Muorounen M neantca wa
x4+ 1)4 10 we teantcs a (x4 1P 50 1) M= (x +me+2) a—4,b 8,
-8 m=2 na—8, b=2, c—16, m 4, 2) M~ (" + mx—2) a=0,b —4,
¢- 0,m=0ua=—4b—0,c=8 m=—2 Bl Bocioab3oBarbcs pasioxke-
wnew B=(a 1) (b+i)(c « i) (@—1)(b—i)(c - i) B=(abc—a--b—c)+
~ (@b bt ca—1) 52 B= @+ b+ 4(@-b —cf—(b- %) 53 B=
(az+ ab bz)zJ-a b +a (a-r b)’)-v l72 (a -+ b)z— xo»mecrao E. Bapmeua
54. B>(a——b) —(a—b)(a--c) +(a—c) .55 (4xy+x+ y) A(xy+x—~y)
56. 3nech u B 3azavax M 57 W Ne 58 npHMEHHTL NOACTAHOBKM: X =&+ b,

2% — y\2
y—a—b u vmeron weompenendunmx Kosdppuumentos 1) £ (—fvy) s o
2
L

P =21

(X—zy)’ 571yt —a’ 4 Tab’, v=b"—a"b;2)t- bt Ta%b.

Gy
2

HE VR




3 5 5 5

v & a3 6o d—24% Uab', v by 2'a —3ba’ 4 -6 —
2

— 2%’ —11a%, v -a®+ 2% —3ab® Ecam wu 1) nomenar mecrauu a

H b, T0 wonyuntcs pesyabrar m. 2) TO ke camoe HMeeT MECTO OTHOCHTEABHO

pesyabratos n. 3) 4 n 4) Ilepexol k x M y OCymecTsisercs COrMacHO paBeH-

om0 S50 52 58 10 5 10% - 1162080 u

= 18a° — 52a%h? - %a’*. 2) nonywaetis nepectaHoskoW @ W b B pesymbTate
n. 1) 3amenss @ u b UX BHPAKEHHAMH Hepes X H y, MOAYUHM BHIDAKEHHT AR
£ M U B BHIE MHOIOUTENOR OTHOCHTEABHO x it y. 59 a’—3ab® + 2¢' — 0

61 Wueew. (af~ab: ... -a2) (6] ~b3~ .. +b%)- (@bt abyt ... -
T agby)t (@b —aghy) - (aiby— @) - Lo 1 (@, by —agby 1) — TOK=
1ectso Jlarpaika Uucio passocten muda ab, —ayby . (I# k) pamuo C3

n—n-2

Bcero 1 npasow uacim Toxiectaa Jlarpaika nweetcs 1+ CL =

keaipatos, 62. (a° b+t &) (@ + 80— &)+ (2ac)
~ (2ad)’ + (2bc)® + (2bd)® 64. Meprony suciy m-ow rpynmbi mpenmectsyeT

1 2434 .4 1 w HENCTHbIX WHCEl, MOSTOMy 3Ta rpymma

~1-—-n’—n | | w 3asepuaerca

(n— I) n
4HCeN HAUMHAETCR ¢ wucaa 2 +1

aHcaoMm n’ —n 1~ Z(n—l) n’4 n—1. 65. Jpobb pasHa kaxnomy u3
aHibiX OTHOmenwit 66. 1) Jokasusaercs, kak Ne 21 2) Mcnoabayiite ¢popuy-
abi sanaqn Ne 32

= 341
Vil E V_?.
3) [lokasmsaercs ananorn4ko 1) 67. llpumenuts opmyan 3azaun Ne 33 Bo-
—_— A [y
obwe V11iV3+V1-1y 3 + V6 (n nuxe). 68.7 2« 117
3 —
SV @i Tpumman 7/ @—i aa2ti vV (2 -0 3a 2—i, Bou-
6ennu nony-mn 10Ka3blBAEMOE  PAREIICTBO. ,.lpyrne B2 IHAUEHHR BbIPAWEHAR
Y IR V211 sowe sewecrnern. Onn pasisi —2 + V3 u—2—
—Y3
Kopenb n-u  cTemelnt H3 KOMNIEKCHOTO MMCAA WMEET POBHO 7 3HAUEHMH.
3.iech creayer BIATb'

VIEN - @ e n V2T =@—e.

3 1+t/3
1 e- V1 (e 1—yutenol), eps- "—f_z"a,s,~e,_l, ete, —1.

Jaabwe sanaua peliaercs TaK.
1 3 ——
Voiili V21l =@+i)e+@—Ner=—2—V3;

3 3
Veoiili 1y 2-11 = Q+0e+@—De- —2+ V3
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Boaee koporkoe pewenne OGo3nauaem AeBy© 4acTb NOKA3biBae-
MOrO paBeHCTBA 4epe3s X W pewaeM ypasHenHe: x3—15x—4=0 wam (x—

4 (2 +4x+1) =0, Haxomm: x,—4, xas=—2+ V& 69.27/ 5 —
3 3
+7 20+V 10. 7. B=16"—9" —7 = (16" — 9%) —7 =16" — (9°—1)— 8=
= (16" —1) — 9" — 6 neautca ma 7-8-3=168. 72. 22 — 3b + 4c. 73. Peuwe-
HHE aBTOPA OCHOBAaHO Ha 3anaye Hukomaxa (cu. Ne 64):
5 n(r+H7T
Sy=014+24 . 4m=143... 4@ —n+1)= |-
S; MOXHO HaHiTH ¢ MOMOWmBIO TOX1ecTBa:
40 =Kt — (ke — 1)¢ + 667 —di + 1,

TPHAAB K 3HAYEHHR OT 1 10 M H CAOXKHB MONYYEHHBIE YHCJIOBHE DABEHCTBA.
§3 BHIDA3HTCH YEPE3 CYMMBE:

n(n+1
Si=1424 ... 4n= (—;”—l WS=12+224 . . +nt=

_n@@+hHEn+]
=T

74. Tlpome Bcero A METOA0M Ko# nuaykuun. Cay
Pepua naér crenyiomee pewenne: S,=1* +2¢ ... +n' = ‘3% (n+1) (2n+
+1)(3n® +3n—1). Orciona 58, =S, (3n* +3n—1). C apyrod cropoms:
tnzy BOED g CREDREED gy s, o+

+3n—1). Cymmy S, MOXHO BHIYHCAHTb, NOAB3YACh TOXAECTBOM: SKé = kS —

— () —1)5 + 1063 — 10x? + 5% — 1, mpunaB k 3uauenus Ot 1 10 7 H CAONKHB

noxyueHHble paBeHcTBA. B pesyisTate MoAyYHTCR peKyppentHas Qopmyaa:

—n

S ="%— +25;—25;+ S, 3nech S, BHPaKAETCH HENOCPEICTBEHHO uepes
5 +

NpeiblAYUHE CYMMbI, MO3TOMY (QopMyaa na3wiBaercs pekyppenthol. Ecaun Sz, S,
M S; 3aMEHHTb WX BEIPAEBHAMH, TO MOAyYHTCH (OpMyJsa, BEpawaomas S, He-
NMOCPENCTBEHHO 4€Pe3 YHCJAO UJeHOB 7, KOTOPOH BOCmoab3osaics Pepma.
75. B=(n—3)(n—2)(n—1)n(n+1)+420(n—1)n(n-+1). 3zecs nepsoe
craraemoe, Kak natn LeABIX WHCEd, AeAHTCR
Ha 5'=120; Bo BTOpoM caaraemom (n— 1)n(n4 1), kak mpoussenerHe Tpex
noCNe10BaTeNbHEIX NeAbiX YHces, xeautcs Ha 3! = 6. 76. 3(a — b) (b — ¢) (c — a).
TI.(@a—b)(b—c)(c—a). 8. (c—b)(b—a)@—c). 9. (@+b+c)@a—
—b)(b—c)(c—a). 80. (a+b+c)(ab+be+ca). 81 a*+2a%0% % —
—2a° 0? = (a® +aby/2 ~ b7 )(@® —aby/ T+ b7). 82 2(d® +ab+ B>

83. —5ab (a + b) (@° - ab + b%). 84. (a°+ab + b?)(a®—ab + b%). 85. (a*+
+ @20+ b (@ — b+ 1) = (@ +ab + b)) (@ —ab + b)) (@ — b+ 1)

86. 3(a+B)(b+c)(c+a). 87. B(a+b)(b+c)(c+a)@+b°+c®+ab+
+ be + ca). 88. 4xy(a +b)(a—b) 89. a* +4a®b® + b — 22 0® — 40 +
+4ab® = (@ — 2ab— b*’=[a—b (2 + 1))* [a— b (/2— D] 90. OGosna-
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4quth: 1-~c—a u cectn k M 89 91. —p3 + p(ab + be + ca) —abe — (p —

—a)(p—b)(p—0). 92. (@®—2a--2(@+1—y3)@| 11 y3). 93 da—

—3V a+4% 04 (a- 1)@Ba -y 22 +3)@a+ vV 24 +3). 5. (x—a—
H(P+axt a®+a+1). 9. (x 5 97 (x+1)(x +3) (x +5).

;—(x—l)(2x Dx+2)(x+3). 9. (x+ 27 (2 + 20 +2)>

100. OGoskauum: @ + b + ¢ - 2p. B aemntcs va a—b, b —c u ¢ —a. C nomo-

WhHIO METOIa HEONPEeNENEHHBIX KOo3(pdHuuHeHTOB Haxoaum: B = — (¢ —b) (b
O (c—a)@+b+c)? 10l 3B—(@+b+c)P 1 5(@ kb5 +c3— 3abe) =
3(a—b4 c)(2a® +26% + 2% —ab- be—ca). 102. (@ + b+ cp.

103, @+ b+ 0) - (a+b—c). 104. @+b+0)° - (@—b—c). 105. (a® - 3a+1)%,

106. 4% 62— (a® -+ b* — A2 - 16p(p—a)(p—b)(p—c), Tae 2p—a+bc

107, B = (i —2n+2) (n® —2n+2).

§8.
1. Toxbémbi — 16 wa, cnycku — 10 ku 2. 68, 5 wu. 3. 37 xujuac; 3 xufuac.
50 I, 150 I, 200 I. 7. TlpuGausutensho

14 x B munyty. 8. 33 ¥, 1,5 #, 50 pyGneit; 33 w, 1,8 &, 60 py6aeit; 44 x,

1, 8 , 80 py6ueit. 9. 3 u 7. 10. 40 uacos. 11. UHCI0 wapoB B TpeyroabHHuKe:

(x +2)(x+3) 2
2

340.4
4. 8 kufuac, 7 kufaac. 5. ——

pasHo x° -uncay wapoB B keazpate. 12. Ha 30 cex. 13. MycTs

N =abed, N, dcba. Toraa u3 ycrosua: N-——N,=1089 umeem: 121 - (@ —
—d)--10(@—d-+c—b) - 121. Otcoona a—d =b—c; 121(a—d) =121,
a—d -1. lanee ucnonsayem hepsue yciosus Mckomoe uucao N = 3762
14. 15 vacos

§9
1 1 b ¢
Lyu,. 27 u0—5. 8 D.Hclcpumunam paBen: — 1632 < 0.
lIo Teopeue Bvera umeem' m4 n—=—a, mn=1k+1_——b kl=1
Omcma (m— k) k)—k’+ak+l (m+O@+l)=0B—al -1 urt 1

5. JIUCKpUMUHANT ypasneum] D=a* +12a — (a+6)° —6% nomken Guth TOU-

HeiM  KBazpatom. IlostoMy mpumew: a +6 = + (m’ +n*)k, 6=+ 2mnx
(Cw. uncaa Mudaropa—pewenus ypasuenus x> + y% - 2% ), D = (m® —n® )2 %,
Orciona a = + (m—n)® - k, rae mu n— B3auMHO WPOCTH, mnk = + 3. llpn
3ToM X = +m(m -n)k uim x = nlm—n)k—uease. a=0; 4; —12, — 16,
6. Jluckpumunant ypasienus x2 +3x + 5 =121k Hu TPH KaKOM meioM k He
ABASETCA MONHbIM KagpaTom: D = 11 (44 &£ — 1). D neautca Ha 11, Ho e neautcs
wa 11%. 7.Tpua = 2m + 1, b = 2n + 1 IMCKpimHHaHT ypasierus D — a® — 4b—
=4 |m(m+1)—2n —3 - 8A + 5, 13k KaK m (m + 1) — uétnoe. Ho kwanpar
HEYETHOTO UMCA3 10MKeH GbiTh Buaa 8k + 1. Kopum namHoro ypasuenus nepa-
HHOHANbHB, 8. J.‘[ocrno-mocrb ycnosun Ecnn=3kz1,10y=—1+iy3
-2l (1 +iyB)=2""1.y.
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Doyt M (P y =8y (F) .y y—x.
) yh oyl (P)F L gkl k=30 133y =
=P-l.y=x.

Heo6xonumocts yenoBus. Ecan x =y 10 y" ~ 1 =27=1 o 3° =2,

caeposarensto, n—1=3k.

9. Jluckpumuant ypasuenus D = —(a—b)> —(b— )} —(c—a)’< 0, ecan
a, b uc e BCe pasus Mexny coGoi. Ypaswemne (a2 a3+ --- +al)a+
+2(a +ay+ -+ +a)x+n=0 MOKHO NpexcTasuth B BuIxe (a;x + 1)2 +
(agx + 124 e (@ + 1)% = 0. Tpu KeliCTRATEALHOM X PABEHCTBO BO3MOKHO
TOABKO TOTA, KOT1a BCE YHCAA @y, @y, -+, @ PaBHBL APYT Apyry. 10. Bocnoas-
30BathCa Teopemoft Boera. 1) by? + a(b + 1) y+a® + (b—1)2=0. 2) (@ + b +
+1)y?—2(b—1)y—a-+b+1=0. 11. Ecau Bo3BpatHoe ypaBHenue HmeeT
KOPEHb @, TO OHO WIMEET TaKie KOpeHb .:_. KBaxparioe ypasuenue, KOpHH KOTO-
POro 06PaTHBEl KOPHAM NaHHOTO KBAAPATHOTO yPABHEHHS, OMy4HTCS, €CTH B HEM X

3aMeHUTD HA . TMostoMy HCKkoMOe BO3BpaTHOE ypaBHeHHe GyXeT TakoBoO:

(2% —Tx+3) (32 —7x +2) = 0 unn 6x* — 35x3 + 622 —35x+6=0.
12. O6mwmit KOpeHb HAXONMM U3 ypPaBHEHHS:
(2% —ax4+3)-2— (4@ —(@—3)x+3]=0. x=—3 .
2—2

MoxcraBus 9TO 3HayeHWe X B ONHO M3 NAHHBIX yPaBHeHuH, HaHIEM a

13. Pewaerca ananorsuno M 12. Kopuu mepsoro ypanueuna:xﬁ—i,

2

—1:V17 3 1 _
= g ", KOPRHBTOPOTO: — 5+ (1 +1y/15). 14. x° = — 3(x + 3).
Orciona x° = — 81 (3x% + 8x +6). Teneps npuzars x 3uauenns Xy Xy X3 W 1O-
AyueHHBe DABEHCTBA CIOKHTB: X +x§ +x3=0. 15, Pewaerca awazornuno
N 14: 680 = 212 —28x 4 16, 04 AP 4 AP=0.16. Y —y2—2y—1=0.
17. y* —2y? +y +1=0. 18. 3amenuts b Bupakenuem yepes @, TONOKHTE
3x = y; noayuurcs ypasuenue: (y +a—3) [y —(a—3)y +a® +3a+9 =0

1

1 =3—a y,,= 5 la—3+i@+3)3]. 19. Mo yerosuo a=c+d,
1‘1 =a—c; e=c+b, b=e—c. Ypasuenue npuer Bux ax® + ex® —cxd4
+ex +ax—cx+e=0 wm nocre rpynnaposkit: ax (x4 1) + e (x341) —
—ex(x® —x+1)=0. 20. Bocroab3osatbes § 4. 21. JlokasniBaetcs METOROM
HeonpexeaguHbix koddunuentos. 22, Ecaum x— AByKpaTHB EKOpeHb IaHHOrO
ypasHenns, 10 X° — 5x 4 a = (% — 2x + £ ) (£ + 2 4 bx + ¢). Orcrona
naxonum: b =3k, n=4k%, a=nk® =5k — K%k =+ 1,a= + 4 (3naxu Ge-
pyrea coorsercrBentbie). 23, Tak Kak X # a, X # b, X # ¢, yMHOXuM 0be 1acTH
Ha (x—a) (x — b) (x —c). Bypasueunu 3x2 —2(a + b 4 ¢) x + ab + bc +ca=0
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auckpumunant D = a® + 6% + ¢* —ab—bc—ca >0 (myresoe 3Hauenne co-
OTBETCTBYET PABHBIM YHCAAM, HO 3TO HCKAIOYAaeTCH H3-3a CKA3AHHOTO BHauamde).

24. x,A4=-;—(Aaj: & 1 4k), rae k—_(—milf- Imn).
2. Xy p=t(a+0b), x3,=+1(a—0b). N.I,J—atbl. X3, 4
7. 5, = YTFT, xyy =y (— VT £V/ETD). Bexy =g
%(—]tlm) 2. %) o=1 x=2 30. x,=—a—b.
1
)

—a¥bi-

2,3~

Ko =g la+bt(a—b)iY3]. 3l xy=a+1, x 3=

—_— 1 —_—
=-12~(—at1/—3a2—4a—4)~32‘ x=a Ha=5(axV P 18)-
3 3
B, x =—3— 21/10 V!OO X =—3— 2s,1/E-s7VWo.
Xy =—3— 2:21/10—:‘1/100, rae g = (~1+1V5),
9o p (=113 35 =—a, x“=L2(—ai;/aw.-s),
3. x5, =2V3, x,=—V3x iy, 8. x=va, x,=
=%(—fa_t1/;+4ﬁ)~ 37. x5, =vYT, xma=lxi.
384y ,=+V2, X34=2+1y/2. 39. Pasnaraem iesyio 4acTb Ha MHo-
wutean: (X2 — x + m) (X2 —x + n). Merosom Heonpenerguubx Kosdduuner-
S— 1 —_—
108 naxomum: m =5 (—1+yT+48) n n=5(—1—VT+4a). Morou
pewaeM  ypaswewns: x’—x4+m=0 u X —x+n=0. 4. X =1,
1 —
Xy = —2,%3 4 =5 (1 £ iy 2). 41. O6osnauuts: 24—y,
X a=—12VZ, %,=—12V5. 2.(2+)(F+2x+3)=
43. Tlpubasuth k obenm wactam 36x 41, x, ,=3+2y7,
Xy =—3:V®H. M (P +xV/THDE—x(/2-D)+2=

45. (xz—x— 0. 46. (x* —7x +10) (* —5x+6)=0. 47. OGos-

1
nawne: 2% +3x—y. 48 x=1, G=—2, x5 =5 (0. 49 lpu-
Gamuto K Obeum wactam 16x241. 50. x* —7x oGO3HawATL uepes y.

b
51 (£ —2) (x — 4x +7) = 0. 52 Oboauawnts: x—24— —y. 53. O6oa-

wawnth: 2 —5x = y. 54 (x* +ax+a’)?=4*. 55. Tlpu6asuts x oeun
aactam 4 (x— 2)? .56, O6osnauuts: x> —3x=y. 5% %y =—1, Xy =1 £1.
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—%(»11:‘;/3). 58. (x—¢) (x* — 1) (ax® + bx +a)= 0 59. O6os-

waunts: x2 + x=y. 60. O6osmaunte: x’ —3x=y. 6l. (x> —3x | 72)

(' —3F — 22 —3x+1)=0. 62. OGoawauurs: x°+3x=y.
63, (x’— bx %)(xa - bx+—;)= 0. OGosHauuth: X =u v.
B R uve s 6 1, £ /5. 6. B e B =0.
66, O6osnaunts: 2¢ = y. (y—1)2(y2 “y+ 1) (y> + y +7)=0. 67. OGoaua-
auth: X —5 = y. 68. Mpencrasuts B Takom suae: [(x + 1)? |° + [(x—1)2 |*=
=al(2)P+1].60. (2 —a®)(x*+16a%x? +31a*) = 0.
70. (4x* —32%)? = 6® —94®. 71, x(x + 20) (x> +2ax + 2a*) = 0.

a® +b? a+1
7.0, o pnpnat+bh#0. B.—ga—1.7 a+1; ~g mpuasl.

2
75. OTHATL OT OGenx wacrei 2x - x—:ﬁ H 0603HAYHTD ¥ 4epe3 y . 76. lpu-
22 2
6aBuTb K OGewM uacTaM —5—— # —5 — OoGoswauuth uepes y. 77. Ecau
2—1" £—1
a+b+0,10 % =—a, x,=—h. Ecu a+b -0, 10 x—aw06oe uucio,
OTAHYHOE OT Hyas.
78. 297 x — 1782 x + 776 = 0. 79. Crpynnuposarh 4AeHb, PaBHOYlaf€HHHE OT
Wauaa u Kowua, MoTom oGoamawMTh X° + 7 uepes y. 80. 2, 8, 5+ /3L

5 /31 81. (£'+ &) (x—a)’ [(x+a) & + a")—a'| ~0. 82. Mpu6asus « o6e-

£ —a® 1 1
. qacr;{u——Z.—?——z—'w' Visl=uu=28. 5, — 5.8 x=0
ecau a + 0 u x — 7060e BelleCTBEHHOe uHCHO, ecan a = 0. 86. Tloayuaemoe
x= ——4-:;- JIOMKHO Y10BACTBOPATh yCAOBHsM: 1) % + % >0, orcoia a >0;
2
2) V x2 + 55 >0, ko npn @ > 0 5T0 ycaoBHe Hapyuaer-
st B oﬁnacru neﬁcmmenwux yucen Her pemenus. 87. X = — a, ectn a>0;

ecan @ < 0, 1o HeT pemrenns. 88, X — M060e MONOKHTENbHOE 4HCAO, ecan a=0;

ecan a # 0, To pemenust wer. 89. O6oanauuts '/ 2x +22 wepes y x=17.
X+

1 ___
90. 180 x oGoawatuts uepes (30y)° ; x = 180. 91, -~ (81:£1/638T). 92. Ecan

%= 1 a, TO nonyuaeTca peuierue: Xx =

38 63a
moxuo pasneants na ¥ a®—x® n oGoanaunts l/ a+x epes y. X=75

93. Ecau a =0, 10 x = 0. U3 Toro, ut0 x>0na>p/avx neem:  a>0
x <a(a—1). Orciona sakapouaem, 410 2 > 1. x =. (—1+,/4,, 3)

=0 ecin x+ +a, 10 ofe 4acth
3
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3
oM. YxFl-y.@-1)" -0 9. Vx—2=u, (u—1) (&' — 4’ — 4’ —day
+1=0.9 (ViFT—1)'=0. 0. x-298.V @ —9- s,@—2" 0.
Pyl
Pt bx=ux 2,—8 100. Vi3 _u 101. VT—x=u,

4, . 4
Vi—viutv=5 a0 =97 x. 16 8. 102. Oboanaunts Goaue
panmnkanbl vepes 9 - z u Y —z, a KyGuueckue paiukaab uepe3 £ u v [loay-
YHTCS  ypaBHEHHE 615 + z4+ 648 zs+ 3244 z?+ 54z — 0, »Auemuee € IHHCTBEH-
HBIM eemecmennuﬁ Kopes z=0. 103, 1/1300—x u, *+12=v utv=8,

a* r o 1312 X 4; 1284. 104. O603Ha4HTh GOABLIHE PaaHKaabl uerez 9+z
H 4z (z>—4), a Ky6nueckHe paiHKaibl uepea t u v. Ypanxenue z + 361 +
322"~ 0 xatr z- 0. 105. x=1600.106. ¥ £ +x+ l=u, x=0, L

07 x>0 V' 2 185474V % +8x=
Ha conpm«emme BbIpaKeHHe: '/x’ +8x47— /TS—

wawnts x°+ 8x+3,5 uepes y 108. ¥V x— L — a, u= 2. 109, f_g. 10, 7, 6; .

11, 24 Ws x> —2caenyer,uro x>5. 12. Y T—T=u, u=0. >
113, 138 + 5x = &, 137--5x = 0. u~ v=5
KaecTno: (u - v)s = Suv (u-+v) (llz-r av t v?). x=21;—212.

114. Peuenns wer. 115 Ouesnnnoe pewenne. x = 0. OTaeans 510 pewente,

. 1 cnoco6. OGe yacTH YMIOXHTD
x. 2 cnoco6. O6oa-

&+ o°=275. Mpumennsn T0-

06e uacTH pa3neauTh Ha /x”‘“‘ 116, Ypaaueumo ynoenersopam BCE 4H-

€22, KPOME WHCeJ, 3KMIOUEHHBX Mexay — 1

§ 10

b1 =1, (c=D(=1 . (a—D@GB-1)

¢ ~ay(c—a) (c—b)(@a—b)  (a—c)(b—c)

2. Ecau uucna a, b W ¢ paanuunsi, T0 x = abe, y = ab + bc + ca, z = a+b+t-c
3. Or KaXIO0ro YpaBHEHHS MOYJEHHO OTHATH MNpelsliyliee: 2%, =X — 1,

1.

213 =X, — 1y 2xn= X 1. CnoxuTbh 3TH PaBEHCTBAa C MEPRHIM ypas-
Hewme cuctems: x — —(n+1). lasee: x,  =—Q@n+1),x = —
- @na b= @ aen 5= —@ a1 4 - Croxum

BCC ypanHeHenus: x, + X, + -+ +x_ ; TOAyd4eHHOe DABEHCTBO NPHOABHTS

KO BTODOMY YPABHEHHIO M OT CyMMl OTUSTH NEpBOE ypaBHeue: X — 2.

’ n

AuaaorHuo moaydaiotes x, = 2, x, — 2, .. 2 .
2 n 3 n n

5. OGoawauuts omHOWeHMs tepes £ (0, 0, 0) ; (



2 1 3 P _
(S 2 et KCLL G SH ARG
Fy®, —V'Z). 7. Ouennanoe pemenne: (0, 0, 0). Mpu b < 0 apyrux peme-

HHi HeT, a mpH b 12—2> 0 cucrema Heompenenéwua.8. x +y =u, xy=v.
9. x=uy. 10, y = ux. 11. ¥ BTOpOE et K mep-

BOMY H OTHATb OT Hero: x+y=5e. x—y=23s (s=y1. 12. X — ¥ =1

. 13, x2+x—-u Sx+5y=v. W x+y=uxy—1=1y; u2+(/2=10.
. 15, Us nepBoro ypasHeHHs cHauala y = x, NOTOM — 3 NoACTaBHTH
BO B'ropoe 16. Crauana Cllozlm'rb H suwecu nouneuuo 17. nepeu_lmxxun:
E)
x=-y (xy—1) u y =x(xy+1). 18, x +y =16—2xy, x +y =64—
—12.xy; W3 BTOPOro ypaBHeHHs CHCTeMbl HaHTH Xy. 19, x =uy. 20. Otaars

nownenxo. 21. x2+ 2y2 =u, 2xy = v, 22, YTPOGHHOE BTOPOE YPaBHEHHE NpH-

.xy—

Gaam'b K TepBOMY. X + Yy = a3+3b' B3ATb C Xy H3 BTOPOTO YPaBHEHHSA.
FerTs 4 V .23, O 4 pepz‘ljlﬂne‘(OOO)

Ecnu y=x,t0x=£V7T; ecnuy::—x. 10 x =+ 19 ; ecan xe y# +x,
TO X + Xy —ry2= 19, xz—xy+y2=1 Orciona -x+y=+5 x—y=+1
24. Y1poetHoe BTopoe gaauenne OTHATb OT NepBoro. MoXHO BOCNOAL30BATHCS

TNOICTaHOBKOH y = X, (7 4), (=7,—4), (47), (—4—7). 26. Cnavana wHaxo-
IuM xy. 27, X+ y = v. 28. Hynesoe pemenne oueBnauo. Tlpx y# +x

caenath y: y =ux. 29. , kak Ne 28. 30. Buipasuth Xy de-
pes @. 3. x+y=u, xy=v. 8. x+y=1u, xy=v. 3. (5 3) u(—%.%.)‘

34. U3 nponopunn x:y = (a —113) : (as + bs) nonyuuth X —y=— 2%,
B (r—yyu=1,Qr+3o=1 36 xyz=t, (£+y 2 +3)=
kx=d'—be ky=b—ca kz=ab—c". K =B L1 8 8 Frsu’=

3
A4 B—C’+ 34BC, te A=d'—bo B=b—ca, C=ab—2. 3. Or
TepBOro YpaBHEHHs OTHATH BTOpOe: (X — y) 22 = a—b; 3T0 PaBEHCTBO CAOKHTH
C TPeTbHM YpaBHEHHeM: X —y + 2 = + Va-—— b+ c. Tlo aHANOTHH MOXHO Ha-
nucats cme: x+y—z=+Vatb—cu—x+y+z=2V —a+btec-.
38. CnoxHTb Bce YDaBHEHHR MAH 0GO3HauMTh: y = ux, z =vx. 39. (0, a, 0),
0, 0, 2), (a, 0, 0). 40. xyz = t, pasneNuTh YpABHEHHA COOTBETCTBEHHO HAa XY,

yz, zx. OT NepBoro ypaBHEHHs OTHATh. BTOPOE H TPeTbe. X = iag z,

= t_:_—l—a * Z noNCTaBUTL B NepBoe ypasenue. 41. BbiaeauB HyleBoe pemenue,

BCE YpaBHeHHA Pa3NeNHTb COOTBETCTBEHHO Ha axyz, bxyz u cxyz. 42. Ha ocho-
Bauuu TOXECTBa 3anaun Ne 39 § 3 CHCTEMY MOXHO mepemHcarh Tak:
2 2
(x+y+ec)(x+my+cm) (x+my+cm)=0,
2 2

(+z+a) (y+ mz+am) (y+mz+am)=

(1+x+b)(t+mx+bm2) (1+'"2X+'7m)=
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Moayuaercst 27 CHCTEM OIHOPOAHBIX NHHeHHHX ypaHenuil. Tlepsas u3 wux naér
BellecTBenHble PelleRHs: X =p—a, y=p—b W z —p—c, Ile 20 = a+b+c.
43. CucTeMa nepenHChHIBAeTCs Tak:

D+ @+ =2+,
G+ + G+ =2 +2,

3 3
' E+D+E+)=20+2

44, PaanoXWTb A€Bble 4acTH Ha MHOKHTeAH. 45. OT CyMMbI NIepBEIX 1BYX Ypas-

HenH#t OTHATb TpeTbe: 2xy =@ ~+ b —c. BBHAY CHMMETPHYHOCTH MOXHO Ha-
2 2. 2 2 2

nucath: 2yz=—a +b+c u2zx=a—b+ cz. 46. Buneaus uyiesoe pewe-

nHe, 0603HAUHTDL: x+y=_:,y+z=Lu,z +x=%‘ 4. x+y=u,

xy = v; (u+ 0). BBH1y CHMMETPHUHOCTH CHCTEMBI, JOCTATOYHO YKa3aTh pemle-

nue: (@, ai, — ai). 48. Ouesuanoe pemenue: (@, 0, 0) — ennUCTBEHHOE pelueHHe

cucteMbl. 49, M3 obenx uwacre#t u3Bleub KBaApPATHBH KOpeHb H 0GO3HAUHTH:
2

x= mz. y=n,z= £ Torpa: + am & bn £ ck =0, 'mOTOM nocieAOBaTeALHO
3aMEHHTb + K, = bn, + am. B pesyibTaTe MOAYYaTCA CHCTEMBl JHHEHHBIX
ypanﬂenuh mta=1t (n :F b), k£ ¢ =+ (m T a). Tenepb BbIpa)eHus n U k

uepes B OAHO H3 cucremsl. 50. Ot-
nenun. OYeBHNHbIE pel.uemm (m, 0, 0), (0, m, 0) u (0, 0, m), rae m — moGoe
wneao. TN X, y Hz uyam, no-mem-m nep—

2 2 2 2
BOe ypaBeHue Ha axy :.aropoenabx Fia ,rpeneuacx y:.

51. PadnoxuTb JeBble YaCTH YDPABHEHHA HA MHOXHTENH H BBECTH NMOACTaHOBKY:
X+ y+ 2 =2t 52. CIOXHTb TNO4YNEHHO Bce YpaBHenus. 53. PackphiTh CKOGKH
2 2 2 2
M pelHTh OTHOCHTENbHO: X ,— yZ, ¥ —ZX H z — Xy. B cHcTeme: X —yz=--a+
2 2
Lbre Y —zx=a—btc, z—xy =a -+ b—c 3aMeHATb Z Ha — Z.
Torna Bce pemmenns moaydarcs 3 peiexnii crcremsl Ne 36 myT&M 3aMenbl z Ha
—Z, a 4yHcen @, b H ¢ COOTBETCTBEHHO YHCAAMH —a—+b +¢,a—b+c u a+
2 3
bbb B4 xy=T4(x—y)z=T—2=2 ' 72:6=0 55. Orze
z
JHB HYJIEBOR ElIeHHe, PA3NENTh MOWNEHHO NePBbe NBa YPaBHEHHR Ha XyZ,

Tpetbe—Ha x2. 56. Bropoe yqasneuue C yuéToM z = X —y MOXHO npeoGpa-
30BaThb B YPaBHeHHE: yZ = 2, MOTOM pemHTh cHcTeMb: y —Z =1, yz — 12,

y—z =1, yz=—12. 57. Wcnoas3oBaTh pu:noxeuue uuorouena: x3+ y3+

3 —
+z—3xyz.58.y=a-c,x+z=a+c,x:—(a ”’; 59. %:l:%.
o] ITH uepe3 t X, y H zZ moa-
CTaBHTb B TpeTbe ypaBheuHe. 60. yMHO)KWI'b TIOYAEHHO Bce YpaBHeHHs Ha
Xyz=tH o603nal|2w'rb' a+b+c=2p. 61. 3 mepBhix ABYX YypaBHeuuh uc-
KMOYATL X # y: 2 +2—1=0; NMOTOM H3 NepBOrO H TpeTbero ypaBHeHuk
nonyuaercss chcTeMa X+ y =z + 1, xy = z. 62. O603HaunTh: x + y + 2z =2u.

63. x=—2z—2, u=__ NOACTaBHTb B cpeAHHe ypaBueuus. [lonyuntca ypas-

2 o
enne: (y—2)° (y°+ 3y +4) = 0. 64. O603MAUNTH: X + 2 =10, y —Z =1, X +
+z=m x+y=ny~u=«K z+u=1 65 O6osnaunts: xyzu =t H nepe-
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4 4 4 4
MIOXHTb ypaBHeHHR: X = { —a, y =(—b, z = t--c, 4 = t—d. 66, OTaeqns
HylleBoe pelieHHe, NePeMHOKHTb YPABHEHHA NOYACHHO H PA3AEMTb O6e uacTH

Ha X - X, -ec X . 6T OGosnauntb: x, + %, + -+ + X = X, CAOKHTb modaen-

HO BCe ypaBHewns W Haiith x. [Jaibue pemaetca aHaaoruyno Ne 4.
68. x=(/a —Vb ) y=(Va: V). 69. Obosmaunrs: V
V' y—1 = v. 70. O6oanaunts: Vx:u, V y = v. 71. O6osnaunts: Y x =u,

= v. 72. O6osnaunts: x — u*, .y — v’. 73, Orzeaus pewennus: (0, n, n),
n, 0, n) u (n, n, 0), rae n— nw6oe IeHiCTBHTEAbHOE UHCAO, PA3ENHTH ypas-

neiMs ApYyr Ha apyra. 74. Vi3 mepBoro ypamHenms: l/ e —y® = 4. 75. O6oana-
unte: )/ X(x +y) + 4=t noayustca t—7. Ma mepsoro ypasHemmus:

2
y=+% %x MOACTAaBHTL B ypaslienne: x + xy = 45. 76. [llepsoe ypasuenne

BO3BECTH B KBAApaT H ;‘.JIO)KHTI, C YABOEHHBIM BTOPBIM ypaBHehueM. 77. 0603-
HaudTb: X =4 , y - U .78. O603HauuTh: ax + by +-¢=f H pewdTs CcHCTEMY
ypasuenulh: (f —a)x — by =c¢, —a,x+ (b, )y =c¢,. Hailazennbie axs x

Hy + b; t. Moayuutcs ypasHe-
nMe TpeThedl CTemeHn omocure.mm ¢ Kmmny H3 rpéx 3Havenuit f Gymer
COOTBETCTBOBATh CHCTEMA YpaBHEHWil OTHOCHTeAbHO X H y. 81. O603nauuth:

X+y=u,V xy =v. U3 nepsoro ypasHenns: u —a2—7(02+ 1)+

4
+ L @'+ 1)+2 na sroporo: «¥ ~ b p 24 AL
v? o’

TMoayuaerca:

20+ 1) .2y
Szl .

o 41 —b a+b
v
§i1L.

1 7 17 112 27
1.40 1 60. 2. 6 12 3.4, 3ub 4. T'T"T’5 e
6. 41, 80 u 320. 7. 15. 8. 10 Vl—3_/l; PaccTosHHe OT KopHe# 60.nmeﬁ nanbMbt

710 MecTa BCTpeuH paBHO 20 MOKTsM. 9. y - = —_—Z - - w T. a. 10. Hazo
PeLIMTb ypaRHeHHe: 2x"—20x2+ 27x 4-10 = 0. Cam aBTOp He CMOT DELIHTH
3TO ypaBueHue. Brepsble ero peurua apabekuit MaTematk A6aya-Ikya, xHB-
. - _ 1 7t _1 _
w8 XI 8. On wamea: x, =2, x, = T(& +V74)n xs—?(g_]/")_

1.4n —@ 12. Asrop o6osnauaer l/'xg——&x uepes y. 13. TpuBoanTes K

KBALPATHOMY ypaBHeHHio oTHOCHTeabHO 3 %, 14. 40 u 170, 15. 48 wau 16.

2 2
16. Peuienue asTopa 3amawu: Ilycth uucao llllE'Jl 2x", Torma 2x'=x+

16 < t 2. Orser: 72, 17. Peutenne aBropa: x - 12¢ — 62°= 35, Buumraer

no 84 (x—2)' =27, x — 5. 18. Bxackapa naér oauu kopeub: x = 11. Ocranb-
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Hble KOpHK: X, — —9 # X, = —1+ 10/ 19. W x+1)"=81601 u 1. 4
20. 3—7. 7_}% " 9— 23.1) 8 1;—1.2)23,4.3)2 3,4,—5.24. 1) 64
w36 2)9ub 3 40u 13, 25. Boasectn o6e uactu B kBampaT [lokasats, 4TO
npu b =a w 6% <4a® Her memecTBeHmbix KOpHeit. 27. 8100 (panKoB; 9 ci-
HoBeil. 28. 7. 29. CHauana CAOMHTb NOYAEHRO Bce ypasHenws. 30, 40 unm 60
muctoneit 31, (x + 1) (x +4) (£ —7) - 0.32. (x—1) (x* +3:5 + 322 +

<+ 3x +1)=0. 33. Pemenue Buns: Tak Kak smpaxenue £  xt> —yt +z 06-
palaerca B HyAb Npn t=a, t=>5b u t —¢, 10 OHO 1eauTcs Ha (t—a)(¢{—b)
(£— c), nprugm vacTHOe papiio exmHuue: t' — xt® | yt +z= (t—a) (f—

—b) (t—c)—r“ @+b+c)f + (ab+bc ca)t—abe Otciona: x = —

— (@4 b+c), y=ab+bc—ca, z=—abc 34. 3% 35. 1) Cravasa nossecti
B Ky6, moToM B kBaipaT 2) Tak Kak |x, # 1, To 06e 4acTH MOXHO MOAEAHTH

Ha MPaBylo 4acTb K oGoaHa-an 4x 2

=%
36. MMocne pasieaa y Kakioro 6uiaa maTas 4acTb weell cymmer. [0 yasoewus y
4eThIPEX GblA0 MO o y maroro ‘6_0 neeit cymmst [epet BTOpsIM yaBOGHH-

eM y MepBbiX TpeX Gbiao mo L Yy uerBepTOro i. y mnstoro % M T A
Oreer: 160 aykaton. 37. Ha:o pewnth ypanuenue: 5x> —125x + 552 = 0.

Xy =572+ ; xp = 19,27 --- BbiI0 ABe BCTpeuw: OAHA MO MCTedeHuw 5 AHei,
apyras no Wereuensu 19 e, 38, Mpwenury Teopeny Beta o Kopwax i
kosppuumentax k ypasuennio: x* 4 ax? + bx +c=0.

. 1 T _o7ar
Nx—x =x —x‘,,xzi—%’xlrsfﬁ( @ =V a" —2%ac ).
2 XXy - XyIXyp Xy - A.Vr,

Xy 3=—

1 3 3
5V sz

3) 2x =yt Xy LB Xy X Xy X KX X - b

_ b —c 3c
"‘lxs*?;xzv;r;c? == 5
13- g —b2+}/b‘ 2766 ) -
§ 13,

Lox=d—2y+¥
uncno 2. x =1la +4, y =4a + 1; a — mo6oe uenoe 4yncio. 3. PewnTs OTHO-
cuteabHo y 12y =1-—2x t le + 601 . 3aecb Hamo, 4To6H Gbino. 8x+601=
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= (20 + 1)2. Haxonnu: x:“_“’T“l—m 9 :76—"("2—1), Yo = 75—

—‘ﬁ“’ra)_ . EAWHCTBeHHOe TONOXHWTENbHOE pewenne: x =3, y = 10.

Ay=2; (x+ 1P =20 +1), & +1=20"; u=2x1, u==x7 x=1,
y=12x=-3, b x=9, y=214x=—11, y=+ 4.
5.2y=x+1x+ ¥ —32 ¢ 6x 1 1. Hao, uro6u 6ua0: — 3x2 + 6x + 1 =
=—3x(x—2)+ 120, 1. e x=0;1;2 ITiM 3HaueHnsIM X COOTBETCTBYeT NO
nBa anavenns y: 1,0;20 21 6. (y + )y’ —y+1) =2, y+1=a,
Y—y+l=ab’, a>0x=xab; Y¥—y+1=(y+1)(y—2)+33 ze
nutest Ha @. meew: @ = 1;3. x — + 1, y = 0; x = + 3, y = 2. OueBnnuoe pe-
weme 0,— 1. 7. Monokuts x = a + 1. MNoaywates: y = + (a°> —3).
8. VpasHenne moxno npeacrasats B Buxe: ( x° — y2)? +2 (xy—1)?

0.
Orcioza: xy =1, x> = y?; x=y=+ 1. 9. &° (X* —1) —y® z Orciona: y =x,
z=x —1 np# ycnoenu, uto X # x> — 1 — npocteie wncaa, E1MHCTBeHHOE pewe-
ne: 2,2, 7. 10, Ecin x—y =1, 10 y1 =y, (y— 1)l = y. Otciona Haxoamu:
y=1 x=2 Eciu e x —y=Kk>2, T0 y £y

11. Bossect 06e wactm B Ky6 w mphpasHaTs Kosdpdmnmentsi npn VX u
Vy—:x +3y=a, 3x+y="> Tak kak x>0, y >0, a >0, b> 0, T0 peute-

Hue GyieT mpH YCAOBHH, Koria 3a — b neautcs wa 8 n_é_ < % < 3. Ecm

o6oauaunth 3z — b = 8m, 3b —a = 8n, 10 nOAYWHTCR: @ = 3n — m, b = 3m +n,
x=m, y=n. 12. [lAs B3aHMHO MPOCTHX m W M BCEr1a MOXHO NoA0GpaTh Ta-
Kde ueible yHCAa @ W b, 4TO GyAeT BHINONHATHCH PaBEHCTBO: bn—am = 1.

Obmee pewenne: x=x"-A,y-—x*-B u z=x"npn yciosms, uTO
A™ + B™ = k. llns yacTHoro cayvax m =2, n=3 uveem:a =1, b —1;

x=A(A* +B?), y=B(A® + B®); A u B —npou3sofbbe lease duca-
1B y=104 2101 210 14 (rry B (- y =3
W3 cucTeM ypaBHeHwii:

x+y—3=+1;=5=T7+35
X—y+3=435+7+5+1

noayuaercs 8 pewennit: 6,2; 6,4; — 6,2, —6,4; 18,20; 18, —14;, — 18,20 u —18,—14-
15. "("2+ D, x(x+ ‘)6(2" =D _ 2. Hazo 4TOGH  GHAO:

2% +1—=3a2nam x= 3_93_—2_1 , @ — neugTHoe.

Torna y =

4
+ a_(g_aT—i . 16. Buneadts ueayio 4acts:

2
—x—y+ )(_24{‘— npH y < x. 17. Mpexcrasats 8 saze: 7z = (10 — 7x) (yz+1).
3aech yz + 1 nenurcs Ha 7: yz =T7a—1; z= (10—7x) a. Tak xak udcra z
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a B3auMHO npucm (@-7T—yz=1), T0 nmeem: a=1, yz=6, z=10—7x,

y=5 - ’W‘F' TMoayuaercst eauscraenoe pewenue: 1, 2, 3. 18, Crerars
z

y: x =5z. Ua 52 —4 =9y caenyer, wro z=23a—1.
Moayuaercn peweime: x =(3a—1)-5, y=15a° —15a®> + 5a—1; a- ao-
6oe nenoe uHCO. 19. YpamHenue MOXHO NepemHcarh B TakoM suze: x° —1 +
+3(x* —1)— (y? —6y) (x — 1) + 3 = 0. 3amevaem, uto 3 geautcs Ha x—1,
1.e.x— 1=+ 1;+ 3. OanaKo HH NPU KAKOM H3 STHX 3naueHHii 115 y He MOy~
4aeTcs uenoro 3nauenus. Pemenns Her. 20. 1) 3anucarb ypaBHesué B Bune:

P (y—D (P -y P dy+ 1)y mpn 2>1 u yuecrs, uto y—1
ecth geautedb 2¥:z=2, x=3,y=+3. Mpu 2=1:y=2F +1, x=0;1;2---
22 —1=33x=2 y=13) x=1, y=1; x=3, y=3 Hawmman c
x =4, Bce cymmui: 11 + 2! + «-- + x! OKanuHBaloTCA HA 3, MOITOMY KBajpaTa-
MU He MOryT Ohrh 2. x +y =2, xy = 1—2%. Pewnts KBajpatHoe ypashe~

10
e £ —2% £ 1—22 = 0. 2. z+x¢>;"‘ =y+3+ gy —dem

neum‘enb uncaa 10. 23. Caoxutb 24. Ecan
b, c‘ u d—oaHo H3 pemelmﬁ TO o6lulee pemeuue 3amuwercs  Tak:
A

x=a'+255%, y=2abed, z=—a* +10a® b* + 255%, u=a* 4
+10a% 6* —25b* . Onmo W3 HaCTHMX pemenmi: x = 41 y =12,z =31, u=49.
B Gonee obwey Bute: x—41 x, y =12 k, 2=3lk, u =49, rae x — Aw60e

nence uncno, 25. Pewaercsi, kak Ne 24. 26. Ecan a -+ b =A-d, a® —ab +

+ b =B-d 103ab=d(A*d—B). 3zeck d=1;3. Tlpu d =3 mnmeen:
L b=17 27. V3x—1—y5y—1=5 O6osnauns:
10m + 1, noayunm: x —y = 10m + 1, st— —=5m +3;
5m+2 Orcioaa: x = 5m? 4+ 6m+2, y=5m® —4m + 1; x = 5m® +dm+1,

= 5m? —6m + 2; m — moGoe uatypansoe uncio (10m + 1 > 5). 28. OGosna-
-mu nepeuiii KO3Q@HUHEHT NeBoki YaCTH YPaBHEHWS 4Yepe3 4 H IONYyCTHM Halu-

4He ONHOTO peuwlennss x =m, y = k. Torma am + ’/52_1 ak =1 BhuTeM no-

YAEHHO W3 NAHHOTrO ypaBuenus. Tloayunm:

remo V521

(y—4)

y u k. Takum o Gpasom
aHHOe ypanneuue HE MOKET uMeTb ﬁouuue omloro pememm Enuncraentoe

Fe, 1 AR
pelllelte YPaBHEHH: NOAY4aeTcs yMHOXeHHeM o6eux uacrehi ma (L;'_l_) H
= - 1, o2 -2 1, e
oV, WG TGN T+ Gy T
2 2 n

vacteit u npu

woctn Y5 :
1 -
yf—l‘(c: ‘+5L‘: 3+52C: sS4

1
L (cn n-2 2 ~n—4 ..
—2"(Cn+l+scn+1+5cﬂ+l*')



Hanpumep, npu n = 2 umeem pewenne: x -2, y=1; npu n — 3 — peute-
HHe: X == 3, . Ecan n npunasaTs nocnenoaa‘renbuue HaTypaibHble 3Haue-
Hust 1, 2,3, -+, TO peulenus COCTAaBAT Napbl COCeAMHX uHcen PuGouayuu
(©n 635 ), npwidw: y = Uy, x=Upyy . 29, (x+ )P — (xy + Dy
3aech xy u xy + 1 — B3auMHO npocrue 4HCA3, TO3TOMY HX TNPOH3BENEHHE
MOXeT 6uTh kBaaparoM. 30. BuiuecTs nounenno: b =9, a =1, b =9, c+d=!
abed = 1936.

31. Peumts ypasuenne: XD 35 g1y =3 . 37y,
3 y y ¥

Orger: x -36. 32. x=y- 2n—1, z=2n ynOBACTBOPAIOT YPaBHEHHIO.

33. 1000 = 2 . 5%; 1000 — xyz, x = 2" -5%, y- 9™.5% 7= 9% 5

34, Mo ycrosuio: abe + xyz = 504 - m, abc = 6 - xyz Otciona umeem: xyz =72m,

abc — 432m, m = 2. 35. 3a7a4a NPHBOAUTCA K YPABHEHHIO: % + - i ;
CTOPOH Tpf Takux Tpey < TOABKO

TPU: PaBHOCTOPOHHHH co cropoko# 6 u paBHOGeapeHHble CO CTOpOHaMH 8, 8 4wu

12, 12336.—14
a—

. 37. Ecau HckoMble APOGH OGO3HAUHTDL ueped — H
y

7. TO U3 ycaoBust uveeM: x - 190, y — 23z; x by + z + v =200 + 24z=808
uau 5v 46z - 202. Orciona: z=5k +2, v =238 -6k npu k= 1,3; 5. 38. Cua-

wana waliTH wHCaa Xyz = m? c ycrosHem: X4y + z=n’. Ny — 400, N, = 441,
N, - 484. 39. HoBoe uHCIO nO YCAOBHIO AOMKHO OMTH TOYHBIM KBAIPaTOM,
9N +1)10" + N =20001 N + 10000 = x* . Otcona: (x—100) (x -+ 100) =
=3.59- 113N = 6667 3N, ecim N —ueuérioe, TO: X — 100 = 6667,
3N; N —2289. Ecan N — uérhoe, 10 HMeel

7N|, orctona N =4N; = 8756 40. Tycrs 4 b=c: d a-+-d- 14,
b+c=11 Toraa no ycrosuio Oyzem mumerb: a® 4 b 4 ¢ 4-d? -=317—
—4bc =221 n wnn 4bc =317 — 221 - n. Otcona n =1, be =24. 41. Pewnts

42. Mycts N—abc. Toraa

" 36
ypaBuenHe: Xy — 6 (x - y) nau y = 6_x+ 5"
N¥ — N — neautca ua 1000. B uactuocth, N MOXeT GHTb TOABKO AEIHTeldeM
1000: N (N* '—1) =125 8- A YciomHio 3a1a9H yIOBAETBOPSIOT 4Hcaa 376
u 625. 43. 2 - abe — cab + bea. Otciona: 3b=Ta—4c, b=2a—c +a;3”4
3nec @ =3k +¢, b=7Tk+cnpu k=—1; 0; 1. Cymecrsyer 15 Takux uucea:
Ny g =mmm npum=1,2, -, %Ny =370, Ny, — 407, N = 481, Ny —518,
Nyg =592, N5 —629. 4. Ecan 0603HAUHT5 MCKOMOE 4HCIO uepes “aabb, 10
Gyaem umeth ypasRetue: 11 (100a + ) = 2 ox= 11y, 1002 + b = %9a +
+(a; b) nemurcs Ha 11. Otcioma: a+b—11, 9a41=y*; a=7 b=4
45. Tlo ycnosmio N = abe = 13 -n, a+ b |- ¢ = 13. Orcioza Haxoaum:
9(lla +b)=13(n—1), 1l + b = 13k; Ny - 247, N, = 364, N; — 481, N,=T715,
=832 46. Mo ycrovuio mn = 2x, od = 3x; x < 33. ab - 100 + 3x = 4% ,
ab - 100 = x (4x—3). abed = 4096. 47. ab% = (a + b)° ;@ + b — Tounwiit KBan-
par, ab—tounnit xy6. ab--27. 48. fo ycrosuo 2 - ab = a®—b® wuan
2ab = b35— a% ab = 13. 49, ab = 2 - ab. OTciona 3aKAuAEM, YTO @b AEAMTCH W
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Ha @ W Ha b. Tlostomy b neautcs wa 2a,b=2a -k k - 5; 10a + 2ak = 2a-2ak,
orcioaa k(2 —1) =5k —1, a=3, ab -36. 50. 1936. 51. N — abcd,
a+b+c+d=ab nm c+d=9. Otcoma a=1; 2. Moaywawores uncaa:
N;=T1bcd npu ¢ ~d =9 uN,=2b99. B 060ux cayuasx b npuHuMaeT 3HaueHHs
or 0 10 9. Beero 110 uncea. 52. abed+ dcba = 1001(a+d)+110 (b + ¢) = 140A.
Otcrona: a+d =10, b+c=7; a u d—uETHbe, NOITOMY, €CIH @ — 2,
10 b- 3, c=+4, d=8. abed = 2348. 53. xy=abc=2z', ;;.:02.
3

P =?. 2%, ze=m?, abc =m®. Haxonnm: m =3, abc — 729, x =v - m® =

27 L3 i 2be
=27Au‘y=.:2—=.0_,rnev:il,:&j:g,iil 54, 441 < abc < 484.

Orcnma BH‘ICKZQT, uyto @ = 4. Jlanee mno ycaosmio umeem: 400 + 106 + ¢ =

=374 +36(b+c) nam 27b + 36c — (b +¢)=9 - 28, 1. e. b+ ¢ — 9 uan 18.
Kpome roro u3 pasenctsa 26 - b = 36 - 7—35 - ¢ caenyer, ut0 b = 7. 3naunr,
abc = 472. 55. Wckomoe uncao N = 142857 noayuaercs mpu o6paienun 1pobu

T B A€CATHYHYIO: OHO SBASETC NMEPHONOM 3TOH GeCKOHeWHOH AecATHYHOH Ipo-

6u. 56. Uncao Beex y q 13 107 < &M< 107,
102 < x' < 10%; 21 < 11 - Igx < 22; x = 82. Unclo yyammuxcs Nepsoro Kaac-
ca y ynosaeTsopsiet ypasHeniio: y? = abc npu @ + b +c¢ =19, 3xech c—1; 4;
9 — BO3MOXHbIE NOCAe]HHEe UH(PH TOuMBIX KBamparos. [loayuaem: y = 28;
26' 27. las 4McAa y4auuxcs BTOPOrO KAacca z W KOJAWYECTRA y-nnmxca TpeThb-
€ro Kaacca v MO yCAOBHIO HMEEeM TDH CHCTeMb YpaBHEHHid: 2% o = 1466,
z+u—54 22 Lo? =1466;2+ v =58 n 2 + 0> — 1466, z 4+ v - 65
3—29, v =25 y—28 z=25 v—29, y— 28 57. Ecan x> = yz, To mpH ne-
y+z (Ipn y#2 #3 YCIOBMA |BHTEKAeT, 4TO

ABX X, Y H £ OTHOWIeHHE U

¥ F 2> 2x) He MOXeT GhiTb ue:lhm, TaK KaK CHCTEeMa YpaBHEHHi : yz =22,

¥ + 2 = 2xU TpHBOAMTCA K ypaBHeno: 2 —2xv - £+ x® =0, KOpHH KOTOpO-
ro nppawonansuni: ¢ = xv = x ¥ o7 — 1. 58. U3 Toro, 4T0 Axarowaib mpaMo-
YroAbHHKA NOMKHA BHPAXATBCA UEABIM 4HCAOM, HMeeM: x = (a° — b°) - &,
¥~ 2ab - & TpK B3AMNNO MPOCTIX @ K 6 (cM. pemewne ypasnewss [lugaropa:
%2 +y? = 2% ). Teneps pewaem ocHoBHOE ypaBHeHHe: Xy = 4 (X+y)+ y Xi+ty2.
OHO cBOLMTCS K ypaBHenHio: b (¢ —b) £ =4. Otciona npn 2 =1 umeem: @ = 5,
b=1; a=5 b=4 Tpn k=2:a=3, b=1 a=3, b=2wnpa
k=4:a=2 b=1 Toaywaerca: x =9; 10; 12; y = 40; 24, 16.

59, xy =12; 32; 10; 21. 60. OueBuansie pemenns: z =3, x=2, y =11 z =3,

x=1, y=2 Tak xak Cj v (_xﬁ-tyy_) —llelloe 9HCAO, TO MPH X > 3 HMeeM:
2 (x'+y') = x! y! A, rae A—nenoe. Moaaras y > x, OTCI0A2 NOAYYHM, YTO y
Aeautcs Ha X!, T. €. Yy =X+ k npu k > 1, n nepsoe ypaBHEHHe CHCTEMbi me-
penuumerTcs TaK:

Qx4 (x4 1) (X +R)] =2 (x+1) o (X +K) - (x-- £:1)---(2x + &),
Ortcrona nocae K

D) R R+ D) e R —2 =2 6Ly =P EE 4 q,

ly P y:

62. 1) Hao pemmts ypaphenwe: 22 = x% + y2. B CBOGN pemenun asTop To-
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naraer: y=x+ 1, z=nx + 1. 2) lpu a = 2 nonyvaex ypasuenue N 12.
amo{) CHAYANA HAXOMMT DANMOHANbHBE pelleHns, MOAAras: X = my, Z = ny.

) Hano pemuts cucremy ypasheruii: 6x + 4y +2z =200, x +y + z = 100.
Oua umeer 7zgememm (20, 0, 80), (17, 5, 78), (14, 10, 76), (11, 15, 74),
(8, 20, 72), (5, 70), (2, 30, 68). Asrop nan ToabKo OAHO pemrenne: (11, 15,7 4).
2) ¥ Kaxnoro I0AkHO 6biTh 3 — GOuKH BHHA, WMeercs aBa pemenus: 3, 1, 3;

3,1,31,51un23 223823 1,3 (CHavara yxazaHo uucao noamux 60-
4eK, NOTOM MOAYNOAHBIX W, HAKOHEW, YMCAO NyCTHX Gouek). 64. 9, 10 u 11.
65. Hano peurnts cucremy: 17x+15=13y + 11=10z+3. 66. x=31 - 35.39-0—2,
y=381.3-43-2—2,z=381-39-43'2a—2, u=085-39-43-a—2a—
mo6oe uenoe yucao. 67. M3 roxmecrsa Jlarpamia:
(2 4y 4+ 22) (@ + 82+ P) = (ax + by +¢2)? + (bx—ay)® + (bz—
—cy)? 4+(az—cx)?upn x=m?® + n® — Kk, y=2mk wz=2nk, 1. e.
224+ y* +2=m® + n® + & noayuaercs, uro:

ax +by+oz ) [ bx—ay
mn? + W+t e )

bz—cy \? az—cx 2

+ + .

(m’+n’+k’) (m’+n7+k2 )

Gﬂ. Cynpyramu spasiorca: Jokon u Jxennn, Murep u Kurra, Azexcuc u Mspu.
ycts x :y =2z :u. Toraa no yciaosuio: X +4 =25, y +2z =25,

u2+b2+c’=(

f +y? +2% +u® =4c®. Vunrusan, 4T0 xu = yz, Bo3BenEM B KBanpar mep-
BLie YPABHEHHS M H3 HX CYMMB BhuTem nocaenee. Toayumm: xu = s* + s’ —
—¢? = m. Jlanee pemaem cHCTeMb: X +u =25, Xu=m nsy z =25, yz =

B camom KOHue m 3aMmeHuM ero 3Hawe|men (Peluelme yp)mua) 70. z =9,
2x 4+ 3y = 68. O6mee peutenne: z=9, y = = Hempnnavenbuue
neabie peuleHHs NoAyyaloTcs NPH & —.0- 1; lo ll 71. Pemaercs ¢ no-
Momplo Toxnecrsa Bapuaena (cm. Ne 53, § 3)

x=a,y=b z=a+b u=a®+ab+b®, v=ab, k=a(a+bh), t=b(a+tb).

§ 15
1. Tpumennts TeOpeMy O CpeiHeM KOM M CpefHeM P
deckoM. 2. TpHMeHuTH BHINIEYKA3aHHYI0 TEOpeMY K 4HCAaM L B ..:;. " 1 .
a CE

3. JlocTaTouHO NOKA3aTh CNpAaBELIMBOCTH HEpaBEHCTB:
— — 2
b< (M) <a.
4. Cm. n. 5 § 14. 6. Bocnoab3oBaTbcss HepaBeHCTBOM:
LN )
nm

TIPH Pa3AMYHBIX NONOKATEALHBIX m W M. 6. Jlesyio wacTh npencrasm-b B BHle
cyuuu ABYX 7. e 2.

8.at + o' =(@®+ab+0%) (@ —ab+ 82)—a® b2>(a +ab+b7)ab—
—a? 8.9, p 1. 1) Us
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wepasencrsa: a® —ab + b% > ab BurtexaeT Hepasenctso: a® + 5° > ab(a +b),
a orcona: 3 (@ +4°) +a® +b3 >3ab(a+b)+a +b°=(a+b)°. 3) Hc-
b NepBOe H3 NP 8. JOCTATOYHO NOKA3aTh, HTO
at + bt > adh + abs. 12, MCIIOIIbSOBaTb HepaBeHCTBO 3alayd N 7. 13. Pemuts
uepanencmo OTHOCHTEABHO Y. KOpHH TpéxuaeHa pasnu, a crapmui nosq;qw;un—
— —)=1—
—(a +b+0)+(a- b(l—c) +be+ ca] 15. ﬂpuuelmlb uepaﬂezcgrw Kgu.m By-
(cu. § 17). 16. yp: D=—168%, raie S—

naomans Tpeyronbunka co cmponaun a buc 18 Y rpéx-ueua.
(1—62)—2abxy + 22 (1 —a’) crapuui kospprupent 1 —8% >0, a auc-
KSHI(VIH&I" oTpxnareseH, NOSTOMY BCE 3HAWEHHS TPEXYAEHA NOJOKHTEAbHB.
an Aas AeByH 4acTb O0B6O3HAUHTb
yepes x, TO TMONYWHTCA ypaBHewHe: X’ =@ -+ x, HMemee MNOAOKHTEILHHH

KOpeHb:

x=1t /' da+ 1

JlA% KOHEWHOro WMCla PaluKadoB Aesas yacTh Meupie 3toro uncaa. 20. B u
paBeHcTBe Kouleyuakoscxoro TIOAOKHTD X;= X3 = =x,=1L2L1)K 'm-
caam : 1, 2, 22, -+, 2% npumennts reopeuy 0 cpenHeM apudMeTHuecKoM H
cpenem

. 2) P
1-2-3:.- n<1 3:5- ~~(2n—l)<2 4 6---2n. 3) Wcmoas3osath Hepa-
BeHCTBa:

@ty

T3 s @D < A0

Vs

n
VI E s < IRAEe A,

22, O603HauKTb: @ = COSa, b = cosB n B3ATH COS (a + B). 28. Mycrs 3uamena-
TeAb NMPOrPecCHH paBeH ¢ (q<1) Torza No yCIOBHi HMeeM

2 3 a1
k- Lq=k- 9, P M. A
lkl_qq lqukl_q =k
Otciona HaxoauM:
2
1+q+q’+»~~‘q"+~-=_% (4q4 g+ - 4"+,
- _k+1
q m<1 k&> 0. Cymma mporpeccin s = ot
24. 1) TN

2> —(b—0)?, P> —(c—a’nd > —(a—b).

2) MNpumennts dopMmyan: ak, = bhy = ch, = 25 u 4RS = abe.

3) Cronurcs k M 2, 4) Cectu k 1. 25.Tlycts @ > b > ¢c. Toraa h, <hy < hc

M MBl MOXEM HanucaThb HepaBeHcTBa: ad, + ad), + ad. >28=ah, u

cd, + edy, + cd, <25 =ch, . Yactunit cayyait COOTBETCTByeT TOuKe mepecede-

HUsL GMCCEKTPHC BHYTpEHHUX yraoB: d, = dp, = d.=r. 26. K uncaam

@, v, a, K wnenanl, Lo 1 npuvennts reopemy o cpenen
a,’ a, an

apudMeTHUECKOM H \CPEIHEeM reoMeTPHYEeCKOM.
22. 1 nouaento creny u




n-1=n(n—1)-2>n (n—2)-3>n,---,3m—2)>n, 2 (n—1)>n,
1.n n 28 Mycrb naewn BecoB @ b, rpyas coorsercTsehHo x u y. Toraa

ax =1-b,by=1-a Orcona x+y = %¢ —Z— > 2. Toprosen mporajaa

2. 1) —5<x<—312<x <0 2)—2<x<0UI<x <o) —1<x<]
H1<x<o )0 <x<3n2<x<0:-5)—1<x<36) Ecan a>0, 10
a<x<oon—0IX —geama<0T0—a<Xx<® H — ® X<
7)Ecam a> b, 10—y ab-<x <0 u yab < x -Z o; ecan a < b, 10
—w<x<—yab u0<x< yab 31. 1) lomxuo 6ute: @ >0, D=

= (a—1)2 — 4d® < 0. Noayuaercs a>%A 2) a>6. 32 Hano pemmts cu-

cremy: 3x% y--y* =0, X —3xy? >8 Ecam y — 0, 10 2 < x < o0} ecan
—32, 1028 < —1; — o x<—1.

§ 16.
111 2.—_n 5. 4. Myetb @ + @, .y =S, —4HCIO uJEHOB mpO-

rpeccuy. Torna 12s MPOM3BEIEHHS STHX HJAEHOB NPOTPECCHH @,

Moxsl =

umees: 4u - s* — (@, .y —a, ).

5. Myctb @ =b—a, c=b+a Torna 2p=3b, 2pr =3br = bhy,. 7. Yhnu-

TOXHTb HDPALHOHATLHOCTD B 3nameHaTeasx. 9. M3 cHCTeMb ypasHenni:
a(+(+q)=a d0+¢)1+4¢")=b

HCKAIOUHTb @, H B NOTy

BBECTH
q+

TMoayuutca ypasueime®

rie @z =s—cyvua cpeiuux uiexos. 10. Ecam % <at< b, T0
o= PVl W) . a
. 2(6—a*) I+g+q
Ecan b < @ < 3b, 10
24P VB b (@ 8 __a
2 (@ —b) HR R

1.d= M rae @, — nepewii wacn. 12. @, = 1, g = 5. 13. 510

14. 5,15, 45 n 135 15.4.717. 4, 61 9. 18. ¢, - k+m—n. 20. -a, 3a,
5a, -++, (2m—1)a,--- npu NoGoM NCHCTBHTCABHOM 3HaueHHH a. Yucao

1 2 2
-= ———_ HC 3aBHCHT 0T m. 21. Ucnoab3osate ¢opmyay nas 17+ 2
n(n+2)“ 3aBl opuyay x: +2 +

e =1
208



mEA DT Y 3kn (1) (hn—m?). 1 W3 1) (k-

A(n+1) n(n® -1)
§18.
1924314y -yTTis v, —!
O ™ e, T g G e gy
9. Ecava >0, 10 Y s 2{7 Y pancs '—?L/;T; ecwm a <0,
Lo HT‘:T— S # s ecan @ =0, To dyHKuMs He Orpa-

wateda. 10, Ecan @ # 0, 10 HaMMeHbIIEe W3 NOAOKMTEABHWX 3HAUEHHH DaBHO
2(a+1aly’2), wamborbmee. w3 oTpuuATenbHMX Masewud  paBO

2@—|alV ) ecana 0, 10 npk n uetHon Yoy = O UPH A - HewéTHOM

dyHkuus BospacTaer oT — x 10+ %. 11, = - & a_ .
m m<a
2 AR
(2
12 Tpw x=2°y- 4 Orciona nweew 4a ; b—8 Tlockosbky npw kpaii
HHX T ¢ eI yp: (@ -y I

+58y-x+b—4y —0 aoaxen obpamarbcs © fyAb, pemaeM ypasHeHHe
D=9 +4(4a+ b)y dab 0. Tlosaran B ném y - 4 M npwHMMas BO
BHuUMaHve paseHcTso b 8  dg, waxomum: « 1, b 4 Ilatee u3 HepasencT-

4
Ba D > 0 noayyaem y > g My<—4 13- 16. Xerareanso nocTpouTs rpa-

dukn dyHKuMi 105 KaKWX-HuGY1b waciumx caydaes 17. ax by +cz = 25—
MOCTOAHHAA BeawuuHa (S nAOWANb TpeyrodbHuka) [IpHMEHHTs HepaBeHCTBO
Kowi-Byusikosckoro 18. Caenats ueptéx. [lposecth AC L CD (C u D --Ha
nopore 1) u 0603HaunTb < BAC yepes 1 Jlerko noiyyaeTcs, 4TO HaumeHbilee

Bpema Gyaer mp 3naveHnH b_asnz g pupa-
s 7
W2 2
wennn u = (8_GSMEV pyeey, ¢ @ buna o p
cos = cos? x
H snauenwe U noay 5 upH @ bsinz, T e winz %48(27

~ Ha TaKOM PacCTOSHHWK 01 Nynkra C Neuiexo.l 10MkeH BRHTH Ha

Vi _a
aopory Ouesunno, 8 caysae CD 8 ewexox cpasy  .ioaxed
Ve &
B35Tb HaNpaBJeHWe Ha KOHEeuHlH NyHKT croero nyim ceio D 19. [lycts
[N — HauGoAbuMii OTPe3oK, mpoxolsmmii w3 Kanaia | # xanaa I Oueswawuo,

ME A Byryrosn B A Towacon 200



3TOT OTPE30K ONHOBPEMEHHO (HKCHDYET MOAOKEeHHe MA0Ta HauGoAbIIeH RAMHbI,
MPOXOASIEro U3 OXAHOTO KaHaAa B Apyro# Jlerko mokasats, yto MN — Han-
MeHbIIMH U3 BCEX OTPE3KOB, UPOXOASMMX 4Yepes TouKy O 20 NPOTHBONOAOKHBIX
Geperos kawanos OA u O Ortpesky MN coorserctByer yroa X — 45°
MN =2 v/ 2 B camom nere Ecan x — 45° + 1, (2 = 45°), 10

M, = | _a 2.2 sind5- cosa _
Tonx | smx | sn (0°F2)
_ 9. Cosa -
2y cos 2a >y 2.

TaK Kak cosa > Cos2a o

Jawsa maota pasia MN 26 =2(ay 2 —b), a > b 20. Pemaetcs awa-
noruudo Ne 18 TlemkoMm Hazo mpolith 6 ks Bpemenw motpatit Bcero | wac
37 muu. 21. Haueptutb upsmoii yroa BAC [Ilycth HauMeHbIlee paccTOsHHe

uemny KOpabasMu Gyxet 1o M(’lelleumt x uacos Toraa 3 ypaBHeHus

2= (9% + (75 12x) man y — 1522?442 +9] maxoamm x =4 Hau-
MeHbIIee PacCTOSHHE Y., Bocnonbaonancu dopmyaoit  ocse-

cos
wmenwoctH [ - ¢ ’2", A€ r - PACCTOSHWE OT MCTOMHHKA CBETa, @ - Yrod
nmajenus ayua, ¢ NOCTOSHHOE AR NaMHOH Jamnu uucao Vmeem h  [-cige,
P — 2 cosec’ ¢ Hano wmaiiti Haumenblee 3iauenne dyuKuH

c $ 2 1
I—T~cow sin’p —?(cosiv)z,(slnw)

Toayuaetcs ctg ¢ - V_;_ = % .

23. Mycts CCy 1 AB, BC, = x, AC, — b Torna 3azasa cBOAMTCA K Haxomae-
HYI0 HaHMEWbIIEro 3MaueHHs QynKuMH:

y=(—x) min/ 2L 2

PaccmaTpHsaeM RMCKPHMHUHAHT yDaBHEHHS"

2(n? -m?)—2m(y—bm)x—y? +2bmy+a’ 2 —6*m? =0
Hepasenctso D > 0 12€T: y,,,, bm+ay/ ;2 _p2 u cootsercTaylomee
3HaYeHHe X°

ecan

Bcam xe okawercs, 4ro

TO mOCCe R0MKHO Mpoiti no mpamoii AC 24. Hano maiith Haumenbiee 3uave-
HHe dyHKuHK:
y_ otk
2x
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TRe k— Ko3pduuHEHT nponopuaouaabuocm X — ckopocTb cyana. TpenctaBute
¢yHKuHI0 B BHIE Tpex cAaraeMbix, KOTOPHIX
TNIOCTOAHHO:

k

a a
YT Rx tmx T Tm

3
3
Vo — _flg,/‘m npu x=]/ Qak .

§20
1. 2) lpumennts Meton MaTemaThyeckol WHaykumn. 3) Caenyer u3 mpeasiny-
mero Tokaectsa, 7) Kawnoe u3 unces 2, 3, ---, n B JAeBof 4acTn scrpeqaercn
—1 pas. 8) MoxHO BoCTOAb3OBaTCA TowmaecTBoM: (38— 2)! + (3 — 1)l +
+(3k)!:(3k—2)! - (3%)?. 9) Pasneants obe wacti #a ' 10), 11), u 12)—

MoxHo npumMenntb MeTon MaTemaThueckoll uHAykuuu. 13) BocmoabsoBathes
TOKIECTBOM:
1

T mED

R -
(m+1)!
14) B toxaectse (1 + )+ (1 + )" = (1 + x)™*® npupasuath kosdduuHeHTH!

npn x*, 16) u 17) —TITj _meTon Kok {18) Ecan
XeBylo uacTh {0603HaWHTb uepe3 S, , TO ‘MMeeT MECTO TOXIecTBO:

1
Se—81 =
B 3TOM TokaecTBe mocnenoBaTenbHO MOAOXHTh Tk =1,2,3, ---,n n nony-new

Hble PaBeHCTBA CAOKHTh Mouldedto. 2. 1) yMuommb obe wactd Ha n! 2) Mpu-
MEHHTb TOK1ECTBO'

K
cﬂ‘cl(=cn'drl|——m‘

9) [pumeHnts MeTox Marematmieckoh HHayKunn 10) B Buipawewnn 128

noxowuts x = 1. 3. 40! > 10° 4. Ha 3'®. 5. Haxo pemnts
YpaBHeHue:

Tttt oadk.

Moayuurcs: 4 n=a® —2, k= a(a+1) — L k=2 6. Yaennt

PA3AOKEHHS PaCCMATPHBAEMOTO 6nﬂoMa CHauaza pacTyT, motoM yGwsaoT. Ecan
MCKOMBIH uieH nMeeT HoMep k -+ 1-H, To Hano pemrHTs HEepaBeHCTBO:

Cht g o X L ah b

7. B toxnectse: (a-+b)" - (a+ b)" = (a+ ) conocrasuts Ko3dHuKeRTH
npu a” 5" . 8. pumennth MeTon Maremarnueckodl -uuaykuuu. 9. 1) x=1;2
3,4 2) x =2 3) Ooauaunts: ax—b=y; y=1; 2 10. [lycTs Cobpaanuch 2
uaena KoMuccun. Toraa MM He XxBaTaeT XOoTs Gbl 0AHOTO KAKHY2 (K ONHOMY 3aM-
KY),-KAI04 STOT MMEeTcd y 11060ro M3 TPEX OCTaabHbIX unenoB Komucchn Tak
K2K 3TO NMPOMCXOAMT MPH A1060H KOMOMHAUMH 3 ABYX 4eldOBeK, lo obuee uu-
CII0 3aMKOB PaBHO YMCAY COueTaHWH M3 5 3deMeHTOB Mo 2, T. € C Ho «
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KaXIOMy 3aMKy HMeeTcs 3 KAi04a, MOITOMy oflwee 4ucio KawoyeH paBHO
2 . 3=30. OTCI01a CAEIyeT, 4TO KAXAOMY 9IEHY KOMMCCHH HEOGXOIMMO
umeth 6 Kamouedt. Yucao samxos paswo 10. 11. 576 12. 360

Taasa 111,
° §2.
282
b
1. O6osuauuts: m, = 3x, my, =3y; ¢= V—% .
21 2

s RY M- am B2 G+ -
. 5 M 7 ; T

2, |/ R—1 [
h?,—: IM-ZN—_” . 8. 3anaya CBOAMTCH K PEUICHHIO B UEABIX YHC-

!

JAax ypaBHEHUS !— 4 %+ o= —12- Takum cBodcTBOM o6aanaer, HampHmep,

TpeyroabnuK co croponamu 4; 8; 8. 9. JlaHHHe TpH paBeNCcTBAa MOXHO npnnecru
K clellylomeMy Buay:
(mxr — nis) (nl — mx) = 0,

(mxs — nlr)(Ir —ks) —
(nxs — mir) (mr —ns) =

TpupaBHMBas HyJO OQMH M3 COMHOXWTeldeil AeBOfi 4aCTH KaKNOrO paBEeHCTBA H
KOMGHHHDYS MX, MOXHO NpPHIATH K CAENYIOIUM BOSMOXHOCTAM: a) m =n, &k - [,

m {
r=s; 6) HEE S —. Cayyail a) reoMeTpUYEcKH MOXET 03HaYaTh
1) WeCTHYTOAbHMK C TPeMS INAPaMH PABHBIX CTOPOH;
2) Tpeyroabunk co 2m, 2, 2r ¢ B HEM Menu-
anamu;

3) TpeyroaAbHMK CO BNMCAHHOH B HEro OKPYKHOCTbIO, B KOTOPOM pacctos-
HHS OT BepUIMH N0 TOYeK KacaHus PaBHbl m M m; K U l; ru s

Teomerpuueckoit nu-repnperanmeﬁ cayqas 6) MOryT GuiTh:

1) nsa co n, Kk, rumls;

2) yroa, Ha uopouax KOToporo napaiieibible NPAMbE OTCEKAIOT OTPE3KH
m, I, sun, K, r.

2
LS 1 ﬁ;3ﬁ’ .12, £(/2—1) Bocnoassosars-
2V -7 2
a+b
C PaBEHCTBOM r = ——5——, Fle r — PanMyC BNMCAHHOFO KPyra; a, b — kate-

3
THl, ¢ —rhmoteny3a. 13. S TponomkuTs oaHy M3 MeaHan 32 OCHOBaHMe Tpe-
1
YroAbHMKA HA 3 €€ LAMHBI, COEAMHHTL KOHEW STOTO OTPe3Ka M TOUKY mepece-
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9eHHs MeIMaH C KOHUOM ocHoBauus. [110maib moayueHHOro TPeyroabHHKa coc-
1 2

TABIAT 7 IOWAIM JAHHOTO TPEyroibHuka # 3 IOWANM TPEYroAbHHKaE,

CTOPOHAMH KOTOPOTO SBASIOTCH MeAxaHbl fauHoro 14. 7S. MMaomwans xaxaoro

2

M3 Tpeyr npH Ja"HoOrO, _9“
R Y3 - . e
naowamm mawworo. 15, —5—. 16. R(Y3—1). 17. (/' S; + V'S + V'S )%

Kamauiit 43 MOAYYeHHBIX TPEYroAbHHKOB MOAOGEH OCHOBHOMY.
19. 1) BD = (@—10), BP:io{—sf- ;

Dama- 2.

3) sanava Boamoxna npu 10 < a < 14.

20.2 4. 2L ) 5 (@ —m?—n’) 92V 2@ —m—n7). 2. Her.
BVE-& ;a\lb.u>b.24._2fi’7.25. 2ab

a+b’

) 2 —
2. ] / _“2_;_"_ 21, (9 + 4y/3). 2. Bocnoawsosatsen cootwomenna-

25 —
mu: abc=4RS, S=pr. 29, -a—(’/f;l). 30. %(m+n} v mn .

Ty p2
2V 2 5 BR TG ;(—-—"‘“31‘2/3”? :(72“31‘;3‘”?2'

. FIe A —9HCAO CTOPOH MHOTOYTOAbHHKA, p — MepHMeTp

BIHCAHHOTO MHOFOYrOAbHHKA, £ — PaNMYC Kpyra.

§5.

1. Ecan TOUKY # n-yroabuo#t nmpa-
MHJBL COGIHHHTb CO BCEMH 10 y n nupamHL ©
ONMHAKOBbIMA OCHOBAHHAMH, KOTOPbe B COBOKYNHOCTH 1aiOT AaHHYIO NHDaMHAY.
TosToMy NS CyMMbl YKa3aHHBIX DacCTOAHHH HMeew:

3v
h,+h,+m+n,=§,

rie v— o6bEM mMpaMubl, S — MaowWagb oaHoH GokoBo# rpann. 2.7128 /137 dus,
3. 13 ci. 4. YuecTb, 4TO LEHTP TAKECTH TPEyrolbHHKA HaXOJAMTCH B Nepecede-
Hun ero menad. 7. Jlyra okpyxmoctu auamerpa OA (OA L I), uentp mapa
O — cepeanna stofi Ayrn, ecau / He MPOXONHT uepe3 LeHTP Wapa. 8. l'l:‘puue

ceuenns pased 2a. Ecan B ceyewmm moayuutcs kBampart, To pe6pajAC, AD, B‘%

3, — -
u BD pasnenstca monoam. 9. r 1/15. 10. }/a2 —am + m?,
Vd—antn® uvV @—amin+m —mntn. 1l x=24 cx

2
12 et 18,2 B+ V3 n 5 d. 14, 520 cu® n 50 cx®
7 3
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6x

15. R (/5—2) — paccTosnne ot uenTpa mapa 10 cevenns. 16. r = o

1 1
18x —1. - -
—g{ﬁ >N v=Fy == =%(;a)‘ (@ —x9?, rre x—cro-
2
PoHa ocHoBaHns MHpammas. 22. 1) 24, 7.5%_. . 25. CTopoHa OCHOBaHHS na-

RY'3

paaneseninena pasua —3— . 26. Hano waitth nanGoabmee snavenne mioma-
3 1
IH TonepedHoro cedenHs x&ao6a S = (10 + x) 2 (10 — x) %; 2x ¢ + 10 — (mwpn-

= (/5%

Sx
a2 %E106: L 25— =
Ha x&o6a csepxy) pasHa 20 ci. 0] = 2 2’:

+ xy/25) (S — xy/27), (x — pannyc TonGepém

uicaa & m I Tak, 4to6m B Bupaxenmsn U=xyZx[c(y S+

+x V20| I (Y S— ¥ 20)] cymma comuoxnTeneli 6uaa noctosHka. [1as 3Toro

Hajo, 4T06H 6810 ¥ 2x + & Y/ 3m— 1Y/ 2% = 0 nan I =k + 1. Ucnoasayem ye-
" nosme skcrpemyma: xy/ 2x = ( S+ xy/2%) = 1(YS—x ¥/ 2%). Orcona

Raxopam: xy/ 25 (1—x) =& /'S, xy/2x(1 + I) = 1y/S. Vckaouns Teneps x,

ol 1
Haifnem: n=-&l—, 1= ‘/3_+ ;x= 1/7.28.2}/2.29. Panyc
L—
OCHOBAHHS ¥ BHICOT2 6aKa NOMKHH PaBHATHCA I/—E =%l/2r2h
=
nR =7 6’ , TA€ 7 H h — paauychl OCHOBAHHA H BHICOTA KOHYCa W IH-

R
aunnpa. 31, A = g TAen< 3 — naHHOe oTHOMIEHHE, & — BHICOTA CerMeH-

X 3 3
— i
Ta. 32 nx 272— 3 =z 2 .34, PajHychl ce4eHHsi paBHb V% " 13-
7 2
3. 0p= 2% = L — £+ 06a auavenna OP noaxoxs, Tak kax

2
=a
OP < a. HanGoabuiee 3HaveHHe MIOWATH KOAbLA PABHO —g  H RoCTHraercs

mpH OP = &
TJIABA IV.
§t

1. Bocnons3oBarhes (opmyioli CHHyca CymMBl AByX yraos. 2. Bocmoasso-

BatbcAd Qopmyofi Kocuuyca cymmsl ABYX yraos. 3. cos® @ + sin® a=(cos2 %+

+ (sin? x)° = 1 — -~ sin® 2a. 4. BocmoassomaTsca ToxaecTrom: cos’ 22 =
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=(2c0s?2—1)?, 6. 1 +c0os2a - cos 26 = cos® @ » cos® b+ sin? @« sin® b —
— cos? a - sin® b —sin’ @ - cos? b + sin? b + cos? b=cos® a - cos? b +

+sin® a - sin? b +sin? b (1 — cos® @) + cos? b (1 —sin? @) = 2 (sin’ a - sin? b+
+ cos?a - cos® b). 8—9. Jlokaxem sTH MeTonoM

muaykuan: 1. Hetpyaso npoBepTb, YTO NpH 72 = 2 TOXAECTBA BEpHEL

sin (a; + a;) = C0s @, - cOS @y (tg @y + 1gay),
cos (@, + a,) =cosa, - cosa,(l —tga, - tga,).

IL Mycts mas n =« Nammble TOWAecTBa Bbimoausiorcs. III. Jlokawewm, 4To mpH
Ronymennn I nanubie TOxAeCTBa GYAYT BWNOAHAThCH H s n = k -+ 1. Jled-
CTBHTEABHO, Sin (@, + @3 + -+ + @ + @y, y) = sin (@) +ay+- - +a, ) cosay 1+
+cos(@+a+ o0 +a) sing ., =c0sa - COSA -+ COSA, - COSAyyy (S;—
— 83+ +++) +cosa; 05ay -+ cOs @y - sin@, (1 — S+ S— )=
= C0S@ - COSAy -+ COSA,)- COSAy, 1 - [(Si—Sz+ -+-) + (1— S+ Si—
— e )tga, ] =cosa, - cosay .- cosa, y [(Si+tgay ) —(Ss+
+ 8 tga )+ o] =C0S@1 - COS@y < COS Ay < (Sy— Syt o), rae S’
83, - -+ 0603HAYAIOT COOTBETCTBEHHO CYMMBl ywe Ias k + 1 aprymenta. Caeno-
BaTenbHO, GOpMyNa BepHa AAR M=K + 1, a 3HaYMT Bepua BooGumie.

AHaznornyHO NOKa3biBaeTCH K BTOpoe TOmAectso. 10— 11. BocnoabsosaTs-
cs pesyapratamn Ne Ne 8 u 9.

b b b

12. Ccvs(a+T)—COS(G—T)=v2smT<sma.
0_

COS(G M

3 b
cos(a+ ) os(a+ 2b)=—25inT~sin(a+2b).

)=—25|n—g~~s(n(a+ b).

cos(a+ lb)-cos(a+ 3 ):—25"1 4 sin [a+(n—1) 8.

CAOXHB NOYAEHHO 3TH PABEHCTBA, MOAYYHM:
— b
S TR A
+ sin [a+ (n~l)b]};
b
)~ sin %b=visin7{slna+ cee

oo

Pasgeans 570 pagewcTsO Wa — 2Sin 5~ Mbl NOAYYHM OKA3HBACMOE TOKAECT-

1.

Bo 13. 3TO TOXIECTBO MOXHO 10Ka3aTb TeM Xe CIOCOSOM, 4To N 12,
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TOABKO BMECTO Pa3HOCTEH KOCHHYCOB HYXHO B3AThb Pa3HOCTs cHHycoB. Kpome
Toro, NeNe 12 u 13 Jerko 10Ka3aTe METOAOM MaTeMaTHYecKOH HHAYKIMH.
14— 17. Bocnoas3osatecs pesyapTatamu MNeNe 12 m 13 18. 310 TOMIMECTBO
aerko MeTozoM HHAYKUHH

a
I Myers n—=1. Toria coseca + cosec2a = ctg o —cig2a.
1. JlomycThM, 4TO IaHHOE TOXIECTBO CPABEAAUBO A8 N = K.
I1I. Joxaxem, uto mpH pomyumenuu II, ToxmecTBo BepHo ads n=k - 1-
B caMom nede, coseca --cosec2a+ -- + cosec2¥a -+ cosec 2t a =

291
— g 9 il g g L _ 2008 2%a- 1
=cg 5 — ctg 2¥a + cosec 2t a = ctg 2 T em2ig
& 2c0s’2a—cos?2a—smn’ 2 a a
=g - sin 2+1g =gy —
20k 29% x+1
c0s’2* a—sin’2" a a  cos? a
— - otg o 82 1 a xilg
sin2<t1g A8y T ugerT, T 18T g2 e

ToXAecTBo OKa3aloCh BEPHbIM AASl 71 == K + }, 3HAUMT OHO BEPHO Ads Ai0-
6oro n. 20. TepeneCTH Bce ciaraeMble 7eBOil 4aCTH HANMpaBO M CTPYNIHPOBATh
BMecTe (YHKIHMH OAHHAKOBOTO aprymenta. 22. Bocmoas3osatecss QopMyramu me-
pexoila OT NMPOH3BEEHHS TPHrOHOMETPHUECKHX (ymKuni K ux cymme. 23. TMepe-
HECTH ONHY M3 AYT ZeBOH YaCTH 4epe3 3HAK PAaBeHCTBA M B3ATh OT O6EMX 4ac-
Teit Tanrenc. 24. Bocnoasaosathcs opMyaoii sin 2a = 2ga - sec’ =, 31. B pa-
seucrae a2 =b? + & —2bc- cos A 3aMeHHT, CTOpOHBI O popuyaam a=2R - sin A,

=2R -sinB, ¢=2R - sin C. 32, C momompbio $opMys NpHBEIEHHT MOXKHO 3TO
ToXaecTsO mpuBectH K Buay Ne 1. 35. IpeoGpasyem npaByw HacTh CAERYIOUIHM
06pasoM:

r=

S _ absinC _ 4R’ . sinA-smB - sinC
P 2 T 2R(sinA+sinB-sinC)
sinA-sinB-sinC
. 3 -
ZSmdr;—"-COS 2B+25m-g - cos %

=2R

sinA-sinB-sinC
A—B A+ B
+ cos—5—

=R- =4R~sm*g »sing--sin%4

cos T (COS
CnenoBarensto,

c
14 ; :1+4sin%- sin g sin5-=cosA + cos B 4 cos C.

36. 3aMeHHB CTOPOMBI TPEYTOAbHHKA 4Yepe3 PAAHYC ONHCAHHOH OKPYXHOCTH H
CHHYCB! NPOTHBOJEKALINX YIAOB, NOAYHHM

8R%sin B (%—-—5“!23) = 8R%sinC (% - sin? c).
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Cokparus na 8R' 1 rpy 310 TaK:
3

(sln B—sin c) < si®B—sind C.

38. Bocnoab3oBatbes (opmyaaMu:
A ) 1
gy —l/(p—f(,,”m%[,: re2 VI D0 hG—;

. l/p(p—a)(p‘-c)
- e .

T—tg A tg B
—g gl
43. Cu sazany Mo 38, 44, xg% —agd - 5~ "

7 B
'gT +|gT
45. 1o ycrosuio sin A - sin B 2sin B. M 2sin ;C . cosA;C:
B B ArC B — B
=4sin 5 - cos 5. Tak kak £ + oy 90°, T0 cosA 5 C:?sin 5 -

A-c B A -
Han cos Pl sin 2 - cos ‘;C;SlﬂéB‘ 4 ¢ A+C.

B A c
Pa3nokuB NPaBYIo 4aCTh Ha MIIOKHTEH: Sin 5~ = 2sin g - sin g . Pasneans

A B c
06e uacTH PaBeHCTBA Ha NpPOH3BE1eHHe sin g - sin—5 - sin 5 M YMHOXHB

A+C B
fIOUTEHHO KA PABEHCTRO Sin —5— = cOS —5-, GyAeM MMeTb:
snArC cos 2
2 2 A c B
— 2 _ tg — = 2ctg =
v — 2‘ ;1Jx||c|g2+cg2 kgz.
sin 2" sin Pl SIDT
48. B best popmy ans BHYTPeHHero yr-

Ja TpeyroisHHKa uepes ero ctopokbi. 61. CROKHTb paBeHCTBa:
ctga-- ctg 2a = sina - coseca - cosec 2a,
ctg 2a — ctg3a = sina - cosec 2a - cosec 3a,
clg(n—l)a—clgm* ina - cosec(n‘l)ﬂ cosec na.
Mocae cootsercTByiomHX npeo6pasoBakuit moAyuwHTCs: Sin (n—

2 s s sinna
@ - cosec na. 62 S Cos @, - cos (a;+na)

— 1)a - cosec 63. Caoxuts rmo-
MIEHHO PaBEHCTBA:

arctg 2x —arctg x - arctg I :1——— .

arctg 3x — arctg 2x — arc 1gw N

x
arctg (n 4 1)x— arctgne = arc gty
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Tlocne coorBercTBylOmAX NpeoGpasoBanséi MOAYUHTCH:

arctg —%
e T T2
6. A=, B=— , C=-. 6. Tpeyromshk ABC — npamoyroabi.

66. Tpeyroasuuk paBhoGeapennsiit. 68. CTOpOHM Tpeyroashrka 6yayT ¢, 1,5 ¢
# 2 ¢. Ucnoab3oBath BbpameHHe IIOWANK TpeyrodvhHka no Qopmyae T'epona

o dopuyre S = Labsin C. 69. OGo3naunM CTOPOHY poMGa uepe3 @, QHaro-

Hank pom6a 2x W 2y, a ocTpwlit yroa ero uepes 2a. Toraa nepumetp pomGa Gy-
aer 4a, cymma nuaronaneit —!/ = 2a(sinz+ cosa). Ilo ycaosuio 4a = 1,54

7
3uauut, 4a = 3a(sinz + cosa) Otciona 2a = arcsin 7 73. Buiuects mnepsoe

PaBeHCTBO H3 BTOPOTO. 74, Y MHOXHTDH MPaBble YacTH MEepBHX ABYX PAaBEHCTB CO-

otserctBeHHO Ha sin® x +cos x u sin’y +cos’y, satem nouremo pasze-

IHTH X COOTBETCTBeNHO Ha c0S? x H'cos? y. 75, [laHHOE B 3ajate paBEHCTHO

TPUBORHMTCA K cHcTeme paseHcTs tg B =2gA, tgC =3tgA. Jdaree tgC=

= —tg (A + B). 76. Maxcumym O6yneT mMpH paBeHCTBE CYMM NPOTHBOAEKAUHX
n+l sin(n+l)b cos (22 — nb) n+1

. 4] 5+

yraos. 77. 1) 0. 2) 0. 3) —5— Tosma -9
+sln (n+ l)zlrs’:;s(?avnb) 5)ctga—2*. ctg2™tla T8, 1) 2=

3)2n. 4) = 6) 2u. 7) =. 8) =. 9) 25. 79, Jla.
§3.

L5 @e—1y; ’i_,i'+(_1)'< ﬁ“—"%@ 3. - (2+1). 4. Bocroms-

30BaThCH BHIPAXEHHEM 1 COS 4x '(apea sinx. 5. Tlpeacrasuts aeaym 4acTh
ypaBhenus B BHze (sinx—1)% 6. - (4Iz +1). 7. 60°(3& + 1). 8. 5 (2!: +1).

k. 3
9. T +(=1* 7}: —r(2k+ 1. 10. ﬂpencraauu ZeBylo wacTh ypashe-

uwa 1ak: sin® x + 2sin? x - cos” x + cos*x + 7 LG 26— 9. sin2x =0, Man

1 1 1
(sin® x + cos® x)? + g sin® 26— 2sin2x =0, 11. k= +garccos 7.

k
2. 5 (4k+l)+(—l)‘arcsml/ . B, @A De R
T@E41); g (RED. 15 kn+ 4 kxtarctg(—2). Bocromsso-

BaThest (OpMyaamu aas sin 3x # cos 3x. 18. Baendu obosnauenns sin? (30° — x) =
—y; cos® (30° —x) = z. Toraa ypasuenHe cBeiETCH K CHCTEMaM ypaBHenuii:

1 {yz = 2 {yz =1

y+z—1. y+z
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TlepBas cucrema naer x; = 30° (6 — 1); x; = 60° (32 — 1), BTOpas cucrema neii-
CTBHTENbHBIX pellenuil he uMeer. 22. = (2k + 1); kx*jf. 2. 2f4(l?}z +1);
%(1212 +5). 24. % (4 + 1); k= 4 arctg 3. 25. Bsectu o6oawauenne sin x +

+ cos x = U. Toraa sin 2x = U — 1. 26. [lpuBecTH nanHOe ypaBHeHHE K OfHO-
POXRHOMY MyTEM PaslOMEHHA Sin X ¥ COS X MO (opMydam ABOHHOIO apryMenTa.

3
27. sin(xcos x) = sin (7 —msimn x) - Bocnoas3osaThest Teneph YCAOBHAMH pa-
BEHCTBA CHHYCOB:

1) meosx+ 5 —rsmx- (k4 1),

2)nwsx—(%—zsinx)=2kx,

28. B boS nepexoga oOT dyukunit Kk ux

cymme. 29. 3amenuts '3 uepes tg60°. 31. V% 2.aV1--6* 4+

+o0V1—

34. 1+ y72. 35 0; —1. 36. 1. 37. Paszeduts obe uacTH ypasHewWs Ha

laj <1, [b] <1.33. slal<1,1b] < 1.

cos (rarctg x). Torma tg(marctgx)=1, marctgx — ;—(‘M +1); arctgx =

41 441
S B Sk 0 L B m(arctgap b

. 2
D s (arctg ) = & 4 (— D -% < -9 sarcigx= 5 (44 1);

k=—1; 0; 1. 40. Bocrnoab30BaThCs PaBEHCTBOM arc tg x -+ arc ctg x = %
2
4.0 42 0. 43, 2 M. 145 .46 (k1. 4Ty T+1 48 0.
49. 1+ /5. 50. Baath cuuyc ot obenx uacteli pasencrsa: arc sin (1 — cos x) =
T x
=7—79- 51 1.
. §4

1. Tlepenscats HEepaBeHCTBO B BHze:

tg?a+1g?h  tg?b+tg’c 1glc +1gla
Tt g — !

H yUecTs, 4TO Cpeanee 2Byx uHCen He Mewb-
we HX cpenHero reomerpuueckoro. Ilps @ =b = ¢ = 30° —3uak paseHCTBa.
3. Bocroabsosatbea (opMynaMH mepexona OT CyMMbl pyHKuui K MPOHIBEREHHIO.
8. 1) Jlesyio uacts wa (cos x—3) (2cos x—1).
9. Pa3noxHTh JN€BYIO YaCTh HEPABEHCTBA HAa MHOWHTENH, KaK cyMmy KyGos.
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sin(k + 1) x _sinkx-cosx coskx-sinx
x

10. Tp b =

< . 14. lankoe ne-

PABENCTBO MOXHO 3aMEHHTb DABHOCHABHBIM:
(@sinx+ beos x)? < a? + b2,

Packpnis Cko6ks 1 crpynnuposas: a2 (1 — sin® x) + b2 (1 — cos® x) —

—2absinx-cosx>0 um (bsinx— acosx)?>0. 15. 1) % <x <% +1,

k — mo6oe uenoe uHcao, 2) 2k -- g <x< 2k + 5+ k—a06oe uedoe uHc-

ao. 3) b CBOAMTCA K tgx < —1n0<tgx <1 4) He-
1+4y5  1-y5
2 M T2

CBOJHTCH K BaM tg x > <tgx<l.

1 1 1
5) 4k < — <4k +3, k— a06oe ueroe. 6. — 5 <cosx<Om F<cosx<1.
V3- 1 ) V5

7 lxf < 7 - BasTh cHHYC OT o6eHx uacTeil HepaBeHcTBa. 8)

< istn x| < 1. 9) cosa - cos(2x + a) > cosa— cos (2x + @), cos(2x+a) > 0.
1
10) CBozHTCs K HepaBeHCTBY tg x > 1. 11) 5 <cosx< 1. 12) Hepasencrso
CBODMTCS K  CHCTeMaM HepaBeHcTR: 4k —1 < x(x+1) <4k +1,
4m < x(x—1) < 4m+2 n 4k +1 < x(x+ 1) < 4k + 3, 4m — 2 <x(x—1) <4m
Tie k M m NPHHHMAIOT HeAble 3HAUEHHS.
§5.
1) CHcTeMa CBOJHTCH K Crenyiowel anneiinoil cucTeme:
x4y - g+,

*
x y——z—(Qm«t—l).

{(k ¥ m— ueapte yucaa). 2) Moxuo mnokasars, uTO cos x # 0, cosy # 0. Paaae-
BHB H YMHOXHB CHCTeME!, TIOAY

tgix=tgy, sin?2x = sin2y.
JNanbwe 3amenuts sin2x M sin2y uepes tgx—=U 1 tgy=V no dopuyram "

sin2v= —0 singy——oV o
Tyt YT

3) O6osnauns cos? x = U, cos® y = V, nonyunrcs cucrema:
U+ V=2—a,

2—a
uv;m. 0<a<?2 6>0).

1
4) Mepsoe yp: y 2cos (x + y)cos (x —y) =75
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Jlansime, samenus 2cos(x + y) uncaom ¥ 2—/ 3, noayumm cos(x —y) =
= cos 1. 5) CucreMa NpPHBOIKATCH K CHCTeMe:

vz V2

cos(x+y) =7, cos(x—y)="5-
6) Cu. e 5 7) Cu Ne 6). 8) Cu. N 2)

§6

1
1cosB=sinA, y=5sin2A, yyug = - 2 1) Oosnauure:

A B c
8sin 5-sin 5 st 5 = Z, Z° =8 (1— cos A)(1—cos B) (1 —cos C),
Zz<(2—2cosA+2»—2;osA r2 ~2cosC)3; N2 <@—2zpP.
(Z—1)(Z2+16Z+64)<0; Tax xak Z>+16Z-+64>0, noaysaem

Z <1, Zyuy5.= 1. 2) BocloAb30BaTHCH TOKIECTBOM:

A B c c A
g 5g g lg—i,—tg—,_,»-tg7tg7:l

A B
u Kouwsi-By . Hi awavenne 1g° 3 - g7

4 (gz-(zlpam-m 1.3.1) 2y = cosa—cos (2 + ). Yuame. = g =

1
= —sin? i e = SEE L os? 5. 9) 2y = sina - sin(2x—a)

_sl
Ynanu, = 7 5 Yuawe =

umeer kpaitune swavenns —V a2 + 52 n +V @ + 00, yuanw. = —2,
Yuan6. =2+ 4 Yyae =—1.5. 5) 2y =(a—c)cos 2x + bsin2x +a +c=

o e
dne—l AL ) eywcunn y = asina+ beosa

=Z+a+c —V(@a—o +82<Z<V(@—c? +45 . 6) Paccuorpers
AMCKpUMHKAKT ypasuenns: atg® x —(a + 6—2y)tg? x +6=0. Iloayuaercs:

—\2
ecn a>0, >0, 10 y“‘"°~_M; ecn a<0,6<0, 10

_atb+2ab _y—1 __1.
’_—T“"”'f“"y-e—l AU cos 2x = v

1
—1< -5 < 1. Haltaewnbte orcioga: y > 1 # y < —1 148 y HHKaKux kpaii-

Ynanu

HHX 3HaueHHH He fai0T, TaK Kak mpH y = 1: tgx =0, a ctgx He cymecrByer
npy y=—1 tgx ne cymecrsyer. N

4.tgxitgy —3:1; sin(x—y)= % sin(x+ y). C Bospacrawuem yraa

or 0 10 % cunyc Bospactaer. [lostomy mpm sin(x +y)—=

. T. e TpH
= N 3
X+ y= 5 moayuaercs HauGoAblIEe 3HAYEHHE Z = 5 5. Cwm. nocrenunit
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npumep § 17 raasn BTOPoR. 6. Ecam @ >0, b >0, 10 yg,, =2vab;
ecan a <0, 5<0, 70 y,6 =—2yab. 7.1) Hau6oabmee u3 oTpHuaTean-

HbiX 3HaueHu#t pasuo — 2y ab, HaHMEHDbLIEE H3 NOMOKHTEABHBIX 3HAYCHHH PABHO

zyab‘Z)Owernxoﬁxe,mx B1). 8.2 =2smx—;y(cosx2—y+ cos x;—y .

z< 2s|n)";y (1 +cosxf;y). 3HaK PaBeHCTBAa MPH y = X.

1 3
7 7
z<85mx-:ycos3x:y=8(sln2xty) ~(cos2x+4y)

HanGoabmee 3nauenwne moayyaercs npw x = y = 60° 9. Mcnoas3osats wepa-
BEHCTBO:

B
lgz—z-+lg2—§—+tg’ gy 2 lg +rg—fz +gg 'g-f—
H dopMyasi:
A B c
rg=pPWY, =P, T=plgg.
Haumenbutee 3nauenne % pasuo 1. 10. Yroa C 3anan. O603uaunm: 90"—% =a,
A=a+x, B=a—x. HWmeem: e—octphit yroa, 0<x <a. Orcioma

cosx>cosa. fpu x=0; y= MoxHo noxasatb, 470

sima“
sin (o + x) + sin (a— x) 4sinacos x 2 2
S St A)sin@eE—x)  2(cos’ xcosta)  sima * Ymamw. =sma’
11. M 148 yraos Tp

A
cos A 4 cos B + cos C—1 :451"75An%sm%A

c
u= 2!g—2—ig 518 7: 2|g e (g T dwans. = . (cM. N 19).
12, Mycrs a® + 6% + ¢ = 4R%- z. Tlo Teopeme cHHYCOB HMeem:
2 =2—cos (A— B)cos (A + B)— cos? (A + B) = —cos® C +
+ cos(A— B)cos C +2.
JIACKDHMHMHAKT 3TOTO YPABHEHHA HEOTPHUATEAEH:
. cos?(A—B)—4z +8>0. 3

Orciona 2 <2+ 5 cos?(A—B). Tlps A=B, Zums. =3 - PagercTBO
APYTHX yrAOB NOKa3blBaeTCR ana’ornuHo. Tpeyroabuuk npaskabkuii. 13, Ucmoas-
30BaTh TeOpeMy CHHYCOB # dopMyny S = 2R?sin AsinBsinC.Tlps A=B=C
sin® A + sin? B 4 sin? C gocturaer Haumenbimero suauenns, a sin A sin Bsin C—

—b
HAHGOABIETD IMATEHHS. Ky, =4/ 3. 14. 1) sindx = L7 ; ecnn a < b,

Toa<y<b,ecasa>b,10b<y<a. 2)PaccMOTPHM KBazpaTHmii TpEX-
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wsen: y=bcos* x—acos® x+a. Ecam >0, 10 ymm.aa——ﬁ—, ecan

a
6<0,70 Yy =
3) Paccmotperh KBajpaTHBH TPEXuaeH:
y=(a+b+c)sin* x—(b+2)sin*x : c.

Heo6xonumbte ycaosus: ecin a@a+b+c¢>0, 10 64+2>0, 2a+56>0;
ectma+b4+c¢<0, Tob+2<0, 2a+b<0 ecnnb+2c—0,roy=c

Py pé: y=(a+b)sin* x—2bsin® x +5.

Ecmw a>0, 6>0, T0 yyu = i ecam a<0 w 5<0, 10

ab
a+b

yn;n6,=aa:b. 15. y = 8¢ cost o +2(b~4c)cos X +a—b+c>0

c
npu ao6bix x . OTci01a NpexJe BCero moaydyaem: ¢ > b —a uaun =

2> 1.

TMotom Tpebyem, uTo6s mHCKphMitHant D = 4 (b— 4c)> —32(a— b+ c¢)c 6ma
nenoaoxwutenen: D < 0. 310 ycaosHe naéT Hepasencrso: 8c? — 8ac + b < 0

2a—Vid —2%" 2a + Vi —25”.

CnpaBenTHBOE NDH yCAOBHH: 1 <c< T npr
b<ay 2. Teneps mHTEpeCy Hac
PR L L. S 14142/ 2+ 1) =2Q+7 D).
2
- ) —1
Haumerburee snawewwe & pasmo 2(2+ )/ 2). 16.1) sinx= y2 T

2) sinx = 3 cosx= L ) cosx = L2 omer mpu

sing=—2; 3) cosx = g = H 3
14y 142 l + 2 y P!

HHMaTh AO6HE BemecTBeHune Jnawenns. 17. D =y* —y? (@2 — 87 )>0,

y? > a® — b nan obenx dyHkuwii. HawveHbwee W3 MOAOKHTEABHbIX 3HAYCHHH

u3 oTp 3uavennit pasun V @ — b7

-V 5.8 Cnaqua ZOKA3ATH, 4TO H3 BCEX TPEYTOALHHKOB, BHCAHHHIX
B JaHHYIO obmee

uMeer annobenpenﬂuh Tpeyroabiuk. [1OTOM B3ATh MPOH3BOABHMIE paBHOGe-
ApeRRbil TpeyroasHHK ABC, BUHCaHHMA B JNAHHYIO OKPYXHOCTh; Yepe3 BepUIHHY

npoBecTH Ruamerp CD  KOHUw 3TOrO nMameTtpa coenumuts ¢ A u B. Ecan
B YETHIP! ABCD o < ADB uepes ¢ 4a, TO 18 nepuuerpa
08y HHTCH U = 2sin 42 + 4sin 2a (panHyc OKPYXHOCTH
npmmm 3a enm-muy) Tocae npHagM K
1 3

U =16sinacos®a=16(sin2a)” (cos®a)”

HanGoabwee 3nauenwe U moaywaercs ‘npu a =30° wan 4a=I120° T e. nas
PaBHOCTOPOHHEro Tpeyroabiuxa. 19. 1) TlpumenuTh TOXAECTBO:

N B
CosA+cosB+cosC:|+45in%sin75in%.



3
TOTOM HCHOMb30BaTh 3amauy M 2. y,..c = 7 2) Wcnoas3osaTh Teopemy
cHrycOB M 3azauy Ne 18. y,..q =32£. 3) Hcoas3osath TOXIECTBO:

. o A _B__C
smA+slnB+smC-4cos?cos?cos?,

Yrans, = ﬂ 4) V3 cyMMB TIONOKHTEAbHBIX CAAraeMbix:
A B B . C Cc. A
tg vfxg 3 + lg7lg ?-{\-lg -ilg 7= 1
utO nx 3HAUEHHS, €CAH
B, LC Cc. A
gygy=1gyigy=ggtgs,

e A=B=C=60. y“.",,‘;igéA 5) y,,,,m‘=3_8‘/_—3. 6) 2y=1—

—cosA+1—cos B+ 1 —cosC=3—(cos A+ cos B+ cos C). yuan, = -3—

y= 4cos—‘;—cos—g—cos—§——4slnAsln Bsin C =

=4cos%cos%cos%(l—ﬁsin%sin —;lsin -%)>0 (cm. Ne 2).

Suans = 0-Tocmmracres mpw A= B— C = 60%, 20. 1 cosle= 2+ s
1

+b
+b<‘ HAXOIHM Yy >a, ecaH

a4+b5>0 u y<a, ecmma+b<0.
§7.

1. —;—lg 15',5 cu. 2. 3azava HeompeneadhHa. 3. 2arctg (2 + v/ 3).

2 W Vi
4. B (arcsin o 4 arcsin o= _aVRZ—“’z . 5. Hcmoan-
3 pr3 " T
308aTH s W MeaHaHbi TP :
2R -sinB - sin C SV rarcrm——yy
5A=THMH'R 2sin® B + 2sin® C—sin® 4 .

cos —

6. BripaxeHHe s MJIOWANH TPANEUHH GyleT HMETb BHA:

8 =4a% - cos® % sin % 3anucas ero B Buze S = 4a’ (z:os2

224



o=

a
a 2 a
X (sin? 7) . MOXHO BOCMONb30BaTHCA ycaomrewm cos? 2 +sin’ 5 =1.

at+ 28

2 9g? 2

7 2arcsln2%. 8. arc cos m,h . 9.2 = — . e
sin -~

2cos% - sin

B—yron, npuiexamuit k cropose BC HauGonbiuee 3HaueHHe mepHMETp
Gyner uMets, ecnu TPEYTOTBHHK pasHoGeapennsii. 10. Cymma xopa, o6pasyio-
UMX JaHHbIH yroa, Gyzer €C/H 3TH XOPAbl PAaBHbI MEX-

B
Ry co6oit. 11. % 12 arccosﬁ4 13. % £sin® 2a.

\
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