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Foreword by Maruthi R. Akella

Learning and adaptation are central traits for any intelligent system. Successful
theory-to-practice transition of any nonlinear control system lies in its ability to:
(a) learn and improve the system model using measurements; (b) the capacity
for making online adjustments and adaptations to predetermined control policies
subject to physical constraints and model uncertainty; and (c) meet all the user-
imposed stability requirements and performance specifications. Salient to note
here is that even when the governing dynamics models admit satisfactory linear
approximations, adaptation and learning introduce nonlinearities into the control
loops that are unavoidable and must be fully addressed as part of the certification
and validation process. Viewed in this context, the book Intelligent Adaptive Control
with System Constraints provides an excellent basis both as a text for a two-course
graduate sequence and as reference material for practicing engineers in the field.
The authors are active and recognized researchers in the fields of nonlinear control,
optimization, and intelligent systems.

The topics presented in the book are logically arranged, starting with the
mathematical and technical foundations for nonlinear stability, controls, constrained
systems, and adaptation before transitioning toward model-free and neuro-adaptive
systems and concluding with capstone presentations of important practical applica-
tion examples. The layout is such that Chapters 1-6 can ideally be the basis for a
first graduate course on nonlinear adaptive control, followed by Chapters 7—12 that
can form the core for a second course specializing in intelligent control systems
and their practical applications. The mathematical descriptions are well-organized
and accessible for any student with working knowledge of ordinary differential
equations, linear algebra, and linear system theory. An exhaustive set of references
is provided for each chapter that can be useful for background reading of the
foundational results and approaches presented across the book.

In summary, this book serves as an excellent source for both students and
professionals in the fields of intelligent systems and adaptive control. By bridging
theoretical foundations with practical applications, it equips readers with the
necessary tools to design and analyze controllers for systems with or without
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accurate model descriptions. The overall subject matter expertise of the authors and
the logical progression of topics ensure that this text will prove to be a valuable
resource, fostering deeper understanding and innovations in the realm of intelligent
adaptive control.

Cockrell Family Chair in Engineering, Prof Maruthi R. Akella
Department of Aerospace Engineering and

Engineering Mechanics, University of Texas at

Austin (UT Austin), Texas, USA



Foreword by B. N. Suresh

Inherently, all systems are nonlinear, and control of such systems requires appropri-
ate control techniques having the capability to adapt to the nonlinearity and provide
the required performance characteristics. Current trends demand new and effective
control procedures, particularly in complex aerospace applications. Therefore,
research publications that provide the latest updates and novel developments which
can be applied by the practicing engineers involved in the development of such
systems are the need of the hour. In this connection, the book Intelligent Adaptive
Control with System Constraints by the renowned researchers, encompassing
practical aspects of applications in various walks of engineering, is a laudable effort.

I have been fortunate to closely associate with the works of Professor Radhakant
Padhi for the last 15 years in varying aspects of aerospace missions, namely,
Moon Landing missions, Space Vehicle Reentry dynamics, Orbit and Attitude
control of Lagrange Point ‘L1’ ADITYA Mission, Hypersonic Vehicle Guidance,
and many more cross-field applications. I have no doubt that Professor Radhakant
Padhi, with his ability to profess optimal control techniques with passion and his
understanding of nonlinear control techniques to meet challenges of modern-day
constraint requirements, is one of the researchers who is best suited to write a
book on this topic. Professor Sreenatha Anavatti is well-versed in modern nonlinear
control methods and has contributed significantly to this area for the last two
decades. Dr. Kapil Sachan and Dr. Ahmad Jobran Al-Mahasneh, who have been
the students of these researchers, have contributed significantly to the enhancement
of the knowledge base in this research area. Their contribution in unravelling very
fine aspects of the subject like ‘Intelligent adaptive control with system constraints’
is indeed noteworthy and is no doubt an excellent gift to the world of nonlinear
control techniques.

The chronology of the chapters for this book has been carefully chosen and ele-
gantly presented to make a big impact on readers. After an introduction to the basic
theory of nonlinear systems and classifications, the theories that ensure the stability
of nonlinear systems have been presented lucidly. The subsequent chapter provides
all classical nonlinear control theories. Hence, the first three chapters provide a
basis for the understanding of upcoming intelligent, adaptive, nonlinear control
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theories for the student community. After this, the next three chapters deal with
advanced control theories to include (i) physical, operational, and user-imposed
state constraints, (i7) adaptive control designs that account for system uncertainties,
and (iii) a two-step neuro-adaptive control design. The first six chapters together
could be considered for a one-semester introductory course on adaptive nonlinear
control. Armed with basic adaptive control design knowledge, the subsequent
five chapters are dedicated to (i) state-constrained neuro-adaptive control designs,
(ii) system transformation-based state-constrained control methods, (iii) neural
networks and their functionality and adaptability for complex systems, (iv) model-
free adaptive control designs focusing on general regressive neural networks, and
(v) model-free control following evolving regression-based control approaches,
all of which are the most advanced control strategies currently being developed
and employed in practical applications. The last chapter demonstrates many of
the control methods in practical applications so that the interested researchers and
practicing engineers can develop and practice the efficacy of the presented methods.

I am quite delighted to note that this book will be a boon to young researchers
and practicing engineers to learn the state-of-the-art, adaptive, intelligent nonlinear
control techniques effectively. While the first six chapters could form a course on
fundamentals of adaptive nonlinear control theory, the next six chapters form an
advanced adaptive intelligent nonlinear control course. The gratifying factor is that
the authors have enlisted all the relevant references in a consolidated manner with
practical applications across the fields of engineering. I am certain that the teachers
and students involved in this specialized area would benefit vastly by this elegantly
curated book on various aspects of nonlinear controls with exposure to several
complex practical systems.

Chancellor, Indian Institute of Space Science Dr. B. N. Suresh
and Technology, Thiruvananthapuram, India



Foreword by Matthew Garratt

Intelligent Adaptive Control with System Constraints is a useful resource textbook
for advanced undergraduate and graduate students, particularly those studying
nonlinear control systems. The organization and the contents of the book provide
not only basic insight into nonlinear control systems but also advanced methods for
adaptive intelligent control of these systems.

The word nonlinear holds a passion for control researchers who deal with real-
world dynamic problems where adaptiveness is a necessity rather than a choice.
There is a vast number of resources available for linear systems due to their
simplicity and the ease of application of the available linear mathematics. However,
the same is not true of nonlinear systems, wherein each one can exhibit its own
characteristic behavior. In addition, the mathematics associated with nonlinear
systems makes them more challenging. Thus, there is a necessity for additional
textbooks where the basics are introduced along with more advanced techniques
for the control of nonlinear systems. This book definitely provides one such useful
textbook.

My background is in experimental implementation and validation of guidance
and control algorithms for various systems, starting with autonomous ground
vehicles to uncrewed aerial vehicles, with a particular focus on vertical take-off
and landing capable platforms. I have experienced the challenges of the effects of
nonlinear dynamics on the design and validation of controllers for these types of
vehicles. This has made researchers like me think of alternate solutions based on
the unique systems at hand, leading to the evolution of new design techniques. This
book will be a good text for many of these advanced techniques, with a particular
focus on the nuances of nonlinear systems. Solutions are discussed with examples.

The organization of the book provides a clear insight into the authors’ work. The
first six chapters are dedicated to the introduction of nonlinear systems, classical
nonlinear and adaptive control techniques, with numerical examples. The concepts
from linear techniques for analyzing stability using linearization are also discussed.
The foundation presented in the first chapter serves as a basis for the advanced
topics in the remaining chapters of the book. Powerful nonlinear design techniques
like dynamic inversion, Lyapunov-based control, backstepping control, and sliding
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mode control are introduced with simple examples and comprehensive theoretical
foundations. Constraints play a major role in the design and operation of dynamic
systems. These constraints may arise from physical as well as operational limita-
tions. Understanding these constraints and their effects leads to better-controlled
systems. Chapter 4 introduces these very well. Basic adaptive control, like direct and
indirect adaptive control, along with model-reference adaptive control and neuro-
adaptive control design, is discussed in Chapter 6.

The later Chapters 7 to 11, provide comprehensive methodologies for Barrier
Lyapunov Function-based design, transformation-based adaptive control, along with
model-free adaptive control methods using general neural regression approaches.
Neural networks and evolving systems, the foundations of modern intelligent
control strategies, are introduced here as well. Here, emphasis is placed on systems
that evolve with time, making them intelligent as well.

Case studies provide a good platform to appreciate the theoretical work. The
book includes Chapter 12 on case studies as an application of various control
methods in practical scenarios. Thus, the book aims to provide not only theoretical
knowledge to the students but also their practical utility.

In summary, this book is an informative, self-contained, and reader-friendly one
that introduces nonlinear systems and their characteristics along with methods for
their control under constraints. The authors deserve high appreciation for their
passion and efforts in bringing out a very useful book backed by their vast combined
experience.

School of Engineering and Technology, Prof. Matthew Garratt
University of New South Wales,
UNSW @Canberra, Canberra, Australia



Preface

The nonlinear control system has an aura, both for researchers and engineers in
this field. This is due to the nature of the promise it offers in the closed loop, and
the fascinating mathematics surrounding it making it possible. We, the authors,
have been fascinated by the different types of control system design techniques
for nonlinear systems in general, and adaptive control in particular. Although
many design techniques have been reported in the literature for adaptive control of
dynamical systems, and the field continues to grow, there is a general hesitation to
apply these to practical systems to harness their true potential. In our understanding
and conviction, perhaps two key reasons for this are: (i) lack of lucidity in the
associated math reported in the literature, making it esoteric to have a good
understanding by all, and (ii) its inability to explicitly account and honor the system
constraints, namely the constraints in both its inputs and its states and outputs.
Unless this is addressed, the system may either fail to adapt or, worse, may fail
during the process of adaptation. This book is an attempt to address these issues.

We, the last two authors of this book, have been working in this field for
more than the last two decades, especially in the context of intelligent adaptive
control using artificial neural networks. However, while working toward research
publications, we started realizing the necessity for a good and lucid textbook that
can help graduate students to quickly understand the topic and move ahead with
their research. At the same time, it should also give sufficient confidence to the
practicing engineers to confidently apply these wonderful techniques to solve real-
world problems.

During this journey, we were very fortunate to have two very brilliant students,
namely, Kapil and Ahmad (the first two authors of this book), join us, Radhakant
and Sreenatha, respectively, for their PhD degrees about a decade ago. While this
development at both places was unknown to each other (we are continents apart),
a golden opportunity came at the time of their graduation. Even though examiners
from abroad for thesis evaluation are usually selected randomly, by coincidence,
we happened to be the examiners of students of each other. It turned out that
both had done fantastic work, and a combination of their thesis would serve as
a great reference book. The idea was proposed by Radhakant and agreed on by
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all immediately. That is how we started working on this project after Kapil and
Ahmad graduated. Kapil and Ahmad have their PhDs in nonlinear and evolutionary
control design techniques. Both have the enthusiasm to pass on their knowledge to
the budding students and researchers in this area. Kapil has undertaken substantial
research on the design of nonlinear adaptive control techniques, with a special
focus on addressing system constraints. In parallel, Ahmad has conducted extensive
research on neural data-driven control, with a particular emphasis on modifying
neural architectures to enhance the adaptive control of nonlinear systems. This
enthusiasm was clearly visible, and we could combine the two theses rather quickly.
However, there was a problem with the systematic flow of ideas. Also, a book needs
to be clear and flawless in its presentation, and the development of ideas should be
systematic as well. Once again, we started to address these concerns. However, a
realization came at this point in time that instead of a reference book, perhaps it
would serve better as a graduate-level textbook so that one need not worry too much
about his/her prior knowledge. We wanted to have a book that looks different from
the available ones. The revised goals were:

1. To write a book that is useful for beginners as well as advanced students

2. Can be used as a graduate text as well as a reference book for advanced research

3. Can be used for the teaching process, both by the teacher and the students, by
having examples and exercises

With these objectives in mind, we started upgrading the content of the book.
However, it took us some time to put everything in an organized manner. We
are very happy about the outcome, and we hope the readers will like the content
and flow as well. We have tried to organize the book in such a way that the
beginners are provided with a framework of mathematics and background material.
In fact, the first few chapters (six) provide the basics for advanced material in the
remaining chapters, including the important nonlinear controller design methods
that include evolutionary techniques like neural network systems. Stability analysis,
which forms the foundation for any controller to operate, is brought out clearly using
different techniques like Lyapunov methods. The later chapters provide advanced
materials that are useful both toward teaching and referencing. Numerical problems
are included for every concept introduced in the book for clarity. In addition, a few
exercise problems are provided to enhance the learning capability of the reader.
This will also facilitate the teachers to use this book as a text/reference book in their
courses.

We would also like to take this opportunity to express our sincere gratitude to
our family members for their patience and cooperation throughout this journey.
It is amazing to see the advancement of technology as well, which facilitated
real-time collaboration among us from three different countries, both for meeting
at regular intervals through video conferencing and manuscript preparation. Our
sincere thanks to the Publisher as well, who kept on giving us numerous extensions
as we were not able to meet the deadlines frequently due to various reasons.
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Once again, we believe that the book is comprehensive and will be a useful source
for teaching as well as for research. Happy reading.

Bengaluru, India Kapil Sachan
Amman, Jordan Ahmad Jobran Al-Mahasneh
Canberra, NSW, Australia Sreenatha Anavatti
Bengaluru, Karnataka, India Radhakant Padhi

Competing Interests The authors have no competing interests to declare that are
relevant to the content of this manuscript.



About the Book

This book, Intelligent Adaptive Control with System Constraints, has been devel-
oped as a comprehensive and invaluable resource for advanced undergraduate and
graduate students studying adaptive and intelligent nonlinear control systems. This
book also contains all the necessary fundamentals and, hence, is self-contained.

The book is organized into four parts: a summary of classical nonlinear and
adaptive control design techniques; advanced nonlinear adaptive control with a
particular focus on system constraints; intelligent model-free adaptive control
design techniques using various neural networks; and finally, some applications to
real-world problems through a few case studies.

Introduction to nonlinear systems and classical nonlinear and adaptive control
design approaches are introduced in Chaps. 1-6. Chapter 1 begins with a thorough
introduction to nonlinear systems, offering detailed explanations of their classifica-
tion, characteristics, and behaviors. It also covers the mathematical preliminaries
necessary for understanding these systems, including linearization techniques,
which are essential for analyzing the stability and control of nonlinear dynamics.
The foundational knowledge presented in this chapter serves as a critical basis for
the advanced topics explored in the subsequent chapters.

In Chap. 2, a detailed stability analysis of nonlinear systems using the Lyapunov
method is introduced. This chapter explores stability concepts for both autonomous
and non-autonomous nonlinear systems, presenting a theoretical framework and
practical insights for ensuring system stability in various contexts.

Chapter 3 focuses on the core philosophies of classical nonlinear control
design. It introduces powerful techniques such as nonlinear dynamic inversion,
Lyapunov-based control, backstepping control, and sliding mode control. These
methodologies are explained comprehensively, with theoretical foundations accom-
panied by numerous examples to enhance understanding and illustrate their practical
implementation.

Chapter 4 carries forward the discussion in Chap.3 to constrained control
design, an essential area for systems with physical or operational limitations. This
chapter offers a comprehensive overview of system constraints and control strategies
specifically tailored for handling state constraints. It focuses on methods like Barrier
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Lyapunov Function-based techniques, dynamic inversion-based approaches, and
transformation-based strategies to stabilize systems without violating user-imposed
state constraints.

Chapter 5 extends the concepts of adaptive control by exploring various design
philosophies for handling system uncertainties. It covers a wide range of classical
adaptive control strategies, including direct and indirect approaches, basic adaptive
control, and model-reference adaptive control. The chapter emphasizes both their
theoretical foundations and practical implementation in real-world scenarios.

Building on the backdrop of Chaps.1-5, Chap.6 presents a neuro-adaptive
control design applicable to various classes of nonlinear systems. This two-step
control design process first constructs an approximate system to capture modeling
uncertainties of the unknown function (including its gradient) through neural
network application, followed by the design of a tracking controller. This adaptive
method is known for its smooth learning capabilities and is applied further in state-
constrained control designs.

State-constrained neuro-adaptive control designs are presented in Chaps. 7 and 8.
Chapter 7 introduces Barrier Lyapunov Function-based state-constrained adap-
tive control for various types of nonlinear systems. This advanced methodology
addresses the challenge of ensuring system stability while adhering to user-
imposed state constraints. In Chap. 8, the focus shifts to transformation-based
state-constrained adaptive control for different classes of nonlinear systems. This
chapter provides an in-depth discussion on how transformations can simplify and
resolve constrained control problems, emphasizing both their theoretical principles
and practical applications.

Chapter 9 shifts to the domain of neural networks and self-evolving neural
networks, foundational to many modern control strategies. It introduces the basic
concepts of neural networks, discussing their structure, functionality, and applica-
bility in adaptive control for complex systems. Additionally, the evolving systems
framework is explored, emphasizing its capacity to adapt to varying conditions and
uncertainties.

Model-free adaptive control methods are presented in Chaps. 10 and 11. Chap-
ter 10 introduces model-free adaptive control methods, with a particular focus on
general regression neural networks. This chapter demonstrates how these networks
can be utilized to design adaptive control systems that do not depend on explicit
system models, enhancing their versatility and applicability across various contexts.
In Chap. 11, model-free control is developed following general regression neural
networks-based evolving control approaches. This chapter explores how these
methods can be employed to develop adaptive systems that evolve over time, thereby
improving their performance and reliability in dynamic and uncertain environments.

Finally, Chap. 12 consolidates all the concepts discussed throughout the book
by presenting a series of case studies. These case studies illustrate the application
of various control methods in practical scenarios, enhancing the confidence of the
readers to apply.

By addressing both the theoretical and practical aspects of intelligent and
adaptive control, this book equips readers with the knowledge and skills necessary
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to design efficient control systems. It emphasizes the importance of respecting
system constraints, and offers innovative solutions for overcoming their challenges.
Whether one is a graduate student new to the field or an experienced practitioner
seeking to deepen your expertise, this book serves as an invaluable resource for
mastering adaptive and intelligent control systems, including honoring the system
constraints.
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Chapter 1 ®
Introduction and Motivation Chock or

This chapter lays the foundation for the rest of the book by introducing fundamental
concepts of nonlinear systems and essential mathematical tools. It provides a
framework for understanding the complexities inherent in nonlinear systems and
the challenges involved in designing effective controllers for such systems.

1.1 Introduction of Nonlinear Systems

The interest in analyzing nonlinear systems originates from the fact that almost all
real-world systems exhibit nonlinear characteristics, making them more realistic
representations of real-life problems. Nonlinear systems are commonly found in
fields such as aerospace, automobiles, robotics, and industrial processes. Hence, the
study of nonlinear systems is crucial for robustly stabilizing control performance in
various engineering applications. Therefore, an understanding of a few properties
and the stability behavior of nonlinear systems is crucial before delving into control
design for such systems.

As the formal definition, nonlinear systems are systems that are “not necessarily
linear,” whereas linear systems are defined as the systems that satisfy the “principle
of superposition”, which has two main properties: (i) scaling, where multiplying
the input by a constant « results in the output being scaled by «, and (ii) additivity,
where the response to multiple inputs applied simultaneously is the sum of the
individual responses to each input applied separately. For example, consider a static
system described by the equation of a straight line, y = mx + ¢, where y is the
output, m is the slope, and c is a constant. This system is linear only if ¢ = 0 (i.e.,
the system passes through the origin), as otherwise, the principle of superposition
does not hold, as shown in Fig. 1.1.
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Linear

Not Linear

Fig. 1.1 Difference between linear and nonlinear static systems

Example 1.1 Consider the dynamical system x = 2x. This system is a linear
system because it satisfies

(i) scaling, i.e., ax = ¢ (2x) = 2(ax)
(ii) additivity, i.e., & (x1 + x2) = & + 32 = 2x1 + 2x2 = 2(x + x2)

Example 1.2 Consider the dynamical system x = 2x + 3. The principle of
superposition can be applied as

(1) scaling, i.e., ax = a(2x + 3) # 2(ax) + 3
(i) additivity, i.e., (%(xl +x3) = X1 +x = 2x1 +3) + 2xp +3) #
2(x1 +x2)+ 3

Since this dynamical system does not satisfy the principle of superposition, it
is a nonlinear system.

Example 1.3 Consider the dynamical system x = 2sinx. The principle of
superposition can be applied as

(i) scaling, i.e., ax = a(2sinx) # 2 sin(ax)
(i7) additivity, i.e., %(xl—kxz) = X1+xp = 2sinx;+2sinxp # 2sin(x;+x2)

Since this dynamical system does not satisfy the principle of superposition,
it is a nonlinear system.

A typical nonlinear system can be represented by

x=f(x,u,t) (1.1)
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subject to initial condition xo, where x = [x{,x2,...,x,]7 € R and u =
[ui,uz,...,um]’ € R™ are state and control inputs of the system, respectively,
and f =[f1, fo, ..., fn]T € RN" is a nonlinear function of state x, control input u,
and time ¢.

The generic output response of the system (1.1) can be written as

y=h(x,u,1) (1.2)
where y = [y1,y2,. ..,y,,]T € RP represents the system output and b =
[h1,.... hp]T € R? is a nonlinear function of x, u, and time 7.

Note that the nonlinearities in a nonlinear system can be broadly classified into
hard nonlinearities and strong nonlinearities. Hard nonlinearities are characterized
by abrupt or discontinuous behavior, often resulting in discontinuous and/or non-
smooth system responses. These include phenomena such as saturation, dead zones,
hysteresis, and other discontinuities in derivatives. In contrast, strong nonlinearities
refer to systems where nonlinear effects are predominant over linear ones, such as
higher-order terms in a Taylor series. This book deals only with strongly nonlinear
systems. For discussions on hard nonlinearities and associated concepts, the reader
is referred to Slotine et al. (1991).

1.2 Classification of Nonlinear Systems

The analysis of a generic nonlinear system presents considerable challenges,
prompting researchers to explore classes of nonlinear systems for analysis. This
categorization provides a structured approach to examining the complexities of
nonlinear systems and uncovering the fundamental principles that govern their
behavior. It also facilitates the development of effective control strategies for various
classes of nonlinear systems. Nonlinear systems can be classified in various forms
as follows.

1.2.1 Time-Dependent System Classification

The dynamics of many practical systems vary over time due to changes in their
parameters. Therefore, nonlinear systems can be classified based on their explicit
dependency on time, as follows.

1. Autonomous systems: An autonomous system is defined as a system whose
dynamics do not depend explicitly on time. Note that this explicit time depen-
dency typically comes because of time-varying parameters in the system dynam-
ics or the forcing function itself becoming an explicit function of time (open-loop
control). In other words, if the parameter variation in system dynamics is
either nonexistent or sufficiently slow, then the system can be classified as an
autonomous system.
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An autonomous system can be represented as
x=f(x,u)

where, along with system dynamics, the forcing function u is also not an
explicit function of time. For example, consider a spring-mass-damper system
represented by the following equations:

X1 = X2,

. k c
Xp=——x1— —x2+ f,
m m

where k is the spring constant, ¢ is the damping constant, m is the mass of the
block, and f is the externally applied force. This is an autonomous system, as its
parameters do not vary with time.

2. Nonautonomous systems.: A nonautonomous system is a type of nonlinear system
whose dynamics vary explicitly with time. In other words, when the parameter
variation over time is fast and significant and/or when the forcing function is
an explicit function of time, which influences the behavior and properties of the
system, the system is classified as nonautonomous.

A nonautonomous system can be represented as

x=f(x,u,t)

For example, consider a more general spring-mass-damper system defined by the
equations:

X1 = X2,

k(t c
o KO
m m

where the spring constant k(¢) is a time-dependent parameter, changing over
time. Thus, this spring-mass-damper system is nonautonomous.

1.2.2 Control-Affine Nonlinear Systems

Control-affine systems are a class of nonlinear systems that are nonlinear with
respect to the state but linear (or “affine”) in control. A good advantage of such a
system is that it often facilitates an analytic (closed-form) solution of control. These
systems have broad applications in various areas, including robotics, aerospace
engineering, and process control, where control-oriented modeling is carried out.
These systems can be autonomous or nonautonomous in nature. Mathematically, a
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control-affine autonomous nonlinear system can be represented as follows:

x=fx)+Gx)u (1.3)
y = hix) (1.4)

where x € R, u € R, and y € R? represent the state, input, and output vectors
of the system, respectively, f(x) and k(x) are a nonlinear functions and, G(x) €
"™ is the control input gain matrix. Note that if the dimensions of the output
vector and control input are the same, i.e., m = p, the nonlinear system is also
square in the input-output sense (also known as the control-affine square nonlinear
system).

Control-affine square nonlinear autonomous systems exhibit a diverse range of
applications, leading to their classification into distinct categories. These categories
play a vital role in the design of effective control strategies, including feedback
linearization, backstepping, and sliding mode techniques. The specific categories
associated with control-affine nonlinear systems are given as follows:

1. Nonlinear relative degree one system: If the output of a nonlinear system is
required to be differentiated once to obtain an explicit relationship between the
input and output, the system is said to have a relative degree of one. A typical
mathematical representation of a nonlinear relative degree one system is given
by

x=fxX)+Gx)u (1.5)
y=nh) (1.6)

where x, u, and y represent the state, control input, and output vectors of the
system, respectively. Note that the dimensions of the state, input, and output of
such systems are equal.

These types of nonlinear systems appear in several control design applications.
For instance, while designing a three-loop aircraft autopilot, aircraft equations
are represented in the form of a relative degree one system. The following set of
nonlinear equations represents aircraft attitude dynamics (Stevens et al. 2015),
where P, Q, and R are required aircraft attitude rate inputs to achieve desired
aircraft attitudes ¢, 6, and v, thereby having an equal number of inputs, states,
and outputs:

¢ =P+ Qsingtanf + Rcos ¢ tan 6
6 = Qcos¢ — Rsing
Y = Qsingsecd + R cos ¢ secd

2. Nonlinear relative degree two system: If the output of a nonlinear system is
required to be differentiated twice to obtain an explicit relationship between the
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input and output, the system is said to have a relative degree of two. A typical
nonlinear relative degree two system is described by the differential equations of
the following form:

.i?] X2
= 1.7
[562} [f(x,t) + G(x, t)u] a7
y=h(x)) (1.8)
where state variables x| and x; are defined as x1 £ [x1,, x1,, ..., xln]T €
R, and x2 £ [x2,, x2,, ..., xzn]T € R", respectively, and complete state

. T .
vector is defined as x £ [x],x]] . The output of the system is selected as a

function of x1,i.e., y = h(x1). The control input is represented by u, and f(x, t)
is a nonlinear function. The matrix G(x, t) represents the control effectiveness
matrix. In this book, it is assumed that G(x, t) € R"*" is nonsingular V¢, which
facilitates easy control synthesis.

Any system that can be modeled using Newton’s laws leads to this class of
nonlinear systems. For instance, the dynamics of an ith agent of a multi-agent
system is represented as

)'C,' = V; (1.9)
Ui = yii(xi, viy 1) + &i(xi, vi)ui, i=1,...,n (1.10)

where n is the number of agents, x; and v; are position and velocity of the ith
agent, g; is the control direction (or effectiveness) and u; represents the control
input to the agent. The term y;¢; is a part of system dynamics.

3. Euler-Lagrange systems: The Euler-Lagrange (EL) system dynamics can be
categorized as a subset of nonlinear systems with a relative degree of two, as
defined in Eq. (1.7). However, there are distinct differences in terms of explicit
time dependence and the characteristics of the control effectiveness matrix
G(x) € R"*". The EL systems are autonomous in nature, with a symmetric
positive definite control effectiveness matrix.

Note that many robotic systems are represented by EL systems. For example,
the dynamics of the rigid robotic manipulator is represented as follows:

M(@)§+C(q.9)q+G(@) =7

where ¢ € R, ¢ € R", and ¢ € R" denote the vector of joint position, velocity,
and acceleration, M(q) € R™™" denotes the positive definite inertia matrix,
C(q,q) € X" denotes the Coriolis torques, G (¢g) denoted gravitational forces,
and 7 represents the control torque input.
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4. Strict-feedback systems: A nonlinear system is said to be a strict-feedback
nonlinear system if it can be described by differential equations of the following
form:

Y= i) +gX)xipr, i=1,...,n—1
Xy = So(xn) +8n(Xp)u, n>2

where ¥; = [x1,...,x]7 € R, i = 1,...,n. The state vector is denoted
as x = [xg,x2,.. .,xn]T € R". The control input and system output are
represented as u € R and y = x; € R, respectively. The control coefficient
matrix is represented by g; (X;), Vi, and f;(X;), Vi is a nonlinear function of state.
Many practical systems are represented as strict-feedback nonlinear systems. For
instance, the dynamic model of an electrohydraulic servo system is represented
as follows:

)'61 = X2
)'CZZX3

X3 = f(x1,x2,x3) +bu

where x1, x2, and x3 represent the position, velocity, and acceleration of the
hydraulic cylinder piston motion, respectively. Control input is represented by u,
term f(x1, x2, x3) is a nonlinear function of states, and b is a system dynamics-
related parameter.

5. Feedback linearizable systems: A nonlinear system is said to be a feedback
linearizable MIMO nonlinear system if it can be described by differential
equations of the following form:

" FL@®) + g1, (u + .+ g1, ()

) Fn (@) + gm, ur + ... + gm,, (X)um
where x,»(ni) é (i;ti’l):i’x = [XL~-.ax§nl_l)v--~axm’~-" xl(;lm_l)]T € §Rn with
n=ny+...+ny is the overall state vector; x; and u;, Vi = 1, ..., m represent

output and input to the system, respectively; and f; is a nonlinear function.
The nonlinear system can also be written in the following compact form:

x™ = f(x)+ Gx)u (1.11)
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where x™® = [xf"‘),...,x$m>]T eR™, f(x) = [fi(x), ..., fmO)]T € R,
g1, (x) ... g1, (x)

and G(x) = Do e RmMM,
gml(x) ce gmm(x)

This is a generic type of nonlinear system, and many complex and coupled
practical systems are represented by this type of nonlinear system dynamics. For
example, the following nonlinear system dynamics represent a two-link robotic
manipulator:

o]t [ e O [ e (a7

where
H= |:H11 H121|
Hy Hy
Hii = a1 +2a3cos6y + 2ay sin 6y
Hiy = Hyy = ay +azcosbr + aqsind;
Hyy =a>, h =a3sinfy —a4cosby
with

ay =1+ mllclz + I, + ”nelce2 + mell2
a = I, + melce2

a3 = mplil.. cosd,

as = melilee sin g,

Here, 6; € R and 6, € R represent joint positions, and 6; € R and 6, € R
represent joint velocities of the manipulator. The torque 7; (j = 1, 2) are control
inputs to the system. All parameters used in the dynamics have their standard
dimensions and usual meanings and can be found in Slotine et al. (1991).

1.2.3 Input-Output Dimension-Dependent Classification

Based on the number of control inputs and outputs, nonlinear systems can be
classified into the following four categories:

1. Single-input-single-output systems (SISOs): As the name implies, a nonlinear
system is referred to as a single-input-single-output system when it has a scalar
input and scalar output. For example, by substitutingm = p = 1in Egs. (1.1) and
(1.2), the nonlinear system can be transformed into a SISO system. An illustrative
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example of a SISO nonlinear system can be as follows:

X1 =x%+x2
Br=x1+ 04+ x)%+u

y=x1

where x = [x1, x2]7 is the state of the system. The system has a single input u
and a single output x.

2. Single-input-multi-output systems (SIMOs): A single-input-multi-output system
is classified as a nonlinear system when it consists of a scalar input and multiple
outputs. For instance, when m = 1 in Eq.(l.1), the nonlinear system is
transformed into a SIMO system. A representative example of a SIMO nonlinear
system 18

: 2
X1 =Xy +x2

x1 4+ (14 x2)% 4+ u

X2
y = [x1,x2]"
where the system has a single input u1 and two outputs x1 and x».

3. Multi-input-single-output systems (MISOs): A nonlinear system is categorized
as a multi-input-single-output system when it consists of multiple inputs and a
scalar output. For example, by substituting p = 1 in Eq. (1.2), the nonlinear
system is transformed into a MISO system. An example of a MISO nonlinear
system is

s 2
X1 = X] + X2+ up
X =x1+ (1+x2)* +ur
y = h(x1, x2)
where the system has multiple inputs #; and u> and a single output y.

4. Multi-input-multi-output systems (MIMOs): A nonlinear system is categorized
as a multi-input-multi-output (MIMO) system when it comprises multiple inputs
and multiple outputs. As an illustration, the system described by Eqgs. (1.1) and
(1.2) represents a nonlinear MIMO system. A typical example of a MIMO
nonlinear system can be exemplified as follows:

. .2
X1 =Xx] +x2+up
X =x1+ (1 +x2)> +us

y = [x1, x2]"

where the system has two inputs u# and u; and two outputs x| and x>.
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Table 1.1 Input-output

‘ . Nature of the system | Output dimension | Input dimension
dimension-dependent

classification for nonlinear SISO 1 1

systems SIMO p I
MISO 1 m
MIMO p m

The above definitions of input-output dimension-dependent classification of
nonlinear systems are tabulated in Table 1.1.

1.3 Linearization: A Brief Overview

Analyzing the behavior of nonlinear systems presents significant challenges. In
addition to advanced methods that deal with nonlinear systems in their original form,
a commonly employed approach is linearization. This involves creating linearized
models around specific operating points, allowing for simplified analysis.

Linearization is a method to approximate nonlinear systems around an “operating
point,” which leads to a linear system around that point. Linear systems hold great
significance in practical applications due to their simplicity and ease of control
design. A typical linear system can be written as

X = Ax + Bu (1.12)
y =Cx + Du (1.13)

where x € R", y € RP, and u € R™ are the state, output, and control input of
the system, respectively. The matrices A € R, B € RV, C € R’*", and
D e RP*™ define the overall behavior of the system, known as system matrix,
control matrix, output matrix, and output control matrix, respectively. It can be noted
that the matrices A, B, C, and D are time-independent, which can happen if the
system is continuously linearized around an operating trajectory. Details of these
are discussed next.

1.3.1 Operating Point and Equilibrium Point

A linear system is constructed by approximating a nonlinear system around an
operating point. An operating point is defined as a point through which the system
trajectory passes, including the initial and final points.

Consider the nonlinear system:

x = f(x,u) (1.14)
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where state x € " and control input # € R". Assume that (xq, u¢) is one of the
operating points of the system. Then, for the operating point, the system (1.14) is
expressed as xog = f(xo, uop).

On the other hand, if a system starts at an equilibrium point, it will remain
there indefinitely. This implies that an equilibrium point is a constant solution of
the nonlinear system. Therefore, while all equilibrium points are operating points,
the converse is not necessarily true. Consider (x*, u*) to be one of the equilibrium
points of the system. Then, the system (1.14) is denoted as f(x*, #*) = 0 in the
equilibrium point (as x* = 0). Note that linear systems can have only a single
equilibrium point, whereas nonlinear systems may possess multiple equilibrium
points. The local stability behavior of the nonlinear system can be studied by
linearizing it around an equilibrium point.

1.3.2 Linearization

The nonlinear system (1.14) can be linearized around the operating point (xq, #).
Taking x = xo + Ax and x = ug + Au, using the Taylor series expansion, the
system in (1.14) can be written as

0 0
.i?0+A.i?=f(x0,u0)+|:—fi| Ax+|:—f:| Au+ HOT (1.15)
dx (x0,u0) du (x0,u0)

where HOT represents the collection of higher-order terms. The matrices [%] and

[%] are evaluated as

_8 _ X1 Xn
_f =|: =4 (110
| 0x | (x0,10) Af Afn

L oxi """ 0xn (xg,up)
_a -1 ul um
_f =] . =B (17
L 0% | (x.u0) Un

L dur """ Qum d (x0,up)

Since x9 = f(x9, up), neglecting the HOT, the approximated form of (1.15) can
be expressed as

d d
Ax ~ I:—f:| Ax + |:—fi| Au (1.18)
dx (x0,u0) du (x0,u0)
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At this stage, for convenience, with a slight abuse of notation, Ax and Au are
redefined as Ax £ x and Au £ u. With this, the local deviation dynamics of the
nonlinear system (1.14 ) around (x, #g) can be written as

x = Ax + Bu (1.19)

This is how a linearized system dynamics is obtained for a nonlinear system.

Example 1.4 Consider the system defined by
X4+0.6x+3x =0

To obtain the equilibrium points of the system, it is first represented in the
state-space form by selecting x; = x and xp = x. This results in

] ©
[562] B |:—0.6x2 = 3x1] (1.20)

The equilibrium points can be found by fixing x; = 0 and x, = 0. By solving,
the equilibrium point is obtained as x{ = 0 and x3 = 0. It can be noticed that
the given system is a linear system. Thus, it has only one equilibrium point.

Example 1.5 Consider the system
£+0.68+3x +x? =0

Again, to determine the equilibrium points, the system is represented in state-
space form by selecting x; = x and xp = x. This results in

X1 X2
= 1.21
|:562:| |:—0.6x2 — 3x1 —xf:l (121)

Again, the equilibrium points can be found by fixing x; = 0 and x, = 0.
By solving, the equilibrium point is obtained as xj = 0, —3 and x; = 0.
It can be noticed that this nonlinear system has multiple equilibrium points,
namely, (0, 0) and (-3, 0).

(continued)
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Example 1.5 (continued)
To linearize the system, define f; = x; and fo, = —0.6xp — 3x; — x%.
Hence, the system in (1.21) can be linearized as |:x1 :| = A |:x1 :|, where A
X2 X2

is

L 0 i
A — dx; ox —
2= b on |:—3—2x1 —06]
9x1 %2 | (xy,x5) 0 ’

Hence, around equilibrium point (0, 0), the linear system is obtained as

HEESA

and around equilibrium point (—3, 0), the linear system is obtained as
x| _ [0 1 X1
x| [3-=06]]x

While linear systems provide valuable approximations in many practical sce-
narios (especially facilitating easier control system design), it is crucial to note
that the validity of these linearized models diminishes when the system operates
beyond its nominal operating range. Moreover, linear models fail to capture certain
frequently observed phenomena in nonlinear systems, such as multiple equilibrium
points, limit cycles, chaos, finite-time escape, and other intricate dynamic behaviors,
which are explained in the next section.

1.4 Characteristics of Nonlinear Systems

A typical nonlinear system exhibits several unique characteristics in its response,
which makes it difficult to analyze. The major frequently observed characteristics
are given as follows:

1. Multiple equilibrium points: Nonlinear systems can have multiple equilibrium
points. Moreover, based on the initial condition, a steady state trajectory for a
stable system can converge to one of them.
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Fig. 1.2 Equilibrium points
and their characteristics
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Example 1.6 Consider the nonlinear system:

% =3x —x2

where system has two equilibrium points x* = {0, 3}. Based on the initial
condition, the trajectory will converge to the equilibrium points. It can be
seen in Fig. 1.2 that if the initial condition is the same as the equilibrium
point, then the system trajectory remains at that point. However, for all
other positive initial conditions, the system trajectories x(¢) converge to
3. Thus, the equilibrium point 3 is a stable equilibrium point. On the
other hand, since system trajectories are diverging in nature, if the initial
conditions are chosen around the equilibrium point 0, it is an unstable
equilibrium point.

Example 1.7 The nonlinear system

%=3x—x>

where system has three equilibrium points x* = {0, 4-+/3}. The trajectory
will converge to the equilibrium points based on the nature of the equilib-
rium points. Since trajectories are converging to x* = {+/3, —/3}, both
equilibrium points are stable, whereas x* = 0 is an unstable equilibrium
point. The system trajectories are shown in Fig. 1.3.

2. Limit cycle: Nonlinear systems can display oscillations for a fixed time period
without external excitation. These oscillations are called limit cycles, or self-
excited oscillations. A limit cycle can be classified as stable or unstable depend-
ing on the converging or diverging behavior of the trajectories of the solution in
its vicinity, respectively.
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Fig. 1.3 Equilibrium points 47
and their characteristics
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Example 1.8 The dynamics of a nonlinear system described by
F=—x+ (1-2% - %) %

has a stable limit cycle. The time history of the system trajectories (as
shown in Fig. 1.4) is converging to the limit cycle.

3. Chaos: For stable linear systems, small differences in initial conditions can
only cause small differences in output. On the other hand, nonlinear systems
can display a phenomenon called chaos, where the system output is extremely
sensitive to initial conditions. This chaotic behavior of the nonlinear system
can lead to a more complicated behavior. The essential feature of chaos is the
unpredictability of the system trajectory. The truncation error of computers also
makes system trajectory prediction inaccurate. That is why special higher-order
numerical integration schemes with high bit computation are generally used to
mitigate this error to a good extent. Even if the model of a nonlinear system is
exactly known, the response of the system in the long run still cannot be well
predicted.
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Fig. 1.5 Chaotic behavior of o 2
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Example 1.9 The nonlinear system
¥4 0.1% + x> = 65in(r)

has a chaotic behavior due to the presence of strong nonlinearity x°. By
changing the initial condition, the behavior becomes chaotic. As can be
seen from Fig. 1.5, a slight change in initial condition leads to a large
difference in output response.

Note that weather modeling typically results in a chaotic system. Hence, even
though short-duration weather prediction is fairly accurate in general, long-
duration prediction becomes a challenge even with supercomputers.

4. Finite-time escape : In the case of linear systems, an unstable response can reach
infinity as time approaches infinity. However, in the case of nonlinear systems, a
phenomenon occurs where a system can become unbounded within a finite-time
interval. This property of nonlinear systems is known as finite-time escape.

Example 1.10 Consider the nonlinear system:

i =x2
Subject to xg = 1, it has the solution
() !
x(t) = ——
t—1

Ast — 1, x(t) — oo. Hence, the solution is valid for ¢ € [0, 1). Thus, the
solution has a finite-time escape at = 1.
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Table 1.2 Comparison between nonlinear and linear systems

S.N. | Nonlinear systems Linear systems
1 More realistic Approximation to reality
2 Need not obey the principle of Obeys the principle of superposition
superposition (not necessarily linear)
3 Usually difficult to analyze and design Usually simpler to analyze and design
4 Tools are under development A lot of tools are well-developed
5 Can have multiple equilibrium points Only single equilibrium point
6 | Non-uniqueness of solution Unique solution
7 System stability depends on the initial Stability nature is independent of the
condition initial condition (Hence, “zero” initial
conditions are assumed in the transfer
function approach)
8 | Limit cycles (self-sustained oscillations) No limit cycles
9 Bifurcations (number of equilibrium points | No bifurcation
and their stability nature can vary with
parameter values)
10 Finite-time escape No finite-time escape
11 Chaos (very small difference in I.C. can No chaos

lead to a large difference in output as time
increases. That is why predicting the
weather for a long time is inaccurate)

A brief comparison between the characteristics of nonlinear and linear systems

is given in Table 1.2.

Following the introduction of nonlinear systems and their distinctive char-
acteristics, the next section presents the necessary mathematical preliminaries.
Throughout the subsequent chapters, these foundational concepts are applied to
analyze nonlinear systems and to examine the design and analysis of closed-loop
control systems.

1.5 Mathematical Preliminaries

A few selected fundamental mathematical principles used in control system design
and analysis are presented in this section for completeness so that the reader need
not refer to other literature for the same.
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1.5.1 Vector and Vector Norm

Avectorx = [x1,...,x,]7 € R" belongs to a set of real numbers. For example,
x = [1, l]T is a two-dimensional vector, represented as x € 3?2, having two real
numbers as its elements.

The norm of a vector x is a real-valued function often represented as ||x||, which
has the following properties:

I. |lx]] > 0Vx € R" and ||x|| = 0ifand only if x =0
2. |lax|| = |a|||x]|| for any scalar & € R
3. lx+yll < llxll + llyll  Vx,y (triangle inequality)

The concept of norm is introduced to invoke the notion of distance between two
vectors. The distance can be measured as the absolute sum of vector elements, as
the square root of the quadratic sum of vector elements, or in many other similar
ways. In concise form, the pth norm of a vector, known as /,, norm, is defined as
follows:

n

lxlp = (Y lal?| . forl<p<oo
i=1

lxlloc = max |x;[, forp = o0
I<j<n

The commonly used vector norms are

it = lx1l + [x2l + - - + [xul i ({1 norm )
lellz = (lxal? + el + -+l ?)
[%lloe = (Ix11%° + [x2]% + - -+ + |x,4|®

(I norm)
1

) /% — max; |x;| (s norm )

where ||x||; is a sum of the absolute value of the elements of the vector elements;

|x 12, also known as Euclidean norm, is positive square root of square sum of vector

elements; and ||x || represents the largest absolute element of a vector.

To illustrate the concept of the vector norm more clearly, consider x = [x, xz]T,
where x; and x; are chosen such that norms ||x||; = ||x|2 = [|x|lcc = 1. Then, the
relation between norms ||x |1, ||x||2, and ||x| s is graphically presented in Fig. 1.6,
where /1 norm is bounded by /> norm and /, norm is the upper bound of all norms.

Norm Inequalities Vector norm inequalities are frequently utilized in mathematical
analysis to show the stability and boundedness of a dynamical system response,
besides numerous other applications. In a finite-dimensional vector space, all norms
are equivalent; i.e., any two vector norms are related to one another by the following
inequality:

killxlla < llxllp < kaollxlla, Ve € R (1.22)
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Fig. 1.6 Representation of
norms
Il = llxllz2 = ll*lleo =1

where a and b represent norm and k1 and k; are positive constants related as k> > k.
Especially, the following inequalities can be proven for an n-dimensional vector,
which are useful in the context of this book:

lxll2 < llxlh = V/nllxll2,  Vx e R
[xlloo < llxlli = nllxfloo,  Vx €R"
Ixlloo < lIXll2 < /7 IX[loo, VX € R

=
=

Other notable and useful inequalities are listed as follows:

(a) Holder’s Inequality Holder’s inequality relates the norm of the product of two
vectors to the product of their norm. Let constants p € £ and ¢ € R satisfy the
relation

where p > 1, then

75| = Wyl VxR yew (1.23)
(b) Cauchy-Schwarz Inequality The famous Cauchy-Schwarz inequality is a
special form of Holder’s inequality with p = 2 and ¢ = 2. The inequality relates

the dot product (or inner product) of two vectors to the product of their Euclidean
norm. The Cauchy-Schwarz inequality has the following form:

[x7y| < Ixlalylz, vroy e (1.24)
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(¢) Minkowski’s Inequality Minkowski’s inequality relates the norm of the
summation of two vectors to their individual norms. Let p € R and satisfy p > 1.
Then

lx+ylp <lxll, +lylp, YxeR' yeR" (1.25)

Note that this is also called “triangle inequality.”

1.5.2 Matrix and Matrix Norm

A matrix is a collection of elements (numbers) arranged in rows and columns. For
example, a matrix A with m rows and n column is represented as

aiy ... dip
A=
aml - .. Gmn
where q;; Vi =1,...,mand Vj =1,..., n are matrix elements.

Matrices are divided into various categories based on the number of rows and
columns and the nature of elements, such as (i) if m = 1, the matrix is called a
“row vector”; (ii) if n = 1, the matrix is called a “column vector”; (iii) if m = n,
the matrix is said to be a “square matrix”; (iv) for square matrices (m = n), if
a;jj #0Vi = jand a;; =0Vi # j, the matrix A is known as a “diagonal matrix”,
if ajj = 0Vi > j, the matrix A is known as an “upper triangular matrix”; and if
a;j = 0Vi < j, the matrix A is known as a “lower triangular matrix.” Note that
a matrix can also be interpreted as a collection of rows or column vectors stacked
together.

Eigenvalue and Eigenvector One of the key properties of matrices is their ability
to act as linear operators, performing magnification (stretching/shrinking) and
rotation operations on vectors. When a matrix multiplies a vector, the resulting
vector undergoes stretching/shrinking and rotation, resulting in another vector. As
shown in Fig. 1.7, the vector x is multiplied by the matrix A, resulting in a new
vector y = Ax, which is stretched and rotated by angle (6, — 6,). For example,

multiplication of vector x = |:(1)] with matrix A = [(2) i] leads to a new vector

y = Ax = [(2):|, which is stretched by two times and rotated by 90° compared to

vector x.

An eigenvalue is a special scalar associated with a square matrix. If, upon
multiplication, the direction of the vector remains unchanged, the scalar by which
the vector is scaled is called an eigenvalue, and the nonzero vector that maintains
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Fig. 1.7 Representation of T2
vector rotation by matrix y
multiplication
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Table 1.3 Various forms of matrix A
Terminology Definition Properties of eigenvalues
Symmetric matrix AT =A A € R Vi are real
Skew-symmetric matrix AT =-A A; Vi are zero or imaginary
Positive definite matrix xTAx >0 Vx #0 A >0, Vi
Positive semi-definite matrix xTAx >0 Vx #0 A >0, Vi
Negative definite matrix xTAx <0 Vx #0 A <0, Vi
Negative semi-definite matrix xTAx <0 Vx #£0 A <0, Vi

its direction is referred to as an eigenvector. Mathematically, for a square matrix A,
the relationship can be expressed as

Ax = Ax
(A—ADx =0

If the nontrivial solution of |A — AI|| = O exist, then A is the eigenvalue of matrix
A, and x is the corresponding eigenvector

In a simple interpretation, eigenvalues indicate the extent to which a matrix
will stretch or shrink a vector, while the corresponding eigenvectors represent
the directions that remain unchanged by this matrix operation. Note that for real
matrices, eigenvalues can also appear in complex pairs. For complex eigenvalues,
the stretching operation is not quite intuitive.

Other important types of matrices are known as symmetric and skew-symmetric
matrices, positive definite matrices, positive semi-definite matrices, negative definite
matrices, and negative semi-definite matrices. These matrices are extensively used
in the control system design of nonlinear systems. These matrices can also be
distinguished by the nature of their eigenvalues. Considering a matrix A and A;
as its ith eigenvalue, the definition and properties of these matrices are tabulated in
Table 1.3.
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It can be noted that the inequalities in the second column of Table 1.3 are the
definition, even though the inequalities in the third column are often misunderstood
as the definition, as both hold good in the “if and only if” sense.

Next, some important results related to matrix analysis are summarized below.

Theorem 1.1 For any matrix A € R™*", both AAT € R™™ and AT A € ™"
are square, symmetric and positive semi-definite.
The proof can be outlined as follows:

1. Square property: The product AAT has dimensions m x m and AT A has
dimensions n x n. Since AAT € R™™ and ATA € RV, they are square
matrices.

2. Symmetric property:

ATAT = ATA)T =ATA

Hence, both are symmetric matrices.
3. Positive semi-definiteness: For any vector x € R", consider the quadratic form
xT(AAT)x, which can be analyzed as

x'(AAx = (ATx)" (ATx) = |ATx|* > 0.

Similarly, for any vector y € R", consider the quadratic form yT (AT A)y, which
can be analyzed as

y (AT A)y = (Ay)T (Ay) = | Ay|I* > 0.

This shows that both matrices are positive semi-definite.

Theorem 1.2 For a symmetric positive semi-definite matrix A, following inequality
holds

Amin(A)[1x ]2 < xT Ax < Anax(A)[|x 12

A pictorial representation of this inequality is shown in Fig. 1.8. The lower and
upper bounds on x” Ax are shown in this picture, where x € R2.

Matrix Norm Revising the fact that matrix A is a linear operator that transforms a
vector x to another vector y in the sense y = Ax, the concept of a matrix norm is
introduced to indicate the amount of magnification (stretching/shrinking) the matrix
can do to a unit vector. Matrix norms are essential tools in control systems for
analyzing and predicting system behavior, showing insights into stability, sensitivity,
error, robustness, and convergence. Therefore, matrix norms play a critical role in
designing effective control systems.
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Fig. 1.8 Representation of
Theorem 1.2

The p-norm of a matrix A € R™*" is defined as

lp =

Ax
A sup |Ax],

x#0 x|l »
= sup (JlAx],)
lxllp=1

where p € R. For matrices A and B with appropriate dimensions, the norm of a
matrix has the following properties:

. lAll, > 0and ||A], =0onlyif A =0
<N Allp = leflAllp

- 1A+ Bl < All, + Bl

- 1AB, < [IAll I BIlp

O R

where « is a constant.
The commonly used first, second, and infinity matrix norms can be defined as

m
|All} = max Z |laij|  (largest of the absolute column sums)
j A
i=1

1All2 = max/2; (AT A)
1

m
|Alloc = max Z |a,-.,~ | (largest of the absolute row sums)
1
Jj=1



24 1 Introduction and Motivation

Here, A; (ATA) represents the ith eigenvalue of matrix AT A, and a;j denotes the
matrix element on the ith row and the jth column.

A special type of norm, known as Frobenius norm, is frequently used in neural
network and adaptive control literature. The Frobenius norm of a matrix A is defined
as

i Xn:afj =,/tr (AT A)

i=1 j=1

”Amxn”F =

where tr(-) is the trace of the matrix in its argument, defined as the sum of diagonal
elements of the matrix.

Example 1.11 Let a matrix A be defined as

1 -2
A=
5]
In that case, various norms of this matrix are calculated as follows:

(i) ||AJlq is the largest of the absolute column sum, which is (| — 2| + |7]).
Hence, ||A|l; = 9.
(ii) To calculate ||A ||, first calculate AT A.

10 19
ATA =
[19 53}

The eigenvalues of the matrix A7 A are 2.81 and 60.19. The square
roots of the eigenvalues are 1.67 and 7.76. Hence, ||A|> = 7.76.

(7ii) ||Allco is the largest of absolute row sum. Hence, ||A|cc = |3] + |7] =
10.

(iv) To calculate ||A||F, first calculate tr (ATA), which is 10 4+ 53 = 63.

Hence, || Al = /64 = 7.94.

1.5.3 Function and Function Norm

A function defines the relationship between an independent variable and a dependent
variable. For example, in the equation y = f(x) : R" — R", the function f
specifies how changes in the independent variable x € R correspond to changes in
the dependent variable y € R™.
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Definition 1.1 A function f(x) : R* — R" is continuous at a point x if
f(x+ Ax) - f(x) as Ax — 0. In other words, a function f : " — R" is
continuous in R" if given € > 0, there exists § > 0 such that

lx =yl <8 = lfx) = fWIl <€

Definition 1.2 A function f;(x;) : R—>RNRV1I<i<ml<=<j<nissaidto be
differentiable at a point x; if the limit

fi(xj) lim filxj +8x;) — fi(x))
8)Cj 3x;—0 5)6]‘

exists.

Definition 1.3 A function f(x) : ®" — R is continuously differentiable at point
x if the partial derivatives df; /0x; exist and are continuous at x for1 <i <m, 1 <
Jj <n.

Definition 1.4 A function f(x) : ®" — R” is said to be continuously differen-
tiable of order k, or C*, if

99 9% 99

Daf £ a ay " a f
axy' dx5° axp"
exists and is continuous for all points (xi, x7, ..., X,) in R" and all nonnegative
integers ay, az, . . . , a, satisfying Z?:l a; <k

Definition 1.5 If f(x) : " — R is continuously differentiable, then the gradient
of f(x) is given by

LUICIN [i ﬁ]T
ox 0x1 dxp :

Definition 1.6 If f(x) : ®" — R is continuously differentiable, then the
Jacobian of f(x) is given by

ax ax

af(x) a 1 n
ox |,
o . O

0x1 0xp

Function Norm Function norm is useful in control theory, as it helps in analyzing
the function behavior, particularly in assessing properties like stability and conver-
gence. Function norms are also applied in error estimation and optimization.
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The %), norm of a continuous function f(z) € ", > to € RN, is defined as

0o N 1/p
Lfl, = (/ Zlf;(t)l”dt) . for p e[l,00)
o =1

[fllc = sup max [f;(r)]

1€ltg,00) 1=i=n

where fg is the initial time and the notation sup denotes the supremum for all t > 1y
that leads to the largest value of the argument.

Using the definition of .%}, norm, the commonly used .#7, %5, and .Z, norms
for a function f(z) € R" can be defined as

| inanar
1

(FAN

ifle= | [ Y nwPd
-1

[ flloc = sup max |f;(1)]

t>19 1<i<n
These norms are highly useful in nonlinear system analysis and control system

design. For instance, the % norm is used to analyze the energy of a signal, while
the %, norm is used to analyze the maximum magnitude of a signal.

Example 1.12 The .4}, %, and %, norms of the function f ()

—2t
f) = [ 2¢ ]

—e~'sint

for t > 0 can be calculated as

o
Iflli = / (26‘2’ +e! sint) dt
0

o0 o0
= / 272 dt + / e 'sintdt
0 0

_2t 900 1
=2 [TL O

(continued)
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Example 1.12 (continued)

—1+1
. 2

=15

o0
If1l2 = \/ / (de=% 4 ¢=2 sin® 1) di
0
0

o
= / de=4 df + / e=2 sin?t dt
0 0

e~ 12
5T
4 1y  2022+4)

= 1.03

| fllooc = sup {max ‘26_2’ , max |—e_’ sint|}
>0

= sup {2, 1}

>0
=)

The component of the function f(#) and corresponding function norms are
shown in Fig. 1.9. It can be seen that the || f|» is the absolute maximum
bound of function f(¢).

Note that in some cases, certain norms of a function may not exist, while others
do. For example, consider the function f(¢) = cos(z). The integral of cos(¢) over the
interval ¢ € [0, co) is undefined because cos(#) does not decay to zero as t — 0o,
and it oscillates indefinitely. Consequently, both the . (absolute integrability) and
% (square integrability) norms of this function do not exist over [0, co). However,
the %5 norm, which measures the maximum absolute value of the function over
time, does exist. In fact, || f|lco = 1, as cos(¢) oscillates between —1 and 1.
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Fig. 1.9 Representation 3
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1.6 Summary

This chapter provides an overview of nonlinear systems, emphasizing their sig-
nificance in control design, as well as their classification and some distinctive
characteristics. A concise comparison between nonlinear and linear systems is
included to enhance clarity. An outline of linearization and equilibrium points
is also incorporated in this chapter. Several examples are included to illustrate
these concepts clearly. The chapter also introduces key mathematical preliminaries,
such as vectors, matrices, functions, and their norms, which are frequently utilized
throughout the book. Overall, this chapter establishes a good foundation for the
rest of the book, offering essential background knowledge and setting the stage
for subsequent chapters. While it briefly discusses several key concepts, readers
seeking a more comprehensive exploration of these topics are encouraged to refer
to additional sources given at the end of this chapter.

1.7 Exercise Problems

1. Linearize the following systems around origin (0, 0) and represent them in linear
state space form (assume a, b, c, d are constants):

(@) x: axx?+ (122) + x3u

(b) X =ax+ 7%

(©) ¥ =a¥+bi+x2+cu

@ [xl} 61561)2% + (1b_x;2) + x1X1u1 + (1 +x§) uy
. == 1

X2 a)'clx%—l—bxz(l —)&12)+(1+x§)u1 + us
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2. Determine the equilibrium points and linearize the systems around them:
(a) X = —x% +3x
(b) x =—x+x3
(c) x=x—x3

3. Determine the equilibrium points and linearize the systems around them:
(a) ¥ = —sinx
(b) i=-x+(1-x*—x%)x
© x| _ x2

X2 —{sinx + w? sin x| cos x|

4. Show that the Van der Pol oscillator described by the dynamics
F—p(=x>i+x=0

has a stable limit cycle.
5. Determine the analytical solution of the following system:

X = |)c|)c2

with a general initial condition xg.

(a) Letxop = 1. Does this solution have a finite escape time?
(b) Repeat part @ with xo = —1 and comment on the behavior.

6. Find the first, second, and infinite norms of the following vectors and validate the
Holder and Cauchy-Schwartz inequalities:

(@ x=1[2,1,1,3]"
) y=1[1,1,1,1]"

7. Find the first, second, and infinite norms of the matrices defined as

121
(@ A=|3 43
| —10-1
(111
) B=|022
1003
[06—5
© C=1|102
132 4
153
d D=|3-35
712
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8. Find out .%}, %, and %, norms of the following functions for ¢ > 0:
(@) f(r)=exp™’

(b) Impulse function

© ft)= sin(¢), t#4

(d) f@t)=3

, where t < o0

References

M.R. Akella, Adaptive control—a departure from the certainty-equivalence paradigm. J. Astronaut.
Sci. 52, 75-91 (2004)

A.M. Annaswamy, A.L. Fradkov, A historical perspective of adaptive control and learning. Annu.
Rev. Control. 52, 18-41 (2021)

I. Barkana, Simple adaptive control—a stable direct model reference adaptive control
methodology—brief survey. Int. J. Adapt. Control Signal Process. 28(7-8), 567-603 (2014)

S. Ge, C. Hang, T. Lee, T. Zhang, Stable Adaptive Neural Network Control, ser. The International
Series on Asian Studies in Computer and Information Science (Springer, New York, 2013)

H.K. Khalil, Nonlinear Systems (Prentice-Hall, Englewood Cliffs, 2002)

M. Kirstic, I. Kanellakopoulos, V. Petar, Nonlinear and Adaptive Control Design (Wiley, New York,
1995)

H. Mérquez, Nonlinear Control Systems: Analysis and Design (Wiley, New York, 2003)

N. Nguyen, Model-Reference Adaptive Control: A Primer, ser. Advanced Textbooks in Control
and Signal Processing (Springer International Publishing, New York, 2018)

J.-J.E. Slotine, W. Li, et al., Applied Nonlinear Control, vol. 199(1) (Prentice Hall, Englewood
Cliffs, 1991)

B.L. Stevens, FL. Lewis, E.N. Johnson, Aircraft Control and Simulation: Dynamics, Controls
Design, and Autonomous Systems (Wiley, New York, 2015)



Chapter 2 ®
Lyapunov Stability Theory oo

The development of Lyapunov theory marks a significant milestone in the field of
nonlinear control design and analysis. Before the emergence of Lyapunov theory,
analyzing the stability of nonlinear systems was challenging due to the difficulty
in solving nonlinear differential equations. While some methods, such as the phase
plane analysis, existed for a limited class of nonlinear systems, there was no uniform
method to determine the stability of nonlinear systems. This highlights the necessity
for a systematic approach, such as the Lyapunov theory, which not only provides
insights into system stability (both in the neighborhood of equilibrium points and
limit cycles) but also offers a foundation for designing effective control strategies.

As discussed in the previous chapter, the stability of a system is typically assessed
relative to an equilibrium point (stability of limit cycles is beyond the scope of
this book). Without any disturbance, the state of the system, starting from the
equilibrium point, will remain at the same point indefinitely. A system is considered
stable around an equilibrium point if, following a disturbance, the state of the system
returns to the equilibrium point. If the state of the system remains at a new point
after a disturbance, the equilibrium point is neutrally stable. However, if a slight
disturbance causes the system to deviate from the equilibrium state, the equilibrium
point is considered unstable. A representation of stable, unstable, and neutrally
stable equilibrium points is shown in Fig.2.1, where xo is an equilibrium point,
x,, represents a new position of the state after a disturbance, and the direction of the
arrows shows the convergence or divergence of the state.

The above definition of stability suffices for a linear system, as a stable linear
system is always globally exponentially stable. However, for a nonlinear system,
stability depends on how the system state behaves around an equilibrium point for a
given initial condition. Moreover, the definitions of stability differ for autonomous
and nonautonomous nonlinear systems. It should be noted that the formal defini-
tions of autonomous and nonautonomous nonlinear systems were provided in the
previous chapter. The definitions of stability for both types of nonlinear systems are
presented in the following sections.
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Fig. 2.1 Representation of stable, neutrally stable, and unstable equilibrium points

2.1 Stability of Autonomous Nonlinear Systems

2.1.1 Notions of Stability

The stability of a system around an equilibrium point can be analyzed by examining
the behavior of its state with respect to initial conditions. If the state remains
bounded without converging to the equilibrium point, the system is considered
stable (if it stays within a bounded region) or unstable if it becomes unbounded.
In contrast, if the state converges to the equilibrium point, the system is classified
as asymptotically stable. The convergence to the equilibrium point can occur in
various ways, which become special cases of asymptotic stability. For example, if
this convergence to the equilibrium point occurs at an exponential rate, the system
is referred to as exponentially stable.

The possible behavior of the state x(¢#) = [x1, x2]' around an equilibrium point
is illustrated in Fig. 2.2, where the origin is the equilibrium point. The cases in which
the state trajectory does not converge to the equilibrium are shown in sub-figures (i)
and (ii) of Fig. 2.2, whereas the cases in which the state trajectory does converge to
the equilibrium point are shown in sub-figures (iii) and (iv).

The formal definitions of stability of nonlinear autonomous systems are given as
follows.

]T

Definition 2.1 (Equilibrium Point) A state x* is an equilibrium point of the
system if x(¢) = x™* at some ¢, and it remains there for all future time.

Example 2.1 The nonlinear system

% =3x —x°

where system has three equilibrium points x* = {0, £+/3}. The trajectory
will converge to the equilibrium points based on the nature of the equilibrium
points. Since trajectories are converging to ~/3 and —+/3, both equilibrium
points are stable, whereas x* = 0 is an unstable equilibrium point. It can be
seen in Fig. 2.3 that once trajectories x (¢) reach equilibrium points x*, they
remain there for all future time.
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(iii) (iv)

Fig. 2.2 Intuitive behavior of state around an equilibrium point for a typical second-order
nonlinear system

Fig. 2.3 Equilibrium points
and their characteristics
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Fig. 2.4 (a) Time history of state x of nonlinear system. (b) Time history of state x of nonlinear
system. (c) Phase plot of stable nonlinear system

Definition 2.2 (Stable Equilibrium Point) The equilibrium point x* of a system
starting at an initial condition x (#p) = X is said to be stable if, for any real number
R > 0, there exists some other real number r(R) > 0 such that

if |xo—x*| <r(R)then ||x(t) —x*| <R, Vi =19 2.1

It is worth noting that this is the weakest notion of stability. Moreover, if the
above condition is not satisfied, then the equilibrium point is said to be an unstable

equilibrium point.
Example 2.2 Let the dynamics of a nonlinear system described by

jé=—x+<1—x2—)%2)fc

The time histories of the system states are shown in Fig.2.4a and b. One
can observe that the system trajectories remain bounded for different initial

(continued)
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Example 2.2 (continued)
conditions. The phase plot of both states is shown in Fig.2.4c, where the

stability property of the system is evident. Hence, it is a stable system.

Definition 2.3 (Convergent Equilibrium Point) The equilibrium point x* of a
system starting at an initial condition x (fy) = X is said to be convergent if there
exists some real number r > 0 such that

xo—x*| <7 = tlrgo |x@) —x*| =0 (2.2)

Definition 2.4 (Asymptotically Stable Equilibrium Point) If an equilibrium
point x* is both stable and convergent, then it is said to be asymptotically stable.

Example 2.3 Let the dynamics of a nonlinear system be described by
X = —0.4x —sinx

The time histories of the system states are shown in Fig.2.5a and b, where
system trajectories are bounded and converge to the equilibrium point as t —
oo for different initial conditions. The phase plot of both states is shown in
Fig.2.5c, where the asymptotic stability property of the system is obvious.
Hence, it is an asymptotically stable system.

It is worth emphasizing that asymptotic stability is generally the more desirable
property in most practical applications. However, a key limitation of asymptotic
stability is that it does not provide any information regarding the rate at which
system trajectories approach the equilibrium point. To address this limitation, a
stronger concept, known as exponential stability, is introduced. Exponential stability
not only ensures convergence to the equilibrium but also characterizes the rate at
which the state of the system converges.

Definition 2.5 (Exponentially Stable Equilibrium Point) The equilibrium point
x* of a system starting at an initial condition x (f9) = xg is said to be (locally)
exponentially stable if there exist two strictly positive real constants « and S, such
that

@) — x*| <& |xo—x*| e PUT0 Vi >4 (2.3)

where || xg — x*|| < r. The above is said to be globally exponentially stable if it
holds for any x () € R"
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Fig. 2.5 (a) Time history of state x of nonlinear system. (b) Time history of state x of nonlinear
system. (c) Phase plot of stable nonlinear system

Example 2.4 The dynamics of a nonlinear system described by
% =—-03x —x°

is an exponentially stable system. This is because the time histories of the
system for different initial conditions, shown in Fig. 2.6, are bounded and they
converge to the equilibrium point at an exponential rate. Note that a detailed
discussion of the convergence rate and associated stability analysis will be
covered in the latter part of this section.

Example 2.5 The dynamics of a system be described by

X=—x—x

(continued)
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Example 2.5 (continued)
is an exponentially stable system. The time histories of the system are

depicted in Fig.2.7a and b, illustrating that the system trajectories remain
bounded and converge to the equilibrium point as + — oo for various
initial conditions. The phase plot of both states, as shown in Fig. 2.7c, clearly
demonstrates the exponential stability of the system. It is important to note
that all stable linear systems exhibit global exponential stability.

Definition 2.6 (Unstable Equilibrium Point) The equilibrium point x* of a sys-
tem starting at an initial condition x (fp) = x is said to be unstable if it is not stable
(even in the sense of weakest notion of stability given in (2.1)).

Example 2.6 The dynamics of a nonlinear system described by
¥ = —xx +x?

is an unstable stable system. This is because, as shown in Fig.2.8a and b,
the time histories of the system diverge if initial conditions are not at the
equilibrium point and remain at the equilibrium point if the initial condition
is at the equilibrium point.

In two dimensions, where x(¢) = [x1, x2]7, various types of stability around
the equilibrium point are illustrated in Fig.2.9, with the origin representing the
equilibrium point. Among the three types of stability, a stable equilibrium point
is the weakest form, where system states are merely bounded. In control design
problems, asymptotic stability is preferable because it ensures that the state of the
system will be bounded and convergent. The exponential stability is the strongest

Fig. 2.6 Time history of 2
state x of nonlinear system
1 H
8
<0
7]
-1
-2
0 5 10 15 20

Time
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Fig. 2.8 (a) Time history of state x of nonlinear system. (b) Time history of state x of nonlinear
system

form of stability as it characterizes the rate at which the state of the system converges

to the equilibrium.
After understanding the notion of stability, the following subsection introduces

Lyapunov stability theory to draw conclusions about the stability of nonlinear
systems.
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Fig. 2.9 Various types of stability around the equilibrium point (origin) for a typical second-order
nonlinear system

2.1.2 Lyapunov Stability Theorems

The properties of positive definite functions and their variants are used in the
Lyapunov stability theorems. The formal definitions of these functions are given
below.

Definition 2.7 (Positive Definite Function) A function V(x) € &, x € R" is
said to be a global positive definite function (PDF) if it satisfies the following
conditions:

i Vx)=0ifx =0
@) V(x) >0ifx #£0

Note that if the above condition is satisfied only in a neighborhood of the origin,
then the function is referred to as a locally positive definite function.
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Definition 2.8 (Positive Semi-definite Function) A function V(x) € ®,x € ®" is
said to be a global positive semi-definite function (PSDF) if it satisfies the following
conditions:

(i) V(x)=0ifx =0
(i) V(x) >0ifx #0

Definition 2.9 (Negative Definite Function) A function V(x) € R, x € R" is
said to be a global negative definite function (NDF) if it satisfies the following
conditions:

() V(x)=0ifx =0
(i) V(x) <0ifx #0

Definition 2.10 (Negative Semi-definite Function) A function V(x) € R, x €
R" is said to be a global negative semi-definite function (NSDF) if it satisfies the
following conditions:

() V(x) =0ifx =0
(i) V(x) <0ifx #0

These functions are tabulated in Table 2.1 and illustrated in Fig.2.10, where
they exhibit distinct properties. A positive definite function always remains positive
and only reaches zero at the origin. In contrast, a positive semi-definite function
can reach zero at multiple points. The concept is analogous to negative definite
functions, where they are always negative.

Lyapunov theorems for stable, asymptotically stable (AS), global asymptotically
stable (GAS), exponentially stable (ES), and global exponentially stable (GES)
equilibrium points, considering x* = 0 as the equilibrium point (where 0 € R"
is a vector with elements as zero), can be stated as follows.

Theorem 2.1 Let x* = 0 be an equilibrium point of a nonlinear autonomous
system x = f(x), where x € R, f € R". Let V(x) € R be a continuously

Table 2.1 Definition of positive/negative definite functions

Positive definite function Vix)=0ifx =0 V(x)>0ifx #0
Positive semi-definite function Vix)=0ifx =0 V(x)>0ifx #£0
Negative definite function Vix)=0ifx =0 Vx) <0ifx #0
Negative semi-definite function Vix)=0ifx =0 Vx)<0ifx #0
V(z) V(z) V(x) - Vi(z) -
PD. ~ .
PSDF NDF NSDF

Fig. 2.10 Illustration of different types of positive/negative definite functions used in Lyapunov
theory
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Table 2.2 Sufficient conditions required for different types of stability of the equilibrium point
x*=0

Nature of equilibrium point | Nature of V (x) Nature of V(x) RU condition
Stable V(x) is PDF V (x) is NSDF NA
Asymptotically stable V(x) is PDF V(x) is NDF NA

Globally asymptotically V(x) is PDF V(x) is NDF V(x)is RU
stable

Exponentially V(x) is PDF, V(x) is NDF, NA

stable kilxl|? < V(x) <klx||? | V(x) < —ks|lx|”

Globally V(x) is PDF, V(x) is NDF, V(x)is
exponentially stable killx]|? < V(x) < kallx||? | V(x) < —k3||x||? |RU

differentiable function. Then, the sufficient conditions required for different types
of stability of the equilibrium point x* = 0 are presented in Table 2.2, where the
acronym "NA" refers to not applicable and "RU" refers to V is radially unbounded,
which means V (x) — o0 as ||x|| — oo and constants k; > 0,k, > 0, k3 > 0, and
p > 0 are positive in nature.

It is important to note that the Lyapunov theorems provide sufficient conditions
for stability. If the conditions mentioned above are not satisfied for the chosen
Lyapunov function V (x), it does not necessarily mean that the system is unstable.
Therefore, the careful selection of V(x) is crucial for accurately determining the
stability of the system.

Example 2.7 Consider the system defined by

i=-x2—-x (2.4)
The following Lyapunov candidate is proposed:
V) = 55 2.5)
The derivative of V with time is obtained as
Vix) = —x3—x? (2.6)
The negative definiteness of V(x) cannot be concluded in this case, as it is

not always < 0. Therefore, no conclusion on stability and instability can be
drawn with the above choice of Lyapunov candidate.
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2.1.3 Stability of Nonzero Equilibrium Point

The various notions of stability introduced so far pertain to the stability of
equilibrium points. In general, a given dynamical system may possess more than one
isolated equilibrium point. It is common, particularly in the definitions and proofs
of stability theorems, to assume that the equilibrium point under consideration is
located at the origin, x* = 0. Therefore, to ensure consistency with the theoretical
framework, if the equilibrium point is not located at the origin, a change of variables
can be applied to reformulate the system such that the new equilibrium point is
shifted to the origin at x = 0.
To illustrate this, consider the system given by

x = f(x) 2.7
with the equilibrium point x*. Define a new variable y as

y=x—x* (2.8)
Hence, the new system is obtained as

y=fx (2.9)
=fy+x" = gl (2.10)

The equilibrium point of the new system y = g(y) can be calculated by setting
y*=0,ie,0 =g(y"). At y* =0,20) = f(0+x*) = f(x*) = 0. Thus, the
new system y = g(y) has the equilibrium point y* at origin, i.e., y* = 0.

According to this, therefore, analyzing the stability of an equilibrium point x*
for the system X = f(x) is equivalent to analyzing the stability of the origin for the
transformed system y = g(y).

Example 2.8 Consider the same nonlinear system:

¥ =3x—x°
previously used to illustrate the stability of equilibrium points. This system
has three equilibrium points, x* = {0, ++/3}. As shown in Fig.2.11, the
trajectories converge to x* = +/3 and x* = —+/3, indicating that both of these
equilibrium points are stable. In contrast, the equilibrium point at x* = 0 is
unstable, as nearby trajectories diverge from it.

In this example, the stability of these equilibrium points is analyzed using
Lyapunov stability theory.

(continued)
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Example 2.8 (continued)
Stability Analysis of the Equilibrium Point at x* = 0 In this case, no

variable transformation is required for the stability analysis. Selecting the
Lyapunov function as

V) = 22
X) ==X
2
The time derivative of the Lyapunov function is given by
V(x) = xx =xBx — x3) =3x2 —x*

From this expression, it can be observed that V(x) > 0 in the region
—/3 < |x| < +/3, indicating that the origin is an unstable equilibrium point.
Therefore, the system is unstable at x* = 0.

Stability Analysis of the Equilibrium Point at x* = /3 Since the
equilibrium point is not at the origin, the variable can be transformed as
y = x —+/3. Substituting this into the original system, the transformed system
becomes

y=—y =33y -6y

To analyze the stability of this system, the following Lyapunov function is
chosen:

V<>—12
y—2y

The time derivative of the Lyapunov function is given by
V() =yy = y(—y’ - 3v3y> — 6y) = —y* - 33y — 6y’

Since x* = 0 is also an equilibrium point, the stability of x* = /3 is
examined within the domain (0, co). Under the coordinate transformation
y = x — +/3, this corresponds to analyzing stability in the region (—+/3, 00).
Analysis of the expression for V(y) shows that V(y) < O for all y €
(—+/3, 00) with y # 0 and that V(0) = 0. Therefore, the equilibrium at
x = /3 (i.e., y = 0) is asymptotically stable. Similarly, asymptotic stability
can be shown for the equilibrium point at x* = —+/3.

43
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Fig. 2.11 Equilibrium points
and their characteristics
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Fig. 2.12 Representation of
a simple pendulum and acting
forces

Many times, Lyapunov analysis leads only to a conclusion of stability, rather
than asymptotic stability, which is often the desired result, as it ensures that the state
trajectory converges to the equilibrium point. In fact, in many applications, one may
infer asymptotic stability from the behavior of the system through observation, even
when Lyapunov analysis only leads to stability. In such cases, it is advisable to carry
out further analysis. To illustrate this, consider the following example.

Example 2.9 To illustrate this, consider the simple pendulum without fric-
tion with rod length / and mass m, as shown in Fig. 2.12.
The torque t due to gravity can be written as

T = —mglsinf

where g is the acceleration due to gravity. Using Newton’s second law for
rotation, torque T = ml 29 Hence, the following can be obtained:

mi?6 = —mgl sin@

(continued)
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Example 2.10 Next, let us consider the dynamics of a pendulum with
friction. Hence, a new damping term (k60) is added to the torque, where k
is the damping constant. Thus, the torque T due to gravity can be written as

T = —mglsinf — k

By comparing with torque m/?f and defining x; £ 6 and x, £ 6, the
following state-space form dynamics is obtained:

X X
[.1]= e (2.13)
X2 -7 sSinx; — mxz

To determine the stability of this system, again consider the same Lya-
punov function as in (2.12). However, the time derivative of the Lyapunov
function is obtained as

V(xl,xz) = mlzngcz + mgl sin x1x|
= —mglxysinx; — kx% + mglxy sin x1
= —kx2 (2.14)
<0

Since V (x1, x2) < 0, the system can be proven only stable (not asymptotically
stable) with the choice of Lyapunov function. However, intuitively, it is
obvious that in the presence of friction, the pendulum will slowly converge
to the equilibrium point. Therefore, this result is very restrictive, and on the
other hand, V (x) < 0 is very difficult to prove.

2.1.4 The Invariance Principle

The stability analysis concluded in the above example highlights a critical limita-
tion, as asymptotic stability is often the desired property in practical applications.
This limitation primarily arises when the derivative of the Lyapunov function is
negative semi-definite, which prevents the conclusion of asymptotic stability. This
issue was extensively studied and mitigated using the invariance principle. In this
approach, the concept of an invariant set, a generalization of the equilibrium point,
is used to facilitate a more comprehensive stability analysis.
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Definition 2.11 (Invariant Set) A set M is said to be an invariant set with respect
to the system x = f(x) if

XoeM= x(t) e M, Vt >0

The example of the invariant set can be given as follows:

1. Since the state trajectory of a dynamical system that starts from an equilibrium
point remains at the equilibrium point, any equilibrium point is an invariant set.
Similarly, a limit cycle is also an invariant set.

2. Any trajectory of an autonomous system forms an invariant set. Moreover, the
entire space R" is itself an invariant set.

3. In the context of Lyapunov analysis, if the function V(x) < [ Vx € ®"
is continuously differentiable (not necessarily positive definite) and satisfies
V(x) <0 along the solutions of X = f(x), which means that if a trajectory
crosses V(x) = c, it can never come out again, then the set €2, defined by

Qu={xeR": V) <l}

is an invariant set.

With the understanding of invariant sets, the following theorems can be stated as
follows.

Theorem 2.2 The equilibrium point x* = 0 of the autonomous system x = f(x)
is asymptotically stable if there exists a function V (x) satisfying

(i) V(x) is positive definite Vx € D, where we assume that 0 € D.
(it) V(x) is negative semi-definite in a bounded region R CD.
(iii) V(x) does not vanish along any trajectory in R, other than the null solution
x=0.

Moreover, if the above condition holds good for R" and V (x) is radially unbounded,
then x = 0 is globally asymptotically stable.

Theorem 2.3 (LaSalle’s Theorem) Let V : D — R be a continuously differen-
tiable (not necessarily positive definite) function and

(i) M C D be a compact set, which is invariant with respect to the solutions of
x = f(x).
(ii) V <0in M.
(iii) E={x:x € M and V(x) = 0}, that is, E is the set of all points of M such
that V = 0.
(iv) N is the largest invariant set in E.

Then, every solution starting in M approaches N ast — oo.
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Note that LaSalle’s theorem is a powerful tool for analyzing the stability of
autonomous nonlinear systems because

1. In LaSalle’s theorem, the function V (x) is not required to be positive definite. It
only needs to be continuously differentiable.

2. LaSalle’s theorem applies not only to equilibrium points but also to more general
dynamical behaviors such as limit cycles.

Example 2.11 Consider the same example of a pendulum with friction,
where V (x1, x2) in (2.12) and V (x1, x3) in (2.14) were obtained as

2.2
1“x5

V(x1,x2) = +mgl(1 — cos x1)

V(xl,xg) = —kx22 <0
Now, with the help of LaSalle’s theorem, let us examine the condition:
V(x1,x2) =0Vt
This implies

—kx3 =0

xo =0Vt

However, since xp = 0, Vz, X = 0, and from the %, equation of pendulum
dynamics, —§ sin x| —#xz = 0. This leads to sin x; = 0, restricting x; to the
interval x; € (—m, w) with the only solution x; = 0. Hence, V(xl, x2) =0
happens only at x; = xp = 0. Therefore, the equilibrium point (x1, x2) =
(0, 0) is the largest invariant set. Thus, it can be concluded from LaSalle’s
theorem that all state trajectories will converge to the equilibrium point as

t — oo. This means that the equilibrium point is asymptotically stable.

2.1.5 Lyapunov Theorems for Linear Time Invariant Systems

As demonstrated in the previous chapter, nonlinear autonomous systems can be
linearized around their equilibrium points, resulting in linear time-invariant (LTT)
systems. By analyzing these linearized systems, one can infer the local stability
behavior of the corresponding nonlinear systems. In this context, the following
theorems can be stated.
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Theorem 2.4 (Lyapunov’s Indirect Theorem) Let the linearized system about
x =0be

Ax = A Ax
where A € R"*" is the system matrix.
The theorem says that if the real part of all eigenvalues Re(X;) (i = 1,...,n) of
the matrix A satisfy

Re(Ai) < 0 (i.e., the linearized system is exponentially stable)

then, for the nonlinear system, the origin is locally exponentially stable.

Theorem 2.5 (Lyapunov’s Instability Theorem) Consider the autonomous
dynamical system and assume x = 0 is an equilibrium point. Let V(x) : D — R
have the following properties:

1. V(0) =0.

2. ]'"here exist xg € R, arbitrarily close to x = 0, such that V (x¢) > 0.

3. V > 0Vx € U, where the set U is defined as follows:
U={xeD:|x|| <eand V(x) > 0}

Under these conditions, x = 0 is unstable.

Example 2.12 Determine the nature of stability of the following system
around the equilibrium point x = [xy, 1T =10,0]7:

i1 =x2 +x1 (4—x12—x§) (2.15)
. 2 2
i = —x1 + 1 (4—x1 —x2) (2.16)
To determine the nature of stability, consider the Lyapunov function as
V(x1,x2) = %(xl2 + x22). Then, the time derivative of the Lyapunov function
is calculated as
V(x1,x2) = x151 + X%

=} +xd) (4 6F+1D) 2.17)

(continued)
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Example 2.12 (continued)
Define

U={xe§R2:||x||§8, 0<e<2}

Then, V (x1, x2) > 0 and V(xl, x2) > 0in U. Hence, x = [0, 0]7 is unstable.

2.2 Stability of Nonautonomous Nonlinear Systems

For autonomous systems, stability is always defined with respect to an equilibrium
point. However, in nonautonomous systems where time is explicitly present, the
same definition of equilibrium point cannot be used for stability analysis. Instead,
the definition of an equilibrium point for nonautonomous systems is given as
follows.

Definition 2.12 (Equilibrium Point) For a nonautonomous nonlinear system x =
f(x,t) with initial time ty, the equilibrium point x* is defined as f(x*,t) =
0, Vt > 1.

It is important to note that if a nonautonomous nonlinear system satisfies the
above definition, then an equilibrium point will exist. However, for many types
of nonautonomous nonlinear systems, an equilibrium point may not exist. The
existence or nonexistence of equilibrium points primarily depends on the manner
in which time ¢ explicitly appears in the system equations. Therefore, the type of
stability is different in both cases. This notion is clearly illustrated in the following
examples.

Example 2.13 (Existence of Equilibrium Point) Consider the nonau-
tonomous nonlinear system as

i=tx*—x

where x and ¢ represent the system state and time, respectively. This system
has an equilibrium point at x = 0. Since the equilibrium point is defined for
these systems, similar to the autonomous nonlinear systems, stability, asymp-
totic stability, and exponential stability can be defined for this nonautonomous
system.
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Example 2.14 (Nonexistence of Equilibrium Point) Consider the follow-
ing nonautonomous nonlinear system:

X=x"—t

where x and ¢ represent the system state and time, respectively. This system
does not have any equilibrium point as x = 0 leads to x = —¢. Since there
is no equilibrium point for these types of systems, the concept of uniform
boundedness is used to define stability.

2.2.1 Notions of Stability

In this section, we extend the definitions of stability from autonomous systems to
nonautonomous systems, explicitly considering the initial time #y. Let us consider
a region R > 0 where the system must operate. If we can find another region r,
possibly as a function of R, and initial time fy, such that if the system starts in
r(R, ty), it remains in R, then the system is stable. The formal definition of stability
can be written as follows.

Definition 2.13 (Stability) The equilibrium point x* = 0 is stable at #( if for any
R > 0, there exist a positive scalar 7 (R, fo) > 0 such that

lx(@)ll <r(R,10) = x@| <R, Vi=1 (2.18)

Otherwise, the equilibrium point x* = 0 is unstable.

Example 2.15 Consider the nonautonomous nonlinear system defined by
X = —xsint

This system possesses an equilibrium point at x = 0. Since sin¢ is bounded
for all + > 0, with |sin#| < 1, the rate of change x oscillates around zero.
Consequently, depending on the initial condition, the state trajectory will
exhibit oscillatory behavior over time. However, since the state trajectory
remains bounded, the equilibrium point at x = 0 is classified as stable. The
time response of the system, depicted in Fig. 2.13, confirms the stable nature
of the equilibrium point.
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Fig. 2.13 Time history of 2
state x of nonlinear system

State =

NN\ NN\

N\ \y

0 5 10 15 20
Time

The definition of stability can be further categorized based on the dependency of
r on R and f¢. Similar to the definition of stability, the definitions of asymptotic and
exponential stability can be extended to nonautonomous nonlinear systems, taking
initial time into account.

Definition 2.14 (Asymptotic Stability) The equilibrium point x* = 0 is asymp-
totically stable at 7y if it is "stable" and there exist a positive scalar r(#y) such that

x|l < r(to) = ||lx@)|| — 0, as ¢t — o0 (2.19)

Here, r can be considered as a region of attraction.

Definition 2.15 (Global Asymptotic Stability) The equilibrium point x* = 0 is
globally asymptotically stable at #( if it is "stable" and Vx (t):

x| -0, as t— oo (2.20)

Example 2.16 Consider the nonautonomous nonlinear system:

X =—03x —x? sint
This system has an equilibrium point at x = 0. The rate of change x comprises
two terms: a linear damping term —0.3x and a nonlinear oscillatory term
—x3sint. The nonlinear term exhibits bounded oscillations due to the fact
that | sin#| < 1, while the linear term continuously drives the system toward
the origin. As the state x approaches zero, the influence of the nonlinear term
—x3 sint diminishes significantly due to the cubic dependence on x.

Hence, the state of the system converges to zero over time, indicating that
the equilibrium point at x = 0 is asymptotically stable. The time history of
the system, as illustrated in Fig. 2.14, further affirms the asymptotically stable
behavior of the equilibrium point.
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Fig. 2.14 Time history of 1.5
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Definition 2.16 (Exponential Stability) The equilibrium point x* = 0 is expo-
nentially stable at #q if it is "asymptotic stable" and there exist two positive scalar «
and A such that for sufficiently small x (¢p), i.e.

lxto)ll < r(to) = [x@I <« |lx@) | e, V=1 (221)

Next, the definition of stability is given based on the boundedness of the response.
Definition 2.17 (Uniformly Bounded Stability) The equilibrium point x* = 0
is said to be uniformly bounded if, for any R > 0, there exists some r(R) > 0
independent of the initial time ty such that

lx (@)l <r(R) = lx@l <R,V =19 (2.22)
Definition 2.18 (Uniformly Ultimately Bounded Stability) The equilibrium
point x* = 0 is said to be uniformly ultimately bounded if, for any R > 0,
there exists some r > 0 independent of R and initial time #y such that

lx(@)ll <r=lx®OI <RVt =100+ T (2.23)

where T = T (r) is some time interval after the initial time 7.

Example 2.17 Consider the nonautonomous nonlinear system as
X =—x+2 sint
The solution of the system can be obtained as

x = (xo+ e’ +sint — cost

(continued)
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Example 2.17 (continued)
Assuming by definition ||xo|| < r and since e™* < 1 and | sinf —cos¢| < N2,

the uniform bound of the system is obtained as
el < llxo + 11l + V2

Furthermore, as t — oo, the ultimate bound of the system is obtained as
lxll < /2

Since the bound is independent of 7, this is the ultimate bound for the system.
The time history of the system is shown in Fig. 2.15a and b for different initial
conditions. In Fig.2.15a, the uniform bound and ultimate bound are shown.
It can be noticed from Fig. 2.15b that the ultimate bound is the same for all
initial conditions, as it is independent of initial conditions, but the uniform
bound is different for all initial conditions.

After understanding the notion of stability for nonautonomous nonlinear systems,
the following subsection introduces Lyapunov stability theory to assess the stability

of these systems.

2.2.2 Lyapunov Stability Theorems

As mentioned in the previous section, the properties of positive definite functions
and their variants are used in the analysis of Lyapunov stability theorems. Hence,

d
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Time Time
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Fig. 2.15 (a) Time history of state x of nonlinear system. (b) Time history of state x of nonlinear
system for multiple initial conditions
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Table 2.3 Definition of positive/negative definite functions for nonautonomous nonlinear systems

Nature of function V (x, 1) Properties of function Vj(x) Conditions

Locally positive definite Locally PDF Vix,t) > Vo(x), Vt > 1y
Locally positive semi-definite Locally PSDF V(x,t) > Vo(x), Vt > 1o
Locally negative definite Locally NDF Vx,t) < Vo(x), Vt > 1o
Locally negative semi-definite Locally NSDF Vix,t) < Vpo(x), Vt > 1o

for nonautonomous systems, these definitions have to be extended by considering
time explicitly. Moreover, Lyapunov theory for nonautonomous systems requires
the understanding of the decrescent function to prove the stability of systems. These
functions are defined as follows.

Definition 2.19 Let V(x, ) be a scalar time-varying function with V(0,¢) = 0,
and there exists a time-invariant Vj(x). Then, based on the nature of Vy(x), locally
V(x,t) is defined in Table 2.3 in the neighborhood of the origin R". Globally,
positive definite functions are defined if the neighborhood is f".

Definition 2.20 Let V(x,t) be a scalar time-varying function with V(0,¢) = 0,
and there exists a time-invariant positive definite function V;(x) such that V¢ > 0,
V(x,t) < Vi(x). Then, function V (x, t) is decrescent in nature.

In other words, a function is positive definite if it is lower bounded by a time-
invariant positive definite function and decrescent if it is upper bounded by a time-
invariant positive definite function.

Example 2.18 Consider the following nonautonomous nonlinear functions
with states x| and x;:

1. Let V(x1,x2,1) = xf + (1 + x%)e_’. This function is neither PDF nor
decrescent in nature. To show that, one can notice that as x; — 0 and xp —
0, V(0, ) # 0. Hence, the nonautonomous function V (x1, x», t) is not a
positive definite function. Furthermore, since V (0,0) # 0, V(x1, x2, 1)
cannot be bounded by any time-invariant PDE. Therefore, V (x1, x3, t) is
not decrescent in nature. Variation of V (xp, xo, ) with respect to x1, x2
and time 7 is shown in Fig. 2.16.

Since the function has three arguments, the function is plotted with
respect to x; and xp axes at different time stamps. The different time
instances t1, tp, and 3 of time ¢ show how the function is shifting from
t=0tor = oo.

2. Let V(x1,x2,1) = (xl2 + x%)e". This function is not PDF but decrescent
in nature. To show that, one can notice that as x; — 0 and x, — O,
V (0, t) = 0. However, as t — o0, V (0, co) = 0. Therefore, V (x1, x2, 1) is

(continued)
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Example 2.18 (continued)
not a PDF but a PSDF. Furthermore, since V (x1, x3, ) can be bounded by

(xl2 + x%), it is decrescent in nature. Variation of V (xy, x2, t) with respect
to x1, x2, and time ¢ is presented in Fig. 2.17, where the upper bound of V
is shown due to the decrescent nature. The different time instances ¢, 1,
and #3 of time ¢ show how the function is shifting from ¢ = 0 to t = oco.

3. Let V(x1,x2,1) = x% +(1+ t)x22. This function is PDF but not decrescent
in nature. To show that, one can notice that as x; — 0 & x — 0,
V(0,t) =0,and V (x1, x2,t) > x12 + x%, it is PDF in nature. Furthermore,
ast — oo, V(xy, xp,t) — oo. Hence, it cannot be bounded by any time-
invariant PDF. Thus, the function is not decrescent in nature. Variation of
V(x1, x2, t) with respect to x1, xp, and time ¢ is presented in Fig.2.18,
where the lower bound of V is shown due to the PDF nature. The different
time instances f1, t», and 73 of time ¢ show how the function is shifting
fromt =0tot = oo.

4. V(x1,x2,1) = x% +(1+ e_t)x%. This function is both PDF and decrescent
in nature. To show that, one can notice that as x; — 0 and x, — 0,
V(,t) = 0and V(x1,x2,¢) > xl2 + x22. Therefore, V (x1, x2, t) is PDF
in nature. Further, as t — oo, V(x1, x2,1) — 0 and V(x1, x2,1) < xl2 =
2x§. Thus, the function is decrescent in nature. Variation of V (x1, x2, t)
with respect to x1, x, and time 7 is presented in Fig.2.19a—c, where the
upper bound of V is shown due to the decrescent nature and lower bound
is shown due to the PDF nature. The different time instances ¢, f,, and 3
of time ¢ show how the function is shifting from # = 0 to r = oo.

In upcoming sections, it will be shown that both positive definiteness and
decrescent properties are necessary for the asymptotic stability of the system.

Next, Lyapunov theorems for stable, uniform asymptotically stable (UAS),
and global uniform asymptotically stable systems, considering x* = 0 as the
equilibrium point, can be stated as follows.
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Theorem 2.6 Let x* = 0 be an equilibrium point of a nonlinear nonautonomous
system x = f(x,t), where x € R", f € R". Let V(x,t) € R be a continuously
differentiable function. Then, the sufficient conditions required for different types
of stability of the equilibrium point x* = 0 are presented in Table 2.4, where the
acronym "NA" refers to not applicable and "RU" refers to radially unbounded.

When the equilibrium point x* = 0 is not defined for nonautonomous nonlinear
systems, then uniformly bounded stability in the sense of Lyapunov is summarized
in the following theorem.

Theorem 2.7 Let V(x,t) € R be a continuously differentiable function. Then, the
solution of the nonautonomous nonlinear systems is said to be uniformly bounded

if
(i) Vis PDF and decrescent.
(ii) V is NDF and ||x|| > R fort € [0, 00).



58 2 Lyapunov Stability Theory

5 r Time
t— ty >ty >t

v

s

V (21, 22,t)

wn
==

NSO
'
S5}

State State z State 2

(a) (b)

[Time
ts>tr >t

V(z1,29,t)

State o

(c)

Fig. 2.19 (a) Plot of nonautonomous function V (xy, x3, ) with upper and lower bounds in solid.
(b) Plot of V (x1, x2, t) with x7. (¢) Plot of V (x1, x2, t) with x;

Example 2.19 Consider the nonlinear nonautonomous system defined as

X = —x1 — €_2tX2

X2 = X1 — X2

To determine the nature of stability of the system at the equilibrium point
(0, 0), the following Lyapunov function is selected:

V(xi,x2,1) = xlz + (1 + e_2t) x22

The chosen Lyapunov function is a valid Lyapunov function, as it is positive
definite as it is lower bounded by a time-invariant positive definite function
(xl2 + x22) and also decrescent as it is upper bounded by a time-invariant

positive definite function (xl2 + 2x§).

(continued)
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Example 2.19 (continued)
The time derivative of the Lyapunov function is

V(xl, X3, 1) = =2 [x% — X1X2 —i—x% (1 + e_Zt)]

< -2 <x12 — X1Xx2 + x%)
< -2 <x12 — x1xp + 3x%)
< -2

1\ 11,
=< x1—§x2 —I—sz

which means that V (x1, x2, ) is negative definite. Thus, the equilibrium point
is globally asymptotically stable.

2.2.3 Barbalat’s Lemma

Similar to autonomous nonlinear systems, for a nonautonomous system, oftentimes
it is difficult to achieve negative definiteness for V(x, t). Therefore, the following
lemma, commonly known as Barbalat’s lemma, is used to conclude the asymptotic
stability of the system.

Lemma 2.1 (Barbalat’s Lemma) If the differentiable function f(t) has a finite
limit as t — oo, f(t) is uniformly continuous, then f(t) — 0ast — oo.

Usually, the following variant of Barbalat’s lemma is used in the Lyapunov-based
stability analysis of nonautonomous nonlinear systems.

Lemma 2.2 (Lyapunov-like Lemma Slotine et al. 1991) If a scalar function
V(x, t) satisfies the following conditions

e Vi(x,t)is lower bounded.
* V(x,t) is negative semi-definite.
* V(x,t) is uniformly continuous in time.

then V(x,t) — 0 as t — oo. Note that the sufficient condition for a function to be
uniformly continuous is that its derivative is both upper and lower bounded.
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Example 2.20 Consider the nonautonomous nonlinear system given by

e=wo@) —e

= —ed (1)

where e and w are the system states and ¢ (¢) is the continuous bounded
function.
To establish the stability of the system, consider the Lyapunov function as

ez+w2

Ve, w) = 5

The Lyapunov stability analysis can be carried out as follows:

Vie,w,1) = e (wo(t) —e) + w(—ed (1))
V(e, w,t) = —e? + ewd (1) — we (1)

V(e, w) = —e?

Since V(e, w) < 0, the error e and w are bounded. However, the convergence
of error e cannot be concluded. Hence, Barbalat’s lemma is used to check the
convergence of error. The derivative of V (e, w) is calculated as

Vie,w,t) = —2e (wo(t) — e)

Since ¢ (¢) is bounded by construction and e and w are previously shown to
be bounded through Lyapunov analysis, V (e, w) is bounded. This means that
V(e, w) is uniformly continuous. Hence, using Barbalat’s lemma, V(e, w) —
0,1.e.,e — 0.

2.3 Summary

This chapter provides a comprehensive overview of various types of stability
for both autonomous and nonautonomous nonlinear systems. It introduces the
Lyapunov stability theory for both system types, focusing on analyzing the behavior
of nonlinear systems around equilibrium points. To enhance clarity, Lyapunov
theorems for different types of stability are presented in a tabular format, aiding
readers in understanding the concepts more effectively. Given the differences
in stability analysis between autonomous and nonautonomous systems, several
examples are included for better illustration. Additionally, key theorems and lemmas
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related to the stability analysis of nonlinear systems are discussed. However, this
chapter only provides a concise summary of stability theory for nonlinear systems,
limited to the scope of this book. For a more in-depth understanding of stability
analyses of nonlinear systems, readers are encouraged to refer to sources such as
Mairquez (2003), Slotine et al. (1991), Khalil (2002), Narendra and Annaswamy
(2012), Lavretsky and Wise (2012), Nguyen (2018), and Ge et al. (2013).

2.4 Exercise Problems

1. Determine the stability of the following systems around the equilibrium point:

(a) x = —x2+3x

(b) % = —x 4+ x3

(c) x=x—x3

d) %= —x <%1+sin2x)

2. Determine the stability of the following systems around the equilibrium point:

(a) X = —sinx

(b) ¥=—x+(1—-x>—5%)%
() x—0701—-x>i+x=0
@ i+x+—5-=0

1+sin? x

3. Find the equilibrium points and determine the stability of the following systems

around them:

@ [7]=] 2
| X2 | | —2sinx; 4 sinxp cos xj
ENEN x2

® || = ) }
| X2 | [ —x2—x1— (x1+x2)"x2
X1 —xf —x1x22+x1

© |. L
[ X2 ] L —X5 — X{x2 + X2

4. Show that if a function V (¢) satisfies the inequality

then

V()< —aV(@), a€eR

V() < e ™V(0)

where V (0) is the initial condition of V (¢) at ¢t = 0.
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5. Analyze the stability of the following nonlinear system:

[ %] _xg—i-xl(l—xlz—x%)
(a) . = _ + (1 2 2)
:xz | ! X1+ x2 Xy — X5
X1 X2
(b) . = 2
| X2 | [ —x2—35x1 — (x1 +x2)"x2
_561 1 X2 . ..
© . |= X1 , where k is a positive constant.
[ X2 ] _kz—)cl2 X

6. Find out the positive definite and decrescent properties of the following func-
tions:

(@) V(i x2, 1) = 2+ sin® )(x] +x3)
(b) V(x1,x2,1) = x] + (1 +e7")x3
()41

x%+1
(A V(xi, x2,0) = Qx] +x3)(1 +sin° 1))

(© V(xr,x, 1) =

7. Determine which of the following functions can be selected as a Lyapunov
function:

(2 4+x3)(1241)
@ Vxi,x, 0 ="

(b) V(x1,x2,1) = (2x] +x3)e™"
(©) V(x1,x2,1) = (2x} + x3) cos 1)

_ G +D
(d) V(xi,x2,1) = e

8. Determine the stability of the following nonautonomous system:

. —X
@ &=y
. —X
®) & =55
© x| _ | —x1— ch% cos? ¢
_562 | | —Xx2 — x%xz sinzt
_)'Cl 1 [ —2x1 — eitxz
@ |, |=
| X2 | | X1 —2x
nli - 5
X —X72 +x
© | |=| 2T
| X2 | | —x1 — 2x2

9. Determine the stability and ultimate bound of the following nonautonomous
system:

(a) X = —x> +cost

(b) &= (%L — I)x —sin’¢

() x = —(cos?t + 1)x +sinz
(d) ¥ =—(e™? + 1)x +cost
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Chapter 3 )
Nonlinear Control Design Philosophies Qe

This chapter focuses on the design of control techniques for various classes of
nonlinear systems. Stability theory and mathematical tools previously discussed
serve as the framework to ensure stability of the closed-loop system. The motivation
behind delving into nonlinear control emerges from the need to control systems
whose behavior cannot be adequately modeled by linear system dynamics. Non-
linear control is a field that addresses the challenges posed by nonlinear systems,
aiming to achieve desired performance objectives. However, it is worth reiterating
that nonlinear systems, by definition, are not necessarily linear systems, and hence,
the nonlinear control design techniques are equally valid for linear systems as well.

Several nonlinear control methods are introduced to design controllers for
different classes of nonlinear systems. Some of these methods include feedback
linearization-based dynamic inversion (DI), backstepping control, and sliding mode
control (SMC). Each of these approaches comes with advantages and limitations,
making them suitable and/or advantageous for specific scenarios or system charac-
teristics. A concise summary of each control design approach is presented in the
subsequent sections.

3.1 Dynamic Inversion Control

The dynamic inversion (DI) design technique is a readily available and easy-to-
understand nonlinear control design technique that exploits the stability theory of
linear systems to design an output tracking controller for nonlinear systems. The
technique is essentially based on the philosophy of feedback linearization. In the
feedback linearization philosophy, an appropriate coordinate transformation is first
applied to reformulate the system into a form that resembles a linear system in
the transformed coordinates. Subsequently, any conventional linear control design
method can be used to design the controller in the transformed coordinates. Such
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Fig. 3.1 Philosophy of Yy
dynamic inversion control

a nonlinear coordinate transformation is indeed feasible, provided that certain
mathematical conditions are met. Hence, any linear control design technique, mostly
the standard proportional-integral-derivative (PID) controller, can be used in the
transformed linear system dynamics, ultimately yielding a nonlinear state feedback
controller when converted back to the original coordinates. It is important to note
that feedback linearization may be implemented either via input-state linearization
or input-output linearization. However, the stringent conditions required for input-
state linearization are rarely satisfied in practice. Consequently, instead of taking
such a rigorous approach, a simplified, easy-to-understand approach is presented
here, which essentially embeds both input-output linearization and PID control
design. An interested reader can find more details about the feedback linearization
technique from numerous textbooks, such as Slotine et al. (1991); Isidori (2013).

Intuitively, to illustrate the elegance of the DI control design philosophy, consider
a reference signal represented by the dotted line in Fig.3.1, plotted in the two-
dimensional xy frame of reference. A conventional linear controller designed to
track this reference signal typically requires linearization at multiple operating
points, resulting in a gain-scheduled controller that is only locally stable. However,
if the xy frame can be transformed into a new coordinate frame Xy, such that at
each point the distance between X and y remains constant, the reference signal
in this transformed coordinate system becomes a step signal. In this case, a linear
controller can be designed in the Xy frame to track the step signal. This controller
can then be transformed back into the original coordinates, resulting in a nonlinear
state feedback controller that effectively achieves the desired tracking performance.

In the input-output feedback linearization (DI control design) approach, the core
idea involves inverting the system model by constructing an appropriate control
law such that the tracking error dynamics behave like a stable linear system. As a
result, the tracking error asymptotically converges to zero, thereby ensuring perfect
tracking performance. The DI control design facilitates the effective application
of well-established linear control strategies to regulate the behavior of nonlinear
systems. The DI control design has the following advantages: (i) It is a simple
design with a systematic design procedure. (ii) It leads to a “closed-form solution”
for the controller, which is preferable for both online and practical implementation.
(iii) DI controller leads to global exponential stability of the closed-loop output
error dynamics.
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Due to these benefits, the DI control design has recently been found to be
applicable in various domains, including the control of aerospace systems, robotics,
and mechanical systems. Without going through the standard involved way found
in standard textbooks (see Slotine et al. 1991), an attempt is made here to follow
an alternate, simplified approach which is both easy to understand and easy to
implement. To elucidate the input-output feedback linearization control design
procedure, consider the following control-affine square nonlinear system:

x=fx)+Gx)u (3.1
y =h(x) (3.2)

where variables x € ", u € R", and y € R" represent the state, input, and output
vectors of the system, respectively. Vectors f(x) and h(x) are nonlinear functions
of x, and G(x) € "™ is the control input gain matrix.

The aim of the control design is to design a stable control law that guarantees
accurate tracking of the desired output command, expressed as y — y* as t — oo,
where y* denotes the desired command to be tracked. It is assumed that the desired
command is continuous and smooth (i.e., the derivative is also continuous).

The output dynamics of the system can be derived as follows:

. (0oh) .
y = (£> X 3.3)

oh
= (8_> [f(x)+ G(x)u] (3.4)
x

Here, (%) represents the Jacobian matrix:

by
dxp " Ox

<8h) . ) 1 ' .n
dx Al ol
axp T 0x,

Defining f (x) = <%) f(x) and Gy (x) = <%) G(x), the output dynamics
can be rewritten as

y=fyx) +Gy(x)u (3.5)

It can be observed that, upon differentiating the output, the control input u
appears explicitly in the output dynamics. This explicit appearance of u is essential
for DI control design, as it enables direct manipulation of the system output through
the control input. Consequently, the output selection becomes a critical factor in the
DI control design process. This characteristic is known as the “relative degree” of
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the system, defined as the number of times the output must be differentiated until the
control variable appears explicitly in the dynamics. Ideally, for effective DI control
design, the relative degree should match the order of the system. The significance of
output selection and relative degree in DI design will be further illustrated through
examples.

Now, starting with the definition of the error as e £ y* — y, the closed-loop error
dynamics can be defined as

¢e+Ke=0 (3.6)

where 0 = [0, ..., 0]7 € R" denotes the vector whose all entries are zero and K is a
positive definite matrix, usually selected as a diagonal matrix with positive diagonal
elements.! This equation has a stable solution as e = exp (—Kt) e, where ey is the
initial condition of e and “exp” is the exponential function. It can be seen from the
solution that e(t) — O as t — oo.

Upon conducting further algebraic manipulations, the resulting equation takes
the following form:

¢+ Ke=0 (3.7)
V-y+KQYy —y) =0 (3.8)
V' —=f,0)-Gyx)u+ K@y —y) =0 (3.9

The control input u can be extracted through the following expression:
_ —1 (. N
u=[Gy(x)] (y - [y + Ky - y)) (3.10)

It is crucial to emphasize that for a valid solution, the inverse [G y(x)T1 must exist
at all times during the control application. This analysis synthesized a closed-loop
control system that ensures the output of the system tracks the desired command.
The control architecture of DI control is presented in Fig. 3.2, where DI control u is
expressed in (3.10).

. e U y
y*(t) DI Control &= fl@) + Gla)u
- y = h(z)

v

Fig. 3.2 Dynamic inversion control architecture

! Eigenvalues of a diagonal matrix are the diagonal elements.
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Example 3.1 The DI control design steps are illustrated by considering the
following nonlinear system given by

f=x+x>+0A+x>u (3.11)
The control objective is to design a stabilizing controller, i.e., y — y*,
where the desired output y* is assumed to be 0. The first step in DI control
design is to choose the system output, which is selected as y = x. Hence, the
system error is defined as e = x. The next step involves the selection of stable
error dynamics, which is selected as ¢ + ke = 0, where k > 0 is a constant
gain. By substituting e = x, the resultant error dynamics is rewritten as
X +kx =0
Next, using the expression of x from (3.11), one can write

x4+x2+A+xDu+kx =0 (3.12)

From (3.12), the expression for the control input u can be extracted as

1

69

It can be noted that the selection of error dynamics is dictated by the relative
degree of the problem. For example, based on the selection of system output, if the
relative degree of the system is two, then a second-order error dynamics needs to be
enforced, which is represented by the following equation:

é+Kpe+Kpe=0 (3.14)

where positive definite diagonal controller gain matrices K, and K, are usually
selected as K, = diag(2¢;wy,;) and K, = diag(a)ﬁi), respectively, where ¢; > 0,

wy; > 0,andindexi =1, ...

needs to be controlled.

, P, where p depends on the size of output vector that
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Example 3.2 The importance of the selection of system output and the
concept of relative degree in DI design are demonstrated using the following
nonlinear system given by

X1 = 2x1x2 + 3x% +24+5 (1 +x12x22) u
)6'2 = —3)61 (3.15)
The control objective is to design a stabilizing DI controller, i.e., x; — 0 and
xp —> 0ast — oo.
As mentioned earlier, a careful output selection is crucial in DI control
design. For instance, if output y is selected as y = xj, which is tempting as
x1 — 0 is one of the objectives. However, as x; — 0, x — 0. That means

x will not change after that. Hence, driving xo — 0 after that is impossible.
Hence, y is selected as

y=x (3.16)

Note that x — 0 and x, — 0 happen when a second-order dynamics is
enforced. Hence, consider the following stable error dynamics as

é4 20w+ wie=0 (3.17)
where ¢ and wj, are selected as 0 < ¢ < 1 and w, > 0, respectively. Since
the desired signal is zero, i.e., y* = y* = §* = 0, Vz, the dynamics can be
rewritten as

¥4 20wy + wly =0 (3.18)
The time derivative of output y = x; leads to

y = -3x;
. 2 2.2
¥ ==3 [lexz +3x;7+2+5 (1 +x1x2) u]
Upon substitution of ¥, y, and y in (3.18), the following is obtained:

-3 [2x1x2 + 3x% +24+5 (1 + x%x%) u] — 6lwyx1 + a),zlxz =0

(continued)
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Example 3.2 (continued)
The control expression can be extracted as

1
U= —— | —6x1x0 — 9x? — 6 — 6Zwyx +w2x] 3.19

Here, as (1 + x{x3) # 0, the controller is well defined.

Note that only a well-defined relative degree in DI control does not guarantee that
the controller will perform satisfactorily. A scenario may appear in the DI control
design where, despite a well-defined relative degree through output selection, the
system may lose controllability; for example, the coefficient of the control input
may vanish under certain conditions. In such cases, one has to be careful about the
domain of applicability of the controller. This point is explained in the following

example.

Example 3.3 Consider the following nonlinear system given by

)C'l = X2

—3x1x0 +u (3.20)

X2

The objective is to design a stabilizing DI controller, i.e., (x1, x2) — (0, 0)
ast — oo.

To illustrate the concept, select the system output as y = xlz. Then, the
time derivatives of the output can be calculated as

y =2x1x2
¥ = 2x% 4 2x (=3x1x2 + ) (3.21)
= 2x7 — 6x7x + 2x1u (3.22)

where it can be noted that when x; — O, the term 2x;u2 — 0. Hence, at
x1 = 0, i.e., on the entire xp axis, the system loses controllability and the
control is not effective.

Now consider the output of the system as y = x1. The time derivatives are
calculated as y = xp and y = —3x1xp + u, which leads to a stabilizing
controller. Therefore, a careful output selection is necessary in DI control
design.

71
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The DI control design has certain other generic limitations as well that require

special attention (a few are pointed out here through examples). The major
limitations and their possible solutions are described here:

Inverse of the matrix G, (x): The inverse of the matrix Gy (x) must always
exist for the effective performance of the DI controller. In scenarios where the
control gain matrix is singular, a possible solution is to stop the control update
near singularity and hope for the best that it will come out of it. However, this
strategy results in degraded tracking performance wherever the controller update
is stopped.

Dimension of control input gain matrix G, (x): The dimension of the matrix
G,(x) € R™*™ is square in the context of the DI control design procedure. This
implies that the input dimension is considered equal to the output dimension.
However, this assumption may not hold true for certain applications. If the
dimension of the control input exceeds that of the output, an optimization
approach can be followed, along with tracking performance. This approach
is known as optimal dynamic inversion (Padhi and Kothari 2007; Padhi and
Balakrishnan 2007). Conversely, when the dimension of the control input is
less than that of the output, the control design objectives cannot be adequately
fulfilled, resulting in degraded control performance.

Stability of internal dynamics: If the total “relative degree” of the problem is
lower than the degree of the system, the controller cannot control all the states.
The dynamics of these uncontrolled states are known as “internal dynamics”
of the system. In this scenario, the internal dynamics may exhibit instability
and necessitate additional investigation. In such scenarios, the first step involves
examining the stability of the “zero dynamics” of the system. The asymptotic
stability of these “zero dynamics” is sufficient for ensuring local stability of the
internal dynamics. Note that a nonlinear system is classified as a “minimum
phase” if its zero dynamics are stable. An alternative method, known as the
output redefinition technique, is also presented in the literature to stabilize the
internal dynamics of the system (Gopalswamy and Hedrick 1993; Wallner and
Well 2002).

Sensitive to modeling inaccuracies: The design of the DI controller requires an
accurate model of the system. Therefore, modeling uncertainties of the system
may degrade the performance of DI control and, in severe cases, may lead to
system instability. To address this limitation, various adaptive control methods
have been documented in the literature (Slotine et al. 1991; Padhi et al. 2007).
These methods serve as effective strategies to cope with and mitigate the impact
of modeling uncertainties on the DI control system.

Cancellation of useful system nonlinearities: The formulation of the DI
controller leads to the cancellation of useful system nonlinearities. This happens
because the DI control uses the inverse dynamics of the system in the formulation
of the control law, aiming to neutralize nonlinearities, occasionally leading to the
cancellation of even useful nonlinearities (Lee et al. 2009). This is illustrated in
(3.24) of Example 3.4.
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3.2 Lyapunov Stability Theory-Based Control Design

As the name suggests, Lyapunov stability theory-based controllers are constructed
using Lyapunov stability theory. The advantages of such controllers are that they can
be designed to preserve certain beneficial nonlinear terms of the system dynamics,
although this is not always guaranteed. Additionally, these controllers can be
designed to be robust to model uncertainties. A brief outline of the control design is
given below.

Consider a nonlinear system given by x = f(x, u), where x and u represent
states and control input of the system, respectively. The objective of the control
design is to design a feedback control law u = ¢(x) such that closed-loop system
x = f(x, ¢(x)) is asymptotically stable, where ¢(x) is a nonlinear function.

The controller design steps for this system are listed as follows: (i) Select a
positive definite Lyapunov function V (x), and (i) select state feedback control law
u = ¢(x) such that V(x) < —Vi(x), where V| (x) is a positive definite function.

The following examples will give a better overview of the concept.

Example 3.4 Design a stabilizing controller for the following system given
by
f=x4+x>—-x>+u
To design the controller for this system, select the Lyapunov function as
1
V(x) = =x?
(x) T
V =xx
14 =x<x+x2—x3+u)
To make the V negative definite, the feedback controller is constructed as
u=—2x — x2 (3.23)

Upon substitution of the control law, the time derivative of the Lyapunov
function is modified as
V=x(-x-2%

V=—u>+xh
=Vi(x)

IA

(continued)
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Example 3.4 (continued)
where Vi(x) = x? + x*is a positive definite function. Since V (x) is
positive definite and V' is negative definite, the closed-loop system will
be asymptotically stable. By substituting the control law into the system
dynamics, the closed-loop system is obtained as

F=—-x—x
which has the beneficial nonlinearity x3. To compare with the DI controller,
one can select output y = x and closed-loop stable error dynamics as é+ke =
0, where k > 0. Since e = x, DI controller for this system is obtained as

x+x2—x3+uD1 +kx =0
upr = —(k+ Dx — x> + x3 (3.24)

which leads to a closed-loop stable system as
X = —kx

Thus, by comparing (3.23) and (3.24), it can be seen that the Lyapunov-based
control design preserves the beneficial nonlinearities of the system.

Example 3.5 To demonstrate the limitation of the control design, consider
the same system as used in the previous example with unknown constants o
and B:

f=ax+pxt—x3+u

Using the same controller (1 = —2x — x?) designed in the previous
example, the closed-loop system is obtained as

J'C:(a—Z)x+(ﬁ—1)x2—x3

One can observe here that the stability of the system depends on the values of
a and B. Hence, the global stability of the system is reduced to local stability
in the presence of uncertainties. Note that the robustness of the system
can be improved by either selecting a more stability-enforcing control law
or selecting a different Lyapunov function. However, selecting a Lyapunov
function that leads to the desired performance may be difficult to construct.
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3.3 Backstepping Control

Backstepping control is a recursive stabilizing-based method that utilizes Lyapunov
functions to design controllers for strict feedback or lower triangular systems. This
method is also known as the integrator backstepping method, as control acts on the
system through an integrator. The major advantages of backstepping control include
the capability to handle uncertainties and disturbances, and it guarantees the global
asymptotic stability of the closed-loop system. This section gives an introduction
to basic backstepping control. The reader can refer to Krstic et al. (1995); Marquez
(2003) for a deeper understanding of backstepping control and the variants.

Without loss of generality, an asymptotically stabilizing backstepping controller
design is presented for a system with the following system dynamics:

¢ u '

where x € R, ¢ € R, and [x, ¢]7 € R**! are the states of the system and u € R
is the control input. It is assumed in the control design that functions f and G are
continuous and smooth, and f(0) = 0. Note that ¢ act as a control input for the
subsystem ¥ = f(x) + G(x)¢. Hence, the objective is to design a state feedback
asymptotically stabilizing controller such that bothx — 0 and { — O.

The representation of the system (3.25), where the control input u acts on the
system through the integrator, is shown in Fig. 3.3.

Since ¢ acts as an input to the system x = f(x) + G(x)¢, let us assume that
there exists a state feedback control law ¢ = ¢ (x), ¢(0) = 0 such that the time
derivative of the Lyapunov function Vj(x) satisfy

. oV
Vi(x) = 3—; [f(X) + G(x)¢(x)] (3.26)
< —Vu(x) (3.27)

where V,(x) is positive definite function and hence —V,(x) < 0 Vx. Note that in
practice, one has to design such a ¢ (x) first.

u / ¢ G(x)¢ x / x

\j

Fig. 3.3 Pictorial representation of system shown in (3.25)
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Fig. 3.4 Modified system (3.25) after adding and subtracting G (x)¢ (x)

Upon careful analysis of this control law, one can observe that when x = 0,
¢ = ¢0) = 0and x = f(0) = 0. However, when { — 0, X = f(x). Thus,
x = f(x) need not be 0. This means x(¢) need not remain at zero. This is one of
the core problems of the existing design structure, and mathematical manipulation
is required to ensure that x(t) — 0 happens first.

To achieve this goal, first add and subtract G (x)¢(x) as shown in Fig. 3.4:

x=fx)+Gx) —Gx)p(x) + G(x)p(x)
=f(x)+Gx)p(x) + G(x) (£ — ¢(x))

Next, define a new error variable z as z = ¢ — ¢ (x). The system dynamics can
now be written as

X =f@)+G6Gx)px)+Gx)z

One can notice that when z — 0, x = f(x) + G(x)¢ (x), which is asymptotically
stable (i.e., x — 0) as { = ¢(x) is designed to ensure this. Continuing with the
dynamics of variable z, the following is obtained:

i=¢—9¢
Since ¢ (x) is stepped back by differentiation, this is known as backstepping,
shown in Fig. 3.5.

Next, by defining a new “pseudo-control” variable v = u — ¢, new transformed
system can be written as

[x} _ [f(x) +Gx)g(x) +g(x)z] (3.28)

Z v

The revised block diagram for the transformed system is shown in Fig. 3.6, which
is equivalent to the original system (3.25).
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Back-stepping

Fig. 3.6 Transformed system after change of variables

Next, to design a stabilizing controller for the transformed system, the following
Lyapunov function is selected:

Vx,z)=Vi(x)+ %zz (3.29)

where V1(x) is a positive definite function. The time derivative of the Lyapunov
function is obtained as

) vi\"
V= (Ei)_x]) [f(xX)+G(x)p(x) + G(x)z] + zv (3.30)
since % [f(x)+ G(x)p(x)] < —V,(x), the following is obtained:
. A% T
V<-Vox)+ <W) G(x)z + vz (3.31)

Define the control

T
v=— (—) G(x) —kz (3.32)
ox
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where k is a positive constant gain. The resultant expression is obtained as
V < —V,(x) —kz> <0 (NDF) (3.33)

It is obvious from (3.33) that the overall system is asymptotically stable. Finally, the
control law is extracted from (3.32) as

u:v+<i>
(5
=¢p——) G&x)—kz
ox
. A%l T
=¢—<W) G(x) —k( — ¢(x)) (3.34)

where ¢ = (%)T [f(x) + G(x)C]. Since £ = ¢(x), ¢ can be written as ¢ =
A NT
(5) r@ +6@ow).

As one can see, the backstepping technique is based on the “sufficiency condi-
tion” of the Lyapunov stability theory. Hence, it often leads to a robust controller.
This is because of the fact that it relies on the negative definiteness of a Lyapunov
function derivative, which is bounded away from zero (the margin to the left from
zero is a reflection of its robustness). Note that the backstepping procedure can also
be applied recursively to higher-dimensional systems and to systems having more
general system dynamics. An interested reader can see Marquez (2003) for details.

The steps involved in the design can be summarized using the following example.

Example 3.6 Consider the following system:

61 =x2—x}4+x (3.35)
K =u (3.36)
2

Here, as explained earlier, x = ¢ (x1) is the control for subsystem x; = x; —

xf + x», and hence, the first step is to determine ¢ (x1). To design xo = ¢ (x1)
for the subsystem (3.35), consider the Lyapunov function:

1
Vi(x)) = Ex% (3.37)

The time derivative of this Lyapunov function is
Vl (x1) = x1X1 = x1 (x12 — xf’ + xg) (3.38)

(continued)
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Example 3.6 (continued)

To make Vl (x1) < 0, x» can be selected as xp = —x% — x1, leading to

Vitx)) = — (x12 + x;*) (3.39)
which is clearly a negative definite function for (3.35). Thus, a valid selection
of xpis x2 £ ¢(x1) = —x7 — x1.

Next, by adding and subtracting ¢ (x1) and defining the error z as z =
X3 — ¢ (x1), the modified system can be written as

X1 =x—x} 4+ o) +2 (3.40)
i=u—¢(x) (3.41)
where by definition v = z. To design the pseudo-control v, consider the

following Lyapunov function:

V1, 2) = Vi) + %zz (3.42)

The time derivative of the Lyapunov function is

V(x1,2) = (%) [x% —xf+¢(x1)+z] + zv (3.43)
= Vi(x1) + (ﬂ + v) z (3.44)
8)61

Note Vi(xp) is already NDF for subsystem (3.35). Hence, selecting v =
— (‘37‘/11) — kz, where k > 0, V(x1,z) = Vi(x1) — kz2, which is NDF for
the system.

Finally, the control input of the system u can be obtained as

v+ ¢ (3.45)

_ () _ 9.
- (3)61) kz_'_(axl>x1 (340

—x1 —k (62 — ¢ (x1)) + (=2x1 — 1) (x% ey xz) (3.47)

u

which leads to

u=-—x1—k (xg +xl2 +x1> + (—2x1 — 1) (x% — x% +x2> (3.48)

79
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It is worth mentioning that the backstepping design has certain limitations. It
can only be applied to dynamic systems in strict feedback or in triangular form.
Additionally, its design is often complex and tedious, as it requires the calculation
of intermediate stability terms and their derivatives, a challenge known as the
“explosion of complexity” problem (Yu and Lin 2017). To address this issue, the
dynamic surface control design has been introduced in the literature. An interested
reader can refer to Yip and Hedrick (1998) for more details.

3.4 Sliding Mode Control

Sliding mode control (SMC) is a robust nonlinear control technique that belongs to
the class of variable structure control methods, wherein the controller continuously
enforces the dynamic behavior of the system to achieve specific control objec-
tives (Bartolini 2008). A unique advantage of sliding mode control lies in its ability
to drive the system to the sliding surface in finite time, while maintaining robustness
against model uncertainties and external disturbances. Hence, it requires less system
information for controller design compared to conventional control approaches.
Sliding mode control design comprises two main stages: (i) the design of a
sliding hyperplane, such that the system trajectory slides along this hyperplane
(also referred to as the sliding surface) toward the origin, known as the sliding
stage, and (ii) the enforcement of the system trajectory to reach this hyperplane,
referred to as the reaching stage. Both stages of the control process are illustrated
in Figs.3.7 and 3.8. Figure 3.7 depicts the temporal evolution of the system
trajectories, wherein, after the reaching stage, the states slide along the sliding
surface. In Fig. 3.8, a phase portrait plot represents the state evolution during both
stages. Notably, chattering is observed in Fig.3.8 as the state slides along the
surface. This phenomenon is a well-known limitation of sliding mode control and

Fig. 3.7 Representation of 05

sliding mode control design - >

stages with time 0 Reebhing SBg6
-05
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Fig. 3.8 Representation of 06
sliding mode control design
stages in phase portrait plot
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arises due to high-frequency switching. It occurs because exact convergence to the
sliding surface is impeded by factors such as time discretization and control signal
quantization (Perruquetti and Barbot 2002). Strategies to mitigate this issue are
presented in the latter part of this section.

Since the underlying philosophy of sliding mode control comprises two distinct
stages, the control law in SMC can be mathematically expressed as follows:

u=u.+u, (3.49)

where u. and u, denote the corrective control vector and the equivalent control
vector, respectively. The corrective control u,. ensures that the system trajectories
reach the sliding surface, whereas the equivalent control u, enforces the sliding
motion along the surface.

A common selection of the sliding variable s is

s=ée+ e (3.50)
where s is a vector of the sliding variables s = [sy, 52, ..., sy], é is the derivative
of the error vector ¢ = [¢é], é2, ..., é,], e is the error vector e = [e], ez, ..., e,],
and A is a diagonal positive definite matrix A = diag(A1, A2, ..., A,) With positive

elements. The reason for selecting the sliding variable s as in (3.50) is that s = 0
will convert the dynamics of the system into a stable first-order linear dynamics.
Hence, it is aimed to drive the system to the surface s = 0 and maintain it on that
surface.

By setting s = 0 in (3.50), one can write

e(t) +re(t)=0 (3.51)
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Since this is a stable linear differential equation, one could conclude that the error

will asymptotically converge to zero. Note that the diagonal elements of A control

the convergence speed of elements of the error vector e(¢) on the sliding surface.
The following example illustrates the SMC design.

Example 3.7 Consider the following system:

x| = x3 (3.52)
X2 =x12 —xf +x+u (3.53)

The objective is to design a sliding mode control to drive the system states to
ZEero.

Note that if x, = —x1, (3.52) becomes x; = —x;, which is a stable linear
dynamics. This motivates us to start by designing the sliding surface as

s =x1+x2 (3.54)
Using (3.53), the time derivative of s is

s = X1+ X (3.55)
=x2+x%—x%+xz+u (3.56)

Next, to ensure s — 0, consider a Lyapunov function as
1,
V(s) = Es (3.57)

Using (3.56), the time derivative of V (s) is
V(s) = s§ (3.58)
=s(x2 +x3 —x} +x0 +u) (3.59)
However, to ensure asymptotic stability, V (s) can be selected as
V(s) = —ks sgn(s) (3.60)

where k is a positive gain and “sgn” is signum function.

In sliding mode control, the signum function is fundamental due to its
ability to generate discontinuous control that ensures finite-time convergence
of the system states to the sliding surface, thereby enhancing robustness

(continued)
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Example 3.7 (continued)

against model uncertainties and external disturbances. Although smooth
alternatives, such as the quadratic function in (3.60), can provide asymptotic
stability, they do not guarantee finite-time convergence. The signum function
is preferred in conventional SMC for its simplicity, robustness, and guaranteed
convergence. A comparison between the selection of signum and quadratic
functions in (3.60) and their impact on control performance is tabulated in
Table 3.1.

The finite-time convergence property is explained in detail as follows:

Finite-Time Convergence The chosen time derivative of V(s) can be
rewritten as

V = —ks sgn(s) = —k|s| (3.61)
vyhere, due to the signum function, if s > 0, then V= —k, and if s < 0O, then
V = —k. In both cases, the system state moves at a constant rate, leading to

the explicit convergence time. This is illustrated in Fig. 3.9.
From (3.57), the following can be obtained:

V = —kv2V (3.62)
which can be rearranged as
dv
2 — k24t (3.63)

V%

Integrating both sides from V(0) = %sg to V(#,) = O, the following is
obtained:

0 gv
—kV2 / dt 3.64
/m)f 669

Evaluating the integrals, the following is yielded after mathematical analysis:

VO =V, = ="l (3.65)

Thus, the system reaches the sliding surface s = 0 in finite time ¢,.

(continued)
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Example 3.7 (continued)
By comparing (3.59) and (3.60), the control expression can be obtained as

u = —ksgn(s) — 2x2 + x12 — x%) (3.66)

= Uc+ U, (3.67)

where corrective control u, = —ksgn(s) ensures that the system trajectories
reach the sliding surface, whereas the equivalent control u, = —(2x3 + xl2 —

x%) enforces the sliding motion along the surface.

By selecting the initial conditions as x1(0) = 1 and x2(0) = 0.5 and
choosing the control gain k = 0.5, the simulation results are presented
in Figs.3.10, 3.11, 3.12, 3.13, 3.14, and 3.15. The time responses of the
state variables are shown in Fig. 3.10, where both x; and x; asymptotically
approach zero, thereby satisfying the control design objectives.

However, based solely on the time histories, it is difficult to distinguish
between the reaching phase and the sliding phase of the sliding mode control
behavior. To illustrate this, a phase portrait is shown in Fig. 3.11. Moreover, a
three-dimensional plot including the sliding surface is provided in Fig.3.12,
offering clearer insights into the state evolution and convergence trajectory.

Figures 3.13 and 3.14 illustrate the convergence to the sliding surface, with
the finite-time convergence validated using the theoretical expression #. =
w = % = 3, as derived in (3.65).

Finall}}, the control input trajectories are depicted in Fig.3.15, where
the control successfully drives the system to meet the design requirements.
Nonetheless, the well-known issue of chattering caused by the high-frequency
switching is clearly observed. In practical systems, such oscillations may
excite unmodeled high-frequency dynamics or lead to excessive wear of
mechanical actuators.

Mitigation of Chattering The main drawback of using the signum function

is chattering, which is high-frequency oscillations due to discontinuities. In
practice, there are several ways to mitigate chattering, such as (i) continuous
approximation of the signum function, (i7) implementation of higher-order
SMC, (iii) adjustment of the switching surface, and (iv) boundary layer
approximation around the sliding surface (Slotine et al. 1991; Utkin et al.
1999).

(continued)
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Example 3.7 (continued)
Considering boundary layer approximation in this example, the signum

function sign(s) is approximated as

1
V=12 si<o 3.68
sat<$>_ P =< (3.68)

where the parameter ¢ defines the width of the boundary layer around the
sliding surface, within which the control law transitions smoothly.

By selecting ¢ = 0.1, the corresponding simulation results are shown
in Figs.3.16, 3.17, and 3.18. It is evident that this smooth approximation
effectively mitigates the chattering phenomenon. However, as a consequence
of the continuous control action, the system no longer exhibits strict finite-
time convergence, and the convergence time cannot be determined precisely.

Although this section presents the fundamental concepts of sliding mode control
in a simplified manner for clarity and instructional purposes, the theoretical
framework can be extended to more general nonlinear systems. For a comprehensive
and rigorous treatment of sliding mode control theory and its application to complex
dynamical systems, the reader is referred to Slotine et al. (1991); Utkin et al. (1999).

3.5 Summary

This chapter presents a concise overview of commonly used nonlinear control
design techniques for nonlinear systems, namely, dynamic inversion control, back-
stepping control, and sliding mode control. It explores the fundamental principles
behind each method, including outlining their strengths and a few limitations. An
interested reader is encouraged to see the references for more in-depth details.

Table 3.1 Comparison between signum and quadratic function selection in (3.60)

Criterion Signum function Quadratic function
Convergence time Finite Asymptotic
Robustness Strong Usually weak
Chattering Present Absent

Implementation Requires approximation Smooth control
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3.6 Exercise Problems

Design different types of nonlinear controllers, namely, DI, backstepping, SMC, and
a generic Lyapunov-based controller, for the following systems and determine the
stability of the closed-loop systems based on the output selection. Additionally, how
do these controllers compare in terms of ease of implementation and robustness to
modeling uncertainties, and what are their limitations? Assume the problem is a
stabilization problem, i.e., x — O ast — o0.

{=—x+x4u, y=nx
¢t = —x —x3+u, y=2X.
¢ =—x24+(x—-3u, y=n.

w =
e e =
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Fig. 3.13 Time evolution of
the sliding variable s(¢)
demonstrating convergence
toward the sliding surface
s=0

Fig. 3.14 Evolution of
Lyapunov function with time
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5.1 x| =|xs , y=xjandy = x3.
| x3]  Lu
6. X=—sinx+u, y=x.
7. 8=(1-x>—%Y)k +u,
8. X —07(1—xi —x3+U+u=0, y=x
9. i+u+—2—=0, y=nx.
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Chapter 4 )
Constrained Control Design Philosophies e

System constraints, mainly in the form of state and control constraints, are inher-
ently present in nearly all real-world applications. These constraints are particularly
prevalent in mechanical, aerospace, and electrical systems, often manifesting
as saturation limits, physical boundaries, or design specifications (Karason and
Annaswamy, 1994; Zhang et al., 2018; Chen et al., 2011; Tee et al., 2009, 2011). For
instance, in aerospace systems, parameters such as the angle of attack and sideslip
angle of a hypersonic vehicle must remain within prescribed bounds to maintain
stable flight conditions (Rollins et al., 2013). Similarly, mechanical systems, such
as robotic manipulators, frequently operate in physically constrained environments
that impose strict design requirements (Huang et al., 2006). Naturally, incorporating
such constraints into the control design process can enhance both the performance
and applicability of the system.

The conventional control design methods discussed in the previous chapter
typically do not explicitly consider these constraints during the design phase.
Instead, they focus on analyzing the steady-state response of a system, specifically
addressing the characteristics of closed-loop error convergence. Consequently, the
classical controllers may result in performance disparities when constraints are
present. This necessitates the development of a controller that incorporates system
constraints in the design process and makes the necessary adjustments to adhere
to imposed constraints, while ensuring the desired closed-loop steady-state error
response. However, note that it may take a longer time to achieve the objectives for
obvious reasons, which is very much acceptable.

4.1 Description of System Constraints

System constraints are primarily classified into different types for control design
purposes.
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Fig. 4.1 Pictorial
representation of state
constraints
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ot
Fig. 4.2 Pictorial A
representation of error
constraints
7(.

1. State constraints: As the name suggests, state constraints are boundaries imposed

on the state of the system. Output constraints are a subset of state constraints
applied to the output of the system. Figure 4.1 illustrates a typical representation
of a state constraint, where the state x (solid line) is bounded by the correspond-
ing user-imposed state constraints (dotted-dashed line). It is important to note
that state constraints can be either constant or time-varying in nature, depending
on the specific requirements of the application.

2. Error constraints: Error constraints are applied to the closed-loop error of

the system state or outputs, with the objective of ensuring a desired transient
response of the system. A visual representation of error constraints is depicted
in Fig. 4.2, where the error e (solid line) is constrained by the corresponding
user-imposed error limits (dotted-dashed line). Unlike state constraints, error
constraints are imposed to exhibit converging behavior, ensuring that the closed-
loop error diminishes over time, satisfying the key performance requirement.

3. Input constraints: In a real system, the control input is generally constrained by

the limits of the actuator hardware. Consequently, input constraints are applied to
the control input of the system as a saturation. A representative figure of an input
constraint is illustrated in Fig. 4.3, where the control input u is restricted by the
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Fig. 4.3 Pictorial S(u)
representation of input
constraints

physical actuator limit denoted by S(u). Note that in many practical applications,
constraints on the control rate also matter. However, control constraints and
control rate constraints are beyond the scope of this book.

4.2 Control Designs for Constrained Systems

Over the past few decades, significant research has been devoted to incorporating
system constraints into the process of designing control laws. Optimal control theory
is a valuable approach for attaining control solutions that adhere to constraints
in linear and nonlinear systems (see references such as Mayne et al. (2000);
Bemporad (1998); DeHaan and Guay (2005) and related literature). However, the
implementation of an optimal control algorithm requires substantial computational
resources. In response to this challenge, control designs based on Lyapunov stability
theory, which is valid for nonlinear systems in general, have been developed as an
alternative, allowing the realization of analytic closed-loop control solutions while
accommodating constraints. Table 4.1 presents a summary of constraints and their
respective control design techniques available in the literature.

Table 4.1 Analytic closed-loop control design methods for constrained systems

Constraint type | Notable control design method

State constraint | 1. Barrier Lyapunov function (BLF) method (Tee and Ge, 2011;
Zhong-Liang et al., 2016; Tang et al., 2016; Zhao et al., 2018)

2. Dynamic inversion equivalent approach (Sachan and Padhi, 2018a,b,
2020a)

3. Transformation approach (Sachan and Padhi, 2018c, 2019, 2020b)

Error constraint | 1. Prescribed performance method (Bechlioulis and Rovithakis, 2008, 2009;
Wang et al., 2016)

2. Funnel control method (Ilchmann et al., 2006; Hopfe et al., 2010;
Chowdhury and Khalil, 2019)

Input constraint | 1. Nussbaum gain method (Ge et al., 2004; Wen et al., 2011; Habibi et al.,
2019)

2. Auxiliary system method (Li et al., 2014a,b; Zhou et al., 2017)
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Since the emphasis of this chapter is on state-constrained control designs, the
upcoming sections are dedicated to providing a detailed discussion on the synthesis
of state-constrained control. For those interested in diving deeper into the subject
of error and input-constrained control designs, it is recommended to refer to the
literature mentioned in Table 4.1.

4.3 State-Constrained Control Designs

As outlined, the design of state-constrained controllers predominantly relies on three
methods, namely, (i) the barrier Lyapunov function (BLF)-based control method,
(i) the dynamic inversion equivalent approach, and (ii7) the transformation method.
In the BLF method, initially imposed state constraints are converted into error
constraints, after which a stable controller is designed using the Lyapunov stability
theory. The second method is inspired by BLF and similar to dynamic inversion
(DI) control, where the control law is derived from the error dynamics. However,
in this approach, a nonlinear stable error dynamics is enforced, leading to a state-
constrained solution. Consequently, this method is named as the "dynamic inversion
equivalent approach" by the authors. In the transformation method-based control
design approach, on the other hand, the imposed state constraints are converted
into error constraints, and then, the error-constrained system is transformed into
an equivalent unconstrained system. Subsequently, a stable controller is designed
using conventional control techniques, indirectly stabilizing the constrained system.
The following sections provide detailed discussions of these approaches.

4.4 BLF-Based Control Designs

BLF-based controllers are designed using barrier Lyapunov functions, which differ
from the more commonly used quadratic Lyapunov functions (QLF). The key
characteristic of the BLF, crucial in state-constrained control design, is that as its
value approaches infinity, the value of its argument reaches the constraint boundary.
To illustrate this point, consider the scalar representations of QLF (VgLp) and
symmetric BLF (VgLF) in Fig. 4.4. Specifically, note that the value of BLF becomes
infinite as its argument approaches the imposed constraint |{;|, i.e., as e; — |¢;], the
function Vg g — o0.

Formally, a BLF is defined as follows.

A barrier Lyapunov function can be described as a scalar function V (x), defined
with respect to the system x = f(x) on an open region D containing the origin
that is continuous, positive definite, has continuous first-order partial derivatives at
every point of D, has the property V (x) — o0 as x approaches the boundary of D,
and satisfies V (x(¢)) < b VYt > 0 along the solution of x = f(x) for x(0) € D and
some positive constant b.
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Fig. 4.4 Pictorial representation of QLF and BLF

Based on the nature of imposed constraints, the selection of BLF can be
symmetric or asymmetric. A symmetric BLF can be represented as

1 2
V(@) = E 10g <§2§—iez>

where “log” is the natural logarithm (with base “e,” not to be confused with the error
e(t)). The term ¢, is the imposed symmetric bound on error e. The asymmetric BLF
can be represented as

=2

1, z 1 . ¢
Vie) =5y (e)log(EZ )+5(1—V (©)) log (€2_ez)

2
e — € 2e
where “log” is the natural logarithm and terms ¢, and ¢, are imposed asymmetric
upper and lower bounds on error e. The switching function y*(e) switches based on
the value of error e, defined as

1, if0<e<g,

y¥(e) = { ,
0, if —¢,<e<O0

Note that the asymmetric BLF can be converted into symmetric BLF by selecting

imposed constraints as —¢{, = Ee.

The primary challenge in BLF-based control design is the identification of an
appropriate BLF for stability analysis. This complexity restricts the applicability of
BLF. The BLF-based control design method is largely applicable to strict-feedback
(or triangular) form of nonlinear systems. The control design procedure using BLF
and QLF for a nonlinear system is identical, but the stability analysis is relatively
difficult with BLE. The BLF-based control designs in this book are presented for
nonlinear systems with relative degrees of one and two, defined in Sect. 1.2.2 of
Chap. 1.
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To explain the step-by-step process of BLF-based state-constrained control
design, consider the examples provided below.

Example 4.1 Consider the nonlinear system given by
=432+ (1 + x)u, 4.1

where x is the state of the system and « is the control input. The control design
aims to stabilize the closed-loop system while ensuring that the state of the
system remains bounded by the user-imposed constraint ¢, i.e., |x| < ¢.

Since the aim is to stabilize the system, the control design can start with
the definition of system error, defined as

e=x —x*, 4.2)

where x* is the desired trajectory, set to zero in the context of the stabilization
problem (thus, x* = 0). Therefore, the condition |x| < ¢ is equivalent to
le| <¢.

The time derivative of e can be calculated as

é=x—x*
= i
=4x> + (1 + xHu. (4.3)

Consider the following barrier Lyapunov function:

e el B 44
_50g<§2—€2) ()

Note that this function is valid only if |e(0)| < ¢. Thus, a restriction in this

control design is that the initial condition of the system should be within

this bound. If that is not the case, initially one can use QLF-based design

and switch to the BLF-based design once the trajectory comes inside this

bound. However, care should be taken during the switching process to ensure

a smooth transition between controllers to prevent undesirable transients.
The time derivative of the BLF in (4.4) is obtained as

(4.5)

(continued)
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Example 4.1 (continued)
Substituting the values of e and é from (4.2) and (4.3), the time derivative
of BLF in (4.5) is

: 4x2 + (1 +x2
y- e @0

From this expression, to ensure V < 0 (NDF), the control input u can be
selected as

_4x2 _ 2ke‘ .
= ;42 =) 4.7)

where k > 0 is a positive controller gain. Substituting (4.7) into (4.6), it is
clear that

. ke?

V= o) (4.8)
which is clearly a negative definite function. Thus, the controller in (4.7) is a
stabilizing controller, ensuring that the closed-loop system is asymptotically
stable. It is important to gain insight into the term (2 — ¢?) in the control
input u, which becomes very small as the error approaches the constraint
boundary, resulting in a large control effort. Interpreted differently, this term
effectively acts as a dynamic gain, adjusting the control effort to prevent
constraint violations. However, due to this characteristic, the control effort can
sometimes become excessively large, as observed in the simulation results.

A further analysis resulted in more insight into this approach. Since V <

0, Vz, the value of BLF at any time will be less than VO, where VY is the value
of Vatt =0,i.e.

2
log< {_ 2) <0 4.9

Note that VO = 0 means the error is at equilibrium. Hence, for a nonzero
error, V9 should be positive, i.e., VO = 0. After simplification, one can arrive

at
le] < ¢4/1 —exp(=2V?) (4.10)

(continued)
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Example 4.1 (continued)
where “exp” is the natural exponential function. By analyzing (4.10), since

exp(—2V0) € (0, 1), the term /1 —exp(—2V9% < 1. Hence, it can be
concluded that the closed-loop error e will always be bound by the user-
imposed constraint {. Moreover, e = x; hence, |x| < ¢, Vz.

For a pictorial representation, selecting the state constraint as { = 0.18 in
this example, the state and control histories are plotted in Figs. 4.5 and 4.6 for
different initial conditions.

Fig. 4.5 State histories ook T T T T T T : ]
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Fig. 4.6 Control histories 0.6 T T T
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Example 4.2 Consider a second-order nonlinear system given by

)&1 = X2

X2 = 4dx1x3 +x% +u 4.11)

where x1 and x, represent the state of the system and u is the control input.
The goal of the control design is to stabilize the closed-loop system, i.e.,
(x1, x2) = (0, 0), while ensuring that the states x; and x, remain bounded by
user-defined constraints {1 and &, respectively, i.e., [x1| < ¢1 and [x2| < &.
To design the controller, first define the closed-loop error as e = xj. Thus,
the time derivatives of the error are obtained as ¢ = xj. Next, the BLF is

chosen as
1 c? 1 3
V=-1 —1 4.12
2°g(;12—e2>+20g(;22—é2 (4.12)

Note that this function is valid only if |e(0)| = |x1(0)] < ¢; and [e(0)| =
|x2(0)| < &2, and we assume that this condition is satisfied.

Next, substituting the values of e and ¢ as e = x| and ¢ = x3, the Lyapunov
function can be rewritten as

1 ¢t 1 o
V = -~ log + — log
2 (;f—x%) 2 (;‘22—)5%

The time derivative of BLF is obtained as

X1 X2X2

V=
7 2T 2
Gr—Xx1 & —x

4.13)

Substituting the values of X; and x, from (4.11) into (4.13), the time
derivative of BLF becomes

. X1Xx2 X2 [4x1x2 + xz2 + u]
V== 2 2 2
G —x § — X3

(4.14)

Closely examining the expression of V in (4.14), one can select the control
input u expression as

2 2
— X X
U= —4x1xy — X% — (52 2)2 Lk (4.15)
G —x & —x;

(continued)
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Example 4.2 (continued)
where k > 0 is a positive control gain. Substituting the control expression

in (4.14) leads to

5
(c3 - x3)°

It is a function of x;. Hence, it can only be a negative semi-definite function.
Thus, the controller design in (4.16) is a stabilizing controller, and the closed-
loop system is stable (however, not necessarily asymptotically stable).

The nature of the stability of the closed-loop system can be further
analyzed using LaSalle’s theorem. Analyzing the condition V = 0 leads to
x7 = 0. By substituting the control expression, the closed-loop dynamics can
be obtained as

V=—k (4.16)

X1 = x2

2 2
— X X
o _(92 2)2 L k52 4.17)
¢ —x § — X3

Evaluating the closed-loop dynamics on the invariant set x, = 0 leads to (i)

% . o 8 . N (e L P _
x1 = 0; i.e, x; is constant, (ii) = & 0, i.e, x; = 0. Therefore, the

. 1=
largest invariant set for which V = 0 is x; = 0, x = 0. Hence, by LaSalle’s

theorem, all trajectories starting within the constrained domain asymptotically
converge to the origin.

Considering ¢ = ¢ = 0.18 and gain k = 0.05, the simulation results for
the system (4.11) are presented. The state histories are plotted in Fig. 4.7a, b
for various initial conditions. As theoretically predicted, the controller ensures
the asymptotic convergence of system state, i.e., x; — 0 and x, — 0. The
corresponding control histories are depicted in Fig. 4.7c.

4.5 Dynamic Inversion Equivalent Approach

Inspired by the term (¢2 — ¢?) that appears in the BLF-based controller, this
approach, using this term, constructs a nonlinear stable ordinary differential equa-
tion (ODE). Instead of deriving the controller through a barrier Lyapunov function,
the control expression is obtained from this stable nonlinear ODE, which is
similar to dynamic inversion control. However, the stability proof of such complex
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Fig. 4.7 State and control histories obtained for various initial conditions using BLF-based control
(4.15)

nonlinear ODE:s is an active area of research. As a result, this method is currently
applicable only to the state-constrained nonlinear systems with a relative degree
of one. The transformation-based approach, presented in the next section, is
preferred when designing controllers for more complex nonlinear systems with state

constraints.
The control design is illustrated considering the following nonlinear system:

x=fx)+Gx)u

y=x

where x € R", y € ®", and u € R" are the state, output, and control input vectors
with the same dimensions, respectively. The components of vector f (x) € ®" and
the matrix G (x) € R"*" are assumed to be continuous and smooth functions of the
states, and matrix G (x) is assumed to be invertible.

The objective of the control design is to track y’, i.e., y; — y; while ensuring
that state remains bounded by user-imposed ¢y, , i.e., |x;| < {,, Vi. Since the desired
signals are always bounded, it is assumed that y* < Ly Note that the subscript “i”
is used to represent the ith component of a vector.
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To achieve the control design objectives, the ith component of error e is defined
as

ei = yi — ¥, i=1,2,...,n. (4.18)
In order to derive the state feedback controller, the following BLF is used:
1 o &
v=> Zlog (m , (4.19)
i=l1 €j 1

where ¢, is the limit on error e;, defined as ¢, = ¢y, — §yi*. Note that, for (4.19) to
be a valid function, the error ¢; (0) is restricted in domain [e; (0)| < &,,.
The time derivative of the Lyapunov function (4.19) is given by

= Z 2 éi “ (4.20)

Equation (4.20) can also be written in a compact form as

= (Bre) ¢ 4.21)
where e = [eg,ea,...,e,]" is an error vector and [B;] € R"*" is a diagonal
matrix, defined as

di 1 : 1 4.22)
= diag ce, . .
2 —et’ 2 —e3 5k e

To fulfill the requirement of Lyapunov stability theory, let the time derivative of
the Lyapunov function be

V= —eTKblfe 4.23)

where [Kpr] € R is a positive definite diagonal matrix expressed as

Ky = diag ( ki i ) (4.24)
bif = AU , .
(2 - (-

€l

where k;,Vi are positive controller gains and X;, Vi are positive even integer.
Equating (4.21) with (4.23) results in

(Bre)T é = —e" Kype (4.25)
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Since BT = B, (4.25) can be rewritten as
e'Bré=—e Kyye, (4.26)

which yields the error dynamics as
é+ B Kus|e =0, (4.27)

where [BZIK;,lf] € R™" is given by

k.
B Ky | = ding (2—‘2)A_1> Vi (4.28)

e; i
Note that the error dynamics in (4.27) is nonlinear and can be expressed into
individual ith components as

. kie; ,
e =—————— i=1,2,...,n. 4.29)

(2 —e) "

Since V < 0 using this error dynamics, V() < Vy,Vr > 0, where Vj is the
value of Lyapunov function at time ¢+ = 0. Since each individual element of V (¢) is
positive, the following relation holds:

11 gez" Vi 4.30
zog {2—e2 < Vo, Vi (4.30)

e; i

which can be simplified as

c2exp(=2Vo) < (¢2 = €F)

leil < /e (1 — exp(=2V))

where “exp” represents the exponential function. Since Vy € [0, 00), the following
can be concluded:

lei| < Ce,. Vi. 4.31)

Since |yf| < ¢yx and le;| < &, from the relation x; = ¢; + y}, the constraint on
X is x| < Sy + Lo As iy, = Sy + Cep it can be concluded that |x;| < gy, Vi.

It can be observed that the error dynamics in (4.29) is similar to the stable error
dynamics used in dynamic inversion control design, with the only difference being
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the term (Cez, - el.z). Consequently, one can begin designing the controller directly
using this error dynamics (4.27), bypassing the Lyapunov selection steps, and can
achieve a stable closed-loop system. Due to the similarity in the structure of the error
dynamics, this method is referred to as the dynamic inversion equivalent approach.

As mentioned, the controller can be designed directly using the following
nonlinear error dynamics:

e+ B Kur|e=0
Upon substitution of system dynamics
f@+G®u= i + B Kyr|e=0 (4.32)
The control u can be extracted as
w=1[G )] (— [BZIKW] Xx—f@x)+ y*) (4.33)
It is worth noting that, by substituting A; = 1, Vi, the controller transforms into

the dynamic inversion (DI) controller.

Example 4.3 Consider the following nonlinear system:
- 2 2

X1 =x1+x; + (1 +x2)u1 + uz
- 2 2

X2 = X2 +X3 + (1 +x3)u2+u3
s 2 2

X3 =x3 +x7 + (1 +x1)u3 + up

where x1, x2, and x3 are the states and u1, up, and u3 are the control inputs,
respectively. Assuming y = 0, a stable controller is designed with state
constraints defined by |x;| < ky;, where k, = 0.5 fori = 1, 2, 3. Simulation
results are obtained using the controller with unity gains. The simulations are
conducted with the state-constrained controller (designed using the dynamic
inversion equivalent approach) for randomly selected initial conditions within
the range (—0.5,0.5). The results, shown in Fig.4.8a—d, demonstrate that
the proposed state-constrained controller successfully prevents constraint
violations.
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Fig. 4.8 State and control histories obtained for various initial conditions using the state-
constrained controller

4.6 Transformation-Based Approach

The transformation-based state-constrained control design involves a three-step pro-
cess: (i) Conversion of imposed state constraints: Initially imposed state constraints
are transformed into error constraints; (ii) transformation of the error-constrained
system: The error-constrained system is then converted into an equivalent uncon-
strained system; and (iii) controller design for the unconstrained system: A
controller is designed for the unconstrained system, which indirectly stabilizes the
constrained system. It is crucial to note that defining the transformation is a critical
aspect of this design process.

To illustrate the control design procedure using the transformation method, let us
consider the same second-order system used in Example 4.2.
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Example 4.4 Consider the second-order system given in (4.11):

)&1 = X2

Xy = 4dx1x + x% +u (4.34)

where x1 and x, represent the state of the system and u is the control input.
The objective of the control design is to stabilize the closed-loop system
while ensuring that the states x; and x; remain bounded by the user-imposed
constraints ¢; and ¢y, i.e., [x1]| < ¢1 and |x2| < &3.

Given that this is a stabilization problem, the conversion of constraints
to error constraints in the first step of control design is straightforward, i.e.,
le] < &1 and |é] < .

In the second step, consider the following transformation:

e
s s (4.35)

e ¢F—¢

where s is the transformation variable and k; > 0,k > O are constant
positive gain tuning parameters. It can be observed that although the variables
e and ¢ are constrained, the transformation variable s is unconstrained. Further
details about the properties of this transformation are provided in Chap. 8.
Since e = x| and é = xp, transformation in variable s can be expressed as

X1 X2
5 + k2

(4.36)
4'12 - X é'22 - )622

S=k1

In the third step, the controller will be designed for the dynamics of
the transformation variable. To design the controller, the following QLF is
chosen:

1o

V=ss 4.37)

This function is valid only if |x;(0)] < ¢; and |x2(0)| < &. Thus, similar
to BLF-based methods, this method also has the same assumption on initial
condition selection.

The time derivative of QLF in (4.37) is obtained as

V =s§ (4.38)

(continued)
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Example 4.4 (continued)
The time derivative of s from (4.36) is calculated as

2, .2 2, 2 ;
s =k (& +x{) %2 ko (65 +x3) % (4.39)

2 2
(¢ —x7) (&3 —x3)

Substituting the values of s and s into (4.38), the time derivative of QLF
becomes

p ol rx)sn k(G +x)sh
(62 =) (¢ -x3)°

By substituting x, from (4.34), the following is obtained:

(4.40)

T |:k1 (¢2 +x3)x2 . ky (83 +x3) (4xix2 + x3 + u)] (@41)

(62 =) (& ~3)

To make the V negative definite,the control input u is selected as

2 2)2 2 2
—x2) & +
u = —4)C1)C2 — x22 - |:k3S AF (4‘22 xzz) 12 (§1 x12):| ) (442)
(63 +x3) ko (¢2 —2)
The following is obtained:
2. .2
. +x
V = —koks (;2—2)s2 (4.43)

(2 —23)°

which is a negative definite function. Thus, the controller design in (4.43) is
a stabilizing controller, and the closed-loop system is asymptotically stable,
ie., s — 0ast — oo. By analyzing the transformation, it can be concluded
that as s — 0, x; — 0 and x, — 0 simultaneously.

Considering state constraints §{; = ¢ = 0.18 and gains k1 = kp =
1,k3 = 0.05, the simulation results for the system (4.34) are presented.
The state histories are plotted in Fig.4.9a, b for various initial conditions.
As theoretically predicted, the controller ensures both x; — 0 and x — 0.
The corresponding control histories are shown in Fig. 4.9c.

A comparison between the results of BLF-based control (with gain k =
0.05) and transformation-based control is illustrated in Fig. 4.10a—c. The state
histories are presented in Fig.4.10a, b for various initial conditions. It can

(continued)
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Example 4.4 (continued)
be observed that both the BLF-based and transformation-based controllers

show comparable performance in terms of state regulation. However, the
transformation-based approach requires a higher initial control effort. This
increased demand arises due to the more strict modulation of the state
trajectories inherent in the transformation-based method. Nevertheless, this
effect can be mitigated through tuning of the control gains. The corresponding
comparison of the control input histories is depicted in Fig. 4.10c.

4.7 Summary

This chapter presents an overview of nonlinear control design techniques for
systems associated with physical, operational, or user-imposed state constraints.
It provides a concise discussion of system constraints and introduces foundational

0.2 o ____
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) )
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& &
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-0.2 2021
0 2 4 6 0 2 4 6
Time (sec) Time (sec)
(a) (b)
1.5
1
é 0.5
=
8 0
-0.5
-1
0 2 4 6

Time (sec)

(c)

Fig. 4.9 State and control histories obtained for various initial conditions using the
transformation-based state-constrained controller
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Fig. 4.10 State and control histories obtained for various initial conditions using the
transformation-based controller and BLF-based controller

principles of control strategies specifically developed to address state constraints
(which are scalable to output constraints). Advanced nonlinear control design
methodologies, such as barrier Lyapunov function-based technique, dynamic inver-
sion equivalent approach, and transformation-based strategy, are presented for
different classes of nonlinear systems and examined for their ability to stabilize
systems while ensuring the imposed state constraints.

4.8 Exercise Problems
1. Consider the BLF given by
‘e

V() = 2y* @1 i@ () @
e_pyeog_p_p . y'(@)log| 55— .

e 2
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where p is an even integer, "log" is the natural logarithm, and terms ¢, and Le
are imposed upper and lower bounds on e. The switching function y*(e) switches
based on the value of e, defined as

1, if0<e<g,

y*(e) = .
0, 1f—£e<e§O

Show the continuity of the time derivative of the BLF V (e) around e = 0.
2. Show the steps involved in the calculation of time derivative V from V, where

the time derivative of
1 c?
Vi=3log <m)

is calculated as

3. Consider the closed-loop error dynamics:

ke

(¢2 =€)

where e is error, d is a constant unknown parameter, & is a positive constant, and
e 1s a constant symmetric constraint imposed on e.
Show that for any bounded value of d, the error dynamics will remain stable
without violation of the imposed constraint, i.e., |e| < .

4. Show the steps involved in the calculation of the time derivative § from s, where
the time derivative of

e+ +d=0

X1 b))

s = +
2 2 2 2
G —xi &G —x

is calculated as
(@ Fxf)x (5 +x5)d
2 _,2)2 2,22
(¢f = x7) (63 —x3)
5. Design a state-constrained controller using the dynamic inversion equivalent

approach for the following nonlinear systems, assuming the imposed state
constraint ¢ is ¢ = 0.5. Additionally, add constant model uncertainties in the
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systems and verify the robustness of the controller to modeling uncertainties.
(Assume the problem is a stabilization problem.)

(a))'c=—x+x3+u, y=2X.
(b))%:—x—x3+u, y=2X.
(©) )'c=—x2+(x2—3)u, y=X.

6. Design and compare state-constrained controllers using BLF-based approach and
transformation-based approach for the following nonlinear systems assuming
imposed state constraints ¢ and ¢ are ¢ = 0.3 and § = 0.8, respectively.
(Assume the problem is a stabilization problem.)

X1 N X2
@ | = )

X2 —Xx2 — X1 — (x1 +x2)°x2 4+ u
(b) ¥ = —sinx 4+u, y=ux.

() ¥—0701 —-xHi -+ A +5Hu=0, y=nr.

7. Design a state-constrained controller using a transformation-based approach for
the following nonlinear systems, assuming imposed state constraints {1, ¢, and
gz are ¢ = 0.3, & = 0.6, and ¢3 = 0.8, respectively. (Assume the problem is a
stabilization problem.)

X1 [ x1 +x2
@ | x| = X3 s Y =X1.
L X3 _| L u
X1 ] [ —x1 4+ x2
®) [ x| = X3 » Y =Xl
L X3 | L u
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Chapter 5 ®
Adaptive Control Design Philosophies Qe

5.1 Motivation

As the name suggests, adaptive control means control with adaptation. Here,
adaptation is concerned with altering the controller parameters to achieve or sustain
a certain performance level measured by control performance indices. It is one
of the powerful solutions to handle the control of systems with uncertainties. In
this type of control, the parameters of the controller are continuously adjusted to
reach and/or attain the required performance in the presence of uncertainties in
tracking or stabilization control problems (Krstic et al., 1995). Adaptive control
has been acknowledged as one of the significant developments in control theory, as
it introduced the learning ability to the feedback controllers (Krstic et al., 1995). It
can be used to deal with different types of uncertainties that could arise during the
operation of the system consistently. For instance, in aircraft, rockets, and missiles,
some significant uncertainties might emerge, such as the change in the system
mass or inertia. These uncertainties might degrade the performance of classical
controllers. Adaptive control could handle such uncertain or unknown system
parameters or dynamics to achieve or sustain the desired level of performance by the
automatic adjustment of the controller parameters. Adaptive control has a plethora
of applications in power systems, mechanical systems, aircraft systems, and process
control (Narendra, 2012).

Adaptive control has two main parts: the adjustable controller and the algorithm
of adaptation, as depicted in Fig. 5.1. The algorithm of adaptation adjusts the param-
eters of the controller based on the comparison between the current performance
index and the desired performance index (Landau et al., 2011).

In comparison to the classical feedback controllers, the performance of adaptive
controllers can be improved with time as their parameters are adapted online, while
the performance of the conventional ones will converge to a certain limit as their
gains are fixed, and they can not be tuned again (Landau et al., 2011). The main
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4’( Adaptation algorithmj-i

.

.
.

Reference .

" y
Controller Plant |

Fig. 5.1 Adaptive control

Table 5.1 Classical feedback controllers vs. adaptive controllers

Classical feedback control Adaptive control

Controller gains are fixed after tuning Controller gains are continuously adjusted
The design does not explicitly consider The design handles uncertainties
uncertainties

Performance is fixed Performance can be improved with adaptation

differences between classical controllers and adaptive controllers are summarized
in Table 5.1.

The question of “when” to use adaptive controllers and “when” to settle with
fixed gain controllers depends solely on the control problem at hand. If the control
problem incorporates unknown plant parameters or uncertain parameters that would
significantly impact the control performance, then adaptive controllers might be
considered. One should also remember that adaptive controllers contain adaptation
algorithms, and thus, they would impose additional computational cost in the control
task. A trade-off between performance and computational cost should be considered
when deciding whether to select adaptive controllers or not.

5.2 Modeling Uncertainties

Uncertainties occur when the given system parameters are not exactly known
or prone to change. Adaptive control methods deal with uncertainties, especially
parametric uncertainties, and thus, it is useful to determine the type of uncertainty
to decide if adaptive control would achieve its control goals or not. Various types of
modeling uncertainties have been assumed to be associated with nonlinear systems,
which are defined as follows.

Definition 5.1 Matched uncertainty is the type of uncertainty that enters the system
through the control channel. For example, the following spring-mass-damper system
has matched uncertainty:

X1 =x
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. c k
Xpo=——x2——x1+d+u
m m

where d represents a matched uncertainty.

Definition 5.2 Unmatched (mismatched) uncertainty is a kind of uncertainty that
does not go through the control channel. For example, the following spring-mass-
damper system has unmatched uncertainty:

X1=x2+d

. c k

Xp=——Xp— —Xx;+u
m m

where d depicts an unmatched uncertainty in the system.

Definition 5.3 (Nguyen, 2018) Structured uncertainty is a source of uncertainty
with uncertain parameters but known functional characteristics. It is also often
referred to as parametric uncertainty. For example, a spring-mass-damper system
with an uncertain spring constant is given as

mi(t) 4 cx(t) + kx(t) = u(r)
where k is an uncertain parameter and the function x (¢) associated with k is a known

function.

Definition 5.4 (Nguyen, 2018) Unstructured uncertainty is a source of uncertainty
for which neither parameters nor function characteristics are known. For example,
a spring-mass-damper system with an uncertain spring characteristic is given as

mi(t) + cx(t) +d (x(1), k) = u(t)

where d (x (1), k) is an uncertain function.

Definition 5.5 (Nguyen, 2018) Control input uncertainty is a type of uncertainty
that exists in the control input matrix of a class of MIMO affine-in-control systems
of the form:

X =fx)+Gx)u

where G(x) is unknown. This type of uncertainty is also known as the unknown
control direction (UCD) of a system.
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5.3 Overview of Neural Networks

Neural networks (NNs), inspired by biological neural systems, are one of the most
prominent elements of Al methodologies. These networks are connected in parallel,
processing neuron elements with interconnections through synaptic weights. NNs
are composed of parallel connected layers, which are input, hidden, and output
layers as follows:

 Input layer: This layer accepts raw input x € R such as system states or tracking
errors.

» Hidden layer/layers: In this layer, the nonlinear transformation of the input data
is learned using nonlinear activation functions ¢(x) € R" such as the Gaussian
activation function, sigmoid, or hyperbolic tangent.

 Output layer: In this layer, the final output of the network is estimated y(x) € R

5.3.1 Function Approximation Using Neural Networks

NNs can learn from their environment by using various forms of data from specific
domains, such as numerical, visual, or vocal data, by adjusting their weights. After
training, NNs can perform predictive tasks for the same/similar tasks. For instance, a
NN trained on historical meteorological data can predict weather patterns for similar
inputs. Key features of NNs, such as universal function approximation, parallel
processing, nonlinearity, adaptability, and the availability of extensive software
libraries, have facilitated their application to a wide range of domains (Haykin,
2009).

From a control system perspective, the function approximation capabilities
of NNs are particularly valuable when addressing uncertain nonlinear control
problems. In such cases, physics-based modeling often proves challenging due
to the inherent complexity and the presence of modeling uncertainties. On the
other hand, the widespread availability of data, made possible by observation and
data acquisition systems, further enhances the utility of NNs in nonlinear control
systems.

Theorem 5.1 (Universal Approximation Theorem (UAT)) For an unknown con-
tinuous function f : € R" — R defined in a compact set Q € R, it can be
estimated using a single-hidden layer NN as f with an arbitrary accuracy € > 0 in
the compact set Q € ™ as follows:

sup |fx)— fx)] <e

sup [#7 $(PTx +b) — f(x)] < e

xeQ
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Input layer Hidden layer ~ Output layer

z1(t)

Input layer Hidden layer ~ Output layer S

elay
2(t—1) &

(a) (b)

Fig. 5.2 Feedforward neural networks and recurrent neural networks. (a) FFNN. (b) RNN

where sup is the supremum, W € R is an output weights vector, ¢(-) € R" is an
activation function, P € "™ is an input weight vector, x € R" is an input vector,
and b € X" is a bias vector.

UAT is a convenient base for using NNs in the estimation of unknown nonlinear
functions, such as uncertainties and unmodeled dynamics in nonlinear systems.

5.3.2 Types of Neural Networks

NNs can be classically categorized according to how they process the data flow in
the model, as feed-forward neural networks (FFNNSs) and recurrent neural networks
(RNNS5). In the FFNNs, the model processes the data from input to the hidden layers
and then to the output layers, while in RNNs, the model processes the data in the
same manner, but there is always feedback or recurrency involved, as shown in
Fig. 5.2a, b. While RNN might not be used in this book, it is added for completeness
of the information.

NNs can be used for regression, i.e., mapping of independent variables to
dependent variables, and classification when categorizing input variables into
distinct classes. FFNNs are typically used in tasks that are nonsequential in nature,
while RNNs are used for sequential or temporal tasks such as time series analysis
and natural language processing (Tsantekidis et al., 2022). Noticeably, in adaptive
control, FFNNs can be used to estimate the unknown dynamics of a given system,
as in the case of indirect adaptive control, or can be utilized as direct adaptive
controllers to estimate the control law directly (Ge et al., 2013).

5.4 Uncertainty Estimation

Adaptive control usually involves online parameter estimation. To estimate the
uncertainties in a nonlinear system, a linearly parameterized or linear in parameter
estimator can be used in the following form:
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dx) =" ¢(x) (5.1)

where d (x) € R is the estimation of the unknown uncertainty, w is an adjustable
weight vector, and ¢ is a nonlinear basis function.

Among the different choices of estimators, NNs have great potential in estimating
such nonlinearities due to their universal approximation capabilities (Hornik et al.,
1989).

Consider a nonlinear system of the form:

x=fx)+u+dx) (5.2)
Using (5.2), the uncertainty d(x) can be written as
dx)=x— f(x)—u (5.3)

The estimation error €(x) is expressed as the difference between the real and
approximated uncertainty:
e(x) =d(x) —d(x)
=%— f(x)—u—dx) (5.4)

Let us define a scalar objective function j used to minimize the approximation
error €(x) as

.1,
J =3¢ (x)

1 ,
= S0 = f@) —u— d(x))’

1
= (= r@) —u- w7 ¢(x))’ (5.5)

Gradient descent (GD) is usually utilized to update the weight vector @ as
follows:

dj ad(x)
ad(x) oW
= —ye(x)p(x) (5.6)

where y > 0 is the learning rate.
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Example 5.1 Consider the following scalar system with unknown uncer-
tainty d(x) = 0.4 sin(0.5x(¢)) + 0.4 (assumed to be unknown):

x=—-x2+dx) (5.7)

A NN is used to approximate the uncertainty as d x) = ﬁ)T¢(x). P(x) is

defined as ¢;(x) = exp(—L2=5) ¢(x) = [ e e } , and
Z¢1(X) Zsz(X)

"exp" is the exponential function [cy, 2, c3, c4, cs] [— 1 0,1, 2] and

o=1.

The approximation error € (x) is defined as

e(x) =d(x) —d(x)
=i+x>—n Pk (5.8)

The objective function j is defined as

1
j=5€0

The weights @ are adapted using GD as
9
ow
dj  e(x) ad(x)
96 ad ) 9w
= —ye()p(x) (5.9)

b=y

Using (5.9), the update law of NN weights w is given as
= —yp(x)ex) (5.10)

The results of estimating d(x) online using NN are depicted in Fig. 5.3a.
The estimation of c?(x) converges to its true value d(x) in almost 3 seconds.
This is the time taken by NN to learn the nonlinear disturbance function.

Evolution of NN weight norm “ w || is also depicted in Fig. 5.3b. || W H also
converges to its final value almost 1 within 4 seconds.
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5.5 Direct and Indirect Adaptive Control

Adaptive controllers can be classified as either direct, where the parameters of the
controller are directly adjusted based on the differences between the actual outputs
of the system and the desired outputs, or indirect , where the plant is identified first,
and then, the design of the controller and its adaptation are carried out using the
identified plant (Landau et al., 2011).

In direct adaptive control, as shown in Fig. 5.4, an adaptive controller is directly
used to control a plant/process with no system identification required. It also
contains an adaptation algorithm that is usually used to adapt the controller
parameters online, utilizing a certain objective function.

Consider a dynamic system of the following form:

X1(t) = x2(t)
X2(t) = fxr(t), x2(0), 0) + u(r)
y(t) = x2(1)
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Adaptation Algorithm
k= —ve(t)y(t)

l k(t)

Controller u(t)
ant —
e(t) u(t) = —k(t)y(t)

Fig. 5.4 Direct adaptive control

Paramter estimation
0 = pla)e(t)

. ‘ -
r(t) Congroller ] u(t) ult
] u(t) = —f(x(t),0) - Plant >
e(t) [ k(g(t) — ?;(t)) + (1) -

r(t

System
identification

Fig. 5.5 Indirect adaptive control

The system is controlled to track a certain reference r(¢) in the presence of
parametric uncertainties € 7. A direct adaptive tracking controller of the above
system takes the following form:

u(t) = —k(1)y(r) (5.11)

where k(t) is a controller parameter adapted online.
The tracking error is represented as e(¢) = y(¢) — r(¢). The controller gain k(t)
is adapted as follows:

k(t) = —ye(®)y(t) (5.12)

where y is the adaptation gain.

One of the main advantages of direct adaptive controllers is their simple
implementation algorithm; however, they might suffer from transient issues.

In the indirect adaptive control scheme, parameter estimation and system identi-
fication, i.e., model of the system dynamics, is required to update the control signal
as shown in Fig.5.5.

Consider the following system:

xX1(t) = x2(t)
X2(t) = fxr(t), x2(0), 0) + u(r)
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y(@) = x2(0)

The controller aims to track a reference signal r (). Parameter estimation is the first
step in the indirect adaptive control as follows:

b = px)er) (5.13)

where ¢ (x) is a regressor vector of the states.
The estimated parameters can be used for system identification as follows:

%2(0) = f1(t), x2(1), 0) + () (5.14)
V(1) = x2(1)

where f (xl(t),xz(t),é) = 9T¢(x). An indirect adaptive controller might be
designed as follows:

u(t) = —f(x1(1), x2(0), 0) — k(3 (1) — r (1)) + (1) (5.15)

where k > 0 is the feedback gain and y(¢) is an estimation of the actual plant output.
The control law in (5.15) yields the following closed-loop error dynamics:

e(t) = x2(1) — () (5.16)
Taking the time derivative of e(r) leads to
é(t) = xa2(t) — (1) (5.17)
Using the control law in (5.15) x> becomes
i) = f1(), x2(0),0) — f(x1(1), x2(). ) — k(@) —r(®) +7  (5.18)
Using (5.18), é(¢) can be written as
ét) = f(x1(1), x2(0), 0) — f(x1(1), x2(0). ) — k(G (1) — r (1)) (5.19)

When the parameter estimation is accurate then f ~ f and y(t) ~ y(¢) then é(¢)
becomes

e(t) = —k(e(r) (5.20)

This result ensures exponential tracking of e(¢) toward a neighborhood of zero.
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Table 5.2 Comparison between direct and indirect adaptive control

Direct adaptive control Indirect adaptive control

Does not require an accurate Requires an accurate

model of the plant parameterized model of the plant

Does not require parameter estimation Needs parameter estimation

Stability depends on the control law Stability analysis depends on the

design and adaptation process convergence of the parameters
estimation

Performance depends on the parameter Performance depends on the quality

estimation quality of the adaptation of the control law

In comparison to direct adaptive controllers, indirect adaptive controllers have
better robustness, but they require more computational effort when implemented in
hardware.

Comparison between direct and indirect adaptive controllers is depicted in
Table 5.2.

5.6 Basic Adaptive Control Design

Adaptive controllers are utilized to handle model uncertainties by applying an
adaptation mechanism to update their parameters online. The basic concept of
adaptive control lies in utilizing an adaptation of the controller parameters to achieve
the control objective by considering the uncertainties in the controlled system.

Example 5.2 Consider a nonlinear system with the following dynamics:

X(@) =u(t) —ax@) — x(t) (5.21)

Assuming x(r) = x1(t) and x(#) = x2(¢), the above system can be
rewritten as

x1 (1) = x2(1) (5.22)

Xo(t) = u(t) —axa(t) — x1(t)

Let a be an unknown parameter, and the velocity of the system is to be
controlled to a specific trajectory xp4 () = sint.

The tracking error is defined as e(t) = x2(¢) — x24(¢), and its derivative is
e(t) = xp(t)—x24(t). In the case when a is known, a dynamic inversion-based

(continued)
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Example 5.2 (continued)
control law of the following form could achieve the tracking performance:

u(t) = x24(1) — ke(r) + axz(t) + x1(1) (5.23)

where k is a control gain selected to achieve the desired performance
specifications. Substituting the above control law in (5.21) leads to

é(t) +ke() =0 (5.24)
which achieves asymptotic tracking, i.e., e(r) — 0as ¢t — oco. However, since
a is unknown, the above control law could not be directly used. Nevertheless,
an estimate of the unknown parameter a is used to find an approximate control
law, and thus, the approximate control law becomes

() = Xoq(t) — ke(t) + axi(t) + x2(t) (5.25)

where a is the estimation of the unknown parameter a.
Plugging in the above control law into the system dynamics (5.21) leads to

e(t) = —ke(®) + (a —a)xx(t) (5.26)
The parameter estimation error is defined as a = a — a, and §ince.a 18

constant, the time derivative of the estimation error is expressed as a = 4.
Choosing a Lyapunov function candidate V as

V=120 + L (5.27)
=€ 2 a .
The time derivative of the Lyapunov function is written as
. . 1_.
V =e(t)e(t) + —aa (5.28)
14

Choosing the adaptation law of the parameter estimation a as
4 =—ye®)xa(t) (5.29)

Using the above adaptation law and considering (5.26), (5.28) can be
rewritten as

. 1
V =e(t)(—ket) + (a — a)xa2(t)) — ;(5V€(l)x2(l))

(continued)



5.7 Model Reference Adaptive Control (MRAC) 129

Example 5.2 (continued)
1
= —Kke(t) + e(t)(@ — a)xa(t) — ;(5Ve(t)X2(t))

= —k%e(r) + e(t)axa(t) — %(ﬁye(l)xz(l))

= —k%e(t) + (e()axa(1)) — (e(t)axa (1))
= —ke’(t) (5.30)

The initial conditions are [x1(0), x2(0), x3(0)] = [1,1,0]. y = 15 and
gain k = 3. Velocity tracking results, as shown in Fig. 5.6a, demonstrate that
the velocity tracks the desired velocity accurately after almost 2.35 seconds.
On the other hand, the estimation of the parameter a, as shown in Fig. 5.6b,
takes almost 4 seconds to converge to its true value (2.5). The control signal
starts from —1 and moves in a sinusoidal shape to 4 as depicted in Fig. 5.6c.

5.7 Model Reference Adaptive Control (MRAC)

The core concept in model reference adaptive control (MRAC) is the model

matching, where the controller parameters are adjusted such that the output of a

controlled system matches the output of a desired reference model (Nguyen, 2018).
Consider a single-input-single-output (SISO) dynamic system represented as

x() = f(x(@) + Gx@)u(r) (5.31)
y(t) = h(x (1))
where x € R" is a vector the system states, f(-) € R" is a nonlinear function of
state, G(-) € R" is the control gain matrix, # € R is the control input, y € R is
the system output, and 2 € R is an output function. Consider a reference model
describing the desired system behavior be given as
Xm(t) = Amxm(t) + bmr(t) (532)
Ym(£) = CnXp (1)
where A,, € R"*" is a Hurwitz matrix representing the desired system matrix,

x;, € R" are the reference states, b,, € R" are the input gain vector, r € R is the
reference command, y,, € R is the reference model output, and ¢, € RIX7 is the
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. Reference model Ym(t)
(1) = Ay (t) + by, (t)
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Fig. 5.7 MRAC

reference model output vector. The reference model is stable if and only if all the
eigenvalues of the matrix A,, have strictly negative real poles.
The tracking error e(t) is given as

e(t) = ym(t) = y(©) (5.33)

The objective of the MRAC is to reduce the tracking error so that the output y
matches the reference model output y,,, and thus, the tracking error e converges
to zero by adapting the controller parameters. MRAC can be used to control
systems with structured and unstructured uncertainties (Nguyen, 2018). MRAC
can be classified as direct and indirect MRAC. Using direct or indirect MRAC
depends on the system to be controlled, available computational capabilities, and
the required adaptation speed. For systems with imprecise models, direct MRAC is
more suitable. For systems with high variation in parameters, indirect MRAC can
be more accurate and robust. The MRAC block diagram is illustrated in Fig.5.7.

5.7.1 Direct MRAC

Let us consider a scalar dynamic system represented as
x(@) =ax(@)+bu()+ f(x@)) (5.34)
where a < 0 and b > 0 are unknown parameters and f is a smooth unknown

uncertainty function.
A model reference is designed as

X (1) = amXp (1) + bpr (1) (5.35)
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where a,, < 0, b,, > 0, and r is a continuous bounded reference command function.
The uncertainty f (x) can be estimated using a linearly parameterized estimator such
as NN as follows:

f) =wi(x)+e€ (5.36)

where w7 is an ideal constant weight vector and ¢ is a nonlinear bounded activation

function of the NN.
An ideal controller can be designed to eliminate the uncertainty effect and force
x to follow x,, as follows:

u(t) =kix@) + kor@) — wT¢(x) —¢ (5.37)
where k| and k; are ideal constant gains.
Since k1, k2, and w are ideal unknown values, an approximate control law can be
used as follows:

i(t) = ki (Hx (1) + ka(t)r (1) — " $p(x) (5.38)

where 121 ), 122@), and w are estimates of their ideal values.
The tracking error is defined as

e(t) = x,(t) —x(t) (5.39)

The parameter estimation errors are defined as

=k —k (5.40)
ko =ky — ko (5.41)
W=w—w (5.42)

To derive the adaptation laws of the parameters k1, k», and W, Lyapunov stability
analysis can be utilized. Consider a positive definite function defined as follows:

Lo B2k2
Ve ki, ko, ) =>4+ |b| [+ + 2 +®'Tw (5.43)
Y1 Y2

where y; and y; are positive adaptation gains and I" is a positive definite adaptation
matrix of the weight vector.

The time derivative of the above function is negative semi-definite when the
following holds:

—ex+-L—p (5.44)
Y2
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A

k
—er+—=0 (5.45)

)
—edpx)+T ' =0 (5.46)

Based on the above, the following adaptation laws can be found:

ki = —yre()x (1) (5.47)
ks = —yre(r(r) (5.48)
W= —Te(t)(x) (5.49)

Example 5.3 Let us consider the system described by the following:

x(t) = ax (@) + b () + f(x(1))

where a < 0 and b > 0 are unknown constants and the uncertainty f(x) is
unknown with true value of f(x) = tanh(x), where tanh is the hyperbolic
tangent function. The reference model is given as X, (¢) = x,,,(t) + r(¢) and
r(t) = sin(z).

A direct MRAC controller of the following form is utilized to control the
above system with the control law:

(1) = ki (0)(0)x + ka(t)r (1) — " $p(x) (5.50)

where k) is the feedback control gain and k> is the feedforward control gain.
The tracking error is given by

e(t) = x, (1) — x(t) (5.51)

The adaptation laws of the gains k1 and k; are selected as

ki = —yre()x (1) (5.52)
ks = —pe()r(t) (5.53)
W= —Tse(t)p(x) (5.54)

where y; = 10, y» = 10, and I'3 = diag(2, . . ., 2) are the adaptation gains.
The tracking results, as shown in Fig.5.8a, depict that the state x(r)
accurately follows the reference model state x,,(¢) after the initial learning.

(continued)
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Example 5.3 (continued)

The adaptive gains ki and ks, as demonstrated in Fig.5.8b, also quickly
converge to approximately —3 and 1.7, respectively. The control signal, as
shown in Fig. 5.8c, varies between —2 and 2 with a sinusoidal shape.

Fig. 5.8 (a) State history. (b) 1.5
Adaptive gains. (c¢) Control
signal—Example 5.3
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5.7.2 Indirect MRAC

Indirect MRAC is a class of indirect adaptive controllers that concerns forcing a
system state to a certain trajectory defined by a reference model. In indirect MRAC,
plant modeling is required.

Consider a class of a dynamic system represented as

x(@) =ax(t)+bu) + f(x)) (5.55)

where a < 0 and b > 0 are unknown parameters.
A reference model is defined as

Xm(t) = amxm(t) + byr(t) (5.56)

where x,, is the state of the reference model and 7 is the reference input signal.
The estimates of the parameters a and b are expressed as a and b. The estimation

of the unknown uncertainty is expressed as f x) = ﬁ)T¢(x).

The tracking error e(?) is defined as e(¢) = x,,(#) — x(¢). The adaptation laws of the

parameters are

G =—yre(®)x(t) (5.57)
b = —yre(u(t) (5.58)
W = —Tse(t)p(x) (5.59)

where y; and y», are adaptation gains.
An indirect MRAC can be designed as

() = ki (Ox (1) + ka(t)r (1) — " $(x) (5.60)

The gains k1 and k; are calculated as

am — a(t)
ki(t) = —— (5.61)
b(t)
ko(r) = Ab’” (5.62)
b(t)
Example 5.4 A dynamic system is expressed as
x(t) = O1x(t) + 62 (u(t) + f(x)) (5.63)

(continued)
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Example 5.4 (continued)
where 6; and 6, are unknown parameters with true values of 1 and 1,
respectively, and f(x) is unknown certainty with true value of f(x) =
0.1cos x.

The following reference model is used:

X (1) = amXm (1) + bpr (1) (5.64)

where a,, = —2, b, = 1, and r(¢) = sin (¢).
The parameters 61 and 9, are adapted online using the following adaptation
laws:

A

01 = —y1e(t)x(t) (5.65)
by = —yre(u(t) (5.66)
W = —Tse(t)d(x) (5.67)

where y; = 0.05, y» = 0.015, and I'; = diag(0.1, ..., 0.1) are adaptation
gains and e(r) = x () — x,,(¢) is the tracking error. The controller is designed
as

u(t) = ki (0)x(t) + ka(0)r(t) — " ¢p(x) (5.68)

where the gains k1 and k» are computed from the estimation of the unknown
parameters and the reference model parameters as

-0
= ) (5.69)
(3
b
ky = = (5.70)
)

The tracking results as depicted in Fig.5.9a, b demonstrate that the state x
tracks the reference model state x,, with an initial tracking error of —0.5,
which gradually approaches zero with time. The control signal, as depicted in
Fig. 5.9¢, takes a sinusoidal shape bounded between —0.6 and 0.6.

The estimations of the parameters ¢ and 6, converge to their true values
(61 = 1, 6o = 1) with the progress of online adaptation as shown in
Fig.5.10a, b. The values of the gains k; and k», as shown in Fig.5.10c,
oscillate largely at the beginning of the learning. This happens due to
oscillation in the parameter estimation of 6; and 6. However, these gains
converge to k; = —3 and kp = 1 after some learning takes place. The ideal
values of the gains can be calculated in case when 61 and 6, are known as

(continued)
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Example 5.4 (continued)

k= % = @ = —3and k, = l;—’z" = % = 1, but since 6; and

6, are unknown, they are estimated using él and éz. It is noted that in the
indirect MRAC framework, achieving precise online parameters estimation
and accurate model matching is not a trivial problem due to several reasons,
such as

1. Parameter estimation equations are nonlinear even when the plant is linear.
For instance, when estimating parameters such as 61, an adaptation law

such as él = —ye(t)x(t), when it is extended, will become as él =
—yx(@) — x,(@)x() = —y(xz(t) — x(t)x;,(2)); thus, it is nonlinear in
the state x(7) since x2(¢) exist.

2. Persistent excitation (PE) is missing in the indirect MRAC since x(¢) and
u(t) are not always persistent excited.

3. Parameter adaptation and control are coupled in indirect MRAC, and
hence, parameter adaptation errors affect control performance.

4. Division by estimated parameters can lead to instability, particularly when

these parameters are close to zero. For instance, to calculate the controller
am—a(t)
b(t)

ky = %, which contain l;(t) in the denominator.

gains, one needs to use these equations k; =

Readers seeking a deeper understanding of MRAC are referred to ref-
erences (Nguyen, 2018; Stepanyan and Krishnakumar, 2019; Astrom and
Wittenmark, 2008) for detailed explanations and theoretical insights.

In the subsequent section, the concept of L adaptive control is discussed, high-
lighting its capability to deliver improved transient performance while maintaining
robustness.

5.8 L1 Adaptive Control

The L; adaptive controller' is employed where the system requires an improved
transient response, fast adaptation, and robustness. Evolved from MRAC, the L
adaptive control framework (Hovakimyan and Cao, 2010) incorporates adaptive
gain logic and a low-pass filter in controller command computation. This design

! The simulation results have been generated by Dr. Amit Kumar Tripathi, a graduate student at the
Indian Institute of Science, Bangalore, India. The authors express their sincere gratitude to him for
his valuable contribution in providing the relevant results.
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effectively mitigates high-frequency signal components in the controller output,
enhancing system performance. The L; adaptive control architecture is shown in
Fig.5.11, where the equations and variables are defined in subsequent paragraphs.

Consider the following class of systems as described in (Cao and Hovakimyan,
2008):

(1) = Ax(@) +b(u@®) +0"x(0)), x(0)=xo (5.71)
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() = Apx(®) + b (uga(®) + 6™x(®) | 4
y(® = c"x(t)

() = An(6) + b (uga(®) + 07x(D) | X C)

y(®) = "(t)

—| 8(t) = I' Proj (9(t), - ¥ (£)Pbx (1)) |~L

Fig. 5.11 Closed-loop L adaptive control architecture

y() = x(1) (5.72)

where x(t) € R" is the system state vector and u(¢z) € ¥ is the control input. The
vectors b € R and ¢ € R" are known control input and output vectors, respectively.
System matrix A € ™" is a known matrix with the condition that the system
should be controllable. The parameter uncertainty @ € " is an unknown bounded
parameter, and y(?) is a regulated output. Note that the uncertainties selected here
are matched uncertainties, chosen to demonstrate the design concept. Nevertheless,
this adaptive technique is also effective in the presence of unmatched uncertainties.

Here, a two-component control structure is employed to adapt to the parameter
uncertainty in order to stabilize the closed-loop system. The first component, u,, (¢),
represents the nominal full-state feedback control, and the second component is the
adaptive control term, as shown in (5.74) and (5.73), respectively. The controller
is designed to ensure accurate tracking and robustness with parameter uncertainty
compensation, which results in fast adaptation.

The controller is first decomposed as

u(t) = um () + qq(t) (5.73)
with
U () = —kux(t) (5.74)

where k,, € R1*" is a full-state feedback gain vector. It is selected in such a way
that the closed-loop system matrix A,,, given in (5.75), becomes a Hurwitz matrix:

Ay, = A — bk, (5.75)

It is well known that if all the eigenvalues of A, remain in the left half of the
complex plane, then the matrix A,, is called the Hurwitz matrix (Khalil, 2002) or
stability matrix. Like the concept of dynamic inversion (see Sect. 3.1 of Chap. 3),
the fundamental concept, X = Ax, is asymptotically stable if A is a Hurwitz and is
utilized while designing the L adaptive controller.
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In general, all practical systems are nonlinear in nature. However, since a
linearized model around an operating point represents the system quite close to the
nonlinear model, the linearized model is exploited for the control design.

Using (5.73), (5.74), and (5.75), in (5.71), the linearized state and output equation
with a constant adaptive gain component is given by

(1) = Apx (1) + b(uaa(®) +07x(1)), x(0) =xo (5.76)
y0) =c"x() (5.77)
where A, is the Hurwitz matrix, b is the control input gain vector, and € is the

parameter uncertainty in the current problem formulation. Next, a state predictor
model is used to approximate the uncertainties, which is described as follows:

X ~ AT ~

x(t) = Anx@) + b(uad(t) + 0 x(t)), x(0) = xg (5.78)

NOEY10) (5.79)
where x(t) € R" is the predictor of the state x(¢) and ] (1) is the estimate of

unknown constant parameter uncertainty 6. Next, the following projection-type
adaptive law is used to compute the estimate 6 (), which is given as

0(t) = T Proj (é(z), —iTPbx(t)) . 6(0) = b (5.80)

where x(t) = x(¢) — x(¢), " is the gain in adaptation, and P = PTisa positive
definite matrix. Note that Proj (9 ®), —iTPbx(t)> is a "projection operator" that
ensures that the parameter estimates é(t) remain bounded, while preserving the

direction of the adaptation law as much as possible. The projection operator is
computed as

0, if £(6) <0
Proj(0. @) = y ¢ — (v vy @)/ ©). i f(6) = 0and VT > 0
0, if f@)>0and VT <0

where é(t) is the current parameter estimate vector at time ¢, Oax is the upper bound
on the norm of the parameter vector, and ¢ () = —iTPbx(t) is the adaptation
direction. Here, f(0) is defined as

+1)676 — 02 .
L )2 max ey >0, f(@) <c, 0<c<1
egemax

f@) =



142 5 Adaptive Control Design Philosophies

where €y is the projection tolerance bound. The detailed description of the projection
operator can be found in Hovakimyan and Cao (2010), Kulkarni et al. (2010).

The value of P is obtained from the solution of Lyapunov equation A;,P +
PA,, = —Q, given in Slotine and Li (1991), where Q is a positive definite matrix.
Such a selection of P leads to stable estimation. Note that since —% ! Pbx (1) is the
adaptation direction, a properly chosen P results in faster convergence.

The nominal controller term in adaptive control can be designed using any
standard state feedback control design technique. However, the nominal controller
assumes perfect cancellation of uncertainties, which is practically not possible and
hence leads to poor reference command tracking. Therefore, the adaptive control
law is designed to approximate parameter uncertainties, which results in proper
tracking performance.

Adaptive control:  The adaptive component of control u,4 in the Laplace domain
is defined as

ugd (s) = —C(s)(1(s) — kgr(s)) (5.81)

i) 2 L0 x(r) (5.82)

where r(s) and 7(s) are Laplace transform (£) of r(¢) and ] Tx(t), respectively.
The reference input gain kg is defined as k, = —(cTA,Zlb)’l, and C(s)
represents a low-pass filter C(s) = sff;c with bounded-input-bounded-output
stability. It is a strictly proper function with DC gain C(0) = 1 and cutoff

frequency w, rad/s.

The low-pass filter is added to remove high-frequency components of uncertainty
from the control command. The cut-off frequency range of the low-pass filter is
defined by a parameter A, which is calculated from L; Norm. The expression for
calculating A is given by

AE[LIG®)L,] <1 (5.83)

where ||G(s)||, is the L| norm of G(s) and L is the maximum bound on parameter
uncertainty, defined as L £ max ||@||;. The term G(s) is defined as G(s) =
H(s)(1 — C(s)), where H(s) = (sI — A,,)~'b.

Note that in (5.83), the value of L is fixed, and hence, to satisfy the inequality, the
IG(s)|l1, value should be selected appropriately. Since G (s) depends on the low-
pass filter C(s), the bandwidth can be adjusted by changing the cut-off frequency to
satisfy the inequality.

Example 5.5 To illustrate the concept of L; adaptive control for the class
of system described in (5.71), the short-period mode dynamics of an aircraft

(continued)



5.8 L Adaptive Control 143

Example 5.5 (continued)
is considered (Tripathi and Patel, 2019). This is chosen because the short-

period mode is a high-frequency mode in aircraft dynamics. The states of the
system in the short-period mode are angle of attack o and pitch rate g, x =
[«, g], and control input is elevator deflection 8., u = .. The linear system
matrix of short-period mode dynamics is defined as A = [—0.1, 1; —4, —3],
and the input and output vectors are given as b = [0.7, —0.3]7 and ¢ =
[0, 117, respectively. The parameter uncertainty vector is represented as
0 = [1.4,—1.45]". The initial state vector is selected as x(0) = [0, 0]”.
The reference pitch rate command 2°/s is set to be tracked under parameter
uncertainty. The adaptive gain used for the simulation is I' = 10000.

In this example, the max limits on parameter uncertainty are taken as
[—2, 2]7. Therefore, L can be computed as L = 4. The L norm computation
for short-period mode is carried out in Fig. 5.12, where the low-pass filter used
for the simulation is C(s) = % It can be noticed from Fig. 5.12 that
the allowed range of filter bandwidth for which L1 norm is below 1 is at cut-
off frequency w. > 4.65 rad/s. It can be shown further that by using proper
tuning of the low-pass filter cut-off frequency, the tracking performance of the
controller can be improved significantly.

The command tracking result of reference command tracking for reduced
order mode is shown in Fig. 5.13, where the desired tracking is achieved with
the application of L; adaptive control. The zoomed view of the pitch rate
response is shown in Fig. 5.14, where it can be noticed that minor oscillations
are seen in the response in the vicinity of the reference pitch rate. The L
adaptive control elevator deflection command is shown in Fig. 5.15.

Fig. 5.12 L; Norm
computation for a ——L, Norm for X criteria
short-period mode 25 Unity Gain
2 H
<15
1
0.5
0 ‘ ‘ I ,
0 20 40 60 80 100

w_rad/s
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Fig. 5.13 Reference pitch
rate g tracking in short-period
mode

Fig. 5.14 Reference pitch
rate g tracking in short-period
mode (zoomed view)

Fig. 5.15 L adaptive
control command
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5.9 Summary

This chapter briefly discusses adaptive control philosophy by introducing the
different uncertainty types and their potential estimation approach. Also, it provides
insight into direct and indirect adaptive control techniques while focusing on model
reference adaptive control and L adaptive control as the main techniques for direct
and indirect adaptive control. While a brief discussion on different types of adaptive
control techniques is presented in this chapter, readers seeking a more thorough
understanding can see additional sources (Narendra and Annaswamy, 2012; Slotine
and Li, 1991; Lavretsky and Wise, 2012; Nguyen, 2018; Landau, 1979).

It is noteworthy that all adaptive control designs presented in this chapter
are applicable primarily to specific classes of linear and nonlinear systems, such
as control-affine or single-input-single-output (SISO) systems. This limitation
underscores the necessity for a more general, universally applicable adaptive control
design methodology that can be used for a broader range of nonlinear systems. In
light of this, the subsequent chapter presents a detailed development of a neuro-
adaptive model-following control strategy, which is applicable to the generic class
of nonlinear systems.

5.10 Exercise Problems

1. Determine the type of uncertainty in the following systems:

%] i X
@ | = 2 }
| X2 | Laxixy +u
-)21- I X2
by | =
®) | X2 _xpcz+f(x1,xz)+u}
X1 ] [ X
© |= 2
| i | Laxo+x1 4+ f(x1,x2) +u

2. For the following system, design a direct MRAC controller.
X 1 =X2
Xo=axixy +u
where @ > 0 is an unknown parameter. Its true value is 1. The reference model

is given as X,; = —x,, + r(¢); use firstly r(#) = 1 and secondly r(¢) = sin(¢).
3. For the following system, design an indirect MRAC controller.

)'Clzxz

Xy = ax12x2 +u
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where a > 0 is an unknown parameter. Its true value is 1. The reference model is
given as x,, = —x,, + r(t); use r(¢) = 1 and r(¢) = sin(z). Plot the results and
comment on the performance.

4. For the following system, design an indirect MRAC controller.

)‘Cl = X2
Xy = x%xz +u+d(x)

where d(x) is an unknown uncertainty defined as d(x) = 0.1sin(x(¢)). The
reference model is given as x,, = —x,, + r(¢); use r(¢) = 1 and r(¢) = sin(t).
5. Design an L adaptive controller for the following DC motor system:

[g _g}ﬁ[g]ﬁ[g}d(n
J J J

y=x

where b, j, and k are unknown constants with true values of » = 0.1 (N.m.s/rad),
j =0.01 (kg.m2), and k = 0.01 (N.m/V) and d(¢) (N.m) is an unknown external
disturbance with true value given as d(¢) = 0.05 sin (2¢). The goal of the control
is to track the rotor position according to the following desired dynamics:

. 0 1 0
= [—w,% —zwﬂ it U ro

where w,, = 5 (rad/sec) is the natural frequency and ¢ = 0.7 is the damping ratio
and r(¢) = sin (¢) (rad).
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Chapter 6 ®
Neuro-adaptive Control Design Qe

The neuro-adaptive controller is a model-following adaptive control design frame-
work that falls under the category of indirect adaptive control. The approach
involves designing an additional control input online, which, when combined
with a nominal controller, ensures overall system stability while enhancing the
performance of the plant. A key advantage of the neuro-adaptive technique lies
in its universality; i.e., this method can be seamlessly integrated not only with
dynamic inversion but also with any of the control design strategies discussed in the
preceding Chap. 3. The neuro-adaptive controller serves as a powerful and versatile
tool, applicable to a broad class of nonlinear systems, and is highly beneficial for
addressing diverse control challenges across various engineering applications.

This chapter provides a comprehensive exposition of neuro-adaptive control
design methodologies. It begins with a basic design procedure for a simple nonlinear
system with structured model uncertainties. Following this, the concept of gradient
learning is introduced, which enables not only the estimation of uncertainties but
also their rate of change. Incorporating this gradient information leads to smoother
transient responses and improved neural network approximation performance.
Subsequently, the chapter presents an extended neuro-adaptive control approach that
addresses both structured and unstructured model uncertainties for Euler-Lagrange
systems. In the latter sections, the neuro-adaptive control technique is generalized
for application to a wide class of nonlinear systems. It is worth emphasizing here
that the neuro-adaptive approach discussed here constitutes a generic and systematic
control design framework. Accordingly, various design variants are introduced
throughout the chapter, allowing the readers to select appropriate strategies based
on specific application requirements.
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6.1 Overview of Neuro-adaptive Control Design

A neuro-adaptive controller is synthesized to ensure that the actual system follows
the desired reference model, assuming that a suitable controller has already been
designed for the reference model (therefore also referred to as model-following
adaptive control design). The desired controller can be developed using standard
nonlinear control techniques discussed in the previous Chap. 3 for a nominal model
of a system. However, since the desired system model may not accurately represent
the actual system (due to modeling uncertainties), the desired controller may not
perform as expected in reality. To address this problem, the neuro-adaptive control
design approach follows two steps, namely, (i) capturing the unknown function
resulting from the model uncertainties using neural networks (which exploits the
universal function approximation property of neural networks) and (ii) designing a
controller that drives the state of the actual plant to track the state trajectories of the
reference model.

It can be emphasized that, in many practical applications, the basis functions of
the neural network in neuro-adaptive control design are derived directly from the
system dynamics. Consequently, the weights of the neural network are updated in
accordance with the underlying system behavior. Since the physics of the system
dynamics is incorporated into the learning process, this adaptation mechanism
is consistent with the philosophy of physics-informed neural network (PINN),
wherein the neural network weights are updated in accordance with the governing
system dynamics. Therefore, when the basis functions are extracted from the system
dynamics, the neuro-adaptive control design can also be regarded as a PINN-
based neuro-adaptive control design. Nonetheless, it is important to note that the
neuro-adaptive control framework is inherently more general and can also address
completely unknown forms of uncertainty by employing generic basis functions.

Before delving into the detailed mathematics of the design, it is essential to
first clarify the basic terminology used in the design for better clarity. The design
involves three types of system models: (i) Actual system: This represents the
real plant model, which includes unknown uncertainties. (ii) Desired closed-loop
system: This refers to the "nominal mathematical model" of the system (which
contains only known terms in the system dynamics with known parameters) and also
a control design based on this desired nominal model. (iii) Approximated system:
This system is constructed to design a weight update rule to update the weights
of neural networks (Stone-Weierstrass theorem Haykin 2009), which is utilized to
approximate the unknown uncertainties of the actual system.

The overall design philosophy is illustrated in Fig. 6.1, where the reference signal
represents the target that the actual system should track. The desired controller is
responsible for achieving the objective of the nominal system. The neural network,
using the universal approximation capability, approximates the function resulting
from model uncertainties, enabling the approximated system to become closer to
the actual system. A controller is then designed to minimize the error between the
approximated system and the desired system, ultimately reducing the error between
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Fig. 6.1 Philosophy of neuro-adaptive control design

the two to zero. To illustrate this concept, consider the nominal nonlinear system as
X =2sinx +u (6.1)

and the actual nonlinear system as
x=21sinx4+u=2sinx +u+ 0.1sinx (6.2)

where x is the state and u is the nominal control input. Here, the term 0.1 sinx
represents the modeling uncertainties, and the approximated system is designed to
approximate these modeling uncertainties as a function using a neural network.

In certain applications, if only the parameters are uncertain (e.g., the scalar
coefficient 0.1 is unknown), but the functional form of the uncertainty is known
(e.g., sinx is known), then the associated uncertainty is referred to as structured
uncertainty. In such cases, the basis function of a neural network can be chosen
as sinx, allowing the unknown parameter to be learned without approximation
error. This approach is essentially a PINN-based neuro-adaptive control design.
Conversely, if the functional form of the uncertainty is also unknown (e.g., the entire
term 0.1 sin x is unknown), the uncertainty is classified as unstructured uncertainty.
In this scenario, generic basis functions, such as Gaussian basis functions, are
typically employed in the neural network to approximate the uncertainty. More
information about model uncertainties is provided in Chap. 5.

In practical scenarios, most applications involve unstructured uncertainties,
as accurately modeling the entire plant is often challenging. However, if the
plant is well understood and the modeling is highly accurate, it is reasonable to
assume structured uncertainties for the purpose of control design. Control design
and analysis in the presence of unstructured uncertainties is significantly more
complex compared to the case of structured uncertainties. Therefore, this chapter
begins with the development of a neuro-adaptive control design for systems with
structured uncertainties using a simple nonlinear model to establish a fundamental
understanding. Subsequently, the design methodology is extended to handle more
complex nonlinear systems with unstructured uncertainties.



152 6 Neuro-adaptive Control Design
6.2 Basic Controller Design Procedure

To understand the design process, consider a simple nonlinear system with relative
degree one represented as

x=fx)+Gx)u+d(x) (6.3)

where x € R" and u € R" are the states and control input, respectively, G(x) €
R is the control effectiveness matrix, and d(x) represents the disturbance
function resulting from bounded structured model uncertainties of the actual system.
The vector f (x) € R" is assumed to be known, and the matrix G(x) € R"*" is
assumed to be known and non-singular.

The primary objective is to design an adaptive state feedback controller for the
system described in (6.3) to ensure accurate tracking of a given reference signal,
denoted as x*(t).

The control design strategy is illustrated in Fig.6.1. It should be noted that
the desired controller design step can be omitted from the overall design, and a
controller can be directly designed to minimize the error between the approximated
system and the reference signal. However, for applications requiring smooth
responses, it is often preferable to include the desired controller design step. In
this approach, an approximated system is first constructed to learn the model
uncertainties using neural networks. This step ensures that the states of the actual
system track the states of the approximated system with a desired accuracy, i.e.,
x — x“. Subsequently, an asymptotically stable tracking controller is formulated to
minimize the error between the states of the approximated system and the reference
signal, driving it to zero, i.e., x — x*. It should be noted that the desired control
design step is not included in the control design.

The approximated dynamical system is constructed as

= f(x)+Gx)u+dx)+ Ke (6.4)

with the same initial condition as the actual system, where e = (x — x9), d (x) is
the approximation of the unknown disturbance function d(x), and K is a positive
definite matrix (usually selected as a diagonal matrix with positive elements).

After outlining the dynamics of both the actual and approximated systems,
the subsequent subsection introduces the first step of the adaptive control design
process, i.e., x — x¢.

6.2.1 Approximation of Structured Model Uncertainties

This step involves approximating the model uncertainties of the system using a
neural network. To develop a weight update rule for adjusting the neural network
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weights, the error between the actual and approximated systems is defined as
follows:

e=x —x* (6.5)
The time differentiation of (6.5) gives
e=x—x“ (6.6)
Substituting (6.3) and (6.4) into (6.6) leads to
é=d(x)—d(x)—Ke 6.7)
Since the matrix K is usually selected as diag(k;) > 0, Vi, to ensure that it is

a positive definite diagonal matrix, Eq.(6.7) can be analyzed in terms of its ith

component. Here, jth components of e, d(x), and d(x) are represented by ¢;, d; (x),

and d; (x), respectively. Therefore, the i component of the error dynamics in
Eq. (6.7) is given by

é = di(x) — d;(x) — kie; (6.8)

where d;(x), i = 1,...,nisthei th component of d(x) which is the uncertainty in
the i'" state equation. Since each element of d (x) is represented by a separate neural
network, utilizing linear-in-weight architecture of neural networks, the structured
uncertainties d; (x) (assuming approximation error €; = 0) and the approximation
of uncertainties d; (x) can be expressed as the outputs of the corresponding neural
networks, i.e.

di(x) = w! ¢(x) (6.9)
di(x) = ] $(x) (6.10)

where w; and ®; are the optimal and approximated weights and ¢(x) is the known
basis function vector. Note that w; is a vector with constant elements.
By substituting (6.9) and (6.10) into (6.8), the following can be obtained:

é = w] $(x) — i p(x) — kie; 6.11)
é = [w,.T - ﬁ;,.T] b(x) — kie; (6.12)
Defining W; £ w; — W;, where ®; is weight update error, the following is obtained:

é = ! p(x) — kie; (6.13)
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For ensuring stability of the closed-loop error dynamics described in Eq. (6.13),
the following quadratic Lyapunov function is selected:

2 ST
Bie; w; w;
=L 4 L

Vi
2 2]/,'

(6.14)

where f; is a positive constant and y; > 0 is known as the learning rate constant.
The time derivative of the Lyapunov function in (6.14) is
: . W]
Vi = Bieiéi +

Vi

(6.15)

Using error dynamics (6.13), the time derivative of the Lyapunov function in (6.15)
is modified as

w! W,

V; = Bie; (ﬁ’iT¢(x) - kiei) - iy.

=w [ﬂieirb(x) - )":—] — kipie} (6.16)

i
Select the weight update rule as
; = yiBieip(x) 6.17)
The resultant V, expression in (6.16) can be written as

Vi = —kipie;
0 (6.18)

IA

where V; is negative semi-definite. This indicates that the closed-loop system is
stable but not necessarily asymptotically stable. To demonstrate the asymptotic
stability of the system, the second derivative of the Lyapunov function with respect
to time is computed as

Vi = —2kiieié;

—2kirei (B] 90) — kier) (6.19)

Since ¢;, w;, and ¢(x) are bounded, V, is bounded. Therefore, using the Barbalat
lemma, V; — 0. Hence, ¢; — 0. Thus, without compromising the closed-loop
stability of the system, the neural network will learn the model uncertainties using
this learning rule.
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6.2.2 Tracking Control Design with Improved Model

After capturing model uncertainties, the next step is to drive the error between the
approximated and reference signal to zero. To achieve x* — x*, consider the
following closed-loop nonlinear stable error dynamics:

¢+ K% =0 (6.20)

where e is the error, defined as e = x* —x™, and K¢ is a diagonal positive definite
gain matrix.
By substituting e = x* — x*, Eq. (6.20) is modified as

(x*—x*) + K‘x" —x") =0 (6.21)
which can be further modified by substituting x¢ from (6.4)
fx)+Gx)u+ dx)+ K(x —x%) —3*+ K°x* —x*) =0 (6.22)

where d (x) is already obtained as c?i (x) = ﬁ)l-T ¢(x) and updated using the learning
rule constructed in (6.17). Thus, the adaptive control u can be extracted as

w=—[Gx)]" (f ) +d(x) + K(x — x%) + K(x — x*) — x) (6.23)

This controller ensures that x — x% — x* ast — oo.

Example 6.1 Design a neuro-adaptive controller for the system given by
=@+ + (1 +xHu+dx)

where x and u are the state and control input for the system, respectively, and
d(x) is the unknown function present in the system dynamics. The objective
of the controller is to stabilize the plant.

The desired known system dynamics extracted from the actual system is
defined by

Xa = (g +xD) + (1L +x3)ug

The stabilizing desired controller for the desired system can be designed using
dynamic inversion control design. The desired control expression is given as

_@u+xd

Ug =
(1+x2)

(continued)



156 6 Neuro-adaptive Control Design

Example 6.1 (continued)
Following the adaptive control design steps, the following adaptive control

expression is obtained:

Gt x) + (4 xPug — k(e = xa) = (& +x%) = d(x) = kax = x0)
(1+x2)

where the term d (x) is calculated as d (x) = ﬁ)T¢(x) and weights are updated
from the learning rule w = yBe,$(x).

To simulate the controller response, the unknown function d (x) is assumed
as d(x) = sin(%). The controller gains k, k,, y, and B are selected as
k =25,k; =1,y = 30, and B = 1, respectively. The basis functions

T
to approximate the unknown function are chosen as ¢(x) = [;‘—0, %, §i|
with xo = —1.5 as an initial condition.

The state and control trajectories of the system are illustrated in Fig. 6.2a
and b. The results indicate the performance of the desired controller for both
the desired and actual systems. While the desired controller performs well
for the desired system, its performance degrades for the actual system due
to model uncertainties. With the application of adaptive control, the desired
tracking is achieved for the actual system. The approximation of the unknown
functions and the evolution of weight updates are shown in Fig. 6.3a and b,
which highlight the effectiveness of the constructed weight update rule.

6.3 Gradient Learning-Based Control Design

Gradient learning-based neuro-adaptive control design is a novel approach that
aims to achieve faster and smoother adaptation of modeling uncertainties. The
underlying design philosophy of this controller is similar to the approach outlined
in the previous section. However, the key difference lies in the approximation of
modeling uncertainties. In this method, the neural network is designed to learn not
only the modeling uncertainties themselves but also their gradients. This learning
mechanism enables fast and smooth approximation of modeling uncertainties and,
ultimately, leads to better overall control performance.

To understand the control design approach, consider the following nonlinear
system represented as

x=fx)+Gx)u+dx) (6.24)
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Fig. 6.2 (a) State histories. (b) Control histories
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Fig. 6.3 (a) Unknown function and its approximation. (b) Weight update histories
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where x € 1" and u € R" are the states and control input, respectively, leading
to the relative degree one system. The term G(x) € R"*”" represents the control
effectiveness matrix, and d (x) represents bounded unstructured model uncertainties
of the actual system. The vector f (x) € R" and matrix G(x) € R™*" are assumed
to be known. Moreover, matrix G(x) is assumed to be invertible.

The control design strategy is similar to that discussed in the previous section.
Hence, following the same design philosophy, the approximated system is con-
structed as

= fx)+Gxu+dx)+ Ke (6.25)

with the same initial condition as the actual system, where e = (x — x%), d (x) is
the approximation of d(x), and K is a positive definite diagonal matrix.

To design the controller, the first step is to approximate modeling uncertainties,
i.e., x — x“. Therefore, in the next subsection, this step is explained in detail, along
with the discussion on gradient learning.

6.3.1 Approximation with Gradient Learning

This step involves approximating the model uncertainties of the system using a
neural network. In the previous section, the weight update rule was a direct function
of the basis function. This update rule can be improved by learning the gradient
information of the uncertainty. This refinement enables the model to achieve faster
and smoother approximation.

To develop the new weight update rule, the error between the actual and
approximated systems is defined as follows:

e=x—x° (6.26)
The time differentiation of (6.26) gives
e=x—x1 (6.27)
Substituting (6.24) and (6.25) into (6.27) leads to
é=d(x)—d(x)—Ke (6.28)

where the matrix K = diag(k;), Vi is a positive definite diagonal matrix. The i™
component of the error dynamics in Eq. (6.28) can be expressed as follows:

é = di(x) — d;(x) — kie; (6.29)
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The unstructured modeling uncertainties d; (x) and the approximation of uncertain-
ties d; (x) are defined as

di(x) = w] p(x) + € (6.30)
di(x) = o) ¢p(x) 6.31)

where ¢; > 0 is the approximation error; w; and w; are the optimal and
approximated weights, respectively; and ¢ (x) is a known basis function vector. Note
that w; is a vector with constant elements.

By substituting (6.30) and (6.31) into (6.29), the following can be obtained:

é = p(x) + e —kie; (6.32)

where weight error @; is defined as W; = w; — w;.

To this point, the control design steps were the same as the design explained in
the previous section. However, the weight update rule is derived differently in the
current design. The following quadratic Lyapunov function is selected for deriving
the stable learning rule:

2

gie2  wli; |:8d-(x) 8(2-(x):|T®- |:8d-(x) 3d; (x)
i€ i z+ i . i i i . i

V: =
' 2 + 2y ox ox ox ox

:| (6.33)
where ®; and B; are positive constants and y; > 0 is known as the learning

rate constant. The terms Bda(x) and M (x) are gradients of model uncertainties and

approximated model uncertainties, respectlvely
The time derivative of the Lyapunov function in (6.33) is

: T ) )
Vi = Bieiéi + ” + o [ ; |:8xi| 5 |:3xi| wl:| (6.34)
Wl [0 097" 29
= Bieiei + ” + w; [a} OF |:[£i| W + — 7 |: ] w; (6.35)
)

where 1 is a Jacobian matrix. Further, using error dynamics (6.32), the time
derivative of the Lyapunov function is modified as
. r w! i
Vi = Biei (w,- d(x) +e€ — kiei> R
1

T
[t 3] oo 2o 2] =
0x 0x 0x dt | ax
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|:,31€l¢(x) - & - [%] OF |:3¢] lUlj|
Vi ax ax

_k,-,B,-eiz—F,Bieie, + w; [8¢:| ®;,— i |:8¢:| w;

~of [pewr (24 [2]a[#])a] oo

d 0
—kiﬁieiz—i-ﬁieiel +w I:af:| e, — 7 |:3fi| w;

where /p is an identity matrix.
Select the weight update rule as

. I 3 967771
wiz[f+[£}®i [%H Breid(x) 637)

The resultant V; expression can be written as

= —kiBie? + Picie; + W] [84’]@ d;[ ¢] W, (6.38)

The condition for which V; becomes negative definite is

0 0
|:ki,3ieiz — Biciei — W; [ ¢} O — i [ ‘q i:| >0 (6.39)
This inequality indicates that the closed-loop error will be bounded by a small
region. Furthermore, the term - [%] = [d ¢]x contains a double partial

derivative of basis function ¢. Since typical basis functions are commonly selected
as smooth functions, the Taylor series expansion of ¢(x) about zero results in the
cancellation of dominant (linear and constant) terms in the entries of the matrix

[‘3 ?] This reduces the region of error bound.
Finally, using the weight update rule in (6.37), model uncertainties of the system
can be approximated as di(x) = w; ¢(x) This completes the first step of the neuro-

adaptive control design.
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6.3.2 Asymptotically Stable Tracking Control Design

After capturing model uncertainties, the next step is to drive the error between the
approximated and reference signal to zero. To achieve x* — x*, consider the
following closed-loop nonlinear stable error dynamics:

e+ K% =0 (6.40)
where e“ is the error, defined as e = x% —x™*, and K¢ is a diagonal positive definite
gain matrix.

By substituting e = x? — x*, (6.40) is modified as
(X —x*) + K‘(x" —x") =0 (6.41)
which can be further modified by substituting X from (6.25)

fFEO+G@u+dx)+Kx—x) -+ K'x®—x")=0 (642

where d (x) is already obtained as c?,- (x) = ﬁ)lT ¢(x) and updated using the learning
rule constructed in (6.37). Thus, the adaptive control u can be extracted as

u=—[Gx)]" (f ) +d(x) + K(x — x%) + K (x — x*) — x) (6.43)

This controller ensures stable tracking, i.e., x — x? — x* ast — oo.

Example 6.2 Consider the previous example and design a neuro-adaptive
controller with gradient learning. The dynamics of the system is given by

i=Gx+x)+A+xDHu+dx)

where x and u are the state and control input for the system, respectively, and
d(x) is the unknown function present in the system dynamics. The objective
of the controller is to stabilize the plant.

The desired known system dynamics extracted from the actual system is
defined by

Xa = (g +xD) + (1 +x3)ug

The stabilizing desired controller for the desired system can be designed using
dynamic inversion control design. The desired control expression is given as

(continued)
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Example 6.2 (continued)
_ 2xg + xﬁ)

Ug =
(1+x3)

Following the adaptive control design steps, the following adaptive control
expression is obtained:

O+ x) + A+ xDug — k(g = xa) = (& +x2) = d®) — ka(x = xa)
(1+x2)

where the term d (x) is calculated as d (x) = ﬁ)T(b(x) and weights are updated
. it
from the learning rule w = [%’ + [%] ® [%] ] Beqad(x).
To simulate the controller response, the unknown function d (x) is assumed
as d(x) = sin(%). The controller gains k, k,, vy, ©, and B are selected as
k=25,k, =1,y =30,0 = 1, and B = 1, respectively. The basis functions

T
o 9 3
to approximate the unknown function are chosen as ¢(x) = [;‘—0, ot %}
0 %o

with xo = —1.5 as an initial condition. The gradient of the basis function is
T

90) _ | L 2x 322
calculated as =5 = = %" 52" 23

0
The state and control histories of the system are illustrated in Fig. 6.4a

and b, where it is apparent that the performance of the adaptive controller
is better in the presence of modeling uncertainties. On the other hand, as
expected, the desired controller works well only for the desired dynamics. The
approximations of the unknown functions and the weight update histories are
depicted in Fig. 6.5a and b. It is evident that the weight update is fast, and the
approximation of uncertainties is better with the gradient-based learning rule.

6.4 Control of Euler-Lagrange Systems with Structured
Uncertainties

In previous sections, the adaptive controller is designed for square-affine nonlin-
ear systems. However, the neuro-adaptive controller design for non-square-affine
systems is not as straightforward as it is for square-affine systems and requires a
slightly different approach. In this section, a neuro-adaptive control design strategy
is presented for EL systems with structured model uncertainties. EL systems belong
to the class of non-square-affine nonlinear systems with dimensions 2m = n,
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Fig. 6.4 (a) State histories. (b) Control histories

meaning that the dimension of the control input is half the dimension of the state.
EL systems are an important category of nonlinear systems, as they result directly
from Newton’s laws of motion. The dynamics of many practical systems, including

mechanical and electrical systems, can be modeled using EL. systems.

The dynamics of EL systems is given by

X1 =X
x2=f(x)+Gx)u+d(x) (6.44)
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Fig. 6.5 (a) Unknown function and its approximation. (b) Weight update histories
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Fig. 6.6 Neuro-adaptive control design philosophy

T . . .
where total states are defined as x = [xlT,sz ] and kinematic and dynamic

states of the system are defined as x; £ [x11, x12, ..., x1,]7 € R" and x5 £
[X21, X22, ..., x2,]7 € R", respectively. System output is selected as x; € R”,
and the control input to the system is denoted by u € R". Nonlinear terms f(x)
and G (x) are assumed to be known, and the control effectiveness matrix G(x) is
assumed to be invertible for all time. The system is assumed to be associated with
structured model uncertainties d (x).

The overall neuro-adaptive control design philosophy in this section is similar
to that in the previous sections; i.e., a neural network-based approximated model
is constructed to approximate modeling uncertainties. Subsequently, a tracking
controller is designed to ensure that the system tracks a reference signal accurately.
However, due to the differences in the system structure, a new approximated model
has been developed specifically to handle the uncertainties in EL systems. Figure 6.6
illustrates the philosophy of the neuro-adaptive control approach. The synthesis of
this control design, along with a detailed explanation, is presented in the following
subsections.

In the adaptive control formulation, the first step is to approximate the uncertain-
ties of the actual system using an approximated system. Hence, a new approximated
system is constructed as

-a _ ..a
Xy =%
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i =fX)+Gxu+dx)+ K e+ Kaé (6.45)

with the same initial condition as the actual system, where x‘f and x‘z’ are state
variables of the approximated system. Error variables e and e are defined as e =
x1—x{ and é = x3 —x7, respectively. The matrices K1 and K are positive definite

and diagonal in nature. The term d (x) is the approximation of model uncertainties,
obtained as d; (x) = W, $(x), Vi.

6.4.1 Approximation of Structured Model Uncertainties

Using systems (6.44) and (6.45), the approximation error is defined as
e=x1 —x{ (6.46)
The double time derivative of the error in (6.46) is
é=1xy— x5 (6.47)
By substituting x and x¢ from (6.44) and (6.45), the following is obtained:
é=dx)—dx)—Kie—Kyé (6.48)

Since K| and K, are diagonal matrices, the i™ component of closed-loop error
dynamics (6.48) can be expressed as

¢ =di(x) — di(x) — ky,e; — ka, é; (6.49)

Using the structures of d;(x) = wl.T ¢(x) and c?,- (x) = ﬁ)iTgb(x), the following is
obtained:

& = ! p(x) —ki,e; — kp,é; (6.50)
where w lT is defined as ﬁ)iT = wiT - ﬁ)iT . To analyze the stability of error dynamics
(6.50), the following Lyapunov function is selected:

klik2,-e,-2 c é? ﬁ)Tﬁ)i

- i L 6.51
; > 5 + o (6.51)

where y; > 0 is the learning rate constant. The time derivative of (6.51) is obtained
as

Vi = klikZi eé + kziéiéi — (6.52)
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Using (6.50), the derivative of the Lyapunov function in (6.52) can be expressed as

Vi = ki ko eié; — ki, eié; — (kayéi)’ + o7 ¢(x)ka,é; — ﬁ”; w (6.53)
i
which can be simplified as
Vi = — (knéi)” + ) («p(x)kz,. éi — Z-) (6.54)
i
By selecting the weight learning rule as
; = yiky,éid(x), (6.55)

The time derivative of the Lyapunov function in (6.54) is modified as
. .2
Vi=— (kzl.e,‘) (6.56)

Since V, <0, ¢;, é;, and w; are bounded. Furthermore, as basis functions ¢(x) are
chosen to be bounded in nature, by analyzing (6.50), ¢; is also bounded. Therefore,
all closed-loop signals are bounded and stable in the sense of Lyapunov.

The nature of ¢; can be further analyzed by calculating the time derivative of V;
in (6.56) as

Vi = —2k3 éié; (6.57)

Since each term of Vl is bounded, using Barbalat’s lemma, V, — Qast — oo.
Thus, é; — 0,i.e., x2 — x5 ast — oo. Since ¢; — 0, ¢; — 0 ast — oo. Hence,
~T

from (6.50), there will be a finite error, which is ¢; = i k?_(x). This error can be
minimized with proper selection of gain kj,. Moreover, since xo — x4 is already
proven and modeling uncertainties are present in X, and x4 dynamics, ﬁ)iT
further minimized with accurate choice of basis functions.

After the approximation of model uncertainties, the next step is to design an
asymptotically stable controller for the approximated system to track the reference

signal, which is presented as follows.

can be

6.4.2 Tracking Control Design

In order to design a tracking controller, the error between the approximated system
in (6.45) and the reference output x* is defined as

e =x{—x* (6.58)
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The time derivatives of (6.58) can be calculated as

¢t = x4 — i* (6.59)

¢ =x5—x" (6.60)
By substituting xg from (6.45), the error dynamics can be written as
= fxX)+Gxu+dx)+Kie+ Ky é—i* 6.61)

To stabilize the error dynamics (6.61), a closed-form adaptive control law is
constructed as

u=G) (= f() — Kie* — K§é* — Kre — Koé — d(x) + §°)

where the gain matrices K and K¢ are positive definite and diagonal in nature.
By substituting the control expression in (6.61), the following closed-loop error
dynamics is obtained:

é = —Kle" — K& (6.62)

which is an exponentially stable linear closed-loop dynamics. Hence, error e* — 0
and eé* — 0 exponentially. Thus, both steps of control design will ensure that the
actual system output tracks the reference output with small approximation errors.

Example 6.3 The effectiveness of the control design is demonstrated using
the Van der Pol system. This system is selected for several reasons: (i) It
represents a nonlinear system with relative degree two, (ii) it is a non-square
problem (m = 1,n = 2), (iii) the homogeneous form of the system has an
unstable equilibrium at the origin, and (iv) the system exhibits limit cycle
behavior. These properties make the Van der Pol system an ideal candidate
for testing the efficacy of the control design.
Consider the dynamics of the Van der Pol system given by

)'61 = X2
%=1 —xHxy —x1 +dx1, x) + (1 +x3 + xD)u (6.63)

where x| and x, are states, u is the control input for the system, and d (x1, x2)
is the unknown function present in the system dynamics. The objective of the
controller is to stabilize the plant.

(continued)
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Example 6.3 (continued)
The desired known system dynamics extracted from the actual system is

defined by

i = xf
i =1-GDHxd - + A+ @D+ DHHu? (6.64)

The stabilizing desired controller for the desired system can be designed using
dynamic inversion control design. The desired control expression is given as

4 (1 - (xf)z)xg — xf + 2§a),,xg + a),%xf
(1+ @D+ ()2

where w, = % and ¢ = 0.7. Following the adaptive control design steps, the
adaptive control expression is obtained as

"y 1 (—(1—X%)X2+X1—k1(X1—Xf)—k2(X2—XS)>
(423 +x2) \ -k (xf — =) — K (x§ — x§) — d(x1, x2) + £5

where the term c?(xl,xz) is calculated as'ﬁ(xl,xz) = ﬁ)T(b(xl,xz) and
weights are updated from the learning rule w = ykyéd(xy, x2).

To simulate the controller response, the unknown function d(xq, x2) is
assumed as d(x) = 2cos(xp). The controller gains ki, kp, k?, kg, and
y are selected as k; = 1, kp = 5, kf = 1, k; = 5, and y = 10,
respectively. The basis functions to approximate the unknown function are

chosen as ¢(x) = kron(cy, c2), where ¢ = [1,sin(x;), cos(x1)]7 and
¢y = [1,sin(xp), cos(x2)]”, where kron(x,sx) represents the "Kronecker
product.”

The position, velocity, and control histories of the system are illustrated
in Figs.6.7a and b, and 6.8a. Once again, the performance of the desired
controllers is not inadequate when applied to the actual system in the presence
of uncertainties. However, as demonstrated in theory, the adaptive controller
ensures the desired tracking with a small finite error. The approximation of
the unknown function is depicted in Fig. 6.8b, where the neural network is
used to approximate the unknown function.
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6.5 Control of Euler-Lagrange Systems with Unstructured
Uncertainties

169

In the previous section, the controller was designed considering structured uncer-
tainties, where the form of the uncertainties was known. However, in many practical
scenarios, the exact nature of the uncertainties is unknown. Therefore, in this
section, a neuro-adaptive controller is developed for Euler-Lagrange (EL) systems,
accounting for unstructured uncertainties.

The state-space model of EL systems is given by

X1 =x2
X2 =f(x)+Gx)u+dx)

(6.65)
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where states of the system are defined as x = [xlT sz ] , and kinematic and
dynamic states of the system are defined as x; = [x11, X12, ..., xln]T e ®"

and xo = [x21, X220, ..., xz,,]T € R", respectively. The system output is selected
as x; € R, and the control input to the system is denoted by u € R".
Lumped unstructured modeling uncertainties of the system are represented by
d(x). Nonlinear terms f(x) and G(x) are assumed to be known, and the control
effectiveness matrix G (x) is assumed to be invertible for all time.

The objective is to design controller # in such a way that the output of the actual
system tracks the reference signal, i.e., x; — x* as t — oo.

The control design philosophy in this section is similar to that of the previous
section. However, to enhance the robustness of the controller in the presence
of unstructured uncertainties, a new error transformation is introduced in the
control formulation. This modification necessitates a different construction of the
approximated system compared to the previous section. The synthesis of the overall
control design, incorporating these changes, is explained as follows.
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6.5.1 Approximation of Unstructured Model Uncertainties

In this subsection, the weight update rule is developed using the approximated
system to update the weights of the neural networks in order to approximate model
uncertainties. To construct the approximated system, consider the kinematic and
dynamic states of the approximated system as x{ and x9, respectively. The error
between x| and x‘l‘ can be defined as

e=x1 —x{ (6.66)
The time derivatives of the approximation error (6.66) are obtained as

e=xy— x4 (6.67)

é =Xy — x4 (6.68)

Using the errors in (6.66)—(6.67), a new error transformation variable s is
proposed as

s=K, e+ Kye (6.69)

where K1 and K, are positive definite diagonal matrices. Since the matrices are
diagonal in nature, the i™ component of the error transformation can be written as

S; = kliei + kzi é; (6.70)

It can be noted that the error transformation is linear in nature, and when s; — 0,
errors ¢; — 0 and ¢; — 0, Vi. The time derivative of the transformed error s can be
obtained as

§=K é+Kyé (6.71)

Using the system errors (6.66)—(6.68) and proposed error transformation in
(6.69), the approximated system dynamics is constructed as
x{ =x5
= f)+Gxu+dx)+K;'Kys + K K;'e + Kos  (672)
with the same initial condition as the actual system, where K3 is a diagonal matrix
with positive elements and term d (x) is the approximation of modeling uncertainties

d(x).
By substituting € from (6.68), § in (6.71) is modified as

$‘=K1é~|—K2(X‘2—X'g) (6.73)
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Using (6.65) and (6.72), § can be written as
§ =Ko+ Ka(d@) —d() - K3 'Kas — K K3 'e = Kos)  (674)

By using the definitions of d(x) and d (x) from (6.30) and (6.31), the following is
obtained:

§=Kie+ Ko(W 9(x) + ¢ — K3 'Kas — K K3 'e = Kas)  (675)

where W is defined as W £ W — W and ¢(x) represents basis function vector.
Since the matrices are diagonal in nature and an NN approximation can be used
for individual components of the dynamics, the expression of § in (6.75) can be
expressed in i components as

§i = ki,éi + ko, (ﬁ)iT(b(x) e — ot D kz.s,-) , Vi (6.76)

where @] is the i™ row of W' and ki,, ka,, and k3, are the i diagonal component
of matrices K|, K5, and K3, respectively.
To analyze the stability of (6.76), the following Lyapunov function is chosen:

1
Vi = zsz + —ﬁ)rﬁ)[ (6.77)

where y; > 0 is learning rate constants. By taking the time derivative of the
Lyapunov function, the following is yielded:

LT
w; w;
Ui = 5;5 + —— (6.78)
Yi

By substituting s; from (6.76) and W; = —w;, the time derivative of the Lyapunov
function v; can be expressed as

s ks T
b =s; |:k1,~éi +k2i <ﬁ;lT¢(x) +e€ — 38 ke _k2-Si):| . w; w;

. ks, s; w!w;
siko, (winb(x) +€ — % - kz,-Si> -

i

= siko, ] () + siky€i — k352 — I 57 — L 6.79)

3ii
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Using Young’s inequality, the following is obtained:

T A

e ey
By < siko, 7 §(x) + 52KE + L — kg, 57 — KR 57 — S
i 4 )/i
2 - T
€; . w; w;

—ks;s7 4+ -+ siko, ] Pp(x) — —— (6.80)

4 Vi

By choosing the weight update rule as

; = yiky,5i9(x) — i (6.81)

where ¢; is a positive constant, which is required to ensure the closed-loop stability
of the weight dynamics. By substituting the weight update rule, the expression of v;
is modified as

2

€ [ A
bi < —ks,s7 o+ o+ siko ] $00) — sika, W] $x) + TbTwl
1
2, & 7.
< —k3;s; 4+ — + —w; w; (6.82)
4y
il i
Again, using Young’s inequality and followmg the definition of w w , the term Z2L2
can be expressed as VwiTw[ < 2)/ w w; + w w;. Furthermore, assuming
that €; is upper bounded as el.z < €m,, the Lyapunov derlvatlve v; is modified as
. €: o T ~ o T
Ui < —ks;s? + - — “alw + —wlw;
ST Ty T gy
2
N 1 €
< —dy (4 Ty |+ S 2Ty,
2 2)/,' 4 2)/1'
< —ka4;v; + ks, (6.83)

where the constants k4, and ks; are defined as k4, = min (2k3i , oci) and ks, = % +
wl w;
% ';)’/w’ , respectively. By integrating (6.83) in time, the following is obtained:

(1) = i(0) exp(—ky, 1)+ 1 [1 — exp(—kyy0)] (6.84)

i

where v; (0) is the initial value of the Lyapunov function (6.77) and ‘exp’ represents
exponential function. By analyzing (6.84), the upper bound on v; (¢) is obtained as

b () < v 0) + ];i 6.85)

4;
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Since v;(¢) is bounded, the stability of the transformed error dynamics in (6.76)
can be concluded. Further, using this relation, the upper bound error of the
. . . 2ks. . .
transformation variable s can be obtained as |s;| < ,/2v;(0) + 75’ Since s; is
bounded, from the characteristics of transform, ¢; and é; will remain bounded.
After approximating modeling uncertainties, the next step is to design a tracking
controller for the approximated system in (6.72) to track the reference signal. An

asymptotically stable tracking controller is designed in the following subsection.

6.5.2 Tracking Control Design

The error between approximated output x{ and reference signal x* is defined as
e’ =x{ —x* (6.86)

The time derivatives of the error (6.86) are calculated as

e =x§ —x*

e =35 — %" (6.87)
By substituting x4 from (6.72), the error dynamics is modified as
¢ = fX)+Gxu+dx)+K;'Kss + K\ K;'é + Kos — ¥ (6.88)

To stabilize the error dynamics (6.88), the state feedback closed-loop tracking
controller can be designed as

G —fx)—dx) - K;'Kis — K K 'é

G (™ 2 2 6.89

w=G0 (—Kzs—K‘fe“—Kgé“—i-jé* (059

where matrices K{ and K¢ are positive definite diagonal matrices. Further, by

substituting the control expression (6.89) in (6.88), the following closed-loop error

dynamics is obtained

¢ = —K{e" — K5eé" (6.90)
which is an exponentially stable linear closed-loop dynamics. Hence, error e — 0

and eé* — 0 exponentially. Thus, both steps of control design will ensure that the
actual system output tracks the reference output with small approximation errors.
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Example 6.4 The same Van der Pol system is used to demonstrate the
efficacy of the control design. The dynamic equation of the Van der Pol system
is given by

)E1=)C2

%2 = (1= xP)xg — x1 +d(x1, x2) + (1 + x7 + x)u 6.91)

where x| and x, are states, u is the control input for the system, and d (x1, x2)
is the unknown function present in the system dynamics. The objective of the
controller is to stabilize the plant.

The desired known system dynamics extracted from the actual system is
defined by

xi’ = xj
8 =0-0HHxd —x{ + A+ 6D+ @D 6.92)

The stabilizing desired controller for the desired system can be designed using
dynamic inversion control design. The desired control expression is given as

W — (11— (xf)2)xg — x{l + 2§'a),,x§ + a),%xf
(14 @xH2 4+ (x)?)

where w, = 2 0 and ¢ = 0.7. Following the adaptive control design steps, the
following adaptive control expression is obtained:

1 ( (l—x)xz—}—xl d(xl,xz)——s—kzs )

- (1 +x12+x§) (xz—xz) — k{ (x{ —xl) —k"(x2 —x2)+x2

where s = ki (x; — x{) + ka(x2 — x5). The term c;'(xl, x) is calculated as
d (x1,x2) = ﬁ)T¢(x1, x2), where the weights are updated from the learning
rule w = ykose(x1, x3) — aw.

To simulate the controller response, the unknown function d(x1, x2) is
assumed as d(x) = 2 cos(xz). The controller gains ki, k2, k{, k5, k3, o, and y
are selected as ky = 1, kp =5,k{f = 1,k§ =5, k3 =1, a = 103, and y =
10, respectively. The basis functions to approximate the unknown function
are chosen as ¢(x) = kron(cy, ¢2), where ¢; = [1, sin(x;), cos(x1)]” and
¢y = [1, sin(xy), cos(x2)]%.

The position, velocity, and control histories of the system are illustrated
in Figs.6.9a and b, and 6.10a. These figures show that while the desired

(continued)
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Example 6.4 (continued)
controller performs effectively for the designed system, it does not achieve

the same level of performance for the actual system. In contrast, the adaptive
controller ensures the desired tracking with almost zero error, demonstrating
its effectiveness.

Additionally, the approximation of the unknown function is shown in
Fig. 6.10b, where the neural network approximates the unknown function
well and compensates for the uncertainties in the system dynamics. It is also
evident that, with the same gain settings, this controller is more robust and
better than the controller presented in the previous section, particularly in
handling unstructured uncertainties.
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Fig. 6.9 (a) Position histories. (b) Velocity histories
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It should be emphasized that the aforementioned neuro-adaptive control laws
have certain design limitations. One key limitation is that the control solution in
the tracking control design step (x* — x™*) is highly dependent on the specific
type of nonlinear system. As demonstrated in previous sections, if the nonlinear
system is in a control-affine form, the solution can be obtained relatively easily due
to the straightforward relationship between the state and control input. However,
for nonlinear systems that are not in control-affine form, deriving an appropriate
control solution becomes significantly more challenging. This issue is addressed in
the following section, where robust control design strategies are presented for more
generic nonlinear systems.

6.6 Generic Controller Design Procedure

In this section, the controller is designed for four different important classes of
nonlinear systems. These classes include (i) square and affine systems, (ii) non-
square and affine systems, (iii) square and non-affine systems, and (iv) the most
generic class: non-square and non-affine systems.
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To begin with, consider the desired nonlinear system represented by
= f*x?, u?) (6.93)

where x? € R" is the state vector and u? € R"™(m < n) is the control input
to the desired system. It is assumed that the desired system is completely known,
and the controller is synthesized using the available nonlinear control techniques
to meet the control design and performance requirements. However, the desired
nonlinear system does not represent the actual system due to modeling uncertainties
and unmodeled dynamics. Hence, the actual plant is assumed to have the following
dynamics:

x=f(x,u)+dx) (6.94)

where x € R" and u € R"(m < n) are the state vector and control input to the
actual system, respectively. The term d(x) € R" represents the unknown part of the
system dynamics.

The objective is to design controller # in such a way that the states of the actual
system track the respective states of the desired system, i.e., x — x¢ ast — oo.
This ensures that the actual system performs like the desired system.

To achieve this objective, an approximated system is constructed as an intermedi-
ate step to capture the unknown function d (x) using a neural network approximation
d(x). The dynamics of the approximated system is represented as

= fx,u)+dx) + Kx —x9) (6.95)

with the same initial condition as the actual system, i.e., x*(0) = x(0). Here, K
is a positive definite diagonal matrix. Following the neuro-adaptive control design
philosophy, the control objective will be achieved in two steps: (i) approximation
of model uncertainties d(x), which leads to x — x% as t — o0, and (ii) tracking
controller design, which ensures x* — x¢ as t — oo. Both control design steps are
explained in detail as follows.

It is worth mentioning that, unlike the approach taken in previous sections, where
the weight update rule was derived first and the tracking control was designed
subsequently, this section adopts the opposite methodology. Here, the tracking
controller is designed first under the assumption that the unknown function is
available, and then, the weight update rule is constructed. This approach is chosen
because, depending on the system model, the model uncertainties may depend on
different variables. However, it is important to note that the sequence of these steps
can be chosen based on the preference of the designer.
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6.6.1 Tracking Control Design

Assuming that the unknown function d (x) is available, the objective of this step is
to drive x* — x4 as t — oo. In order to achieve this, consider the following stable
linear error dynamics:

e+ K" =0 (6.96)

where e is the error, defined as e* = x? —x?, and K¢ is a diagonal positive definite
gain matrix.
Further, by substituting e = x¢ — x4, (6.96) is

(x“ - xd) FKYx—x) =0 (6.97)

By substituting ¢ and %, (6.97) can be expressed as follows:
fe,u)+dx) + Kx —x? — @ u?) + Kx*—x9) =0 (6.98)
which can be solved for f(x, u) as
fe uw) =0, x% x4, u?) (6.99)
where
A, x4 x4 u?) 2 e u?) — K4x¢ — x4 — K(x — x%) —d(x)

To derive the control solution, Eq. (6.99) must be solved for u. As previously
mentioned, the nature of the solution depends on the specific type of system under
consideration. In order to obtain a unique and meaningful control solution from
Eq. (6.99), it is necessary to utilize different solution strategies appropriate for each
type of nonlinear system. The following subsections present these solution strategies
for various categories of systems.

6.6.1.1 Square and Affine System

If the system is square and affine, then the following conditions are satisfied: (i)
The state and control input dimensions are equal, i.e., m = n, and (i) the system
f (x, u) can be expressed in the form f(x,u) = f;(x) + G (x)u, where G1(x) is
a non-singular matrix for all time.

If the system follows these properties, the control solution can be obtained as

u=[Gx)]" (x(x,x“,x",ud) — fl(x)) (6.100)
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6.6.1.2 Non-Square-Affine System

If the system is non-square but affine in control, two cases may arise: either (m > n)
or (m < n).

Case 1 m > n) This scenario indicates that there are more control variables than
states. In such cases, any optimization framework, such as linear programming,
can be utilized to determine the control solution. Linear programming involves
optimizing a linear objective function subject to a finite number of linear equality
and inequality constraints. By formulating an appropriate objective function, one
can find an optimal control solution that satisfies the control objectives while
utilizing the available control variables effectively.

Case 2 (m < n) In this scenario, the number of system states exceeds the number
of control variables, which is a more realistic and commonly encountered situation
in real applications. To derive the control solution in this case, a slack variable is
introduced in the control term to make the system square. The detailed strategy for
implementing this method is explored in the following paragraphs.

Since (m < n), (6.98) cannot be solved for u. In order to find a solution, (i) a
slack-variable vector u; is introduced, (ii) an n x (n —m) matrix ¥ (x) is designed,
and (iii) ¥(x)u, is added to the approximated system (6.95). Hence, the modified
approximated system is defined as

=[x w) + W @ug ] +dx) — ¥(@u, + Kx —x%)  (6.101)

with x*(0) = x(0). Here, K is a positive definite diagonal matrix. Furthermore, the
following new variables are defined:

T [uT, u{]T (6.102)
falx, ) 2 [f(x, u) + ¥(x)u,]" (6.103)
d,(x,ug) 2 d(x) — W(x)u, (6.104)

Using these variable definitions, (6.101) can be modified as
= f (@) +dy(x,ug) + K(x —x%), x%(0) = x(0) (6.105)

It can be noticed that (6.105) is a square system in x and #, and hence, a feasible
solution for # can be obtained. In thg solution, first m elements of u represent u.

The modified uncertainty vector d(x, u) is obtained as an output of the neural
network, represented as dg, (x, u;) = ﬁ)iTqSi(x, us), Vi.Here, w; and ¢; are the
weight vector and basis function vector of the neural network, and xT, uST] is the
input of the neural network. The subscript i stands for each state of the system; i.e.,
each state equation has a separate neural network associated with it.
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Similar to (6.97), the error dynamic equation for the non-square control-affine
system f(x,u) = f1(x) + G1(x)u can be written as

u

F100) +[Gi(x) ¥(x)] [u } +da(x,ug) + K(x — x%)

—ffxtuh) + K x*— x4 =0 (6.106)
F10) +[G1(x) ¥(x)] % +da(x, uy) + K(x — x%)
— e uy + Kx* —xH) =0 (6.107)

This leads to
7 =[G A (x, x x4 u? uy) (6.108)

where
G(x) £ [Gi(x) ¥(x)] (6.109)

A x xd u ug) 2 el ud) — KO — x) —d,(x, uy)

—K@x —x% — f,(x) (6.110)
do(x,u)) 2wl ¢;(x.u;), i=1,....n 6.111)

It is important to choose the function ¥ (x) carefully to ensure that the square
matrix G(x) does not become singular. However, selecting such a function W (x)
is problem-dependent, so careful consideration is required during the selection
process.

It should be noted that this formulation results in a fixed-point problem in the
control solution because the control vector # contains the vector u,, and the control
solution Eq. (6.108) also includes u; on the right-hand side. In Eq. (6.108), u; serves
as an input to the neural network that approximates the uncertain function.

The solution for u is obtained numerically using the iterative formula u,; | =

G™! (h — cAla (x, ﬁf)>, where T = 0, 1,2, ... and 7 represent the iteration number.
Here, h is defined as b 2 f*(x?, u?) — K*(x* — x%) — K(x — x%) — Sfi1(x).
The validity of this solution has been proven using the contraction mapping theorem
(Padhi et al. 2007).

6.6.1.3 Square Non-Affine System

When the system is square but non-affine, the following three options are available
for control design: (i) The form of the equation may still allow for a closed-form



182 6 Neuro-adaptive Control Design

solution for the control variable, depending on the specific characteristics of the
system. (ii) Another option is to use numerical techniques, such as the standard
Newton-Raphson method, provided a good initial guess is available. (iii) For
designing a controller for a non-affine system of the form x = f(x, u), where
f is a smooth mapping and satisfies f (0, 0) = 0, a novel method introduced in the
literature can be employed. This method is elaborated as follows.

If the unforced dynamic equation ¥ = f(x,0) = f,(x) is Lyapunov stable,
then the system equation can be represented as

= fo(x)+ Go(x)u + Z (R (x, wu) (6.112)
i=l1

where fo(x) £ f(x,0), Go(x) £ %(x,()) = [g(l)(x), .. .,g%(x)] e R and
Ri(x,u) e ", 1 <i <m.

Using the aforementioned method, the actual non-affine plant equation x =
f(x,u) 4+ d(x) can be expressed as

m
X = fox)+Gou+ Y ui(Ri(x,u)u) +d(x) (6.113)
i=1
The approximate system can now be constructed as

= fo(x)+Go(x)u+Z (Ri(x, wu) +d(x,u) + K(x —x*)
i=1

(6.114)
where K is a positive definite diagonal matrix. In this case, the online neural
network output d (x, u) captures the uncertainty » ;| u; (R (x, u)u) + d(x). The

control solution can then be derived from the error dynamic Eq. (6.97) between the
approximate state and the desired state as follows:

u=1Go() ™" (hex,x%, x% ud w) — fo(x)) (6.115)
where [Go(x)] is assumed to be non-singular for all time, and

A, x x% ul w2 e u?) — KY(x* — x%)

—K(x —x”) —d(x,u) (6.116)

It can be observed that (6.115) presents a fixed-point problem. The control
solution is determined numerically using the iterative formula:

uryr =[Go(x)]™! (k(x, x4 xh u? ) — fo(x)) (6.117)
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where T = 0,1,2,... and t denote the iteration number. The validity of this
solution is confirmed by proving that the mapping in (6.115) is a contraction
mapping (Padhi et al. 2007).

6.6.1.4 Non-Square Non-Affine System

If the plant dynamics is both non-square and non-affine in nature, then by combining
the previously explained strategies, the approximation system for the plant is
constructed as follows:

= fo(x) + Go()u +dg(x,u,ug) + K(x —x*) + ¥(x)u; (6.118)
which can be rewritten as
¥ = £y +1Gow) wool[

S

} +d(x,u,u;) + K(x —x%  (6.119)

where K is a positive definite diagonal matrix and
m
d,(x,u,ug) £ dx) —W(x)u, + Z ui (Ri(x, u)u) (6.120)
i=1

By defining # = [u? u!]" and G(x) £ [Go(x) W(x)], the error dynamic
equation can be expressed as

FoX)+ G T +dy(x,u, ug) + K(x — x9)
—raEtuh) + K x*—x4) =0 (6.121)

The control expression can be extracted as
u=[Gx)] " A, x% x4 ul u, uy) (6.122)
where

A, x x u uug) 2 (e u?) — fox) —da(x, u, uy)

—K(x —x% — K°x® — x% (6.123)

and G(x) is assumed to be non-singular at all times. Only the first m elements of u
are required for the implementation of the control on the actual system.
The solution for # is obtained numerically using the iterative formula &, | =

G! (h — tAla (x, ﬁf)), where 7 = 0, 1,2, ... and 7 represent the iteration number.
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Here, h is defined as h £ {f*(xd, u?) — K4(x% — x9) — K(x — x%) — fo(x)}.
The validity of this solution has been established using the contraction mapping
theorem. The relevant proofs and conditions supporting the validity of this solution
are detailed in the referenced literature Padhi et al. (2007).

6.6.2 Approximation of Model Uncertainties

This step involves approximating the model uncertainties of the system using a
neural network. To develop a weight update rule for adjusting the neural network
weights, the error between the actual and approximated systems is defined as
follows:

e=x—x“ (6.124)
The time differentiation of (6.124) gives
e=x—x“ (6.125)
Substituting (6.94) and (6.95) into (6.125) leads to
e=d(x)—dy(x,u,u;) — Ke (6.126)

where note that the cfa (x, u, ug) represents the most general form of the neural
network output. Depending on the system type, the model uncertainties and the
corresponding neural network outputs vary. These differences are summarized in
Table 6.1.

Since the matrix K is a positive definite diagonal matrix, (6.126) can be analyzed
in terms of its i™ component. Here, jth components of e, d(x), and d(x, u, uy)
are represented by e;, d;(x), and dAai (x,u, uy), respectively. Therefore, the jth
component of the error dynamics in Eq. (6.126) can be expressed as follows:

éi = di(x) — dg, (x, u, ug) — kie; (6.127)

Table 6.1 Uncertainties and neural network (NN) outputs for different types of systems

System type Uncertainty NN output
Square, affine d(x) d (x)
Non-square, affine d(x) — V(x)u, ;1“ (x, uy)
Square, non-affine d(x) + Y7 ui(Ri(x, u)x) d(x,u)
Non-square, non-affine d(x) — V(x)u, tAia (x,u, uy)

+ D 00L ui (Ri(x, w)u)
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Utilizing linear-in-weight architecture of neural networks, the uncertainties d;(x)
and the approximation of uncertainties dg, (x, u, uy) are defined as

di(x) = w] p(x, u, uy) + ¢ (6.128)
da; (e, u, ug) = ] §(x, u, uy) (6.129)

where w; and ®; are the optimal and approximated weights and ¢ (x) is the known
basis function vector. The term ¢; is the finite approximation error. Note that w; is a
vector with constant elements.

Using these definitions, the modified error dynamic equation is obtained as

6 =) p(x,u, uy) + € — kie; (6.130)

. ST . ~T & T ~T

where weight error w; is defined as w; = w; —w; .

Similar to the previous sections, the weight update rule is constructed using the
Lyapunov stability theory. Consider the following quadratic Lyapunov function:

2 ~T ~
_ ,Biei w; w;

2 2y

where §; is a positive constant and y; > 0 is known as the learning rate constant.
The time derivative of the Lyapunov function in (6.131) is

ST
Vi = Bieier + 201 6.131)
Vi

Further, using error dynamics (6.130), the time derivative of the Lyapunov function
is modified as

~T A

. ~ w: w;

Vi = Biei (w,-T¢(x, u,ug) + € — kiei) - IT’
1

A

w;

w] |:,3iei¢(x,u, us) — j| + Bieiei — kipie?

14
By selecting the weight update rule as

Wi = yiBieid(x, u, uy) — oji; (6.132)
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where o; > 0 is a constant. With the selection of this learning rule, the weights will
be bounded even if the error is nonzero. The bound of nonzero error due to ¢; can
be calculated from the resultant V; expression as follows:

~ T A
. o;w; w;
Vi = —kiie] + Bieiei + —— (6.133)

i

By analyzing the term ﬁ)iTﬁ)i , the following is obtained:

T ~ T

~

W; w; = W; w; —w; W; (6.134)
where
o w; = % (] i + @] i + w] w;) (6.135)
Hence, ﬁ)iT w; can be rewritten as
ol = % (—ﬁ;fﬁ;i — o w; + wiTw,-> (6.136)
< %(—Ilﬁullz — il + 1w ) (6.137)

a,w w;

Therefore, the term —L— in (6.133) can be modified as

~T A
ojw; W; < g;

s (P o ) (6.138)

Following this, the Lyapunov derivative V; can be expressed as

y 2 Oi . 2 Oi . o O )
Vi < —kipie? + Bieiei — — i[> — —— 1w [|* + —— [lw;]| (6.139)
2y; 2y, 2y,

‘32 2 B o R o
<-ii —kiBie? — i 2 — =i |2+ — ;)2 (6.140)

2 2y, 2y, 2y

O o gj N

< —cief + ey — — |l |I* — ——|li; |? (6.141)

2y; 2y;
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2
where constants ¢; and ¢ are defined as ¢; 2 (ki,Bi — %) and ¢ £

2 .
<€7’ + 2% ||lw; ||2>, respectively. The Lyapunov derivative V; < 0if (—clei2 +0) <
0. This leads to |¢;| > /g—f.

Thus, it can be observed that selecting a sufficiently small o; and choosing an
appropriate set of basis functions will minimize the approximation error €;, which
will help in maintaining a small error bound. Furthermore, carefully selecting gains
k; and B; will further reduce the error bound. Ultimately, the error bound for the

weight update scheme is given by z—f

Example 6.5 Similar to the previous sections, the same Van der Pol system is
used to demonstrate the efficacy of the control design. The dynamic equation
of the Van der Pol system is given by

)51 = X2

X2 = —xHxy —x1+dx1,x2) + (1 +x3+x)u  (6.142)
where x1 and x, are states, u is the control input for the system, and d (x1, x2)
is the unknown function present in the system dynamics. The objective of the

controller is to stabilize the plant.
The desired known system dynamic equation of the plant is defined by

i = xf
i =1-GDHHxd -2 + A+ @D+ DHHu? (6.143)

The stabilizing desired controller for the desired system can be designed using
dynamic inversion control design. The desired control expression is given as

4 — (1 - (xf)Z)xg — xf + 2§a),,x§ + a),%xf
(1+ D2+ (x5)?2)

where w,, = % and ¢ = 0.7.
Following the adaptive control design steps, the approximated system is
constructed as

i = x0 4+ ki (xp —xf)

i = A =xDxg —x1 +dxy, x) + A+ 57 +xu+ k(g —x§)  (6.144)

(continued)
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Example 6.5 (continued)

Since the problem is in non-square form, ¥ is selected as ¥ = [—10 1017,
Using W, the approximated system is modified as

&= x4 ky (x1 — x8) — 10us + d (x1, x2, uy)
£ = (1 —xP)xz — x1 + 10u; + d§ (x1, x2, )

+(1 + x3 + xDu + ko (x2 — x5) (6.145)
where 10u; represents the uncertainty introduced to make the system square,
and it will be approximated by df (x1,x2,uy). The sum of the model

uncertainties and 10u; present in the second state will be approximated by
dj (x1, x2, ug). The augmented controller can be expressed as follows:

ST I (T B A R
1+x2+x3 10 —k§ (x§ —x§) Af ka (x2 — x9)

(6.146)
where
Af (v = x§) +df (x1, %2, ug)
[Af;] = | (1 =xD)xy —x1 +d§(x1, x2,u5) — (1 —xP)x§ +x¢ | (6.147)

—(1+ D%+ Hu?

where k1, k>, ki’, and k‘2’ are positive gain constants. As previously mentioned,
the control input u can be derived from u. Furthermore, the solution is
obtained iteratively, with the initial step assuming u; = 0.

The terms c?f (x1, x2, ug) and cig (x1,xp,ug) are calculated as
df(x1, x2,u5) = W] ¢p(x1,x2,us) and d§ (x1, X2, uy) = ﬁ)gtb(m){z, Us),
respectively. The weights are updated from the learning rules w; =
Y1B1(x1 — x{)P(x1, x2, us) — o1y and Wy = y2B2(x2 — x5)P(x1, X2, uys) —
oWy, respectively.

To simulate the controller response, the unknown function d(xq, x2) is
assumed as d(x) = 2 cos(x2). The controller gains ki, k2, k{, k5, k3, 01, 02,
y1.and y; are selected as k| = 1, ky = 5,k{ = 1,k§ =5,k = 1,01 = 1079,
o» = 1075, 1 = 2, and y» = 1, respectively. The basis functions to approx-
imate the unknown function are chosen as ¢(x) = kron(cy, kron(es, ¢3)),
where "kron" is the Kronecker product, ¢; = [1, sin(xy), cos(x1)]T
[1, sin(x2), cos(x2)]7, and ¢3 = [1, sin(uy), cos(us)]” .

’c2 =

(continued)
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Example 6.5 (continued)
The position, velocity, and control histories of the system are illustrated

in Figs.6.11a and b, and 6.12a. These figures show that while the desired
controller performs effectively for the designed system, it does not achieve
the same level of performance for the actual system. In contrast, the adaptive
controller ensures the desired tracking with almost zero error, demonstrating
its effectiveness. Additionally, the approximation of the unknown function is
shown in Fig. 6.12b, where the neural network approximates the unknown
function with a finite approximation error and compensates for the uncertain-

ties in the system dynamics.

Position x;

T T T

- - -Desired system with desired control
-------- Actual system with desired control
——Actual system with neuro-adaptive control

S o
[N} o [\®]

Velocity x»
=)
~

15 20
Time (sec)

(a)

L , N /\v/\

1Y

5"
[ :-'l .
LJ:- - -Desired system with desired control

fjE— Actual system with desired control
,: ——Actual system with neuro-adaptive control
"
0 5 10 15 20

Time (sec)

(b)

Fig. 6.11 (a) Position histories. (b) Velocity histories
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Fig. 6.12 (a) Control
histories. (b) Unknown
function and its
approximation
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: : ; 1
- - -Desired control for desired system

---------- Desired control for actual system
—— Neuro-adaptive control for actual system

L L L

Uncettaintity Approximation

5 10 15 20
Time (sec)

(a)

2.5

2 IRty ittt
1.5¢

1 L
0.5 - - -Unknown Function

—— Neural-network approximation
0
0 5 10 15 20
Time (sec)
(b)

Example 6.6 In this example, the control design for a double inverted pen-
dulum system with uncertainties is chosen to demonstrate the effectiveness
of the neuro-adaptive controller. The non-square and non-affine dynamic
equation of the system is given by

X1 = x2

%2 = (@1 + Aay)sin(x;) + 1 + & tanh(u1) + oy sin(xq) + fi(x)

X3 = X4

X4 = (@2 + Aa) sin(x3) + B2 + & tanh(uz) + 02 sin(x2) + fo(x)

(continued)
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Example 6.6 (continued)

where x| and x; denote the position and velocity of the first mass, respectively.
Similarly, x3 and x4 denote the position and velocity of the second mass,
respectively. The state vector x is defined as x = [xq, x2, x3, x4]7, and the
control torque input applied by the servo motors is represented by u| and u5.
Moreover, for i = 1, 2, the parameters are defined as

m;gr kr?
o = - —
Ji 4J;

kr
—(—-b
ZJi( )

>

(1>

Bi

[I>

Wimax

J;
kr?
4J;

&i

(1>

Oi

The system parameters and their values are listed in Table 6.2.
The desired system for the actual system is given by
)'cf = xg
J'cg = sin(xfl) + B1 + & tanh(ui’) + o1 sin(xff)
)'cgi = xff
ed __ . d d . d
Xy = apsin(x3) + Bo + & tanh(ujy) + o7 sin(xy)

The objective of the desired controller is to ensure that x‘li — xj and xéi —
x5, where reference signals x| and x7 are defined as x}" = x5 = sin(27¢/10).
A dynamic inversion controller, defined by the closed-loop error dynamics
(x4 — ¥+ Kg(x? — %) + Kp(xd — x*) = 0 is used to achieve the desired
controller design objectives, where x4 = [x¢ x¢]7, x* = [x; x]7, and
gain matrices K4 and K, are selected as identity matrix.

The controller effectiveness is demonstrated by selecting Aw; and Ay as
20% of o1 and «y, respectively. Uncertainties fl (x) and fz(x) are assumed
as exponential functions and selected as fl (x) = 0.1e%91%1 apd fz(x) =
0.1¢%0141 | respectively. The uncertainties of the system can be represented
as d(x) = [di(x),dr(x),d3(x),ds(x)]", where di(x) = 0, dp(x) =
A sin(xy) + 0.1e%91%1 g3 (x) = 0, and da(x) = Aas sin(x3) + 0.100133,
respectively.

(continued)
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Example 6.6 (continued)

Since the system is in non-square and non-affine form with fewer control
variables than the states, the variables f(x) and Go(x) can be defined as
e
oy sin(x1) + B1 + o1 sin(xs)
X4
o sin(x3) + B2 + o2 sin(xz)

fox) = (6.148)

0 0
£0
00
[ 0 &

Go(x) 2 (6.149)

The actual plant can be expressed as

i = fo(x)+ Go)u+ Y ui(Ri(x, wyu) + d(x) (6.150)
i=1

Since Go(x) is not square, a slack variable is added and W (x) is selected as

~10 10 0 0
V(x) = .
x) [ 10 —10 10—10]

In simulations, the gain matrix for stable linear error dynamic equation is
1 1 1 1 . _ _ _ _
RS E) with 11 = p = 13 = 74 = 0.2. The
control solution vector was obtained as

chosen as K = diag(

v = [Go(x)\ll_l] (— (fo(x) +d,(x,u, us)) + @ —u") — %%+ K(x* — xd)>
The numerical solution was obtained using
Vir] = [Go(x)‘ll_l] (— (fo(x) + &”(x, vk)) +(—x%) — 4+ K(x% — xd)>

After solving for v, control u can be extracted from the first two elements.
The basis function vectors ¢ (x), ¢,(x), ¢3(x), and ¢,(x) are selected as

¢1(x) = ¢,(x) = kron(ep1, kron(cj2, kron(cs, kron(e4, kron(cs, ¢¢)))))

¢3(x) = ¢4(x) = kron(ca, kron(caz, kron(e3, kron(c4, kron(cs, c¢)))))

(continued)
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Example 6.6 (continued)

where
enn = [1 sin(xy) cos(xp)]” (6.151)

= [1 sin(x2) cos(x2)]” (6.152)

= [1 sin(x3) cos(x3)]” (6.153)

= [1 sin(xg) cos(rs)]” (6.154)

= [1 sin(up)]” (6.155)

= [1 sin(uz)]" (6.156)

= [1 sin(uy))]" (6.157)

=1 s1n(us2)] (6.158)

The weight update rule parameters selected were 01 = 0o = 03 = 04 =
1 x107%and y; = y» = y3 = y4 = y; = 20. For the first iteration on the
control solution, the scheme v = [u1y uzg 0 0]% is used.

The position, velocity, and control histories of the system are illustrated in
Figs. 6.13a-b, 6.14a-b, and 6.15a—b. These figures show that while the desired
controller performs effectively for the designed system, it does not achieve
the same level of performance for the actual system. In contrast, the adaptive
controller ensures the desired tracking with almost zero error, demonstrating
its effectiveness. Additionally, the approximation of the unknown function
is shown in Fig.6.16a and b, where the neural network approximates the
unknown function well and compensates for the uncertainties in the system
dynamics.

6.7 Summary

This chapter provides an overview of neuro-adaptive control design for different
classes of nonlinear systems. To illustrate the fundamental concept, neuro-adaptive
control design is first presented for a relative degree one nonlinear system with
structured uncertainties. This design is further improved by incorporating gradient
information into the learning rule, leading to better approximation. Subsequently,
the neuro-adaptive control design is extended to a practically relevant Euler-
Lagrange (EL) system with structured and unstructured uncertainties. Here, the con-
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Table 6.2 System
parameters and their values

Fig. 6.13 (a) Position x;
histories. (b) Velocity x|
histories

6 Neuro-adaptive Control Design

System parameter Value | Units
End mass of pendulum 1 (m) 2 kg
End mass of pendulum 1 (m5) 2.5 kg
Moment of inertia (J;) 0.5 kg m?
Moment of inertia (J3) 0.625 | kg m?2
Spring constant of connecting spring (k) | 100 N/m
Pendulum height (r) 0.5 m
Natural length of spring (/) 0.5 m
Gravitational acceleration (g) 9.81 m/s?
Distance between pendulum hinges (b) | 0.4 m
Maximum torque input (u1,,, ) 20 Nm
Maximum torque input (12, ) 20 Nm

3 — = Desired trajectory

I Plant trajectory with nominal control

2+ ,|—Plant trajectory with adaptive control
1 L 4
0 F 4

5 10 15 20
Time (sec)

(a)

25

T T T

— — Desired trajectory

---------- Plant trajectory with nominal control
——Plant trajectory with adaptive control

5 10 15 20
Time (sec)

(b)

25
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Fig. 6.14 (a) Position x3 3 T
histories. (b) Velocity x4
histories 27 ]

— — Desired trajectory

A Plant trajectory with nominal control |
——Plant trajectory with adaptive control

_3 T T I I

0 5 10 15 20 25

Time (sec)

(a)

-1t — = Desired trajectory
---------- Plant trajectory with nominal control
——Plant trajectory with adaptive control

2 : : :
0 5 10 15 20 25

Time (sec)

(b)

cept of system transformation is also explored to enhance controller performance.
Finally, a neuro-adaptive control design is introduced for a generic, non-affine,
non-square nonlinear system. Each design concept is explained through examples
for better understanding. Readers interested in a more in-depth understanding of
neuro-adaptive control design may refer to additional sources Padhi et al. (2007),
Sachan and Padhi (2020a), Padhi and Kothari (2007), Ambati and Padhi (2017),
Rajasekaran et al. (2009), Padhi and Kothari (2007), Sachan and Padhi (2020b),
Maity et al. (2018), and Mathavaraj and Padhi (2021).

6.8 Exercise Problems

1. Design the stabilizing controller for the following nonlinear systems (a — h)
using the neuro-adaptive control design philosophy. The desired controller for
these systems can be designed using the methods given in Chap. 3.
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Control uy

S
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- - -Nominal control
.......... Adaptive control

10 15 20
Time (sec)

(a)

- - -Nominal control

K — Adaptive control 1
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Control us
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Fig. 6.15 (a) Torque control u. (b) Torque control u»

(a)
(b)
()
(d)
(e)

®

f=—x24+x—=3)u+dx)

where d(x) is structured uncertainty, defined as d(x) = 4x.

X =—sinx +u+d(x)

where d(x) is structured uncertainty, defined as d(x) = 0.4 sinx.
¥F=(1-x>—3?)i+u+dx)

where d(x) is an unstructured uncertainty, defined as d(x) = 0.3x + 0.1x2.
¥=070—=xDi -+ (1 +iDu+dx)=0

where d(x) is an unstructured uncertainty, defined as d(x) = 0.1xx +0.1x>.
X tut 1+s)1'cn2x +d(x) =0
where d(x) is an unstructured uncertainty, defined as d(x) = 0.1x cos x.

x| X2
[xz} - [ —2sinx; cosxz + x1 + tanh(u) + d(x) ]
where, d(x) is an unstructured uncertainty, defined as d(x) = 0.1 sin x] cos
x2 +0.2x7.



6.8 Exercise Problems 197

(3]

Fig. 6.16 (a) Unknown

- - -Unknown function

ﬁmCtiO.ﬂ ) (x) and its \% ——Network approximation
approximation. (b) Unknown =
function d4(x) and its .5 1
approximation ‘g
£
=]
g 0
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=]
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- Ry ‘ ‘ | ]
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(b)

(@) X1 . X2 +u
& X2 —x2 —x1 — (x1 + x2)2x2 +u+d(x)
where, d(x) is an unstructured uncertainty, defined as d(x) = xg —0.3x;.
X1 —x3 — xyx2 .
() || = NP 2 where, d(x) is an unstructured
X2 —x; —x{x2 +x2 +u+d(x)
uncertainty, defined as d(x) = O.3x12x§ —0.1x;.
2. Following the definition of weights in (6.30) and (6.31), prove the following
inequality:

where w; and w; are the optlrnal and approximated weights, respectively, and w;

is defined as w; £ w; — ;.
3. Consider the error transformation variable s is defined as

s=Kie+K,é (6.159)
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where K; and K, are positive definite diagonal matrices, and errors are
defined in (6.66)—(6.67). Show that the error transformation has the following
properties:

(a) When s — 0, errors e — 0 and ¢ — 0 simultaneously.
(b) If s is bounded, errors e — 0 and ¢ — 0 will remain bounded.

4. Consider the weight update rule with o modification defined as
W; = yiBieid(x, u, ug) — oy ib; (6.160)

where all variables can be referred to from (6.132). Show that for nonzero error
e;, the weight update rule is stable, and time histories of weights will remain
bounded.
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Chapter 7 ®
BLF-Based State-Constrained e
Neuro-Adaptive Control

The preceding chapters provided an overview of existing nonlinear adaptive control
methodologies, with a particular emphasis on neuro-adaptive control for various
classes of nonlinear systems. Nominal state-constrained control strategies for a
perfectly known system model were presented in Chap. 4. However, the presence
of modeling uncertainties and external disturbances significantly complicates the
control design process for constrained systems. To address this challenge, in this
chapter, the neuro-adaptive control design framework is extended to distinct classes
of nonlinear systems, assuming the presence of structured modeling uncertainties.
In the next chapter, the neuro-adaptive control framework is developed to address
unstructured modeling uncertainties and bounded external disturbances. Thus, the
current chapter serves as a foundational introduction to state-constrained neuro-
adaptive control design.

7.1 Adaptive Control of Nonlinear System with Relative
Degree One

A nonlinear system with relative degree one is given by
i =f(cu)+d(x) (7.1)

where x € R" and u € R" are the states and control input, respectively. The vector
f (x,u) € R" represents the known part of the dynamics, and d(x) denotes the
uncertain part. The model uncertainties of the system are assumed to be bounded
and structured in nature.

The objective of the control design is to design an adaptive state feedback
controller for the system in (7.1), which ensures the desired tracking of a given
reference signal x*(¢), without violation of user-imposed state constraints. The
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imposed constraints (asymmetric) on the ith component of state is defined as Exl.
and {y,,i.e., {x, < Xi < {,,, Vi, where ¢, and ¢, are lower and upper bounds on
state x;, respectively. B

To mitigate the conflict between reference signal tracking and constraint satis-
faction, it is assumed that there exist positive constants ¢ X EX;F satisfying — ¢, <

—Cx < x;" < Ex,* < Ex. , Vi, where xi* denotes the ith component of the reference
=i i i

signal x*. Moreover, the reference signal and its time derivatives are assumed to be

smooth and bounded.

7.1.1 Philosophy of Gradient Learning-Based Adaptive Control

The control design philosophy used here aligns with the neuro-adaptive control
approach outlined in the previous chapter. However, due to the presence of state
constraints and utilization of gradient learning in control, the design methodology
and stability analysis differ significantly.

In the control synthesis process, the states of the actual system, the states of
the approximated system, the states of the known part of the system dynamics
(desired system), and the reference tracking signals are denoted by x, x“,xd,
and x*, respectively. The control design framework is illustrated in Fig.7.1. The
design process involves the following steps: (i) an asymptotically stable desired
controller is developed for the known part of the system dynamics to ensure
x¢ — x*; (ii) a neural network-based system is constructed to approximate
system uncertainties, enabling x — x“; and (iii) an asymptotically stable tracking
controller is designed to minimize the error between the approximated system states
and the desired system states, ensuring x¢ — x?. In all three steps, the system
errors are constrained by the respective bounds, calculated using the user-imposed
constraints (as discussed in (7.38) and (7.39)). These steps ensure that the actual
system states track the reference signal with the desired accuracy (x — x*) without
violating the imposed state constraints. The steps involved in the control design are
explained in the subsequent subsections.

The proposed adaptive control design can also be implemented without using
step (i), i.e., x¥ — x*. In that scenario, tracking control is designed directly to

Learning of Minimizing the error Ensuring Tracking
model uncertainties between 2@ and x| | betweenx? and x*
|Acluul System l [ Approximated System | [ Desired Syslcm| [Reference Signal
48 » 2 ~ wr/ > x*

Fig. 7.1 Philosophy of state-constrained neuro-adaptive control design
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minimize the error between approximated states and the reference signal, i.e., x* —
x*. However, step (i) leads to a relatively better transients-free and smooth response.

7.1.2 Desired State-Constrained Control Design

The controller developed in this step ensures the asymptotic tracking between x¢

and x*, i.e., x¢ — x* for the known part of system dynamics (desired system). The

dynamic of the desired system is given by

W= (xd, ud> (1.2)

where, x?, u? € R" are states and inputs of the system. The objective of desired

control design is to ensure asymptotic tracking of the reference signal x* without
violation of asymmetric constraints on desired states of the system in (7.2), where
the upper and lower bounds on the ith component of state are assumed as ¢ d

and ( 45 respectively, i.e., ¢ ¢ < xd < ( a5 Vi. The selection strategy for these
constraints is obtained from (7 38) and (7. 39)

The tracking error between the states of the desired system and the reference
signal is defined as

el =x? —x* (7.3)

By taking the time derivative of the error in (7.3) and substituting x4 from (7.2), the
following error dynamics is obtained:

el = f (xd, ud> e (7.4)

To construct the controller, the following asymptotically stable closed-loop error
dynamics is selected (the proof of asymptotic stability is given in Theorem 7.1):

d [Kd (ed)] e (7.5)

where K¢ (e) is diagonal symmetric matrix, defined as

e e
Kd(ed>:diag il | +a-m ||| v a0
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where constant cf’ is positive controller gain and e? is the ith component of error
d = 77 7 -
term e“. The terms ;elq and £e§j are defined as 567 = {x;z — &y and —gelq = gxlq -
1, if0O<ef <&,

¢ .*, respectively, and y;* is defined as y*(¢;) = i ,Vi.
= : T o, i —ge<ef <0

By comparing (7.4) and (7.5), the following expression is obtained:
f (xd, ud) n [Kd (ed)] el — it =0 1.7)

Based on the structure of the desired system in (7.2), the desired control expression
u? can be derived from (7.7). If the desired system is in a control-affine form, the
desired control expression can be explicitly obtained in a closed-form solution.
Conversely, if the system is represented in a more generic form, fast numerical
algorithms, such as the Newton-Raphson method, can be employed to compute the
control solution efficiently.

Since closed-loop error dynamics in (7.5) is nonlinear in nature, the asymptotic
stability of the closed-loop desired system is required to be shown. This requirement
is fulfilled in the following theorem.

Theorem 7.1 Consider the closed-loop error dynamics (7.5) of the desired system

(7.2), with initial errors satisfying {d < ed(O) < {d Vi. Then, the closed-

loop error dynamics are asymptotlcally stable and remain bounded, such that
=L < el‘.l (1 <¢ od» Vi. Furthermore, the states of the closed-loop desired system

are constrained within the imposed state bounds, i.e., { .a < xlfi < Zx_d, Vi.
-1 1

Proof Since the gain matrix (7.6) is diagonal in nature, the closed-loop error
dynamics (7.5) can be expressed in terms of ith components, i.e.,

cd c.d
4l + (1 - d ed =0,vi. (7.8)

G A ()

To show the asymptotic stability of (7.5), the barrier Lyapunov function is chosen
as

1 y Lo
d_ d i ;
Ve = 3 E ¢ |y log Ez |t (1 —y")log pE (7.9)
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where constants cl‘.i, Zeq, and ¢ .« are already defined in (7.6) and “log” is natural
logarithm. Note that the Lyapunov function is valid when efl (0) satisfies —¢ 4 <

eid 0) <¢ o> Yi. The time derivative of Lyapunov function is

n dd d .d
elée e;e
V=Y "ol |y, oy U=y (7.10)
i=1 ( el € ) <£§4—e§1>
By substituting éfl from (7.8), Vd becomes
2
n d d
. ct c
V= =3yt U=y |

; d? 2 !
A Ea-d) (¢ -e)
i

Since V¥ is negative definite, the asymptotic stability of the closed-loop error
dynamics in (7.5) can be concluded, i.e., e;i(t) — Oast — oo, Vi.

Since V4 < 0,Vvd (1) < Vd, Vt > 0, where Vod is the value of the selected barrier
Lyapunov function in (7.9) at r = 0. Since each individual element of V4 in (7.9) is
positive definite, the following expression is true:

=2 2
d

1 o Sed
5014 v log_z—’d2 +(1 - J/,~*)10g2—’d,2 <V (7.12)

Cod — € Ca—¢
1

By solving (7.12) for e?, and performing mathematical simplifications, the follow-
ing inequality is obtained:

—2vd g —2vd _
— & ,d 1 —exp = <e€ <&, 1 —exp 7 , Vi (7.13)
- Ci ’ ¢

. . . A .
where “exp” represents the exponential function. Since the term =% is a positive
cY

i

i

_Ayd
quantity for nonzero el‘.l (0), the term \/ <1 — exp < i:" )) is bounded as
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Thus, the closed-loop errors ef will remain bounded as —¢ .« < ef () < Zeq, Vi.

The error efl is defined as efl = xlfl — x; and hence, xlfi = efl + x;. Since the
; * d * o d _ %= i
desired output x;" and e are bounded as o SX =S¢ X and —gelq <ef < ;e;;, Vi

respectively, the bounds on the state xl.d are obtained as (—{ A+ x,*) < xl.d <

(Eeq + Exl_*). By the definition of ¢ ¢ and ¢ in (7.6), {4 and . are defined as
Cpd = —8,a+Cxx and Exd = Eeg + Ex;*, respectively. Hence, the following can be
concluded:

Sed <X

4 < xd < Ex?” Vi. (7.14)
Thus, the closed-loop states of the desired system will remain bounded by the
imposed state constraints. O

7.1.3 Approximation of Uncertainties with Gradient Learning

In this step, the model uncertainties of the actual system are approximated by
constructing an approximated system. Using the BLF-based stability analysis, a
neural network-based weight update rule is developed to ensure that x — x¢.

The dynamics of actual system (7.1) is given by

x=f(x,u)+dx) (7.15)
The corresponding approximated system is constructed as
M =fxu)+dx)+Kee (7.16)

where x“ is the state of the approximated system with initial condition identical to
the actual system, e = (x — x%), d(x) is the approximation of d(x), and K (e) is a
diagonal matrix. The ith component of K (e) is defined as k; (¢;) = ;gc_le,z’ where
c; is a positive constant, ¢; is the ith component of error e, and ., is a lljound on ¢;
(obtained from (7.38) and (7.39)). The use of K (e) is inspired by observer design
theory, and the bound ¢,; is used for improving the transient performance.

To design a weight update rule to update the weights of the neural network, the
error between the actual and approximated system is defined as

e=x—x“ (7.17)
The time differentiation of (7.17) gives

e=x—x“ (7.18)
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Substituting (7.15) and (7.16) into (7.18) leads to
e=d(x)—d(x)—K (e)e (7.19)

Since the matrix K (e) is a diagonal matrix, (7.19) can be analyzed in terms of its
ith component, where ith components of e, d(x), and d(x) are represented by e¢;,
d;(x), and c?,- (x), respectively. Thus, the ith component of the error dynamics in
(7.19) can be written as

Ci€;
2 2

e; —-¢

é =di(x) — di(x) — (7.20)

Utilizing linear-in-weight architecture of neural networks, the structured uncertain-
ties d; (x) (approximation error €; = () and the approximation of uncertainties d; (x)
are defined as

di(x) = w! ¢(x) (7.21)
di(x) = ] ¢(x) (7.22)

where w; and w; are the optimal and approximated weights and ¢(x) is known basis
function vector. Note that w; is a vector with constant elements.
By substituting (7.21) and (7.22) into (7.20), the following can be obtained:

ciéj

2 _ 2
€j ¢;

é =] $p(x) - (7.23)

where w; is defined as w; = w; — w;.

In order to derive weight update rule while ensuring the stability of closed-
loop error dynamics in (7.23), the following combination of barrier and quadratic
Lyapunov function is selected (Sachan and Padhi, 2020d)

Bi &, !,
Vi=—lo : +
l 2 * c%[ B eiz 2yi

~ T 7
.\ [adi @) 8d,~(x)} Oi [Mi(x) _ 3di(_x)] (7.24)
ox 0x 2 dx dx

where ®; and B; are positive constants and y; > 0 is known as learning rate
constant. The terms % and % are gradients of model uncertainties and
approximated model uncertainties, respectively. The advantage of using gradient
information in the Lyapunov function can be seen in the construction of the weight

update rule in (7.28).
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The time derivative of the Lyapunov function in (7.24) is

. Bieié; ﬁ’,'Tli’i ¢ a1
V. = MRS Sl ! — ; 7.25
l 2 —e? * Vi + dt o] ox 2 ox | (7.25)

- [Rle [ e iR
_cgi_eiz+ ” + w; P OF o w+dt % w; (7.26)

where % is a Jacobian matrix. Further, using error dynamics (7.23), the time

derivative of the Lyapunov function is modified as

Vi _ ﬂlel ~T¢(x) i€ ;) - ﬁ)lTﬁ)z
c - Cei - & Vi

[%}@f o] orvar[ie o ie]
:@r[ﬁiez‘_‘fm_@_[_"’}@[aﬂ }

“l2 - v Lox dx

ot [#]od ]
[t (e 2])] o
et [Wea 2]

where /p is an identity matrix.
By selecting the weight update rule as

-1
: I d " e
w, =L+ [_¢i| 0, [_¢i| 'Blel—(b(xz) (7.28)
Vi dx dx g2 —e
The resultant V; expression in (7.27) can be written as
2
. B e: 0
‘/i _ ChBlel + ]’i)lT _¢ @ ¢ wl (729)
2 _ 2\ ax | 'dr | ox
(55 —<i)

Since the weight update rule in (7.28) uses the information of unknown function
and its gradients, it leads to fast and smooth approximation. Interested readers
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can find more information about gradient learning-based function approximation
in Czarnecki et al. (2017), Ambati and Pa}dhi (2017) and references therein.
To analyze further, the expression of V; can be expressed as

Vv, = —@2/3—[2)2 I:Cieiz - (Eg,- - eiz)zawi] (7.30)
e; - ei

T T
where ay,, = '2—’[ [%] @i% [%] w;.

The condition for which V; becomes negative definite is
2 2 2\2
I:ciel- _ (Ce,- _ e,.) aw,} >0 (1.31)

Since ¢;(0) is always zero at + = 0 (the initial conditions for both actual and
approximated system are equal), the error ¢; may grow toward either sides of
zero based on the sign of V;. It can be noticed that as ¢; — ¢, or ¢ — —i,

2 .. .
the term (cgi — eiz) ay, — 0, and c,-el.2 — R™ (positive). Hence, V; eventually
becomes negative definite. Moreover, since Vl < 0ase; — L, ore; — —i, the
boundedness of the error ¢; in the domain (—Ce,-, Ce,-) can also be concluded.

a2
Furthermore, the term % [% = [%

of basis function ¢. Since typical basis functions are commonly selected as smooth
functions, the Taylor series expansion of ¢(x) about zero results in the cancellation

]J'c contains a double partial derivative

a2
of dominant (linear and constant) terms in the entries of the matrix [3x—"25] . This leads

to smaller oy, . Additionally, another objective in the Lyapunov function selection is
to drive w; toward zero, and hence, when w; becomes small, the term o, reduces
further and eventually diminishes to zero (Kim and Calise, 1997). This ensures the
stability of weight update rule in (7.28). Finally, using the weight update rule (7.28),
model uncertainties of the system can be approximated as d; (x) = li)iTgb(x). This
completes the first step of the neuro-adaptive control design.

7.1.4 Tracking Control Design with Improved Model

After capturing model uncertainties, the next step is to drive the error between
approximated and desired systems to zero. Note that, using the nominal controller
(Theorem 7.1), states of the desired system track the reference signal asymptotically,
ie., x? — x* Moreover, using the learning rule in (7.28), x — x“ with desired
accuracy. Thus, the minimization of error between x¢ and x? eventually leads to
x — x? > x4 - x*.
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To achieve x? — x, consider the following closed-loop nonlinear stable error

dynamics (similar to (7.5)):
¢ +[K“(e”)] e’ =0 (7.32)

where e“ is the error, defined as e¢ = x¢ — x?, and [K “ (e“)] is a diagonal gain
matrix, defined as

c¢ c4
[Ka (ea)] — dlag V[** — I - + (1 _ J/,**) ] -

a
¢ el €; 2ef i

I, if0 <ef <Cp,Vi

0, if — Lo <e! <0,Vi

where e, Vi are the ith component of error e“. The terms ¢, Vi are a constant
positive controller gain, and constants Lo, ¢ o are the limits on the errors e, Vi.
Note that the initial values of errors ef (0) e{re assumed to be chosen from the

The term y;** is defined as y;** = {

interval (— e e Eec} ), and hence, similar to Theorem 7.1, ef’ (t) will remain bounded

as =g < el(t) < Z ,a can be concluded. Further, by substituting e = x% — x¢,

(7.32) 1s
(¥ =) + [K* ()] @ = x) =0 (7.33)
By substituting x* and x4 from (7.16) and (7.2), (7.33) can be expressed as follows:
e, x x u,u? d(x)) =0 (7.34)

where u? is obtained in (7.7) and d (x) is already obtained as ﬁ,' (x) = ﬁ),-T(b(x)
in Sect. 7.1.3. Finally, the adaptive control u can be extracted using (7.34). Note
that if the expression is not in control-affine form, any fast numerical solving
algorithm, e.g., the Newton-Raphson method, can be used to obtain the required
control solution, as indicated in Padhi et al. (2007).

The overall objective of the control design is to enforce state constraints for all
time while ensuring practical stability (asymptotic stability in presence of structured
uncertainties) of the actual closed-loop system. Since the application of adaptive
control leads to x — x¢ and x¢ — x9, and using desired control x4 — x*
asymptotically, the states of the actual system x — x* with desired accuracy. Thus,
the closed-loop stability of the actual system is ensured by the proposed control
architecture.
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Recall that the constraints on ith component of actual state x; are enforced as
—&x < Xi < &y, where ¢, and ¢, are user defined lower and upper bounds.
Thus, by subtracting x", the following can be achieved:

—Cy —xF<xi—xf< Ex,- —x (7.35)

Since xl.* is assumed to be bounded as ¢ X S X l.* < EX,-*’ Vi, the following is obtained:
G — b < (% = x) <Ly (7.36)
which can be manipulated as
— Ly~ < (xi —x{') + (x,” — xf) + (x,.d - xl*> <l +EX,-* (7.37)
Using error definitions, (7.37) can be expressed as
iy =l <eite e < 4T (7.38)

Since errors are already shown to be bounded as |e;| < &¢;, —¢, ot < el < ,a, and
L < e? <C o4, Vi, the following inequality holds:

—Ce; —Lev — Eef’ <ei+te + ezd < e +Ze,‘? +Ee,.d (7.39)

Hence, by comparing (7.38) and (7.39), the constraints ¢, and Exl. can be
determined as = = T — £e§1 — L+ 9;& and Ex,- > G, +Ee[q +Ee_d — Ex[_*,
respectively. Since ¢+ and Ly are fixed bounds on reference signal, and ¢, and

Ex,- are given by the user, the other constraints can be obtained by any feasible
combination that satisfy above inequalities. From application point of view, these
constants are usually chosen as ¢ .« > Lot > T and ¢ ¢ > 0 > g, TEspectively.

Example 7.1 Consider the nonlinear system given by

X =x1 423 +dy, + (1 +x§)u1 +uy (7.40a)
%2 = x2 4+ 5 oy + (1433 uz + 3 (7.40b)
X3 =x3 +x} +dy, + (1 + xf) us + u (7.40c)

(continued)
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Example 7.1 (continued)

where x1, x2, and x3 are states of the system; u1, u», and u3 are control inputs;
and d,, dv,, and dy, represent unknown additive modeling uncertainties of the
system, respectively. The control design objectives are the following:

(i) Design a stabilizing nominal constrained controller for the system to
ensure that x; — 0, x, — 0, and x3 — 0 as t — oo, without violation
of imposed state constraints, defined as |y,| < 0.25 fori = 1,2,3
assuming dy, = 0, dy, = 0 and d; = 0. Here, controller gains are
chosen as cld = 0.25 Vi. Simulation results are carried out for randomly
selected initial conditions from the open set (—0.25, 0.25). The states
and corresponding desired control profiles are shown in Figs. 7.2, 7.3,
7.4,7.5,7.6,7.7. The desired objectives have been achieved in all cases,
without violation of any state constraint. All states and control histories
are smooth and continuous, which demonstrates the effectiveness of the
desired controller.

(ii) Since the formulation of the desired and DI controllers are similar,
design an DI controller for the system and compare it with the desired
controller in the presence of modeling uncertainties for the same gains
asin (i) and random initial conditions from the same set. In simulations,
the modeling uncertainties are chosen as dy;, = —1.5cosxp, dy, =
—2cos x3, and dy, = 1.8sinx;.

The state and control trajectories are presented in Figs.7.8, 7.9,
7.10, 7.11, 7.12, 7.13. It can be seen that the state histories obtained
using the desired controller are stable and within the imposed state
constraints. However, the performance of the DI controller is not
adequate as closed-loop trajectories violate imposed constraints. Thus,
despite similar formulations, the performance of the state-constrained
desired controller is better in the presence of modeling uncertainties.

(iii) It can be seen from Figs. 7.8, 7.9, 7.10, 7.11, 7.12, 7.13 that the state
trajectories obtained using the desired controller in the presence of
modeling uncertainties are only stable. However, the desired tracking
response is not guaranteed using the desired control. Therefore, the next
objective is to design a neuro-adaptive adaptive controller to achieve the
tracking response. In simulations, random initial conditions are chosen
from the same set, and initial conditions for weight update dynamics
are chosen as zero; gains are selected as ¢; = 0.1, ci“ = 0.25 Vi,
state constraints are imposed as [¢y;| < 0.25 for i = 1,2, 3, and
e, 1s assumed as [Z.;| < 0.05; modeling uncertainties are chosen as
dy, = —1.5cos x2, dy, = —2cos x3, and dy,; = 1.8sin x;; and learning
gains are selected as y; =5, =5, 13 =10,81 = 1,8 =1, =
5, ®; = 0.1 Vi, respectively.

(continued)
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Example 7.1 (continued)
The state and control trajectories obtained using the proposed adaptive

control approach are illustrated in Figs.7.14, 7.15, 7.16, 7.17, 7.18, 7.19.
It is evident from these results that the desired tracking performance is
achieved in all scenarios. Furthermore, the closed-loop system states remain
within the imposed constraints. The modeling uncertainties, along with
their approximations using gradient learning-based neural networks rule, are
depicted in Figs.7.20, 7.21, 7.22. In each case, the modeling uncertainties
are successfully approximated within a finite time. Additionally, the control
histories are smooth and continuous, further demonstrating the practical
viability of the proposed adaptive control strategy.

Fig. 7.2 State histories [ . Upper Bound
obtained using desired control 02N | Lower Bound
~ 0.1
g
g 0 =
g
& o1
-0.1 f
-0.2
-0.3
0 0.5
Time (sec)
Fig. 7.3 Desired control 4
histories for various initial
conditions
3 2
E
a
8 0
-2
0 0.5 1 1.5
Time (sec)
Fig. 7.4 State histories [ -~ Upper Bound:
obtained using desired control 02\ e Lower Bound
~ 0.1
&
[}
§ 0
& 01 /
-0.2
-0.3

0.5
Time (sec)



212

Fig. 7.5 Desired control
histories for various initial
conditions

Fig. 7.6 State histories
obtained using desired control

Fig. 7.7 Desired control
histories for various initial
conditions

Fig. 7.8 State histories
obtained using desired and DI
controllers
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In this section, a nonlinear indirect neuro-adaptive control design is presented for
nonlinear systems with relative degree one. The proposed controller ensures closed-
loop stability, achieves desired tracking accuracy, and maintains imposed state
constraints. It is applicable to practical systems with inherent timescale separation,
as demonstrated through a hypersonic vehicle cruise control as a case study in
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Sect. 12.2 of Chap. 12 at the end of this book. However, its applicability is limited
to specific system structures. To address this, the next section extends the adaptive
control design to Euler-Lagrange systems, broadening its applicability to a wider
range of practical systems.
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Fig. 7.13 Desired and DI
control histories for various
initial conditions

Fig. 7.14 State histories
obtained using adaptive
control

Fig. 7.15 Adaptive control
histories for various initial
conditions

Fig. 7.16 State histories
obtained using adaptive
control
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Fig. 7.17 Adaptive control
histories for various initial
conditions

Fig. 7.18 State histories
obtained using adaptive
control

Fig. 7.19 Adaptive control
histories for various initial
conditions

Fig. 7.20 Learning of
modeling uncertainties

Fig. 7.21 Learning of
modeling uncertainties
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Fig. 7.22 Learning of
modeling uncertainties

Time (sec)

7.2 Adaptive Control of Euler-Lagrange Systems

This section introduces a barrier Lyapunov function-based neuro-adaptive control
design for uncertain Euler-Lagrange (EL) systems, a critical class of MIMO
nonlinear systems representing the dynamics of various practical systems, includ-
ing mechanical and electrical systems. The state-constrained adaptive controller
is developed in two steps following a neuro-adaptive control framework. It is
demonstrated that the closed-loop system states remain within the user-imposed
state constraints, and the steady-state error converges to a user-defined domain. The
detailed control formulation is presented in the following discussion.
The EL systems, defined in (1.7), can be represented in state-space form as

Xp=x2

X2 = f(x)+Gx)u+d(x) (7.41)
where state x is defined as x £ [xlT xZT ]T and x; € R" and x, € R" are defined
as kinematic and dynamic states of the system. The ith element of the states x| and
x; are represented as xy; and xp;, respectively, Vi = 1, ..., n. System output is
selected as x; € R" and the control input to the system is denoted by u € R". The
system is assumed to be associated with structured model uncertainties d (x).

The objective of the control design is to develop a stable controller that satisfies
the following criteria: (i) The output error, (x i — xl*) , Vi, asymptotically converges
to a user-defined open set, (_Qw {ei) , Vi. (ii) The closed-loop signals adhere to
the user-imposed state constraints, ensuring no violations. The position and velocity
constraints of the system are defined as Cxyp < X1i < Ex”, Vi and Sy < X2i <
£ 1,y Vi, respectively.

All four types of constraints are demonstrated in Fig. 7.23 for a kinematic state
x1;(¢), where the imposed state constraints on xi;(¢) are represented by Exy; and

Ex”, and the steady-state tracking error constraints are shown by %¢,,.

The reference signal x* and its time derivative x* are assumed to be bounded as
_Qxi* < xl?“ < Exl_*,‘v’i and —91.* < xl* < EXI* Vi,wheregxli > O,EX” > 0,92[. >0
and Ele. > 0 are known constants. The term x; and x* are ith components of x* and
x*, respectively. To ensure consistency between the imposed state constraints and
the desired tracking objectives, it is further assumed that —Cxy < —Qxl_* < x;" <
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xli(t)ﬂ lei
/
/\‘\mli(t) C@i
/

/7 _Cei

Fig. 7.23 The demonstration of imposed user-defined state constraints and steady-state tracking
error bounds for the kinematic state x; () with reference trajectory as zero

Learning of 1 " Minimizing the error
model uncertainties | | between ¢ and :B*
IActual System | [ Approximated System | [Reference Signal |

€T S rae S x*

Fig. 7.24 State-constrained adaptive control design philosophy

Ex* < ;‘xl JViand —Cy, < —Lir = i< ;‘x* < sz, |, respectively. These
1

conditions ensure that the desired reference 51gnals and thelr derivatives remain

within the bounds defined by the imposed state constraints.

7.2.1 Neuro-adaptive Control Design Philosophy

The control design in this section follows a similar philosophy to the previous one
but is adapted for Euler-Lagrange (EL) systems, necessitating a new approximated
model for system uncertainties. The adaptive control structure involves two steps:
(i) constructing a neural network-based approximated system to handle model
uncertainties, with weight updates derived using Lyapunov stability theory, and (i7)
designing an asymptotically stable tracking controller. As illustrated in Fig. 7.24, the
proposed controller ensures that the overall system error asymptotically converges
to a user-defined open set (—g“g,., Ce,-) , Vi. The synthesis of the control design is
detailed below.

7.2.2 Approximation of Structured Model Uncertainties

The first step in the neuro-adaptive control design is to construct an approximated
system that captures the uncertainties of the actual system. Accordingly, a novel
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approximated system dynamics is developed as follows:
x{ =x9
M =f@)+Gxu+dx)+Ki(e,é)e+ K,y (é)é (7.42)

where x{ and x§ are state variables of the approximated system with initial
conditions identical to those of the actual system. Error variables e and ¢ are defined
ase = x| —x{ and & = x, —x{, respectively. Error-dependent gain matrices K> (&)
and K| (e, &) are symmetric and diagonal, defined as

. . €2, 2,
K, (e) = diag R (7.43)
L(Z-a)  (@-2)
o, (¢2 - ¢ o, (&, — &
K (e, &) = diag l(g(z - 7 ) o (52 i ) (7.44)
el en n

where c1,, Vi and c¢y,, Vi are positive constants. The variables &, Vi and ¢, Vi

are user-defined positive constants. The term d(x) is the approximation of model
uncertainties, obtained as d; (x) = ﬁ)lT P (x), Vi.
Using systems (7.41) and (7.42), the error is defined as
e=x1 —x{ (7.45)
The double time derivative of error in (7.45) is
é=x)— X5 (7.46)
By substituting x and x9 from (7.41) and (7.42), the following is obtained:

6=d(x)—d(x)— Ki(e, é)e — Ko(é)é (7.47)

Since Kj in (7.44) and K> in (7.43) are diagonal matrices, the ith component of
closed-loop error dynamics (7.47) can be expressed as

2 _22) .
é,-_ei>el

G
& = di(x) — di(x) — v ' (7.48)
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Using the structures of d;(x) = wl.T ¢(x) and c?,- x) = ﬁ)iTgb(x), the following is
obtained:

2 2\ .
C1; (gé; ] ) ¢i C2,€j

@@ (2-2)

€

& =w! dp(x) — (7.49)

where ﬁ)iT is defined as ﬁ)iT = wl.T - ﬁ)iT . To analyze the stability of error dynamics

(7.49), the following logarithm barrier Lyapunov function (Tee et al., 2009) is
selected:

2 2 ~ T ~
Vi = CII;Z, 10g< 2(6, . ) + %log éi + wé ?)z (7.50)
(62 <) (2 -¢) %

where y; > 0 is learning rate constant. All other terms are already defined in (7.43)
and (7.44). The time derivative of (7.50) is obtained as

. .. ~ T X
. C1:C2.€;€¢; Cp.€;€é; w: w;
Vi _ ll2 2; 121 + 2;€i€i It (751)
(-a) (2-a) 7

Using (7.49), the derivative of the Lyapunov function in (7.51) can be expressed as

2

. Cl02,€i6 €102, €6 2,6 W px) /. .,
P = ) N T 2 N T + el'({éi—ei)
(Cei - ei) (gei - ei) (gez, - 6?) ¢ 2
T A
w; W;
- (7.52)
Vi
which can be simplified as
2 .
A N T L= (7.53)
w-a) -
By selecting the weight learning rule as

(i-a)
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The time derivative of Lyapunov function in (7.53) is modified as

2
€2, €

@9

Since V, <0, ¢;, é;, and w; are bounded. Furthermore, as basis functions ¢ (x) are
chosen to be bounded in nature, by analyzing (7.49), ¢; is also bounded. Therefore,
all closed-loop signals are bounded and stable in the sense of Lyapunov.

The nature of é; can be further analyzed by calculating the time derivative of Vi
in (7.55) as

Vi = — (7.55)

.. —2¢2, ¢
Vi = 20 e (67 - é) + 20,60 (7.56)

(@-a)

Since each term of Vl is bounded, using Barbalat’s Lemma, V, — Oast — o0.
Thus, ¢; — 0 ast — oo.

The bounds on ¢; can also be determined using Lyapunov analysis. Since Vi<0
in (7.55), Vi (t) < Vp, Vt, where Vj is the value of V; at t = 0. As each term of the
selected Lyapunov function is positive definite, the following expression is true for
an individual term:

2
c1; 2 Ce;
—log : <W (7.57)
2 ((43,- - e?))

By taking the exponential on both sides and following the necessary algebra, it can
be shown that

Larexp (_2V°> = (22-¢) (7.58)

C1;C2;

which can be simplified as

leil < Lo/ 1 = exp (=2V0/ (c1,¢2,)) (7.59)

where “exp” is the exponential function. Since Vj is always positive except at the
equilibrium point zero, the exponential term exp (—ZV() / (c1 .C2; )) is bounded in the
domain (0, 1). Therefore, the errors e; will remain bounded as |e;| < &, , Vi. Similar
analysis can be performed for é¢; and bounds on ¢é; can be shown as |¢é;| < &, Vi.

After approximating model uncertainties, the next step is to design an asymp-
totically stable controller for the approximated system to track the reference signal,
which is presented as follows.
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7.2.3 Asymptotically Stable Tracking Control Design

In order to design the tracking controller, the error between the approximated system
in (7.42) and reference output x* is defined as

e’ =x{—x* (7.60)
The time derivatives of (7.60) can be calculated as

¢4 = x4 — & (7.61)

e =x5 —x* (7.62)
By substituting x4 from (7.42), the error dynamics can be written as
¢ = fx)+Gx)u+ d(x)+ K (e, &)e + K (e)e — ¥* (7.63)

To stabilize the error dynamics (7.63), a closed-form adaptive control law is
proposed as

(7.64)

u=[Gx)]" (‘f(x) — Ki(e?, é)e - Kg(é“)éa>

—Ki(e, &)e — Kx(é)é — d(x) + i

where [G(x)]™! will always exist due to the properties of EL systems. The gain
matrices K5(é“) and K{(e“, é") are symmetric and diagonal matrices. Matrix
K9 (é”) is defined as

K@) = diag [k, (). K5 (65) ... &5, (&2)] (7.6

where the ith component of matrix K¢ (e“) is

kS (&) = (zzy*%z) - (gég /Eé;z)z (é;%?) (7.66)

1, if0<é < T
0, if —gu <éf <0

where cgi > 0, Vi is a constant. Constants Eé;l and ¢ ¢¢ Tepresent upper and lower

with  y*(é) = {

bounds on error él.“, obtained as

0 =Cy — Cir = &y (7.67)
xF £x2,- - {él‘ (768)
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where, ¢, and {,; are imposed state constraints on the dynamic states of actual
system, known constant ¢, is defined in (7.43), and E;Cgs and ¢ ;» are known bounds
on the derivative of reference signal x;". Matrix K{(e“, &) is defined as

K{(e, &%) = diag [k, (ef. é]) . ki (€5.€5). ... ki, (ea, é2)]  (7.69)

where the ith component of matrix K (e“, é) is given as

2
a (,a0 50\ — v, ge}l (1-»") i, ! 7.70
I (ef ef) = = Nt = 5 5 a (oa (7.70)
_(Ce;l—ef) Cen (geq—ef‘) 5 (&)

I, if0<ef <l
0, if—£6?<ef‘§0

where cﬁ’[ > 0,Vi is constant. Note that the term kf, (él.“), defined in (7.66), is

with — y**(ef) =

always positive. Constants ¢ ,« and ¢ .« are upper and lower bounds on ef, calculated
as

o= le,- — EX,* — & (7.71)
xr — Sxy — e (7.72)

where ¢, and & ,; are imposed state constraints on kinematic states of the actual
system dynamics, known constant £, is defined in (7.44), and Ex,*, ij are the
bounds on reference signal x;. l

By substituting the control expression (7.64) in (7.63), the following closed-loop
error dynamics is obtained as

# = —K%(e%, e")e — K4 (e")é" (7.73)

Since matrices K{(e“, e*) and K (é“) are diagonal in nature, the ith component of
closed-loop error dynamics can be written as

& = —k{; (e ef) el —kS; (&) & (7.74)

i i i i

To analyze the stability of (7.74), the following asymmetric logarithm BLF is
chosen

cf. :
Ve = 7’ Y *log ! +

1
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) 2
T ¥ (1= %) & Lo
~|—7‘ yilog | -— = + = i log 5 : " (7.75)
oo — ¢ G Soa =€

where all variables used in (7.75) are already defined in (7.66) and (7.70). Note that
the presence of switching terms y;** and y;* does not affect the differentiability and
continuity of the asymmetric BLF, which is also shown by Tee et al. (2009). The
time derivative of (7.75) can be obtained as

N L

) +
i 1; —2 2 =2 a2
(ce;f e ) Cao (£2 = )

yressa (=) uéiey

+c§i = ~ 1T = (7.76)
(e —er) T (i -&)
which can rewritten as
2
) y et (1 - V‘**) C(f,-ﬁ a
‘/ia — giaéia _2l 1; - + — 1 ;,
(é‘ef - 6? ) é‘e[-“ (ggf’ - e? )
2
o V'*Ca. (1 Y ) gl‘g‘?
+éfél o : ! (7.77)

@) @ -a)

Using the definitions of k%, (e¢, ¢7) and kS, (¢¢) from (7.70) and (7.66), VS is
expressed as

Vi K (e ) K (&) e & RS (&) & & (1.78)

By substituting the value of €7 from (7.74), the following simplified expression of
Vi“ is obtained:

2

= —k;, & (7.79)
Since Vi“ < 0, the asymptotic stability of closed-loop error dynamics in (7.74)
cannot be concluded. However, Vf’ = 0 only when e'l.” = 0, Vi for all time, which
implies that 'e'l.“ = 0, Vi . Using (7.74), when é;’ = 'e'f’ = 0, one can conclude that
e! = 0,Vi (provided e} € (—ge?,ze?) and éf € (—g;;,&;:) satisfy, which is
proven next). Thus, the equilibrium point is the only invariant set, and hence, using
LaSalle’s principle, the asymptotic stability of the closed-loop error dynamics can
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be concluded. Furthermore, as Vi“ < 0, it can be concluded that all closed-loop
signals will be bounded.
The upper bound on selected Lyapunov is obtained as V* < V', V¢, i.e.,

— 2 -
i, - Cea N (1—y )Qel { { el
- | Vi 1og =) > ;) og ) 2
? Lo —ef Cor So =i )]
-2 2 -
s | . ¥ (1- )Lf o a
+— | v;'log = |+ = log — =V (7.80)
2 C a — €% 5 ;2 —éf
& i éf ¢ i i

where Vi is the value of the Lyapunov function at ¢+ = 0. Since the left-hand side
terms are positive definite, the individual term is upper-bounded as

—2 *% 2 2
cf C ot (1= %) &2 Lea
7’ v *log = ! " + = ~log 5 : = <V (7.81)
Sop ¢ Cor Sep T
which can be modified as
Teo
log (%) 0<ef <l
2V 4= | (7.82)
a = 2 2 .
Cl,‘ %f ie— , _Ceq < e? S O
Cef (iea *eiz> -

By taking the exponent on both sides and considering the fact that Vi > 0 for
nonzero ef and é,,, the following inequality can be obtained after simplification:

— S <€ <l (7.83)
Similar analysis can be carried out for él‘.‘, and the following bounds can be obtained
— Lo <& < Cu (7.84)

Thus, the error el‘.l and its derivative élf‘ will remain bounded in open sets, defined as

(—;ea,fe ) and <_§é“,zé ) Vi, respectively.

The proposed control formulation has the following properties: (i) by selecting
Cxyp = £, Viand Cxy = £,y Vi, the controller can function as a symmetric state-
constrained controller; (i7) it can be converted into an output-constrained control
by choosing the elements of the matrix K% (e?) as positive constants; and (iii) it
reduces to a nonlinear dynamic inversion control when the elements of the matrices
K{(e”, é") and K* (&) are selected as positive constants.
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The above analysis demonstrates that all closed-loop signals remain bounded in
both steps of the control design. However, the behavior of the closed-loop state of
the actual system has not yet been analyzed. Therefore, the closed-loop response of
the system is examined in the following theorem.

Theorem 7.2 Consider the actual systems (7.41) under the controller (7.64) with
the weight update learning rule in (7.54), and if initial conditions are chosen as

e?(0) € (—Qe;l , Eefl)’ el (0) € <_£é’l_1 , Eé?) Vi, then following properties hold:

(i) The closed-loop tracking error (x],- —xf ) , Vi will asymptotically converge to
the open set (—Ce,- y e ) Vi, where ¢, is a user-defined positive constant, defined
in (7.44).

(ii) Closed-loop kinematic and dynamic states of the system will remain bounded
as §xy; < X1i < Ex” andgxb. < X < Ele,, Vvt >0, Vi.

Proof

(i) The closed-loop tracking error of the actual system 1is defined as
(xli —xl.*). By adding and subtracting x{;, the error can be modified as
[(xl,- — xfi) + (xfl. — xi*)], which is (e,- + e?). Since ¢; € (—;e[, g“e[) and e
is asymptotically stable, i.e., e — 0ast — oo, the tracking error (xll- —x;
will asymptotically converge to the open set (_Cew §e1) , Vi.

(ii) Since the errors e and e; are bounded as —Leo < el < Ze;z and |e;| < &, Vi,
respectively, the following is true:

— St — g <€ +ei <L+ (7.85)
Substituting e = x{; — x and ¢; = x1; — x{;, (7.85) is modified as
—Cet = Gop < X1i — X < Con by (7.86)
By substituting bounds of x*, the following is obtained:
— ot = bop T Lur < X1 < Con Lo+ (7.87)

Using the definitions of Exu and Exii from (7.71) and (7.72), inequality (7.87)
is modified as

Cxyp < X1i < &y, (7.88)

Similar analysis can be performed using the bounds of é{ and ¢;. Thus, by using
(7.67) and (7.68), the following bounds can be obtained:

Sy < X2 < o, (7.89)
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Therefore, closed-loop states of the actual system will remain bounded by the
imposed state constraints. This completes the proof.
0

7.2.4 Application to a Two-Link Robotic Manipulator

In this section, the applicability of the proposed control design is validated through
simulation results. Simulation results are presented for a two-link robot manipulator
model. The dynamics of the two-link manipulator system is given by Slotine and Li

(1991)
g _ 1| hgx h(g1+4q2) || ¢ -1 71 d
[@]‘m [—hq'l 0 ][q‘JHH] [mb[c&]

where
H— [Hn le]
H1 Hy
Hy1 = a1 4+ 2a3z cos gz + 2a4 singy
Hy» = Hy1 = ay +azcosqr + aq singa
Hy =a, h=a3sing; —ascosq;
with

ay =1 + mllclz + 1. + melce2 + mel]2
ar=1I.+ melce2

a3y = melil.. cos S,

a4 = melilee sin g,

where g; € R and g, € R represent joint positions (in deg) and g; € R and g, € R
represent joint velocities (in deg/sec) of the manipulator. Modeling uncertainties are
represented by di and d, respectively. The torque 7; (j = 1, 2) are control inputs
to the system. All parameters used in the dynamics have their standard dimensions
and usual meanings and can be found in Slotine and Li (1991). In simulations, the
parameter values of the model are taken as m; = 1, Iy = 1, m, = 2, 6, =
30°, I =0.12, I.; =0.5, I, =0.25, and I, = 0.6, respectively.

The states of the system can be defined as x1; £ ¢q1, Xx12 = ¢2, x21 = 41,
and xp» £ ¢». Thus, the control objective is to generate the required control
u; £ 1; (i = 1,2) to track the desired outputs (joint positions) with desired accuracy
while maintaining the constraints on kinematic and dynamic states, i.e., constraints
on joint positions and velocities. The initial conditions for the simulations are
selected as x11(0) = 4.7°, x21(0) = 9 deg/sec, x12(0) = —4°, and x22(0) = —8
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deg/sec, respectively. Initial conditions for weight update dynamics are chosen

as zero. The controller gains are chosen as c?i =1, c‘zli = 0.1, ¢;; = 0.001,
and ¢p; = 0.15, respectively, and learning rate y; is chosen as y; = 1, where
i = 1,2. Model uncertainties are assumed as d; = 0.5sin (x12) — 0.3 cos (x11)
and dy = —0.4cos (x12) = 0.7sin (x11), and structured basis functions are chosen
as ¢, = [sin (x12), cos (x11)]” and @, = [cos (x12), sin (x11)]7, respectively.
State constraints on the system are selected as {,, = Loy, =8 Cxpp = Loy =
8°, Sy = Ele = 15°, and Cxpy = Exzz = 15°, respectively. The constraints on

learning error dynamics are chosen as ¢,; = 1° and ¢;, = 0.01°. The performance
of the proposed controller is demonstrated through sinusoidal output tracking. The
desired output for x1; is selected as xi“ = 2°sin(¢) and for x1, is selected as xi" =
1.5° cos(2t), respectively.

In simulations, the kinematic and dynamic state trajectories are shown in
Figs. 7.25 and 7.26, respectively. It can be seen that all profiles are bounded by the
imposed constraints and effectively track the reference signal. Transients are almost
negligible in the state trajectories, which is happening due to imposed constraints
on learning error. The control histories are presented in Fig. 7.27, where the profiles
are smooth and continuous. Position error histories are presented in Fig. 7.28, where
the final values of the errors are within the predefined domains.

The histories of uncertainty learning errors are shown in Figs. 7.29 and 7.30,
respectively. As shown in theory, the error is bounded, and the derivative of the error
is bounded as well as asymptotically stable. The weight update profiles are shown in
Fig. 7.31, where all trajectories are bounded and stable. The capability of the neural
network in approximating the model uncertainties is shown in Fig. 7.32, where

Fig. 7.25 Kinematic state
trajectories

W
e

)
21" 221y

Position histories (deg)

Fig. 7.26 Dynamic state
trajectories

Velocity histories

Time (sec)
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Fig. 7.27 Control histories
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Fig. 7.31 Weight update 0.4
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the approximation of modeling uncertainties follows the actual model uncertainties.
These results also demonstrate the effectiveness of the proposed control algorithm
for complex systems.

7.3 Summary

In this chapter, barrier Lyapunov function (BLF)-based state-constrained adaptive
control strategies are presented for relative degree one nonlinear systems and
Euler-Lagrange systems with structured modeling uncertainties. The stability of the
closed-loop system is established using Lyapunov stability theory. It is demonstrated
that the closed-loop states remain bounded within the imposed state constraints and
ultimately converge to a user-defined domain. To validate the effectiveness of the
proposed controller, the dynamics of a challenging two-link robot manipulator are
utilized, and extensive simulation results are presented to support the theoretical
claims. Readers aspiring to a more in-depth understanding of BLF-based neuro-
adaptive control design may refer to additional sources (Sachan and Padhi, 2020d,a,
2018a,b,c, 2020b,¢).
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7.4 Exercise Problems

1. Design the state-constrained neuro-adaptive controllers using the BLF-based
approach for the following nonlinear systems to stabilize the system response
considering structured model uncertainties. The desired controller for these
systems can be designed using the methods given in Chap. 4.

(@) ¥ = —x + x> + u + d(x) where d(x) is defined as d(x) = 0.3x%. The
user-imposed state constraints are imposed as ¢ is ¢ = 0.5.

(b) ¥ = —x — x> 4+ u + d(x) where d(x) is defined as d(x) = x + 0.2 x3. The
user-imposed state constraint is imposed as ¢ is { = 0.5.

() & = —x%+ (x? — 3) u + d(x) where d(x) is defined as d(x) = 0.2 x. The
user-imposed state constraint is imposed as ¢ is { = 0.5.

() [xl} = [ 2 ) } where d(x) is defined as d(x) =

X2 —x2 —x1 — (x1 +x2)x2+u

0.2x12. The user-imposed state constraints are imposed as 1 and ¢ are {1 =
0.3 and ¢, = 0.8, respectively.

(e) X = —sinx + u + d(x) where d(x) is defined as d(x) = 0.1cosx. The
user-imposed state constraints are imposed as ¢; and ¢ are {1 = 0.3 and
& = 0.8, respectively.

) ¥ —0.7(1 — xH)x — x>+ (1 + #%)u + d(x) = 0 where d(x) is defined as
d(x) = 0.2x2 — 0.15x2. The user-imposed state constraints are imposed as
g1 and & are ¢; = 0.3 and ¢, = 0.8, respectively.

2. Design a state-constrained controller using transformation-based approach for
the following nonlinear systems assuming imposed state constraints ¢, ¢, and
g3 are ¢ = 0.3, & = 0.6, and ¢3 = 0.8, respectively. (Assume the problem is a
stabilization problem.)

X1 [ x1 +x2

@ | x| = X3 where d(x) is defined as d(x) = 0.2x; — 0.15x, +
| X3 | L u+d(x)
0.1x1x2. The user-imposed state constraints &1, {2, and ¢3 are {1 = 0.3,
& = 0.6, and &3 = 0.8, respectively.
(a1 [ —x14+x

® | x|= X3 where d(x) is defined as d(x) = 0.2x; — 0.15x2 +
L X3 | u

0.1x1x53. The user-imposed state constraints {1, ¢z, and ¢3 are {; = 0.3,
¢ = 0.6, and ¢3 = 0.8, respectively.

3. Refer to the Eqs. (7.12) and (7.13), and show that the relation

i\ _ v\
—§ 1 —exp 7 <e <&, 1 —exp 7 , Vi
=i fox i c;
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can be obtained from

=2 2
| Ced et
| yflogs——— + (1 — yHlog——— | < V¢
2Cl yl ngzd _ ed2 + ( yl ) Og;'zd . edz - 0

e i 2 i

where “exp” represents the exponential function and other variables are defined
in Egs. (7.12) and (7.13).
4. Shown that for any positive constant ¢4, the following inequalities holds for e?

. . d
in an interval e} | < ¢ o

2
é—e‘.l 642
10 i < 1
g gz_etﬂ —Ez_edZ
! i efi i
2
2
§a ¢, €f
log i < ’—
2 — A2 T 2 — od?
ol 6 ol €

where all variables are defined in Egs. (7.12) and (7.13).
5. Consider the desired system with bounded system uncertainties d (x) as

i = f (xd, ud) +d(x)

Show that with the application of the desired controller constructed in (7.7), the
state of the desired system with uncertainties will remain bounded as —¢,, <

X < Ex,»’ where ¢, and le. are user-defined lower and upper bounds. To
understand the definition of variables, one can refer to Sect. 7.1.2.

Hint: Solve the closed-loop error dynamics with uncertainties, which can be
obtained as ¢4 = — [K d (e)] e? + d(x), and show that it is bounded.
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Chapter 8 ®
Transformation-Based State-Constrained <o
Adaptive Control

In the previous chapter, the neuro-adaptive controller was designed under the
assumption of structured modeling uncertainties, which requires precise knowl-
edge of the basis functions. However, this assumption is restrictive and may not
be feasible for many practical applications. To address unstructured modeling
uncertainties and bounded external disturbances, a new error transformation-based
adaptive controller is developed in this chapter. The adaptive controller is designed
following both the neuro-adaptive control philosophy (indirect) and direct adaptive
control design philosophy, applicable to Euler-Lagrange (EL) systems and more
general nonlinear systems.'

8.1 Neuro-adaptive Control of Euler-Lagrange Systems

In this section, a state-constrained neuro-adaptive controller is designed for EL
systems subject to unstructured model uncertainties and bounded external distur-
bances. The neuro-adaptive control design philosophy follows a similar approach, as
illustrated in Fig. 7.24 in the previous chapter. The transformation-based controller
is developed in two steps. First, a neural network-based approximation of the
system dynamics is constructed using a novel error transformation that converts
the constrained system into an equivalent unconstrained system. Lyapunov stability
analysis is then used to design a stable weight update rule for the neural network.
After approximating the modeling uncertainties, a tracking controller is designed
for the approximated system to track the reference signal. The use of a new error

! Contents of this chapter are partially used from Publication “Safety-constrained robust adaptive
control for a class of MIMO non-linear systems”, IET Control Theory and Applications, vol.
14, pp. 982-990, Apr 2020, with permission from John Wiley and Sons (License Number:
6156890630508).
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transformation in this control formulation leads to a different construction of the
approximated system compared to the previous chapter. Additionally, instead of a
barrier Lyapunov function (BLF), a standard quadratic Lyapunov function (QLF)
is used to assess system stability. The stability and boundedness of the system
are proven in the presence of unstructured modeling uncertainties and external
disturbances. The control design ensures that the closed-loop states remain within
the imposed state constraints and asymptotically converge to a predefined open set.
The control architecture is detailed in the following sections.
The state-space model of EL systems is given by

X1 =x
x2=fx)+Gx)u+d(x,u)+ n(r) 8.1)

T . .
where states of the system are defined as x £ [xlT,x2T ] and kinematic and

dynamic states of the system are defined as x £ [x11, x12, -.., x1x]7 € " and
x) & [x21, X202, ..., xz,,]T € RN, respectively. The system output is selected as
x1 € R", and the control input to the system is denoted by u € R". The control
effectiveness matrix is denoted by G(x), assumed to be known, invertible, and
positive definite in nature. Terms d(x, u) and () represent lumped unstructured
modeling uncertainties and possible external disturbances, respectively. The com-
ponents of external disturbance 7;(t), Vi are assumed to be smooth and bonded,
ie., |ni(t)| <7n;, Vi, where 7; is an unknown positive constant.

The system in (8.1) is assumed to be operated in a constrained environment.
Thus, components of states xj; and xp; are constrained, i.e., Cxy < X1 < EX”
and yy, < x2i < Vi, respectively, where ¢, and ¢, are the user-defined
asymmetric lower and upper constant bounds on kinematic state xj; and {,, and
Emi are the constant asymmetric lower and upper bounds on dynamic state x;. The
user-defined tracking error bounds on the kinematic and dynamic states are defined
as (—Ze;, Ce;) and (e, &5, ), respectively, where g, and ¢, are positive constants.
The qualitative representation of the constraints is presented in Fig. 8.1.

x1;(t) -

x1(t)

—Ce;

/Ql::,

Fig. 8.1 The demonstration of imposed user-defined state constraints and steady-state tracking
error bounds for the kinematic state x; () with reference trajectory as zero
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The objectives of the proposed control design are twofold. (i) The controller
should enforce the system output xy; to track the reference signal x; asymptotically
with a desired accuracy ¢, i.e., |(x1,- —xl?k)| < &, Vi ast — 00, where
x[ is the ith component of reference trajectory x*. (ii) Closed-loop states of the
system (8.1) should remain bounded by the imposed constraints in presence of

model uncertainties and bounded external disturbances, i.e., x1;(f) € (gx” , Ex“>

and x2i (1) € (Laays T ) V1.

Similar to the previous chapter, the reference signal x* and its time derivative x*
are assumed to be bounded as _EX?‘ < xl.* < gx’_*,\ﬁ and —97 < xl* < {Xl_*, Vi,
where £y, > 0,¢,, > 0, ¢y, > 0,and ¢, > 0 are known constants. The term
x7 and X are ith components of x* and x*, respectively. To ensure consistency
between the imposed state constraints and the desired tracking objectives, it is
further assumed that —{y,; < =8 < X7 < 0y < &y Viand =0y, < =L <

Xt < Cor < Exz,., Vi, respectively. These conditions ensure that the desired reference
signals and their derivatives remain within the bounds defined by the imposed state
constraints.

8.1.1 Proposed Error Transformation

In this subsection, an error transformation is introduced to convert the error-
constrained system into an equivalent unconstrained system (Sachan and Padhi,
2020). To define the error transformation, consider the kinematic and dynamic states
of the approximated system as x{ and x{, respectively (the complete dynamics of
the approximated system are defined in (8.12)). The error between x| and x{ is then
given by

e=x) —x{ (8.2)
The time derivatives of the approximation error (8.2) is obtained as

é=x3—x5 (8.3)

é=x)— x4 (8.4)
Using the errors in (8.3)-(8.4), a new error transformation s is proposed as
s = Pi(e)e + Py(e)e (8.5)

where P (e) and P;(é) are diagonal matrices, defined as

Cly 1,
(€5 —et) (& —e)

P (e) = diag (8.6)
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2, 2,
2 2\ T (2
G- @)

where ¢; and ¢é; are the ith components of e and é, respectively. The constants ¢,
and ¢;, are the imposed error constraints on e; and é;, respectively. The gains cy,
and ¢y, , Vi are positive constants. Since the matrices are diagonal in nature, the ith
component of the error transformation can be written as

P;(é) = diag (8.7)

Cl;€i €2;€j

@) (2-2)

é; i

N

(8.8)

The proposed error transformation has the following properties.
Lemma 8.1 If s; is bounded, then e; (1) € (—&e;, Lo;) and é; (1) € (=&, &s;), Vit =
0, vi.

cl;e; . €

Proof Since s; is bounded, the expression L + is bounded. The
MG

e i

initial conditions for ¢; and ¢é; are always zero because the actual and approximated
system are initialized with the same initial conditions. Now, the boundedness of
e; and ¢; can be proven using contradiction. If s; is bounded then e; and é; can
go unbounded only if ¢; — ¢, and ¢; — —¢; or e, — — and & — ;.
However, both conditions are not possible because if the derivative of ¢;, which is ¢;,
is positive, then e; cannot decrease and vice versa. Therefore, ¢; and ¢; will remain
bounded by the user-defined error-constrained open set, i.e., ¢; (t) € (—{ei, {ei) and
éi(t) € (=&e. 8s;), V1 = 0, Vi. O

Lemma 8.2 Ifs; — O uniformly, then e;(t) — 0 and é;(t) — 0, Vi.
Proof From Lemma 8.1, since e; (1) € (=&, L) and é:(t) € (—&s, Le), Yt >

0, Vi, it is obvious that the expression ( ( Zl"eiz) + ( czzi ef 2) — 0 only when both
a6 g€

ei(t) — 0 and ¢;(t) — 0 uniformly. Thus, as s; — 0 uniformly, ¢;(#) — 0 and
éi(t) —> 0,Vi. O

Note that the proposed error transformation s can be reduced to design an
output-constrained control by selecting P(é) as an identity matrix. Moreover,
an unconstrained controller can be designed by selecting both Pj(e) and P> (é)
matrices as identity matrices.

The time derivative of the transformed error s can be obtained as

§ = Ps(e)e + Py(é)é (8.9)
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where P3(e) and P4(é) are diagonal matrices, defined as

B 2 2 2 2

Pi(e) = diag | (& +2€2‘), UL EQ,, Jrze’;)} (8.10)
L (62 —e)) (€2 —en)
_62 2 +éd o, (62 +é2

Pu(é) = diag l< ! 12) ( " 2) (8.11)
| (c2-4) (¢ - &)

Without loss of generality, in the further analysis, the matrices P(e), P2(é),
Ps(e), and P4(e) are represented as P, P,, P3, and P4, respectively.

8.1.2 Approximation of System Uncertainties

Using the system errors (8.2)-(8.4) and proposed error transformation in (8.5), the
approximated system dynamics is constructed as

-a __ ..a
Xp =X

x4 =fx)+Gx)u+dx,u)+ P;'Pss + P3P e+ Pss  (8.12)

where P5 is a diagonal matrix with positive elements and term d (x,u) is the
approximation of modeling uncertainties d(x, u). By substituting é from (8.4), §
in (8.9) is modified as

§ = P3é+ Py (%2 — %9) (8.13)
Using (8.1) and (8.12), s can be written as
§=Pze
+ P4(d(x, u) —d(x,u)+ () — PZlPss — P3PZlé — P4s> (8.14)
where 3(x,u) and d(x, u) are defined as [l(x, u) = WT¢(z) and d(x,u) =
WT¢(z) + €, respectively. The term ¢(z) represents the basis function vector,

which is a combination of states. The approximation error is denoted by €, which is
assumed to be bounded as eiz < €m;, Vi, where ¢€,,; is an unknown positive constant.

By using the definitions of cAl(x, u) and d(x, u), the following is obtained:

§ = P3e

+ Py (WT(I)(Z(I)) +e+nt)— P;'Pss— P3P e — P4s) (8.15)
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where W is defined as W £ W — W. Since the matrices are diagonal in nature
and NN approximation can be used for individual components of the dynamics, the
expression of § in (8.15) can be expressed in ith components as

. . ~ P5;Si P3,-é' .
§i = p3,éi + pa; (w?qs(z) +e& +ni(t) — = — 2~ p4isl-> , Vi (8.16)

T . . =T . .
where @] is the ith row of W~ and ps,, ps, and ps, are the ith diagonal component
of matrices P3, P4, and Ps, respectively. The external disturbance in the ith

dynamic state is represented by n; (¢).
To analyze the stability of (8.16), the following Lyapunov function is chosen:

v = =S + SoW; Wi 8.17)

where y; > 01is learning rate constant. By taking the time derivative of the Lyapunov
function, the following is obtained:

LT L

w; w;
V; =88 + — ! (8.18)
i
By substituting s; from (8.16) and li)i = —li)i, the time derivative of Lyapunov
function v; can be expressed as
. . ~ T P5;Si P3,-éi ﬁ)zTﬁ)t
Vi = si|pyei+pa (W @) +e€ +ni(t) - —— — —— —pasi || —
P4a; P4; Yi
~ T A
8 Ps;Si w; W;
= Si p4; (wiT¢(z) +e+ni) - == - p4,-s,'> -+
P4a; Yi
~T 2 2 2 l;)tTﬁ)l
= 5ip4;W; $(2) + 5ipa€i + sipani(t) — ps;sj — py,s; — —— (8.19)

Using Young’s inequality (Zhao et al., 2018) in (8.19), the following is obtained:

2,2 2 2,2 2 ST A
. _ Si Py, €SPy (D) W W;
Ui < 8i pa; wiT¢(Z)+lT+7’ lT"‘lT_PS,-Siz_Pisiz——ly_ :
1
e i@ !

+ +5i pa; W] $(2) — (8.20)

1
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The weight update rule can be selected as

; = yipa,sih(z) — o, (8.21)

where «; is a positive constant, which is required to ensure the closed-loop

stability of the weight update dynamics. By substituting the weight update rule,
the expression of v; is modified as

2 2 T
. € (@) . . a;; W;
Ui < —ps;si + 5t + 5i pa; ] $(2) — 5 pa, W] Y(2) + %
1
2 2 T
€ 2(¢ ;W
< _psisiz + -t ’7’_() + o;w; w; (822)
2 2 Vi

T
Again, using Young’s inequality and following the definition of ﬁ)l-T , the term a’u;/—’w‘

can be expressed as

Substituting the upper bound of el.z and n;(t) as eiz < €m; and n;(t) < 7;,
respectively, the expression of v; is modified as

2 2 ST T
) o € mi(t) oW w;  oGW; W;
v; < —Pps.S: — —
= PStsz + 2 + 2 2)/1 + 2,}/1
2 =T =2 T
S w; w; €m; n; ojw: w;
< _pe | Lo TETE “mio g i
< p6,(2+2yi)+2+2+ o
= —PeVi + py; (8.23)
where the constants ps, and p7, are defined as ps, = min (2ps;, ;) and p7, =
=2 canT .
% + "7’ + X t;}"/l_w’, respectively. By integrating (8.23) in time, the following is
obtained:
P,
vi (1) < ;(0) exp(—pe; 1) + e, [1 — exp(—pe;1)] (8.24)

where “exp” is the exponential function and v; (0) is the initial value of Lyapunov
function (8.17). By analyzing (8.24), the upper bound on v; (¢) can be obtained as

vi(0) < vi(0) + 2% (8.25)
p .

1
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Since v; (¢) is bounded, the stability of the transformed error dynamics in (8.16) can
be concluded. Further, from (8.25), by substituting the terms of v; (¢), the following
relation is obtained:

Lo, 1 7.
=s; + —w; w; < v;(0) + — (8.26)
2 2y pﬁl

Since %ﬁ)-r w; > 0, the error transformation variable s will remain bounded as

Isi] < ./2v;(0) —|— i Since s; 1s bounded, form Lemma 8.1, ¢; and ¢; will remain

bounded by the user—deﬁned error-constrained set, i.e., ¢;(t) € (—;“el., ;“el.) and
éi(t) € (=Le. ;). V1 = 0, Vi, respectively.

After approximating the modeling uncertainties, the next step is to design a
tracking controller for the approximated system in (8.12) to track the reference
signal. Therefore, in the following subsection, an asymptotically stable tracking
controller is designed.

8.1.3 Asymptotically Stable Tracking Control Design

The error between approximated output x{ and reference output x* is defined as

e =x{ —x* (8.27)
The time derivatives of the error (8.27) are calculated as

e =x5 —x"

el =x5 —¥* (8.28)
By substituting x4 from (8.12), the error dynamics can be modified as

= f(x) +Gx)u+d(x,u)+ P;'Pss+ P3P 'e + Pys —i* (8.29)

To stabilize the error dynamics (8.29), the state feedback closed-loop tracking
controller is designed as

—f(x) —d(x,u) — P;'Pss — P3P, é)

u=G(x)"! ( ) (8.30)
—Pys — K{(e?, &%)e* — K5(e")e" 4 k™
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where, due to the positive definite nature of G (x), [G(x)]~! will always exist. The
matrices K5(é”) and K¢ (e, é*) are symmetric and diagonal matrices. The matrix
K¢ (&) is defined as

Kf (") = diag [kg1 (éﬁ’), k5, (ég) Y & (eﬁ)] (8.31)

where the ith component of matrix K¢ (é“) is

ks; (&) = % + (g /Eég)z % (8.32)

. .a -
1, if0<ef <¢ &
. .a
0, 1f-£é;’<€i§0
where ¢§. > 0, Vi is a constant, and constants ¢ ;e and £ s« represent upper and lower
1 1 —1
bounds on error €{, obtained as

with  y (&) = {

Eé;f =y — Exl.* — &4 (3.33)
i = Cxy — 8 (8.34)
where ¢, and ¢ ., are imposed state constraints on the dynamic states of the actual

system, known constant ¢;, is defined in (8.7), and ¢ ¢+ and ¢ ¢+ are the known bounds
on the derivative of reference signal x;". The matrix K{ (e, &) is defined as
n’>-n

K{(e, &%) = diag [k{, (ef.é]) . k{5 (€5.€5) . ... ki, (eh, e2)]  (8.35)

where the ith component of matrix K (e“, &) is given as

et = | e | \

U@ - LT ] (B-e)

I, if0<ef <l
0, if—£6?<ef‘§0
where c‘f[ > 0,Vi is a constant. Note that the term kgi (é;‘), defined in (8.32),

is always positive. The constants ¢« and .« are upper and lower bounds on ef,
calculated as

yi**clll,» gg;l (1 _ yi**) Ca( (

with — y**(ef) =

Eel‘? = Ex” - Zx’* - é‘ei (837)
xF gxl,- - ;ei (838)
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where ¢, and ¢ ,, are imposed state constraints on kinematic states of the actual
system dynamics, known constant ¢, is defined in (8.6), and Ex?« and ¢ Xy are the
bounds on reference signal x;". [ B

Further, by substituting the control expression (8.30) in (8.29), the following
closed-loop error dynamics is obtained:

é = —K{(e, &%) e — K4(&%) é° (8.39)

The asymptotic stability of the error dynamics in (8.39) has already been proven in
the Sect. 7.2.3 of Chap. 7. The proof can be followed from (7.73)—(7.79).

The above analysis shows that all closed-loop signals will remain bounded in
both steps of the control design. However, the behavior of the actual closed-loop
system is not analyzed yet. Thus, the closed-loop response of the actual system is
analyzed in the following theorem.

Theorem 8.1 Consider the actual systems (8.1) under the controller (8.30) with
the weight update learning rule in (8.21), and if the initial conditions are chosen as

el (0) € (_£€? , Eef)) et (0) e (—gé? , Eé?) Vi, then following properties hold:

(i) The tracking error (Xli —x; ) will asymptotically converge to the open set
(—Ce[, ;ei), Vi, where {,; is a user-defined positive constant, defined in (8.6).

(ii) The closed-loop kinematic and dynamic states of the system will remain
bounded as Cxy < X1i <&y, andgxy < X2 < &y vVt > 0,Vi.

Proof The proof of Theorem 8.1 is exactly similar to the proof presented in
Theorem 7.2 of Chap. 7. Therefore, the reader can refer to Chap. 7 for complete
proof. O

8.1.4 Application to a Two-Link Robotic Manipulator

In this section, the effectiveness of the proposed state-constrained adaptive con-
troller is demonstrated using a two-link robot manipulator model (Slotine and Li,
1991). The dynamics of a two-link manipulator is given by

g1 | _ 1| hg2 h(gi+q) || g1 1|7 dy +n1(t)
[éiz]_[H] [—hq'l 0 qu]”’q] [fz}Jr[dernz(t)}

where f(x) = f (q1.42.G1.42) = [H] ' [ h52 h +qz)i| [QI}
—hqi 0 q2
The complete description of the two-link manipulator model can be found in
Sect. 7.2.4 of Chap. 7.
States of the system can be defined as xj; £ q1, X12 £ q2, X21 £ q1, and
xpn 2 ¢>. The controller objective is to generate the required control u; L4 (G=
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1, 2) to track reference outputs while maintaining the imposed constraints on the
closed-loop states. In simulations, the initial conditions are chosen as x11(0) = 4.7°,
x21(0) = 9 deg/sec, x12(0) = —4°, and x22(0) = —8 deg/sec, respectively. Initial
conditions for weight update dynamics are chosen as zero. The reference profiles for
x11(¢) and x12(¢) are selected as xj = 2°sin(#) and x5 = 1.5° cos(2t), respectively.
To ensure the safety of the system, state constraints on the system are selected as
Sxn = §x11 8% Cxin = Cuyp = 8% 80y = §x2| = 15° and o), = §x22 =
15°, respectively. The steady-state error bounds for joint positions and velocities are
chosen as |¢,;| < 0.5° and |¢; | < 0.5, respectively, where i =1, 2.

The controller gains are selected as c1 = 10, 62 = 3, c1 = 30, c2 =5,
c1; = 0.001, ¢, = 0.0005, ps; = 1, and o; = 0.01, respectlvely, and learmng rate
y; is chosen as y; = 3, where i = 1, 2. The model uncertainties are assumed as 50%
of f(x),ie., [d1,d2]T = 0.5f(x), where f(x) is defined in model description.
External disturbances 11(¢) and n,(¢) are assumed as n;(¢) = 0.8sin(z(t — 1))
for time interval 2 < ¢t < 6 and ny(¢t) = 1.2sin(2w/3(t — 4)) for time interval
4 <t <7, respectively. To approximate model uncertainties, the basis functions are
selected as ¢; = [x11, x12, X21, X22, sin(x12), cos(x12), sin(x1), cos(x1 D17, Vi.

The position and velocity histories of the joints of the two-link robot manipulator
are shown in Figs. 8.2 and 8.3, respectively. All trajectories accurately follow the
reference trajectories while remaining constrained within the safety domain. The
control histories required to stabilize the closed-loop system are illustrated in
Fig. 8.4, where the profiles are smooth and continuous, making them suitable for
practical applications.

Fig. 8.2 Kinematic state
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Fig. 8.4 Control histories

Fig. 8.5 Trajectories of
proposed error transformation

Fig. 8.6 Constrained
learning error trajectories

Fig. 8.7 Constrained
histories of time derivative of
learning errors
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The profiles of the transformed error variables s; and s, are presented in
Fig. 8.5, showing bounded and stable behavior as proven in theory. The state
histories exhibit minimal transients, attributed to the imposed constraints on the
learning errors, as depicted in Figs. 8.6 and 8.7. As shown in theory, the learning
error and its derivative are bounded by the specified error constraints. The weight
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update histories, depicted in Fig. 8.8, remain bounded despite the presence of
external disturbances. The effectiveness of neural networks in approximating model
uncertainties is demonstrated in Fig. 8.9, where the approximated profiles closely
follow the modeling uncertainties.

8.2 Adaptive Control of Nonlinear System with Relative
Degree Two

In the previous section, an error transformation-based state-constrained adaptive
control design was presented for uncertain EL systems. However, the design
assumed that the control effectiveness matrix of the system G(x) is known, which
may not be practical in certain challenging applications. Additionally, the sign of
G (x) (positive or negative definite) may be unknown, presenting the well-known
issue of unknown control directions (UCD). Furthermore, asymptotic tracking was
not achieved with the earlier approach. To address these limitations, this section
presents a new adaptive control design for generic second-order nonlinear systems
subjected to state constraints, unstructured uncertainties, external disturbances, and
UCD.

The design employs the previously proposed error transformation to enforce state
constraints and utilizes the Nussbaum gain to handle UCD. A single-parameter
adaptive approach is introduced to approximate modeling uncertainties and external
disturbances, significantly reducing computational cost. Lyapunov stability analysis
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demonstrates the asymptotic stability of the closed-loop system, ensuring that all

signals remain bounded and comply with imposed state and input constraints. The

problem formulation and control architecture are detailed in the following sections.
The dynamics of a second-order nonlinear MIMO system is given by

X1 =x2

X2 = f(x)+Gx)u+di(x)+n() (8.40)
where states x; and x| are defined as x1 £ [xi1, x12,...,x1,]7 € R and
X2 £ [x21, x20, .. .,xzn]T € R, respectively, and total states are defined as

x £ [x], sz]T € R2". Components of f(x) € R" and G (x) € R"*" are assumed
to be smooth and continuous. In the plant, f(x) is assumed to be a known part
of dynamics, and unknown unstructured modeling uncertainties are represented by
d(x). External disturbances to the system are denoted by (). The control input to
the system is represented by u € R". By substituting d(x, 1) = d(x) + n(¢), the
actual system in (8.40) can be modified as

X‘]Z.X‘Z

Xo=fx)+Gx)u+d(x,t) (8.41)

The term d(x, ) can be approximated as d(x, 1) = W ¢(x) + €(r), where ¢(x)
is the known basis function vector, W are the optimum weights, and €(¢) is the
approximation error. The norm of optimal NN weights ||W| and approximation
error €(t) are assumed to be bounded as ||W||2 < w,, and ||e||2 < €5, respectively,
where w,, and €, are unknown positive constants. Moreover, for the control
effectiveness matrix G(x), it is assumed that the matrix (1/2) [G(x) + G(x)"] is
either uniformly positive definite or uniformly negative definite for all x € R, i.e.,

T
o (G(x)+20<x)

) > b* > (0 where o (.) represents the smallest singular value of the

matrix inside the bracket and b* is its lower bound. With this property of G (x), the
following Lemma will be useful in the control design.

Lemma 8.3 (Xu and Ioannou, 2003) Let us define a(x) = s G(x)s,, where s, =

s/ |Is|| is the unit vector. Let the matrix (1/2) [G(x) + G(x)T] is known to be either
uniformly positive definite or uniformly negative definite for all x € $2, where
2, CR"isa compact set, i.e.,

(G(x) +Gx)T
= 2

)zb*>0

where o(.) represents the smallest singular value of the matrix inside the
bracket and b* is its lower bound. Then we have |a(x)| > b* and we have
sT ()G (x)s(x) = ax) [s(0)[*
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The control design objective is to design a state-feedback closed-form adaptive
control law for uncertain system (8.40) such that the states of the system track the
reference signal asymptotically, i.e., x;; — x} and xp; — X, without violation
of imposed state constraints while ensuring the overall stability of the closed-loop
system, where x is the ith component of reference trajectory x*. The imposed state
constraints on the system are defined as |xy; (¢)| < &y,; and |x2; ()| < {,;, Where
Cx,; and Ly, are positive user-defined constants.

The reference signal and its time derivatives are assumed to be smooth and
bounded. Moreover, for any ¢,,, > 0 and ¢, > O, there exist positive constants
Curs Cix satisfying —Cy;; < —f <X/ < Gor < $xy» Vi and =Ly, < —Clir = i<
i < Lxys Vi, where x and X; are the ith components of the reference signal x*
and its time derivative x*, respectively.

8.2.1 Adaptive Control Design

To fulfill control objectives, the system error is defined as
e=x)—x* (8.42)
By using system dynamics (8.40), the derivatives of the error are obtained as

e=x,—x* (8.43)
€=xy— X" (8.44)

The error transformation variable s, defined in Sect. 8.1.1, can be written as
s2Pi(e)e+ Pr(e)e (8.45)

where P (e) and P (é) are symmetric diagonal matrices, defined as

Pi(e) =diag| — | Vi=1.2....n (8.46)
L (CE; - ei)
. . C2; .
Py(e) =diag| ———— |, Vi=1,2,...,n (8.47)
222
(¢ -¢)
where ¢y, and ¢;, Vi = 1, ..., n are positive constants. The constants, ¢, and &, , Vi

are maximum bound on the variation of errors ¢; and ¢;, Vi, respectively. The error
bound ¢;; and ¢,, are obtained using imposed state constraints, calculated as

é‘e,' = Cxl,' - é‘xl* (848)
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;é,' = §x2i - é‘)ﬁ (849)

1

where ¢,,, and ¢, are imposed state constraints and Oy and Sy are bounds on
reference signal.
The time derivative of s in (8.45) is obtained as

§=Ps(e)é+ Py(é)é (8.50)

where P3 (e) and P4 (é) are symmetric diagonal matrices, defined as

[c1. (22 + &2
P; () = diag M Vi=1.2.....n 8.51)
L (é‘ezi_ei)

€ (Eft + ef)

| (2-a)

To design the state-feedback asymptotically stable controller for the new trans-
formed system, the following quadratic Lyapunov function is chosen:

P4 (¢) = diag L Vi=1,2,...,n (8.52)

v=tetsy Lap (8.53)
=—-s's+—w .

2 2y "
where w,, is defined as w,, = w,;, — Wy, Wy, is defined (8.41), and w,, is the

estimation of wy,. The constant y > 0 is learning rate constant.
The time derivative of Lyapunov function in (8.53) is given as

Sy T'_l” A
V=s's Wy Wiy, (8.54)
14

By substituting s from (8.50), V in (8.54) can be modified as
. T ) - I .
V=s"[P3i(e)e+ Py(e)é] — ;wmwm (8.55)

Without loss of generality, in the further analysis, f(x), G(x), d(x,t), P (e),
P, (e), P3(e),and P4 (é) aredenoted as f, G,d, Py, Py, P3,and P4, respectively.
By substituting e and e from (8.42) and (8.43), and x, from (8.41) into (8.55), the
following analysis can be carried out:

. 1 :
V=sT [P3 [.X'Q — x*] + Py [X‘z — x*]] - ;ﬁ)mﬁ)m

1
=s" [P3xy — P3i* + Psf + P4Gu + Pyd — Pyiq] — ;zi)mwm
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=85 P3xs —s' P3x* +sTPyf +s' P4Gu+s" Pyd —s” P43,

1 .
BT (8.56)
%

By substituting d(x, t) = WT¢(x) + €(t), the following is obtained:
V=s"Psxr—sTP3x* +sTPsf +s" PsGu+s" PaWT ¢(x)

1 .
+sT Pie(r) — sT Pax™* — — i (8.57)
1

which can be written as
v=sT (P4 [P4]*1) Pixs —sT <P4 [P4r‘) Pyt +sTP.f
+sT P,Gu —+—sTP4WT¢

1 .
+sT Pae(t) — sT Pax™ — ;wmmm (8.58)

With the application of Young’s inequality (Zhao et al., 2018), terms in (8.58) can
be expressed as

y 2 —1 2 1 2 —1 o % 2 1
V < | Pasl? [P Paxa + 5+ I1Pas [P P +5

1 1 |IPssl®  lle@)?
+||P4s||2||f||2+z+||P4s||2||W||2n¢||2+Z+ —t—,

1 1
+ I Pas|? 277 + ;s PaGu it (8.59)

2
< IPys? [H[m‘ Pyxo| o+ | P17 Pai*

2 . 1
TP+ 5+ 5]

5 € .
+ | Pasll* w ||¢||2+Z+g+sTP4Gu—; m Win (3.60)

where the relations || W||2 < w,, and ||€ ||2 < €, are used in the analysis. The control
variable u and the learning rule for approximation variable w,, are chosen as

u = PysN @) [ + i |81 + (8.61)
& = I Pas|2 [ + by I$I + c2 | (8.62)

T (L S e e e e

W = y I1Pas|? 1gl> — o by, (8.63)
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where ¢, and o are positive constants and ,,(0) > 0, @(0) > 0, and A (e) are
Nussbaum gain function. The Nussbaum gain function is defined as follows.

Definition 8.1 (Ge et al., 2004; Nussbaum, 1983) Any continuous function
N(s) : ® — Ris a function of Nussbaum type if it has the following properties:

1 N

lim sup—/ N(w)dw = 40 (8.64)
s——+00 s Jo
1 N

lim inf—/ N(w)dw = —0 (8.65)
§—>—4+00 s Jo

. . . 2
For example, the continuous functions w*cos(w), w?sin(w), and e“ cos (%)
belong to the Nussbaum function category.

Note that from learning rule (8.63), for w,,(0) > 0, W, (t) > 0, Vt. By
substituting u, u” and w,, in (8.60), and by adding and subtracting w, the following
is obtained:

v 1 .5 €
V< | Pasl? [u + 5] + 1PasIP w17 = 6+ 3 + =

A 1 N
+5T PsGP4sN(@) [ + iy |91 + 2| - S im (7 1PasIP 112 = o) + 6

1 o
< [ Pas|? [u + 5] + 1PasIP wn 12 = [ Pas| [ + o 612+ c2

- oWy W A
~I1Pas|* B I+ === + 5" PaGPasN (@) [/ + o 191 + 2]

. S5 €m
IPas I [+ 1917 + 2] + 3 + (8.66)

Applying Lemma 8.3, which is [P4s]” G[Pss] = a(x(t)) | Pas|?, the following
simplified expression is obtained:

. 1 N
V< [5 - 02] [Pas1 [Pas]+ | Pas|® w 911 — | Pas| @ 112

ow

NI 1P + T2 o O) [PasIPN @) [+ o 181+

N 5 €
1Py I [+ i 112+ 2| + 5 +

oW Wi

IA

1 m
[5 - cz] [P4s] [Pas] + +ax(O))N (o + o + % + % (8.67)

oWy W

IA

+ [N (w) + 1o (8.68)

1] 5 5  em
— - = P4P -+ —
[62 Z}S 4 4s+4+2+
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since P4 is a diagonal symmetric matrix with positive elements. From the definition
of P4 in (8.52), it can be observed that the minimum value of the elements of
P4 is obtained at ¢; = 0, which is ¢,/ Cézi’ Vi. By utilizing the matrix property
—sT P4 Pys < —hmin (P4P4)s”s, where Amin (P4P4) = 3 /¢, Vi. By selecting

cr > %, and defining c3 = (c2 — %) Amin (P4 P4), the following expression is

obtained:
5
Vs—asTs+ 2+ %’” + Uw’; " L la@ON (@) + 1o (8.69)
By applying Young’s inequality, ‘”Z"+wm < _"w +2 2y , (8.69) can be expressed
as
5 ~2 2
V<—asTs4o+2 T 700 4 [y(ON(@) + 110 (8.70)
4 2 2y 2y
2
ow
< —c3sls — 7 +ep+a@ON(@@) + 1]
< —csV +laN(@)+ 1o +cq (8.71)

5 € ow? . o
where ¢4 = (Z + 3+ 2—)/'">, and ¢5 = min (263, ?>
Integrating (8.71) over [0,t], we have

t
V() <ce+ exp(—C5t)/ [a (DN (w) + 1] w exp(csT) dT (8.72)
0

where cg = V(0) + g—“ and “exp” is the exponential function. In the context of the
Nussbaum function, the following theorem is useful.

Theorem 8.2 (Ge et al., 2004; Wang et al., 2016) Let V(o) and w(e) be smooth
functions defined on [O, tf) with V(t) > 0, Vt € [O, tf), and N (e) be an even
smooth Nussbaum-type function. If the following inequality holds:

t
V() <co+e ! / [a (DN (@) + 1] we' T dT, (8.73)
0

where cq represents some suitable constant, c| is a positive constant, and «(t)
is a time varying parameter which takes values in the unknown closed interval
= [[7.17] with O & I, then V (1), o (1) and fot [ (DN () + 1] we *dt must
be bounded on [0, tf).

To generalize the stable closed-loop solution for all time, the following Lemma
is useful.
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Lemma 8.4 (Ryan, 1991) Consider the system x(t) = f (x(t)) under the initial
condition x(0) = xo with solution x(t), ¥t € [0, t). If the solution x(t) is a bounded
solution then T = oc.

Applying Theorem 8.2, the boundedness of V(¢) and w(#) can be concluded
from (8.72). Since V (¢) is bounded, s and w,, are bounded; the closed-loop system
is bounded. Therefore. according to Lemma 8.4, if the solution of the closed-loop
system is bounded, then ¢ty — +o0.

8.2.2 Closed-Loop System Analysis

In the previous subsection, the boundedness of the closed-loop system was demon-
strated using Lyapunov stability theory. However, the asymptotic stability and
satisfaction of user-imposed state constraints have not yet been addressed. There-
fore, this subsection focuses on analyzing the closed-loop system to establish its
stability and verify compliance with the imposed state constraints.

Using Lemma 8.1, since s is bounded, errors will remain bounded, i.e., |e;| <
Ce;» YVt > 0and |é;| < &;, Yt > 0. Further, by using the definition of e; = x1; — x;“,
the bounds on x; are expressed as —&, +x;° < x1; < X"+ ;. Since —yr < xF <
Ly the bounds on x;; are modified as

— 8o — é‘xl* < X1 < Cx,* + e, (8.74)

From (8.48), ¢y, = ;“xl_* + ;. Therefore —¢,,, < x1; < {y,. Similar analysis
can be carried out to obtain the bounds on xp;. Thus, the closed-loop states of the
system will remain bounded by the imposed constraints, i.e., |x1;| < y;; and |x2;| <
$xgys Vi

To show the asymptotic stability of the system w is used. From (8.62), @ can be
written as

@ = | Pasll>u’ + | Pasl|* b 11> + || Pas| ¢ (8.75)

Since right-hand side terms are positive, @ > [P4s]? [P4s]c,. By integrating, we
have c; fé [P4s]T [Pss]dt < w(t) — w(0). Since w(r) is bounded, (P4s) € %,
which means s € _%. Furthermore, from the stability analysis in (8.72), s is
bounded and hence s € % N Z. Then, by using Barbalat Lemma, s — 0 can be
ensured (Ge et al., 2004; Wang et al., 2016). Now, from Lemma 8.2, since s — 0
uniformly, ¢; — 0 and ¢; — 0. Thus, asymptotic tracking of the closed-loop system
can be concluded, i.e., x; = x*and x, — x* ast — oo.
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8.2.3 Application to a Two-Link Robotic Manipulator

In this section, the effectiveness of the developed adaptive controller is demonstrated
using a two-link robot manipulator model (Slotine and Li, 1991). The dynamics of
a two-link manipulator are given as

g1 | _ 1| hgy h(g1+q2) || g1 -1 7 di + n1(t)
[a'z]‘m [—hq'l 0 H@]HH] [f2}+[d2+nz(t)}

where f(x) £ f (q1.92. 41, ¢2) = [H]_1 [ hgz h @ +q2)} [ql]
—hqy 0 q2

The complete description of the two-link manipulator model can be found in the
Sect. 7.2.4 of Chap. 7.

States of the system can be defined as xij £ q1, X12 £ q2, X21 £ q1, and
xn 2 ¢>. The controller objective is to generate the required control u; £ g (i =
1, 2) to track reference outputs while maintaining the imposed constraints on the
closed-loop states. The initial conditions for the simulations are randomly selected
from the open set x11(0) € (—6°,6°), x21(0) € (—12,12), x12(0) € (—6°,6°),
and x22(0) € (—12, 12). Initial conditions for the weight update rule and Nussbaum
dynamic are chosen as w;,(0) = 0 and w(0) = 2, respectively. Without loss of
generality, the problem is considered as a regulation problem, i.e., x;; — 0 and
x12 — 0O ast — oo. The controller gains are selected as ¢, = 0.003, cp; = 0.03,
¢y = 15, 0; = 1 and learning rate y; = 1, where i = 1, 2. To ensure the safety
of the system, the constraints are imposed as —6° < xj; < 6°, —6° < x12 < 6°,
—12 < x21 < 12, and —12 < x27 < 12, respectively.

The model uncertainties are assumed as 30% of f(x), i.e., [d], &7 = 0.3f(x),
where f(x) is defined in model description. External disturbances 7 () and n,(¢)
are assumed as n1(¢t) = 0.1sin(w(t — 1)) for time interval 2 < t < 6 and ny(¢) =
0.1sin(27/3(t—4)) for time interval 4 <t < 7, respectively. To approximate model
uncertainties, generic Gaussian RBFNN with width two are used as basis functions,
defined as ¢ (z), where

z = [1, x11, o1, Xy, 03y, X121, X7y, 200y Xy, x5 605,17

The output histories of the system under the proposed controller are illustrated
in Fig.8.10, demonstrating that the controller asymptotically drives the system
output x1; to zero while maintaining the imposed constraints. The dynamic state
trajectories, shown in Fig. 8.11, are smooth and remain bounded within the specified
constraints. The corresponding control input histories are provided in Fig.8.12,
highlighting smooth and feasible profiles. The trajectory of the approximation
variable w,, is depicted in Fig.8.13. As expected, for positive initial conditions,
Wy, (t) remains positive and bounded throughout the simulation. The transformed
error trajectories s;, shown in Fig.8.14, are bounded and converge to zero as
theoretically proven. Finally, the trajectories of the Nussbaum gain A (w) and its
argument w are presented in Fig. 8.15, showing continuous profiles that rapidly
stabilize to constant values.
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Fig. 8.10 Output histories
under output constraints for
two random initial conditions

Fig. 8.11 Trajectories of
dynamic states xp1, xp for
two random initial conditions

Fig. 8.12 Control histories
of the system for two random
initial conditions

Fig. 8.13 Approximation of
plant uncertainties for two
random initial conditions
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8.3 Summary

This chapter presents a transformation-based state-constrained adaptive controller
for nonlinear systems with unstructured modeling uncertainties and bounded exter-
nal disturbances. The adaptive controllers are presented following both direct and
indirect adaptive control design philosophies, and the stability of the closed-loop
system is analyzed using the Lyapunov stability theory, demonstrating that the
system is asymptotically stable and its states remain bounded within the user-
imposed constraints. A two-link robot manipulator is considered a case study to
validate the effectiveness of the proposed control approach.

8.4 Exercise Problems

1. Design the transformation-based adaptive controllers using all the discussed
approaches for the following nonlinear systems to stabilize the system response
considering unstructured model uncertainties. The desired controller for these
systems can be designed using the methods given in Chap. 4.

X1 x2 .
(a) [XJ |:—x2 NN NN u:| where d(x) is defined as d(x)

O.2x12x2 + xg. The user-imposed state constraints are imposed as {1 and &
are {1 = 0.3 and {, = 0.8, respectively.
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(b) ¥ = —sinx+u+d(x) where d(x) is defined as d(x) = x2x+0.1 sin X cos x.
The user-imposed state constraints are imposed as &1 and ¢» are £; = 0.3 and
¢ = 0.8, respectively.

(c) X —0.7(1 = xHx — x> + (1 + xHu 4+ d(x) = 0 where d(x) is defined as
d(x) = x*—0.15%%40.2xx. The user-imposed state constraints are imposed
as ¢1 and ¢ are &1 = 0.3 and & = 0.8, respectively.

X1 [ x1 +x2
@ | x| = X3 where d(x) is defined as d(x) = —0.2x;x3 +
| X3 | Lu+d(x)
O.4x%x§. The user-imposed state constraints {1, ¢z, and ¢3 are {1 = 0.3,
& = 0.6, and &3 = 0.8, respectively.
[ %1 ] [ —x1 +x2
© | x| = X3 where d(x) is defined as d(x) = —O.2x1x22 +
X3 u

O.4x12x§. The user-imposed state constraints {1, {2, and ¢3 are 1 = 0.3,
& = 0.6, and &3 = 0.8, respectively.

2. Refer to the Egs. (8.23) and (8.24), and show that the mathematical algebra of

deriving the expression

Vi (1) < v;(0) exp(—pe 1) + i—z [1 = exp(—pe;)]

i

from the relation
i}i =< —P6; Vi + P7;
where “exp” is the exponential function and v; (0), pg,, and p7, are constants.
These variables are defined in Eqs. (8.23) and (8.24).
3. Refer to the Eq. (8.63)
Wy =y |Pas|” |$1* — oiby
and show that W, (1) > 0 if w,,(0) > 0. The definition of all variables can be
found in Eq. (8.63).
4. Refer to the Eqs. (8.71), and find the step-by-step solution of the following
differential equation

V< —csV+[a®ON(@) + 1o+ ca

where c4, and cs are constants.
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Chapter 9 ®
Neural Networks and Evolving Systems Qe

9.1 Introduction

In the era of abundant data, data-driven techniques have gained significant popular-
ity. With the rapid advancement in artificial intelligence (Al), its usage in all fields is
becoming inevitable. Al seeks to integrate intelligence into machines by leveraging
data and learning algorithms to facilitate informed decision-making. Among the
foundational paradigms in Al is the neural network (NN), a framework capable of
learning to make decisions after being trained using the available data. NNs have
demonstrated remarkable success in numerous dynamic system applications such
as the estimation of unknown dynamics and adaptive control.

For many nonlinear control problems, designing a control system incorporates
some form of function estimation. For instance, the estimation of the unmodeled
dynamics, uncertainty and external disturbances can be achieved using well-
established NN-based techniques. These estimations can be used to build a control
system such as feedback linearization, SMC, or adaptive controllers.

This chapter builds a solid foundation of NNs to provide the readers with the
required knowledge to utilize NNs in control systems. One of the most suitable types
of feedforward neural networks (FFNNs) for online control problems is the radial
basis functions neural networks (RBFNNs) since they are linearly parameterized,
i.e., their output is linearly related to tunable weights, and they are suitable for
online adaptation with a good learning speed (Ge et al. 2013). Thus, RBFNNs and
general regression neural networks (GRNNSs), a subclass of them, are detailed in the
following subsections.
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9.2 Radial Basis Functions Neural Networks

RBFNNs are single hidden layer FFNNs with Gaussian activation functions (Yu
etal. 2011). The input vector x € R is passed through this layer using the Gaussian
activation function ¢(x) € R*. RBFNN diagram is demonstrated in Fig.9.1. The
output of RBFNN y € R/ can be expressed as a linearly parameterized FFNN output
as follows:

yx)=Wi¢x)+b 9.1)
where W € ! is a matrix of the hidden-output weights, ¢ (x) € R" is a vector of

the Gaussian basis functions (kernels) and b € R’ is the bias vector.
¢(x) is constructed as

$1(x)
$2(x)
$)=| . 9.2)
&n(x)
where ¢; (x) is calculated as
i (x) = exp el (9.3)
; 752 , 2, ..., .

where ¢; € R is the center of the basis function ¢;.

RBFNNs are trained in multiple phases, including using clustering of the
input data into groups to calculate the centers of the basis function ¢ and then
utilizing gradient-based optimization to calculate the output weights W. RBFNNs
are frequently used in dynamic system modeling and control because of their simple
structure, swift online learning capabilities, acceptable inference, and capacity to
handle uncertainties (Yu et al. 2011).

Fig. 9.1 RBFNN
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Table 9.1 RBFNN parameters

Centers Weights and biases o

Example 9.1 This example demonstrates how RBFNN output is calculated.
Considering an RBFNN with three basis functions and having the following
parameters (Table 9.1).

Using an input x = B:| to calculate the network output.

Firstly, let us calculate the basis functions ¢ as

2
$1(x) = exP(

B
..
#3(x) =exp<_ M; M ” ) — 0.607.

) = 0082, ¢o(x) =

0.08277
¢(x) = | 0.082
0.607 |
Next, let us calculate the network output using (9.1) as
0.082
482 0.7 3.012
y:WT¢(x)+b=|: ] 0.082 +[ ]=[ ]
439 0.607 0.6 7.044

One special class of RBFNNS is the general regression neural network (GRNN),
it inherits RBFNN properties but with improved training method making it even
more suitable for control system applications.
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9.3 General Regression Neural Networks

General regression neural networks (GRNNs), as shown in Fig. 9.2, have the same
structure and activation functions as for RBFNN, and thus, they are considered a
subclass of RBFNNs. Hence, GRNN falls under RBFNN in the NN chart as shown
in Fig. 9.3.

GRNN can learn its parameters in one pass on the input/output data, deeming
it precise and fast learner (Specht 1991). It is regarded as a suitable technique for
dynamic systems modeling and control since quick and precise learning is vital in
dynamic systems as it is concerned with decision making in real-time. In the general
case, GRNN has multiple inputs and multiple outputs, and it is trained once on the
whole training dataset.

Fig. 9.2 GRNN structure

é1(z)
T o
#a()
e Yi
bn(x)
Fig. 9.3 GRNN location in
NNs hierarchy Neural Networks
RNN FNN
y
RBFNN

GRNN
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GRNN output can be written as

WT
y) = X2 9.4)

__Zl¢i(X)

where y € R is the output of the network, x € R is the input vector, W € R"*/
is a matrix of the output weights, and ¢(x) € R" is a vector of the hidden layer
outputs, and it is calculated using (9.2) and (9.3).

9.3.1 Training of GRNN

GRNN training is the process of storing the training instances made of input data,
which will be stored in the Gaussian activation function centers, and the output data,
which will be saved in the output weights. Thus, GRNN hidden layer size will grow
to the number of the training samples. For instance, if we are training GRNN with
n samples then the hidden layer size will become n nodes after training. GRNN
hidden layer growth is illustrated in Fig. 9.4.

Ty Y1
GRNN after training it . & .
with the first sample : ’
Tm Ui
Ty o3} Y1
GRNN after training it .
with the second sample i
Tm o)) Y
Zy ¢1 n
GRNN after training it ] .
with n samples : )

&

Fig. 9.4 GRNN hidden layer growth in the training process
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1 T
0.8
—~ 0.6 -
&
S04t
0.2
0 L
5 4
T
Fig. 9.5 ¢ (x) with different values of o
X1
Consider a dataset of n samples made of inputs X € R"*" = | : | and outputs
Xn
Y1
Y € R = - |, where m is the number of the input variables and [ is the
Yn

number of output variables; GRNN training is summarized as
For every training sample (x;, y;):

e The center ¢; of the activation function ¢; () is set to x;.

* The output weights w; are set to y;.

* o > 0 is the smoothing parameter, and it determines the width of the Gaussian
activation function ¢ (-) as demonstrated in Fig.9.5. Small values of o leads
to narrow activation function shape, while large values of o leads to wider
activation function shape. o should be selected before starting the training. A
good practice to select o is setting it as the standard deviation of the input

m

data (std(x) = %(Z (x; — )2, wis the mean of the input data) to ensure the
V"=

activation function covers the input space properly.

X1
After the training concludes, we will have a GRNN with centers C =
Xn
Y1
and output weights matrix W = | . |; these centers and weights are used to
Yn

calculate GRNN output for any input x using (9.3) and (9.1). The following
example demonstrates GRNN training and output calculation.
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Table 9.2 GRNN training

X1 | X2 y
dataset

1 1 2

3 /3 |18

4 |4 |32

Example 9.2 This example depicts how GRNN output is calculated and how
the smoothing parameter o affects GRNN estimation accuracy. GRNN was

trained with the dataset in Table 9.2 to approximate the function y(x) = x12 4F

2
X5

Find the output of the trained GRNN for the following input vector
X = [X11| = [25] Useo = 1,0 = 0.5 and o = 0.1. Use error e(x) =
X2 3.5
y(x) — y(x) to quantify the estimation error.
Applying the training procedure of GRNN detailed in Sect.9.3.1 to
three training samples given in Table 9.2, the following Gaussian activation

function centers are determined ¢; = [i], c = B}, and ¢3 = |:ﬂ Also,

2
the output weights are assigned as w = | 18
32
1. For o=1:
The activation vector ¢(x) is calculated as
- A L2
25| |1
lx—e; 12 3.5 1
o1(x) = exp(—Tzl) =exp| — 5 =0.0143
2.5] [3][°

3. 5 3
Do (x) = exp(—%) = exp( — > =0.779

_4}
$3(x) = exp(— gl — Xp( ”[ } -4—>=0.287

é1(x) 0.01437
dx)=|prx)| =] 0779 |, ¢ =0.014340.779+0.287 = 1.080
&3 (x) 0.287 | =!

(continued)
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Example 9.2 (continued)

GRNN output is found as
0.0143
[2 18 32] | 0.779
. w! ¢(x) 0.287
Y= —= 1.080
> i
i=1
[2 x 0.0143 + 18 x 0.779 + 32 x 0.287]
a 1.080
23.2
_ 23514
1.080

The actual output is y(x) = x12 + x% =2524352 =185 - e(x) =
y(x) — y(x) = 18.500 — 21.514 = —3.014

2. For 0=0.5:
For different values of o, only the activation vector ¢(x) will be different
4.140¢~8
thus, ¢(x) = 0.368
0.007
y(x) = 18.252 — e(x) = 18.500 — 18.252 = 0.248
3. For 0=0.1:
2.660e 183
é(x) = | 1.390e !
5.1664¢73

$(x) = 18 — e(x) = y(x) — $(x) = 18.5 — 18 = 0.500 (Table 9.3)

For this problem, with only three data samples, GRNN can produce
reasonable output for unseen data when ¢ > 0. Thus, the smoothing
parameter of GRNN is a dominant parameter for the approximation error,
i.e., the difference between the network estimated output y(x) and the actual
output y(x) as quantified by the error e(t). However, to obtain accurate
estimations, more training data will be needed.

Example 9.3 This example demonstrates using the standard deviation of the
input data to find GRNN smoothing parameter. Considering a GRNN with the
following input/output samples (Table 9.4)

(continued)
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Example 9.3 (continued)
Find a good value of o and test the accuracy of the network for x = 6.

Calculating the standard deviation of the input data (std(x)) yields 3.162. So
o = 3.162 would be a good choice. Using the training method in Sect. 9.3.1,
the centers are assigned as ¢c; = 1,¢2 = 3,¢c3 = 5,¢c4 = 7,¢5 = 9 and the

1
9
output weight vector are w = | 25 |. When x = 6, the activation vector is
49
81
r I6—117 |7
exp(_2x3.162202) 0.286
exp(— 1631
P 2x3.16207 0.638
calculated as ¢(x) = exp(—2>”<63_156“202) = | 0.951
lo—71 0.951
XP(=3,3.16207) 0.638
exp(— 6=y :
LeXP{— 35316202/

5
The summation of the activation vector is Y, ¢; (x) = 3.464.
i=1
The network output y is calculated as

0.286

0.638

[192549381] | 0.951

0.951

. 0.638
yx) = : = 36.970

The actual output y = 36 for an input x = 6. The estimation error is
e(x) = y(x) — y(x) = 36.000 — 36.970 = —0.970 which is low given the
network is trained with only five samples.

Table 9.3 GRNN example

o |Jx) |e(x)
results

1 21.514 | =3.014
0.5 |18.525 0.248
0.1 |18 0.500
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Table 9.4 Training data

25

49
81

O || W ==

Hidden layer

Input layer pi(x) = Output layer
v f llz—cil? i
r—Cj A
|z — cil| exp(—57-) j(z) = T2
‘gl O,‘(:l?

215D W11

Z1 Y1

¢a(x)

Tm Y

(/HIN

¢n(w) Wny

Fig. 9.6 GRNN layers

9.3.2 Layers of GRNN

After the training phase of GRNN, its output can be calculated using (9.4). GRNN
layers are demonstrated in Fig. 9.6 and detailed here as:

* The input layer: Given GRNN has n basis function and each function has a
center ¢;,i = 1,...,n. The norm of the difference between the input x and the
activation function center c¢; is calculated in this layer as || x — ¢;||. This norm is
equivalent to the Euclidean distance between x and the center of the activation
function ¢;. Thus, [|x —¢|| = /(x; —c1.1)2 + - - - + (Xm — Cm.n)?. The aim of
the distance calculation is to determine which centers of activation functions are
closer to the input x.

* The hidden layer: Gaussian activation function is applied to the norm calculated

from the input layer ¢; (x) = exp(—%), i = 1,...,n. In this layer, the
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Fig. 9.7 Activation firing 1
strength ¢; (x)vs norm
e —cill 038 ]
T 0.6
8
=04 :
<
0.2 1
0 ‘ ‘
0 1 2 3 4 5
|z —cll

firing strength of the activation function ¢ (-) is high when the function center is
closer to the input x shown in Fig. 9.7. This figure explains that activation firing
strength is inversely proportional to the distance between the input and activation
functions centers. This layer is pivotal to associate the input data with the most
similar basis functions.

¢ The output layer: The output of GRNN y(x) is the product of the output
weights matrix transpose W by the activation vector ¢(x), and then this product

n

is normalized by the summation of the activation vector ) ¢; as follows:
i=1
_ Wiw : : . .
y(x) = ——=—=. Based on the above calculation, basis functions with large
L i)
firing strengths impact GRNN output more significantly than the ones with small
activation strengths.

9.3.3 Merits and Shortcomings of GRNNs

The primary merit of GRNN is the simple one pass non-gradient training. Its training
encompasses a selection of only one hyperparameter, the smoothing parameter (o),
and thus, its training duration is significantly shorter than other FFNNs such as
RBFNN:S. In addition, it produces acceptable predictions even when trained with a
small portion of the dataset. However, GRNN has some shortcomings that need to
be dealt with before being utilized in dynamic systems applications. For instance,
the size of the activation vector ¢(x) in GRNN might drastically increase during
training with large datasets; this is because in GRNN training, it will create a basis
function for every unique data sample. This would increase the time required to
calculate its output after training. For example, when training GRNN with a dataset
composed of 1000 unique data samples, the hidden layer size will grow to 1000
which is typically a large number that could potentially lead to the problem of
overfitting. Overfitting happens when a model learns very well in the training phase
but fails to generalize for new unseen data.
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Moreover, there is no standard guide for selecting the smoothing parameter o
of GRNN in the one-pass training method. In addition, utilizing GRNN in online
learning tasks such as adaptive control is still uncovered because it is designed
for offline learning tasks. Data flow continuously in online systems, and thus,
the size of the GRNN hidden layer evolves, which could consequently result in
increased memory and computational costs. Finally, in unsupervised learning tasks,
like control of dynamic systems, the training targets are missing, and thus, the offline
supervised learning methods are deemed not useful. Therefore, online GRNN is to
be developed to deal with online learning tasks.

9.3.4 Online and Offline Learning in GRNN

Understanding the difference between online and offline learning GRNN is essential
for designing adaptive or learning-based controllers. Offline learning or batch
learning is the standard approach for training GRNN from a given complete
input/output dataset. This method is suitable to build an approximate model of a
dynamic system. On the other hand, in the online or incremental learning, we do not
have a stored dataset, but the network is updated once the data arrive. This approach
is sometimes referred to as learning-on-the fly. Online learning fits adaptive control
system design purposes more than offline learning. The output and parameters of
an offline trained GRNN are static, while the output of an online trained GRNN
is dynamic, i.e., it varies with time. Comparison between the offline and online
learning methods used in GRNN training is depicted in Table 9.5

For example, to design a control system of a quadcopter using offline learning
approach, one needs to collect datasets of the various variables of the system, such
as the velocity, position, attitude, and altitude, and throttle commands which is time-
consuming and prone to errors such as measurement errors, data transmission issues,
storage issues, etc. and then train a GRNN to learn the mapping between the states
and the control commands. In contrast, in the online learning framework, these
offline data are not necessary and can be avoided if GRNN is designed to perform
online weight updates, usually using adaptation laws and utilizing feedback in the
form of error, such as the tracking error.

Table 9.5 Comparison of offline and online learning for GRNN

Aspect Offline learning Online learning

Training mode Once on the complete dataset Incrementally once the data arrive
Data access Full dataset available for training | Data arrive continuously
Applications Modeling dynamic systems. Adaptive and learning-based control
Network output and | Static after training Dynamic

parameters
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Example 9.4 This example illustrates the difference between online and
offline learning in GRNN. GRNN is trained offline to predict the function
y(xg) = sin(xg), xx = 0.3k, k =0, 1, ...,20. Taking x;y = 7/2 as test point.
The actual output y(w/2) = 1.

The output of the offline trained GRNN is y(7/2) = 0.995. On the other
hand, the output of the online trained GRNN varies when a new samples arrive
as depicted in Fig. 9.8. It starts around zero and then reaches to a steady state
value of almost 1.

In the practical dynamical systems, the data flow sequentially; hence, for
modeling and controlling such systems in real-time, online learning of GRNN
should be considered. Based on that, GRNN weights should be adjusted once
new data arrive to achieve a certain objective function, such as minimizing the
modeling error or reducing the states’ deviation from the reference states in the
control problem.

9.3.5 GRNN Stability Analysis

Definition 9.1 Bounded-Input Bounded-Output (BIBO) Stability: A given sys-
tem is BIBO stable if for every bounded input x € R, the system produces a bounded
output y € R.

To examine the stability of GRNN according to the BIBO stability, let us consider
the following:

1. GRNN hidden layer outputs for a bounded input vector x € R” are defined as

¢i(x) = exp(— |x c’ [ B=¢ly i = 1,...,n,. The elements of the vector ¢(x) are
Fig. 9.8 Online trained 1
GRNN output variation with
the samples number 0.8 +
0.6
=
04+
0.2
0
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bounded € [0, 1] since Gaussian activation functions are also bounded € [0, 1].
Thus, for GRNN activation vector of n elements the activation vector is bounded
as ||¢(x)|| < n, which leads to the boundness of GRNN hidden layer.

. The output of GRNN for a bounded output weights matrix W is expressed as

A n
yx) = M Since both ¢(x) and W are bounded, and ) ¢; is used to
> ¢i(x) i=1

i=1
normalize the activation vector elements between 0 and 1, y(x) is also bounded
as min{WT@} <3ykx) < max{WT@}.

Based on the above analysis, if a bounded input x is applied to GRNN, its output
¥(x) is also bounded, and thus, GRNN is BIBO stable.

Example 9.5 GRNN with ten hidden neurons given ¢(x) =
0.1 =¢1(x) =1

: , the output weights matrix are bounded as
0.1 <¢10(x) <1
—10 < w1 = 10 —10 < wi2 < 10

W =

—10 < wyo,1 <10 =10 < wyp2 < 10
Find the minimum and the maximum of the GRNN output y(x). The
10
summation of the activation vector bounded as is 0.1 x 10 < Y ¢;(x) < 10x

i=1
1, and thus, the minimum of GRNN output is y(x) = O'IX_10+'i'+0'1X_10 =

—10 and the maximum of GRNN output is
i)(x) — 1><10+'1'(‘)+1><10 — 10

9.3.6 Potential Singularities in GRNN

To eliminate any potential singularities in GRNN when utilized in approximation
tasks, the following should be considered:

1.

2.

Avoiding feeding NaN (not a number) in the input/output dataset of GRNN as it
will lead to NaN outputs.

Avoiding division by zero when calculating GRNN hidden layer outputs by not
allowing o to be selected as zero.

. Adding a small number t such as 0.1 to the numerator of the GRNN output

wle¢
(; i)+t

i=1

equation to avoid division by zero as follows: y =
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Online learning is more prominent in dynamic systems particularly in adaptive
control systems. Since online learning incorporates learning from the incoming data
stream, thus, network structure might be become redundant when incoming data
distribution varies over time. To handle such issue, simultaneous parameters and
structure, learning is considered. This leads to the concept of self-evolving neural
networks (SENNSs).

9.4 Self-Evolving Neural Networks (SENNs)

To further elaborate the learning abilities of NNs, self-evolving neural networks
(SENNSs) are considered as an extension to the typical adaptive NNs. They
are characterized by multi-level adaptability, including structural and parametric
adjustments. These systems begin learning with a simple structure and a few
parameters which will be modified later according to the new data received by these
models (Angelov 2002). The learning in SENNs will proceed continually as new
data are received. Learning both the structure and parameters is beneficial when
dealing with dynamic systems since it overcomes the issue of NNs structure design
and provides higher degrees of uncertainty tolerance than the classical adaptive
systems.

Definition 9.2 Node: Every neuron in the hidden layer with connections to the
input and output layers is called hidden layer node. For simplification purpose,
hidden layer node term is replaced with node.

SENNs have three major parts: addition of nodes, removal of nodes, and
parameter adaptation (Lughofer 2011). Node addition and removal are demonstrated
in Figs. 9.9 and 9.10. We are limiting the scope of the chapter here and after for self-
evolving GRNNs (SEGRNNGs) (Al-Mahasneh et al. 2020).

Structure after adding

Initial sturcture a new node

\ 4

Fig. 9.9 Node addition in SENNs
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Sturcture before Sturcture after
removing a node removing a node

\ 4

Fig. 9.10 Node removal in SENNs

9.4.1 Nodes Addition in SENNs

Node addition in SENNs aims to learn the new knowledge introduced by the

recently received data and to reduce the redundancy in the network structure to

the minimum. To determine if a new node is to be added to the network or

not, the similarity score between the new potential node and the current nodes is

calculated. Once this similarity is found low, a new node will be added. Considering

a GRNN with an input vector x € R and n hidden nodes with Gaussian activation
C1

functions centered at C = | : | € R™*" one of the simplest methods to calculate

Cn
the similarity between the center of each node and the input x is using distance
calculation as

d; (x) = dist(c;, x) 9.5)

=\/(01,1—x1)2+~~+(cn,m—xm)2,i=1,..-,n (9.6)

Algorithm 9.1 describes the nodes addition in SENNS.

Other approaches to quantify the similarity include density estimation (Pratama
et al. 2016), mutual information (Lin et al. 2015) and entropy (Paeedeh et al.
2024). However, these methods require more computations than the distance-based
similarity.
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Algorithm 9.1 Nodes addition in SEGRNNs

Require: C,d;j, x
for Every center ¢; € C do
Find d; (x) = dist(c;, x)
end for
Form the vector d(x) = [d; (x), ..., dy(x)]
if min{d(x)} > d;; then
Add a new node
else
No node will be added
end if

Example 9.6 This example demonstrates how SEGRNN adds nodes to the

-1 1

hidden layer. Consider SEGRNN with three centers C = | 1 1 |, using
1 -1

the Euclidean distance similarity with a distance threshold d;, = 0.5,

determine whether a new node needs to be added to SEGRNN for the
following inputs: x = [0.8, —0.8], x = [0.8, 0.8], x = [-1.6, 0.8].

e Forx =[0.8, —0.8]:
Calculating the distance vector as
d=[/(—1-0.8)2+ (1+0.8)2 /(1 —0.8)2 + (1 +0.8)2,
V(1 —0.8)2 + (=1 4 0.8)2] = [2.550, 1.811, 0.283] since min{d} < d;,
no node addition will take place.
e Forx =[0.8, 0.8]:
Calculating the distance vector as
d=[/(—1-0.8)2+(1-0.8)2, /(1 —0.8)2+ (1 — 0.8)2,
V(1 —0.8)2 + (=1 —0.8)2] = [1.811,0.283, 1.811] since min{d} < dy,
no node addition will take place.
e Forx =[—1.6,0.8]:
Calculating the distance vector as
d=[/(-1+1.62+1-0.82, 1+ 162+ 1—0.8)2,
V(1 +1.6)2 + (=1 — 0.8)2] = [0.633,2.610, 3.162] since min{d} > d;,
a new node will be added.

9.4.2 Nodes Removal in SENNs

Node removal or pruning aims to maintain the overall system health by keeping
only the best nodes and deleting the worst ones. One of the possible approaches to
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achieve this object is to calculate each node’s contribution to the output of the hidden
layer of the SEGRNN. Thus, nodes with the lowest contribution will be removed.

9 Neural Networks and Evolving Systems

This process is depicted in Algorithm 9.2.

Algorithm 9.2 Removing Nodes in SEGRNNs

Require: C, ¢;,0,x

for Every center ¢; € C do

Find ¢; (x) = exp(—2241)

if ¢; (x) < ¢y then
Remove node i
else
Do not remove i
end if
end for

Other possible methods to remove the nodes include their contribution to the
overall network output (Nguyen et al. 2012), statistical contribution (Ferdaus et al.

2019), and distance-driven methods (Li et al. 2016).

Example 9.7 SEGRNN with C =

whether a node will be removed or not for the following inputs x

[0,0],x = [1, 1]:
e Forx = [0, 0]:
Calculating ¢ (x) =

1

-1 1
0 1 .
10 o =1, ¢ = 0.2. Determine

1 —1
[1(6) =exp(— -G 1) — exp(— IOALLIIE) ¢ 368]

2
||x Czll - 001011 _ ¢ 607
2
IOO1-[LOII? ) _ ¢ 607

exp(—
exp(—

¢2(x) =exp(—

$3(x) = exp(— %)

2
| da ) =exp(— 126412 — exp(— LIOOI=[L=LII) _ g 363 |

202

Since no nodes have ¢ (x) < ¢, no nodes will be removed.

e Forx =1[1,1]:

Calculating ¢ (x) =

2 —-—
¢1 (x) —CXp(— ”x cl || )_CXp(— [I[1,1]—=[=1,1]]| ) 0.135
2
d’Z(x) _exp( ”x c2|| )_exp(_ [IfT, 17— [O L]l )_0 607
2
¢3(x) =exp( ||x2:23|| ):exp( [ICL, 1] 2[1 L0l )—0607

2 2
[ #a(x) =exp(—2 7400 = exp(— A== = 0,135 |

Since node 1 and node 4 have ¢ (x) < ¢;n, these nodes will be removed.
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9.4.3 Parameter Adaptation in SENNs

The last stage in SENNs operation is the parameters update. The goal of adapting
the parameters in SENNs is to update their values according to the latest data
arrival. Recursive update methods are usually used to achieve this. In SEGRNN-
based control systems, which is a direct neural adaptive controller with evolving
structure, the tracking error is used to update the network parameters. For example
in an SEGRNN controller, the output weights w are updated recursively as follows:

W= —ye()$(x(1)) 9.7)
where y is the adaptation gain, e(¢) is the tracking error, and &)(x(t)) is the

normalized hidden layer output (hidden layer activation vector) written as

o= 2

__Zl ¢i(x)

9.4.4 Stability Analysis of SEGRNN

For simplicity let us consider a single-input and single-output (SISO) nonlinear
system as

X(t) = f(x)+ bu(t) 9.8)

Consider an estimation of the control signal by SEGRNN as

A T
. W P(x)
i = 200 (9.9)
> $i(x)
i=1
The above equation can be rewritten as
i) =w ¢(x) (9.10)

where ¢(x) = —2&)
> bi(x)
i=1
Assuming an ideal control that cancels out the nonlinearities and achieves
asymptotic stability, i.e., drives the tracking error e(¢) to zero when t = oo as
follows:

F(x) + bu*(t) = 34 (t) — ae(t) ©.11)

where a > 0 is a feedback gain.
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The ideal control signal can be written as
u (1) = w P(x) + e(x) 9.12)

where €(x) is a bounded approximation error as |e(x)| < € for all x.
The control error is defined as

u(t) = () —u*(t) 9.13)
=07 ¢(x) — wlp(x) — e(x) (9.14)

Using the above equation, the weights error is written as
w=w—w (9.15)
Defining the tracking error dynamics as

e(t) = x(t) — xq(1)
= —ae(t) + b(u(t) — u(t)*)
= —ae(t) + b ¢(x) — €(x)) (9.16)

Consider the following Lyapunov candidate function:
T® 9.17)

The time derivative of the Lyapunov function is written as

V =é()e(t) + %w% 9.18)
Substituting é from (9.16) leads to
V = e(t)(—ae(t) + b §(x) — e(x)) + iw% (9.19)
Simplifying (9.19) leads to
V = —ae’(t) + b T (x) — be(t)e(x) + %ﬁ)Tﬁ) (9.20)

Choosing the weight adaptation law as

W= —y¢(x)be(t) 9.21)
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V becomes
V = —ae’(t) + be()w! (x) — be(r)e(x) — be()w! ¢(x) (9.22)
Simplifying (9.22) leads to
V = —ae’(t) — be(t)e(x) (9.23)

Assuming |b| < b,|e(x)| < &, then |bee(x)| < béle(t)|, hence, V can be
rewritten as

V = —ae(t) — béle(r)| (9.24)
Rewriting (9.24) as
: ) bé
V < —a(e (1) — ;Ie(t)l) (9.25)

Completing the squares leads to

-_ 2 —-_ 2
V <-—a <|e(t)| - ;’—Z) + (Ta) (9.26)

This leads to the ultimate boundness of the tracking error e(¢) as

i
limsup |e(r)] < — 9.27)
2a

1—0o0

where lim sup is the limit superior or the upper limit and the constant 12’—5 is a radius
of a ball around the zero where the tracking error settles in.

Example 9.8 Let us consider using SEGRNN controller to control a non-
linear dynamic system with external disturbances. The system dynamics are
given as

x1(t) = x2(t)
X2(t) = —x1(O)x2(t) + u(t) +d(1)
y(t) = x2(2)

(continued)



280 9 Neural Networks and Evolving Systems

Example 9.8 (continued)

The aim of the control is to stabilize the output to zero; thus, y;(t) = 0,
and the external disturbance is given as d(#) = 0.1 cos(¢). The adaptation gain
y is selected as 1, dyj, is 0.5, and ¢, is 0.1.

The SEGRNN estimated control law is designed as

i) =l ¢(x) (9.28)

Defining the output tracking error e(f) as

e(t) = ya(r) — y(1) 9:29)

The adaptation law is chosen as

w = —ye()¢(x(1)) (9-30)

The output tracking results as depicted in Fig.9.11 reveal that initial
oscillations take place since the controller is learning the structure and
parameter in this phase. After these oscillations, the output y(#) accurately
follows the desired output y;(f).

In addition, as the results depict in Fig.9.12, the hidden layer size of
SEGRNN will grow to five nodes, then shrinks to four, and stay fixed to four
after that with no nodes addition, and removal takes place beyond that. Also,
the norm of the SEGRNN output weights is bounded to almost 27; it starts
from zero since there is only one node initially in the network and then stays
fixed around 27. SEGRNN takes almost 2 seconds to learn the proper structure
and parameters.

Fig. 9.11 Output history 1.5

—ult) 1)

057

Output
o

-0.54 !

-1.5 : : : :
0 2 4 6 8 10
Time (sec)
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Fig. 9.12 (a)SEGRNN 5
nodes evolution (b) Evolution
of the Norm of SEGRNN
output weights—Example 9.8 4
[72]
e
o 3
Z
2
1 L L L L
0 2 4 6 8 10
Time (sec)
(a)
30
20 ¢
3
10
0

0 2 4 6 8 10
Time (sec)

(b)

9.5 Summary

This chapter lays the foundation of neural networks while paying close attention
to GRNNs including their training process, layers, mathematical background,
properties, convergence, and stability analyses. It also introduce evolving systems
properties, structure evolution, and parameter adaptation.

9.6 Exercise Problems

1. GRNN was trained with the following (input, output) data samples (1,1), (3,27),
and (5,125). Find the output of trained GRNN for inputs 1.5, 3.5, 4.5. Use o=1
and repeat the solution when ¢=0.5 and 0=0.1. Which ¢ value of the three used
above will produce the best approximation?
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2. GRNN was trained with the following (input, target) data samples: (1,2.72),
(3,20.085), and (5,148.413). Find the output of trained GRNN for inputs 2, 2.5,
3.5. Use o=1. What is the upper threshold of o for which the approximation will
not change after increasing o value.

3. Model the following functions using GRNN: y = x2, y = ¢*, y = sin(x) cos(x)
on the domain x € [—100, 100].

4. SEGRNN with empty centers and output weights. Determine whether a node
will be added to SEGRNN for the inputs x = [1, 3,4, 5, 6, 7]. Use Euclidean
distance similarity with d;;, = 0.0l ando =1

5. SEGRNN with centers ¢ = [—1,—0.5,0,0.5, 1] and output weights w =
[1,0.25,0,0.25, 1]. Determine whether a node will be removed for the inputs
x =[—0.75, 0.2, 0.75]. Use firing strength threshold ¢, = 0.1 ando = 1

6. Which one of the following o values could potentially lead to a singularity in
GRNN output computation o = [0.01, 0.0001, 0].

7. Write a Matlab code to train GRNN to model sin(x) for x € [—mx, 7] and change
the values of o from 0.01 to 1 and plot the results for each o value.

8. Write a Matlab code for SEGRNN using Euclidean distance and test it with y =
sin(x) cos(x) function on x € [—1, 1]. use d;;, = 0.5, ¢y, = 0.1.
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Chapter 10 ®
Adaptive Control Based on General Qe
Regression Neural Networks (GRNN)

10.1 Introduction

Data-driven controllers might be a good alternative to model-based controllers.
In this chapter and the next chapter, neural data-driven controllers are thoroughly
studied paying attention to their design, adaptation, and utilization in the control of
nonlinear systems. NN controllers can be used in direct adaptive control, i.e., NN
provides a direct control signal to the plant. GRNN-based adaptive controllers can
be used to approximate the control signal to be sent to the plant. The philosophy
of GRNN-based adaptive control as depicted in Fig. 10.1 consists of three main
stages: designing an objective function j, which represents a cost function to be
minimized by suitable control actions, deriving weights’ update laws based on the
objective function, and calculating the control signal based on the updated weights.
The design of the objective function is problem-dependent. For example, in the
output/states tracking problem, the network weights are iteratively adapted in time
using gradient descent (GD), i.e., taking steps toward minimizing the gradient of the
objective function, which is typically a function of the tracking error. The gradient
of the objective function is used to update the network weights W. These weight
updates can be formulated as

. aj

W=—y W (10.1)

where W is the network weight matrix, y is called the adaptation gain, and j is the
objective function. After achieving the weights update, the new control signal will
be calculated.

The next sections will discuss two direct adaptive GRNN-based controllers:

the improved GRNN (I_GRNN) and the hybrid GRNN and sliding mode control
(GRNNSMC) controllers.
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1
Objective function :
1
1

1
‘Weights update :
design :

I
Control signal :
laws derivation :

calculation

Fig. 10.1 Philosophy of GRNN-based adaptive control

10.2 Improved GRNN-Based Adaptive Control

I_GRNN! is an improved version of the original GRNN which has better potential
than the original one in the adaptive control tasks (Al-Mahasneh and Anavatti 2023).
I_GRNN is enhanced in the following ways:

1. The statistical means are used to calculate the input-hidden weights of the
network. This will automatically adapt the input-hidden weights of I_GRNN and
avoid poor initialization of these weights.

2. Another layer is added to the network with direct connection weights from the
inputs to the new layer. This layer and its adaptation will improve the control
accuracy.

3. The smoothing parameter of GRNN is identified as a range of numbers rather
than a single number. Since selecting the GRNN smoothing parameter is a major
issue and highly affects its accuracy, using a range of numbers would eliminate
trying different values or using heuristic approaches to select it.

10.2.1 I_GRNN Layers Details

Detailed explanations of the I_GRNN layers are provided in this subsection.
I_GRNN structure is shown in Fig. 10.2.
The I_GRNN is made of the following layers:

1. Input layer: The inputs are handled in this layer. The number of the network
inputs is m, and it has 4 neurons in the first hidden layer, n is the number of
the network outputs, and / is the length of the discrete range of the smoothing
parameter o. The hidden weights matrix P € R"*" connects the inputs vector
x € R"™ with the neurons in the first layer. It is made of the statistical means of

1 Some contents of the current Sect. 10.2 are used from Publication “Novel General Regression
Neural Networks for Improving Control Accuracy of Nonlinear MIMO Discrete-Time Systems,”
IEEE Transactions on Cybernetics, vol. 51, pp. 6122-6132, April, 2023, with permission from
IEEE (License Number: 6160361390672).
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mn

Fig. 10.2 1_GRNN structure, dashed-dotted lines indicate the new input-output weights ¢

the networks inputs x (k) updated recursively at each sample k as follows:

i1 (k) ... (k)
P= : (10.2)

The elements of the matrix P are adapted recursively once a new input is received
as

k—1
Mij(k)=( )

1
wij(k — 1)+%xi(k) (10.3)

i =1,...,m,i is an index for each network input. j = 1,...,h j is an index
for each hidden layer node.

Example 10.1 I_GRNN with two inputs x| and x; and five neurons in the

first layer. If the inputs at the first sample £ = 1 are x(1) = |:x1 - (1)i|
Xo =

X1=2

and they varied at the second sample k = 2 to x(2) = |: 1:|, find the

Xy =
hidden weights matrix P.

Since P € R>* is made of the input means updated recursively, the P
is at sample k = 1 is constructed as

11111
P‘[ooooJ

(continued)
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Example 10.1 (continued)
At sample k = 2, the matrix P is updated using as (10.3), as

pi1@ = H2D+3@) = 0.5+1 = 1.5, 21 2) = R ©O)+30) =

0+0.5 = 0.5; thus, the matrix P becomes after the update at sample k = 2
p_ [1.5 1.5151.5 1.5]
0505050505/

The Euclidean distance vector ¢ € RI*" petween the current inputs vector
x (k) € R and the hidden weight matrix P is computed as

q (k) = dist(P, x (k)) (10.4)
where dist is the Euclidean distance function calculated as

q(k) = | p; —x &) | (10.5)

i =1, ..., h. The size of distance vector g (k) depends on the number of neurons
in the first hidden layer 4.

Example 10.2 I_GRNN with hidden weights matrix given as

P = |:(1)2 (1)2 (1)2:|’ if the input is given as x(k) = [i], find the

distance vector q (k).
Using (10.5), the distance vector ¢ (k) is found as

[H[ 1-EIHs3]- GO as] - (I

3 810 3.810 3. 810

qk) = |p; —x&)|

2. The first hidden layer: In this layer, the activation vectors ¢(k) € R are
computed for every element in ¢ using

T(k)q(k
$;(k) = exp <—L)Z()),j —1,..,1 (10.6)
20].
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The statistical means of the activation vectors ¢ (k) € NI are computed as

h
> ¢,(k)

pk) = ——— (10.7)

3. The second hidden layer: In this layer, the weighted average of the statistical
means @ € R of the activation vectors from the previous layer is computed

e’ (k¢
w(k) = w (10.8)
> b
i=1
011 ... 60
where ©7 ¢ R = - ¢ | isan adaptable weight matrix.
O1h ... 6un
Defining ¢ (k) as
(k)
Yk) = ——— (10.9)
> ¢ (k)
i=1
Substituting (10.9) into (10.8) yields
wk) = 0T (kbyy (k) (10.10)
4. The output layer: In this layer, the adaptable input-output weights ¢ € R™*" =
ST S T
Lo are defined, and the output of I_GRNN is computed as
Em1 -+ Cmn

u(k) = ¢7 ()x (k) + w(k)

; ; (10.11)
u(k) = ¢ ()x (k) + ©° ()¢ (k)
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Example 10.3 For I GRNN with two inputs given as x = |:;i|, the input-
10
hidden weight matrix is givenas P = (01|, 0 = [1, 2, 3], ¢ = B i],
11
36
® = | 4 7 |. Calculate the output of the network.
58
2
In the first step, the distance ¢ is calculated as ¢ = dist(P,x) = | 1.414
1
In the second step, the activation of the inputs over the whole o range is
0.1353 0.368 0.607
calculated as ¢; = | 0.606 ¢, = [ 0.779 | ¢3 = | 0.880
0.800 0.890 0.946
0.256
The normalized activation average is computed as ¥ = | 0.339
0.406
The network output is calculated as
o [1 2} H . [3 4 5} oad I [7.148}
11]]|2 678 0.406 12.148

10.2.2 Design of I_GRNN Controller

The design of the _GRNN controller is discussed next in detail. Consider a MIMO
discrete-time dynamic system given as

X(k+1) = f(X(k), u(k)) + G(X k), u(k))

yi(k) = x1; (k)
u(k) = [ui(k), ..., un (k)]
10.12
X1,15 - X1,n ( )
)C2’1, ...,x;n
X =

Xn,1s «-s Xn,n
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where X € R"*" is the state of the system, f € R"*" is a nonlinear function of the
system dynamics, u € R" is the control input, and G € R"*" is the control input
gain.

The output tracking error e(k) € R" is represented as

e(k) =y (k) — y(k) (10.13)

where y, (k) € R" is the desired output trajectory and y(k) € R" is the current
output trajectory. The controller objective is to ensure the system outputs y (k) track
the desired outputs y, (k) precisely.

Let there be weight matrices ¢* and ©* that reconstruct the desired control vector
u 4 (k) with reconstruction error € (k) as

ug(k) = T x (k) + O Ty (k) + (k) (10.14)

The control error & (k) = uy(k) — u(k) is practically unknown because u; (k) is
also unknown; however, it affects the tracking error, which is known, based upon
that the tracking error is used to update the I_GRNN weights as follows:

Ok +1) = OKk) — yre(k)¥ (k)
S(k+1) = &(k) — y2e(k)x (k)

(10.15)

where y;1 and y, are the adaptation gains.
The current estimation of the control signal u (k) using I_GRNN can be expressed
as
u(k) = ¢ x k) + O (k)Y (k) (10.16)

The control error @ (k) is constructed as

(k) = ¢ x (k) + O Ty (k) + e(k)

(10.17)
— ¢ (k)x (k) — T ()Y (k)
Define the construction errors E(k) and (:)(k) as
Lk)y=¢* — ¢k
(10.18)

Ok) = ©* — O(k)

Combining (10.18) and (10.17) leads to

uk) = ET(k)x(k) + (:)T(k)tﬁ(k) + (k) (10.19)
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Adaptation rule
O (k)
i ¢(k)
y
ya(k) e(k) )
+ k M

) Ael(k) I_.GRNN Controller | u( )V Plant L

Fig. 10.3 Block diagram of the I_GRNN

I_GRNN block diagram in the closed-loop form is shown in Fig. 10.3.
The weights of I_GRNN are adapted online according to a specific objective

function j (k) as follows:

1
jk) = 5<fa<k>Ta<k>> (10.20)

I_GRNN weights are adapted online using the gradient-descent approach to min-

imize the above function. Thus, I_GRNN’s weight adaptation rules are developed

as

_ AJ
Ok +1) = O +n3em
A (10.21)
k+1)=¢k
¢(k+1) ;()erzm;(k)

Aj Jj
and
Ag (k) AO(k)

are calculated using the expression for the control input as

Ajk) _ Ajk) Au(k)

AOK)  Au(k) AOK) (10.22)
= —a(k)y (k)

Aj(k) _ Ajk) Autk)

AL(k) — Auk) AL (k) (10.23)
= —u(k)x (k)

Considering the approximation that # (k) ~ e(k)

Ok + 1) = OKk) — yre(k)¥ (k)
Sk +1) =&(k) — yre(k)x(k)

(10.24)
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10.2.3 Stability Analysis of I_GRNN

The stability of I_GRNN is investigated using Lyapunov’s second method.
Firstly, a positive definite function V (k) is chosen as

3
Vik) =) Vitk) (10.25)
i=1

The first Lyapunov function is
Vik) = e(k)T e(k) (10.26)
The first difference of V; is
AVi(k) = el (k+ De(k + 1) — e! (k)e(k) (10.27)
Considering the tracking error difference as Ae(k) = e(k + 1) — e(k) and
replacing Ae(k) with —f € R”, the following can be written e(k + 1) = e(k) — B,

and using the inequality of Cauchy-Schwarz (Bresch-Pietri et al. 2012), AV; (k) is
expressed as

AVi(k) < (e(k) — B) (e(k) — B) — e’ (ke (k) (10.28)
AV (k) < 2eT (k)e(k) —2BT B — e(k) e(k)
< e’ (ek) — BT B 102
AV (k) < |le®)]]> —2/1811 (10.30)
The function Vj is stable if

le()I| < £v2]1B]| (10.31)

The second Lyapunov function is
Vak) = Ok)T O (k) (10.32)

The first difference of V> is defined as

AVL(k) = Ok + DTOKk +1) — OK) T O k) (10.33)
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Substituting (10.24) and simplifying further leads

AV (k) < (O(k) — yie() Y ()T (OK) — yie()¥)

B N (10.34)
—Ok)TO®%)

Utilizing Cauchy-Schwarz inequality (Bresch-Pietri et al. 2012), (10.34) can be
expressed as

AVL(K) < 2@ (O K) — (e ¥ (k)T (vie() ¥ (K)))

(10.35)
~ 00 Ok
Considering ||¥]| < «, (10.35) becomes
AV2(k) < 11OR)]1* = 27 e le(h)|I? (10.36)
AV,(k) < 0 when the adaptation gain y is selected as
Ok
Y1 % (10.37)
The third Lyapunov function V3(k) is chosen as
Vak) = £k 5 (k) (10.38)
The first difference of V3 is expressed as
AV3(k) =&+ DTEK+ 1) = E®)TE(K) (10.39)
Substituting (10.24) and simplifying yields
AV3(k) < (k) — y2e(k)x (k) (Z (k) — y2e(k)e(k))
(10.40)
&ML
Using Cauchy-Schwarz inequality and simplifying further yields
AV3(k) < IEWIIP =293 [le)x R (1041)
AV3(k) < 0 if the adaptation gain y; is chosen as
yo > 1€ K| (10.42)

T V2lle®)x (k)]
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Based on the above analysis, if the conditions in (10.31), (10.37), and (10.42) are
fulfilled, the closed-loop system is stable.

Let us consider an example of a MIMO nonaffine discrete-time system in which
I_GRNN is used for reference tracking of simple and complex set points.

(continued)
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Example 10.4 (continued)

The initial states are [x1,1(0), x1,2(0), x2,1(0), x22(0)] =[0,0,0,0].

Design the I_GRNN controller for the two cases, one with simple reference
input and one with complete reference input.
Case One: Simple Reference
Firstly, the desired output references are selected as simple step inputs starting
at step zero as follows:

0, fork <O
yark) = {0.6, for k > 0}
0, fork <0

k=1
yaz(k) {0.5, forkzO}

I_GRNN controller is designed using (10.16) as
u(k) = ¢ (kyx (k) + O (k)Y (k) (10.43)

e(k)
Ae(k)
layer size is ten, and o = [0.01 : 0.1 : 1]. For the original GRNN, the learning
rates are the same as y1, the hidden layer size is ten, and o = 1.

The simple reference tracking results, as depicted in Figs. 10.4 and 10.5,
illustrate accurate tracking power of I_GRNN. Small oscillations occur
when I_GRNN starts learning. After the initial transient response, I GRNN
response exhibit accurate set point following, while the original GRNN
response keeps oscillating around the set point, mainly due to the external
disturbances.

Case Two: Complex Reference
Secondly, more complex desired output references composed of the sum of
sines are selected as

where x (k) = |: ] The learning rates are y; = 0.1, y» = 0.3, the hidden

Ya, (k) = 0.35cos (wTk/3) + 0.25sin (7 Tk/3)

(10.44)
Ya, (k) = 0.35sin (7 Tk/3) 4+ 0.25sin (w Tk/3)

For the second set of references, the learning rates are y; = 0.1, y» = 0.3,
hidden layer size is ten, and o = [0.01 : 0.1 : 1]. For the original GRNN, the
learning rate y = 0.6 and the hidden layer size is ten and o = 1.

The tracking results of the complex reference as shown in Figs. 10.6
and 10.7 depict the accurate response of I_ GRNN compared to the original
GRNN. Thus, I GRNN has much lower tracking errors compared to the
original GRNN.
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It is also possible to combine GRNN with other control methods such as SMC,
using the robustness properties of SMC to improve the GRNN controller. In the next
section, the combined GRNN and SMC controller is discussed in detail.



298 10 Adaptive Control Based on General Regression Neural Networks (GRNN)

0.5 T T T T

Vg1 = = = *GRNN ===s==r I_GRNN

0.4 |

0.3

0.2

05 . I I . . . I I .
0 100 200 300 400 500 600 700 800 900 1000

Number of steps (k)

Fig. 10.6 Complex reference tracking response yj

0.5 T T T T

Ygp = = = *GRNN ==m=msr I_GRNN

0.4
0.3
0.2

0.1

0 100 200 300 400 500 600 700 800 900 1000
Number of steps (k)

Fig. 10.7 Complex reference tracking response y;

10.3 GRNNSMC-Based Adaptive Control

SMC is a popular robust controller for dynamic systems; however, it depends on
the model of the system (Plestan et al. 2010). To design a learning-based SMC,
the learning capability of GRNN is integrated with the robustness of SMC. In this
framework, SMC is used to update GRNN learnable parameters (Al-Mahasneh et al.
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Fig. 10.8 GRNNSMC block diagram

2021). The closed-loop block diagram of GRNNSMC.? is shown in Fig. 10.8. Here
s is the sliding surface as discussed in the next section.

10.3.1 GRNNSMC Controller Design

Consider a class of nonlinear MIMO dynamic systems (Ertugrul and Kaynak 2000)
formulated as

x(1) = f(x(0) + Bu() (10.45)

where x € R”" is a vector of the system states, f € R" is a vector of nonlinear
functions representing the drift dynamics, B € R"*" is a matrix of the input gains,
and u € R" is a vector of the control inputs.

The first step in SMC design is to design a sliding surface s; the sliding surface s
is designed as

s(x, 1) =8q(1) —sp(x) = R(xq(1) —x(1)) (10.46)

where s,(t) = R(x4(t)) is the first part of s and s;(x) = R(x(¢)) is the second part
of s, x4(¢) is the reference states vector, and R € R"*" is the slope of the sliding
surface. This slope is selected such that the tracking error e(r) = x(t) — x4(t)
converges to zero when s = 0.

The sliding surface s is selected as s(f) = e(t) + Le(t), all the elements of A are
positive, and it is a controller design parameter that influences the reaching speed to
the sliding surface.

2 Some contents of current Sect. 10.3 are used from Publication “Stable Adaptive Controller Based
on Generalized Regression Neural Networks and Sliding Mode Control for a Class of Nonlinear
Time-Varying Systems,” IEEE Transactions on Systems, Man, and Cybernetics: Systems, vol. 51,
pp. 2525-2535, April, 2021, with permission from IEEE (License Number: 6160201218650).
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The next step in SMC design is to define a positive-definite Lyapunov function
as

V(s) = %sTs (10.47)

To guarantee asymptotic stability, V (s) is set as

dv(s)

_ T
T s* Osgn(s) (10.48)

where @ is a positive definite matrix and sgn is the signum function.
Taking the derivative of (10.47) with time and substituting it back into (10.48)
yields

d
sTd—“; — _sT Qsen(s) (10.49)

d
The term d_j can be obtained using (10.46) as

ds _ ds, dspdx _ ds,

= o= = RO @) + Bu() (10.50)
Substituting (10.50) in (10.49) yields
sT<d;t“ — R(f(x() + Bu(t)) = —s” Qsgn(s) (10.51)
Simplification of (10.51) yields
u(t) = (RB)™'(— Qsgn(s) — CZS: + R(f (x(1))) (10.52)

The SMC control law u(#) is made of reaching u, and sliding u; control parts as
follows:

u(t) =u, + ug (10.53)

where

u, = (RB)™! ( — ngn(s))
(10.54)

dsq
u, = (RB)‘1<R(f(x(t)) - %)
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The control term is not realizable if (R B) is not a square matrix since its inverse
((RB)™1) cannot be computed. In addition, when the model of system is unknown
or uncertain, the control law can be approximated using GRNNSMC # as

a=Wles) (10.55)

where W € R™*" is an output weights matrix of GRNNSMC and ¢(s) € R" is
GRNNSMC hidden layer output vector and it is expressed as

s — el .
h,-(s):exp —T , 1 :1,...,n (1056)
o

hi(s)

ha(s)

h(s) = (10.57)

hn.(s)

¢,-(s)=nh"¢,i =1,....n (10.58)

ghi(s)

1(s)

@2(s)
o(s) = ) (10.59)
Dn(s)

where c is the hidden weight and o is the smoothing parameter.

The next step in GRNNSMC design is to select the GRNN structure. In this step,
the input nodes are the sliding surfaces, and the number of input nodes depends on
the number of the controlled states. The number of nodes in the hidden layer is at
least equal to the number of the sliding surfaces. Also, the number of the nodes in
the output layer equals the number of the control inputs. GRNNSMC structure is
depicted in Fig. 10.9. GRNNSMC structure links the sliding variables s in the input
layer with the hidden layer output of GRNNSMC ¢ (s), while the estimated control
signal # is calculated in the output layer.

GRNNSMC algorithm is detailed in Algorithm 10.1. The adaptation laws of
GRNNSMC output weights are derived utilizing Lyapunov stability theory in the
next section.
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Fig. 10.9 GRNNSMC
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10.3.2 GRNNSMC Weights Adaptation

GRNNSMC output weights are adapted at every time step following the processing
of the inputs’ sliding surfaces in the hidden layer. GRNNSMC output can be
determined after the weights update.

In this section, Lyapunov’s second method is utilized to derive the stable
adaptation laws of GRNNSMC output weights and to guarantee Lyapunov stability
of the controlled system.

GRNNSMC uses a normalized radial basis function to calculate the hidden layer
output; hence, the maximum output of every node in the hidden output is 1. For
a GRNNSMC with [ nodes in the hidden layer, the output of the hidden layer is
limited as

0<¢ ()p(s) <1 (10.60)

where ¢(s) is GRNNSMC hidden layer output.

Since (10.60) is always bounded and the output of GRNNSMC is a product of
the hidden layer outputs and the output weights, the output weights are the main
parameters of GRNNSMC stability.

Using Lyapunov direct approach, the derivative of (10.47) with time must be
strictly negative. Based on that, to achieve the sliding mode reachability condition,
the following can be expressed:

sT§ <0 (10.61)

To derive the weights update law, sT§ should be minimized with respect to
GRNNSMC weights W as

T .
W= —y% (10.62)

where y is a vector of the adaptation gains with only positive elements.
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By utilizing the chain rule, (10.62) can expressed as

asT(H)s(t) 9 (t)

W=—y 5a W (10.63)

To obtain s (£)s(¢), (10.50) is multiplied by s” as
sT(s@) = sT(t)%” —sTORf(x(1)) + sT (1) Bu(r) (10.64)

. as” (1)$(1) .
Using (10.64), ————— can be acquired as
ou(t)
CHOLIONS "B (10.65)
wma '

ou(r
The term uit) can be obtained by differentiating (10.55) with respect to W

which yields

oa(r)
ow

= ¢(s) (10.66)

Substituting (10.65) and (10.66) in (10.63) yields
W < ys" ()$(s) (10.67)

Equation (10.67) is used to adapt GRNNSMC weights to achieve the SMC
reachability condition. The weights are adapted as

W = —psT ()p(s) (10.68)

GRNNSMC algorithm is detailed in Algorithm 10.1. The algorithm begins with
the tracking error e(¢) and its derivative e(¢). These are utilized to obtain the sliding
surface. In the next step, the sliding surfaces s are used to obtain GRNNSMC hidden
layer output ¢(s). Then GRNNSMC output weights are adapted using (10.68). In
the last step, GRNNSMC output is calculated.
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Table 10.1 GRNNSMC’s Py y

parameters for the MIMO

system control 10.5 7.1
10.1 7.9

Algorithm 10.1 GRNNSMC
Input: e(?), é(r)
Output: x(r)
Initialization :
Initialize the output weights to O
Set the sliding surface parameters A
Set the learning rates y
Control Loop :
fort =0totyipe do
Find s(¢) = é(r) + Ae(r)
Find ¢(s) based on (10.56)
Modify GRNNSMC'’s weights based on (10.67)
Find the output of GRNNSMC (u)
Obtain the plant states x
Find the tracking error and its time derivative using e(¢) = x4(t) — x(¢) and
e(r) =xq(t) —x()
end for

Example 10.5 Design a GRNNSMC controller for the following MIMO
nonlinear system using

10 _ [x1®x2(t) +x5(1) 10
[)'Cz(t)} B [ X2 () + x2(1) ] + [o 1] u(t) (10.69)

where x € R? is the state of the system. u € R? is the control signal
and the initial states are x(0) = [0.2, —0.2]. 0 = 1 The output weights of
GRNNSMC are initialized to zero.

The desired states are selected as saturated sine wave which can be
described as

—0.6, forx;(t) < —0.6
xq(t) = { sin(¢), forxy(¢) < 0.6 (10.70)
0.6, for x4(t) > 0.6

The parameters of the controller are given in Table 10.1.
The output of the system accurately follows the desired reference as shown
in Fig. 10.10, even at the sharp edges, and the learning is quick.
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10.4 Summary

This chapter concentrates on GRNN-based model-free adaptive control methods by
introducing to different approaches to address this problem, namely, the improved
GRNN (I_GRNN) controller, which provides a modified version of GRNN to
achieve higher control accuracy than the basic GRNN, and the combined GRNN
and SMC adaptive controller (GRNNSMC), which aims to adapt GRNN using the
robust sliding mode control framework.

10.5 Exercise Problems

1. For the following pendulum system, design a I_GRNN-based controller to
control pendulum angle x;:

X1 =xp
A k
Xo = —sin(x;) — —x2+u
l m
where x is the pendulum angle 6. g is the gravitational acceleration, [ is the

length of the pendulum rope, k is the stiffness of the system, and m is the total
mass of the system.



306 10 Adaptive Control Based on General Regression Neural Networks (GRNN)

W

. For the following pendulum system, design a GRNNSMC-based controller to

control pendulum angle xi:
X 1 =X2
. -8 . k
Xo = —sin(x;) — —x2+u
/ m
where x1 is the pendulum angle 6. g is the gravitational acceleration, [ is the

length of the pendulum rope, k is the stiffness of the system, and m is the total
mass of the system. Compare the results of I_GRNN and GRNNSMC.

. What are the main developments in _GRNN compared to the original GRNN?
. Design I_GRNN and GRNNSMC controllers for a nonlinear two-tank system

where tank 1 drains into tank 2. The system dynamics are governed by Torricelli’s
law, leading to the following equations:

. 1
mm=—%¢%mm+zym)

1

. a a 1
mm=iﬂma—£ﬂmm+zmn

where a; = ap = 50 cm? are the areas of the outlet orifices of tank 1 and tank 2,

respectively.
A; = A, = 50cm? are the cross-sectional areas of tank 1 and tank 2,
respectively. ¢ = 981cm/s>. The set water heights are ;g = 15cm and

hag = 10cm. u1(¢) and uy(¢) are inflow rates for tank 1 and tank 2 respectively.
Compare the performance of both controllers.

. What are the benefits of making GRNN’s smoothing parameter a range of

numbers rather than a single number?

. What is the significance of adding a direct connection from the input to the output

layer of I GRNN?
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Chapter 11 ®
GRNN-Based Evolving Control oo

11.1 Introduction

Self-evolving neural networks (SENNs) have a great potential to perform better
than adaptive neural networks in the control tasks with the addition of structure
adaptation to the typical adaptive NN. Thus, adaptive NNs are enclosed in SENNs
as shown Fig. 11.1. Adaptive controllers can only adapt their parameters while
evolving controllers offer twofold of adaptation: on the structure and parameters
levels. Simultaneous structure and parameter adaptations might lead to high control
system accuracy particularly when dealing with systems that exhibit significant
uncertainties and faults. These include the actuator faults, a commonly occurring
phenomenon in dynamic systems.

In this chapter, two evolving GRNN-based controllers, namely, self-evolving
GRNN (SEGRNN) and automatic configuration GRNNs (ARGRNNs) are dis-
cussed in detail. SEGRNN aims to control nonlinear systems subjected to unknown
dynamics and unknown external disturbances. The ARGRNN is shown to handle
different types of actuator faults, including complex faults.

11.2 Self-Evolving GRNN (SEGRNN) Controller

The details of the SEGRNN controller will be discussed in this section. SEGRNN!
controller is developed for reference tracking in a class of unknown discrete-time
dynamic systems with external disturbances.

!'Some contents of current Sect. 10.3 are used from Publication “Self-Evolving Neural Control for
a Class of Nonlinear Discrete-Time Dynamic Systems With Unknown Dynamics and Unknown
Disturbances,” IEEE Transactions on Industrial Informatics, vol. 16, pp. 6518-6529, October,
2020, with permission from IEEE (License Number: 6160371274178).
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Fig. 11.1 Adaptive NNs and
SENNs

Self-Evolving Neural
Networks

Adaptive Neural
Networks

SEGRNN begins learning from scratch and simultaneously adapts its structure
and parameters to achieve the tracking control goals (Al-Mahasneh et al., 2020).
SEGRNN has nodes addition, removal, and replacement to accomplish the control
objectives and reject the external disturbances. A robustifying term is also added
with SEGRNN output to improve external disturbances rejection. Also, SEGRNN
data pool is used as temporary memory of the removed nodes. These nodes might
be reused when they are found to be significant.

In addition, Lyapunov direct method is used to analyze the stability of SEGRNN
controller and calculate the controller adaption gains.

11.2.1 Design of SEGRNN Controller

Considering a class of nonlinear SISO discrete-time dynamic systems represented
as

xitk+1)=fi(xi(k)y, i=1....m—1

Xm (k4 1) = fin Qom (k) + gm (v (k) u (k)
+d (k)

y (k) = x1 (k)

(11.1)

where x(k) € R™ is a vector of the system states, u(k) € R is the control
input, y(k) € ¥R is the system output, f; (x; (k)) € R, fm (xp (k)) € R and
gm (X (k)) € R are unknown nonlinear continuous functions, g (x, (k)) is
bounded as |g,,; (xm (k)| < &m, and d(k) € R is an unknown bounded external
disturbance with |d (k)| < d where d is a positive constant.
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The control aims to develop an evolving tracking controller using SEGRNN to
achieve:

* Boundness of closed-loop tracking error e(k).
e Tracking of the desired reference output y,(k) in the presence of unknown
system dynamics and external disturbances.

Define the filtered tracking error as s(k) = Ae(k) + Ae(k) with Ae(k) is the
tracking error difference and A € (0, 0o) is a positive design parameter and e(k) =
va (k) — y(k) is the output tracking error.

The control law of the system represented in (11.1) consists of two parts: tracking
part u; (k) and disturbance rejection part u4-(k). SEGRNN is used to estimate the
tracking control part u;,- (k) while robustifying control term u4, (k) is employed for
the disturbance rejection part. Based on that, the control law u (k) can be expressed
as

u(k) = uyr (k) + uar (k) (11.2)

where u;, is the tracking control term of SEGRNN and u,, is the robustifying
control term (Yang and Calise, 2007).

11.2.2 Robustifying Control Design

The robustifying control term is designed as
ugr (k) = tsat(s(k)) (11.3)
where 7 is a design parameter. sat is the saturation function and it is expressed as

) if |s(k
sat(s (k)) = {Sf_kf;(s( ) 1f|liik;|| Z Z}

where sgn is the signum function and @ > 0 is a design parameter depicting a small
boundary layer around the filtered tracking error. One can start ¢ with 0.01 and then
increase it when the control signal starts chattering.

The signum operator is used to determine the sign of the input and it is expressed
as

1 ifstk) >0
sgn(s(k)) =430 ifsk)=0
—1ifsk) <0

Remark 11.1 Since the signum operator is a non-smooth function and discon-
tinuous at s = 0, it is usually replaced with other smooth functions such as
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saturation or tan sigmoid functions to avoid chattering phenomena in the real-time
implementation (Sahamijoo et al., 2016). Figure 11.2 demonstrates the difference
between the signum and saturation functions.

11.2.3 Tracking Control Design

An ideal tracking control law u;4(k) can be written as an output of SEGRNN as
wira (k) = 0*7 ¢ (k) + e(k) (11.4)
where * € R" is a constant vector of the ideal SEGRNN output weights, ¢ (k) € R"
is SEGRNN hidden layer output vector, and € (k) € R is SEGRNN estimation error.
The approximation of the tracking control signal i, (k) is expressed as
iirr (k) = 0(k)" $ (k) (11.5)
where 9(k) is a vector of SEGRNN output weights.

The approximation error of SEGRNN i, (k) is the difference between the ideal
and the estimated control signals and is expressed as

Uy (k) = upra (k) — ity (k) (11.6)
Substituting (11.4) and (11.5) into (11.6) yields
urr (k) = éT(k)cb(k) —e(k) (11.7)

where é(k) = 9(k) — 0* is the estimation error of SEGRNN weights.
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11.2.4 Structure Adaptation of SEGRNN

The SEGRNN structure adaptation algorithm is composed of the addition, removal,
and replacement of the nodes.

* Nodes addition: Adding new nodes to SEGRNN is considered as the backbone of
its learning as it allows it to build up its knowledge in a healthy way. It is crucial
to check the similarity between the current network input and its current nodes
using distance similarity calculations. Euclidean distance d € R" between the
current inputs and SEGRNN hidden weights P is calculated and compared with
an addition threshold d;;, > 0 as

d (k) = dist(P, x(k)) (11.8)

Based on that, if min{d (k)} > d,;,, a new node will be added; otherwise, no node
addition will take place.

¢ Node removal: The contribution of each hidden node in the hidden layer, which is
bounded as 0 < ¢ < 1, is calculated and compared to the contribution threshold
0<é¢n <1las

¢ (k) = exp(—(d(k)*/20?)) (11.9)

If any node in the hidden layer has ¢ < ¢y, it will be removed. Every node
removed in the node removal process is stored in a temporary memory for
possible reuse in the future. Every node stored in the temporary have hidden
weight Premps activation value ¢y¢pp and output weight élemp. This concept is
similar to experience reply in reinforcement learning (Rolnick et al., 2019) but it
is limited to the deleted nodes only.

* Nodes replacement: Current nodes might be replaced with nodes from the
temporary data memory. Two distance similarity vectors are calculated: the first
one between the current input x (k) and the nodes in the temporary memory
Pcimp and the second one between the current input x (k) and the current network
nodes P. If any node in the temporary memory has less similarity than a current
node, it will replace it. Both d;;, and ¢, are design parameters, the selection
of these parameters affect the control accuracy and SEGRNN hidden layer size.
Small d;, might reduce the control error but increase the SEGRNN hidden layer
size. On the hand, large values of ¢;;, will decrease SEGRNN hidden layer size
and might reduce the control error.
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11.2.5 Weights Adaptation of SEGRNN

After node evolution in the previous stage, the weights of SEGRNN are adapted. To
develop the adaptation laws of SEGRNN weights, an objective function j is defined
as squared control error

1
j =550 (11.10)

The weights are adapted using a gradient-descent approach as follows:

dj

Ok +1) =0k — y—
90 (k)

(11.11)

where y is a weight adaptation gain that controls SEGRNN learning speed and
stability. Using the chain rule, the adaptation laws can be expressed as

Ok + 1) = 0(k) — yii, (k) (k) (11.12)

By assuming that g, (x,, (k)) is bounded away from zero and the tracking error e(k)
and Ae(k) are also bounded, then the control error is bounded by the tracking error
as it;r (k) < e(k), (11.12) can be rewritten as

Ok +1) = 0k) — ye(k)p(k) (11.13)

SEGRNN block diagram is shown in Fig. 11.3. In the first step, the tracking error
e(k) = yq(k) — y(k) and its difference Ae(k) = e(k) — e(k — 1) are computed.
After that, the evolution algorithm takes the tracking error e(k) = y4(k) — y(k) and
its difference Ae(k) = e(k) — e(k — 1) and determine which addition, removal, or
replacement actions will take place. Following, the adaptation algorithm updates

SEGRNN

Evolution
ya(k) e(k) | Algorithm

_ A
y(k) ‘

Adaptation
Algorithm

......................

Fig. 11.3 SEGRNN block diagram
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Algorithm 11.1 SEGRNN Algorithm

1: for k = 1to k =end do
2: Require: x (k), tracking error e(k), d;;, and ¢y
3 Find the distance similarity vector d (k) using (11.8)
4:  if min{d(k)} > d;;, then
5: Add a new node
6:  endif
7. Find nodes contribution ¢ (k) using (11.9)
8:  for Each node i in the hidden layer do
9: if ¢; < ¢;, then
10: Remove node i
11: end if
12:  end for
13:  for Every node in the temporary memory do
14: Find the similarity between the network input x(k) and the input weights of the
temporary nodes P;epp using (11.8)
15: Find the similarity between the network input x (k) and the current network input weights
P using (11.8)
16: if Any node r in the temporary memory has less similarity to the network input than any
network node i then
17: Replace temporary node r withe the network node i
18: end if
19:  end for .
20:  Adapt SEGRNN output weights 6 using (11.13)
21: end for

the SEGRNN weights. Also, the control signal u;,(k) is computed. In addition,
a robustifying control term ug4, (k) is computed. Eventually, the control signals of
SEGRNN u;, (k) and the robustifying term u4, (k) are summed up to generate the
whole control law u (k).

11.2.6 Stability Analysis of SEGRNN

Lyapunov direct method is utilized to study the stability of the system.
Start with a candidate Lyapunov function V (k) defined as

1~ ~
V() = E) + —0' 0B (11.14)
14
The first difference of the Lyapunov candidate is

AV (k) =2k + 1) — e*(k) + l(éT(k + 1Ok + 1)
Y (11.15)

— 6" (b k)
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Using (11.13), Cauchy-Schwarz inequality, assuming e(k + 1) = e(k) + u and
[l@(k)|| < 9, (11.15) can be written as

AV (k) < 2(*(k) + p») + %(éT<k)é(k) — Y2y

~ L wda
y

(11.16)

< (k) + 1D + —8" WBK) — 2y (k)Y

»—AYl»—A

< (k) + 1) + ;||é<k>||2 —2ye*(k)y?

To guarantee Lyapunov stability, AV (k) < 0, the adaptation gain y must be
~T
—116" (k)|*

chosenasy > —————————.
Y720 + 1)

Example 11.1 This example deals with the control of continuous stirred tank
reactor (CSTR) (Wang et al., 2021) using SEGRNN. Design an SEGRNN
controller for the discrete-time CSTR system mathematically expressed as

xi(k+1) = x1(k) + f(x1(k))
x2(k + 1) = x2(k) + f(x2(k)) + g2(x2(k))u + d (k) (1L.17)
y(k) = x1(k)

the dynamics functions f(x(k)) and f(xp(k)) are expressed as

Flrite)) = (—xl(k) +0.036(1 — x1 (k))exp (M)) y

285 + x3 (k)
28.5x2 (k
f ) = (—xz(k) +0.7740(1 — x; (k))exp (ﬁ)
~25.2x2()) Ty
g2(x2(k)) = 28.5T;
(11.18)

T; = 0.01 seconds is the sampling time. The desired output is expressed as

0.1km
20

va(k) = 0.008 cos() + ( > +0.04 (11.19)

(continued)
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Example 11.1 (continued)
For this problem, the sampling time step 7 is taken as 0.01 seconds, the

simulation time is 10 seconds, and the values of the addition and removal
thresholds are chosen as d;;, = ¢y, = 0.1; these are chosen so SEGRNN
would add more nodes than the removed ones to achieve better tracking
accuracy. The adaptation gain y is chosen as 6 to allow fast tracking of the
desired output. The robustifying term gain t is chosen as 0.8 to improve
disturbance rejection and the boundary layer is chosen as a = 0.1 to achieve
sat smoothness.

The initial conditions are x;(0) = 0.1 and x2(0) = —0.1. The disturbance
d(k) is given as

d(k) = 0.1sin(0.05k) sin(x (k)) (11.20)

The output tracking history, as shown in Fig.11.4, demonstrates that
oscillatory behavior is observed in the initial learning of SEGRNN, and then
the output precisely tracks the desired output. These results are supported
by the tracking error history plot in Fig. 11.5 where initial oscillations in the
tracking error occur and then the tracking error converges to a region around
the zero. The control history is shown in Fig. 11.6. SEGRNN nodes evolution
as shown in Fig. 11.7 depicts that SEGRNN nodes increase to five in the initial
learning and then reduce to four once accurate tracking is achieved. Also, the
evolution of SEGRNN weights norm ||@|| as shown in Fig. 11.8 reveals that
the norm initially increases to more than nine and then reduces to an average
of 0.5 after the tracking is achieved.
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Fig. 11.8 ||0]| history 10
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11.3 Automatic Reconfiguration GRNNs (ARGRNNs)
Controller

11.3.1 Introduction

Automatic reconfiguration of controllers is a potential solution to handle actuator
faults in dynamic systems (Tu et al., 2022). Actuator faults might affect the safety
and efficiency of systems, and thus, they should be handled in real-time. Fault-
tolerant control (FTC) attempts to handle potential faults in systems using fault
diagnosis and accommodation to sustain control aims (Noura et al., 2009). Faults
in dynamic systems might occur in different components such as the sensors or
the actuators. A particular type of fault is the complex actuator faults that are
considered in this section. Complex actuator faults include concurrent loss of
effectiveness and bias faults (Xia et al., 2025). Automatic reconfiguration general
regression neural networks (ARGRNNs) are designed to handle this type of fault by
detecting anomalies in the input data and reconfiguring the controller structure to
attain the control goals (Al-Mahasneh, 2020). ARNNs have two major algorithms,
fault detection using the nearest neighbor distance similarity index and controller
reconfiguration by evolving GRNN structure.

11.3.2 ARGRNN Controller Design

Consider a MIMO discrete-time dynamic system expressed as

x(k+1) = F(x(k)) + G(x(k)u (k) + d(k)

(11.21)
y(k) = h(x(k))
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where x(k) = [x1(k), x2(k),...,x,] € R" is a vector of the system states,
f(x(k)) € R" and G(x(k)) € R"™" are unknown nonlinear functions, u s (k) =
[uf,....up,] € R" is the control input, d(k) € R" is an external disturbance
bounded as d” (k)d(k) < d, where d > 0, y(k) € R™ is the system output and
h(x(k)) € R" is the output function.

The control design aims to drive the system output y(k) to a reference output
y4(k) under complex actuator faults. The tracking error is expressed as e(k) =

Yak) — y(k).

Remark 11.2 Complex actuator faults are defined as coincident loss of effective-
ness and bias faults.

The outputs of faulty actuators under complex faults are defined as

pr(kyu g1 (k) + B1(k)
us(k) = : (11.22)

Pm (k)ufm (k) + B (k)

where 0 < p1(k),...,pm(k) < 1 are the actuators efficiency factors and
Bik), ..., Bn(k) € R are the actuators bias factors. When pi(k), ..., pu(k) =
1,...,1and B1(k), ..., Bn(k) =0, ..., 0, the actuators are healthy.

Let the output of a non-faulty actuator be defined as u and the output of a faulty
actuator be u r; hence, three classes of faults are defined as:

* Loss of effectiveness: uy = pu when any element of the p < 1, loss of
effectiveness faults exist.

* Bias faults: uy = u + B when any element of the vector B # 0, bias faults take
place.

» Complex actuator faults: u ; = pu + B when loss of effectiveness and bias faults
are coincident.

11.3.3 Fault Detection and Accommodation Using ARGRNN

ARGRNN is used to detect faults from the incoming data of y,(k) and u(k)
employing the Euclidean distance similarity index as

d (k) = dist(P, z(k)) (11.23)
where P is ARGRNN hidden weights matrix and z(k) = [y, (k), u(k)] is the current
network input. The nearest neighbor distance r (k) is the minimum of the distance
vector d (k) expressed as

r(k) = min{d (k)} (11.24)

Faults are detected when r (k) is higher than threshold parameter r;,.
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After faults are detected, ARGRNN adjusts its structure to accommodate them
by adding and removing its nodes. Node addition handles the loss of effectiveness
faults while node removal handles bias faults.

* Node addition: If the nearest neighbor distance r is more than the threshold
parameter r;5, a new node will be added to ARGRNN.
* Node removal: The importance of each node in the hidden layer is calculated as

2
m = exp (—d (k)> (11.25)

202

where o > 0 is the smoothing parameter of ARGRNN. Any node with
importance less than an importance parameter m,;, should be removed from
ARGRNN to avoid having weak nodes in the network that do not significantly
contribute to the network output.

11.3.4 ARGRNN Weight Adaptation Laws

The ideal control law u, approximation by ARGRNNS is expressed as
ugk) =0T ¢(k) + € (11.26)

where ©* is a constant matrix of the ideal ARGRNNSs outputs weights, ¢(k) is
ARGRNN hidden layer output, and € is a bounded control approximation error
expressed as eTe <& whereé > 0.

The current estimation of the control law u (k) by ARGRNNS is expressed as

uk) = 0T ¢ (k) (11.27)
The control estimation error i (k) is written as
u(k) = uq(k) —u(k)
= 0" ¢(k) + € — O p(k) (11.28)
= (:)be(k) +e

The gradient-descent approach is used to adapt ARGRNN output weights using
an objective function j as follows:

aj (k)

Ok+1) =0k —y 00

(11.29)

where y is the adaptation gain and it affects the closed-loop stability.
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ARGRNN

/ (o) y(k)
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y(k) : Reconfiguration of the E

: controller
i

Fig. 11.9 ARGRNNSs block diagram

The cost function j is selected to minimize the control estimation error # as
follows:

1
jk) = §<aT<k>a(k)> (11.30)

aj(k
After finding the derivative 8({)((1()) , the adaptation law in (11.29) becomes

Ok + 1) = OKk) — ya(k)T ¢p(k) (11.31)

Assuming that the control error % (k) is bounded by the tracking error as @ (k) <
e(k) + w, (11.31) becomes

Ok +1) = O%k) — y(etk) + m) $k) (11.32)
The ARGRNNS, as shown in Fig. 11.9, contain three major components: fault

detection, automatic reconfiguration, and weights adaptation law. ARGRNNs algo-
rithm is detailed in Algorithm 11.2.

11.3.5 Stability Analysis of ARGRNNs

Given u (k) is bounded as u(k) < e(k) + p, Lyapunov direct method is used for
stability analysis.
Consider the following Lyapunov function candidate V (k) as

Vk) =a’ (kak) (11.33)
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Algorithm 11.2 ARGRNNs Algorithm

1:
2:

9:
10:
11:
12:
13:
14:

A

for k = 1tok = end do
Require: current input z(k) = [y, (k),u(k))], tracking error e(k)
Find the nearest neighbor distance r between the current input and hidden weights
if r > r;, then
Add a new node
end if
Find the importance of each node ©;
fori = 1toi = End do
if m; < myj, then
Remove node i
end if
end for
Adapt ARGRNN output weights ® using (11.32)
end for

The first difference of V (k) is expressed as
AVGk)=al (k+ Datk +1) —a’ kak)
— @ k+Dpk+ 1)+
-7 (11.34)
x (O (k+ Dok +1)+¢€)
— @ ek + 67O ()PK) + €)

Substituting (11.31) into (11.34) and since the output ARGRNN hidden layer is

bounded as ||¢|| < g yields

AV (k) =g*(Ok) —y(e®) +m" +e)
X (OK) — y(etk) + w)" +€)) (11.35)
2@ 0+ O W +e
Using Cauchy-Schwarz inequality, (11.35) can be rewritten as
AV (k) < 3¢°1|OW0)|1* + 2% — 3y>q"||(e(k) + ) (11.36)

To achieve Lyapunov stability, y should be selected as

® 2
z/ 31O + 2 )

3a?(|(e(k) + w12

Based on the above analysis, the closed-loop system is stable.
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In the next section, numerical examples of ARGRNNs are provided to demon-
strate their fault-tolerant control capabilities.

Example 11.2 ARGRNNSs for SISO discrete-time system.
Consider the dynamic system given by

xitk+1) = le(k) 4+ (0.1 + 0.05 cos(x1 (k)))x2 (k)
(1 + x3 (k)
ok +1) = zx%(k) — +us(k)
1+ xj (k) + x5 (k)
y(k) = x1 (k)

Two actuator faults are introduced: the first one takes place at step number 100
with parameters p; = 0.5 and B; = 1.6, and the second fault takes place at
step number 500 with parameters p; = 0.5 and §; = —0.5. The initial states
are x1(0) = 0.05 and x»(0) = 0.01. The adaptation gain y is 1.5. ry; and m;
are selected as 0.1 and 0.5, respectively. The reference output trajectory yg (k)
is

ya(k) = 0.026 cos(kTy7/10) + 0.035 (11.38)

where the sampling time 7 is 0.01 seconds.

The output tracking results, as shown in Fig. 11.10, depict minor oscillation
in the initial adaptation stage and more significant when faults take place.
However, soon after the faults, ARGRNN was able to restore the system
output to the desired output. The nearest neighbor distance evolution results,
as shown in Fig. 11.11, depict that the distance substantially rose from zero to
more than two when the first fault occurred and rose from zero to almost 0.5
when the second fault occurred. These increments in the distance triggered
the fault detection algorithm which activated the node evolution in ARGRNN
to accommodate the faults as shown in Fig. 11.12. When the first fault took
place, the number of nodes decreased to two and then increased to 13 to
accommodate the fault. In the second fault, ARGRNN nodes decreased to
10 and then increased to 15.

In the next example, ARGRNN and adaptive GRNN are compared for a MIMO
system.
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Example 11.3 Comparison of ARGRNNs with adaptive GRNNs for MIMO
discrete-time system.
Consider the dynamic model of the system given as

xi1(k + 1) = x21(k)
x12(k + 1) = x22(k)
0.4x11 (k)
(14 x3,(k))
x22(k + 1) = (0.1 + 0.05 cos(x12(k)))x22 (k)
+ 2uy f (k) + da(k)
yi(k) = x11(k)
y2(k) = x12(k)

x1(k+1) = + 2uy (k) + di(k)

(11.39)

The parameters of actuator fault are p;, po = 0.2 and By, B2 = —0.5. The
fault happens at step number 500. The initial states are x11(0) = —1, x12(0) =
1, x21(0) = —0.5, and x2,(0) = 1. The adaptation gains are y = [0.18, 0.18].
ri, = 0.1 and my, = 0.5.

The reference outputs are expressed as

ya1 (k) = 0.3sin((0.5k7/50) + (1 /4))

(11.40)
ya2 (k) = 0.2 cos((0.5kw /50) — (7 /4))
The external disturbances are
di (k) = 0.05cos(0.01k) sin(x;1(k))
(11.41)

dr (k) = 0.05in(0.01k) cos(x12(k))

The output tracking results as shown in Figs. 11.13 and 11.14 demonstrate
the existence of some oscillations in the initial adaptation for both the adaptive
GRNN and ARGRNN. In addition, both controllers achieve accurate tracking
after the initial learning. On the other hand, when the error took place at
step number 500, ARGRNN was able to sustain acceptable tracking accuracy
while the adaptive GRNN could not. Also, ARGRNN has a much faster
response to the faults than the adaptive GRNN.

The nearest neighbor distance evolution r(k), as shown in Fig.11.15,
demonstrates a significant increase in the distance to almost 0.8 which
triggered the fault detection. After the fault was detected, ARGRNN evolved
its nodes by increasing them to 68 and then decreasing them to 5 to

(continued)
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Example 11.3 (continued)
accommodate the fault. The evolution of ARGRNNs’ nodes in example

2, as depicted in Fig. 11.16, demonstrates the ability of the ARGRNNSs to
reconfigure themselves to accommodate for the actuator faults. The number of
nodes initially increased to 43. When the faults happened at step number 500,
the controller eliminated the redundant nodes and started gradually adding
more meaningful nodes to accommodate the faults.

The evolution of the control signals u;, and ug, for both controllers, as
shown in Fig. 11.17, depicts that both controllers have similar control signals
until a fault occurs. When the faults occur, ARGRNN raises its control signals
to achieve the desired output tracking while the adaptive GRNN could not
reach a suitable control level. These results confirm the ability of ARGRNN
to better handle faults than the adaptive GRNN.
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11.4 Summary

This chapter develop two major evolving GRNN-based control systems, namely,
SEGRNN and ARGRNN. SEGRNN is utilized to control systems with unknown
dynamics and disturbances, while ARGRNN is used to control unknown systems
with complex actuator faults.
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11.5 Exercise Problems

1. For the following pendulum system, design an ARGRNN-based controller to
control pendulum angle xi.

)51 = X2

. g . k
Xp = —SInXx;] — —Xx2+Uu
[ m

where x; is the pendulum angle 6. g is the gravitational acceleration, [ is the
length of the pendulum rope, & is the stiffness of the system, and m is the total
mass of the system. The actuator fault can be expressed as # = 0.5u + 0.1 and
happens at time = 2 seconds.

2. For the above pendulum system, design a SEGRNN-based controller to control
pendulum angle x; and compare between ARGRNNs and SEGRNNS.

3. For the following system, design ARGRNN-based and SEGRNN-based con-
trollers to drive the states x; and x; to x4 = 0.1sin(¢) and x4 = 0.2 cos (¢).
The actuator faults are u;, = 0.4u; +0.5 and uy, = 0.6u4, +0.7 and both faults
occur at time = 5 seconds.

X1 = X2+ uyr

X2 = X1 +x1x2 + ugr

4. Design ARGRNN-based and SEGRNN-based controllers for the following
system. Consider controlling the state x| to the desired state x4 = sin(#) cos(t).
The actuator fault is expressed as u = a(t)u + b(t), where a(¢t) = 0.5]sin(z)|
and b(t) = 0.4] cos(z)|. The fault occurs at time = 3 seconds.

)51=)C2
x'2=x12+x%+u

5. What could be the effect of dynamic neural structure on the fault tolerance
behavior in control systems?
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Chapter 12 ®
Case Studies Creck fo

This chapter presents several practical applications of the control design theories
discussed in the book, illustrated through case studies. These example problems not
only enrich the quality of the book but also strengthen the confidence of the reader
in the applicability of nonlinear design techniques.

12.1 Neuro-adaptive Control of a Laser Beam for Jitter
Correction

A laser beam is projected onto a distant target, aiming to consistently fall on
the desired portion until the task is completed. This system can be applied in
various fields, such as high-precision cutting, welding, drilling, and target range
estimation in aerospace applications. Laser beams are highly coherent, maintaining
a fixed phase relationship, which allows them to be narrow, focused, and collimated
with minimal spread. These properties are valid in a uniform, ideal propagation
medium. However, when the laser beam travels through the atmosphere, as in
applications like micro-satellite range estimation or directed energy weapons for
disabling drones, it experiences deviations due to atmospheric effects, known as
jitter.

This pointing error is measured by a narrow field-of-view sensor and used to
actuate a fast steering mirror (FSM), which adjusts horizontally and vertically to
correct the beam deviation. The FSM system is often modeled as a spring-mass-
damper system, with a transfer function that takes voltage as the control input and
the angle of rotation as the output. Due to the challenges in perfectly modeling
the FSM system, a neuro-adaptive controller is necessary, capable of adapting
to uncertainties and working alongside nominal control designs. In this case
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Fig. 12.1 Opverall schematic of the FSM system

study,! a model-following neuro-adaptive control system is designed to enhance the
performance of FSM used for tracking a reference signal in the presence of jitter.

12.1.1 Problem Formulation

The schematic diagram of the FSM system is shown in Fig. 12.1. The source emits a
laser beam toward the target, and the reflected beam is observed by the narrow field-
of-view (NFOV) sensor. The reference signal y* represents the angular deviation of
the beam along the horizontal and vertical axes from the target, expressed as y* =
[w*, y*]T. This reference signal is filtered with a cutoff frequency corresponding
to the actuator bandwidth, resulting in the filtered signal y;. Using the range
measurement recorded by the laser range finder, the tracking error is estimated. The
error signal is then fed to the controller, which generates the appropriate voltage

! The simulation results have been generated by Mr. Anand N. Sortur, a graduate student at the
Indian Institute of Science, Bangalore, India. The authors express their sincere gratitude to him for
his valuable contribution in providing the relevant results.
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Fig. 12.2 Block diagram of FSM control system

input to the FSM, as illustrated in Fig. 12.2. The objective is to achieve a tracking
root mean square (RMS) error on the order of 1070 radians.
The transfer function of the FSM system is given by

2
Gs) = - keon (12.1)
52+ 28 wys + w?

where “/Z <(ss)) = G(s), ‘}/’y(gs)) = G(s), ¥(s), and y(s) are the horizontal and vertical
angles, respectively, and Vi, (s), V), (s) are their corresponding input voltages. From
the system identification the parameters obtained are k = 1.046, w, = 1.554 x 10

and £ = 0.57.

12.1.2 Adaptive Control Design

In this subsection, a model-following neuro-adaptive control system is designed to
maintain reference signal tracking performance in the presence of jitter.

12.1.2.1 Low Pass Filter Design

The smoothness of the filtered signal and the delay have an inverse relationship.
Therefore, a trade-off must be made between smoothness and delay when deter-
mining the filter order. In this case, a second-order low-pass filter is considered as
follows (Samantaray and Padhi, 2017):

i) _ @2
Y¥(s) 52+ 2Ew,s + @2

(12.2)

where @, and & are the undamped frequency and damping ratio of the low-pass
filter. The 3 dB bandwidth of this filter is

wBW:a),,\/l —2§2+m (12.3)
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In the low-pass filter, the damping ratio & = \/LE is chosen to ensure there is no
overshoot in the frequency response and to equally weight all frequency components
of the signal below the cutoff frequency. This results in wpw = @, meaning @,
should match the actuator bandwidth of the FSM system. The actuator bandwidth
is determined by substituting the corresponding & and w, from the FSM model into
Eq. (12.3), yielding approximately 1500 rad/s (or a frequency of 2300 Hz), which is
equal to the w, of the low-pass filter. Therefore, the transfer function of the low-pass
filter is given by Samantaray and Padhi (2017)

yiGs) 2.25 x 10°
y*(s)  s2+2121s +2.25 x 106

(12.4)

For simulation purposes, the reference signal is filtered with a frequency of
approximately 100 Hz, which is one-third (1/3) of the actuator specified frequency.
This ensures that the actuator operates at one-third of its specified frequency.

12.1.2.2 Dynamic Inversion Control for Nominal System

A reference model is determined from the nominal model. The nominal plant model
is defined by

Xn = A1x, +Bu

Y = Cixp (12.5)
where
. . T
xm=[y ¥y 7]
T
u=[Vy, V, ] .
0 1 0 0
A, = | ~1957 x 10° 1760 0 0
= 0 0 0 1
0 0 —1.957 x 10° —1760
0 0
2.047 x 100 0
B =
! 0 0

0 2.047 x 100

1000
C‘_[oom]
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The objective is y,, should track y*}' asymptotically. Hence, let us consider the
erTor as

em =Y, — yf; (12.6)

The error dynamic equation can be written as
én + Kiey, + Krep, =0 12.7)
where K| and K are positive definite matrices. The order of the error dynamic

equation is selected as second order since the relative degree of the open-loop model
is two. This leads to the control equation as (assuming ( y’; =0, y’} =0))

u=(CiA B [—Kmxm n sz’}] (12.8)

where K,, = (C1A] + K|C1A; + K>C)). Rearranging the terms, the reference
model is obtained as

Xref = ArefXref + Brefy? (12.9)

where Arer = [A1 — B1 (C1A1B1)"' K»], Bret = [B1(C141B)) "' K2

12.1.2.3 Neuro Adaptive Control Design
The perturbed model is constructed as
x = Ax + Bu

where A = A,.f + AA;, and B = By + AB,, and AA,, and AB,, are matched
uncertainties in A and B, respectively.
The transfer function of FSM is given by

ka? 2.527 x 106
Gis) = 3 ) 6
5% 4+ 2L wps + o 5%+ 1760s + 2.416 x 10

For simulations, A and B are assumed to be

0 1 0 0
A= _w%pg)n _Zé‘a)np{pwn wzpcl 2L wy pe2
0 0 0 1

wﬁpcl 28 wn pe2 —wﬁpin —2L wy Pt Pow,
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0 0
B— ka)ﬁ pf)n Dk 0
0 0

0 kw% Pin Pk

where pr, pr, Pw,s Pc1, and peo are multiplicative perturbation uncertainties
considered in the model parameters k, w,, and ¢. In ideal case py = 1, ps1,
Po, = L, pe1 = 0, and Pc2 = 0.

Since the system is non-square and affine, but the dimension of the state is greater
than the dimension of control input (n > m), a similar control design strategy
presented in Sect. 6.6.1.2 is followed.

12.1.3 Simulation Results

This section presents the simulation results for tracking the jitter of the laser
beam in horizontal and vertical directions. The horizontal jitter tracking and the
corresponding tracking error are shown in Figs. 12.3 and 12.4, respectively. The
horizontal tracking achieved an RMS of 7.95 urad. The vertical jitter tracking and
its tracking error are shown in Figs. 12.5 and 12.6. The vertical tracking achieved an
RMS of 7.78 urad.

x10° Horizontal Jitter Tracking

Jitter amplitude(rad)
o

21 4
f

-4 - o

-6 —— actual output Ll
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Fig. 12.3 Tracking of horizontal jitter
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12.2 State-Constrained Neuro-adaptive Control
of Hypersonic Vehicles

The scramjet-powered air-breathing hypersonic vehicle (AHV), which travels at
speeds exceeding five times that of sound, offers notable advantages in trans-
portation, including rapid transit and reduced air traffic congestion. By utilizing
atmospheric oxygen for propulsion, AHV can provide a cost-effective alternative
to rocket-based systems that require onboard oxidizers. However, realizing these
benefits depends on advancements in critical areas, particularly in sophisticated
control system design (Keshmiri et al., 2006).

AHYV control design is challenging due to its unique aerodynamic properties,
which differ significantly from conventional vehicles.? At hypersonic speeds, AHVs
exhibit nonlinear, coupled behaviors that are sensitive to flight conditions, leading to
potential instability. The integration of scramjet engines further complicates control,
as it introduces aero-propulsion coupling, limiting angle variations to prevent inlet
unstart. This case study focuses on developing an adaptive control design using the
winged-cone AHV model, the only openly available Six-DOF model. By employing
a state-constrained adaptive controller, the attitude of the vehicle, body rates, and
velocity are maintained within prescribed limits, ensuring stability and preventing
inlet unstart (Rollins et al., 2013; Sachan and Padhi, 2018b; Mirmirani et al., 2005).

12.2.1 Description of Six-DOF Model

The nonlinear Six-DOF dynamics of the winged-cone AHV model (Shaughnessy
et al., 1990; Sachan and Padhi, 2018a), shown in Fig. 12.7, is given by

U Rv—Qw—gsin9+—F"‘A';fTX
o | =| wP—uR+gcosOsing + 12 (12.10)
. £
w uQ—vP+gcos€cos¢+m

Fig. 12.7 Winged-cone model geometry of an air-breathing hypersonic vehicle

2 Contents of current Sect. 12.2 are used from Publication “Nonlinear robust neuro-adaptive flight
control for hypersonic vehicles with state constraints,” Control Engineering Practice, vol. 102,
p. 104526, Sep 2020, with permission from Elsevier (License Number: 6158230332176).
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[ ¢1OR +c2PQ + c3Lam + caN, |
= | ¢sPR—cs (P? — R?) + 1M, (12.11)
| csPO — c20OR + c4Lgm + c9N, |

[P+ Qsingtan6 + Rcos¢tanf |
= | Qcos¢p — Rsing (12.12)
| OsingsecH + R cos ¢ sect

X ucosb cosy + (sing sinf cosyy — cosgsinyr) v
(—i—(cosqﬁsinécosw—i—sinqbsimﬁ)w )

y | = u cos 6 sin ¥ + (sin ¢ sin @ sin ¥ 4 cos ¢ cos Y )v (12.13)
<+(cos¢sin9 sin Y — sin ¢ cos Y¥)w )

h | usin® — vsing cosd — wcos ¢ cos 6

where the variables used in AHV dynamics and important parameters are tabulated
in Tables 12.1 and 12.2, respectively. Using transnational dynamics (12.10), V;, «,
and B of the vehicle can be calculated as V; = v/u? + v + w?, & = tan~! (£), and

B =sin™! (%)

Table 12.1 Parameters used
in winged-cone AHV model

Description Symbol | Value
Initial mass of the vehicle M, (0) 136,080 kg
Wing span of the vehicle b 18.29 m
Wing reference area of the vehicle | S 334.73 m?
Mean aerodynamics cord c 24.38 m
Moment reference center Xmre 37.79m
Maximum generated thrust Tonax 1,467,900 N
Engine specific impulse Iy 1000 sec

Table 12.2 Variables used in winged-cone AHV dynamics

Variables
X,y

h

Vi, M

u,v,w
$,0,v

o, p
P,QO,R

MU

FaXs Fa}*s Faz
Lll"’l’ M(l! N(l
FTx

Lix, Iyy» I
%

Description

Distance covered along inertial north and east directions (m)
Altitude of the vehicle (m)

Total velocity (m/sec) and Mach number

Velocities along body xp, yp, and z; directions (m/sec)

Roll, pitch, and yaw angle (deg)

Angle-of-attack (deg) and sideslip angle (rad)

Roll, pitch, and yaw rate (deg/sec)

Mass of the vehicle (kg)

Aerodynamic forces along body x;, yp, and z;, directions
Rolling, pitching and yawing moments around body axis
Force generated by thrust along body x; direction (N)

Roll, pitch, and yaw moments of inertia, respectively (kg-m?)
Off-diagonal element of moment of inertia matrix (kg-m?)
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The coefficients cy, c3, ..., c9, used in the rotational dynamics in (12.11), are
defined as
C1 Izz(lyy 7 Ixzz
2 Leg(Ipp + Lix — Iyy) Uzz—lex)
c3 1 I, s I, I’“
= — s c6 = ==
4 (Lexlzz — 12) | Lxz ) I,X.v
c8 Lo (Lex — yy) + Ixzz 7 Ty
| €9 | | Lx a
(12.14)

where the moment of inertia expressions for the vehicle (Zhang et al., 2010) is given
by

Lix —7.8809 x 107> M2 + 25.88576 M, — 6.9683 x 10°

Iyy | | —8.2890 x 107* M2 + 265.9889 M, — 7.3048 x 10° (12.15)
Iz Lyy '
Ly 0

Since mass consumption rate of AHYV is significant, along with the abovementioned
traditional Six-DOF equations, the mass consumption dynamics of the AHV is also
considered as a state equation. The mass consumption dynamics is given by M, =
—%, where the control variable or is defined as oy = T/T,,,,. Note that
T is the required thrust magnitude and 7}, is the maximum thrust generated by
the AHV engine. Additionally, the hypersonic speed in terms of Mach number is
calculated as M = %, where a is the speed of sound, a = 298 m/s for 24,000 m
cruise altitude.

The aerodynamic and thrust forces and aerodynamic moments, given in the
translation (12.10) and rotational dynamics (12.11), respectively, are calculated in
the body frame as

F,, = Lsinad — Dcosa (12.16)
Foy =Y (12.17)
F,; = —Dsina — Lcosu (12.18)
Fry = 0 Thax (12.19)
Lam = Lac (12.20)
My = Mpe — XegFy (12.21)

Na = NAC+Xchay (1222)
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where o7 is the throttle utilized to maintain the thrust requirement for the speed
regulation of the vehicle and X, is the center of gravity, given by

Xeg = 1.6210 x 10710 M2 — 5.5226 x 107> M, +7.3578.  (12.23)

The forces (drag force (D), lift force (L), and side force (Y) in the stability frame)
and the moments (rolling moment L 4., pitching moment M 4., and yawing moment
N4c, relative to the moment reference center) of the vehicle are expressed as
D =¢SCp, L=4¢4SCy, Y =¢SCy (12.24)
Lac =qSbChy, My =qScCy, Nac = qSbC, (12.25)
where ¢ is defined as g = % ,thz and p represents the atmospheric pressure. The
terms Cp, Cr, Cy, Cin, Cim, and C,, are defined as
Cp=Cps+Cps,+Cps, +Cpys,
CrL=Cra+Crs, +Crs, +CLs,
Cy =CyyB+Cys, +Crs, +Crs,

Pb Rb
Cim =CiB+Cis, +Crs, +Crs, +C, )t G, W

Oc
Cm = Cma + Cm,(Se + Cm,zSa + Cm,ér + Cmq <W

Pb Rb
Cn = Cnﬂ,B + Cn,ée + Cn,(Sa + Cn,zS, + Cn,, W + Cn, ﬁ

where 8., 8,4, and §, represent surface deflection of the right elevon, left elevon, and
rudder, respectively. The expressions for each coefficient are given as a nonlinear
function of M, « (in degree), and control surface deflections (in degrees). The
expressions of these coefficients are given as follows (Keshmiri et al., 2005)
(truncated up to three-digit precision):

Cpa = 8717 x 1072 = 3.307 x 1072M + 3.179 x 10 % + 5.036 x 10> M?

Cps, =0
Cps, =0
Cps, =0

Cra=-819%x 1072447 x 1072M 4 1.86 x 10~ 2a — 9.19 x 1073 M?>
Crs, = —4.14 x 10745,

e

CLs, = —4.14 x 10745,

a
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Crs =0

Cy, = —0.292M +5.48 x 1072 M* — 4.32 x 107 M°
Cys, =0
Cys, =0

Cys, =3.84 x 10745,
Ciy = —0.14 +3.32 x 1072M — 7.59 x 10~ — 3.79 x 107> M*?
Crs, = —1.17 x 10745,
Crs, = 1.17 x 1074,
1.144 x 10745,
Ci, = —0.299 +7.47 x 1072M + 1.38 x 10 — 9.13 x 1077 M?

Q
)
I

=0.382 — 0.106M + 1.94 x 1073 4+ 1.45 x 1072M? — 1.02 x 107> M?
Cpa = =219 x 1072 47.73 x 1073M —2.26 x 10«

Cim.s, = 2.89 x 10745,

Cim.s, = 2.89 x 10745,

Cm.s, = 1.58 x 1073 M?
Cm, = —1.36 +0.38M — 5.42 x 107 *M* +3.8 x 1077 M>
Cpy = 5.91 x 1072M — 1.48 x 1072M* 4+ 1.27 x 107 M?
Cns, =0

Cns, =0

Cps, = —5.28 x 10745,

=0.368 —9.79 x 1072M + 1.24 x 1072 M?

C, = —2.41+0.596M —2.74 x 10 3a — 7.57 x 107 2M? + 4.9 x 10> M>

12.2.2 Nominal Three-Loop Control Design

The nominal controller design leverages the inherent timescale separation between
the slow and fast dynamics of the vehicle. As illustrated in Fig. 12.8, the three-
loop control design comprises outer, intermediate, and inner loops. The outer loop
receives reference signals and outputs a desired signal for the intermediate loop.
The intermediate loop then provides input to the inner loop, which generates the
necessary control deflections to track angular rates. Additionally, a separate velocity
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Fig. 12.8 Block diagram representation of three-loop control design

control loop ensures the AHV maintains the desired velocity. Each loop assumes
continuous and smooth desired input signals, with their time derivatives set to
zero. Symmetric constraints are also assumed on the vehicle states, and the control
formulation for each loop is detailed as follows.

12.2.2.1 Outer Loop Control Formulation

The outer loop is designed to track the reference inputs 2* and v* by generating
the desired 6* and ¢*. To track reference /*, the following closed-loop stable error
dynamics is enforced in &* tracking loop:

ép + kpzen =0 (12.26)

where e;, = h™ — h is the error between the reference altitude and the actual altitude

and kj,, = (kzkﬁ The constant k., is the symmetric limit on the error e;, and kj,
ey —ey

is a positive constant gain. Since A* is assumed to be constant, 2* = 0. Thus, using
(12.26) the following is obtained:

h = ky, (h* — h) (12.27)
Using (12.13), h is substituted into (12.27), which gives

using — (vsing + wcos¢) cos = ky, (h™ — h) (12.28)

To obtain desired 6*, Eq.(12.28) is divided by \/u2 + [vsin¢ + w cos ¢]2. By
performing mathematical manipulations, the desired pitch angle (6 = 6%) is
obtained as

6’*=tan_l<vSin¢+wCOS¢>+sin_l( ki, (B* — h) )

u Vu? + [vsing + w cos ¢]?
(12.29)
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To ensure zero sideslip angle § while turning, the coordinated turn philosophy is
used. In this, the side velocity in the body frame is enforced to be zero. To achieve
this, the following stable closed-loop error dynamics is chosen:

(b — %) + koy (v = 0*) =0 (12.30)

where ky, is defined as k,, = ﬁ
on the variation of error ey, andyvkv is the positive constant gain. By substituting v
from (12.10) into (12.30), and setting v* = 0, the desired ¢* can be obtained as

and e, = v —v*. The constant k., is the limit

—koy Vi — (wP —uR+ %)

* = sin~!
¢ gcosb

(12.31)

12.2.2.2 Intermediate Loop Control Formulation

The output of the outer loop is used as the reference input for the intermediate loop.
The desired roll rate P*, pitch rate Q*, and yaw rate R* are obtained by solving the
following nonlinear error dynamics:

é¢, k¢B 0 0 €
éo |+| 0 kgy O eo | =0 (12.32)
éw 0 0 k‘//B ew

where ey = ¢* — ¢ is the error between the desired and actual roll angles. Similarly,
eg = 6" — 0 is the error between the desired and actual pitch angles, and ey, =
¥* — i is the error between the desired and actual yaw angles. The parameters

kg ke v
kg, kog, and ky, are defined as ( 3¢ _eé), (kz _65), and (kgw _912[/
Moreover, the terms kg, kg, ky, are positive constant gains. The constants, k, » keg,
and k, , are positive constants and symmetric limits on the errors ey, ey, and ey,
respectively.
By substituting ¢, 6, and ¥ from (12.12) into the closed-loop error dynamics
(12.32) of the intermediate loop, the following desired body rates are obtained:

) , respectively.

P* 1 tan O sin ¢ tan 6 cos ¢ - kyp (" — @)
O* | =0 cos¢g —sin¢ ko, (6% —0) (12.33)
R* 0 sin ¢ sec @ cos ¢ sec O kyp (W* — )

Note that the use of Euler angles in the control formulation usually suffers from
the singularity problem. However, due to the imposed constraints, the singularity
points are outside of the range of operation.
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12.2.2.3 Inner Loop Control Formulation

In the inner loop control formulation, the inputs are obtained from the output of
the intermediate loop. The required control surface deflections to track the desired
angular rates are obtained by enforcing following stable error dynamics

ép kPB 0 0 ep
éo |+| 0 kgy O [[eg|=0 (12.34)
éR 0 0 krB €eR

where ep = P* — P is the error between the desired roll rate and the actual roll
rate. Similarly, eg = Q* — Q is the error between desired and actual pitch rates,
and eg = R* — R is the error between the desired and actual yaw rates. The terms

kp kq k, .

k§p = ) R (qu - 2Q Z-a) respectively. The
terms kj, ky, k, are positive constant gains. The constants, kep, keq, and k,, are
positive constants and provide limits on the errors ep, eg, and e, respectively. By
substituting the angular rates from (12.11) into (12.34), the following closed-loop
error dynamics is obtained

kpg» kg, and k., are defined as ( ) and (

—c3Lgm kpy 0 0 (P*— P)
—csPR—ciMy |+ 0 kg O (0*—-—0) | =0 (12.35)

—cgPQ — c9N, 0 0 ky (R*—R)
where, for the nominal case, the inertia values are substituted as ¢; = ¢ =

cs = c¢ = 0, as defined in (12.14). However, in the actual system, these values
are uncertain and nonzero. In (12.35), the aerodynamic moments are nonlinear
functions of control deflections; thus, the control solution cannot be obtained
explicitly from the above system of equations. Therefore, the control surface
deflections &., §,, and §, are obtained numerically using a fast Newton-Raphson
algorithm.

12.2.2.4 Velocity Loop Control Formulation

The integration of the velocity control loop is required to maintain the constant
desired velocity during flight. Since the forward velocity u is a major component
of the total velocity, the required thrust magnitude is obtained by using forward
velocity dynamics in the velocity control loop. The closed-loop error dynamics for
designing the velocity control in the velocity loop is given as

éy + kugeu =0 (12.36)
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where ¢, = u® — u is the error between the desired forward velocity and actual

forward velocity and k,, = ﬁ The constant k., is the limit on the error

ey Cu

ey, and k, is a positive constant gain. Substituting & from (12.10) into (12.36) and
solving for o7 results in

Mv . Fx
or = ( ) |:— <UR — QW — gsinf + ) + k(™ — u)j| (12.37)

a
max MU

It can be observed that the nominal AHV controller is derived assuming a known
vehicle model. In practice, however, a perfectly known model is impossible to
design. Therefore, in the next subsection, an adaptive control design is presented
to capture the model uncertainties while ensuring the stability of the vehicle during
flight.

12.2.3 Neuro-adaptive Control Design

This section presents the adaptive control design for an AHV (Sachan and Padhi,
2020). The adaptive controller is augmented with the inner and velocity control
loops of the control architecture. In the Six-DOF AHV model, structural uncer-
tainties are assumed in the aerodynamic coefficients and inertia coefficients. The
aerodynamic force coefficients related to the actual model are defined as

CDGZCD(1+ACD), CLaZCL(l-l-ACL), CyaZCy(1+ACy)

where Cp, Cr, and Cy are nominal aerodynamic force coefficients. The terms
ACp, ACpr, and ACy are used to calculate the uncertainties associated with
the nominal aerodynamic force coefficients in percentage. For an example, if
ACp = 0.1, then Cp, has 10% uncertainty with respect to nominal coefficient.
The aerodynamic moment coefficients of the actual model are defined as

Clma = Clm (1 + AClm) , Cma = Cm (1 + ACm) s Cn,, = Cn (1 + Acn)

where Cjp,, Cpy, and Cp, are nominal aerodynamic moment coefficients. The terms
ACi,, ACy,, and AC,, are used to calculate the uncertainties associated with the
nominal aerodynamic moment coefficients in percentage. The values of the inertia
components for the actual model are defined as

Ly =La (14 ALy, Ly, =1y (14+ALy),  Lg, =L (1+ALy)
Ixza = IxxAIxz

where Iy, Iy, and I ; are the nominal inertia values and Aly,, Alyy, and Al
are used to calculate the uncertainties associated with the nominal inertia values, in
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percentage. The uncertainty in cross moment of inertia term is assumed as +5%
of principle moment of inertia, i.e., Al,;, = =£0.05. Next, the adaptive control
formulation for the inner and velocity control loop is presented.

12.2.3.1 Inner Loop Adaptive Control Formulation

The actual rotational dynamics of the AHV can be expressed as

P, = Cl, OuRs + €2, PyQa+ C3, Lama +c4, Naa +di (12.38a)

Ou = cs, PaRq — co, (Pa2 - Rg) + 1, My, + do (12.38b)

R, = 8, PO — €2, OuR,; + C4, Lama + ¢9, Naa +ds (12.38¢)

where dj, da, and d3 are the model uncertainties associated with the system. The
approximated rotational dynamics (12.38) can be expressed as

Pap =Cl, QuR; + CZ,lPaQa + c3aLama + c4aNau + dAl + kapl (Pa - Pap)
(12.39a)

Qap =c¢5,Pu Ry — cq, (Pu2 — RS) +c7, My, + cfz + kap, (Qa — Qap)
(12.39b)

Rap = Cg, P,Qq — €2, QuRs + c4aLama + C%Naa + 0?\3 + kap3 (Ra - Rap)
(12.39¢)

where di, d», and ds are the approximation of the uncertainties. All variables and
gains have their usual meaning as defined in generic neuro-adaptive control design
theory in Sect. 7.1 of Chap. 7. Note that dA1, cfz, and cfg are obtained using a neural
network, and the weights of the neural network are trained using weight update rule,
which is defined in (12.40).

To approximate the model uncertainties, proper basis functions are required to be
chosen. Since structured uncertainties are assumed in the model, the basis function
vector is obtained from the uncertainty-perturbed model analysis. In this analysis,
uncertainty perturbations are assumed in the rotational dynamics in (12.38), and
then by comparing with the approximated dynamics (12.39), dy, d», and d3 are
obtained as a function of inner loop variables and aerodynamic model parameters,
which serve as desired basis functions. It has been observed that the dominant
aerodynamic parameters (up to second order) are sufficient to approximate the
model uncertainties. Thus, the basis functions to approximate dy, d», and d3 are
selected as

q)j =[17 Pa27 an Rgv PaQaa QaR(la PaRa» a, Ma aza M2a C{M’
8¢y 8eM, Soat, 84, 8aM, Sqat, 8r, 8, M, ;)"
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where the indexing j correspond to the model uncertainties dj, j = 1,2,3. The
Jacobian matrices of the basis functions [881;] can be obtained by differentiating

®; with respect to variables X, where X = [P, Qu, Ra, a0, M, 5, 84, 8r]T.
Following similar steps as in Sect. 7.1, the weight update rule Wj is obtained as

—1
2 I 9D ; a7 ey @i
Wj:[l+[a§]®j[a§]] Pre® =123 (240
y] kﬂj_eaj

where e,; are the errors between actual states and approximated states, and kg; are
limits on e4; . To propagate (12.40), the initial conditions are selected as zero vector.
Finally, the d}- can be obtained as (ij = WJ.TCDJ-, j=123.

After capturing the uncertainties, the next step in the adaptive controller design is
to track the states of the nominal system. Hence, the following stable error dynamics
is used to achieve the tracking performance:

Pap —P kaa, 0 0 (Pap — P)
QUP Q + O kudz O (Qap - Q) = 0 (1241)
Reyp — R 0 0 kua (Rap — R)

where kqq,, kaa,, and kuq, are defined as kqq, = (k2 (k;‘ P)z), kad,

eq1 \tap—
kay kq .
—, and k.4, = 43 , respectively. The terms, k,,, kq4,,
(2,-(0r—0)*) (R (RypR)Y) e

and k,, are positive controller gains, and k., ;i vj are the symmetric limits on the

corresponding errors. By substituting Pap, Qap, ap from (12.39), and P, O, R
from (12.11), the following is obtained:

[cla QuaRy + €2, P,Qq + C3, Lama + ¢4, Naa + 0»?1 + kapl (Pa - Pap)]

—[c1OR+ 2P Q + c3Lam + caNg] + [kadl] (Pgp — P)=0
(12.42a)

[CSH P,R; — Co, (Paz - Rg) + C7aMaa + Ciz + kapz (Qa - Qap)]

_ [C5PR . (P2 . Rz) + C7Ma] + [kaas] (Qap — Q) =0
(12.42b)

I:C&, PyQq — €2, QuRs + C4, Lama + ¢, Naa + 523 + kap3 (Ra - Rap)]

—[csPQ — c20R + c4Lam + c9Ng] + [kad3] (Rap —-R)=0
(12.42¢)
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where kqp;, Vj are positive observer gain constants (defined in (12.39)) and (7.1)).
Since control surface deflections are nonlinear functions of aerodynamic coeffi-
cients, the systems of equations in (12.42) are non-affine in nature. Therefore, the
Newton-Raphson method is used to extract the required control surface deflections
numerically.

12.2.3.2 Adaptive Velocity Control Formulation

In this subsection, the adaptive control formulation for the velocity control loop is
presented. The forward velocity equation with model uncertainties can be expressed
as

Faxa + FTxa

d. 12.43
M, +dy ( )

g = Rgvg — Qqw, — gsinb, +

where d4 represents the uncertainty associated with the forward velocity equation.
Further, (12.43) can be approximated as

Faxu + FTxa

+ds +kap, (o — tap)  (12.44)
M,,

ﬂap = Ravq — Qqw, — g sinb, +

where dj is the approximation of the uncertainties ds4. The remaining variables have
their usual meaning. The basis functions for the adaptive velocity control loop are
chosen from the perturbation analysis and obtained as

T
qDU =|:19 a, M7 a27 sz aM, 867 8(3M7 8(3“5 (Sa, 8(1M7 861“7 8}" 8rM7 87‘“]

The Jacobian matrix of the basis functions [g%] is obtained by differentiating &,

with respect to variables [, M, 8, 8,4, 8,]T. To approximate model uncertainties,
the following weight update rule is used:

-1

: I 9D 9o, 1" @

W, = |22 4| 20, 220 Paca, Dv (12.45)
Y4 Xy Xy k§4 — e,%v

where the error e, is defined as eq, = u, —ugp and kg, is the limit on error e,, . The
initial condition of WU (0) is selected as a zero vector. Finally, the cf4 can be obtained
asdy = WIo,.

After capturing the uncertainties ds, the following stable error dynamics is used
to achieve the tracking performance:

(itap — it) + kady (1ap —u) =0 (12.46)
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. k
where k,q, is defined as kqq, = (kza—42) and e,,, = uqp — u. The constant k,,,
—e
€q4 “Uap

is the constraint on the variation of e,,,,, and k4, is a positive controller gain.
By substituting 14, from (12.44) and # from (12.10), the following is obtained:

Faxa+FTxa
Vg
Fax + Frx

v

[Rava — Qaw, — gsinf, + + Ci4 + kap4 (ua - uap)]

— |:Rv — Qw — gsinf + j| + kaa,(Ugp —u) =0 (12.47)

where k), is positive observer gain constant. By solving (12.47), the following
closed-form expression for the adaptive throttle control is obtained:

M, . Fax, a
0T, = — Rovy — Quw, — gsinf, + m + ds + kap, (ua — ttap)

Tnax Vg

M Fup + F
+< v )[(Rv—Qw—gsin0+M)—k4(uap—u):|
Tmax MU

Using o7,,, the velocity of the vehicle is regulated within the desired limits.

(12.48)

12.2.4 Simulation Results

This subsection presents simulation results demonstrating the effectiveness of the
proposed adaptive control formulation. Trim conditions are first calculated to
provide initial values for the simulations. Trim conditions represent the state and
control values where the vehicle maintains equilibrium, assuming constant altitude,
roll angle, zero angular body rates, and constant forward velocity. The remaining
state variables in the Six-DOF model, [v, w, 0, §., 84, &, or]?, are determined by
solving [i, v, w, f’, Q, R, fz]T = 0. The trimmed states for the winged-cone AHV
model are determined as u = 1786.7m/s,v = 0, w = 91.86m/s, P = Q = R =
0,0 = 0°,0 =294°, ¢ = 0%, x =y = 0, and h = 24000 m. The trimmed
control values are 6, = 6, = —7.2°,6, = 0, and o7 = 0.194. To validate the
control design under modeling uncertainties, the uncertain parameters are randomly
selected from the interval [—0.30, 0.30]. A second-order actuator dynamics model
with { = 0.7 and w,, = 20Hz is applied to each control variable. Symmetric state
constraints are assumed, with control surface limits set to [—30°, 20°] and throttle
range or € [0, 1]. Gain values and other parameters for the nominal and adaptive
control designs are detailed in Tables 12.3 and 12.4.

The simulation results using adaptive control under 30% model uncertainties are
presented in Figs. 12.9, 12.10, 12.11, 12.12, 12.13, and 12.14. The angle-of-attack
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Table 12.3 Parameters used

. . > Outer loop | Intermediate loop | Inner loop | Velocity loop
in the nominal control design

kp 0001 ks 02 k, 03 |k, |1
ke |25 |ke 0.0l k, 05 |k, |El
ke, | £200 [ ky | 0.004 k- 10.012
ke, |£15 ke, |£30° ke, | £30
ke, | £2° ke, |£6
ke, |£5° ke, | %6
Table 12.4 Parameter P loop Q loop R loop u loop

values used in adaptive

control design key |5 kep | A2 key |2 |k, |02

ki, | 0.001 kg, |0.001 ke 0001 ks | 0.004
Kapy |50 |kapy 12 kaps |50 | kep, |35
ke, | £5° kg, |2° kg, | £2° |kg, |£02
i |20 y2 |20 ys |20 v4 |20
B 0005 By 0002 B3 |0.005 Bi | 0.008
[Ch 10 (C 10 O3 10 Oy 10

Fig. 12.9 Vehicle angle I ' ‘ | Angle-of-Attack (degree) ||

trajectories 5 3
2.5
2 1 L L L
0 20 40 60 80 100
0.2 ‘— Sideslip Angle (degree)| |
@0

0 20 40 60 80 100

Flight Path Angle (degree)| |

0 20 40 60 80 100
time sec

() and sideslip angle (8) trajectories in Fig. 12.9 demonstrate successful prevention
of inlet unstart by maintaining o within [0°, 6°] and B within [—2°, 2°]. The flight
path angle y stabilizes rapidly with minimal transients. Figure 12.10 shows smooth
attitude trajectories within imposed limits. The large roll angle bounds facilitate
turn coordination without significant 8 variation. The lateral control capability is
illustrated through yaw angle reversals triggered at + = 5,20 and 50 seconds,
transitioning from 0° — 5°,5° — —5°, and —5° — 0°.

Angular body rate profiles in Fig. 12.11 remain stable and quickly converge after
reversals. The adaptive controller effectively suppresses high-frequency transients
via gradient-based weight updates. Figure 12.12 shows smooth side velocity v with
minimal variation, confirming precise turn coordination. Constraints on forward
velocity u and side velocity maintain a nearly constant Mach number, ensuring the
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Fig. 12.10 Attitude
trajectories

Fig. 12.11 Angular body
rate trajectories

12 Case Studies

20 1 1
- 0
201 Roll Angle (degree)| 1
-40 j i i i ]
0 20 40 60 80 100
3 ; . ;

Pitch Angle (degree) ‘

< 25
2k . . . .
0 20 40 60 80 100
27— — — —Reference Signal
I/ l‘ Yaw Angle (degree)
=0 | -
\ j
ok L~ ! ! !
0 20 40 60 80 100
Time (sec)
0
S ot Roll Rate (deg/sec)| |
20 : : ‘ .
0 20 40 60 80 100
ol [—Pitch Rate (degsec)] |
itch Rate (deg/sec
o> 0.2 |
0
S~
03 ‘ Yaw Rate (deg/sec)‘ |
-lc . } T T ,
0 20 40 60 80 100

Time (sec)

AHYV remains in the hypersonic regime. The altitude profile indicates consistent
cruise flight. Control deflections and throttle profiles in Figs. 12.13 and 12.14 are
smooth, illustrating the effectiveness of proposed adaptive control. Minor transients
during yaw reversals can be reduced by smoothing the reference signal.

To validate the effectiveness of the proposed adaptive control design thoroughly,
extensive Monte Carlo-like high-fidelity simulations were conducted. A total of
2000 times simulations were performed for 100 seconds with 30% random model
uncertainties. The controller demonstrated successful performance with a 100%
and 98% confidence level for up to 25% and 30% random model uncertainties,

respectively.
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12.3 Velocity Control of Hexacopter Using GRNNSMC

In this case study, GRNNSMC? is employed to control the velocity of a hexacopter
as shown in Fig. 12.15.

12.3.1 Dynamic Model

The dynamic model of the hexacopter (Al-Mahasneh et al., 2019) can be expressed
as

Fy =m0y + wyv; — wyvy)
Fy = m(vy + w0y — @yv;)
F, =m@; + wxvy — wyvy)
. . (12.49)
T = Loy — L0, + 0yw,(I; — 1yy) — 00y
T, = Iyyd)y + wwx (Lo — I7) + Ixz(w)% - 0)3)
T, =~ 0, + L0, + oxoy(Iyy — Icy) + I 0y0;

where m is the mass, v is the translation speed in the body frame, w is the rotational
speed in the body frame, and [ is the mass moment of inertia. The model of the
hexacopter consists of altitude, yawing, and attitude controllers.

Fig. 12.15 The model of
hexacopter

3 Some contents of the current Sect. 12.3 are used from Publication “Stable Adaptive Controller
Based on Generalized Regression Neural Networks and Sliding Mode Control for a Class
of Nonlinear Time-Varying Systems,” IEEE Transactions on Systems, Man, and Cybernetics:
Systems, vol. 53, pp. 2525-2535, April, 2021, with permission from IEEE (License Number:
6160201218650).
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12.3.2 Simulation Results

GRNNSMC is used to control the velocity of the hexacopter in the x and y
directions. GRNNSMC'’s inputs are the sliding surfaces of the velocities in the x and
y directions, and its outputs are the control signals for the velocities. The parameters
of the controller are shown in Table 12.5.

The desired velocity trajectory for both x and y directions is vy(f) =
0.55in(0.1¢). The velocity tracking performance of GRNNSMC is very accurate
after the initial learning stage as shown in Fig. 12.16. Also, the control signals
of the GRNNSMC are depicted in Fig. 12.17. The evolution of the norm of the

Table 12.5 GRNNSMC’s

A
parameters for the hexacopter £
velocity control 0.001 1.0
0.001 0.8
Fig. 12.16 Velocity tracking
control using GRNNSMC
d
5
-0.6 : ‘ - ‘ ‘ - ‘ ‘ -
0 10 20 30 40 50 60 70 8 9% 100
Time (s)
Fig. 12.17 GRNNSMC 0.02 T ' T T i w i
control signals S
0.015
0.01
g
E 0.005
=
o
ol
-0.005
0.01 . . . . . . . . .
0 10 20 30 40 50 60 70 8 9% 100

Time (s)
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Fig. 12.18 Evolution of 035
GRNNSMC weights norm

[Iwll

0 1 I L 1 I L 1 I L
0 10 20 30 40 50 60 70 80 90 100

Time (s)

Table 12.6 GRNNSMC

Disturbance % | RMSE_vx | RMSE_vy
RMSE for different

disturbance levels 0% 0.0061 0.0068
25% 0.0101 0.0113

50% 0.0141 0.0158

75% 0.0154 0.0168

100% 0.0192 0.0208

200% 0.0324 0.0341

output weights W of GRNNSMC is also demonstrated in Fig. 12.18, after the initial
learning phase, the norm of the weights converges to a fixed value around 0.32.
Also, the accuracy of the controller is tested using the RMSE for different external
disturbance values measured as a percentage of the magnitude of the reference
signal as shown in Table 12.6. The results reveal that GRNNSMC can handle large
values of disturbance without losing much accuracy.

12.4 Spacecraft Attitude Control Using Automatic
Reconfiguration GRNNs (ARGRNNs)

In this case study, the ARGRNNS are used to control the attitude of a rigid spacecraft
as in Zou et al. (2011).
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12.4.1 Dynamic Model

The attitude dynamics of the spacecraft can be expressed as

To(t) = —w(t) x Iw() +u(t) +d()
(12.50)
y() = o)

where w € R is a vector of the angular velocity of the spacecraft in the fixed-body

frame. I € R**3 is the inertia matrix of the spacecraft. u € 3 is the control torque.

d € R is a vector of the external disturbances, and x is the cross product operator.
The inertia matrix is given as

1.50.10.3
I=10.1170.4 | kgm? (12.51)
0.30.40.7

The desired output trajectories vector is selected as
wq(t) = [0.2 sin(0.17¢), 0.2sin(0.157¢), 0.2 sin(0.25m)] (12.52)
The external disturbances vector is
d(t) = [0.1sin(r), 0.1 cos(t), 0.1 sin(2¢)] (12.53)

The initial values of the states are w(0) = (0.1, —0.1, 0.2). The faults take place
at 5 seconds. The parameters of the faults are p1, p2, p3 = 0.2 and B1, f2, B3 = —38,
which corresponds to losing 80% of each actuator effectiveness and biasing it with
—8. The adaptation gains are chosen as y = [40, 40, 40]. The addition and removal
thresholds are chosen as r;;, = 0.1 and m;;, = 0.5.

12.4.2 Simulation Results

The attitude tracking results as shown in Fig. 12.19 depicts that ARGRNN controller
can drive the attitude to the desired values, after the fault took place by adjusting
the its structure as shown in Fig. 12.20 soon after the fault is detected as depicted in
Fig. 12.21. Fault detection is triggered by significant increase in the nearest neighbor
distance from zero to 0.15. Also, ARGRNN needs six nodes to control the attitude
for healthy actuators and 15 nodes to accommodate the faulty actuators.

The control history uj, u», and u3 for the three actuators, as depicted in
Fig. 12.22, reveal small increments in the initial learning stage followed by a
substantial increments from zero to 78 to accommodate the actuator faults.
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Fig. 12.19 Attitude tracking using ARGRNNs
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Fig. 12.21 The nearest
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12.5 Two-Degree-of-Freedom (DOF) Planar Robotic Arm
Control Using I_ GRNN

Two-degrees-of-freedom (DOF) planar robotic arm as depicted in Fig. 12.23 is used
to test _GRNN performance and compare it with the original GRNN performance.
This system is a nonlinear second-order system. The control aims to track the
desired angles by varying joint torques.

12.5.1 Mathematic Model of 2-Dof Robotic Arm

q1

i|, then the dynamics
q2

Defining ¢ as the joint variables vector expressed as ¢ = |:

of the robot arm can be written in the state-space format as

M(g)g +v(q.9)+g(@) =1 (12.54)

where M (q) is the mass matrix, v(q, q is the centrifugal and Coriolis vector, g(q)
is the gravity vector, and t is the torque vector and they are expressed as

(my + mz)llz + le% + 2myli1; cos(6;)
mzl% + malil; cos(6r)

M(q)=[

(12.55)
mal5 + maly 15 cos(62)
mzl%

. .o . . 2
—mylil; sin(6;) (2919‘2 + 6,7) (12.56)
—myl1l; sin(6,)601 6>

v(q,q) = [

(12.57)

—(m1 + mp)gly sin(01) — magls sin(6; + 92)]

glg) = [ —magly sin(6) + 62)

Fig. 12.23 Two-DOF planar
robotic arm
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7= [“1] (12.58)

where 1 = 0.7m, [, = 0.8 m are the links lengths, m; = 0.5kg, mr = 0.4kg are
the links masses and g = 9.81 m/s2. The desired angles q41 and gq2 are [qq1, ga2] =
[/4, /4] between 1 and 5 seconds and zero at all the other times.

12.5.2 Simulation Results

The initial values are zeros. The learning rates for _GRNN are y; = 2.5, y» = 0.5,
the hidden layer size is ten, and o = [0.01 : 0.1 : 1]. For the original GRNN, the
learning rate is y; = 2.5, the hidden layer size is ten, and o = 1.

The output evolution of g1 and g; as depicted in Figs. 12.24 and 12.25 illustrates
that the performance of I_GRNN is better than the original GRNN with less
overshoot and oscillations for both controlled variables.

Fig. 12.24 ¢, tracking for 15
robotic arm

9 grant = = 9t

Fig. 12.25 ¢ tracking for
robotic arm

—_—y, ———-

9 granz = = t9graz2

Time (s)
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